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Abstract
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In this paper we provide new analytic results on two-dimensional q-Potts models (q > 2)
in the presence of bond disorder correlations which decay algebraically with distance
with exponent a. In particular, our results are valid for the long-range bond disor-
dered Ising model (g = 2). We implement a renormalization group perturbative ap-
proach based on conformal perturbation theory. We extend to the long-range case the
RG scheme used in [V. Dotsenko et al., Nucl. Phys. B 455 701-23] for the short-range
disorder. Our approach is based on a 2-loop order double expansion in the positive pa-
rameters (2 —a) and (q —2). We will show that the Weinrib-Halperin conjecture for the
long-range thermal exponent can be violated for a non-Gaussian disorder. We compute
the central charges of the long-range fixed points finding a very good agreement with
numerical measurements.
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1 Introduction

We study here the two-dimensional g—Potts model with a long-range correlated bond disorder.
On the basis of Monte Carlo results, we conjectured in [ 1] the phase diagram shown in Fig. (1).
Depending on the value of the number of spin’s states g and of the disorder power-law decaying
exponent a, defined in Eq.(2) below, the critical behavior of the system is determined by four
critical points: the pure (P) point, which describes the system without disorder, the SR point,
which is dominated by the short-range part of the disorder distribution, and the LR and LRp
points, where instead the disorder long-range nature prevails. The LR point is associated
to a finite strength of the disorder while the LRp is an infinite disorder one. We refer the
reader to [1], and references therein, for a more general introduction to long-range disorder
systems. Long-range disordered models were studied using a renormalization group (RG)
approach long ago [2-7]. These RG computations are based on approximations which are
valid in the proximity of the upper critical dimension, d ~ d,, for instance d. = 4 for the Ising
model [2,3,5] or d, = 6 for the pure long-range percolation [4], and for small values of 4—a.
At the perturbation order at which the RG computations were done, typically 1-loop order, a
stable LR fixed point appeared and the corresponding thermal exponent v'® was found to be
yIR = 2/a: this is the so called Weinrib-Halperin conjecture [2]. In [6,7] a 2-loop order RG
analysis was implemented to study the d = 3 long-range bond disordered Ising for 2 < a < 3.
A quantitatively important violation of the Weinrib-Halperin conjecture, difficult to ascribe to
the approximation scheme, was found. The Monte Carlo simulations are not conclusive about
this point [8-11].

Much less analytic results are available in d = 2 dimension and concern only the long-
range disordered Ising model [12, 13] which has the nice property of being represented by a
free fermion field theory [14]. In particular, a 2-loop order RG computation based on a double
expansion on 2 —a and 2 —d was carried out in [13], supporting in this case the Weinrib-
Halperin conjecture.

In this paper we implement a RG perturbative approach based on conformal perturbation
theory, by extending to the long-range case the RG scheme used in [15]. This allows us to
provide new analytic results valid on the so far unexplored region ¢ > 2 and a < 2, with
a—2<K1,q—2<1,(g—2)/(a—2) finite. To test our theory, we compute the central charge
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of the long-range Ising and Potts model that will be compared to numerical transfer matrix
results. The long-range correlation length exponent R will be computed as well at 2-loop
order.
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Figure 1: The Figure shows the phase diagram, proposed in [1], of the two-
dimensional g—Potts model with long-range bond disorder. The parameter a, on the
vertical axis, is the disorder power-law decaying exponent, defined in Eq. (2). The
solid black, dashed cyan, dashed orange and dashed red lines indicate respectively
the exchange of stability between the P-SR, the SR-LR, the P-LR and the LR-LRp fixed
points. The P-SR and SR-LR lines are conjectured to be described respectively by the
equations a = 2/v"(q) and a = 2/v5%(q). The SR-LR line is derived in Eq. (26) and
in Eq. (34). The exact location of LR-LRp line is beyond reach for our RG expansion,
still we can predict the existence of such line, see the Eq. (31) and the Eq. (34).

It is important to stress that the theoretical literature so far considered only Gaussian dis-
order distributions. However, contrary to the short-range disorder, the terms generated by the
higher cumulants can be relevant and can therefore change some universal observable. The
phenomena has been pointed out in [1]. At the best of our knowledge, the role of higher
cumulants has never been satisfactory explored so far. In this paper we show that the Weinrib-
Halperin conjecture is satisfied for a Gaussian disorder and is violated for an instance of a
non-Gaussian disorder distribution.

2 The effective field theory in the replica approach
In this section we will introduce the effective field theory which describes the continuum limit

of the Potts model with long-range bond disorder. For an explicit lattice representation of this
model we refer the reader to the Section (2) of [1].


https://scipost.org
https://scipost.org/SciPostPhys.15.4.135

Scil SciPost Phys. 15, 135 (2023)

2.1 Disorder field

In nature, long-range disorder appears in systems where the impurities form spatially corre-
lated structures. Examples are lines of non-magnetic defects, see [8] and references therein, or
porous media through which a quantum fluid is transported [16,17]. In general, in the exper-
imental realizations, the disorder distribution is not Gaussian and only its first two moments
are known.

We consider here disorder distributions whose measure admits a quantum field theory
formulation. This formulation allows a precise definition of the disorder cumulants on the one
side, and it can be applied to most of the disorder distributions considered in theoretical and
numerical works, on the other.

We define a disorder field, which we denote as the o(x) field whose statistical properties
are encoded in a functional S*™*[¢(x)] of a field ¢ (x). The disorder field o(x) = a[¢(x)]
will be some function of ¢(x). The averages over disorder, denoted here as E[--- ], take in
this setting the form of a path integral:

NE TR S S ]
E[ ]_qu;esauxm Jque (1)

In general, we will not need to specify the dependence on ¢ neither of the action S*™[¢],
nor of the field o[¢]. Indeed, in a conformal bootstrap approach, once assumed S*™ to
be a (global) conformal action, the expectation values are computed without using the path
integral formulation [18]. A long-range correlated disorder distribution is characterized by
the following properties:

Elo]=0, Eloc(x)o]=Ix—yI™,  E[o(x)o(y)o(z)]=0. (2)

The disorder is long-range correlated with a decay exponent a. In CFT bootstrap jargon, see
[18], the above assumptions (2) can be reformulated by saying that o(x) is a primary field
with scaling dimension:

ho'zga (3)

and that the operator product expansion (OPE) o x o does not produce another o field.

Theoretical works [2-7,12,13] considered the scale-invariant Gaussian disorder distribu-
tion defined in Appendix (D). Numerical implementations of a Gaussian disorder can be found
in[1,8,10,11]. Some numerical works considered non-Gaussian disorder, for instance in [8],
which are not described by any known scale invariant field theory. Other numerical works
generated instead non-Gaussian long-range disorder by taking o as the scaling observable of
a critical lattice model, see [1,19,20]. In [19] a diluted d = 3 Ising model is considered where
the vacancies are placed at the locations of the minority spins of an auxiliary pure d = 3 Ising
model at criticality. The S** is therefore the action describing the conformal critical point of
the d = 3 Ising model. In [1,20] d = 2 disordered Potts model were considered. In [20],
the disorder field o coincides with the polarization density field of a d = 2 Ashkin-Teller (AT)
model. In this case the S is the action which describes the AT critical line, which, in turn,
can be expressed in term of a compactified (and orbifolded) free scalar field [21]. In [1],
o(x) = ]_[:n o;(x), where o; is a spin field of i-th copy of a d = 2 critical Ising model. In this
case, the S is the action of m-uncoupled Ising models.

All the above disorder distributions share the properties Eq. (2) but differ in their higher
cumulants. A discussion on the effects of higher cumulants, based on numerical observations,
can be found in [1, 8].
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As it is argued below, the consistency of our RG approach requires the o fields to have the
following short distance expansion:

o X o — Identity + Z C;B @, + Irrelevant fields, hq)l_ +2h, > 2. 4

i
In other words we assume that the only relevant fields ®; (hg, < 2) that can appear in the oo

. . . . I &,
fusion rule, i.e. the corresponding structure constant is not vanishing C,. # 0, are the ones
such that ®;6® &P is irrelevant. The £(*) and h, are respectively the a— Potts replica energy
field and its conformal dimension, see below.

2.2 The effective model at the continuum limit

We initially consider the following action:
S = SPotts 4 g(L)RJ d?x o(x)e(x), (5)

where S™™ js the conformal action describing the critical g—Potts model. Henceforth we indi-
cate with (---) the correlation functions of the critical Potts model. In a Lagrangian approach
these correlation functions are calculated as functional averages with the weight exponential
S™t We do not need to give here an explicit representation of such action. In the perturba-
tion scheme used here, we just need to use the scaling dimension of its primary fields, known
for a long time [22], and to compute certain four-point correlation functions. These latter can
be computed using a Coulomb gas approach [15], see also Appendix (A). The field £(x) in
Eq. (5) is the density energy which, by definition, is the scaling field coupled to the tempera-
ture and o (x) is the disorder field introduced above. The above action Eq. (5) describes then
the continuum limit of a Potts model at temperature J = J. + 6J(x), where J, is the critical
temperature and 6J(x) are the random coupling fluctuations, 6J(x) o< o(x). The bare cou-
pling ggR parametrizes the amplitude of these fluctuations, or in other terms, the strength of
the disorder.

In the replica approach to quenched disorder, one is lead to consider the following action
containing n-replicas of the original action [23] :

SM =5+ Z gr f d?x o(x)e(x),

SO — Saux + Z S(a)—Potts . (6)

a=1

We carry out a perturbative expansion around the conformal action S°. The fact that the S3'*
is still present in the above action is due to the fact that, as in [3], we do not integrate over
the o variable, which remains therefore a dynamical variable. There are two main reasons for
this. The first is that, until the moment we do not need to specify S, our results are valid
for general disorder distributions, in particular non-Gaussian ones, with the only constraint to
satisfy Eq. (4) and Eq. (2). The second motivation is that in doing so we have to deal with
field theories with local interactions.

At the 1-loop order, the RG recursion relation are completely fixed by the OPE of the inter-
action ), o¢® term with itself [24]. This latter is straightforwardly determined by the Eq. (4)
and the ¢ x ¢ OPE :

£% x £* = Identity + Irrelevant fields. (7)

The above relation comes from the fact that ¢ has a vanishing null-state at second level [18],
which in turn implies that there are only two primary fields produced by the fusion of ¢ with
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any other field. When fused with itself, the ¢ field produces, besides the Identity field, another
field which determines the corrections to the scaling of the thermal Potts observables. This
latter field has scaling dimension greater than 2 for q¢ < 4. Using Eq. (4) and Eq. (7), and in

particular:
Zas("‘)xZae(ﬂ)—>---+C§>f0¢i25a,ﬁ+---, (8
a /5 a’ﬁ

the terms ®,£%¢P being irrelevant by the condition in the Eq.(4), one has :
Z oe% x Zaeﬁ = n x Identity + n Z C(‘fig ®; + Z £%P + Irrelevant fields.  (9)
a B i a,p
a#p
The Identity fields renormalizes the vacuum energy: it can be dismissed from the computation
as it does not affect the correlation functions. Moreover, in the disorder limit n — 0, the
eventual relevant fields ®; appearing in the oo fusion are not generated in the Eq.(9). They

will not affect the RG equations describing the disordered system. On the other hand, the term

> ap %P which couples different replica have to be added to the action. We will refer to

a#p
this term, which is produced by integrating over an uncorrelated disorder distribution [15],

as the short-range term. The fact that the LR interaction generates, under a renormalization
transformation, a short-range term is a very common feature of this problem, as discussed for
instance in [3].

We are then lead consider the following action:

S(n) Saux 4. Z S(a) -Potts Spert (10)

Spert — Z gLRf d2x a(x)s(“)(X)+ Z gng d%x g(a)(x)g(ﬁ)(x). 11

a,f=1
a#p

By dimensional analysis, one finds that the LR and SR perturbation term have respectively
dimension 2 —€; and 2 — egg with:

GLRZZ—hU—hE, GSRZZ_Zhg. (12)

In terms of the variables a and g one has :

eLR_1—§+6%, (13)
and :
61 4(q—2
65R:4—2 (q—Z)_3( - )+O((q 2)2) (14
7T —arccos | 5

where we take the branch 7/2 > arccos(x) > 0 for 0 < x < 1. We will consider the case
where the perturbation are slightly relevant and perform a double expansion in €;z and €;.
So, in our RG scheme we keep the spatial dimension fixed, d = 2, and we vary q by using the
regularization parameter g — 2. This is possible [15] as there is a family of g—Potts CFT points
for general values of g, see also [25]. This is different from the RG regularization scheme
of [13] which is based on the double expansion in 2 — a and in the space dimension 2 —d.

We have to make assumptions on the relative magnitude of the two parameters ez and
e;r on which the double expansion is based. For (g # 2)-Potts model (egz 7# 0), we will in
general consider the case where:

€ ..
€sp, €1 — 0, =R, finite. (15)
€LR
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We can equivalently carry out the RG protocol using one regularization parameter €, defined
as:

€EIR=E€, €EsR =S €, (16)
with s finite, and in particular s = O(1). Notice that:
. €sr 2—a

s=—=2—
€IR €IR

<2, for a<2, g=2. (17)

In our computation, the renormalizability of the theory is manifest in the fact that the
1-loop coefficients (of order O (ggR, g%R, gSRgLR)) and the 2-loop coefficients (of order
0 (g2 831 82r81Rs 8srE ) Of the RG recursion relations do not depend on €. These co-
efficients can eventually depend on the ratio s, as it will be our case, see Eq. (19) below.

We present in the following the main results of our RG computations. Our approach is an
extension of the one introduced in [15, 26-28] for the short-range disorder. The details are
given in the Appendices.

3 Renormalization group recursion relations

The main information on the RG flow, and therefore on the critical properties of the model,
are encoded in the f;z and f¢y functions, defined as:

d d
Bsr = rE 8sR> Bir = ”E &IR> (18)

where r is the RG scale parameter and ggz and g; are the dimensionless renormalized cou-
plings, see Eq. (A.45). Using the parametrization Eq. (16), we found in the n — 0 limit, that:

Bsr =5 € gop—8Mggy + T gig +321° g5y + M B(s)g rgsr + 0 (8%) (19)
Brr = € g1r —41g1rGsk + M2C(s) gER + 8n2g§RgLR +0 (g4) ’

Above and henceforth, we use a short-cut notations O(g*) to indicate the k—order in a multi-
variable expansion. For instance O(g*) = O(g3y, 87> 8or&Lr> 8srE2r)- The coefficient B ap-
pearing at order O(g?) is given by:
B(s) = 16 1—s  4s . 20)
3v3(2—s) 2—s

The other coefficient C appearing at order O(g?) is for the moment undetermined. Indeed
this coefficient, defined in Eq. (A.44), depends on the fourth cumulant of the disorder, see
Eq. (A.22) and Eq. (A.23). For its computation one has to specify more precisely the disorder
distribution under consideration. We computed its value for a Gaussian disorder, see Eq. (D.6),
and for particular instance of a non-Gaussian disorder distribution, see Appendix (D). In both
cases, it is confirmed that C depends only on the ratio s = egp/€;x.

In the following, we prefer to implicitly assume the validity of Eq. (15) and present the RG
results in terms of eg; and €; instead of using the parametrization Eq. (16).

3.1 Fixed points

We can now look for the main features of the RG flow. We start by the determination of its
fixed points (g5, &75) at which Bgg = Bz = 0.

First, observe that B,z = g;g(--+) and is expected to be proportional to g; at all orders.
This can be simply proven by observing that, in the perturbative expansion of the interaction
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terms, only the ones containing an odd number of LR interactions contribute to the normal-
ization of g;z. If initially zero at the UV scale, the LR coupling remains zero, g;z = 0, all
along the RG flow. In this case our model reduces precisely to the one studied in [15]. There
exists the (trivial) fixed point P with gj, = g¢, = 0. The P point describes the critical pure
Potts model and it is unstable in all directions, see below. Another fixed point is the SR critical
point [15,26] :

«SR _ €sr | €sr 3 *SR _
&k =gr s TO€), & =0 21)
Let’s now turn on the LR interaction, g;z # 0. We find a new fixed point, henceforth

referred to as the LR fixed point, which is located at

2
#LR _ €LR er(C+1) _ €rrésr C

= +0(e%), 22
Esr 41 8 167 (¢*) (22)
g*,LR _ 2_@ €IR + _BELR(ZELR_ESR)+C(86%R+6§R_66LRESR)_26LR €sr +O(€3)
H €ir | 27 167 (2 - eﬁ)
€IR
(23)

It is important to observe that the LR fixed point remains at distance O(e) from the origin
provided the conditions Eq. (16) are satisfied. This justifies the perturbative approach to the
computation of the corresponding critical exponents.

3.2 Stability of fixed points

The stability of a RG fixed point is established by linearizing the flow in the vicinity of that
point, which leads to the 2 x 2 stability matrix:

d 0

T:S,RﬁSR (g5r-€1R) E/%R (&5p-€1R)

M= . (24)
LﬂLR(g* g; ) LﬂLR(g* g )
a gSR SR>SLR a gLR SR>SLR

The fixed point under consideration is stable if the real part of the eigenvalues is negative.

When g7, = 0, the matrix M is diagonal at all orders. This can be also be understood by
recalling that 8,z o< g; and by further observing that 8/0, , Bsg ©< g;r as the terms that
contributes to the normalization to ggz have an even number of LR interactions.

The P point, g;z = g5z = 0 has then the eigenvalues €, and egg. It is unstable if either
€sg >0 (or2<g<4)orife;zp >0 (or a < 2). Since we consider the case 2 < q < 4 and
a < 2 in the present work, the pure point is always unstable. In Fig. (1), the P point do not
describe anymore the critical behavior of the system in this region of parameters.

For the SR fixed point Eq. (21), we find at the 2-loop expansion

2 2
AR = —¢ +eﬂ AR=e _Sr_SsR (25)
1 SRT 5> 2 IR™ g

The first eigenvalue is always negative, AfR < 0, in the regime of parameters we are interested
as 0 < egg < 1for 2 < q <4, see Eq. (14). The SR point is therefore stable provided that the
second eigenvalue is negative, AgR < 0. This happens when:

62 62
a>2— SR _—ol1-3R|. (26)
4 8
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Let us comment on the above result. The SR correlation length exponent v*%, computed in
[15], and re-derived in Section (4.2), is:

2
€
vSR=1+§+o(e3). (27)

Using Eq. (27) in Eq. (26), we recover the extended Harris criterion [2] according to which
the LR/SR change of stability occurs at a = 2/vggz. This is also the equation defining the
curve shown in Fig. (1). In RG terms, this criterion simply states that, at the SR point, the LR
perturbation is irrelevant.

We consider now the LR point Eq. (22). Details of the analysis of the corresponding stability
matrix are reported in Appendix (E).

We discuss first the Ising case, corresponding to esg = 0 (or s = 0 in the parametrization
Eq. (16)). The two eigenvalues are:

2

. € i
AiR,Ismg = —2e;p + % (8 + Blsing _ 20) + 2i€2£2 , (28)
2
. € i
AéR,Ismg = —2e.p+ % (8 + Blsing _ ZC) _ 2i6§£2 ) (29)
where, from Eq. (20), one has:
. 8n
B(s=0)=pSne = — (30)
3v3

The eigenvalues have an imaginary term, in accordance with the findings of [13]. Some com-
ments are in order. Concerning to the origin of the imaginary terms, we observe that, at the
1-loop order, the LR Ising stability matrix is not diagonalizable (note that M is a real and not
symmetric function) it has a single eigenvector, see Appendix. (E). At the 2-loop order, this
is solved by creating a pair of complex eigenvalues, conjugate one to the other. A second
observation is that the LR stability depends on the coefficient C and therefore on the fourth
cumulant of the disorder distribution. For a Gaussian disorder, where Eq. (D.6) is verified, the
real parts of the two eigenvalues, expressed in terms of a, take the form:

Re [AiR’Ismg] =Re [AER’Ismg] = % (a—2)a. (31)
This implies the existence of an interval, a* < a < 2, with a* = 0 for which the LR remain
attractive. An analogous phenomena was observed in [13] where the interval of stability was
a* < a < 2 with a* ~ 1. In [1], we show that below this value the system is attracted to an
infinite disorder fixed point. The numerical simulations in [1] are consistent with a value of
a* ~ 0.75. The fact that our a* = 0 is quite different from the numerical findings does not put
in question the validity of our approach. Indeed 2 —a* > 1 and one cannot pretend to find a
quantitative agreement with a small 2—a expansion. However, the 2-loop computation shows
a qualitative agreement with the fact that there should be a value a* below which the LR point
loses stability. This is also confirmed for the Potts case, as we see below.
In the case of Potts, egz # 0, we obtain:

2 3

€ €
MR =_2¢,— R (24 B-20)+ R (4+B-20), (32)
2 €sr
3
€
MR = 26, +egp+ €2, (3+B—20)— L (44 B—20) - @(6—20) . (33
€sr
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Again, in the Gaussian case Eq. (D.6) the formula get simplified. One finds that the LR point
is attractive between:

2 5 1 3p
adf<a<—, a*=2—(2e )1/2+—e ——€t . (34
Vsr SR 4 SR 39 \/E SR
For 3-Potts one has for instance a* = 1.6. As in the Ising case, this prediction is qualitatively
far from the numerical results in [1], where a* ~ 0.75.

4 Critical exponents

We compute the effective central charge cff f and the correlation length exponent v of the

fixed points X = {SR, LR}. The values of ceLff and v'® are new results. To test the validity of

our theory, the value of c‘f;zf for the Ising model is compared to Monte Carlo observations.

Let us stress that we are assuming that the disordered fixed points have Virasoro symmetry.
When the replicated action S™, see Eq. (10), has local conformal invariance, this assumption
is well justified as the fixed point of the replicated theory is also conformal. In this case, one has
to verify that the analytic continuation in the number of replica n — 0 is safe, in particular that
a replica symmetry breaking mechanism is not in place. This mechanism has been ruled out
for the SR fixed point, see [29-31]. We are assuming here the replica symmetry is not broken
for the LR fixed points too. When the replicated theory has not local conformal symmetry, such
has in the case of Eq. (D.1), the assumption that the LR point has Virasoro symmetry appears
optimistic. In [32,33] an analogous case has been considered, in which the (d =2 and d = 3)
critical Ising model is coupled to a Gaussian scale-invariant action. It was explicitly shown
that the new RG fixed point does not enjoy local conformal symmetry.

Below we compare the theoretical predictions to the model studied in [1], where the S®*
action is the copy of m—Ising critical CFTs. We are therefore in the more safe case of a Virasoro
symmetric replicated theory. Moreover, we provide here 1-loop order results, at which we
expect the results not to be affected by the higher cumulants which distinguish between the
different disorder distributions.

4.1 Central charge

The central charge c is an important universal quantity that fixes the conformal algebra on
which the theory is built [18]. The central charge determines the universal critical finite size
corrections of many observables [34], the study of which allows to measure its value, see for
instance [35]. Here we consider the finite size effects of the free energy F. Consider a critical
statistical model defined on a torus of dimension N x L. The central charge appears in the
sub-leading and universal term of the large L expansion of the free energy [36,37]

P T o(L), (35)

where f3. is the critical temperature and f; is the free-energy density, which is a non-universal
quantity.
For the pure model, the central charge c” is known exactly [21]. Its €5z expansion is:

1 7€ 9¢2 9¢3
c=cP==4SR_"Sk_ SR+O(€§'R . (36)

Recall that the egg = 0 corresponds to the Ising point where one recovers the well known

P _ . . . .
result Clsing = 1/2. In strict analogy with the pure case, the effective central charge c,s¢ is
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defined as the coefficient appearing in large L—expansion of the average free-energy:

BF _ . Ceff T 4
E[NL]_fO E +0(L™). (37)

In Appendix (B), we show how to compute the Cij‘ f for the X = {SR, LR} fixed points. To
compare with numerical results, the 1-loop order is sufficient: the numerical precision is not
enough to probe 2-loop corrections.

At 1-loop order we obtain :

1 Tesq €k 5eq
SR _ * SR SR SR 4
Crr=37 g 32 128 +0(e5) ©8)
1 7e 9¢2. 9e¢3. . 3¢e% e
R o=y SR _Z°SR__Z"SR__ IR M+O(e4). (39)
eff 9 8 32 128 2 8

At the SR point, we recover the result of [27], while the effective charge at the LR point
represents a new result. In particular, at the Ising point we have, expressed in terms of a:

. 3
L = % = % (1-3) +o(et)- (40)
We show in Fig. (2) the comparison between our result Eq. (40) and the numerical results
for the long-range Ising model. We refer the reader to [1] for a detailed definition of the
lattice model used for simulations. In particular, the LR bond disordered Ising model is sim-
ulated by varying two parameters, the power decay exponent a and the disorder strength r,
see Eq. (2.10) of [1].! In Fig. (2), we show the effective central charge obtained from mea-
surements of the averaged free energy on strips of size N = 10°> and L = {4,---,8} with
periodic boundary conditions along the short direction. The measurements are done by aver-
aging over 10° strips. While for the uncorrelated bond disordered Potts model, the free-energy
is a self-averaging observable [38], we have numerically checked that, for correlated disorder
and for a fixed width L, the free energy per spin f(L,N) follows a normal distribution as a
function of N. Since the average over the disorder is obtained by taking a large N limit (or
equivalently by averaging over many N x L strips), the free energy is also self averaging over
the disorder average. The c.¢s, denoted c(4,8) in the following, is obtained by fitting the
results for different L by the Eq. (37) while including a L™ correction. For the Ising model,
a fit to this form gives c(4,8) = 0.495998 in place of the exact result 1/2. This value is
shown as a dashed line in Fig. (2). We also show the prediction Eq. (40) to which we subtract
0.5—0.495998 = 0.004002. Next, we show our numerical results for the LR points. For each
value of a, we compute c(4, 8) for the value of disorder strength r with the less correction to
the scaling in the magnetisation measurements as done in [1]. We employed the following
values of disorder: a/r = {0.75/10,1.0/10,1.25/5,1.50/3,1.75/2,2/2}. For a € {1, 2}, the
agreement between our measurement and the RG prediction Eq. (40) is excellent. For the
smallest value of a considered, a = 0.75, the effective central charge at the LR fixed point
with r = 10 is the same as the one for the LR with an infinite disorder (also shown in Fig. (2)
for all values of a). This is in agreement with our finding in [1] that a* ~ 0.75 is the lower
limit of stable LR fixed point for the Ising model. Note that in the large a limit, the LR with an
infinite disorder corresponds to the percolation limit discussed in [39,40].

We compared in this section the measured central charge with our prediction at the 1-loop
order (39) for the Ising model with a nice agreement. The results for the q¢ > 2 case, which
contains an additional short range fixed point, will be presented in a subsequent work.

1This r should not be confused with the renormalization group length scale.
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Figure 2: Effective central charge c(4,8), for the Ising model, measured at the LR
fixed points indicated as LR in the key. This is compared with our prediction Eq. (40)
shown as RG in the key. The inset shows a magnified view for a close to 2. We also
show the effective central charge for the LR model with infinite disorder, indicated
by LRp in the key. SR, in the key, is instead the value measured for the Ising model
at the SR fixed point.

4.2 Correlation length exponent

In the replica approach, the average of the two-point function E [(¢(x)e(0))] is expressed as:

n

E[(¢0)e(0))] o< lim <<Zs(“)(x)28(ﬁ>(0)>>, (41)

a=1 p=1

where ((---)) is the average over the whole replicated action Eq. (10). Accordingly, to compute
the power law decay exponent of E[(e(x)e(0))], i.e. the energy scaling exponent at one of
the RG fixed points, we study the renormalization of the replica symmetric field

£ ="(e%). (42)
a=1

It follows directly from the OPE between Y™ and the SR and LR interaction terms, that the
RG flow of the n-replicated action produces a mixing between the ¢ and o fields. In the RG
procedure this means that the 2 x 2 matrix Z cym o:

(sym)Y’ (sym)
€ €
(( O_/ ) ) = Zg(sym)’g ( o ) > (43)

/ . . .
where the (s(sym)) and o’ are the renormalized fields, has to be taken into account. From the
analysis of the combinatorial factors associated to the RG expansion diagrams, we observed
that the matrix Z,.ym , takes the form:

— Ze le
ZE(Sym)’U - (n X Z21 nXx Z22 g (44)
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where Z,, 714,751, Z5, are non-vanishing contributions. Therefore, in the limit n — 0 the &’
does not get mixed with o. The renormalization of ¢ depends only on Z,.
We computed Z,, at 2-loop order that, in the n — 0 limit, is:

€sr 2esr 6 2e1R -2 B
Z€:1—4nggRr +47r2(ggR)2 T [1+—}+2n2(ggR)2r [ + —],
€sR €SR €sR 2eip L2€ejp—€sg 4
(45)
where B is given in Eq. (20). The function

d
}fgzra logZ,, (46)

entering in the Callan-Symanzik equations [ 15], is written in terms of the normalized variables,
as

B
Y, =—4mger + 8ﬂ2g§R + nzng 3" “47)
The renormalized energy scaling exponent h;’X at the fixed point X = {SR, LR} is given by:
’ X
h =h.—v. (85817 ) (48)
This also gives the thermal exponent at the X point:

1

—~ =2-hX. (49)
Using the expansion:
_1_°6sr 3
h€—1—7+O(GSR), (50)

and the location Eq. (21) of the SR fixed point in Eq. (48), we recover the result of [15]:

, €
hSR=1+ 3K, (51)
8
which by the Eq. (49), gives the result Eq. (27).
The new result is the LR thermal exponent. Using the LR fixed point location Eq. (22) in
Eq. (47), we obtain:

h/g’LR:h£+6LR+%(C_S)GLR(zeLR_GSR)+O(€3)' (52)

The Ising model is obtained by setting ez = 0 in the above equation. In terms of the disorder
decay parameter a, we have:

/ a 1 B ay?
Ising: hefLRZZ—E'FE(C—E)(l—E) +O((2—a)3). (53)
We can see that, in case of a Gaussian disorder where 2C = B, see Eq. (D.6), we find, by us-
ing Egs. (12) and (13), that ¥'® = 2/a. Otherwise, our result shows a violation of the Weinrib-
Halperin conjecture at second loop order if 2C # B. We have considered in Appendix (D.2)
a non-Gaussian disorder where the C can be computed. The corresponding result Eq. (D.10)
support the fact that the relation »*R = 2/a is violated at 2-loop order, see Eq. (D.11).

Some comments are in order. The Weinrib-Halperin conjecture is equivalent to the condi-
tion h, + hlg’LR = 2. A similar relation, denoted as the shadow relation, was proven in [32,33].
As mentioned previously, these works considered a critical Ising model coupled via its spin
field to a Gaussian field. The corresponding RG recursion relation describes a one-coupling
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flow where the lowest non-vanishing contribution appears at the second loop order. Although
different, this model and the one studied here with the distribution (D.1) show some analo-
gies. The shadow relation is ultimately related to the non-locality of the Gaussian action, on
the basis of which one can show that the Gaussian field does not renormalize [32,33]. This
is also the property used in [3] to prove that the Weinrib-Halperin conjecture is valid at all
perturbation orders. Let us finally comment on the argument given in [4] which, in the form
it was stated, seemed to be valid for general disorder distribution. This is why most of the
subsequent numerical works compared their measured exponent ¥R to the Weinrib-Halperin
prediction without paying too much attention on the fact they were actually considering non-
Gaussian disorder. The Weinrib argument can be reformulated by imposing the irrelevance of
the field oe’R. An important observation is that the term oe® is not anymore a scaling field
at the LR point, in other words is not an eigenvector of the RG transformation. This provides
a loophole in the Weinrib argument [4].

5 Conclusion

We studied by RG methods the two-dimensional g—Potts model with long-range quenched
bond disorder. We focused on the region where ¢ > 2 and where the decaying exponent
a is smaller than the space dimension, a < 2. This region is characterized by the fact that
both the short-range and the long-range properties of the disorder distribution are relevant.
Using a replica approach, we carried out a 2-loop order RG calculation based on a perturbed
conformal field theory Eq. (10). Our RG procedure is based on a double expansion in the small
parameters 2 —a and q — 2, with (2 —a)/(q — 2) finite.

We compute the renormalization of the couplings gz and g;r appearing in the replicated
theory Eq. (6). These results are encoded in the recursion relation Eq. (19). We showed that
the RG flow has two non-trivial fixed points, the SR and LR points, one dominated by the
short-range interactions and the other by the long-range ones. We showed that the stability
of these points is perfectly consistent with the phase diagrams studied in [1] and with the
findings of previous works, see in particular [13] for the ¢ = 2 Ising point. In particular, for
any q > 2, our RG calculation predicts an interval a*(q) < a < 2/v°R(q) where the LR point is
stable.

We have provided here, for the first time, exact results on the effects of higher cumulants
of the disorder distributions. The main result is the computation of the v!R thermal exponent
for the Potts, Eq. (52), and for the Ising model, Eq. (53). We showed that the Weinrib-Halperin
conjecture ¥R = 2/a is valid for a Gaussian disorder but can be violated for other disorder
distributions differing in the fourth cumulant. To show this, we provided an example of a
non-Gaussian disorder distribution, see Appendix. (D), for which yIR is given in Eq. (D.11).

To test the validity of our theory, we computed the LR effective central charge Eq. (39). In
Fig. (2) we showed that the theoretical predictions match very well with the transfer-matrix
calculations for the long-range Ising model.
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A Couplings renormalization

We give here the main details of our RG computation. For an exhaustive explication of the
RG scheme used here, we refer the reader to Chapter 5 of [24] for the basic ideas and to
[15,29,41,42] for the main technicalities behind this approach.

A RG protocol based on perturbation theory is composed by the following main steps:

* We expand the perturbation term:
n

n
ST =14 Z ggR j d?x o(x)e(x) + Z ggR J d?x e9(x)eP(x)
= a#p=1

(gLR)Z 2 (@) 2 %)
S [ dx o | a2y o)+ (A1)

a,p=1

* Order by order, we integrate the fluctuations over the distances |x|, 1 < |x| < r. We
assume here that 1 is the initial UV cutoff and r is the RG scale parameter. The UV cutoff
will be always omitted in the formulas as it does not affect the RG recursion relations.

* We scale the system back to the initial UV cutoff.

* We compute the renormalized couplings g;z(r), gsg(r) in terms of the bare ones gLR) (r),

SR)(r)'

We carry out the above procedure by using a real space RG. This is particularly adapted
when one deals with perturbations around a conformal (in general not a free-field) action.
This can be compared to previous RG approaches to long-range disordered models, where the
unperturbed action was a free-field action: for instance a vector [2] or a tensor of free-scalar-
fields [4], or again a Majorana free fermion [13]. The RG transformations in these previous
works were carried out in the momentum space by using the form of the free-theory bare
propagator. Here we use instead the bootstrap data of the unperturbed CFT, that provides the
space dependence of the three and the four-point functions of primary fields.

It is a very general result in perturbed CFTs [24] that the O—loop order and 1—loop order
RG recursion relation are determined by the scaling dimensions of the relevant perturbation
fields and by theirs OPE. In the following, we re-derive this result by specifying it to our case.
This will allow also to extend the method to reach the 2—loop order.

A.1 O-loop order

Let’s consider for instance the following term in the expansion:
g‘L)RJ d*x o (x)e(x), (A.2)
(1

where f (1) means that one integrates over |x| > 1. Integrating between 1 and r, the fastest
modes of the field o(x)e(x) give vanishing contributions, thus leaving:

gng( ) d?x o(x)e(x). (A.3)

We have therefore obtained the same term as before but with a rescaled UV cutoff. Now we
have to rescale back to the initial cutoff using the transformations:

x—x' = % o(x)e(x) = r o (x)e(x"), (A.4)
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where we used the fact that o¢ is a scaling field with dimension h;r = h, + h,. The term
Eq. (A.3) transforms to:

g?RreLR J d?x o(x)e(x). (A.5)
)
We have therefore that the coupling gets normalized as:

g2 > gip =g n TEIR. (A.6)

Notice that the renormalized coupling g; is dimensionless.

A.2 1-loop order

Starting from the first order, the contributions to the RG renormalization come from the inter-
actions between perturbative fields when these approach each other at distances smaller than
the RG scale, r. In particular, the first order contributions originate from the contribution of
two colliding perturbative fields.

The contribution to ggx already considered in [15] is given by the term appearing in the
first order expansion:

2 n n
D) J 4 f d®y 0)eP(x) P ()™ (y). (A7)
2 a,p=1p,n=1 ly—x|<r

a#p  p#n

The contributions to gy is given by the terms in the above sum with one pair of energy fields
in the same replica, for instance § = p. There are 4(n — 2) of such terms, each contribution
with an integral of type:

f d?x e(x) eP)(x) A%y (e(x)e(y)) = 27TJ d?x e9(x) s(p)(x)J dy y'=2h

ly—x|<r

rzeSR

=T

f d?x e D(x) eP(x), (A.8)

€sr

where, in the last line, we used the transformation e — r—2e¢¢ to set back the old UV scale.
So, we have the contribution Ing to ger coming from Eq. (A.7):

2 rZESR

T =4n(n—2)(gs) (A.9)

With respect of [15], at first order we have to consider two additional diagrams. One is a
contribution to the normalization of g¢z and it is:

0 )2 n
(gLZR) Z f dsz d%y o(x)e(x) o ()P (). (A.10)
a,f=1 |ly—x|<r

When a = f3, the above terms renormalize to the identity and we discard them (they normalize
the identity operator, i.e. a constant that multiplies the partition function). Let’s fix a # f. In
that case we have:
(820)”
%f d%x e@(x) eP)(x) d*y E[o(x)o(y)]

ly—x|<r

0 )2 r
= 27t—(gL2R) J d%x e (x) E(ﬂ)(x)J dy yl=2h

ZGLR

_ 0 2 r
- (gLR) 2€1p —€sr

f d?x e (x) eP)(x), (A11)
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where again, in the last line, we used the transformation e¢ — r~2he g¢ to set back the old UV
scale. We have a contribution Igfa to ggr coming from the term of Eq. (A.10):

2€
2 IR
T, =m(g?) —. A.12
g2 m(gir) 1R — € (A.12)
The second diagram is of the form:
n
giRER D f d*x f d2y o(x)e®(x) e P ()™M (y). (A.13)
a,B,m=1 ly—x|<r
B#n
Let’s fix a a = 3, one gets:
ggRggR J d?x o(x)e™(x) dy <8(a)8(a)>
ly—x|<r
=278 r80n f d*x o (x)e™(x) dy |y|'2hse
ly—x|<r
o 0 rEsrTELR 5
=278, p8sr d?x o(x)eM(x), (A.14)
SR

where, again, in the last line we used the transformation of the primary o (x )& to set back the
UV cutoff. There are 2(n — 1) of such diagrams, so the expansion term Eq. (A.13) contributes

with:
re€IrTesr
=4n(n—1) , (A.15)
€sr

7

&SRELR

to the renormalization of g;z.
So, collecting the 0 and 1—loop results, we have:

gsr =gy + Loz +Z1g2, (A.16)
Gir =TGR + Ty e, (A.17)
In the n — 0, limit this becomes:
e 2€,p—€
ssn =1 (g0 -8 (62 Lo (62)’ o r0()). )
gir =Tk (gg? — 47 gé?gﬁ?% +0 (g?’)) . (A.19)

Using the above equations in Eq. (18), one finds the results of Eq. (19).

A.3 2-loop order

The 2-loop order is very important to draw conclusions from an approximated RG computa-
tions. The results at this order depend on how three fields interact at low distances and this
probes the four-point correlation functions of the unperturbed CFT. In CFT, the four-point cor-
relation function encodes the spectrum of the theory as well as its structure constant. This is
also the reason why it is the central object in the bootstrap approach. There are many exam-
ples in which, for instance, properties that are valid at first loop order are broken at the second
loop one. An important example is given here and it concerns ¥R, see Section (4.2).
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The diagrams appearing at the 2-loop order can be reduced to these four integrals:

1, = J:qu d*y J|Z|<r d*zE[o(0)o(y)]{e()e(2)) , (A.20)
I,= J:qudzy f|,z|<r d*z (£(0)e(y)e(z)e(00)) E[0(y)o(2)], (A.21)
J1= J:y|<rd2 y qu d*z (e(y)e(2)) E[0(0)o(y)o(z)o(00)], (A.22)
J2 = J:qudz y ﬁ2|<r d*z (£(0)e(y)e(2)e(00)) E[0(0)o(y)o(z)o(00)] . (A.23)

One has to expand these integrals in series of €,z and egg. For a general disorder distribution,
we can give the result of Z; and Z, that depend only on the second cumulant of the disorder
distribution while for the last two integrals, one has to specify also the fourth cumulant.

For the first integral Z;, the leading term in the €;, €z expansion is given by:

I, -2n J d z|z| 7126k f d? yly[%he|1 — y| 2. (A.24)
lz|<r

Using the formula (see Eq. (7.4.10) in [43]):

I[14+a]l[1+b]T[-1—a—Db]
yly* -y =n , A.25
f Y=yl I[—a]T[—b]T[2+a+b] (A.25)
one extracts the leading term in the €;p, €5z expansion:
8¢ r2€ir
T(esp, € znz[ LR } . A.26
1(€se €xz) esr(2€1r —€sr) 1 2€1p (4:20)

As far the integral 7, is concerned, we use the Coulomb Gas representation of the Potts
correlation functions [15,44-46]:

or[—-2]* .
(e(0)e(De(y)e(00)) = ————2_[y[sw2|y —1[i~den
V3r[—3]
X f d? u |u|* ek |y — 1|_§+§6sR|u_y|—§+§eSR . (A.27)

One has to evaluate the multi-complex integral:
I,—2n f d Jzl[a] 721 f d> yly| 2|1 — y |55t
lz|<r
2 4—2¢ -8+ —$42¢
X | d®ulu|"SRlu— 1|73 T3 SR|y —g| 373k, (A.28)

The above integral can be computed using the techniques explained in Appendix (D) of [15].
The only difference with the integrals computed there is the exponent of the |y — 1| term. We
obtain the result:

8 r2€ir
Teswem) =7 | = +56)| T, (A.29)
€sr 2€1p

where we recall that s = egz/€;r and B(s) is defined in Eq. (20).
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Let’s first re-derive the contribution to ggz coming only by the SR terms, which has been

already computed in [15]. At the third order of the perturbative expansion one has the (gé?)3
term:

O n o n
(gsg) Z Z szx le_x|<rd2y d%z £*(x)eP)(x) €M (y)e(y) eM(2)eP)(2). (A.30)

a,f=1y,t=11n,0=1 —x|<r
atf TR nEp Io=x]

In the above sum one has to distinguish the terms where there are two pairs of energy
fields in the same replica, for instance when a = y and « = n with § # p,t. There are
3 x 8 x (n—2)(n—3) of such terms, each of them contributing via an the integral Eq. (A.20)
where £[o(0)o(y)] is replaced by (¢(0)e(y)). Using the result Eq. (A.26) with €;5 — €gg,
one has the contribution:

3 3 r2€sr
(gé%)) 4(n—2)(n—3)Z1(esgr, €sr) — (gé(}?) 16 2 (n—2)(n—3) o (A.31)
SR

Another contribution comes from the terms where one has a pair and a triple of fields with
the same replica, for instance when a =y = n and « = p # 3. There are 3 x 8 x (n —2) of
such terms, each of this contributing with an integral Eq. (A.21) where, again, E[c(0)c(y)]
is replaced by (£(0)e(y)). Using Eq. (A.29) with €;5 — gz and B(s = 1) = —4, see Eq. (20),
one has:

ZESR

3 3 8 r
(s5%2) 4n—2Ty(esp e50) = (857) 47 (n—2)[——4] : (A.32)
€sr 2€5r

The term with two triple of energy fields with equal replica indexes, a =y =nand f =1 = p,
is associated to an integral which is of order O(1), [15]. These diagrams do not contribute to
the 3 function. The contribution IgssR of Eq. (A.30) is then:

3
T = 4(g&) [(n—2)(n—3)T1 (esr, €5r) + (n— 2T (€sr, €51)] - (A.33)

We will present now the new contributions, generated by the LR coupling, to the renoma-
lization of ggg. At the third order of expansion, one finds the term:

O,V n n a

2
s (sin) > f dzxf dzyJ 4’z () V() (y)eP(y) eM(2)e(z).
ly—x|<r |z—x|<r

2 a=1p=17n,p=1
n#p
(A.34)

Among all the terms in the triple sum, we can identity two families of terms which renormalize
gsr- The first type corresponds to the terms where only two energy fields, at different points,
belong to the same Potts replica. Because of the small distance expansions,

o(x)o(y) > E[o(x)o(y)] x Identity, e(y)e(z) — (e(x)e(y)) x Identity, (A.35)

these terms renormalizes ggg with a contribution given by the integral 7; in Eq. (A.20). By
combinatorial analysis, one finds that all these cases produces 4(n —2) terms Zz,nzl g @em,

a#n
The other type corresponds to the situation in which three energy fields at three different
points are in the same Potts replica. Their contribution is expressed via the integral Z, as can
be seen from the small distance behavior [15]:

o(x)o(y) = E[o(x)o(y)] x Identity, e(x)e(y)e(z) — (e(x)e(y)e(z)e(0)) e(x). (A.36)
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They generate 2 x Sn ., @e( interaction terms. So we have the contribution Z, .» of
y 8 a,n=1 8srEIR
a#n

Eq. (A.34) to ggg:

82%) (gﬁ?q)) [2(n—2)Z;(€esg, €1r) + To(€sr, €1R)] - (A.37)

gSRgLR

The contributions to g; comes from two expansion terms. The first is:

g(O) (g(o)) n
LRAZSR Z Z J d%x J J 22 0 (x)e(x)eP)(y) x e () (2)eP)(z).
lyl<r lz|<r

a=1n,p0=1p,v=1
n#p  P#EY (A.38)

In the above sums, one has terms in which there are two pairs of energy fields in the same
replica, for instance when a = p # v, and n = 3. These terms are given by the Z; integrals
where the average on the o are replaced by the average of €. The result of this integral is
given in Eq. (A.26) by replacing €;z = €ggz. They produces 8 x (n — 1)(n — 2) interaction
terms 2221 o&(® . Then one has the terms in Eq. (A.38) where there are three energy of the
same replica at the three different points. These terms can be reduced to integral of type Z,,
again with E[oo ] replaced by (e¢) in Eq. (A.21). They produce 4 x (n — 1) interaction terms
ZZ:l oe@. So the term Eq. (A.38) gives contribution IgﬁR g,z 10 &IR:

T o =89 (69) [4(n— 1)(n—2)T (egn, e5) + 2~ Dy(esnes)] . (A39)

Finally we have the expansion term:

(giﬁ? n

>3y f d*x f f d*z 0 (x)e' ()0 (P (o (2)e ().
lyl<r lz|<r

a=1p=1v=1

(A.40)

Among the terms in the sum, we have to distinguish the ones with two energy fields in the
same replica, generating ./; contributions Eq. (A.22) and the ones with three energy fields
in the same replica, associated to the 7, integrals in Eq. (A.23). Counting the corresponding
combinatorial factors, one finds that Eq. (A.40) contributes with:

onN3[n—1 1
Iy = (giR)) [ T+ gjz] : (A.41)
Resuming we have:
0
8srR = rESRg( ) +I 2 +I 2 +IggR +IgSRg (A'42)
(0)
8iR =TGR T Loggn ¥ 1g3 +1g2 g, - (A.43)

Among all the above terms, only the Ing remains undetermined. Indeed, to compute its
(e1r> €sr) expansion one needs to specify the o—four point functions. We computed Ing for
two cases, a Gaussian distribution and an instance of non Gaussian one, see Appendix (D). In
these two cases, we have observed that the renormalizability of the theory, in particular the fact
that the divergences of type eg}f or 6;1% are absorbed in the definition of the renormalized cou-
plings, is broken for n # 0 by the above term. The renormalizability is however re-established
in the limit n — 0. This phenomena is also discussed in [3]. Analogously to their observa-
tions, we expect that there should be additional counterterms, coming for instance from the
relevant fields in Eq.(4), that cancel in the limit n — 0. As we are ultimately interested in the
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disordered limit n — 0, we can content ourselves with the renormalizability in this limit. This
is satisfied when the above term takes the form:

2e
limZ,, = n?— [ Y (s - Eﬂ)] +0(1), (A.44)
n—=0 SIR 2e1p L2€p —€gp €LR

where C(s) will be some function of the ratio s = eggz/€;z.- As mentioned above, for the
two distributions considered here we have indeed verified Eq. (A.44). In particular, for the
Gaussian disorder distribution, C(s) is given by Eq. (D.6) and for the non-Gaussian disorder
defined in Appendix (D.2), by Eq. (D.10).

Collecting all the above results, at the 2-loop order and in the replica limit n — 0, we find
the following renormalization for the couplings:

2 1SR 0 \2 TERTEsR 5 [ (0))3 r26sr [ 128
gSRerSR(gO —8n(gl) — +n(g —+7° | g — +32
SR ( SR) €sr ( LR) 2€.r — €sR ( SR) 2€sr | €sn

3 r2€1R —32¢ 8
12 (g@) O [ Ry =4 B(S)D o (A4D)
( LR) SR 2¢;p Lesp(2€r —€sr) €5

resk 2l (V2 0 IR 6
gr =T (go —4mg p8or — + 817 (&g ) & —+1
LR LRESR ¢ ( SR) IRDer | esn

2 _
+7'L'2 (g]E)R)3 roCLR [ 4

2€1n

+ C(s)] + O(g4)) , (A.46)

2€1r —€sr

where we recall again s = egg/€;5.

B Zamolodchikov c-theorem

To compute the central charge, we use the Zamolodchikov c-theorem [47], according to which
we have to find the function C (ggg, g;r) of the couplings such that:

o) 0
ﬁSRa—C (gsr>81r) + Brr=—C (gsr> &1r) = —67% (©(0)0(1)) , (B.1)

&SR ag LR

where ©(x) is the trace of the stress-energy tensor. This latter is related, by the renormaliz-
ability of the theory, to the perturbation terms by:

n

O(x) = Psx Y, e@(0)e®(x) + Brr Y o (x)eD(x). (B.2)
a#p a
Using:
<Z e @D(0)eM(0) > g(a>(1)g<b>(1)> =2n(n—1), (B.3)
a#b c#d
<ZG(O)8(“)(O) Za(l)e(l’)(l)> =n, (B.4)
a b
<Z s(a)(O)s(b)(O)Z0(1)8(6)(1)> =0, (B.5)
a#b c
one has:

(©(0)6(1)) = 2n(n—1)BZ, + npz,. (B.6)
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To compare the central charge with Monte Carlo results, the 1-loop order is enough. At this
order, the 3 functions, for the system with n-replicas, are:

Bsr = €sg &sg +4m(n—2)g2: + Mgy,
Brr = €1r &g + 4 (Nn—1)gsrE R - (B.7)

Using the above equations, one can verify that a solution of Eq. (B.1) is:
2 2 1 2
C (gsr>&r) = C(0,0)—67"n| (n—1)egg g5 + EGLR 8rt
81 3 2
+?(n—2)(n—1)gSR+2Tr(n—l)gLR gsr | - (B.8)
The effective central charge cgi: f at the X fixed point, X = {SR, LR}, is obtained by:

f —hm C(gSR,gz}i() (B.9)

The central charge of the pure g—Potts model, see Eq. (36), fixes the initial condition
€ (0,0) = c”. Using Eq. (B.8), one obtains the Eqgs. (38) and (39).
C Renormalization of the energy field

We give here some detail on how we derive Eq. (45). We apply the same procedure explained
in [15] to renormalize a field O, which schematically can be summarized as:

2
0 (1 + gJ BPeT(x) + g? f qﬂm(x)J BPET(y) + - - ) - Z50, €.1)
using a generic ® field. We consider the field Eq. (42). At first order we have:
gsn Z Z f d* y £(0)eP)(y)eM(y), (C.2)
a=1n,p=1Jyl<r
n#p

which, in case @ = p or a = 71, contributes to Z.. This term was also studied in [15]. By
simple counting, and using the energy-energy fields expansion, see Eq. (A.35), one has:

r S
g5 2(n—1) x f d? yly|™h = 4n(n—1) g9 —. (C.3)
lyl<r €sr

In the limit n — 0, it is the first order correction seen in Eq. (45). Among the second order
expansion terms, we have the one which was already analyzed in [15]:

(s9) &, &
2

n
Z J d*y J d? z £90)eP ()M ()M (2)eP ().  (C.4)
a=1n,p=1p,v=1V lyl<r |z]<r

n#Epe PEY
Here there are the terms with two pairs of energy fields in the same replica, for instance when
a=mnand p =1, a # . Again, from the short-distance expansion of the energy field, these
contributions are given by the integral Z; by replacing E[co] — (e¢). By simple counting,

one gets:
ZESR

2(n—1)(n— 2)(gSR)Il(eSR,eSR)—16n2(n—1)(n 2! (C.5)

SR
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Then we have the terms in which there are three energy fields in the same replica. These
contribute with amplitudes Z, in Eq. (A.21) with E[cco] — (g€). One has:

) 2( @) [ 8 } ritr
2(n—1 7 , =2(n—1 ——4 ) C.6
(n ) (gSR) 2(€SR GSR) (Tl )TC (gSR) €sr 265R ( )

where we used B = —4 when egz = €15, see Eq. (20). Collecting the terms Eq. (C.5) and
Eq. (C.6), one finds in the limit n — 0O the (gé(;))z contribution given in Eq. (45). The new
expansion term, comparing to the work of [15], is:
(ggg)z o
> J d?y J 42z e (P No@ePE). (€7
lyl<r lz|<r

p=1n=1

Here we have the terms in which there is only one pair of energies at the same replica, for
instance a = p # 1, whose contribution is associated to Z;:

2e
(0 _ 2 (0 2[ 8 €1r ] T
n—1 Ti(egp,e1p)=m"(n—1 . C.8
( )(gLR) 1(€sr> €1R) ( )(gLR) conZen—con) ) 2 (C.8)
and the terms, associated to Z, where three energies have the same replica index:
©)?
(gLR) on2[ 4  B]r¥w
Ty(esp, €1r) = 72 (9 [— + —} : C.9
5 2(€sp,€1r) =T (gLR) en 2126, (C.9)

Adding Eq. (C.8) and Eq. (C.9), one finds the g%R term in Eq. (45) in the n — O limit.

D Two different disorder distributions

D.1 Gaussian disorder distribution

Let us consider a Gaussian disorder distribution that satisfies Eq. (2). As in [3], the corre-

2-a
sponding action S is represented in terms of the non-local laplacian (—82) > [48,49]. In
particular we take:

Gauss ~

2-a
o(x)=o0s(x), I f d?x og (—82) > og. (D.1)

For general values of a, the above action is non local and has only global conformal sym-
metry. The fusion oo satisfies Eq.(4), with the composite field 02 appearing as a relevant
field. We can then apply our RG approach knowing that, as explained in Section (2.2), this
field does not affect the RG equations in the disorder limit n — 0. The fact that o2 does not
contribute in the disorder limit was already observed in [3].

From Wick theorem, the four-point function is easily computed:

Elog(x)og(y)og(z)ogW)]=E[og(x)og(¥)]E[og(z)og(w)]
+E[og(x)os(z)]E[og(y)os(w)]
+E[og(x)ocW)]E[og(y)os(2)]. (D.2)

By placing a disorder field at infinite, the above expression becomes:

Elog(0)og(y)og(z)og(o0)] =E[og(0)os(y)]+E[o6(0)os(y)]+E[o6(y)os(2)].
(D.3)
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We can now use the Eq. (D.3) in the Eq. (A.22) and in the Eq. (D.3), finding that, for the
leading €; and egi expansions:

J1=21,, Jo=31,. (D.4)

To obtain the first relation in the above equation, we use the fact that integrals such as :

f dzyf d?z |z —y| 2% = 0(€%), (D.5)
lyl<r lz|<r

do not contain any singularities. Using Eq. (A.26) and Eq. (A.29), and comparing with
Eqg. (A.44), we obtain that:

C—>CG=§. (D.6)

D.2 A non-Gaussian distribution

We can also compute C for a particular instance of a non-Gaussian disorder. Let us assume
that o coincides with the Potts energy field, different from the other n copies:

oc=¢, a=2—e€gpR, €LR = €SR>
E[o(0)o(y)o(z)o(oo)] = (e(0)e(y)e(z)e(o0)) . (D.7)

We point out that this disorder is not the one implemented in [1]. In this latter case indeed,
there are more complicated integrals at the 2-loops order, whose computation cannot be done
with the analytic techniques applied here. The choice (D.7) instead allows for an exact com-
putation of the second-order loop contributions, thus showing explicitly, for the first time, the
effects of higher cumulants. Moreover, the disorder (D.7) can be implemented in numerical
simulations, making this choice not completely abstract.
In this case, the integrals [7; and 7, take the same form as the ones already considered
in [15]. One obtains:
T =1, J,=0. (D.8)

As explained in [15], the second term in the above equation has been put to zero because the
integral:

f d*y J d*z ((e(0)e(y)e(z)e(00)))* = 0 (%), (D.9)
lyl<r lz|<r
has no singularities. Again, comparing with Eq. (A.44), one has

C —CN¢ =—§ =2, (D.10)

where we used the fact that egg = €5 for this case, see Eq. (D.7). We can see that, in this
case, the relation ¥'R = 2/a is broken at 2-loop approximation:

%:%—(2—@%0((2—@3). (D.11)

E Stability of the fixed points

We are interested in a e?—order expansion of the stability matrix eigenvalues Eq. (24). We
will focus here on the LR stability matrix (stability matrix computed at the LR point), since the
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computation is more cumbersome with respect to the SR case. We can approach the problem
using a first order perturbation scheme. We write:

M=MO+MD, (E.1)

where M° has O(¢) element:
_ _ &sr
M© — ( ) 4€rr + €sr 2= 6LR> ’ E.2)

while M) has O(e?) entries:

62 (8C +2B) + €ESrEIR (—2—66—8) +C€2
e2a(4—20+5) +epesr(C— %) IR SR

MO = 8y/2— 2

E%R(16—SC+28)+65RELR(—6+6C—B)—C€§R c (62 _ GSRGLR)
(E.3)
We want to find the correction:
M=20+420, 2,=20+2, (E.4)

where A(log are the eigenvalues of the “unperturbed” matrix M (of order €) and the A(llg are
the first order correction (so of order €2). When €sg > 0 the matrix M ©) js diagonalizable.

One has:
—2€ 0
—12g0pa LR
ATM%A = ( 0 _oe,+ GSR) , (E.5)
where:
1 V2o
A= \/2—2—2 2 . (E.6)
1 1

The zero order (corresponding to 1—loop order in the RG computation) eigenvalues are there-
fore:
A ==2e1r,  AY =—2eip+esr, (E.7)

and the corresponding eigenvectors:

‘A(lo)):( ZI%) ‘A(ZO)>=(TLR). (E.8)

1

Note that when eg; = 0 the eigenvalues of M) is double degenerate but the rank of A is one
(and not invertible). The matrix M ©) is an example of a so called defective matrix, whose
eigenvectors span a space smaller than its dimension (in this case 2).

The A(llg are found by:

A= () MO[R), AP = (23 MO 23), ©9)
which is equivalent to:
2 = (AT MDa)

(D) _ (4—1ps1
ne Ay =(AaTM4),, . (E.10)

One finds the results in Eq. (32).
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Now it is quite manifest that one cannot obtain the result of Ising by setting egz = 0 in the
previous results: indeed one finds a singularity, which can be traced back to the fact that the
matrix A is not invertible. One has to take the limit more carefully.

It is much more simple to diagonalize the matrix M with egz = 0:

B ¢ 4B
—deip+efp(4-20+3) V2ew+eln(5+775) (E.11)
_zﬁeLR+e%R(2\/§—«/§C+%) CG%R ’

M(65R=0)=(

obtaining the Eq. (28). Now the corrections to M (? shift the degenerations of the eigenvalues
making M diagonalizable. This is done by developing a pair of complex eigenvalues, one
conjugate with the other.
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