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Abstract

We consistently couple simple continuum field theories with fracton excitations to curved
spacetime backgrounds. We consider homogeneous and isotropic fracton field theories,
with a conserved U(1) charge and dipole moment. Coupling to background fields allows
us to consistently define a stress-energy tensor for these theories and obtain the respec-
tive Ward identities. Along the way, we find evidence for a mixed gauge-gravitational
anomaly in the symmetric tensor gauge theory which naturally couples to conserved
dipoles. Our results generalise to systems with arbitrarily higher conserved moments,
in particular, a conserved quadrupole moment.
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1 Introduction

We are interested in quantum mechanical models with fractons [1–5]. These models describe
exotic, at this time purely hypothetical, phases of quantum matter displaying features that
challenge our usual notions of quantum field theory in the continuum limit. Perhaps the most
striking of these is the existence of finite-energy excitations with restricted mobility: fractons
are excitations which are “pinned” to a point, lineons are able to move along a one-dimensional
sublattice of a lattice model, etc. In some instances, like the X-cube model [6], they exhibit
an ultraviolet-sensitive but non-extensive ground state degeneracy. A priori, it is unclear how
to describe these phenomena with textbook quantum field theory and, indeed, much recent
attention (see [7,8] and follow-up work) has been devoted to answering the question of how
to carefully coarse-grain these models and what are the rules of the game for their continuum
limits.

Fortunately, the strange behaviour of these phases of matter is intimately tied with their
symmetries, which we are well-positioned to study in field theory. Models of fracton order have
exotic spacetime symmetries, like a conserved dipole moment, or subsystem symmetry as in
e.g. [6, 9, 10]. It is intuitively simple to understand how a conserved dipole moment leads
to “fracton” excitations. Namely, individual charges can carry finite energy, but an isolated
charge cannot move without changing the dipole moment. The ultraviolet sensitive ground
state degeneracies are also tied to these symmetries. Take the X-cube model of [6], a theory
of Z2 spins on a hypercubic lattice. For each plane of the lattice, the Hamiltonian has a Z2
subsystem symmetry that flips all of the spins on that plane. The ground state of that model is
not invariant under this subsystem symmetry, so that there is a large space of vacua generated
by acting with the symmetry. The ground state degeneracy is parametrically the volume of the
symmetry group, which is sensitive to the number of lattice sites in each direction.

The focus of this work is to better understand the spacetime symmetries of simple, contin-
uum models of fractons. It is the first in a series of works whose broad goal is to study the role
of these symmetries, as well as their spontaneous breaking, in interacting models of fractons
and the ensuing implications for transport. Ultimately, we endeavour to find new, interact-
ing, and soluble models of fractons, whose low-energy symmetry breaking pattern and careful
quantisation thereby inform us as to what we might expect in the low-energy physics of these
exotic theories. A simple but useful future application is to construct theories of transport,
both at zero and at finite temperature, i.e. the hydrodynamic description of fracton models,
which is strongly constrained by symmetry. (See [11–14] for earlier work on the hydrody-
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namics of fracton field theories.) We hope that the resulting theory of transport may prove
useful in giving predictions which, perhaps, lead to the experimental discovery of models with
fracton order.

Here we take the very first steps. As in standard Lorentz-invariant field theory, we would
like to couple the symmetry currents of these models to external sources. That is, we would
like to study fractons in curved space. This task is non-trivial on account of exotic spacetime
symmetries, which lead to a somewhat intricate coupling to a background spacetime. We focus
on what could be described as the “most symmetric” fracton models, which are isotropic and
contain a conserved U(1) charge and dipole moment. Our methods naturally extend to field
theories with conserved multipole moments, including those with conserved dipole moment
and quadrupole trace. This particular symmetry pattern is perhaps the most experimentally
relevant one on the market, given the arguments that these symmetries approximately govern
real-world systems including vortices in superfluid helium [15,16], defects in 2+1-dimensional
elastic media [17], and the lowest Landau level of a quantum Hall state [18]. See also [19,20]
for other proposals to realize models with conserved dipole moment.

The output of our analysis is a systematic description of the symmetry currents of these
models, the algebra of local symmetries, and their Ward identities, which are stable under
radiative corrections in the absence of anomalies. Indeed, while it seems unlikely to us that
simple fracton models (like the scalar theory of Pretko we review in Section 2) possess anoma-
lies, we do note that the coupling to external fields allows for the future classification and
computation of perturbative anomalies, assuming they can exist.

As a byproduct of our work, we find that the symmetric tensor gauge theory with local
dipole symmetry considered in [21] cannot be consistently coupled to curved space in a co-
variant way, on account of the fact that it does not possess a conserved and gauge-invariant
stress tensor.1 This is reminiscent of a gauge-gravitational mixed anomaly, in the sense that
there is an obstruction to simultaneously maintaining gauge invariance and covariance. It
remains to be seen if the tensor gauge theory can be redefined in a way so as to maintain
gauge-invariance while at the expense of covariance, as for mixed gauge-gravitational anoma-
lies in relativistic field theory.

This work is a stepping stone. The next step is to pose, and solve, interacting large N
fracton models. This will be done in [24], mostly using the imaginary time formalism at finite
temperature. At least in those models, one can deduce the low-energy symmetry breaking
pattern and accompanying Goldstone effective theory. This effective description brings us
most of the way to a theory of transport. From there, it is straightforward to generalise the
methods of [25–29] (as well as e.g. [30–34] on constructing theories of transport in the non-
relativistic setting) to obtain the dissipative hydrodynamic description of these models, either
from the point of view of constitutive relations and conservation equations, or from the point
of view of a Keldysh effective field theory.

The remainder of this paper is organized as follows. In Section 2 we briefly review field
theories with conserved dipole moment. The heart of the paper is Section 3, where we couple
the symmetry currents of these models to background fields. This coupling leads to a notion
of general covariance, and an infinite-dimensional algebra of charges generated by diffeomor-
phisms and gauge transformations. We deduce this algebra in Section 4, which, for technical
reasons, is easiest to do when working in an analogue of the first-order formulation of the
background spacetime. We discuss the extension of our results to even more exotic models
with conserved multipole moments in Section 5, and wrap up with a discussion in Section 6.

1The tensor gauge theory was “minimally coupled” to a time-independent spatial metric in [22,23], and those
authors found that the resulting model was gauge-non-invariant unless the spatial metric is one of constant curva-
ture. Our result goes beyond those, insofar as we find that there is no curved space definition of the tensor gauge
theory which is simultaneously gauge- and diffeomorphism-invariant.
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We relegate a few technical computations to the Appendix.
Note: While this paper was nearing completion, we became aware of [35], whose authors

also study the problem of putting models with conserved dipole moment into curved space-
time.

2 Field theories with a conserved dipole moment

Consider a rotationally and translationally invariant field theory with a conserved U(1) charge
and dipole moment. We denote the Hamiltonian as H, momenta as Pa, angular momenta as
Mab, U(1) charge as Q, and dipole moments as Da. The symmetry algebra of charges is

[Pa, Db] = iδabQ ,

[Mab, Dc] = i(δacDb −δbcDa) ,

[Mab, Pc] = i(δacPb −δbcPa) ,

[Mab,Mcd] = i(δacMbd −δbcMad −δadMbc +δbdMac) ,

(2.1)

with all other commutators vanishing. The U(1) charge Q appears as a central extension.
The work of [36] prescribed a systematic procedure to writing down the action for a

charged scalar field Φ that is invariant under these symmetries. We review this construction
in this Section. Take, for example, a scalar field theory described by the action

S =

∫

dtdd x
�

iΦ∗∂tΦ+λDi j(Φ
∗,Φ∗)Di j(Φ,Φ)− V (Φ∗Φ)

�

, (2.2)

where Di j(Φ,Φ) = Φ∂i∂ jΦ−∂iΦ∂ jΦ. It is easy to see that this theory is invariant under constant
U(1) rotations of the complex scalar field Φ→ eiΛΦ. In fact, this theory has another invariance
under spatially linear U(1) rotations Φ→ eiψi x

i
Φ. This latter symmetry leads to the conserved

dipole moment. To wit, we can compute the conserved charge density and flux associated with
the global U(1) symmetry of the theory to be

J t = Φ∗Φ , J i = ∂ j

�

iλDi j(Φ∗,Φ∗)Φ2 − iλ (Φ∗)2Di j(Φ,Φ)
�

, (2.3)

satisfying ∂t J
t + ∂iJ

i = 0 on the solutions of the equations of motion. It is easy to see that the
total charge defined as

Q =

∫

dd x J t , (2.4)

is conserved. However, the dipole moment defined as

Di =

∫

dd x x iJ t , (2.5)

is also conserved. This is precisely the Noether current associated with the linear U(1) rota-
tions. This conservation implies that the U(1) flux J i in eq. (2.3) can be expressed as the
divergence of a dipole flux J i j as J i = ∂ jJ

i j . The conservation of U(1) charge and dipole
moment are then simultaneously encoded in the Ward identity

∂µJµ = ∂t J
t + ∂i∂ jJ

i j = 0 . (2.6)

Note that only the symmetric part of J i j appears here. For the purposes of better understanding
the symmetries of the problem, we can then regard J i j as symmetric.2

2More precisely, since the antisymmetric part of J i j drops out of the conservation equation, this antisymmetric
part represents an ambiguity in the definition of the dipole current. In the language of high energy physics, we
may consider an “improved” version of the dipole current whereby we redefine it to be symmetric. We can do this
as long as the antisymmetric part of the original dipole current is a gauge-invariant operator.
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There are infinitely more terms that can be included into the action (2.2) consistent with
the symmetries, like ∂tΦ

∗∂tΦ, (φ∗)2 f (Φ∗Φ)Di
i(Φ,Φ) + (c.c.), etc. The crucial point is that

terms with spatial derivatives are strongly constrained by the conserved dipole moment. In
particular, the standard rotationally invariant term ∂iΦ

∗∂ iΦ is forbidden.
The particular set of allowed terms can be understood by coupling to background fields.

One introduces a field At which couples to the charge density J t , and a field ai j (with ai j = a ji)
which couples to the dipole current J i j , with

δS =

∫

dtdd x
�

J tδAt +
1
2

J i jδai j

�

. (2.7)

The action is now a functional of the quantum field Φ and the background fields At and ai j .
The peculiar form of current conservation (2.6) then arises if we impose a symmetry under

Φ→ eiΛ(t,~x)Φ , At → At + ∂tΛ(t, ~x) , ai j → ai j − 2∂i∂ jΛ(t, ~x) . (2.8)

The absence of a vector gauge field Ai implies that while there is a covariant derivative with
respect to time, i.e.

DtΦ= ∂tΦ− iAtΦ , (2.9)

but no covariant derivative in spatial directions. Instead, the simplest covariant object that
acts with spatial derivatives on charged fields includes two fields and two derivatives,

Di j(Φ,Φ) = Φ∂i∂ jΦ− ∂iΦ∂ jΦ+
i
2

ai jΦ
2 , (2.10)

which one can readily verify transforms covariantly under (2.8), with Di j(Φ,Φ)→ e2iΛDi j(Φ,Φ).
Acting on two fields Φ1 and Φ2 with charges q1 and q2, there is a more general expression

Di j(Φ1,Φ2) =
1
2

�

q1

q2
Φ1∂i∂ jΦ2 +

q2

q1
Φ2∂i∂ jΦ1 − ∂iΦ1∂ jΦ2 − ∂ jΦ1∂iΦ2

�

+ i
q1 + q2

4
ai jΦ1Φ2 , (2.11)

which transforms as
Di j(Φ1,Φ2)→ ei(q1+q2)ΛDi j(Φ1,Φ2) . (2.12)

For the quantum field theory of Φ, it then follows that the simplest terms in the effective
action with spatial derivatives involve at least four powers of Φ. For this reason, one expects
the model with spatial kinetic terms to be strongly correlated, and indeed, in [24] we find that
this is the case in soluble large N generalizations of these theories.

There is also a simple free field theory of dynamical fields At and ai j , a symmetric tensor
gauge theory analogous to pure electromagnetism, first written down in [21]. In this theory
one identifies (At , ai j) modulo the gauge symmetry. The gauge-invariant analogues of the
electric and (the Hodge dual of) magnetic fields in this theory are

Ei j = −∂t ai j − 2∂i∂ jAt , Fi jk = ∂ia jk − ∂ jaik , (2.13)

and so it is easy to write down gauge-invariant actions, like

S =

∫

dtdd x
�

ε0

2
Ei j E

i j −
1

4µ0
Fi jkF i jk

�

. (2.14)

As we will see, there is an obstruction to placing this theory in a general curved space.
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3 Coupling to curved space

In the previous Section, we studied how to write down simple continuum field theories of a
charged scalar field Φ with a conserved dipole moment. The goal of the present section is
to write such a theory covariantly, which will allow us to place such a model into “curved
spacetime,” coupling it to the analogue of an external metric.

3.1 Aristotelian background sources

We are interested in physical systems that are invariant under spacetime translations and spa-
tial rotations, but with no boost symmetry – Galilean or Lorentz. Such systems naturally couple
to the so-called Aristotelian background3 sources [32–34].4 The sources consist of a clock-form
nµ and a degenerate symmetric spatial metric tensor hµν. Together, nµ and hµν can be thought
of as the analogue of the spacetime metric gµν, but when no Lorentz boost symmetry has been
imposed to combine the space and time components into a single object. Physically, nµ couples
to the energy density εt and energy flux εi of the system, while hµν couples to the momentum
density πi and stress tensor τi j respectively. Note that one of the components of hµν is not
independent due to the degeneracy condition. One typically also includes a gauge field Aµ that
couples to some conserved U(1) particle-number/charge density J t and the associated flux J i

in the theory.
We denote the zero eigenvector of hµν by vµ, normalised as vµnµ = 1, such that vµhµν = 0.

This is to be understood as the velocity of the preferred reference frame that is observing the
physical system under consideration. Using this, we can also define an inverse spatial metric
hµν satisfying hµνnν = 0 and hµρhνρ = hµν = δ

µ
ν − vµnν.

An important aspect of Aristotelian spacetimes is that they come equipped with a covariant
derivative. Just like in general relativity, where the covariant derivative is defined so that the
metric tensor gµν is covariantly constant, we can define an Aristotelian covariant derivative
via the connection

Γλµν = vλ∂µnν +
1
2

hλρ
�

∂µhνρ + ∂νhµρ − ∂ρhµν
�

. (3.1)

The connection satisfies

∇λnν =∇λhµν = 0 , ∇λhµν = −n(µ$vhν)λ , hνµ∇λvµ =
1
2

$vhνλ ,

Γµµν + F n
νµvµ =

1
p
γ
∂ν
p
γ , Tλµν ≡ 2Γλ[µν] = vλF n

µν ,
(3.2)

where γ = det(nµnν + hµν), F n
µν = ∂µnν − ∂νnµ, and $X is the Lie derivative along Xµ.

Round and square brackets indicate symmetrisation and anti-symmetrisation over indices, with
A(ab) =

1
2(Aab + Aba) and A[ab] =

1
2(Aab − Aba). A curious contrast compared to Riemannian

geometry is that the connection is torsional, with torsion Tλµν; it is not possible to define a
torsionless connection that annihilates nµ. Note that this is purely a matter of definition and
has no physical relevance. One could also add a more general form of torsion to this con-
nection or use a different connection that annihilates nµ and hµν, but we shall refrain from

3It is amusing to contrast the invocation of Aristotle with the more common naming convention in theoretical
physics, where a result is named for the last author to discover it.

4These are a generalisation of the Newton-Cartan background sources that show up when coupling to Galilean
(non-relativistic) field theories [31,37–39], but when no Galilean or Milne boost symmetry is imposed.
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delving into these possibilities here.5 We can define the curvature tensor as

Rλρµν = ∂µΓ
λ
νρ − ∂νΓλµρ + ΓλµσΓσνρ − ΓλνσΓσµρ . (3.4)

Note that nλRλρµν = 0.
By introducing an Aristotelian background, we can now take a non-relativistic field theory

and render it generally covariant, by coupling it to sources in such a way as to be invariant
under diffeomorphisms and gauge transformations. Parametrising these symmetry transfor-
mations by X= (χµ,Λ), their infinitesimal action on the background fields is given as

δXnµ = $χnµ =∇µ(nλχλ) +χλF n
λµ ,

δXhµν = $χhµν = χλ∇λhµν + 2hλ(µ∇ν)χλ ,

δXAµ = $χAµ + ∂µΛ=∇µ(Λ+ Aµχ
µ) +χλFλµ .

(3.5)

Here Fµν = ∂µAν − ∂νAµ is the U(1) strength. The action of the symmetry transforma-
tions on the derived fields vµ and hµν can also be obtained accordingly δXvµ = $χ vµ and
δXhµν = $χhµν.

This coupling to background is rather trivial for an “ordinary” non-relativistic theory. All
we have done is make precise what needs to be done in order to write a translationally and
rotationally invariant field theory in a general set of coordinates. However, more structure is
required for theories that have a conserved dipole moment, where there is a richer interplay
between internal and spacetime symmetries.

3.2 The dipole shift symmetry

Before we adapt the Aristotelian backgrounds to account for physical systems with conserved
dipole moment, we need to pay a closer attention to the dipole symmetry. In Section 2, we
reviewed how, when coupling the density J t and dipole flux J i j to the background fields At and
ai j respectively, the dipole moment conservation can be understood as the invariance of the
theory under a U(1) transformation of the background fields: At → At+∂tΛ, ai j → ai j−2∂i∂ jΛ.
Note that the symmetry acts on ai j with a non-Leibniz differential operator. In order to discuss
the algebra of charges generated by gauge transformations and diffeomorphisms, it is conve-
nient to instead realise this symmetry with linear differential operators. This approach is also
useful when coupling to a background.

To this end, we introduce a vector gauge field Ai coupled to the flux J i and impose the
usual invariance under

At → At + ∂tΛ , Ai → Ai + ∂iΛ , (3.6)

leading to the regular U(1) conservation law ∂µJµ = 0. We supplement it with an additional
“dipole shift symmetry” given as

Ai → Ai +ψi , ai j → ai j + ∂iψ j + ∂ jψi , (3.7)

which imposes the constraint J i = ∂ jJ
i j . Together these relations lead to the desired con-

servation equation ∂t J
t + ∂i∂ jJ

i j = 0. Of course, we can entirely “gauge fix” the dipole shift

5For completeness, we note that the most general form of the Aristotelian connection with the properties
∇λnµ =∇λhµν = 0 is given as

Γ λµν = vλ∂µnν +
1
2

hλρ
�

∂µhνρ + ∂νhµρ − ∂ρhµν
�

+ n(µΩν)ρhλρ +
1
2

�

Tλµν − 2hρ(νTρµ)σhσλ
�

, (3.3)

where Tλ
µν
= hλ

ρ
Γ ρ
µν

(satisfying nλTλ
µν

) is the spatial torsion tensor and Ωµν = 2hλ[ν∇µ]vλ is the background frame
vorticity tensor.
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symmetry by choosing Ai = 0, which forces us to set ψi = −∂iΛ and gives back our original
U(1) symmetry.

We already have a gauge field Aµ corresponding to a conserved U(1) current in the Aris-
totelian framework. To account for the conserved dipole moment, we also need to introduce
a degenerate symmetric spatial dipole gauge field aµν, constrained as vµaµν = 0. In the refer-
ence frame of the background observer, when vµ = δµt , this reduces to the dipole gauge field
ai j discussed previously. The dipole shift transformations can now be stated as

Aµ→ Aµ +ψµ , aµν→ aµν + hρµhσν
�

∇ρψσ +∇σψρ
�

, (3.8)

for some dipole shift parameter ψµ obeying vµψµ = 0. We will study the consistency of this
symmetry as a Lie algebra in the next Subsection.

Note that the dipole source aµν cannot be used as a connection to define “dipole-covariant
derivatives,” because it is only sensitive to the symmetric spatial derivative of ψµ. However,
we can define an object that is nearly a dipole connection by combining Fµν and aµν as

Aλµ = nµvρFρσhσλ +
1
2

�

hρµFρσhσλ + aµσhσλ
�

. (3.9)

Note that nλAλµ = 0. It can be checked that this object transforms as

Aλµ→ Aλµ +∇µψλ + nµψ
ν∇νvλ , (3.10)

where ψµ = hµνψν. We can also define the “dipole field strength”

Fλµν =∇µAλν −∇νAλµ + F n
µνvρAλρ + 2n[µAρν]∇ρvλ , (3.11)

which transforms as

Fλµν→ Fλµν +
�

Rλρµν + F n
µν∇ρvλ − 2n[µ∇ν]∇ρvλ

�

ψρ . (3.12)

The “dipole field strength” Fλµν is nothing more than the curved space version of the
dipole electric/magnetic fields discussed in (2.13). Note Fλµν is not dipole-invariant in a
general background. As a result there is no way to define curved space versions of the dipole
electric and magnetic fields Ei j and Bi jk while preserving the dipole symmetry. This presents
an obstruction to coupling the symmetric tensor gauge theory in (2.14) to a curved spacetime,
which we discuss briefly at the end of this Section.

These definitions will be useful later when we compute the algebra of charges. There, Aλµ
and Fλµν appear as the dipole versions of Aµ and Fµν respectively.

In is interesting to note that a priori Aλµ has d(d+1) independent components on account
of the condition nλAλµ = 0, as we would expect for a connection for a d-parameter symmetry
transformation. However, in our case, it only has d(d + 1)/2 independent components in the
form of aµν = 2hλ(µhρ

ν)A
λ
ρ. The remaining d(d + 1)/2 components are fixed in terms of the

U(1) field strength Fµν via the relation Aλµhνλ−Aλνhµλ = Fµν. This may seem like a technical
aside, but there is some potentially interesting physics here. In Section 2 we considered field
theories with a conserved dipole moment. In these models the elementary, bare, excitations are
U(1) charges. Charges can acquire dipole moments through quantum corrections, and perhaps
there might be bound charge-anticharge states with nonzero dipole moment. For such models
the dipole density is not an independent operator from the charge density. However one can
envision effective low-energy field theories with elementary dipoles with an “internal” dipole
density Di , so that the total dipole moment is of the form

Di =

∫

dd x
�

J t x i +Di
�

. (3.13)
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In such a model the dipole Ward identity would be modified to become J i = ∂tDi + ∂ jJ
i j ,

where the dipole current J i j need no longer be symmetric. The “internal” dipole density Di

and antisymmetric part of J i j have just the right number of independent components to couple
to the remaining d(d+1)/2 components of Aλµ. Indeed, it is easy to see that this is the correct
interpretation for the remaining components of Aλµ, i.e. if they were present, they would
couple to precisely such an “internal” dipole density and antisymmetric dipole current.

3.3 Conserved currents and Ward identities

We define the symmetry currents through the variation of the generating functional
W = −i ln Z with respect to background fields:6

δW =

∫

dd+1 x
p
γ

�

−εµδnµ +
�

v(µπν) +
1
2
τµν

�

δhµν + JµδAµ + JµλδAλµ

�

, (3.14)

where γ= det(nµnν+hµν). Here εµ is the energy current, πµ the momentum current satisfying
πµnµ = 0, τµν the spatial stress tensor satisfying τµνnν = 0, Jµ the U(1) current, and Jµλ
the dipole current. This expression should be understood as the “covariant definition” of the
conserved currents in curved spacetime. Explicitly picking coordinates xµ = (t, x i), where we
only mandate v t 6= 0, the various components of the currents read

εµ =

�

ε

εi

�

, πµ =

�

−vkπk/v
t

πi

�

, τµν =

�

nknlτ
kl/n2

t −nkτ
k j/nt

−nkτ
ik/nt τi j

�

,

Jµ =

�

J t

J i

�

, Jµν =

�

nknl J
kl/n2

t −nkJ k j/nt
−nkJ ik/nt J i j

�

, (3.15)

where indices have been raised and lowered using the spatial metric hµν and its “inverse” hµν.
These expressions satisfy the various identities πµvµ = τµνnν = Jµνnν = 0, τ[µν] = 0, and
J [µν] = 0.

We have in mind a dipole-symmetric field theory coupled to a background spacetime in
such a way as to be invariant under diffeomorphisms, U(1) gauge transformations, and dipole
transformations, acting on both the quantum and background fields. More precisely, in the
absence of anomalies, the generating functional W of the theory is required to be invariant
under these transformation, leading to the Ward identities. Let χµ denote an infinitesimal dif-
feomorphism, Λ an infinitesimal gauge transformation, and ψµ an infinitesimal dipole trans-
formation. Collectively denoting them as X̂= (χµ,Λ,ψµ), the action of these transformations
on the background fields is given by

δX̂nµ = $χnµ ,

δX̂hµν = $χhµν ,

δX̂Aµ = $χAµ + ∂µΛ+ψµ ,

δX̂Aλµ = $χAλµ +∇µψλ + nµψ
ν∇νvλ .

(3.16)

By assumption the generating functional is invariant under these transformations,
i.e. δX̂W = 0. This variation is given by plugging the symmetry variation in eq. (3.16) into

6We have decided to couple Jµν to the full connection Aλµ instead of the spatial connection aµν. This is purely
a matter of definition because JµνhνλδAλµ = JµνvρFρνδnµ− JµρAν

ρ
δhµν+

1
2 Jµνδaµν. This should be thought of as

a convenient definition of other conserved currents in the presence of a dipole symmetry, so that they have “nice”
transformations properties under the dipole shift symmetry.
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δW in eq. (3.14). Imposing that this symmetry variation vanishes and integrating by parts,
we find the following Ward identities

∇′µε
µ = −vµ fµ −

�

τµν +τµνd

�

hλν∇µvλ ,

∇′µ
�

vµπν +τµν +τµνd

�

= hνµ fµ −πµhνλ∇λvµ ,

∇′µJµ = 0 ,

∇′µJµν = hνµJµ ,

(3.17)

where ∇′µ =∇µ + F n
µνvν and

fµ = −F n
µνε

ν − hµλAλνJν + FλµνhρλJνρ − nµAλρ Jρν∇λvν ,

τ
µν

d = −AµρJρν . (3.18)

The fµ contributions to the right-hand-side of the energy and momentum conservation Ward
identities correspond to the power-force density due to the background fields sourcing energy
and momentum, analogous to the familiar Joule heating term in FµνJν in the stress tensor
Ward identity of a relativistic field theory. The terms involving ∇µvν, on the other hand,
can be thought of as pseudo-power and pseudo-force contributions due to the background
observed not being inertial. On the other hand, τµνd is an effective contribution to the stress
tensor due to dipole sources.

The Ward identities are manifestly covariant under diffeomorphisms, with the background
fields and currents transforming as tensors, and are invariant under gauge transformations.
However, the behaviour of various fields under dipole transformations is not so obvious. To
derive the transformation laws of the currents, we use the dipole symmetry to equate the
generating functional W with its value evaluated on a dipole-transformed background

W [nµ, hνρ; Aµ, Aλµ] =W [nµ, hνρ; Aµ +ψµ , Aλµ +∇µψλ + nµψ
ν∇νvλ ] , (3.19)

and then take a variation of this identity with respect to the various background fields. The
variations of the left-hand-side give the currents, and those of the right-hand-side can be ex-
pressed in terms of the dipole-transformed currents, which follow from the variations of with
respect to the transformed background fields. For infinitesimalψµ, this amounts to setting the
second variation δ(δψW ) to vanish. This second variation reads

δ(δψW ) =

∫

dd+1 x
p
γ
�

−δψεµδnµ +
�

vµδψπ
ν +

1
2
δψτ

µν

�

δhµν +δψJµδAµ +δψJµλδAλµ

+ Jµψσδhσµ +
�

2Jµ(ρψσ) − Jρσψµ
� 1

2
$vhρσδnµ (3.20)

− JµσvρF n
µνψ

νδhσρ +
1
2

Jµνψλ∇λδhµν
�

,

where we have used the dipole Ward identity. In deriving this we have used the variation of
the connection

δΓλµν = vλ∇µδnν +
1
2

hλρ
�

∇µδhνρ +∇νδhµρ −∇ρδhµν
�

+
1
2

hλρ($vhµν)δnρ −
1
2

hλσ
�

vρF n
µνδhσρ + 2vρF n

σ(µδhν)ρ
�

.
(3.21)

Reading off the contributions coming from individual background field variations, we infer
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that the currents shift under dipole transformations as

εµ→ εµ +
�

2Jµ(ρψσ) − Jρσψµ
� 1

2
$vhρσ ,

πµ→ πµ − (Jνnν)ψ
µ + JρµF n

ρσψ
σ ,

τµν→ τµν − 2Jλh(µ
λ
ψν) +∇′λ(ψ

λJµν) ,

(3.22)

while Jµ and Jµν are invariant. One can explicitly see that this is a symmetry of the Ward
identities.

It is interesting to note that the energy density and flux contained in εµ are invariant
under dipole shifts in flat space, but the same is not true for the momentum density πµ or the
stress tensor τµν. One physical implication of this fact is that a relativistic field theory cannot
have a conserved dipole moment, because momentum density is equated to energy flux by
Lorentz boost symmetry. The same is true for a Galilean theory, where the Galilean boost
symmetry equates momentum density to charge (particle number) flux. These transformation
properties of conserved currents can also be used to diagnose the consistency of seemingly
dipole-symmetric field theories written out in flat space. We shall illustrate this in the next
subsection for the symmetric tensor gauge theory given in Eq. (2.14).

3.4 Dipole-symmetric field theory in curved space

We can use the Aristotelian background sources to write down the covariant version of the
field theories mentioned in Section 2. Firstly, we note that we can define a gauge covariant
derivative for the scalar field Φ with charge q as

DµΦ= ∂µΦ− iqAµΦ , (3.23)

however, it is not invariant under the dipole shift symmetry: DµΦ→ DµΦ− iqψµΦ. The “time-
component” of the covariant derivative vµDµΦ is still dipole-invariant, but for the spatial part
we instead need to define a double derivative operator

Dµν(Φ,Φ) = hρ(µhσ
ν)

�

ΦDρDσΦ−DρΦDσΦ
�

+
iq
2

aµνΦ
2 . (3.24)

With this, the original scalar field theory may be written covariantly as

S =

∫

dd+1 x
p
γ
�

iΦ∗vµDµΦ+λhµρhνσDµν(Φ
∗,Φ∗)Dρσ(Φ,Φ)− V (Φ∗Φ)

�

. (3.25)

Now that we have a theory coupled to background sources, we can read off all the conserved
currents by varying with respect to these. We find

εµ = −vµ
�

λhλρhτσDλτ(Φ
∗,Φ∗)Dρσ(Φ,Φ)− V (Φ∗Φ)

�

,

+ 2λ
�

Dµρ(Φ∗,Φ∗)
�

Φ vνD(νDρ)Φ− vνDνΦDρΦ
�

+ c.c.
�

+
�

iqλDµν(Φ∗,Φ∗)Φ2 − iqλΦ2Dµν(Φ,Φ)
�

vρFρν ,

πµ = −ihµνΦ∗DνΦ ,

τµν +τµνd = hµν
�

iΦ∗vνDνΦ+λhλρhτσDλτ(Φ
∗,Φ∗)Dρσ(Φ,Φ)− V (Φ∗Φ)

�

,

− 4λhρσDρ(µ(Φ∗,Φ∗)Dν)σ(Φ,Φ)

+
�

iqλDµρ(Φ∗,Φ∗)Φ2 − iqλΦ2Dµρ(Φ,Φ)
�

Aνρ ,

Jµ = qΦ∗Φvµ +Dν
�

iqλDµν(Φ∗,Φ∗)Φ2 − iqλΦ2Dµν(Φ,Φ)
�

,

Jµν = iqλDµν(Φ∗,Φ∗)Φ2 − iqλΦ2Dµν(Φ,Φ) .

(3.26)
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What of the symmetric tensor gauge theory (2.14)? The curved space versions of the
electric field Ei j = 2F i

j t and (the Hodge dual of) magnetic fields Fi jk = 2F k
i j are encoded in

the same object Fλµν defined in Eq. (3.11). However, as we saw in Eq. (3.12), this object is not
dipole-invariant in a general spacetime. While we cannot conclusively rule out the possibility
that there is another dipole- and gauge-invariant curved space tensor that reduces to Ei j and
Fi jk in flat space, we have worked rather hard to find such an object without success. As such,
we are inclined to take this non-invariance seriously and arrive at the conclusion that there is
an obstruction to defining a dipole-symmetric version of the electric and magnetic fields in a
general curved space.7 Because the dipole symmetry is really a part of the gauge symmetry
of this model, rather than a global symmetry, this renders the symmetric tensor gauge theory
inconsistent in a general background.

This obstruction has a simple explanation in the flat space theory. Consider gauge fixing
the dipole shift symmetry by setting Ai = 0, which fuses the dipole transformation to U(1)
gauge transformations as ψi = −∂iΛ. Then, using the transformation rules in Eq. (3.22),
we infer that the energy current is gauge-invariant, but the momentum density πi and spatial
stress tensor τi j are no longer gauge invariant. In fact, in flat space, they ought to transform
as πi → πi + J t∂ iΛ and τi j → τi j + 2∂kJ k(i)∂ jΛ − ∂k(∂ kΛJ i j). However, the equations of
motion set J t and J i j to zero. Consequently, the full stress tensor ought to be dipole-invariant
on-shell. Relatedly, the spatial stress tensor τi j ought to be symmetric on-shell. Interestingly,
we find that this is not the case for the symmetric tensor gauge theory given by the action in
Eq. (2.14): the momentum current and spatial stress tensor are not gauge-invariant, nor is the
spatial stress tensor symmetric.

Note that the canonical momentum density, the Noether density that generates spatial
translations, is already gauge-non-invariant in ordinary Maxwell theory. But one can still de-
fine an improved gauge-invariant momentum density as the generator of a spatial translation
together with an appropriate gauge transformation. Consider a symmetry transformation in-
volving a spatial translation along a constant translation parameter χ i and a gauge transfor-
mation Λ = −χ iλi , for some quantity λi that depends on the gauge fields. The improved
momentum density of Maxwell theory is

πi =
1
µ0

�

∂iA j − ∂ jλi

�

E j , (3.27)

which can be rendered gauge-invariant by setting λi = Ai , leading to the standard expression
for momentum density as πi =

1
µ0

Fi j E
j . Applying the same procedure to the symmetric tensor

gauge theory in Eq. (2.14), we get the momentum density

πi = ε0

�

∂ia jk + 2∂ j∂kλi

�

E jk . (3.28)

This expression cannot be made gauge-invariant for any choice of λi , so we may as well set
λi = 0. We have similarly computed the energy current and spatial stress tensor for the the-
ory (2.14). There is a gauge-invariant improved energy current, but the spatial stress tensor

7There can, of course, be special curved backgrounds to which the symmetric tensor gauge theory can
be coupled. A notable example comes from the work of [22, 23]. Consider a background spacetime where
time is absolute and the spatial metric is time-independent, i.e. ∇µvν = 1

2 hνρhσ
µ

$vhρσ = 0, and whose spa-

tial part is an Einstein manifold, i.e. Rλρµν =
1
L2 (hλµhρν − hλ

ν
hρµ). For such background spacetimes, we find

Fλµν→ Fλµν +
1
L2 (hλµψν − hλ

ν
ψµ). Consequently, the curved space electric field Fλνρvρ and the “symmetric” mag-

netic field Fλµν+
2

d−1 Fρρ[µhλ
ν] are dipole-symmetric, and can be used to define a covariant version of the symmetric

tensor gauge theory in Eq. (2.14). This conclusion is consistent with that of [23].
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is not gauge-invariant either. We find

τi j = −ε0E ikE j
k +

1
µ0

F ikl F j
kl +

1
2
δi j
�

ε0Ekl E
kl −

1
2µ0

FklmF klm
�

− ε0E ik∂t

�

a j
k + 2∂kλ

j
�

− 2ε0∂kEki
�

∂ jAt − ∂tλ
j
�

+
1
µ0

F ikl∂k

�

a j
l + 2∂lλ

j
�

, (3.29)

which is neither gauge-invariant nor symmetric for any choice of λi .
Suppose, now, that we couple the flat space theory to linearised perturbations of the back-

ground spacetime. On account of the non-symmetric spatial stress tensor, in order to maintain
diffeomorphism invariance, this can be done only by coupling to a background in the first-order
formalism, where we decompose the spatial metric into a spatial vielbein as hµν = δabea

µeb
ν,

with a = 1, 2, . . . , d. This is done with a perturbation in the action,

δS =

∫

dtdd x
�

−εtδnt − εiδni +π
iδei

t +τ
i jδei

j

�

. (3.30)

This linearised coupling is diffeomorphism invariant on account of the conservation equations

∂µε
µ = 0 , ∂tπ

i + ∂ jτ
i j = 0 , (3.31)

however it is not gauge-invariant, rendering the model inconsistent. We therefore conclude
that the symmetric tensor gauge theory cannot be consistently coupled to curved spacetime
while preserving diffeomorphism invariance. This is reminiscent of a mixed gauge-gravitati-
onal anomaly. We however hesitate to use that term just yet. In relativistic field theories
with mixed flavor-gravitational anomalies, one can redefine the theory in such a way as to be
either non-invariant under flavor transformations or under diffeomorphisms. Here, it is not
yet clear if one can redefine the tensor gauge theory in such a way as to be gauge-invariant,
but non-covariant in curved space.

However, if charged matter coupled to the gauge fields condenses so that the tensor gauge
theory is in a Higgs phase, then the massive gauge theory may be placed in curved spacetime.
Consider the following invariant action where we also introduce a charged scalar Φwith action

S =

∫

dd+1 x hλτhνσFλµνFτρσ
�

2ε0vµvρ −
1
µ0

hµρ
�

. (3.32)

We have defined the dipole-invariant combination of the dipole field strength Fλµν and the
charged scalar field Φ via

Fλµν = Φ∗ΦFλµν −
i
q
Φ∗DρΦhρσ

�

Rλσµν + F n
µν∇σvλ − 2n[µ∇ν]∇σvλ

�

. (3.33)

Of course, we can also add the usual dipole-invariant Φ terms to the action from the theory
in Eq. (3.25). Unlike the theory in Eq. (2.14), however, in the flat space limit the Ei j E

i j and
Fi jkF i jk terms in this theory come coupled to a factor of Φ∗Φ. Assuming that the dynamics
allow Φ to condense, this model has a Higgs phase whose low-energy description ought to be
a massive version of the symmetric gauge theory (2.14) coupled to the phase of Φ.

4 First order formulation and dipole symmetry algebra

In the previous Section, we have worked with the second-order formulation of Aristotelian
geometries, where the curved spacetime background is captured by a clock-form nµ and a
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spatial metric hµν. While this formulation is sufficient to couple to field theories with conserved
dipole moment, to better appreciate the structure of the dipole shift symmetry, it is convenient
to pass to a first-order formulation. Here the spatial metric hµν is exchanged for a spatial
vielbein ea

µ and a local SO(d) symmetry which rotates the spatial one-forms ea
µ into each other.

The dipole symmetry is then naturally defined as acting in the tangent bundle.

4.1 First order formulation of Aristotelian geometries

The first-order formulation of Aristotelian backgrounds has the clock-form nµ and a spatial
vielbein ea

µ, where a = 1, . . . , d is an index enumerating this basis of spatial one-forms. There
must be a zero linear combination vµea

µ = 0 for some vector field vµ normalised as vµnµ = 1.

We can also define the inverse vielbein eµa using the completeness relations vµnν + eµa ea
ν = δ

µ
ν

and eµa eb
µ = δ

b
a . The spatial metric hµν and cometric hµν are related in terms of these as

hµν = δabea
µeb
ν , hµν = δabeµa eνb . (4.1)

The raising and lowering of a, b, . . . indices is done using δab and δab. Note that the spatial
metric hµν has (d+1)(d+2)/2−1 independent components, while the spatial vielbein ea

µ has
d(d + 1) independent components. This additional d(d − 1)/2 components in ea

µ arise from
a redundancy under local SO(d) rotations that arises from the decomposition of hµν into ea

µ.

This local SO(d) symmetry acts as ea
µ→ Ra

beb
µ for R a rotation matrix.

We also introduce a spin connection ωa
bµ associated with the SO(d) symmetry,

ωa
bµ = ea

λ∂µeλb + ea
λΓ
λ
µνeνb , (4.2)

where Γλµν is the connection defined in Eq. (3.1). It can be explicitly checked that
ωab

µ = −ωba
µ and the associated covariant derivative, which acts both on spacetime indices

µ,ν and flat spatial indices a, b, satisfies the properties

∇µδab = −δcbω
c
aµ −δacω

c
bµ = 0 ,

∇µeνa = ∂µeνa + Γ
ν
µρeρa − eνbω

b
aµ = 0 ,

∇µea
ν = ∂µea

ν − Γ
ρ
µνea

ρ + eb
νω

a
bµ = −

1
2

nνeaρ$vhµρ .

(4.3)

If we were to introduce torsion into the Aristotelian connection (3.1) (see Footnote 5), it would
correspondingly introduce a torsion into the spin connection. We can define the associated
spatial torsion and curvature tensors as

T a
µν = ∂µea

ν − ∂νea
µ +ω

a
bµeb

ν −ω
a

bνeb
µ ,

Ra
bµν = ∂µω

a
bν − ∂νωa

bµ +ω
a

cµω
c

bν −ωa
cνω

c
bµ .

(4.4)

These are related to the full Aristotelian torsion and curvature tensors as

Tλµν = eλa T a
µν − 2n[µ∇ν]vλ + vλF n

µν ,

Rλσµν = eλa eb
σRa

bµν + 2nσ∇[µ∇ν]vλ .
(4.5)

For our choice of connection, the Aristotelian torsion is simply Tλµν = vλF n
µν and correspond-

ingly T a
µν = eaλn[µ∇ν]vλ.

The U(1) connection Aµ is borrowed directly from the second order formulation, whereas
the spatial dipole gauge field is instead taken to be aab. The covariant spatial dipole gauge
field aµν is defined as

aµν = aabea
µeb
ν , (4.6)
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and automatically satisfies the constraint vµaµν = 0. We can define the dipole “connection”
and “field strength” (the analogues of Aλµ and Fλµν) in the first-order formulation as

Aa
µ = nµvρFρσeaσ +

1
2

�

hρµFρσeaσ + aabebµ

�

,

F a
µν = ∂µAa

ν − ∂νAa
µ +ω

a
bµAb

ν −ωa
bνA

b
µ + n[µAb

ν]e
aρeσb $vhρσ .

(4.7)

Now, when coupling a field theory to this first-order formulation of the background, we
impose invariance under diffeomorphisms, local rotations, U(1) gauge transformations, and
dipole transformations. At the infinitesimal level, these act on the background fields in the
following way. Let χµ be an infinitesimal diffeomorphism, Ωa

b an infinitesimal rotation (with
Ω(ab) = 0), Λ a U(1) gauge transformation, and ψa an infinitesimal dipole transformation.
Collectively denoting the transformation as X̂= (ξµ,Ωa

b,Λ,ψa), the corresponding generator
δX̂ of the transformation acts on the background fields as

δX̂nµ = $χnµ ,

δX̂ea
µ = $χ ea

µ −Ω
a

beb
µ ,

δX̂Aµ = $χAµ + ∂µΛ+ ea
µψa ,

δX̂aab = $χaab +Ω
c
aacb +Ω

c
baac + eµa∇µψb + eµb∇µψa .

(4.8)

So defined, the spin and “dipole” connections transform as

δX̂ω
a

bµ = $χω
a

bµ +∇µΩa
b ,

δX̂Aa
µ = $χAa

µ −Ωa
bAb

µ +∇µψa +
1
2

nµψ
beaρeσb $vhρσ ,

(4.9)

so that the spin connection is indeed a connection under local rotations, and Aa
µ is nearly a

connection under dipole transformations. It can be checked that these symmetry variations
lead to the second-order symmetry variations given in eq. (3.16). A lengthy computation also
shows that the symmetry generators form an algebra, with

[δX̂,δX̂′] = δ[X̂,X̂′] , (4.10)

where the commutator transformation is defined as

χ
µ

[X̂′,X̂]
= δX̂′χ

µ = $χ ′χ
µ ,

(Ω[X̂′,X̂])
a

b = δX̂′Ω
a

b = $χ ′Ω
a

b − $χΩ
′a

b +Ω
a

cΩ
′c

b −Ω′acΩ
c

b ,

Λ[X̂′,X̂] = δX̂′Λ = $χ ′Λ− $χΛ
′ ,

(ψ[X̂′,X̂])a = δX̂′ψa = $χ ′ψa − $χψ
′
a +ψbΩ

′b
a −ψ′bΩ

b
a .

(4.11)

More details can be found in Appendix (A.1). Applying the identity (4.10) to the generating
functional leads to Wess-Zumino consistency conditions, just as for relativistic field theories.

4.2 Currents and conservation

The coupling of conserved currents to background sources follows analogous to our discussion
in Subsection 3.3. Directly plugging in the definition of second-order sources in terms of the
first-order ones into the generating function variation in Eq. (3.14), we can obtain

δW =

∫

dd+1 x
p
γ
�

−εµδnµ +τ
µ
aδea

µ + JµδAµ + JµaδAa
µ

�

, (4.12)
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where the full momentum current is defined as τµa = (vµπν + τµν + τ
µν

d )eaν, including the
contributions from momentum density πµ, symmetric stress tensor τµν, and stress contribu-
tions from the multipole currents τµνd = −AµρJρν. The dipole current is defined as Jµa = Jµ

λ
eλa .

This coupling structure, of course, looks more natural from a field theoretic perspective.
Invariance of the action under SO(d) rotations leads to the relation τµ[aeb]µ = −Jµ[aAb]µ

that is identically satisfied. On the other hand, demanding invariance under the remaining
symmetry variations in (4.8) lead to the Ward identities in the first-order form

∇′µε
µ = −vµ fµ −τµaea

ν∇µvν ,

∇′µτ
µ
a = eµa fµ − nµτ

µ

beb
νeρa∇ρvν ,

∇′µJµ = 0 ,

∇′µJµa = eaµJµ .

(4.13)

The power-force density fµ has already been defined in Eq. (3.18).
Finally, the dipole transformation properties of various currents can directly be derived

from Eq. (3.22). We find

εµ→ εµ +
�

2Jµ(ρψσ) − Jρσψµ
� 1

2
$vhρσ ,

τµa→ τ
µ
a − Jµψa +∇′ν

�

ψνJµa − Jνaψ
µ
�

+ vµJρaF n
ρσψ

σ ,
(4.14)

while Jµ and Jµa are invariant.

4.3 Dipole algebra in curved space

We have verified the consistency of the symmetry algebra as a Lie algebra. But one might still
wonder what this algebra has to do with the original dipole symmetry algebra of the flat space
theory in Eq. (2.1). To make this connection, let us follow the analysis of [40] and consider a
symmetry variation δX̂, given in terms of the parameters X̂ = (χµ,Ωa

b,Λ,ψa), and formally
decompose it in a basis as

δX̂ = iχµnµH− iχµea
µPa +

i
2
(Ωab +χµωab

µ)Mab − i(Λ+χµAµ)Q− i(ψa +χµAa
µ)Da . (4.15)

The Hamiltonian H, momenta Pa, angular momenta Mab, charge Q, and dipole moment Da
should be understood as generators of local time translations, spatial translations, rotations,
U(1) transformations, and dipole transformations in a general curved background. Inserting
this decomposition into the infinite-dimensional symmetry algebra, (4.10), we find that it can
be expressed in terms of a finite set of commutators involving H, Pa, etc.:

[H, Pa] = ivµeνaCµν , [Pa, Pb] = −ieµa eνbCµν ,

[H,Da] = −
i
2

eρa ebσ$vhρσDb , [Pa, Db] = iδabQ ,

[Mab,Dc] = i(δacDb −δbcDa) ,

[Mab, Pc] = i(δacPb −δbcPa) ,

[Mab,Mcd] = i(δacMbd −δbcMad −δadMbc +δbdMac) ,

(4.16)

and all other commutators zero. We have defined the “curvature” operator

Cµν = −F n
µνH+ 2T a

µνPa −
1
2

Rab
µνMab + F a

µνDa . (4.17)
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To obtain this we made use of the identities

δX̂′(Ω
ab +χµωab

µ) = $χ ′(Ω
ab +χµωab

µ) + 2Ω′[ac(Ω
b]c +χµωb]c

µ) ,

δX̂′(Λ+χ
µAµ) = $χ ′(Λ+χ

µAµ) +χ
µea
µψ
′
a ,

δX̂′(ψ
a +χµAa

µ) = $χ ′(ψ
a +χµAa

µ)−Ω
′a

b(ψ
b +χµAb

µ)

+ (Ωa
b +χ

µωa
bµ)ψ

′b +
1
2
χµnµψ

′beaρeσb $vhρσ .

(4.18)

Further details can be found in Appendix A.3. Note that the U(1) field strength Fµν does not
appear in the curvature operator on its own as it does not transform homogeneously under
dipole transformations.

Eq. (4.16) is the dipole algebra generalised to curved space. It reduces to the original
dipole algebra given in Eq. (2.1) in the flat space limit. On curved space, the algebra is almost
the same, except that the mutual commutators of H and Pa are not zero, but are sourced by
the curvature operator Cµν. This should be physically expected because local translations on
curved spacetime do not commute. [H, Da] is also nonzero in curved space. The source of
this commutator is proportional to $vhµν, which can be understood as the “time derivative”
of the spatial metric in the reference frame of the background observer with velocity vµ. In
other words, the dipole moment is no longer conserved when the system is coupled to a time-
dependent spatial metric. This should also be physically expected because a dipole is a non-
local degree of freedom and the associated dipole moment is sensitive to the spatial separation
between the charges making up the dipole.

5 Conserved multipole moments

The techniques that we have developed in this work can easily be adapted to covariantise
field theories with higher conserved multipole moments. A system with 2n-pole symmetry
has a series of conserved multipole charges Q(r)a1...ar

, for r = 0, . . . , n, obeying the “multipole
algebra” [41]

[Pa,Q(r)a1...ar
] = irδa(a1

Q(r−1)
a2...ar )

,

[Mab,Q(r)c1...cr
] = ir

�

δa(c1
Q(r)c2...cr )b

−δb(c1
Q(r)c2...cr )a

�

,

[Mab, Pc] = i(δacPb −δbcPa) ,

[Mab,Mcd] = i(δacMbd −δbcMad −δadMbc +δbdMac) ,

(5.1)

and all other commutators zero. The U(1) monopole charge is Q = Q(0), while the dipole
moment is Da = Q(1)a . The r th moment charge (i.e. 2r -pole moment) commutes with the
Hamiltonian and transforms as an rank-r tensor under rotations. Under translations, on the
other hand, it picks up the (r−1)th moment charge. For example, [Pa,Q] = 0, [Pa, Db] = iδabQ,
and [Pa, Q(2)bc ] = i(δabDc +δacDb). Note that the monopole charge commutes with everything,
while the dipole moment obeys the same algebra as noted previously.

In a field theory, 2n-pole symmetry charges can be realised by a U(1) charge density J t ,
obeying the conservation equation of the form

∂t J
t + ∂i1 . . .∂in+1

J i1...in+1
(n) = 0 , (5.2)

where J i1...in+1
(n) is the totally-symmetric nth pole current. The conserved multipole moments are

Qi1...ir
(r) =

∫

dd x J t x i1 . . . x ir , for r = 0,1, . . . n . (5.3)
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Similar to our analysis of models with conserved dipole moment, it is convenient to exchange
the conservation equation (5.2) for a series of Ward identities

∂µJµ = 0 , ∂iJ
i j1... jr
(r) = J j1... jr

(r−1) , for r = 1, . . . , n , (5.4)

where J i
(0) = J i . Each successive r th pole current is given in terms of the divergence of the

(r +1)th pole current, all the way up to r = n−1. Expressed in this language, it is straightfor-
ward to couple this theory to background fields.

5.1 Conserved quadrupole moment

To not get overwhelmed by the number of multipole charges, let us consider first the case of a
theory with conserved quadrupole moment. An action for such a model with a single complex
quantum field Φ is given by

S =

∫

dtdd x
�

iΦ∗∂tΦ+Di jk(Φ
∗,Φ∗,Φ∗)Di jk(Φ,Φ,Φ)− V (Φ∗Φ)

�

, (5.5)

with
Di jk(Φ,Φ,Φ) = Φ2∂i∂ j∂kΦ− 3Φ∂(iΦ∂ j∂k)Φ+ 2∂iΦ∂ jΦ∂kΦ . (5.6)

Note that the simplest term with spatial derivatives involves six powers of Φ.
Coupling to curved space for this theory follows along the same lines as before. We have

the normal Aristotelian background sources: the clock-form nµ, spatial metric hµν, and U(1)
gauge field Aµ. In addition, we have a symmetric spatial dipole gauge field a(1)µν and analo-

gously a totally-symmetric spatial quadrupole gauge field a(2)µνρ, satisfying vµa(1)µν = vµa(2)µνρ = 0.
Under an infinitesimal diffeomorphism χµ, gauge transformation Λ, dipole transformation
ψ(1)µ (obeying vµψ(1)µ = 0), and quadrupole transformation ψ(2)µν (symmetric, and obeying

vνψ(2)µν = 0), which we collectively denote as X̂ = (χµ,Λ,ψ(1)µ ,ψ(2)µν), the background and
quantum fields transform as

δX̂Φ= $χΦ+ iΛΦ ,

δX̂Aµ = $χAµ + ∂µΛ+ψ
(1)
µ ,

δX̂a(1)µν = $χa(1)µν + hρµhσν
�

∇ρψ(1)σ +∇σψ
(1)
ρ

�

+ 2ψ(2)µν ,

δX̂a(2)µνρ = $χa(2)µνρ + hσµhτνhλρ
�

∇σψ
(2)
τλ
+∇τψ

(2)
λσ
+∇λψ(2)στ

�

,

(5.7)

while nµ and hµν transform as before. The numerical factor of 2 in the transformation of a(1)µν is
chosen for convenience. The covariantised version of the quadrupole-symmetric theory (5.5)
is then invariant under diffeomorphisms, U(1) gauge transformations, dipole transformations,
and quadrupole transformations.

Moving on, we had already defined a dipole “connection” and “field strength” in Eqs. (3.9)
and (3.11), which we reprise here,

Aλ(1)µ = nµvρFρσhσλ +
1
2

�

hρµFρσhλσ + a(1)µρhρλ
�

,

Fλ(1)µν =∇µAλ(1)ν −∇νA
λ
(1)µ + F n

µνvρAλ(1)ρ + 2n[µAρ(1)ν]∇ρvλ .
(5.8)

These objects transform “nicely” under the dipole symmetry, but not under the quadrupole
symmetry, similar to how Aµ and Fµν transform nicely under the U(1) monopole symmetry
but not under the dipole symmetry. To wit, we have

δX̂Aλ(1)µ = $χAλ(1)µ +∇µψ
λ
(1) + nµψ

ν
(1)∇νvλ +ψλν(2)hµν ,

δX̂Fλ(1)µν = $χ Fλ(1)µν +Rλρµνψ
ρ

(1) + hλρ∇µψ(2)νρ − hλρ∇νψ(2)µρ + 2n[µψ
ρ

(2)ν]∇ρvλ ,
(5.9)
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where
Rλρµν = hσρ

�

Rλσµν + F n
µν∇σvλ − 2n[µ∇ν]∇σvλ

�

. (5.10)

Similarly, we define the quadrupole “connection”

Aλτ(2)µ = nµvρF (λ(1)ρνh
τ)ν +

1
3

�

2hρµF (λ(1)ρσhτ)σ + a(2)µρσhρλhστ
�

, (5.11)

which transforms as

δX̂Aλτ(2)µ = $χAλτ(2)µ +
�

nµvρ +
2
3

hρµ

�

R(λσρνhτ)νψσ(1) +∇µψ
λτ
(2) + 2nµψ

σ(λ
(2) ∇σvτ) . (5.12)

The quadrupole “field strength,” on the other hand, is defined as

Fλτ(2)µν =∇µAλτ(2)ν −∇νA
λτ
(2)µ − F n

µνvρAλτ(2)ρ

+ 2Aσ(1)[µ

�

nν]v
ρ +

2
3

hρ
ν]

�

R(λσρνhτ)ν + 4n[µAρ(λ(2) ν]∇ρvτ) .
(5.13)

The utility of all this structure is that we can now define symmetry currents as conjugate
to external fields via

δW =

∫

dd+1 x
p
γ
�

−εµδnµ +
�

vµπν +
1
2
τµν

�

δhµν + JµδAµ + Jµ(1)λδAλ(1)µ + Jµ(2)λτδAλτ(2)µ

�

. (5.14)

Invariance under diffeomorphisms, gauge transformations, etc., leads to Ward identities as in
our analysis in Subsection 3.3,

∇′µε
µ = −vµ fµ −

�

τµν +τµνd

�

hνλ∇µvλ ,

∇′µ
�

vµπν +τµν +τµνd

�

= hνµ fµ −πµhνλ∇λvµ ,

∇′µJµ = 0 ,

∇′µJµν(1) = hνµJµ ,

∇′µJµνρ(2) = Jνρ(1) .

(5.15)

The derivatives on the left-hand-side are as in Subsection 3.3, ∇′µ =∇µ + F n
µνvν. The power-

force density gets modified to

fµ = −F n
µνε

ν − hµλAλνJν + Jν(1)λ
�

Fλ(1)µν − hνρAρλ(2)µ
�

+ Fλτ(2)µνJν(2)λτ

− nµ
�

Aρ(1)νJν(1)λ + 2Aρτ(2)νJν(2)λτ
�

∇ρvλ

−
�

nµvσAρ(1)ν + 2hσ[µAρ(1)ν]
�

Jν(2)λτR
λ
ρσβhτβ ,

(5.16)

whereas τµνd now has contributions from the quadrupole current as well

τ
µν

d = −Aµ(1)ρJρν(1) − 2Aµλ(2)ρJρν(2)λ . (5.17)

5.2 Conserved higher moments

This construction can easily be generalised to systems with higher multipole symmetry. For
a system with conserved nth moments, the background fields comprise of the clock form nµ,
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spatial metric hµν, gauge field Aµ, and a series of spatial multipole gauge fields a(r)µ1...µr+1
for

r = 1, . . . , n. Their transformation laws are

δX̂Aµ = $χAµ + ∂µΛ+ψ
(1)
µ ,

δX̂a(r)µ1...µr+1
= $χa(r)µ1...µr+1

+ (r + 1)hρ1
µ1

. . . hρr+1
µr+1
∇(ρ1

ψ
(r)
ρ2...ρr+1)

+ (r + 1)ψ(r+1)
µ1...µr+1

, for r < n ,

δX̂a(n)µ1...µn+1
= $χa(n)µ1...µn+1

+ (n+ 1)hρ1
µ1

. . . hρn+1
µn+1
∇(ρ1

ψ
(n)
ρ2...ρn+1)

, (5.18)

while nµ and hµν transform as usual. So defined, the symmetry generators obey an algebra

[δX̂,δX̂′] = δ[X̂,X̂′] , (5.19)

with a suitably defined commutator, so that one can speak of Wess-Zumino consistency con-
ditions for the currents of these theories. Using these variations, we can define multipole
“connections” and “field strengths” as

Aλ1...λr
(r) µ = nµvρF (λ1...λr−1

(r−1) ρνh
λr )ν +

1
r + 1

�

rhρµF (λ1...λr−1
(r−1) ρνh

λr )ν + aλ1...λr
(r) µ

�

,

Fλ1...λr
(r) µν = 2∇[µAλ1...λr

(r) ν] + vρF n
µνA

λ1...λr
(r) ρ − 2

r
∑

s=1

Aρ1...ρs
(s) [µY

(r,s)
ν]

λ1...λr
ρ1...ρs

. (5.20)

HereY(r,s)µ
λ1...λr
ρ1...ρs

are some (r+s+1)-rank tensors that are entirely given in terms of the curvature

Rλρµν, frame acceleration∇µvν, and their derivatives. See Appendix A.2 for more details. The
“connections” transform as

δX̂Aλ1...λr
(r) µ = $χAλ1...λr

(r) µ +∇µψ
λ1...λr
(r) +

r
∑

s=1

Y(r,s)µ
λ1...λr
ν1...νs

ψ
ν1...νs
(s) + hµνψ

νλ1...λr
(r+1) , (5.21)

and the variation of the “field strengths” is given in the Appendix. The symmetry currents are
then defined by the variation

δW =

∫

dd+1 x
p
γ

�

− εµδnµ +
�

vµπν +
1
2
τµν

�

δhµν + jµδAµ +
n
∑

r=1

Jµ(r)λ1...λr
δAλ1...λr
(r) µ

�

. (5.22)

The Ward identities read

∇′µε
µ = −vµ fµ −

�

τµν +τµνd

�

hνλ∇µvλ ,

∇′µ
�

vµπν +τµν +τµνd

�

= hνµ fµ −πµhνλ∇λvµ ,

∇′µJµ = 0 ,

∇′µJµν1...νr
(r) = Jν1...νr

(r−1) ,

(5.23)

where the power-force density gets modified to

fµ = −F n
µνε

ν − hµλAλ(1)νJν

+
n−1
∑

r=1

�

Fλ1...λr
(r) µν − hνρAρλ1...λr

(r+1) µ

�

J(r)λ1...λr
ν + Fλ1...λn

(n) µνJ(n)λ1...λn
ν

−
n
∑

r=1

r
∑

s=1

�

Y(r,s)µ
λ1...λr
ρ1...ρs

Aρ1...ρs
(s) ν −Y(r,s)ν

λ1...λr
ρ1...ρs

Aρ1...ρs
(s) µ

�

J(r)λ1...λr
ν , (5.24)

while τµνd gets contributions from all the multipole currents

τ
µν

d = −
n
∑

r=1

rhνλr Aµλ1...λr−1
(r) ρJ(r)λ1...λr

ρ . (5.25)
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5.3 Multipole algebras in curved space

As in our discussion of the dipole algebra in curved space, we can understand the commu-
tator of symmetry generators [δX̂,δX̂′] = δ[X̂,X̂′] in terms of commutators for a finite set
of operators, giving the curved space version of the multipole algebra [40]. To do this effi-
ciently, we need to pass to the first-order formulation discussed in Section 4. Without going
into even more detail, we note that the first order versions of multipole “connections,” “field
strengths,” and symmetry parameters are defined naturally as Aa1...ar

(r) µ = ea1
λ1

. . . ear
λr

Aλ1...λr
(r) µ,

F a1...ar
(r) µν = ea1

λ1
. . . ear

λr
Fλ1...λr
(r) µν, andψa1...ar

(r) = ea1
λ1

. . . ear
λr
ψ
λ1...λr
(r) respectively. A symmetry trans-

formation parametrised by X̂= (χµ,Ωa
b,Λ,ψa1...ar

(r) ) can be decomposed into a basis of gener-
ators according to

δX̂ = iχµnµH− iχµea
µPa +

i
2
(Ωab +χµωab

µ)Mab − i(Λ+χµAµ)Q

− i
n
∑

r=1

1
r!

�

ψ
a1...ar
(r) +χµAa1...ar

(r) µ

�

Q(r)a1...ar
.

(5.26)

Plugging this parameterisation into the infinite-dimensional algebra [δX̂,δX̂′] = δ[X̂,X̂′], we
find that the infinite-dimensional algebra is equivalent to a finite set of commutators, in the
form of the curved space algebra

[H,Pa] = ivµeνaCµν , [Pa, Pb] = −ieµa eνbCµν ,

[H,Q(r)a1...ar
] = −ivµY(r)µa1...ar

, [Pa,Q(r)a1...ar
] = irδa(a1

Q(r−1)
a2...ar )

+ ieµaY
(r)
µa1...ar

,

[Mab,Q(r)c1...cr
] = ir

�

δa(c1
Q(r)c2...cr )b

−δb(c1
Q(r)c2...cr )a

�

,

[Mab, Pc] = i(δacPb −δbcPa) ,

[Mab,Mcd] = i(δacMbd −δbcMad −δadMbc +δbdMac) ,

(5.27)

and other commutators zero. The operator Q(0) should be understood as Q. We have defined
the multipole shift parameter

Y(r)µa1...ar
=

n
∑

s=r

r!
s!

vµY(s,r)µ
b1...bs
a1...ar

Q(s)b1...bs
, (5.28)

while the definition of the curvature operator is also modified to

Cµν = −F n
µνH+ 2T a

µνPa −
1
2

Rab
µνMab +

n
∑

r=1

1
r!

�

F a1...ar
(r) µν + 2eb[µAba1...ar

(r+1) ν]

�

Q(r)a1...ar
. (5.29)

Along the way we have used

δX̂′
�

ψ
a1...ar
(r) +χµAa1...ar

(r) µ

�

= $χ ′
�

ψ
a1...ar
(r) +χµAa1...ar

(r) µ

�

− rΩ′(a1
b

�

ψ
a2...ar )b
(r) +χµAa2...ar )b

(r) µ

�

+ r
�

Ω(a1
b +χ

µω(a1
bµ

�

ψ
′a2...ar )b
(r) (5.30)

+
r
∑

s=1

χµY(r,s)µ
a1...ar
b1...bs

ψ
′b1...bs
(s) +χµebµψ

′a1...ar b
(r+1) .

The curved space algebra (5.27) should be compared with the flat space algebra (5.1).
The two agree in flat space, where the generalised curvatures Cµν and Y ’s vanish. As in the
dipole algebra, [H, Pa] and [Pa, Pb] are nonzero in curved space. Also like before [H,Q(r)a1...ar

] is
nonzero, affirming that multipole moments are not time-independent when coupled to generic
time-dependent backgrounds. A novel feature is that [Pa,Q(r)a1...ar

] gets contributions from

higher moments Qp≥r
a1...ap

and not just the preceding moment Q(r−1)
a1...ar−1

.
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6 Discussion

In this work we have proposed a coupling of simple continuum field theories with fracton order
to curved spacetime backgrounds. The models we considered are, in flat space, invariant under
spacetime translations and rotations, with a conserved U(1) charge and a conserved dipole
moment. A prototypical example of such a system is the theory of charged matter in [36].
The Noether currents associated with these symmetries naturally couple to (i) a spacetime
geometry consisting of a spatial metric hµν and a clock one-form nµ, (ii) a U(1) gauge field
Aµ, and (iii) a source ai j for the dipole current. The conservation of U(1) charge and dipole
moment in flat space is encoded in two Ward identities, namely

∂µJµ = 0 , J i = ∂ jJ
i j , (6.1)

which when put together yield ∂t J
t + ∂i∂ jJ

i j = 0. The first is the standard Ward identity pro-
vided that we couple matter fields to a background gauge field Aµ in such a way that the total
action is invariant under local U(1) transformations. The second is enforced by introducing a
local “dipole symmetry,” which only acts on the background fields as

Ai → Ai +ψi , ai j → ai j + ∂iψ j + ∂ jψi . (6.2)

The dipole symmetry could be potentially gauge-fixed by setting Ai = 0, which ties the dipole
shift parameter to the gauge parameter as ψi = −∂iΛ. By introducing the background space-
time nµ, hµν, one can covariantise the theory of charged matter in [36], and generalise the
dipole transformation above to curved space. One can also use the background coupling to
derive the relevant Ward identities associated with energy and momentum conservation in
these systems.

The procedure of coupling to curved background sources follows as usual. Given a the-
ory with fracton order in flat space, we strive to introduce the background sources in such a
way so as to make the full theory, including background and dynamical fields, invariant under
spacetime diffeomorphisms, local U(1) transformations, and local dipole transformations. At
the infinitesimal level, these symmetry transformations are enacted by first-order linear dif-
ferential operators, δX̂, where X̂ collectively labels the infinitesimal diffeomorphism, gauge
transformation, and dipole transformation. We showed that δX̂ obey an infinite-dimensional
Lie algebra,8 [δX̂,δX̂′] = δ[X̂,X̂′], leading to Wess-Zumino consistency conditions. In the ab-
sence of anomalies, radiative corrections are expected to preserve these symmetries, leading
to Ward identities for correlation functions. We computed these along with the transformation
laws of the various symmetry currents under dipole transformations.

Along the way, we considered the symmetric tensor gauge theory of [21]. This theory
of dynamical gauge fields At , ai j is an analogue of electromagnetism for systems with local
dipole-invariance and naturally couples to the scalar matter theory mentioned above. In flat
space, one can define the analogues of gauge-invariant “electric” and “magnetic” fields built
from At , ai j . However, we found that there is no gauge-invariant notion of an electric or
magnetic field in a general curved background, suggesting that a covariant curved space theory
does not exist.9 Indeed, there is an obstruction to placing this theory in curved space while
preserving diffeomorphism invariance, visible already in the flat space theory. Namely, there
is no gauge-invariant definition of the flat space momentum density and spatial stress tensor.
Consequently, the linearized coupling of the flat space theory to metric perturbations breaks
the gauge symmetry, rendering the model inconsistent. Interestingly, we did find that the
Higgs phase of the gauge theory can be coupled to curved space in a gauge-invariant way.

8It turns out that this infinite-dimensional algebra is highly redundant. See Subsection 4.3 for more detail.
9Gauge-invariant combinations do exist on spacetimes with absolute time and a time-independent Einstein

spatial metric. That result matches the previous work of [22,23].
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In the Introduction, we mentioned that perhaps the most experimentally relevant space-
time symmetry of a fracton model is where U(1) charge, dipole moment, and the trace of the
quadrupole moment are all conserved. In such a theory isolated charges are immobile, while
dipoles can move in a direction perpendicular to their dipole moment. While we have not dis-
cussed this symmetry pattern in the main text, it is easy to generalise our formalism to these
systems. Namely, one takes the background fields and symmetries we considered in Section 3,
but tunes the couplings of the field theory in question so that the spatial trace of the dipole
source aµν does not appear in the action, i.e. the spatial trace of the dipole current vanishes,
hµνJµν = 0. It would be interesting to visit these theories in greater detail in the future.

So far, several anomalies involving background tensor gauge fields have been discovered
for field theories of fracton order [42–44]. In the relativistic setting, we are of course familiar
with gravitational and mixed gravitational-flavor anomalies. One might wonder if there are
gravitational anomalies, pure or mixed, in the landscape of field theories of fractons. In this
work, we found evidence that this is the case for the symmetric tensor gauge theory. We found
an the obstruction to coupling the symmetric tensor gauge theory to curved background in a
covariant way, which strongly suggests the existence of a mixed gauge-gravitational anomaly
signaling the breakdown of gauge symmetry in curved spacetime. It would be interesting
to uncover if this particular non-invariance can be cured by sacrificing covariance, or by the
inflow mechanism, and the role of gravitational anomalies in this landscape more generally.

Existing field theory models with conserved dipole moment have the feature that dipoles
are composite objects. Dipole moments can either be generated by radiative corrections in
the presence of an elementary charge, or through a bound state of a charge-anticharge pair.
Indeed, one can envision a low-energy limit of a model where there is an energy gap to the pro-
duction of charges, and the lowest-energy degrees of freedom are electrically neutral dipoles.
What would such a field theory look like? A plausible hint comes from our construction of the
“dipole connection” Aλµ, which allows for coupling to field theories where degrees of freedom
can carry an “intrinsic dipole moment,” much like an independent spin connection ωa

bµ al-
lows for coupling to field theories with intrinsic spin. It will be interesting to pursue this line
of thought further.

Finally, thanks to this work, we have developed an appropriate notion of curved spacetime
for theories with conserved dipole moment, along with the right curved space symmetries,
Ward identities, and the transformation laws for the symmetry currents. With this informa-
tion at hand, we are nearly ready to construct the hydrodynamic effective description of these
models. The last ingredient we require is the low-energy symmetry breaking pattern of in-
teracting fracton models, which, at least in certain soluble large N models, will be presented
in [24].
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A Calculational details

In this Appendix we compile some of the calculational details that have been used in this work.

A.1 Consistency of symmetry algebra

The main goal of this Appendix is to demonstrate that the generators δX̂ of an infinitesimal
symmetry transformation furnish a Lie algebra. Doing so requires that we show that the com-
mutator closes, i.e. the commutator of two symmetry variations is itself be a symmetry vari-
ation, [δX̂,δX̂′] = δ[X̂,X̂′], for some appropriately defined commutator operation [X̂, X̂′], and
that the variations δX̂ obey the Jacobi identity. Because the symmetry variations δX̂ are repre-
sented by first-order linear differential operators, they automatically satisfy the Jacobi identity,
so we need only show that the commutator closes.

In fact, we will find that not only do the δX̂ form an algebra, but so do the infinitesimal
transformations X̂ themselves. We begin by reprising the variation of the symmetry parameters
X̂= (χµ,Ωa

b,Λ,ψa) given by Eq. (4.11) as

χ
µ

[X̂′,X̂]
= δX̂′χ

µ = $χ ′χ
µ ,

(Ω[X̂′,X̂])
a

b = δX̂′Ω
a

b = $χ ′Ω
a

b − $χΩ
′a

b +Ω
a

cΩ
′c

b −Ω′acΩ
c

b ,

Λ[X̂′,X̂] = δX̂′Λ = $χ ′Λ− $χΛ
′ ,

(ψ[X̂′,X̂])a = δX̂′ψa = $χ ′ψa − $χψ
′
a +ψbΩ

′b
a −ψ′bΩ

b
a .

(A.1)

Let us compute the action of successive variations on the symmetry parameters themselves

δX̂′′δX̂′χ
µ = $χ ′′$χ ′χ

µ ,

δX̂′′δX̂′Ω
a

b = $χ ′′$χ ′Ω
a

b + $χ
�

$χ ′Ω
′′a

b −Ω′acΩ
′′c

b

�

−Ωa
c

�

$χ ′Ω
′′c

b −Ω′c dΩ
′′d

b

�

+
�

$χ ′Ω
′′a

c +Ω
′′a

dΩ
′d

c

�

Ωc
b

+
�

Ω′′ac$χΩ
′c

b +Ω
′a

c$χΩ
′′c

b

�

−
�

Ω′′adΩ
′c

b +Ω
′a

dΩ
′′c

b

�

Ωd
c

+$χ ′
�

−$χΩ
′′a

b +Ω
a

cΩ
′′c

b −Ω′′acΩ
c

b

�

+$χ ′′
�

−$χΩ
′a

b +Ω
a

cΩ
′c

b −Ω′acΩ
c

b

�

, (A.2)

δX̂′′δX̂′Λ= $χ ′′$χ ′Λ+ $χ$χ ′Λ
′′

−$χ ′$χΛ
′′ − $χ ′′$χΛ

′ ,

δX̂′′δX̂′ψa = $χ ′′$χ ′ψa + $χ
�

$χ ′ψ
′′
a +ψ

′′
bΩ
′b

a

�

−ψb

�

$χ ′Ω
′′b

a −Ω′bcΩ
′′c

a

�

+
�

$χ ′ψ
′′
b +ψ

′′
c Ω
′c

b

�

Ωb
a

−
�

ψ′bΩ
′′c

a +ψ
′′
bΩ
′c

a

�

Ωb
c −

�

$χψ
′
bΩ
′′b

a + $χψ
′′
bΩ
′b

a

�

+$χ ′
�

−$χψ
′′
a +ψbΩ

′′b
a −ψ′′bΩ

b
a

�

+ $χ ′′
�

−$χψ
′
a +ψbΩ

′b
a −ψ′bΩ

b
a

�

.

The gray terms are symmetric under the exchange of X̂′↔ X̂′′ and drop out of the commutator.
Inspecting the remaining terms, it is trivial to verify that [δX̂′′ ,δX̂′]X̂ = δ[X̂′′,X̂′]X̂. It is also
easy to prove the Jacobi identity from here

[X̂′′, [X̂′, X̂]] = −δ[X̂′,X̂]X̂
′′ = −δX̂′δX̂X̂

′′ +δX̂δX̂′X̂
′′

= −δX̂′[X̂, X̂′′]−δX̂[X̂
′′, X̂′]

= −[X̂′, [X̂, X̂′′]]− [X̂, [X̂′′, X̂′]] .

(A.3)

This demonstrates that the X̂’s form an infinite-dimensional Lie algebra.
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We now compute the second variation of background fields, finding

δX̂′δX̂nµ = $χ ′$χnµ ,

δX̂′δX̂ea
µ = $χ ′$χ ea

µ +
�

$χΩ
′a

b +Ω
′a

cΩ
c

b

�

eb
µ

−$χ(Ω
′a

beb
µ)− $χ ′(Ω

a
beb
µ) ,

δX̂′δX̂Aµ = $χ ′$χAµ − ∂µ$χΛ
′ − ea

µ

�

$χψ
′
a +ψ

′
bΩ

b
a

�

+$χ∂µΛ
′ + $χ ′∂µΛ+ $χ(e

a
µψ
′
a) + $χ ′(e

a
µψa) ,

δX̂′δX̂Aab = $χ ′$χAab −
�

$χΩ
′c

a −Ωc
dΩ
′d

a

�

Acb −
�

$χΩ
′c

b −Ωc
dΩ
′d

b

�

Aca (A.4)

− eµa∇µ
�

$χψ
′
b +ψ

′
cΩ

c
b

�

− eµb∇µ
�

$χψ
′
a +ψ

′
cΩ

c
a

�

+ eµc
�

Ωc
a∇µψ′b +Ω

′c
a∇µψb

�

+ eµb
�

Ωc
a∇µψ′c +Ω

′c
a∇µψc

�

+ eµc
�

Ωc
b∇µψ′a +Ω

′c
b∇µψa

�

+ eµa
�

Ωc
b∇µψ′c +Ω

′c
b∇µψc

�

+
�

Ω′d bΩ
c
a +Ω

′d
aΩ

c
b

�

Acd + $χ
�

Ω′c aAcb +Ω
′c

bAac + eµa∇µψ
′
b + eµb∇µψ

′
a

�

+$χ ′
�

Ωc
aAcb +Ω

c
bAac + eµa∇µψb + eµb∇µψa

�

.

The gray terms are symmetric under the exchange of X̂↔ X̂′ and drop out of the commutator.
With the remaining terms, we can see that [δX′ ,δX] = δ[X′,X] while acting on the background
fields. Thus the δX̂’s generate a Lie algebra as claimed.

A.2 Multipole connections and transformation properties

In this Appendix, we derive the explicit form of the objects Y(r,s) that appear in the definition
of multipole “connections” in Section 5. We begin by postulating that there exists an r th pole
connection A(r) that varies under multipole transformations as follows

Aλ1...λr
(r)µ→ Aλ1...λr

(r)µ +∇µψ
λ1...λr
(r) +

r
∑

s=1

Y(r,s)µ
λ1...λr
ν1...νs

ψ
ν1...νs
(s) + hµνψ

νλ1...λr
(r+1) . (A.5)

We can allow r to be zero as well, in which case the connection is just the monopole gauge
field Aµ = A(0)µ, with the U(1) gauge parameter being ψ(0) = Λ. Using these, we can define
the r “field strength” F(r) as in Eq. (5.20), so that it transforms homogeneously under all the
s-pole transformations for s ≤ r. Explicitly we find

Fλ1...λr
(r)µν→ Fλ1...λr

(r)µν + rR(λ1
ρµνψ

λ2...λr )ρ
(r) +

r
∑

s=2

2Y(r,s−1)
[µ

λ1...λr
ρ2...ρs

hν]ρ1
ψ
ρ1...ρs
(s) (A.6)

+
r
∑

s=1

�

�

vρF n
µν − 2δρ[µ∇ν]

�

Y(r,s)ρ
λ1...λr
ν1...νs

+
r
∑

t=s

2Y(r,t)[µ
λ1...λr
ρ1...ρt

Y(t,s)
ν]

ρ1...ρt
ν1...νs

�

ψ
ν1...νs
(s)

− 2hρ[µ∇ν]ψ
ρλ1...λr
(r+1) + 2∇[µhν]ρψ

ρλ1...λr
(r+1) + 2Y(r,r)[µ

λ1...λr
ρ1...ρr

hν]σψ
σρ1...ρr
(r+1) .

The important piece is here is the inhomogeneous term in the third line. Using F(r) and the
spatial (r + 1) pole “connection” a(r+1) given in Eq. (5.7), we can construct an object that
transforms like a connection underψ(r+1) shifts. This is precisely the definition of A(r+1) given
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in Eq. (5.20). We compute its transformation to be

Aλ1...λr+1
(r+1)µ→ Aλ1...λr+1

(r+1)µ +∇µψ
λ1...λr+1
(r+1) +

�

nµvσ +
r + 1
r + 2

hσµ

�

rRλ1
ρσνh

λr+1νψ
λ2...λrρ

(r)

+
r+1
∑

s=2

�

nµvσhλ1
ν1
+

r + 1
r + 2

�

hσµhλ1
ν1
− hµν1

hλ1σ
�

�

Y(r,s−1)
σ

λ2...λr+1
ν2...νs

ψ
ν1...νs
(s)

+
�

nµvσ +
r + 1
r + 2

hσµ

� r
∑

s=1

�

�

vρF n
σν − 2δρ[σ∇ν]

�

Y(r,s)ρ
λ1...λr
ν1...νs

hλr+1ν (A.7)

+
r
∑

t=s

2Y(r,t)[σ
λ1...λr
ρ1...ρt

Y(t,s)
ν]

ρ1...ρt
ν1...νs

hλr+1ν

�

ψ
ν1...νs
(s)

+ nµψ
ρλ1...λr
(r+1) ∇ρvλr+1 +ψλ1...λr+1ρ

(r+2) hρµ .

The indices λ1 . . .λr+1 are understood to be symmetrised. We can compare this expression to
our original expression for A(r) and write down a series of recursion relations for the Y(r,s).
The easiest of these are for s = r. We find

Y(r,r)µ
λ1...λr
ν1...νr

= nµ∇ν1
vλ1hλ2

ν2
. . . hλr

νr
+
�

nµvσhλ1
ν1
+

r
r + 1

�

hσµhλ1
ν1
− hµν1

hλ1σ
�
�

Y(r−1,r−1)
σ

λ2...λr
ν2...νr

. (A.8)

The λ1, . . . ,λr and ν1, . . . ,νr are understood to be symmetrised. This recursion is particularly
simple to solve and one simply gets

Y(r,r)µ
λ1...λr
ν1...νr

= r nµ∇ν1
vλ1hλ2

ν2
. . . hλr

νr
. (A.9)

Plugging this result in, we can obtain a recursion relation for s = r − 1, leading to

Y(r,r−1)
µ

λ1...λr
ν1...νr−1

= (r − 1)
�

nµvσ +
r

r + 1
hσµ

�

Rλ1
ν1σρ

hλ2
ν2

. . . hλr−1
νr−1

hλrρ

+
�

nµvσhλ1
ν1
+

r
r + 1

�

hσµhλ1
ν1
− hµν1

hλ1σ
�
�

Y(r−1,r−2)
σ

λ2...λr
ν2...νr−1

, (A.10)

where Rλρµν was defined in Eq. (5.10). We are unable to solve this recursion explicitly. All
further recursion relations are decisively harder. For 1< s < r − 1, we get

Y(r,s)µ
λ1...λr
ν1...νs

=
�

nµvσhλ1
ν1
+

r
r + 1

�

hσµhλ1
ν1
− hµν1

hλ1σ
�
�

Y(r−1,s−1)
σ

λ2...λr
ν2...νs

+
�

nµvσ +
r

r + 1
hσµ

�

�

�

vρF n
σν − 2δρ[σ∇ν]

�

Y(r−1,s)
ρ

λ1...λr−1
ν1...νs

hλrν

+
r−1
∑

t=s

2Y(r−1,t)
[σ

λ1...λr−1
ρ1...ρt

Y(t,s)
ν]

ρ1...ρt
ν1...νs

hλrν

�

.

(A.11)

Finally for s = 1 we have

Y(r,1)µ
λ1...λr
ν1

=
�

nµvσ +
r

r + 1
hσµ

�

�

�

vρF n
σν − 2δρ[σ∇ν]

�

Y(r−1,1)
ρ

λ1...λr−1
ν1...ν1

hλrν

+
r−1
∑

t=1

2Y(r−1,t)
[σ

λ1...λr−1
ρ1...ρt

Y(t,1)
ν]

ρ1...ρt
ν1

hλrν

�

.

(A.12)

26

https://scipost.org
https://scipost.org/SciPostPhys.12.4.142


SciPost Phys. 12, 142 (2022)

A.3 Multipole algebra in curved space

Let us explicitly compute the commutator of variations [δX̂′ ,δX̂] in terms of the generator-
decomposition of δX̂ given in Eq. (4.15). We find

[δX̂′ ,δX̂] = δ[X̂′,X̂] +χ
µχ ′ν

�

ea
µeb
ν[Pa, Pb]− (nµea

ν − nνea
µ)[H,Pa] + iCµν

�

+
1
2

�

(ωab +χµωab
µ)χ

′νnν − (ω′ab +χ ′µωab
µ)χ

νnν
�

[Mab,H]

−
1
2

�

(Ωab +χµωab
µ)χ

′νec
ν − (Ω

′ab +χ ′µωab
µ)χ

νec
ν

�

�

[Mab, Pc]− 2iδacPb

�

+
1
4

�

Ωab +χµωab
µ

� �

Ω′cd +χ ′µωcd
µ

�

�

[Mab, Mcd]− 4iδacMbd

�

−
1
2

�

Ωab +χµωab
µ

��

ψ′c +χ ′νAc
ν

�

−
�

Ω′ab +χ ′µωab
µ

��

ψc +χνAc
ν

�

�

[Mab,Dc]− 2iδacDb

�

−
�

χµnµ(Λ
′ +χ ′νAν)−χ ′µnµ(Λ+χ

νAν)
�

[H, Q] (A.13)

+
�

χµea
µ

�

Λ′ +χ ′νAν
�

−χ ′µea
µ (Λ+χ

νAν)
�

[Pa,Q]

−
1
2

�

(Ωab +χµωab
µ)(Λ

′ +χ ′νAν)− (Ω′ab +χ ′µωab
µ)(Λ+χ

νAν)
�

[Mab,Q]

+
�

(ψa +χµAa
µ)(Λ

′ +χ ′νAν)− (ψ′a +χ ′µAa
µ)(Λ+χ

νAν)
�

[Da, Q]

−
�

χµnµ(ψ
′a +χ ′νAa

ν)−χ
′µnµ(ψ

a +χνAa
ν)
�

�

[H,Da] +
i
2

eρa ebσ$vhρσDb

�

+
�

χµea
µ(ψ

′b +χ ′νAb
ν)−χ

′µea
µ(ψ

b +χνAb
ν)
��

[Pa,Db]− iδabQ
�

+ (ψa +χµAa
µ)(ψ

′b +χ ′νAb
ν)[Da,Db] .

The curvature Cµν is defined in Eq. (4.17). Requiring the RHS of Eq. (A.13) to be just δ[X̂′,X̂],
we can read out the commutation relations of the curved space dipole algebra given in Eq.
(4.16). This computation can be generalised to higher multipole moments as well.

B Background coupling of scalar charge theory

The covariant Lagrangian is given as

L= i
2

�

Φ∗vµDµΦ−ΦvµDµΦ
∗�−λS

�

hµνDµν(Φ
∗,Φ∗) + γΦ∗2

��

hρσDρσ(Φ,Φ) + γΦ2
�

−λT hµρhνσDµν(Φ
∗,Φ∗)Dρσ(Φ,Φ)− V (Φ∗Φ) . (B.1)

The non-local covariant derivatives were defined before. The variation of the Lagrangian with
respect to the background fields is given as

1
p
γ
δ(
p
γL) =

�

Lvµ −
i
2
(Φ∗vµvνDνΦ−ΦvµvνDνΦ

∗) + 2Bρνvρhµν
�

δnµ

+
�

1
2
Lhµν −

i
2

�

Φ∗vµhνρDρΦ−ΦvµhνρDρΦ
∗�+Bρσhρµhσν

�

δhµν

+ qΦ∗Φ vµδAµ −A∗µνδXµν −AµνδX ∗µν , (B.2)

27

https://scipost.org
https://scipost.org/SciPostPhys.12.4.142


SciPost Phys. 12, 142 (2022)

where we have defined

Xµν = ΦD(µDν)Φ−DµΦDνΦ+
1
2

iqΦ2aµν ,

Aµν = λS

�

hρσXρσ + γΦ2
�

hµν +λT hµρhνσXρσ ,

Bµν = λS

�

hρσX ∗ρσ + γΦ
∗2
�

Xµν +λS

�

hρσXρσ + γΦ2
�

X ∗µν + 2λT hρσX ∗
ρ(µXν)σ . (B.3)

All the technicalities from the variation are captured in the variation of Xµν; we get

A∗µνδXµν =
1
2

iqΦ2A∗µνδaµν − iqΦ2 A∗µν∇µδAν

−ΦDλΦ
�

vλA∗µν∇µδnν +
1
2

�

2hλ(µA∗ν)ρ − hλρA∗µν
�

∇ρδhµν (B.4)

+
1
2

hλρA∗µν($vhµν)δnρ − vµhλσF n
σρA

∗ρνδhµν

�

, (B.5)

where we have used the variation of the connection given in Eq. (3.21). After ignoring some
total derivative terms, we get

A∗µνδXµν = −
�

1
2

hλµ$vhρσA∗ρσΦDλΦ−∇′ν
�

Φ vλDλΦA∗µν
�

�

δnµ

+
�

vµhλσF n
σρA

∗ρνΦDλΦ+
1
2
∇′ρ

��

2hλ(µA∗ν)ρ − hλρA∗µν
�

ΦDλΦ
�

�

δhµν

+∇′ν
�

iqA∗µνΦ2
�

δAµ +
1
2

iqA∗µνΦ2δaµν . (B.6)

Using these, we can read out the conserved currents. The U(1) monopole and dipole currents
are given simply as

Jµ = qΦ∗Φ vµ −∇′ν
�

iqA∗µνΦ2 − iqΦ∗2Aµν
�

,

Jµν = −iqA∗µνΦ2 + iqΦ∗2Aµν . (B.7)

On the other hand, the energy current, momentum density, and stress tensor are given as

εµ = vµ
�

i
2
(Φ∗vνDνΦ−ΦvνDνΦ

∗)−L
�

− 2Bρνvρhµν

+∇′ν
�

A∗µνΦ vλDλΦ+Φ
∗vλDλΦ

∗Aµν
�

− hλµ (A∗ρσΦDλΦ+Φ
∗DλΦ

∗Aρσ) 1
2

$vhρσ − iq
�

A∗µνΦ2 −Φ∗2Aµν
�

vρFρν ,

πµ = −
i
2
(Φ∗hµνDνΦ−ΦhµνDνΦ

∗)− hλσF n
σρ (A

∗ρµΦDλΦ+Φ
∗DλΦ

∗Aρµ) ,

τµν +τµνd = Lhµν + 2Bρσhρµhσν

−∇′ρ
��

2hλ(µA∗ν)ρ − hλρA∗µν
�

ΦDλΦ+Φ
∗DλΦ

∗ �2hλ(µAν)ρ − hλρAµν
��

− iq
�

A∗µρΦ2 −Φ∗2Aµρ
�

Aνρ , (B.8)

The expressions are considerably simpler in flat space when all the background sources
have been switched off. For the U(1) monopole and dipole currents, we revert back to the
expressions we found before

J t = qΦ∗Φ ,

J i = −∂ j

�

iqA∗i jΦ2 − iqΦ∗2Ai j
�

,

J i j = −iqA∗i jΦ2 + iqΦ∗2Ai j , (B.9)
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whereas for the energy density, energy current, momentum density, and stress tensor, we get

εt =
i
2
(Φ∗∂tΦ−Φ∂tΦ

∗)−L ,

εi = −2Bi
t + ∂ j

�

A∗i jΦ∂tΦ+Φ
∗∂tΦ

∗Ai j
�

,

πi = −
i
2

�

Φ∗∂ iΦ−Φ∂ iΦ∗
�

,

τi j = Lδi j + 2Bi j − ∂k

�

2A∗k(iΦ∂ j)Φ−A∗i jΦ∂ kΦ+ 2Φ∗∂ (iΦ∗A j)k −Φ∗∂ kΦ∗Ai j
�

, (B.10)

where Ai j , Bi j , and Bt i are defined as

Xt i = Φ∂i∂tΦ− ∂iΦ∂tΦ ,

Xi j = Φ∂i∂ jΦ− ∂iΦ∂ jΦ ,

Ai j = λS

�

X k
k + γΦ

2
�

δi j +λTX i j ,

Bt i = λS(X k
k + γΦ

2)∗Xt i +λS(X k
k + γΦ

2)X ∗t i +λT hρσ
�

X ∗tkXi
k +X ∗kiXt

k
�

,

Bi j = λS(X k
k + γΦ

2)∗Xi j +λS(X k
k + γΦ

2)X ∗i j + 2λTX ∗k(iX j)
k . (B.11)

Note that τi j
d is identically zero in the absence of background fields.
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