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Abstract

Using derivatives of primary fields (null or not) with respect to the conformal dimen-

sion, we build infinite families of non-trivial logarithmic representations of the confor-
mal algebra at generic central charge, with Jordan blocks of dimension 2 or 3. Each
representation comes with one free parameter, which takes fixed values under assump-
tions on the existence of degenerate fields. This parameter can be viewed as a simpler,
normalization-independent redefinition of the logarithmic coupling. We compute the
corresponding non-chiral conformal blocks, and show that they appear in limits of Liou-
ville theory four-point functions.
As an application, we describe the logarithmic structures of the critical two-dimensional
O(n) and Q-state Potts models at generic central charge. The validity of our description
is demonstrated by semi-analytically bootstrapping four-point connectivities in the Q-
state Potts model to arbitrary precision. Moreover, we provide numerical evidence for
the Delfino-Viti conjecture for the three-point connectivity. Our results hold for generic
values of Q in the complex plane and beyond.
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1 Introduction

Following the lead of its non-logarithmic counterpart, the study of two-dimensional logarith-
mic CFT has led to a good understanding of chiral structures, in particular logarithmic rep-
resentations and their fusion rules [1]. However, powerful results on chiral logarithmic CFT
are not always easy to translate into a good understanding of bulk logarithmic CFT. Bulk CFT
involves coupling left- and right-moving chiral structures, and this coupling can be nontriv-
ial [2]. Then is it possible to study the bulk theory without starting from the chiral theory? We
propose a positive answer to this question, in the case of CFTs based on the Virasoro algebra
at generic central charge. This case is relatively simple algebraically, and it is motivated by the
O(n) model and the Q-state Potts model. These models are known to be logarithmic at certain
rational central charges, and have long been suspected of being logarithmic at generic central
charge.

Logarithmic fields as derivatives

Of course, at any central charge and even in any dimension, we can obtain simple logarithmic
fields by taking derivatives of primary fields with respect to the conformal dimension [3,4]. We
will focus on the next simplest case, and build logarithmic fields from primary fields that have
null vectors. Our main technical tool will still be derivatives with respect to the conformal
dimension. Actually, we can not only differentiate, but also apply any linear operation: in
particular, following [5], we will linearly combine primary fields with descendant fields.

This approach is particularly effective for computing correlation functions and conformal
blocks. Four-point conformal blocks need not be computed by summing over states in log-
arithmic representations: they can be obtained by combining standard conformal blocks for
Verma modules. This will allow us to determine four-point conformal blocks for representa-
tions whose logarithmic features appear at arbitarily high level, and ultimately to compute
connectivities in the Potts model to arbitrary precision.

Constraints from degenerate fields

Constructing logarithmic representations from derivative fields says nothing on the possible
appearance of these representations in particular CFTs. However, the existence of degenerate
fields in a CFT can imply the existence of logarithmic representations, and determine their
structures [6]. In the cases of the O(n) model and of the Q-state Potts model, this idea was
recently used in [7], although it was only worked out for a subset of logarithmic representa-
tions. We will follow this idea more systematically, and write a conjecture for the structures of
all logarithmic representations in these models at generic central charge. (See Section 4.)
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The determination of the structures of logarithmic representations includes the determi-
nation of their parameters, sometimes called logarithmic couplings. We will find explicit ex-
pressions for these parameters, which not only hold at generic central charge, but also seem
to make sense at rational central charge, as we will show in examples. (See Section 3.1.)

Bootstrapping connectivities

Our logarithmic structures may seem somewhat speculative, as they rely on using derivative
fields in theories with discrete spectrums, and assuming the existence of degenerate fields. In
order to validate our techniques and assumptions, we will first show that our constructions
make sense in the context of Liouville theory, whose continuous spectrum allows us to dif-
ferentiate physical fields, and where degenerate fields are known to exist. (See Section 3.3.)
Then we will bootstrap four-point connectivities in the Q-state Potts model. A recent attempt
at bootstrapping these connectivities was broadly successful [8], although its accuracy was
limited by the presence of unknown logarithmic contributions. We will overcome this limita-
tion, and solve crossing symmetry equations to a high accuracy. (See Section 5.) Our Python
code for computing four-point connectivities is available at GitLab [9].

According to forthcoming work by Grans-Samuelsson et al, predictions from the lattice
discretization of the Q-state Potts model also seem to converge towards the same logarithmic
structures [10].

2 Logarithmic fields as derivatives of primary fields

Primary fields play a central role in conformal field theory, because they generate the simplest
and most common representations of the conformal algebra: Verma modules and quotients
thereof. In such representations, the dilation generator is diagonalizable. We will now inves-
tigate logarithmic representations, where by definition the dilation generator is not diagonal-
izable.

We will build logarithmic representations from derivatives of primary fields with respect
to the conformal dimension. This approach is technically convenient, because it allows us
to easily compute correlation functions, conformal blocks and operator product expansions:
since these objects are solutions of linear Ward identities, their derivatives are solutions as
well. In two dimensions, this approach has the added advantage of guaranteeing the single-
valuedness of correlation functions: if we separately studied left- and right-moving fields and
representations, we would face the additional problem of combining them in a single-valued
way, in other words of building bulk CFT from chiral CFT.

From the derivative of a primary field, we build a logarithmic representation whose struc-
ture depends on the primary field’s properties. We will first focus on the simplest case of a
non-degenerate primary field, i.e. a primary field that generates an irreducible Verma module.
This case is well-known [3], and has even been investigated in higher-dimensional CFT [4].
We will then move on to the case where a null vector (= a singular vector) is present. This
case has already been investigated in two dimensions [11] and higher dimensions [12]. Things
cannot get more complicated at generic central charge, as representations with several null
vectors only appear at rational central charge.

The novelty in our approach therefore comes neither from the derivative field techniques,
nor from the algebraic structures of logarithmic representations, but from the combination
of these two elements. Namely, we will use derivative field techniques for determining the
parameters of logarithmic representations, under assumptions on the existence of degenerate
fields. Moreover, our definition of these parameters will allow us to bypass the awfully pedes-
trian calculations that sometimes appear in the literature, and to determine these parameters
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in the presence of null fields with arbitrary levels.

2.1 Derivatives of primary fields
Jordan blocks from derivatives

Let us start with a primary field V, with the conformal dimension A. By definition, this is a
field on which the dilation generator L, and annihilation modes L,,- act as

LovA - AVA N (2-1)
Lm>0VA =0. (22)
Our notations for the symmetry generators L,, come from the Virasoro algebra which is rele-

vant to the two-dimensional case. Let us take A-derivatives of these equations, while consid-
ering the operators L, L,,,~o as A-independent. Let

N 1 (n) 1 I sl r
VA_ ;VA )”')5 A;VAJVA (2-3)

be the vector of derivatives of V5 up to Vi"). We then have

i’OVA = A AA 5 (24)
i.m>0 AA =0 5 (25)
where 1., is the diagonal matrix with L,, on the diagonal, and we introduce
A 1 0 -+ 0]
0 A 1 0
A=10 0o a 0 (2.6)
SRRV |
| 0 0 0 0 A ]

This describes a Jordan block of dimension n+ 1.
The primary field V, is defined up to a A-dependent normalization factor, and this leads
to ambiguities in the definition of V too:

Va—=AAW, = V> AMAWV+A (AW, . 2.7)

More generally, in the module generated by Vin), this change of normalization leads to a
change of bases that preserves the action of L. A change of bases is not a change of structure,
and the module has no free parameters.

Two-dimensional case: diagonal primary fields

In two dimensions, the conformal algebra factorizes into a product of two Virasoro algebras,
called left-moving and right-moving. A field that is primary for both Virasoro algebras is char-
acterized by a left-moving and a right-moving conformal dimensions called A and A. Single-
valuedness of correlation functions on the sphere requires A—A € %Z. (See [13] for a review.)
The simplest way to fulfil this constraint is to consider diagonal fields, i.e. fields with A = A.

There are known conformal field theories, such as Liouville theory, that involve diagonal
primary fields whose dimensions can vary continuously. This encourages us to consider deriva-
tives of diagonal primary fields. On the other hand, we do not know of any theory that would

4
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involve non-diagonal primary fields with continuously varying dimensions. We will therefore
refrain from building logarithmic representations from derivatives of non-diagonal primary
fields.

From now on, V, will denote a diagonal primary field whose left and right dimensions are
both A. Then the derivative field V obeys

LoVy=LoVy = AV, +V, . (2.8)

It follows that the representation generated by V, cannot be factorizable. To prove this, let us
concentrate on the two-dimensional subspace Span(V,, V), which we view as a representation
of the subalgebra Span(L, Ly). If this subspace could be factorized as a tensor product of
representations of Ly and Ly, one of the two factors would have dimension one, and V would
be an eigenvector of either L or L.

2.2 Derivatives of null fields
Null fields

Let us rewrite the central charge c in terms of a coupling constant f3, and the conformal di-
mension A in terms of a momentum P:

_ 1)? -1,
c—1—6(ﬂ—ﬁ) A= P (2.9)

The condition that the Verma module V, with the conformal dimension A has a null vector is

VA has anull vector <= A€ {A(nS)}rseN* , (2.10)
where the degenerate dimensions A,y correspond to the momentums
1 -1
P(r,s) = E(ﬁr—ﬁ S) . (211)

We will use the notation V{, ;) = Vags for a diagonal primary field of dimension A, ). Let us
write the null fields in the corresponding Verma module as LV, ) = L(;.5)V(;.5), where L, ;) is
a creation operator. For example, £ 1) = L_; and L) = L2, — B*L_,. The same primary
field also has a right-moving null descendant LV, ;). Then LLV,.;) is a diagonal primary field
of dimension A(, _;), and we make the identification

Vir—s) = LLV ;5 - (2.12)

Null fields can consistently be set to zero, and they do vanish in CFTs such as minimal models.
However the_y do not have to vanish, and we assume that our null_ fields do not vanish, in
particular LLV(,.y # 0. We plot the four primary fields V(. ;), LV, ), LV;.5), V(r—s) according to
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their left and right conformal dimensions:

(2.13)

Combinations of derivatives

We have considered a representation that contains two diagonal primary fields, namely Vi,
and V{,._). From their derivatives V(’r 5 OF V(’r g We could generate logarithmic representa-
tions that would not differ much from the representations from Section 2.1. To build something

new, we introduce the linear combination

_ / Avrl
WE = 1=KV, _ +KLLY,

() (2.14)

We call W(Kr ., the representation of the product of two Virasoro algebras that is generated by

the field W(’is). We have fixed the sum of the coefficients to one by a choice of normalization,

but k is a normalization-independent parameter of the representation.
Let us investigate the properties of the representation W{r 5" We first compute

(Lo = Ag9) Wity = (Lo = B0)) Wiy = Virs) (2.15)

where we used the equations (2.8) and (2.12). This shows that the representation W(Kr 9 is

logarithmic for any finite value of x. On the other hand, W%, is an eigenvector of L,, and

(r.s)
generates a non-logarithmic representation.
For any creation operator £, annihilation operator .4, and conformal dimension A, let us
define a A-dependent creation operator [[A, L]](A) by

ALVy =[[A, L]](A)V4 . (2.16)

For example, [[Ll,Lfl]](A) = (4A +2)L_;. Then [[A, £]](A) depends polynomially on A.
Let us now focus on the case £ = L, ). Since ALV[,;y =0, we have

[[A, E(r,s)]](A(r,s)) =0. (2.17)
Differentiating with respect to A, we then find
ALV =LA, Lo T (Ae)Vees) - (2.18)

Therefore, the action of an annihilation operator on the field W(’is) is

AW(,;’S) = K[[-A, E(r,s)]]/(A(F,S))E_V(r,s) . (219)
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Let us consider the special case where 4 is an annihilation operator of degree rs, which we
now denote D: for example, D = L}*. The operator [[D, L(,.)]](A) is actually proportional to
the identity, and we treat it as a number, not an operator. As a polynomial in A, it has a zero
at A = A5, and this zero is simple if the central charge is generic. Applying D to the field
W, , we climb back to the primary fields LV(,.;) and LV, ;). For simplicity, we now assume

(rs)?
that D is normalized such that

[[D, L]l (Aps) =1 (2.20)
We then have

DWX

(rs) — KE_V(T‘,S) ’ DW(;

=KLV sy - (2.21)

We deduce closed equations for W(K ,
r,s)

E(r’s)DW(’;,S) - E(r’s)DW(’;,s) =K (LO - A(r,—S)) W(’;,s) =K (I-‘O - A(r,—S)) W(i,s) (2.22)
We can also rewrite Eq. (2.19) as a closed equation,
‘AW(I;,S) =[[A, ﬁ(r,s)]] (A(r,s))DW(';’s) ) (2.23)

Let us plot the resulting representation W(Kr iy with black dots for primary fields, and a blue
circle for W(’;S):

Lrs) (2.24)

V(r,—s )E W(’r(‘,s)
K

Although the diagonal primary field V(, ) does not belong to W(r’s),

LV(15) £_V(r,s) for two non-diagonal primary fields that do. The subrepresentation that they
generate can be built by joining the Verma modules generated by each field along their com-
mon submodule, which is generated by the diagonal primary field V{,._):

we use the notations

Virs) ® Vir—s) ® Vi) ® W,
(r,s) (r,—s) _(r, s) (r,s) c W(Krs) .
V(r5_s) ® V(r’_s) ’

(2.25)

Finally, let us show that the parameter k uniquely characterizes the representation W(Kr e
and is normalization-independent. Given the representation W’(r’s , we first have to find the
field W(’;’s). From its definition (2.14) as a derivative field, we already know that this field is
not quite unique, as we can perform a change of field normalization (2.7) that is compatible

with Eq. (2.12), i.e.
MAs) = AMA(—s) - (2.26)

Under such a change of field normalization, the field W(’;s) behaves as

WE = M)W + [ =V (D) + %A (A ) ] Virs) » (2.27)
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which amounts to a change of bases of the representation W7 st Let us argue that the al-
gebraic definition (2.22), (2 23) of the field W(K ) only allows this ambiguity and nothing

more. Since by definition W, s) generates the representation W(Kr 5’ and since Ln>0W(rs) is an

eigenvector of L, Ly, the only fields that can be added to W(K ) are (Lo, Ly)-eigenvectors with

eigenvalues (A, ), A(;—s)). Moreover, these eigenvectors can always be written as MDW(’iS
for some creation operator M of level rs. In order for Eq. (2.23) to be unchanged under
W(’;s) — W( + MDW( o We would need

VA, ([[D, LIV ILA M= [[D, MIIILA, L6511 )(Ag0) =0 . (2.28)

This system of linear equations has the obvious solution M = L, which corresponds to the
ambiguity (2.27). This is the only solution if the central charge is generic, as we found by
numerical explorations for rs < 8. (For any given (r,s), we find finitely many central charges
where more solutions exist, which depend on the choice of D.) Therefore, at generic central
charge, the field W , is determined up to the ambiguity (2.27), and we can measure the
paramter kK using Eq (2.22). In order to make that parameter manisfestly invariant under
rescalings of L, ), we can relax the normalization condition (2.20) on D, and rewrite (some
of) Eq. (2.22) in the form

1
[[D> *C(r,s)]] (A(rs))

‘C(I‘S)DW(’;’S) =K (LO — A(r,—s)) W(,;’S) . (229)

Degenerate fields and special values of «

We will now argue that two special values of k are singled out by degenerate fields. By a
degenerate field we mean a diagonal primary field with not only a degenerate dimension of
the type (2.10), but also such that the left and right null vectors vanish. We will use the
notation Vi, . for the degenerate field of conformal dimension A, ).

In order to derive constraints on logarithmic representations from the existence of degen-
erate fields, we will study operator product expansions, a technique that dates back to the very
origins of logarithmic CFT [14]. Pushing this technique to greater generality, we will apply
it to degenerate fields with arbitrary indices ry, sy, and to logarithmic representations with
arbitrary indices r,s.

Operator product expansions involving degenerate fields are constrained by fusion rules,
which are simpler when written in terms of the momentum (2.9) rather than the conformal
dimension:

ro—1
2

Virg,so) Ve ™ Z Z Vptip+jp1 » (2.30)

. rp—1l . 501
i=——5— j=—

where the sums run by increments of 1. Given r,s € N*, we now consider a degenerate field of
the type V|; ;) and a diagonal primary field Vo) such that their OPE includes the two primary
field V{;.+5). (This happens if sy € s+ 1+ 2N.) We consider the OPE

V(l,so) VP(r’0)+6 = Cl(e)[l +f(€)£(r,s) +f(€)£_(r,s) +f(e)zﬁ(r,s)ﬁ_(r,s)]VP(r’s)+6
+ Cz(e)vp(ﬁ)% +--- . (2.31)

Here C;(e¢) and f(€) are OPE coefficients, which also depend on the fields’ positions. We
omit contributions of other primary fields, and of all descendant fields except for the three
E(r’s),[',(r’s) and E(r’s)ﬁ_(ns)-descendants, which become null vectors as € — 0. Therefore, the
coefficient f (€) has a simple pole at € = 0.

The behaviour of our OPE will now follow from two facts:
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e The OPE is finite. This is a consequence of the associativity of the double OPE
V<1,50>Vp(ro)+evp/ for a generic P’.

* Cy(€) has a simple zero at € = 0. The coefficients C;(¢e), C,(€) are determined by crossing
symmetry of <Vp(r’0)+6 Vi,50) VP 0)te V<1’50)> via standard analytic bootstrap methods [13],
and do not depend on the particular CFT we are considering. One way to determine their
behaviour is to read it from their known expressions in Liouville theory, see Section 3.3.

We deduce that the first term of the OPE (2.31) has a simple pole, which must cancel with a
simple pole of the second term. This implies that C,(€) has a simple pole, such that

. C1(e)f (e)?
m--——r—-

L RoN oS =-1. (2.32)

It follows that the leading behaviour of the terms (2.31) includes a contribution from the
derivative field

Wio = =0pVp,_,, = Lr5)Lrs)9 V,,, - (2.33)
This is a special case of the derivative field W, ) (2.14), whose value of k is found by translating
P-derivatives into A-derivatives,
P s—rp2
Koy = = p (2.34)
’ P(r,s) - P(r,—s) 2s

Had we started with degenerate fields of the type V. 1) instead of V; ), we would have found
derivative fields of the type

Wiy = Ve = L0 L) Vi, - (2.35)
whose parameter x is
P r—sf2
Kns) = o _r=sb ) (2.36)
’ P(HS) - P(—r,s) 2r

In theories with both types of degenerate fields, both types of derivative fields can exist.

2.3 Second derivatives of null fields

We will now consider second derivative fields. Like our first derivative fields W(K ) second
derivative fields appear in OPEs of degenerate fields. Higher derivative fields only appear in
subleading terms of these OPEs, and we will refrain from considering them.

Combinations of second derivatives

We introduce the combination

— 1—xK
K "
Moo= Vgty XcLv,

- (2.37)

-

and we call W(Kr 9 the corresponding representation of the product of two Virasoro algebras.
The field VFV(K obeys
r,s)

(Lo = A¢—9) Wr) = (Lo = Am)) Wiy = Wiy (2.38)
2 ~—
(Lo—Ap—9) Wiy = Vi) - (2.39)
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Using an annihilation operator D normalized as in Eq. (2.20), and taking the second derivative
of Eq. (2.16), we obtain

— .
DWS, =xLV., , DW;

(o) = KLVGy o DDWE =1V (2.40)

This leads to a closed equation for the field VAVJ(’;S),

_ _— 2~
‘C(T’,S)E(I’,S)DDW(,;’S) =K (LO - A(r,—s)) W(I;’s) . (241)

This also leads to

WK =7, DWK = 1
Ly PWi ) = L) DW(r gy = KW, ) - (2.42)

Therefore, the representation 17\76 9 contains both fields W(lrs) and W(’;S). By linearly combining
these fields, we could obtain W(’;/s) for any value of k’. We collectively denote these fields as

W(’;S) in the following plot, which uses the same conventions as the plot (2.24):

Virs)

LV, LV, @ @LVrs), LV, (2.43)

(r,s
D D
["(r,s) L (15)

Vir— Wi W)

In terms of subrepresentations, we have

c WK

Virs) @ 1_)(r,S) 7 (rs)

s 0 Vo

(rs) (2.44)

Under a change of normalization that respects Eq. (2.26), the second derivative field changes
as

V’V(’;’S) - k(A(r,s))VT;(’;’S) + (1 - K)A/(A(r,—s))v(/r’_s) + KA/(A(r,s))L»C_V(/r’S)
1
+3 [ =K A (AG—) + KA (D) [ Vi) - (2.45)

In particular, there appear fields W(’;:S) with parameters x’ that depend on the function A(A).

Since all these fields belong to the representation 17\76 5’ changes of normalization amount to
changes of bases.

Degenerate fields and special values of «

Given r,s € N*, let us consider a momentum P, such that the degenerate fusion rule for the
OPE V. 5.)Vp, (2.30) allows the four field by sy FOI simplicity, we choose Py = Py = 0

LGE)

10
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and assume ry € r + 1+ 2N, sy € s + 1 4+ 2N, but the results do not depend on this choice. We
focus on the behaviour of a few terms in the OPE V.ase—0,

(r0750)
V(ro,so)ve = Z {Cl(e)[l +f(e)£(r,s) +f(6)£_(r,s) +f(e)zﬁ(r,s)/j(r,s)]VP(RS):!:E
+

+ CZ(E)VP(C_S):I:E} + .- , (246)

where we assume that the fields are normalized such that V, = V_p, which implies that the
coefficients C;(P), f (P) are even functions of P. As in the case with first derivatives, the leading
terms of the OPE cancel. The proof of that cancellation still works, and Eq. (2.32) is still
valid for our coefficients C;(P), f (P), with the only difference that C;(e) now has a finite limit
instead of a simple zero. The cancelling leading terms are now double poles; the simple poles
also cancel by parity in €. The limit of our OPE therefore involves the double derivative field

w0 _ 92 A 2
W(r,s) - aP VP(r,_s) - 'C(r,s)‘c(r,s)ap VP(,,S) . (2.47)

Transforming P-derivatives into A-derivatives, and using the ambiguity (2.45) for getting rid

of first derivative terms, we find that ngs) is a field of the type W(f 9 (2.37), for the special

value of the parameter

2
0 _ P(r,s) _ 1
K(r,s) - p2 _p2 - 2

_ g2 S g2 (2.48)
4s 4r
(r,8) (r,—s)

3 Correlation functions and conformal blocks

Let us compute correlation functions of our logarithmic fields. We will pay particular attention
to the cases of two-point functions and four-point conformal blocks on the sphere. Two point
functions are simple observables that capture the structure of representations, including their
parameters. Four-point functions are necessary and sufficient for establishing consistency of a
CFT on the sphere.

For expository reasons, we will first review two-point functions and four-point blocks for
derivatives of primary fields, which are rather trivial. New results start with the two-point
functions (3.21) of fields in the representation W’;’S for arbitrary indices r,s. Then we will
compute logarithmic four-point blocks that do not obey any differential equations and have no
Coulomb gas integral representations: this is apparently unheard of in the earlier literature.

3.1 Two-point functions

In contrast to higher correlation functions, two-point functions of derivative fields cannot be
computed by just differentiating two-point functions of primary fields. In a CFT with contin-
uously varying conformal dimensions, the two-point function involves a Dirac delta function

<VA1(21)VA2 (22)> o< %. While we can easily deduce the simple identities

A#EN, = (Vv =o0, (3.1)

there is no well-defined procedure to recover two-point functions of V, and its derivatives,
which would require setting A; = A,.

Instead of just differentiating two-point functions, we therefore have to differentiate the
Ward identities for the two-point functions, and solve the differentiated Ward identities [15].
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Derivatives of primary fields

Let us determine the matrix B, of two-point functions of the derivatives of V, up to order n:
A 1 | —j

BY = < v v ”> : 3.2

N e T TG ©2

Here and in the rest of Section 3.1, the first field is at z; and the second field at z,, i.e. we use
the notation

(XY) = (X(21)Y (22)) - (3.3)

Two-point functions of arbitrary fields obey the global Ward identities

(a,+3a,)xY)=0, (3.4)
(218, +200, + L0 +17) (x7) =0, (3.5)
(220, +228,, + 25 1§ + 22,17 + 19 + 107) (x7) =0, (3.6)

where the L;-terms vanish when the fields are primaries or derivatives thereof. In this case,
the global Ward identities imply (LgX) - L(()Y)) (XY) = 0. In matrix form, this equation reads

AEA :éAAT 3 (3.7)

where A (2.6) is the matrix form of the action of L, on the vector of derivative field VA (2.3).
The general solution of this equation is

Bp =f(A)By =B,f(AT), (3.8)
where we introduced
[ bn bn—l bO-
b1 ) bp O
By = , (3.9)
by
| by 0 0 |

for some coefficients by, ..., b,, and the function f is undetermined. To determine it, we
use the rest of the Ward identities, and find f(A) = |z,5|™**, plus the requirement that the
coefficients b; are z,-independent. For example, in the case n = 1, we recover the well-known
result [1]

(vava) (vava)| _ 1| bi—bologlenl® b 510
(VaVL) (VaVa) | 1l bo 0
In the case n = 2, the result is
(2v3vX) (Vava) (3ViVa)
(Vazvd)  (vavi)  (vava)
(VazVa)  (a¥i)  (VaVa)
1 by — by log [212]* + 3 bo (log |le|4)2 by —bologlz15|*  bo
bl — bo log |212|4 bo 0 . (311)

bo 0 0
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Notice that the existence of derivative fields constrains the two-point functions of the original
primary field to vanish. More generally, i +j <n = <V§)V§ )> =0.
Recall that two-point functions of descendants of a primary field V5 obey the identity

<L’1VA£2VA> = (—1)|ﬁ1'+'ﬁzl<£2vA£1vA> , (3.12)

where £; and L, are creation operators, and |£| is the level of £, in particular |L(, ;)| = rs.
For derivative fields, we observe <VA(i)Vg )> = <VA(] )VA(i)>. Therefore, the identity (3.12) still
holds if £, L, are combinations of creation operators and derivatives with respect to A.

Null fields

Since the field V, ;) and its null descendant LV, ;) are two primary fields of different dimen-
sions, their two-point function vanishes, and so do two-point functions of their descendants.
In particular,

(VoLV} = (L) LVirn)) = 0. (3.13)

The non-trivial and non-vanishing quantities that will appear in two-point functions of deriva-
tive fields are

/
_ ) (’C(r,s)VA'C(r,s)VA> —9 <[’V(r,5)£v(r,s)> 3.14
Prs) = 3_A TSI (Y, V) T —rso—Ts ’ (3.14)
Z12 %21 \VaVa A=Dy, P12 721 (V(r,s)v(m)>
/
0 (VA‘C(r,s)VA> _ <V(r’s)£v(r,5)>

(3.15)

w = —
T A 575 (VaVa)

2 A=Ay 233" (Vi) Vi)

The second expression for p(, ) directly follows from the first expression, and from the identity
(L(r’S)VAL(r’S)VQ = <£(r,S)VA£(r,S)VA> which follows from Eq. (3.12). Similarly, the second
expression for w, ;) follows from

- <V(/r,s)ﬁV(r,s)> + <V(r,s)EV(’r,s)> , (3.16)
A=A

2
T x (ValioVa)

where the first term vanishes due to Eq. (3.1). One may worry that we are using the field
V(’r 5 whose existence in principle implies <V(r,s)V(,’s)> = 0. However, the particular correlation
function where we insert V(’r 9 is not related to <V(r,s)V(r,s)> by Ward identities, so there is no
inconsistency.

The quantity p(,) is actually well-known, and it coincides with the denominator of the
conformal block’s residue at A = A(,.;y. Assuming the normalization

'C(r,s):Lisl‘F"' , (3.17)
we have [16,17]

l_[irzl—r l_[j':l—s 2P,

(3.18)
2P(0,0)P(rs)

P(rs) =—
The quantity w5y does not seem so well-known. Computer-assisted calculations of examples
with rs < 20 suggest

2P TT_oTT 20 2P ; r—1 s—1
(r+1,5+1) i=01 Lj=0<"(i.j)
| || |2P(i,j)-

2P0,y 2P0,02P(,0)2P0,5)2P0rs) g o1

(3.19)

D(rs) =
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In practice, it is convenient to repeatedly use the global Ward identity (3.6), which reduces
w(;5) to the purely algebraic quantity

_ [[Lis, ﬁ(r,s)]]/(A(r,s))
GO (rs)! ’

(3.20)

where the polynomial [[L}%, £(.5)]](A) was defined in Eq. (2.16). In the formulas for p(, )
and w(, ), the total powers of A ~ P2 coincide with what we would expect from the heuristic
rule L, ;) oc A™.

Derivatives of null fields

Let us compute two-point functions in the representation W K (2 24). We will focus on the

representation-generating logarithmic field W, ,, and on the pr1mary fields V{,._) and EV(r 5
(The primary field LV, ;) can be dealt with sunllarly) We normalize the creation operator
L5y via Eq. (3.17). Let us show that the two-point functions are of the type

(W) (WegVomo) (W)
V(r—S)W s) <V(r,—S)V(r,—S)> <V(r,—5)£v(r,5)>
<£V(r5) (rs) <£_V(r,5)v(r,—5)> (E_V(m)ﬁ_v(ns})

4 20(r5) _rs
by —loglz1o|" 1 .

1 P(rs) 12
= 1 0 0 . (3.21)
|212| (=) 20(5) _rs 0 2 rs ,rs
P(rs) 21 KP(rs) 12721
We start with the Jordan block of dimension 2 whose basis is (V(r_s), ) Since L, WK 7& 0,

we may fear that we cannot directly apply Eq. (3.10). However, thanks to Eq. (3. 12) the Ly
terms actually cancel in the Ward identiy (3.6), so that (3.10) is applicable after all. This
yields the top left submatrix of size two, where we have normalized W] , so that by = 1, and
b, cannot be determined as it is not invariant under changes of bases (2 27).

Starting from the definition of p(,.5) (3.14), let us insert the action of ‘C(r,s)' Noticing that

the relations (2.12) and (3.1) imply < ('r S)V(r_s)> = 0, we can rewrite the numerator as a
two-point function of W(rs) (2.14),

2{Wg Vi)
k203 200 ( LVl LVirs))

Prs) = (3.22)

Next, we consider the definition of w,,) (3.15). Inserting again the action of E_(m) on all
involved fields, we obtain

<£V(r5) (rs)>
K21, <£V(r,5)£V(r,5)> ’

D(rs) = (3.23)

which completes the proof of Eq. (3.21).
Two-point functions of fields in the representation WK s could be computed along the same
lines. They would involve more complicated coefficients of the type of W(rs) and P(;.5)-

14
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Logarithmic couplings

Logarithmic representations are usually parametrized by a number called the logarithmic cou-
pling [1], which has to be related to our parameter k. The main difference is that « is fully
normalization-independent, while the logarithmic coupling is not. As a result, x is much sim-
pler. On the other hand, the logarithmic coupling has the advantage that it can be directly
read off from the two-point functions. Let us use this for relating it to «.

In the particular normalization where L.y = L +--- and D = L}® +-- -, the logarithmic
coupling should coincide with the ratio of the log|z;,|? term with the bottom right coefficient
of the matrix two-point function (3.21). Calling y the logarithmic coupling (since the usual
notation f3 for that coupling already has another meaning for us), we therefore find

(3.24)

Y = Ps)K

-

where p(, ) (3.18) should be considered a normalization prefactor.

Let us compare this with some known logarithmic couplings from logarithmic minimal
models [6]. In the rest of Section 3.1, for the first and only time in this article, the cen-
tral charge is not generic, but rational. We first focus on the logarithmic minimal model
LM(2,3), which corresponds to 32 = % Due to the existence of degenerate fields, the loga-
rithmic coupling should be Yirs) = PR sy where K(rs) is given in Eq. (2.34). We should
beware of two subtleties:

* The normalization in [6] is not L,.;y = L +--- but L, ;) = L_.;+- -, so their couplings
have to be multiplied with a normalization factor.

* Our labels (r,s) are the indices of a non-vanishing null vector, whereas the labels in [6]
are the indices of a vanishing null vector.

Modulo these subtleties, we find that the logarithmic couplings agree:

Coupling from [6](3.9) | Normalization factor Y ()
—_1 - —_1
ﬁ1,4 - E 1 Y(l 1)~ E (325)
Bis=—3 9 Va2~ 718
35 _
Br17=—% 36 Yy = —420

Let us also discuss the vacuum module, which includes an identity field V(; ;) = V(3 oy of di-
mension zero whose level one null vector vanishes, but whose level two null vector £y 2)V(; 2)
does not. The representation W(_l,z)’ which is characterized by the coupling —%, obviously
differs from the vacuum module, as it does not contain the identity field. Actually, the vac-
uum module should contain not only the identity field, but also a Jordan block of dimension

3 [18], so our module W? _ is a better candidate. The usual definition of the vacuum mod-

(1,2)
ule’s logarithmic coupling is however not based on the Jordan block of dimension 3, but on
the Jordan block of dimension 2 whose generators appear as (LV,y), £V(’r 0= W(lrs)) in the

diagram (2.43). The k-parameter for this Jordan block is not the parameter K?rs) of the full
module, rather it is simply k = 1. (Notice that the identity [18](4.6) just reads in our notations

1= %(KE + K_L).) Therefore, the usually defined logarithmic coupling is just the normal-
(r,s) (r,s)
ization prefactor p(j o) = —%, divided by the normalization factor g from Table (3.25). The

resulting coupling —5, initially computed in [19], is made of nothing but normalizations: the

meaningful and nontrivial structural parameter is actually K?Lz) = —ﬁ.
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There is also a conjecture for some of the logarithmic couplings of LM(2,p) [6](5.11),
which corresponds to 2 = %. These couplings are

2n

p -
-1z amn> (3.26)

n—1
Prpn=C0rE [[o+20=

i=—n

where the prefactor of the last expression comes from a particular choice of normalization.
This equality is valid for any 1 < n < p, i.e. whenever the formula for f3; ,,, holds. Our
expression for T should also be valid for more general values of n.

3.2 Four-point conformal blocks

If we wanted to compute four-point functions of logarithmic fields, we would of course need
the corresponding logarithmic conformal blocks. These would just be derivatives of non-
logarithmic conformal blocks with respect to conformal dimensions. Computing such deriva-
tives is straightforward, because conformal blocks are analytic functions of the fields’ dimen-
sions.

However, in CFTs such as the Potts model, we are not that interested in correlation func-
tions of logarithmic fields — fields whose existence and properties we are establishing only
now. More interesting observables, which have been studied for a long time, are correlation
functions of non-logarithmic fields fields, for example correlation functions of spin fields, or
the cluster connectivities of Section 5. Logarithmic fields can appear as channel fields when
we decompose such correlation functions into conformal blocks.

Derivatives of primary fields

Starting from a three-point function of diagonal primary fields,

3
<l_[ VAi(Zi)> = Cay,0g,0, 21278178 g5 P(B2m 80780 2B R0700) (3.27)
i=1

we deduce a three-point function involving the derivative field Vgl(zl),

2
<VAI(ZI)VA2(22)VA3 (33)> = (C/Al,Az,Ag —Cay0,,4, 108 )

X |212|2(A3_A1_A2)|213|2(A2_A1_A3)|223|2(A1_A2_A3) . (3.28)

212213

223

This shows that the coupling of the logarithmic field VAI to two diagonal primary fields V,,, Va,

. / o
involves two structure constants C ALALA, and Ca, a, a,- Let us now recall the decomposition
of a four-point function into conformal blocks,

4
<l_[ VAi> - f dA CA,Al,AZCA,A3,A4‘FA’F_.A . (329)
i=1

Here we omit the dependence on positions z;, which are spectators in our reasoning. We
introduce the s-channel conformal block F, for a Verma module of dimension A, and its value
F at complex conjugate positions. For positions (z,2,23,24) = (2,0, 00, 1), the conformal
block is

1+ (A+A;—A))(A+A,—Aj)
2A

Falz) =z8 M4 ( Z+ O(zz)) . (3.30)
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Let us differentiate the four-point function’s integrand with respect to the channel dimension:

P B} _ B}
—(CA,Al,AZCA,AS,A4fAfA) = CA,Al,AZCA,A3,A4(]:A]:/A +]:/A]:A)

A
+(Cha,n,Consn, +Canna,Chn,a, ) FaFa - (33D

We interpret this expression as the contribution of the channel representation generated by the
field V. This contribution involves two distinct non-chiral conformal blocks FaFy + FxFa
and FFa, whose coefficients are combinations of three-point structure constants. For the
channel representation generated by Vgl), we would similarly obtain a linear combination of
the conformal blocks FxFa, (FaFaYs- .., (FaFa)™.

We insist that taking derivatives is only a technical trick, and that the resulting expressions
are also valid if the spectrum is discrete, i.e. if the decomposition into conformal blocks is a
discrete sum rather than an integral. In this context, the structure constants C’Al’ Ay should
not be understood as the derivative of Cy A, a,, but as an independent structure constant.

Derivatives of null fields

The conformal block F, has simple poles at degenerate values of the channel dimension
A € {Ag5)}rsen+- The first pole A = A ;) = 0 can be seen in Eq. (3.30). The behaviour
near a simple pole is

RT‘S re
_ _» 8 (1) 2
Fagore = = Fagy T Fagy * €Fag, +0 (e?), (3.32)
where R, ; is a known, z-independent constant. This is the basis for Al. Zamolodchikov’s re-
cursive representation of conformal blocks. This will now allow us to determine the conformal
blocks that correspond to the logarithmic representation VV(Kr 5"

Let us consider two terms that may appear in the OPE

Va,Va, = CA(r,s)+E,A1’A2E(r’s)ﬁ(r’s)VA(r,s)"'E + CA(r,—s)+e1A1:A2VA(r,—s)+e T (3.33)

and the two corresponding terms in the four-point function’s s-channel decomposition,

4
<| | VAi> = Capyre.n,0,Cng e, 0,8, F Ay +e Ay +e
i=1

+Capytenn,n,Cag_grengnF g greFag gre T - (3.34)

Due to the relation (2.12) between V(,.;) and V,,._,), we may expect that the two terms match
in the € — O limit, whether in the OPE or in the four-point function. However, we will only
assume that they match up to a factor y,

2
. CAp_gte LA, . CA(,,_S)+6,A1,A2CA(,,_S)+6,A3,A4 €
lim ——— =lim = =X (3.35)
€=0 CA(r,s)'HfsAl’AZ €0 CA(r,s)+e>A1;A2CA(r,s)+EsA3:A4 Rr,s

As we saw in Section 2.2 in the case of OPEs, it can indeed happen that the two terms cancel
instead of matching, so we should allow for y = —1 in addition to y = 1. What happens is
that the two-point functions (V(r,_s)\/(r’_s)> and (ﬁL_V(r’s)LE_V(r’Sﬁ can actually vanish, so the
matching of the corresponding two fields determines the e — 0 limits (3.35) only up to a factor
x, which should not depend on A, A,, A;, A4. This factor should however be the same for
four-point structure constants as for OPE coefficients, because three-point functions can be
computed by inserting OPEs into four-point functions.
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Let us now introduce the formal linear combination of our two OPE terms,

KXCA(r’s)-Fe,Al,AzE(I‘,S)‘C_(T”S)VA(FS)-FE + (1 - K)CA( —s)TE€; Al,AZVA(r —s)te€
= ot (Voo + €Wl + €W

+ (KXCA(r,s):Al’AZ +(1— K)CA(r,—s):AlsAZ) €Vip—s) + 0(e2). (3.36)

We have chosen a combination such that the logarithmic fields W, ( and W 5 appear at the or-

ders O(e) and O(€e?) respectively. To compute the corresponding conformal blocks, we should
therefore expand the corresponding formal linear combination of the four-point function’s in-
tegrand (3.29),

. 3
28 = KYCapte,n,,0,Cnpre,85,8,F Ay +el Ay +e

+ (1 - K)CA(r,_S)-‘rG,Al ALY CA(r,_S)+€,A3,A4 ‘FA(,,’_S)-FE‘FA(,,’_S)-‘FE . (3 '3 7)

We then have the Taylor expansion

K _ T K
ZE - CA(r,fs):AlaAZ CA(r,fs)>A3>A4J_-‘A(r,fs)fA(r,fs) + {CA(r,s)’ADAZ CA(r,fs)aAL’nA‘tg(T,S)

/ / T 2
+ (CA(r,fs)sAlsAZ C(r,s),Ag,A4 + C(r,s),Al,Az CA(r,fs)’AS’A4)'FA(r,fs)FA(r,fs) }e + O (6 ) ? (3'38)

where C(’rs) A. A, Is combination of derivatives of three-point structure constants, and we in-
0 )y 1,:2

troduced the non-chiral logarithmic conformal block
Gx [f FiE 4 Fy 40 (Fay o Fan ) (3.39)
(rs) ~ Ar=)" D) Bgsy” Bi-s) Ap—)7 Do) ° )

We interpret the O(¢e) term of Z as the contribution of the representation W ., to a four-point
function. This contribution has the same overall structure as Eq. (3.31), W1th two 1ndependent
structure contants C, C’ for each three-point coupling, and two conformal blocks F (r’_s)]-" Ags)
and QE; 5" The latter conformal block is however more complicated than in Eq. (3.31), and it
depends on the parameter k.

Since the logarithms come from differentiating the z® prefactor of the conformal block

]_-re g

Fa(2) (3.30), they cancel in the combination (”) ]-' f e . Therefore g( 5 is not logarithmic,

whereas g(r ) is logarithmic for any finite k. Smce the ﬁeld W(K ) is logarithmic if and only if
K # 00, this is a basic check of our formula for g(

Computing the O(e?) term in the Taylor expansion (3.38) of Z¥, we would obtain the
conformal block for the representation 17\7(’; Ry namely

reg rreg

Fa
S _ e Ao 1 ) 2 1)
g(r,s) =K { R2 + R (}—A(r,s)}-A(r,—s) + fA( )fA(r,—s))

s S

1—x - %
L )(.FA(M).FA(E_S)) . (3.40)

with the coefficient C Apsy A2, CA,

,—s)>

Asn, The 0(€?) term also includes contributions of

K/ — . . . . ~K .
g(m) and F, A(r,—s)]: Apsy? which we interpret as coming from the representation W(r’s) again.
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Case with degenerate fields

Let us now introduce the combination
Z7 =D(Pigy + €)Fp,  veFp, g re ¥ D(Plrms) + 0, seFp,  re - (3.41)

In contrast to the formal combination Z (3.37), we do not introduce the parameter x. Instead,
we make the assumption that degenerate fields of the type V|, ;) exist. This assumption leads
to relations between structure constants whose arguments differ by integer multiples of 71,
such as D(P(.;) + €) and D(P, _,) + €). Even though our conformal blocks come from a four-

point function <]_[?:1 VAi(zi)> that needs not involve any degenerate field, the combination

Z_ is analogous to the OPE (2.31). And like in that OPE, the leading terms will cancel, thanks
to the relation

D(P( s +€) R, R,

D(Ppy 7€) 0 4P(2r’5)62 . (3.42)
For greater generality, we allowed our four fields to be non-diagonal, in which case the residues
R, and R, of the left- and right-moving conformal blocks may differ. The factor 4P(2r’s) comes
from translating the A-residues R, ; into P-residues. This relation is ultimately a consequence
of the analytic bootstrap equations of [20], and it can be deduced from Egs. (2.17) and (3.8)
in [21]. In the diagonal case, this relation was already observed in [5](4.19), where it was de-
duced from the assumption that structure constants are given by Liouville theory expressions.

The analytic bootstrap equations determine not just the leading behaviour of the ratio of
structure constants as € — 0, but also its value for any finite €. This allows us to compute the
leading non-vanishing term

reg reg
A A —
— — (r,s) (rs)
Z7 o< G ,=2P F, F,
€ €e—0 (T’,S) (r,S) A(r)—s) R(r’s) Rr’s A(r —s)

— / (1)_ —
— 2P (Fag s Fags) — 00 Fag oy Fagy, (343

where the coefficient ¢ 8)5; comes from the Taylor expansion

D(P, _ +€) N (1)
log 2= =) =3¢ e (3.44)
D(P(5)+€) ()

Explicitly,

MSS =—4 Z {w(_zﬁ_lp(r,j)) + 1#(2/5_11’@7_1))} —4mcot(msB2)

j=1-s
s—1
+ 2 G —BT Py P EP)) + 4 (3 + 7P £ P £ Py)) )
2 + +
j=1-s""
s—1
+ (W G=B Py £ P2 P)) + 9 (3487 (P Ps )}, (3:49)
2 + 4+
j=1=s "

where Y(x) = rr/((f)) is the digamma function, regularized such that Y (—r) = Y (r + 1) for
reN.
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Comparing the non-chiral conformal block g— with QE( 9 (3.39), we first see that the
logarithmic terms do correspond to the expected Value K () (2.34) of the parameter x. In
addition to fixing the value of k, the existence of degenerate ﬁelds determines the coefficient
of F A(r,-s)]: Apsy? which used to be an independent structure constant in Eq. (3.38).

Instead of degenerate fields of the type V|, 5 ), we could assume the existence of degenerate
fields of the type V, ). In this case, we would find conformal blocks Q(J; 9= 0 - g(—r’s) for the
representation W(t e where we introduce the operation

—_p-1
0 : { P P (3.46)

ress,

in particular 6 - Py = P(,5) and 0 - P, _) = —P(.._). Assuming the existence of both types
of degenerate fields, or equivalently of general degenerate fields V,, ), we can obtain both

types of conformal blocks, and also conformal blocks g( 9 for the representations WO with

Jordan blocks of dimension 3. The conformal block g(rs) is the leading term of Z? = Z 4
as € — 0, and we find

A ( )
g(or,s) ( )p(r - R 1;3 ((P p(rs))sz)P( 9
r,sIvr,s

(e(l)— E(l)+) (}'j:);(rﬁs)

4p?
_(ns) (()- 1)+ 2 1Y
r) ~ ) (€6 + i ) (P =P PFF), |

R R (r,s)

[P i )

(2) 1)+ (1) ~
( E(I‘S) e(r‘.s-)}_e(rs))(’F’F)p(rﬁs) . (3.47)

In this formula only, the primes are derivatives with respect to P, not A. We have introduced

W+ _ (1)
e(rs) =0 e(rs) and
S r
o) = bos =low = AA (2P(i,j))2 (2P,0))?
1 s—1 r—1 { 1
T2 &\ (P iPziP(u)) (13135132*1”(1',1))2

1 1
5 + — —
(P3 P4+ P ) (P3 Py P(i,j))2

} . (3.48)

The statement here is that the coefficient £ 811)_ in the expansion (3.44) is a linear combination

of values of (™™D, which however simplifies to a rational function of the momentums if n is

even. Moreover, we have ¢~ ¢t where E (")+ =0 .-
(18) peans  (1s) (rs)”

The conformal block Q(rs) (3.47) coincides with the conformal block G”E; 9 (3.40) atk = K‘?rs)

(2.48), plus terms of the type g{r’ 9 and F, A(H)]} N which are now completely fixed by con-

straints from degenerate fields. By definition of Qv?rs) we must have the identities 6 'K(()rs) = K?rs)

and 0 - g( 9= Q( iy which are indeed satisfied.

3.3 Limits of Liouville theory four-point functions

We have been building logarithmic fields as formal derivatives of diagonal fields. In CFTs where
conformal dimensions take continuous values, these derivatives need not be formal, and can
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be performed in actual correlation functions, leading to specific values for the parameter k
for logarithmic fields. We will now consider the case of Liouville theory, a nontrivial CFT
with a continuous spectrum, whose structure constants are known analytically. (See [13] for
a review.) In this case, the presence of degenerate fields will determine the values of the
parameter k.

Two flavours of Liouville theory

The properties of Liouville theory, and the analytic expression for the structure constants,
depend on whether ¢ <1 or c € C—(—00,1).

In the case ¢ < 1, the null descendants of V{,.;) = Vags do not vanish [22], and the relation
(2.12) holds, provided the primary fields are properly normalized. It is still possible to in-
troduce degenerate fields V;, ., whose null descendants vanish, but they are not obtained as
limits of the primary fields V5. Our statements on behaviour of OPE coefficients and structure
constants in Sections 2.2 and 3.2 then hold.

In the case c € C—(—00, 1), which we will call DOZZ-Liouville theory, the null descendants
of V(,.5) vanish, i.e. LV;,.;) = E_V(r,s) = 0, so that V{,.;) = V/,.;) is a degenerate field. Nevertheless,
a diagonal primary field of dimension A, _;) is obtained as [16]

(DOZZ-Liouville theory) Vi, o= LLV,,, (3.49)
instead of our relation (2.12). Equivalently,
(DOZZ-Liouville thEOI'y') ‘C(r,s)["(r,s)VA ~ (A — A(r,s))v(r,—s) . (3.50)

A_)A(r,s)

A zero at A = A, ;) is present in the DOZZ three-point structure constant. Nevertheless, the
OPE limpu _, Ay VaVa, does not vanish, thanks to poles of the structure constant. In order to
build the logarithmic field W(’;S) in DOZZ-Liouville theory, we should therefore do the replace-

ment V(’rs) — V(’r’ 9 in Eq. (2.14). Our analyses of representations, OPEs and conformal blocks
then hold. ’

From Liouville theory to logarithmic conformal blocks

This article starts with the structure of logarithmic representations, and deduces conformal
blocks and correlation functions. It is however possible to reverse the logic, and start with
logarithmic correlation functions before looking for the corresponding representations. The
reverse logic has the advantage of starting from well-known quantities, namely correlation
functions in Liouville theory. And this is how we actually found the representations’ structure
in the first place.

Let us describe this reverse logic in more detail. There is no need to redo any calculations:
whatever the logic, the formulas are the same. We start with Liouville four-point functions
that involve one degenerate field,

Liouville _
ghiowile = (V- Vo, r+eVo,Ve,) » 3.51)

where V,, .y with ry,s, € N* is a degenerate field, and r,,s, € Z. We consider the s-channel
decomposition of this four-point function into conformal blocks. The s-channel momentums
are the type P(.;) + €, where the possible values of the integers r,s € Z are dictated by the
degenerate fusion rules (2.30). Given a value of (r,s), the situation depends on how many
terms of the type (+£r, £s) are present:

* One-term case: the conformal block P+l Py +e TEMAINS non-logarithmic as € — 0.
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* Two-term case (r,0)&(—r,0) or (0,s)&(0,—s): the leading behaviour of the sum of the

- /
two terms as € — 0 gives rise to the logarithmic non-chiral conformal block (]: Proy p(ro))

- /
or (Fp(o’s)}'p(o’s)) . This corresponds to simple logarithmic representations, with no null
fields involved.

* Two-term case (r,s)&(r,—s) with r,s # 0: the leading behaviour of the sum of the two
terms as € — 0 gives rise to the logarithmic non-chiral conformal block Q(_rs).

* Two-term case (r,s)&(—r,s) with r,s # 0: the leading behaviour of the sum of the two
terms as € — 0 gives rise to the logarithmic non-chiral conformal block Q(J; 9"

* Four-term case (r,s)&(r, —s)&(—r,s)&(—r,—s): the leading behaviour of the sum of the
four terms as € — 0 gives rise to the logarithmic non-chiral conformal block 983).

All these conformal blocks involve at most second derivatives of the chiral Virasoro conformal
blocks Fp. This is why we limited our investigations to second derivative fields.

From conformal blocks to OPEs and representations

The reader may worry that we have only obtained very special examples of our logarithmic
conformal blocks, since we started with four-point functions ZELiO‘“’i“e (3.51) where two fields
have discrete parameters. However, the other two fields are generic, and we obtain logarith-
mic contributions to their OPE Vp, Vp, . This is enough for characterizing the structure of the
corresponding representations. This is also enough for reconstructing logarithmic contribu-
tions to correlation functions <]_[?:1 Vpi> of generic diagonal fields, using the OPEs Vp, Vp, and
Vi, Va,

In Liouville theory, how do we understand the logarithmic contributions to <]_[f':1 Vpi>?
This four-point function has an s-channel decomposition as a integral over momentums P € R,
with no logarithmic terms involved. In order to get logarithmic terms, we could deform the
contour until it goes through values of the type P, ;) with r,s € Z. Such contorsions would not
be natural, and the logarithmic values of P would anyway have measure zero.

Therefore, Liouville theory should certainly not be considered a logarithmic CFT. Rather,
we found one more class of interesting limits of Liouville theory correlation functions. Other
interesting limits include minimal model correlation functions [13].

4 The O(n) model and the Q-state Potts model

Torus partition functions

The main known source of information on the spaces of states of the O(n) model and of the
Q-state Potts model is their torus partition functions. This information has limitations:

* There can be interesting fields that do not contribute to the torus partition function.
For example, in the Ising model, disorder fields [23] or the fields that describe cluster
connectivities [24] do not belong to the minimal model.

* In the case of fields that do contribute, the torus partition function determines the struc-
tures and multiplicities of representations in simple cases such as minimal models [23],
but not in more complicated cases.
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In the O(n) model and the Q-state Potts model, the torus partition function is a combination
of characters with multiplicities that are generally not positive integers [25]. This is because
for non-integer Q and n, these models are defined in terms of non-local geometrical objects.
Moreover, since the torus partition function is defined as a trace of a function of the dilation
generator, it does not know about off-diagonal components of that generator. Therefore, it
does not know about logarithmic structures.

However, as we saw in Section 2.2, we can obtain logarithmic fields by fusing two non-
logarithmic fields, including one degenerate field. This will allow us to predict the existence
of logarithmic representations, even if their structure is not directly captured by the partition
function.

Primary fields

Let us review what we know about the primary fields that appear in the O(n) model and of
the Q-state Potts model, based on their respective partition functions. The question has been
analyzed in the original article [25], and more recently in [26] for the Q-state Potts model and
in [7] for the O(n) model. We do not worry about the multiplicities of the fields: rather, we
focus on whether they are degenerate.

The relations between the models’ parameters and the central charge are

n=2cos(nf2) , Q=4cos®(np?), 4.1)

where 8 was defined in Eq. (2.9). We still write V;, ., with ry,s, € N* for a diagonal degener-
ate primary field whose left and right momentums are P, ;) (2.11). Moreover, we write V(’Zs)
with r,s € Q for a primary field whose left and right dimensions are (A, A) = (A¢rs) D(r—s))-
The superscript N stands for non-diagonal, although the spin rs of V(]ZS) vanishes if r = 0 or

s = 0. With these notations, the primary fields are

. N
O(n) model: {V(ro,l)}roezNH U {V(r’s)}sE%N* s (4.2)
rE%Z
Q-state Potts model: {V(l >} LU {VN }reN* u {VN } . (4.3)
550/ ) speN* (s) sely (0.5) sEN-&—%

T

In both models, the set of degenerate fields is closed under fusion, and generated by one basic
degenerate field: V3 ;) in the O(n) model, and V|, 5 in the Q-state Potts model.

Unless r,s € Z*, there are no null vectors among the descendants of the primary field V(’Zs),
and the corresponding representation must be the product of left and right Verma modules
Vags ® I_JA(H). If however r,s € Z*, then V(’Xs) has a null descendant on the left if s > 0 or on
the right if rs < 0. In this case, there can be several distinct indecomposable representations
that contain V(IZS). In the case r,s > 0, the possibilities include

VA(r,S)
VA(H)

* Wesy

We will now determine which representation is the right one.

® DA(H)’ i.e. the product of a degenerate representation with a Verma module,

our logarithmic representation with Jordan blocks of dimension 2.
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Logarithmic structures

Let us start with the Q-state Potts model. We have primary fields of the type V; ;y and V(I;’ 0)°
These are the fields that appear in the € — 0 limit of the OPE (2.31), which leads to logarithmic
fields of the type W . This suggests that for any (r,s) € N* x Z*, the fields V(]ZS) and V(];’ g of
the Potts model are part of the same logarithmic representation W(_r 9 (2.24), where they are

called LV, and E_V(r’s).

In the O(n) model, we have primary fields of the type V,, ;) and V(Ig’s). We therefore

expect logarithmic representations of the type W(J; o In the case (r,s) = (1, 1), let us compare
this with the results of [7]. Our field W(‘; H is called A in [7] (Section 5.2), and it obeys

%L_lLlA = k(Lo — 1)A in agreement with Eq. (2.22). The parameter « is called —s? in [7],
_p-2

and it takes the value k % in agreement with Eq. (2.36). The so-called currents are

+ —
(1,1)
J =LV(3,)and J= ZV(M). They are called currents because their conformal dimensions are
(A,A) = (1,0) and (0, 1) respectively. However, their level one null vectors do not vanish,
0J=3J=Vy_1y#0.

To summarize, we propose the following logarithmic subspaces of the spectrums of the
Q-state Potts model and O(n) model,

0o 0o
@ W(_r,s) C §Qstate Potts model ) @ W(t,s) c SO(n) model ; (4.4)

r,s=1 r,s=1

where we however do not know the multiplicities of the representations.

Values of the parameters n and Q

The allowed values of the parameters n and Q, and the corresponding values of 2 (4.1), are
traditionally given as [25]

—2<n<2
2 s=n=az,
<p“<1 , { 0<Q<4, (4.5)

although it is known that analytic continuations are possible [26]. From the point of view of
conformal field theory, the only hard limit is the convergence of the operator product expan-
sions, which requires that conformal dimensions be bounded from below. Given the models’
primary fields, this condition amounts to [27]

—2<c<1

5

N

Re<13 < RP%>0. (4.6)

The allowed region is therefore vastly larger than the complex n-plane or the complex Q-plane.
In order to cover these complex planes, it is enough to consider the following fundamental
domains:

neC < 1<RP2<2 & RApy<1<RAny), (4.7)

1
QeC = o< R2<1 = RAGHSI<RAG, . (4.8)

(See [27] for a picture of the Q-state Potts model’s fundamental domain in the complex c-
plane.) We have rewritten the boundaries of the fundamental domains in terms of conditions
for certain fields to be relevant. Curiously, the Q-state Potts model’s fundamental domain is
related to the relevance of degenerate fields that appear in the O(n) model, and vice-versa.

It is therefore possible to analytically continue the models beyond the complex n, Q-planes.
Nothing dramatic happens to the conformal field theories, but their statistical interpretations
may change.
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5 Four-point connectivities in the Q-state Potts model

Our determination of logarithmic structures in the Q-state Potts model relies on plausible but
unproven assumptions on the existence and properties of degenerate fields. In order to test
these assumptions and the logarithmic structures themselves, we will look for solutions of the
crossing symmetry equations based on our logarithmic conformal blocks.

Four-point connectivities in the Q-state Potts model were recently computed using a semi-
analytic conformal bootstrap approach [8]. Crossing symmetry could be checked to a good
precision, which was only limited by the lack of knowledge of logarithmic conformal blocks.
If our logarithmic structures are correct, they should allow us to bootstrap connectivities to a
precision that is only limited by numerical artefacts.

5.1 Logarithmic structures in four-point connectivities

According to a longstanding conjecture [28], connectivities in the critical Q-state Potts model
coincide with correlation functions of primary fields with the left and right dimension A, 1.
This conjecture was of little practical help for determining four-point connectivities, until it
was complemented with another conjecture on the decompositions of the four-point functions
into conformal blocks [29].

Decomposing four-point connectivities into conformal blocks

Let us schematically write a decomposition of a four-point connectivity P(z;,2,,23,24):

Plz)= Y. DYGO(=z), (5.1)

ieS©

where Di(c) is a four-point structure constant, Qi(c)(zk) is a four-point conformal block in the
channel ¢ € {s, t,u} for four fields of dimension A, 1y, and S is the spectrum of the connec-
tivity in that channel, i.e. a set of representations of the product of the left and right Virasoro
algebras.

There are four independent connectivities P,qq,(2x), Paabb(Zi)s Pabab (2k)> Papba(2k)- Per-
mutations of the positions g; leave P,,,,(2;) invariant, and exchange the other connectivities.
Let us call SY the s-channel spectrum of the connectivity P,. By permutation symmetry, we
have S = §abba and the connectivity P,,p; has the spectrums S%P?, §3b% and Sebab ip
the s, t and u channels respectively.

The conjecture for the spectrums is based on a lattice discretization of the model [29], and
suffers from the same shortcoming as the determination of the Q-state Potts model’s spectrum
based on the torus partition function: it does not predict the full structure of the represen-
tations, but only their primary fields. We therefore have the following three subsets of the
model’s set of primary fields (4.3):

aaaa __ N N
S = {V(r,s)}rsgjz* v {‘/(O,s)}seN+% ; (5.2)
aabb _ N N
S - {V(r,s)}rsg\g U {V(o,s)}sem% U {V(l,so)}soeN* s (5.3)
abab gcabba __ N
S8 - {V(r,s)}rsiNZ* : (5.4)

Singularities of conformal blocks

Recall that the s-channel conformal block F, for a Verma module of dimension A has simple
poles at degenerate values A € {A(; )}, sen:- In a four-point function of fields with dimensions
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Ag 1y, some of these poles have vanishing residues, and are therefore actually absent. The

pole at A = A, ;) has a vanishing residue whenever the fusion rule (2.30) of the degenerate

field V., allows the fusion V<r’s>Vp(0 7 Vp(0 ,, Or V_p(0 1 i.e. whenever r is odd.
2 2 >2

Any conformal block that appears in the decomposition of a four-point connectivity must
of course be finite. We will now see that this basic criterion gives us hints on the structure of
the spectrum.

The degenerate fields V/; ;) that are conjectured to appear in the spectrum S5 have an
odd first index, so that F, Ats) is finite, and the corresponding conformal block in the decom-

position of the connectivity P4???(z,) (5.1) may well be of the type

bb __ =
gzlla,so) - FA(l,sO)‘FA(l,sO) : (5.5)

This is consistent with the claim that V{; ; ) is a diagonal degenerate field, i.e. a primary field

s VA(l,s ) VA(I,S )
that generates a degenerate representation ;- = ® 5 0

(1,—s0) A(1,-s0)
point conformal blocks do not see the difference between Verma modules and their degenerate
quotients.)

The conjectured spectrums S%%%, §32bb and $2beP aiso contain primary fields of the type
V(rs) with (r,s) € 2N* x Z*. Since the first index is even, the conformal block F, A is infinite.
This rules out the possibility that the corresponding representation could be a Verma module
or a degenerate representation, and suggests that more complicated structures are required.

Our claim is that the correct conformal blocks are of the type Q(_rs) (3.43).

. (In contrast to characters, four-

5.2 Linear relations between four-point structure constants

The basic idea of the conformal bootstrap method is that the decomposition (5.1) of a given
four-point function should not depend on the channel. The equality between the s, t and
u-channels is called crossing symmetry. Assuming that we know the spectrum, crossing sym-
metry amounts to linear equations for the four-point structure constants, which we will solve
numerically. This flavour of the conformal bootstrap was introduced in [30], and may be called
semi-analytic in contrast to situations where the spectrum is itself an unknown (numerical
bootstrap) or where the structure constants are known analytically too (analytic bootstrap).

However, in our case, the structure constants are not quite independent unknowns. The
degenerate fields that allowed us to predict the nontrivial conformal blocks, also lead to linear
relations between certain structure constants [20]. These relations may be viewed as emanat-
ing from an “interchiral” symmetry algebra that is larger than the product of the left and right
Virasoro algebra [8].

The relations

Let us call DZ . the four-point structure constants for the primary fields V¥ . in the spectrums
(1) (rs)

S? (5.2)-(5.4), and D(“lasb0 l; the structure constants for the diagonal degenerate fields in Saabb,

Due to the known permutation properties of structure constants and conformal blocks [13],
we have the relations

DEPb = (—1)"Dpgihe, (5.6)

since rs = A(.—s)—4(.5) is the conformal spin of V(N ) Moreover, we are considering four-point
functions of four spinless primary fields. This implies that the crossing symmetry equations
are invariant under the exchange of the left and right quantities, and therefore the relations

DS =Dg_,. (5.7)
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From the definition of four-point connectivities, it is also possible to predict [27]

aabb _ aaaa
D(O’z) D(o,z) (5.8)

Let us now move to the relations that follow from the existence of the degenerate field Vi; 9). In

general four-point functions, these relations would determine the ratios % [20]. However,
(rs)

in a four-point function of fields with the particular dimension A 1y, we have slightly more

powerful relations, which determine how structure constants behave under shifts of the second
index by one unit, rather than the usual two units [8]:

D(‘?m) (2+2w)r— 4”2 F(l -+ 2ﬁ2) I i 2/52) F(u %) F(2+2wr - %)
o =2 2—r 1+wr s+1 1+wr s+1y 2 (5.9)
(r,s) (T+2ﬂ2)r( _W) F( 2 W) F( P _2[5_2)

where w = —1 for our non-diagonal fields V(I;’S),

A=A= A(rs), such as Viy ;). Fors € {0,—1}, this shift equation involves the value of the
Gamma function at its poles. In the non-diagonal case however, these singularities cancel
among the factors, and the ratio can be rewritten in a manifestly finite manner,

-2 2s5+1
Dgr,s+1) _ 1 F( 2ﬁ2) F(_ - 2/3_2)
D(‘r,s) se{0,—1} |r| T(5 + 2/52) F(—— 2/3_2)

We insist that the shift equations also hold in the case r,s € Z* i.e. if VN belongs to a

and w = 1 for diagonal fields with dimensions

(5.10)

logarithmic representation. The validity of these equations indeed only depends on V be1ng
a primary field.

Our formulas for the ratios are equivalent to the formulas in [8] (Section 4.1). Cosmetic
differences come down to notations and to our use of the Gamma function duplication formula.
We will now rederive these ratios by following the logic of [8], while trying to streamline the
derivation.

The derivation

Let us denote two- and three- point structure constants as (V;V;) ~ B; and <V~V-Vk> ~ Cjjk-

Then an OPE reads V;V; ~ Zk Sk Vi, and four-point structure constants that appear in s and
t-channel decompositions of four -point functions read

2 3 Cis.C
s-channel: >L< — dgs) = % , (5.11)
1 4 ‘

2 3 Ca3,Cs1
t-channel: I — 0= =170 (5.12)
n B,
1 4

We normalize the degenerate field V|, ;) as an identity field, i.e. Cq 1y;; = B; and B(; 1y = 1.

We consider four-point functions that involve at least one degenerate field, such as
< (1,2) l_L — (rl}s )> <V(1 2)\/(rs)\/(rs)v( )>. In these cases, only two fields can appear in
each channel, as dictated by the OPEs V(; 5 V(IXS) ~ s V(IXHE) and Vi3 oy Vi1 2y ~ Vi 1y + Vi 3)-
Crossing symmetry and single-valuedness determine the ratios of all involved four-point struc-
ture constants, and in particular [20]

d(t) F _ _ p
’(’) =—cown—2—detF  with detF=—22. (5.13)
d ’ F €,—wn P4
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Here the s- and t-channel fields are labelled by discrete indices €, = =. We define w = + if

the fourth field is V( 5y, and w = — if the fourth field is V(J;Z 5" The fusing matrix elements are

T(1—2p""eP)r (2~ "nP,)

1 T1.T(A —p1ePy+ 1Py + f~1nP,)

We first consider the four-point function <V< )V(rs)\/(0 )V(’(\)’ )> and focus on the following s-
’2 2

and t-channel terms:

(r,s) 0,3 (r:5) 0,3)
5 (0, %) . (5.15)
’ 1 Phe
(1:2> (03 2) (1,2> - (0, %)
. . d® P
In this case, Eq. (5.13) gives us -7 = —5—— ==, explicitly
dy (o, 1) F+—

C11.2)0.)0. %010, Brrsen)

Cu2)ro)rs+1Crs+1)00,)0,3) Bo,b)
1 —19 1
ra-p-p)IG—A"P—zp)
T(=p7'P) T(3—B~'P+35)

_ 21—2/5*1(P—P)Y($) (5.16)

where we denote the left and right momentums of V(I;]’s) as(PP) = (P(r.5)> P(r.—s)), and introduce

r(x) = r(rl(fl) We next consider the four-point function <V(1 Z)V(rs)V(rs)V( )>, and focus on

the following s- and t-channel terms:

(r,s) (r,s) (r,s) ~— (r,s)
\ (r,s+1) / '
, ' (1,1) . (5.17)

(1,2) - “(1,2) (1,2) ==~ 7~ (1,2)
hi . d“© _  p F_ licit]
In this case, Eq. (5.13) gives us © = Puar., , explicitly

r(1—287'P) r(1—2p7'P—p32
[(—2-P+p=2) T1(=2p"1P)

B(l 2)B(r,s)B(r,s+1)

2
C(l 2)(r,s)(r,s+1)

=247 By (p2— 1y (5.18)

We finally consider the four-point function <V<1 2) V(l(\)’ )V(o )V( >>, and focus on the following

s- and t-channel terms:

(0,3) ) 0,1 (0,3) ~— (0,3)
\ ©.2) , L) (5.19)
(1,2) 7 * (1,2) (1,2) -+ (1,2)
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' ] d(t) P
In this case, Eq. (5.13) gives us @ =-

, explicitly

B(ZO %)3(1,2) —2_3 2 1 182
o = 2R (B Ly (1= )°. (5.20)
(1,2)(0,3)(0,3)

C2
(rs)(0,3)(0.3)
B(rs) ’

square of Eq. (5.16) with Eq. (5.18) and Eq. (5.20), we obtain the expression for Dg(’—”)]) that

We are interested in the four-point structure constant D, ) = Combining the

was written in Eq. (5.9) with w = —1. For the case w = 1, it suffices to set (B, P) = (P(,.5), —P(r.s))
instead of (P(.), P(r,—s))-

Interchiral conformal blocks and reduced spectrums

Using the linear relations (5.7) and (5.9) between four-point structure constants, we can
rewrite s-channel decompositions of four- point connectivities (5.1) such that the only un-
known coefficients are D(" ) with 0 <'s < 5. In this rewriting, D(" ) is the coefficient of an
infinite linear combinations of conformal blocks which was called an interchiral conformal

block in [8]:

DO‘
(r,s) =
How =, 2, 2 Fnon F o - (5.21)
0<s<3 s’e(s+Z)U(—s+Z) (rs)
(rS’)
7_[(1”0) ‘FA(rO)‘FA(ro) + Z g(rs/) 5 (522)
s'= (r,O)
S Dl
s’ —
Hay = Z Do )fA(LS,)fA(LS,), (5.23)
s'= 1,1

where F, is a standard Virasoro conformal block, and g(—r 9 (3.43) is a logarithmic conformal
block. Neither the ratios of structure constants, nor therefore the interchiral conformal blocks,
depend on o. The spectrums (5.2)-(5.4) can then be reduced to the fields whose second
indices obey 0 <s < %,

iea = {0} _ger | 0{V ) (5.24)

FNNLO, 5
Srithoed = {V(]ZS)}SEZrIf%I[\IS y U {V(lg%)} u{Van}, (5.25)

FNNLO, 5
Sttt St = Vi) _peae (5.26)

+NNL0, 3

and we write the four-point connectivities as

Z DyHy , (5.27)

veS?

reduced

where we abuse notations by identifying a primary field V with its indices.

5.3 Semi-analytic bootstrap

Let us determine the four-point structure constants D by solving crossing symmetry equations
for the connectivities P, with o € {aaaa,aabb,abab,abba}. Given a connectivity and two
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different channels c,c’ € {s, t,u}, we have the crossing symmetry equation

Y. DHE@I= D) DIHT@), (5.28)
iesf:?iuced i/ E‘Siecz;zjced

for any values of the positions z,. We are not so much interested in the solutions themselves
as in their existence, which tests several things at once:

¢ the identification of connectivities with correlation functions,
* the existence of degenerate fields,
* Jacobsen and Saleur’s spectrums S?2%¢, SP b and Sebab

* our conformal blocks g(—r 9 and the structure of logarithmic representations.

Numerical implementation

Using Zamolodchikov’s recursive representation, the interchiral conformal blocks have a series
expansion of the type

_ (e ]
1O @) =1 @ a9 S R (a6 (5.29)
N=0

Here ”H(()c)(zk) is an i-independent prefactor, the nome ' is a function of (zq,2,,23,2,) that
depends on the channel c, and the coefficients h; y(q) is a polynomially bounded function of
|Z—| and logq. In order to write the connectivities as finite sums, we introduce a cutoff N, and
truncate the conformal blocks’ expansions to N < N,,.,, while also truncating the sums over
reduced spectrums to R(A; + A;) < Np.x. After truncation, the crossing symmetry equation

(5.28) involves a finite number of unknown four-point structure constants,
U {Di(f )}

We then normalize one of these structure constants to be 1, and determine the rest by solving
crossing symmetry for a number E > X (Np,x)—1 of randomly chosen positions Z¢ = (27, 25, 25, 25).
We compute the averages and the relative deviations of the resulting structure constants over

a number A of random draws of the positions,

X(Npoy) = # ({ch) (5.30)

}m(Ai+Ai)staX m(Ai,+Ai,)stax) )

A ©f ey A0
-()_12 © ) _ |D;”(z¢)—-D;|
D" = Za:1Dic (%), Deviation (Dic ) B max (]DEC)ZZCf)\,l\Di(C)D o

If the crossing symmetry equation has a unique solution, the deviations should tend to zero as
Np.x increases, except for structure constants that are in fact zero.

Results

We focus on two specific examples of the crossing symmetry equations (5.28):

> DBy OEy= > pit ), (5.32)
iesfelé?.ll;ed ilesféé?liﬁd

Z peasa (Hgs)(zk)_q_[l(f)(zk)):o, (5.33)
iesaaaa

reduced
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In the first equation, we can use the normalization condition D?lfi’;’ = 1, and determine the
rest of the structure constants. In the second equation, we can then normalize the structure
constants such that the relation (5.8) is obeyed. We find that both equations have unique
solutions. For example, let us display how the deviations for S22 behave as the cutoff N, .

reduced
increases [9]:

Npax =16 Npax = 24 Nipax =32

| (r,s) | Deviation | | (r,s) | Deviation | | (r,s) | Deviation
(1,1) [761x1072| [(1,1) [347x107"8| [(1,1) 2.3x107%4
(0,1/2) [ 8.19x 1072 | [(0,1/2)[3.78 x107 ¥ | [(0,1/2) |[2.38x10%*
(2,00 [437x1071| [ (2,00 [9.85x1078| [(2,0) 228 x 1024
(4,00 [6.19x107° (4,00 [1.04x107| [(4,0) 3.17x 1021
(4,1/2) | 6.12x107° (4,1/2) [ 9.88x 107 | [ (4,1/2) |2.62x1072!

(6,0) | 0.269 6,00 |444x10° | [(6,0) [12x107@ | (534
(6,1/3) | 0.802 (6,1/3) | 8.25x 1078 (6,1/3) [2.14x1071%

(8,0) |0.211 (8,0) 4.86x 1077

(8,1/4) | 0.118 (8,1/4) |3.41x1077

(8,1/2) | 0.574 (8,1/2) [2.37x1077

(10,0) | 0.489
(10,1/5) | 1.19
(10,2/5) | 1.76

Here and in our other numerical examples, we chose a generic value of the parameter 3 = 0.8+0.1i
i.e. Q ~—0.121 + 1.725i. The code runs in O(10%) seconds on a standard laptop. The devia-

tion of D?la%b is nonzero because the code uses the normalization condition D(aob‘}l)’ = 1 rather
, 4

than Déll‘f%b =1.

In order to determine the structure constants Dl.abab, it may seem easier to focus on a
crossing symmetry equation with fewer unknowns,

Z pebad (HES)(zk) _ (—1)Spi““)H§”(zk)) =0, (5.35)

; abab
lesreduced

where the spin-dependent sign is due to the relation (5.6). However, while the deviation of

D(azb‘l")’ does tend to zero as Np,,, increases, the deviations of D(“rb;‘fs) remain large. The in-
>3 7

tepretation is that our equation has a solution, which is however not unique. For the deviation
of a structure constant to tend to zero, that structure constant must be nonvanishing in one
solution only. We find an infinite series of subsets of the spectrum

(ro€2N) 8% cea =V o b oV} rorpean c S22, (5.36)

reduced
selN*n[0,3]

F

. . To . . .
such that the crossing symmetry equation for S0, ., has a unique solution. These solutions

provide a basis of solutions for the original crossing symmetry equation (5.35). Let us display
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the deviations in the cases ry = 2,4, 6 with N,, = 32 [9]:

ro=2 ro=4 ro=06

| (r,s) | Deviation | | (r,s) | Deviation | | (r,s) | Deviation
(2,00 |0 (4,00 |0 (6,00 |0
(2,1/2) [ 2.98 x10728 | [ (4,1/4) [3.57x107% | | (6,1/6) | 1.76 x 107
(4,1/4) | 2.01x1072 | [(4,1/2)[3.25x107> | | (6,1/3) | 4.62x 1077
(4,1/2) | 3.1 x107%* (6,1/6) | 2.8 x 107 ° (6,1/2) | 6.39 x 1077
(6,1/6) | 3.56 x 1077 | [(6,1/3)]2.52x107 ™| [(8,1/8)]0.105
(6,1/3) | 1.21x1071° | [(6,1/2) | 2.51x107™° | [(8,1/4)]0.105
(6,1/2) | 4.71x1071® | |(8,1/8)|0.00143 (8,3/8) | 0.105
(8,1/8) | 7.42x 107° (8,1/4) | 0.0014 (8,1/2) | 0.105
(8,1/4) | 0.000244 (8,3/8) | 0.00137
(8,3/8) | 0.000406 (8,1/2) | 0.00136
(8,1/2) | 0.000243

(For conciseness we do not display the deviations for the structure constants D

of order 1.)

Comparison with analytic formulas

o

(10,5)’

(5.37)

which are

Using a lattice regularization of the Q-state Potts model, analytic formulas for a few ratios of
four-point structure constants have been conjectured [31](Section 5.2):

bb
)
Dioy

l)aabb

(40) _

B

1-Q

Q°—7Q*+15Q° —10Q* +4Q —2

aaaa
Di40)
aabb
(4,3)
Daaaa
(4,3)
abab
D20
aaaa
D20
abab
Di4.0)
aaaa
Do)
abab
(4,3)
Daaaa
(4,3)

1

2(Q%2—-3Q+1)

——(Q*—4Q+2)(Q*-3Q—-2),

4

i@—n@—@.

J

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

We have checked these formulas to a high precision [9]. With our code, it is possible to look
for analytic formulas for other ratios of structure constants. For instance, we have found the
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formulas

aabb
63 2—Q
s = g (5.44)
(6,3)
Dabab
(6,3)
aaaa
(6,3)
bb
Digoy  2Q8 —26Q7 + 134Q° — 348Q° + 479Q* — 337Q% + 112Q% — 23Q + 3

Dggas T (1—6Q +5Q2— Q%) (3Q5 — 24Q5 + 64Q* — 66Q3 + 24Q2 —8Q + 3)

Doy (2—Q)(Q2—4Q+1)(Q°—9Q%+30Q* —40Q° +13Q2 + 4Q + 3)

Disoy 2(3Q° —24Q° +64Q* — 66Q° + 24Q> —8Q +3) ’

(Q°—9Q*+27Q> —28Q* +Q +4) , (5.45)

IR

(5.46)

(5.47)

which hold at high precision.

5.4 The Delfino-Viti conjecture

Our semi-analytic bootstrap calculations give us access to the three-point structure constant

Co 10,1)0,3) = D(“Oa‘}‘;, which can be interpreted as the three-point connectivity [27]. Let
2T b3

us compare this with the conjectured exact expression of this connectivity.

Delfino and Viti’s conjectured expression [32] is the three-point structure constant of Liou-
ville theory with ¢ < 1, times a combinatorial prefactor +/2 whose lattice origin was elucidated
in [33]:

_ <1 Li ill
Cio,Ly0,2)0,3) = V2Ca= HAME | (5.48)

1y 1y 1, "
0,5)7(0,5)7(0,3)

As far as we understand, Liouville theory appeared here not because it has any particular
relation with the Q-state Potts model, but because it exists at generic central charges, has a
diagonal field of dimension A, 1, and is analytically solvable. Based on this information
alone, we would a priori not expect the conjecture to be exactly true. And consistency with
Monte-Carlo simulations of the Q-state Potts model [27, 34] only tests the conjecture to a
relatively low precision.

However, it was recently observed that connectivities of the Q-state Potts model are related
to correlation functions of the RSOS model [31]. In the critical limit, the latter model is
described by analytically solvable CFTs of the type of Liouville theory and minimal models. This
suggests that the Delfino-Viti conjecture may be exactly true. And this is what our numerical
results confirm, with a precision of about 26 significant digits [9].

Let us emphasize that the Q-state Potts model is nevertheless not related to Liouville theory
proper. The former has a discrete spectrum, the latter a continuous spectrum. The analytic

expression for CfllLi‘Z“’ﬂlle A , isvalid in Liouville theory for ¢ < 1 only [22], while the three-
©3r"0htod

point connectivity is valid under the much weaker condition $ic < 13. The analytic expression

for Cfll“‘zwﬂlle A, is the unique solution of certain crossing symmetry equations, and should
©03r"eirtod

be considered a universal quantity, although it happened to be first discovered in the context
of Liouville theory.

6 Conclusion and outlook

Let us summarize some of our results, and point out a few questions that arise.
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Logarithmizing CFT

Using derivative fields, we found it relatively simple to derive logarithmic from non-logarithmic
CFT objects: we have logarithmized Verma modules with zero or one null vector, as well as the
associated correlation functions and conformal blocks. It would be interesting to understand
this operation at a more formal level, in order to apply it to more complicated situations,
including higher-dimensional CFT.

In two dimensions, logarithmizing Verma modules with null vectors leads to so-called stag-
gered Virasoro modules [11]. For 32 € Q_,, there are infinitely many null vectors, and the
resulting representations are relevant in CFTs such as critical percolation. Some of our results
can be directly applied to these staggered Verma modules, as we saw in Section 3.1 when
studying logarithmic couplings in a few examples. It would be interesting to study the appli-
cability of our results for rational 32 more systematically.

An alternative to logarithmizing non-logarithmic CFT at rational central charge would be to
rationalize logarithmic CFT at generic central charge, by taking limits 32 — 2—7. This would be
straightforward if we wanted to numerically compute connectivities in critical percolation: we
would just need to do it in the Q-state Potts model with a parameter Q ~ 1 i.e. ¢ ~ 0. However,
it would be more difficult to derive the space of states, structure constants and conformal blocks
at ¢ = 0: rationalizing is already known to be non-trivial in simpler, non-logarithmic CFTs [21].

If logarithmizing and rationalizing could be defined precisely, a natural question would be
whether they commute.

Crossing-symmetric four-point functions

We have found that the crossing symmetry equations (5.32), (5.33) have unique solutions.
This is a non-trivial result, which depends very sensitively on the structure of the spectrum,
and on the correct computation of conformal blocks.

As always in the conformal bootstrap approach, the next question is to interepret the so-
lutions, and determine to which CFT they belong. In the case of the Potts model, it is tricky to
identify bootstrap solutions with four-point connectivities, because there are no high-precision
results on connectivities. Based on Monte-Carlo calculations, four-point connectivities were
found to agree with other solutions of crossing symmetry [30]. However, these other solu-
tions turned out to fail more extensive numerical and analytic comparisons with the Potts
model [27,29], and to describe the RSOS model instead [31].

Let us summarize the argument for our bootstrap solutions to describe connectivities in
the Potts model:

* The spectrum of the Potts model is known [25].
* More precisely, the spectrums of the connectivities in all channels are known [29].
* Crossing symmetry equations with these spectrums have unique solutions.

The bootstrap solutions of [30] featured only subsets of the expected spectrums, only in two
out of three channels, and only for three out of four connectivities.

In the case of the particular crossing symmetry equation (5.35), we actually found an
infinite-dimensional space of solutions, which includes the connectivity P,;,;,. This echos a
speculation of [8] (Section 3.3), which predicted the existence of multiple solutions of crossing
symmetry equations, based on the freedom to change the weights of non-contractible loops in
the discretized model. Nevertheless, it is not yet clear what our extra solutions describe, or
to which CFT they belong. There are not too many known solutions of crossing symmetry at
generic central charge [35], so these solutions may be worth investigating.
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Towards a solution of the Q-state Potts model

With our high-precision checks of analytic conjectures for structure constants or ratios thereof,
we provided additional evidence that the Q-state Potts model may be analytically solvable. Of
course, solving the model involves computing not just four-point connectivities, but also more
general correlation functions. Connectivities have a few nice peculiarities, for instance their
structure constants obey slightly stronger linear relations as we saw in Section 5.2, but this
should not make an essential difference.

Meanwhile, the problem of numerically computing four-point connectivities to arbitrary
precision is now effectively solved. After numerically determining four-point structure con-
stants by solving crossing symmetry equations, we can use the structure constants for comput-
ing connectivities. An estimate of the precision of such computations is given by the lowest
nonzero deviation of a structure constant, for example O(1072*) for the last table of Eq. (5.34).
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