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Abstract

Considering the large deviations of activity and current in the Asymmetric Simple Ex-
clusion Process (ASEP), we show that there exists a non-trivial correspondence between
the joint scaled cumulant generating functions of activity and current of two ASEPs with
different parameters. This mapping is obtained by applying a similarity transform on the
deformed Markov matrix of the source model in order to obtain the deformed Markov
matrix of the target model. We first derive this correspondence for periodic boundary
conditions, and show in the diffusive scaling limit (corresponding to the Weakly Asym-
metric Simple Exclusion Processes, or WASEP) how the mapping is expressed in the
language of Macroscopic Fluctuation Theory (MFT). As an interesting specific case, we
map the large deviations of current in the ASEP to the large deviations of activity in the
SSEP, thereby uncovering a regime of Kardar–Parisi–Zhang in the distribution of activ-
ity in the SSEP. At large activity, particle configurations exhibit hyperuniformity [Jack et
al., PRL 114 060601 (2015)]. Using results from quantum spin chain theory, we charac-
terize the hyperuniform regime by evaluating the small wavenumber asymptotic behav-
ior of the structure factor at half-filling. Conversely, we formulate from the MFT results
a conjecture for a correlation function in spin chains at any fixed total magnetization (in
the thermodynamic limit). In addition, we generalize the mapping to the case of two
open ASEPs with boundary reservoirs, and we apply it in the WASEP limit in the MFT
formalism. This mapping also allows us to find a symmetry-breaking dynamical phase
transition (DPT) in the WASEP conditioned by activity, from the prior knowledge of a
DPT in the WASEP conditioned by the current.

Copyright M. Vanicat et al.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received 04-10-2020
Accepted 27-01-2021
Published 05-02-2021

Check for
updates

doi:10.21468/SciPostPhys.10.2.028

Contents

1 Introduction 2

2 Mapping joint activity and current fluctuations 4
2.1 SSEP, ASEP and observables of interest 4
2.2 Simple start: relating SSEP with ASEP 4
2.3 Relation between two periodic ASEPs 6
2.4 Relation with macroscopic fluctuation theory 7

1

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
http://dx.doi.org/10.1103/PhysRevLett.114.060601
http://dx.doi.org/10.1103/PhysRevLett.114.060601
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.10.2.028&amp;domain=pdf&amp;date_stamp=2021-02-05
https://doi.org/10.21468/SciPostPhys.10.2.028


SciPost Phys. 10, 028 (2021)

3 Large-activity fluctuations in the periodic SSEP 8
3.1 Context and motivation 8
3.2 Diffusive regime: mapping between the fluctuations of activity in SSEP and

current in WASEP 9
3.3 Application of the mapping: a KPZ scaling in the distribution of activity of the

SSEP 10
3.4 Large-activity fluctuations of the Edwards–Wilkinson regime 12
3.5 The non-diffusive regime s > 0 : difficulties and open questions 13
3.6 Relation to the ground state of a spin chain 14
3.7 Structure factor in the hyperuniform phase 15

4 Systems in contact with reservoirs 17
4.1 General mapping between ASEPs with open boundaries 17
4.2 Simpler mappings in specific cases 19
4.3 Diffusive scaling: MFT and WASEP 20

5 Conclusion and outlook 22

Appendices 23

A Imaginary µ 23

B Expression of the boundary parameters in term of the reservoir densities 24

References 25

1 Introduction

Fluctuations in random processes are well described by the theory of large deviations, when-
ever a large-size and/or a large-time asymptotics naturally comes into play (see e.g. [1] for a
review). Recently the statistics of time-averaged observables (such as the particle current or
the energy flow) has attracted much attention; the large-deviations settings allows one to char-
acterize the probability distribution of such observables, for quantum [2–11] and classical sys-
tems [12–41]. In contrast to equilibrium statistical mechanics (where observables of interest
depend only on the configuration of the system at a given time), the time-averaged observables
depend on the full history of the system on a given time window. Yet, as in equilibrium, the
distribution of such observables can present an abrupt change, characterized by a singularity
in the large deviation function (LDF) that describes the large-time scaling of the distribution.
Such dynamical phase transitions (DPTs) are present in a variety of problems, from driven
diffusive systems [42–58], to models of glass formers [39,40,59–63], interfaces [64–68], and
active matter [69–71]. In this paper, we study a model of particle transport on a lattice, un-
covering a new scaling regime close to a DPT that is present in the model.

Exclusion processes constitute a paradigmatic class of particle transport models with min-
imalist interactions: particles jump on a lattice with rates possibly depending on the orienta-
tion of the jump, provided the target site of the jump is unoccupied. In spite of their simplicity,
such models have provided a successful playground for the determination of non-equilibrium
steady-states or current large deviations (see [12] for a review), and this in a non-perturbative
way, far from equilibrium. A key aspect of their study is that their Markov operator of evolution
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(which describes the linear evolution in time of the probability distribution) can be expressed
as a spin chain operator [72–74]. The LDFs of interest can be computed as the largest eigen-
value of a ‘deformed’ Markov evolution operator [1] and, in one dimension, Bethe Ansatz al-
lows its diagonalization. The large system-size limit can then be studied, as was done in some
scaling regimes for the totally asymmetric exclusion process (TASEP) [73, 75], more generic
asymmetric exclusion processes (ASEPs) [13], or the symmetric exclusion process (SSEP) [47].

In 1D, systems with a strong asymmetry (the difference between the left and right jump
rates being e.g. of order 1, i.e. L0, compared to the system size L) present a super-diffusive
behavior of the Kardar–Parisi–Zhang (KPZ) [76] type: time has to be rescaled by a factor Lz ,
with a dynamical exponent z = 3

2 , in order for the macroscopic limit to be well-determined. On
the other hand, symmetric systems or mildly asymmetric ones (such as the weakly asymmetric
exclusion process, WASEP, where the difference of jump rates is of order 1/L) are diffusive:
they belong to the Edwards–Wilkinson (EW) class where now t ∼ Lz with z = 2. Such diffusive
systems can also be studied using the Macroscopic Fluctuation Theory (MFT; see [77] for a
review).

The time-averaged observables of interest are the average of the current Q (counting the
total number of jumps to the right minus those to the left) and of the activity K (counting their
sum). The current is odd by time reversal while the activity is even (see [78] for a review on
the role of such even quantities, also called frenesy). In this paper we are interested in two
aspects of the LDFs: on a generic ground, we study the large deviations of current and activity
in the SSEP and ASEP models, showing that there exists a correspondence allowing one to
map the LDFs of K in the SSEP to that of Q in the ASEP, with well-chosen jump rates – and
more generally to map the joint distribution of K and Q between two ASEPs with different
jump rates. We show that this correspondence is valid for systems with periodic boundary
conditions and for open systems in contact with reservoirs of particles. On a more specific
side, we also consider the large deviations of the activity K in the SSEP: while it is known
that such large deviations present a diffusive scaling regime in which a DPT takes place [47]
and a hyperuniform phase at large activity [53], little is known on the scaling with L apart
from the diffusive regime. We show that one side of the transition to the hyperuniform regime
is governed by a KPZ scaling phase, beyond the diffusive scalings. This comes perhaps as a
surprise because both the dynamics of the SSEP and the observable K are symmetric by time
reversal.

The paper is organized as follows. In Sec. 2, we establish the mapping for spatially pe-
riodic systems, generalizing that of Ref. [53] and discussing how it can be implemented for
complex values of the Lagrange multipliers associated with K and Q (with details gathered in
Appendix A). In Sec. 3, we study a consequence of this mapping for the large deviations of
activity in the SSEP, by mapping these to the large deviations of the current in an ASEP. We
infer from this mapping an almost complete picture of the large- but finite-L scaling governing
the LDFs and DPT of the distribution of K in the SSEP; we show in particular that deviations
beyond the diffusive (i.e. EW) scalings, are governed by KPZ scalings on one side of the DPT.
We show how the exponent of the structure factor that characterizes hyperuniformity is very
robust and valid both in the EW and in the KPZ regimes. From this discussion, we also infer
a conjecture on the asymptotic behavior of the XXZ spin chain two-point correlation function
at fixed magnetization. In Sec. 4, we generalize the mapping to the case of open systems,
for systems with boundary reservoirs. In particular, we show that the particle-hole symmetry
breaking that occurs for the current LDF in the WASEP model can be mapped to a particle-hole
symmetry breaking for the activity LDF, in another WASEP model.

3

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028


SciPost Phys. 10, 028 (2021)

2 Mapping joint activity and current fluctuations

2.1 SSEP, ASEP and observables of interest

The configurations C of the exclusion process we are interested in are given by the occupations
(0 or 1 particle) on every site of a 1D chain of L sites. We will consider both periodic boundary
conditions (where site L+1 is identified with site 1) and open boundary conditions, for which
particles can jump in and out of the system at fixed rates, at each extremity (sites 1 and L)
– modeling the contact with infinite reservoirs. Particle jumps can occur only if the target site
is empty, and:

• for the SSEP, jump rates are equal to 1;
• for the ASEP, particles jump to the right with rate p and to the left with rate q.

To study large deviations, the joint probability distribution P(C, K ,Q, t) to observe the sys-
tem in a configuration C at time t and values K and Q of the current and activity on the time
window [0, t] is Laplace transformed to

P̂(C, s,µ, t) =
∑

K∈Z+

∑

Q∈Z
esK+µQP(C, K ,Q, t) . (2.1)

One can show using standard methods (see e.g. [79]) that the time evolution of P̂ is gov-
erned by a biased operator of evolution that depends on the “counters” (or Lagrange multi-
pliers) s and µ, conjugated to K and Q. Such passage from the ‘microcanonical’ ensemble,
where K and Q are conditioned to take fixed values, to a ‘canonical’ ensemble, where the
probability is exponentially biased as in (2.1), allows one to reconstitute the joint probability
P(K ,Q, t) =

∑

C P(C, K ,Q, t) in the large-time asymptotics. To do so, one considers the scaled
cumulant generating function (SCGF), defined as

ψ(µ, s) = lim
t→∞

1
t

log



esK+µQ
�

= lim
t→∞

1
t

log
∑

C
P̂(C, s,µ, t) . (2.2)

The joint probability density of K and Q, P(K ,Q, t) =
∑

C P(C, K ,Q, t), takes a large-deviation
scaling form limt→∞

1
t log P(K = kt,Q = qt, t) = I(k,q) where the rate function I(k,q) can be

reconstituted from the SCGF ψ(µ, s) by a Legendre transform (see e.g. [80]). In this article,
we focus on the biased ensemble where s and µ are fixed. For exclusion processes, one can
show that the evolution operator governing the time evolution of P̂ is an XYZ spin chain with
spin 1

2 , as we detail in Sec. 2.2.

2.2 Simple start: relating SSEP with ASEP

Using standard approaches (see e.g. [13]), in the SSEP with periodic boundary conditions
(L+ 1≡ 1), the deformed Markov matrix associated with the activity can be written as a sum
of local operators mk,k+1 that describe the exchange between sites k and k+ 1:

M =
L
∑

k=1

mk,k+1 with m=







0 0 0 0
0 −1 es 0
0 es −1 0
0 0 0 0






=

1
2

�

es
�

σx⊗σx+σ y⊗σ y
�

+σz⊗σz−I⊗I
�

.

(2.3)
Here σx ,y,z are Pauli matrices. Note that m corresponds to the XXZ local Hamiltonian (up to
a global normalization by es/2 and a shift proportional to the identity), see a more detailed
discussion in section 3.6. The dominant eigenvalueψSSEP

K (s) of this matrix is equal to the SCGF
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defined in Eq. (2.2), for the activity only (µ= 0). Using the above representation, one remarks
that for 1≤ k ≤ L − 1

mk,k+1 +
q− p

2(p+ q)
(σz

k+1 −σ
z
k) =

2
p+ q

wk,k+1 with w=







0 0 0 0
0 −q peµ 0
0 qe−µ −p 0
0 0 0 0






, (2.4)

provided we have the following relations:

e2µ =
q
p

, e2s =
4pq
(p+ q)2

. (2.5)

Note that these relations imply
s = − log coshµ≤ 0 (2.6)

as long as s and µ are real parameters.
One observes that w is the local ASEP Markov matrix, now with µ conjugated to the current

Q (and no counter for the activity). Altogether this leads to

M =
2

p+ q

L
∑

k=1

wk,k+1 ≡
2

p+ q
W, (2.7)

where W is the deformed Markov matrix that counts the current in the ASEP with periodic
boundary conditions. We denote by ψASEP

Q (µ) its dominant eigenvalue, equal to the cumulant
generating function of the particle current. Thus, we get the following connection between
cumulant generating functions:

ψSSEP
K (s) =

2
p+ q

ψASEP
Q (µ) with the relations e2s =

4pq
(p+ q)2

, e2µ =
q
p

. (2.8)

In periodic boundary conditions, the total number of particles N is conserved, so that this
relation holds in each sector of constant N .

As we noted in Eq. (2.6), probing real values of the Lagrange multiplier µ associated with
Q in the ASEP only gives access to the negative range of values of the multiplier s associated
with K in the SSEP. However, the relation (2.8) in fact still holds if s ≥ 0 and µ is imaginary:

ψSSEP
K (s) =

2
p+ q

ψASEP
Q (µ) with, for s ≥ 0: µ= iµ′, cosµ′ = e−s ≤ 1,

q
p
= e2iµ′ . (2.9)

In that case, as we show in Appendix A, ψASEP
Q (µ) has to be understood as the unique branch

of the spectrum of the finite-size matrix W which goes to 0 as µ→ 0 (with µ seen as a complex
number), which is well defined even if p, q ∈ C, as in our case. For µ, p, q ∈ R, such definition
of ψASEP

Q (µ) coincides with the eigenvalue of W with the largest real part; while for complex
µ, p, q verifying Eq. (2.9) we show thatψASEP

Q (iµ′) is analytical for µ′ ∈]− π2 , π2 [ (corresponding
to 0 < e−s ≤ 1). This formal remark will allow us to use the results obtained by Prolhac in
Ref. [81] since he precisely identifies ψASEP

Q (µ) through Bethe Ansatz using the criterion that
it is the unique branch of the spectrum of W that goes to 0 as µ → 0 (see Appendix A for
details). Note that Jack, Thompson and Sollich, in Ref. [53], obtained a mapping equivalent
to Eq. (2.8) but used it only in the range s < 0 and p, q > 0, while in the present paper we
study in Sec. 3.3 the regime of Eq. (2.9) in order to gain physical insight on the large-activity
deviations, and to show that the hyperuniform phase is surprisingly difficult to study beyond
the diffusive regime.
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2.3 Relation between two periodic ASEPs

One can generalize the previous computation to a mapping between two ASEP models with
counters for both the current and the activity. We denote by pi , qi the jump rates of these ASEP
models and by si ,µi the counters associated with the activity and current, with i = 1, 2. The
local operator are:

w(s1,µ1) =







0 0 0 0
0 −q1 p1es1+µ1 0
0 q1es1−µ1 −p1 0
0 0 0 0






and m(s2,µ2) =







0 0 0 0
0 −q2 p2es2+µ2 0
0 q2es2−µ2 −p2 0
0 0 0 0






,

(2.10)
corresponding to the deformed Markov matrices (with periodic boundary conditions L+1≡ 1)

W =
L
∑

k=1

wk,k+1(s1,µ1) and M =
L
∑

k=1

mk,k+1(s2,µ2). (2.11)

Then we have

mk,k+1(s2,µ2) =
p2 + q2

p1 + q1
wk,k+1(s1,µ1) +

p1q2 − p2q1

2(p1 + q1)

�

σz
k −σ

z
k+1

�

, (2.12)

provided the following relations are verified:

µ1 − E1 = µ2 − E2 with E j = log

√

√

√

q j

p j
, j = 1,2

s1 − log cosh(E1) = s2 − log cosh(E2).

(2.13)

This implies M = p1+q1
p2+q2

W . Denoting the SCGF of Eq. (2.2) by writing the rates explicitly as
ψ(µ, s|p, q), the computation above has lead to the following property for the joint cumulant
generating function:

ψ(µ1, s1|p1, q1) =
p1 + q1

p2 + q2
ψ
�

µ1 −
1
2

log
q1p2

p1q2
, s1 − log

p
p2q2(p1 + q1)
p

p1q1(p2 + q2)

�

�

�p2, q2

�

. (2.14)

One recovers the results of the previous section for p1 = q1 = 1, s2 = 0, µ1 = 0.
The correspondence (2.14) can also be reexpressed using the fact that, as seen from Eq. (2.10)

the SCGF ψ(µ, s|p, q), once factorized by the global rate p + q, is a function of E = log
p

q/p
only:

ψ(µ, s|p, q) = (p+ q) �ψ(µ, s|E) , (2.15)

with then
�ψ(µ1, s1|E1) = �ψ

�

µ1 − E1 + E2 , s1 − log
coshE1

coshE2

�

�

�E2

�

. (2.16)

Gallavotti-Cohen symmetry point: In the present context, the Gallavotti-Cohen (GC) sym-
metry [82–85] of the ASEP is expressed as ψ(µ, s|p, q) = ψ(2E − µ, s|p, q), meaning that the
function ψ is symmetric around E in terms of its argument µ. Considering the specific case
of the mapping between the activity in the SSEP (p1 = q1 = 1) and the current in the ASEP,
one has p1 = q1 = 1, s2 = 0, µ1 = 0, which implies that µ2 = E2. In this case, the SSEP is
mapped on the ASEP precisely at its Gallavotti-Cohen’s symmetry point µ2 = E2, and applying
the GC symmetry simply maps the ASEP to itself. Now considering the more general mapping
(2.14), yet specified to the SSEP for system 1 by setting p1 = q1 = 1, but leaving µ1 nonzero,
one sees that the ASEP obtained by the mapping has µ2 = µ1 + E2, which differs from the GC
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symmetry point µ2 = E2. By applying the GC symmetry to the ASEP and mapping back to the
SSEP, we eventually obtain ψ(µ1, s1|1,1) =ψ(−µ1, s1|1,1), that is simply the time (or space)
reversal symmetry of the SSEP. More generally, the mapping between two ASEPs maps the GC
symmetry of an ASEP to the GC symmetry of the other ASEP.

2.4 Relation with macroscopic fluctuation theory

The above correspondence of Eq. (2.14) can be understood in the MFT framework, by consid-
ering the WASEP limit where left and right jump rates scale as

p = e
ν
L , q = e−

ν
L . (2.17)

Within MFT, the probability to observe given density and current profiles ρ(x , t) and j(x , t),
related by the continuity equation ∂tρ + ∂x j = 0, is expressed as

P[ρ, j]∝ e−LA[ρ, j] with A[ρ, j] =

∫ T

0

d t

∫ 1

0

d x

�

j + ∂xρ − 2νρ(1−ρ)
�2

4ρ(1−ρ)
, (2.18)

where the macroscopic limit of the lattice model has been taken within the diffusive scaling
x = i/L ∈ [0,1] and T = t/L2. Remarking the identity

A[ρ, j] =

∫ T

0

d t

∫ 1

0

d x
§

[ j + ∂xρ]2

4ρ(1−ρ)
− ν j + ν2ρ(1−ρ)

ª

, (2.19)

where we have used the periodic boundary conditionρ(1, t) = ρ(0, t), we obtain the following
relation between the actions of two different WASEP models with asymmetry parameters ν1
and ν2:

A2[ρ, j] =A1[ρ, j] + (ν1 − ν2)

∫ T

0

d t

∫ 1

0

d x j + (ν2
2 − ν

2
1)

∫ T

0

d t

∫ 1

0

d x ρ(1−ρ) . (2.20)

In the MFT framework, the activity and integrated current read [47]

K = 2L3

∫ T

0

d t

∫ 1

0

d x ρ(1−ρ) and Q = L2

∫ T

0

d t

∫ 1

0

d x j (2.21)

and the joint cumulant generating function is obtained through minimization of
∫

D j

∫

Dρ exp
�

− LA[ρ, j] +µQ+ sK
�

. (2.22)

Using relation (2.20), we infer the conditions

µ1 +
ν1

L
= µ2 +

ν2

L
and s1 −

ν2
1

2L2
= s2 −

ν2
2

2L2
, (2.23)

which reproduce (2.13) in the WASEP limit (2.17). We thus have shown that the generic rela-
tion (2.13) valid for any finite system size is compatible with results obtained in the diffusive
scaling through the MFT path-integral representation of the trajectory probability.
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3 Large-activity fluctuations in the periodic SSEP

3.1 Context and motivation

Large deviations of the distribution of activity in the SSEP were studied in [47], in the large
system-size limit L → ∞ and within a diffusive scaling1 that allows one to use MFT [86].
Such regime also corresponds to the Edwards–Wilkinson (EW) type of fluctuations. In such
diffusive scaling limit, the Lagrange multiplier s for the activity scales as s = λ/L2 in order for
the large deviations to remain diffusive. This can be seen from the expressions (2.21) of the
activity K and the path-integral representation (2.22): choosing s = λ/L2 allows one to get the
same prefactor L in front of the action term and of the activity term. In periodic systems, it was
shown in [47] that in the small activity regime (λ < 0) a phase transition occurs at a finite
value λc < 0, which marks the occurrence of a symmetry breaking: for λ ≥ λc, the typical
particle density profile is flat, while for λ < λc the density profile is not translation-invariant
anymore (it presents a kink and an anti-kink). Such transitions express the fact that a lower
activity induces a clustering of particles. The optimal profile can be computed [51] and, in the
very inactive phase λ → −∞, the system becomes fully phase separated. Such a transition
between a flat profile and non-flat profiles is reminiscent of the one observed in the large
deviations of the current in the WASEP [43, 45] where a symmetry breaking also occurs: the
flat optimal profile for current deviations close enough to the mean current abruptly transforms
into a traveling inhomogeneous profile when the deviations of current are large enough.

The opposite regime of very large activity fluctuations (large positive λ or s) was studied
in [53, 87]. For s → ∞, the biased operator is dominated by its non-diagonal part and a
Jordan–Wigner transformation allows one to identify the dominant scaling of the SCGF [87].
For intermediate values of s > 0, a hyperuniform behavior was found in Ref. [53] where it was
also argued that a phase transition occurs for s = 0 between a phase-separated regime at s < 0
and a hyperuniform regime at s > 0. Physically, the hyperuniformity describes a regime where
particles develop an effective repulsion in order to increase their propensity to keep empty
sites around them, which favors possible jumps2 (and thus trajectories with higher activity).

Here, thanks to a detailed analysis of the mapping established in Sec. 2, we provide a more
detailed analysis of how the transition through the various regimes of activity fluctuations oc-
curs as s is varied. We find that the transition around s = 0 is governed by KPZ-type scalings
on one side of the transition. This comes as a surprise since KPZ fluctuations are often associ-
ated with a breaking of reversibility (as in the KPZ equation itself or in current fluctuations of
asymmetric exclusion processes) while, in our case of interest, the activity fluctuations of the
SSEP do not break the time-reversal symmetry.

Summarizing the results of previous works and those of the present paper, we find the
following picture, from very small activity to very large activity (denoting ρ the average occu-
pation in the system):

I) Very small activity (s →−∞) [51,87]: ψSSEP
K (s) = −4Lρ(1−ρ)(1− es) +O(e2s).

In this regime, the eigenstate is the one which minimizes the escape rate: it is degenerate
and corresponds to configurations where all particles are gathered in a single cluster. The
result for the SCGF is obtained by a perturbation in es� 1.

II) Around s = 0: diffusive regime s = λ/L2 with λ = O(L0) [i.e. s → 0, L →∞ with
λ= sL2 fixed]

1In such regime, the site index i becomes a continuous coordinate x = i/L with 0≤ x ≤ 1, while the microscopic
time scale t becomes a macroscopic one T = t/L2.

2Strictly speaking this physical picture is valid only for a density less than 1/2 ; for a larger density, the roles of
particles and holes need to be exchanged.
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◦ Small activity (λ→−∞) [51]: for ρ = 1
2 ,

ψSSEP
K (s) = −

2
L

Æ

2|λ| −
8
L

Æ

2|λ|e−
p
|λ|/2 +

1
L

O(λe−
p

2|λ|). (3.1)

◦ Symmetry breaking at λc = −
π2

2ρ(1−ρ) < 0: for λ < λc, each possible optimal profile
breaks the translational invariance by presenting a kink and an antikink [51].

◦ Diffusive fluctuations for λc < λ <∞, described by a universal function F(u) [47]:

ψSSEP
K (s) =

λ

L2

〈K〉
t
+

1
L2

F
�

−ρ(1−ρ)λ
�

+ o(L−2). (3.2)

◦ Large activity fluctuations (λ→∞), in the diffusive (EW) regime (see Sec. 3.4) [47]:

ψSSEP
K (s)− s

〈K〉
t

∼
λ=sL2→∞

4
3π

1
L2

�

2ρ(1−ρ)
�

3
2λ

3
2 . (3.3)

III) In a KPZ-type rescaling s = O(L0), one finds (see Sec. 3.3):

ψSSEP
K (s) = 2Lρ(1−ρ) f (s) +K(s) for s ≤ 0 , (3.4)

where the functions f (s) and K(s) are determined thanks to the mapping presented in
Sec. 2.2, using the results of [81,88]. In the s→ 0− asymptotics of (3.4) one finds

ψSSEP
K (s)− s

〈K〉
t

∼
s→0−

p
2πL3/2

�

ρ(1−ρ)
�3/2
(−s)3/2. (3.5)

We were not able to extract a similar asymptotic behavior for the regime s → 0+. We
describe in Sec. 3.5 the origin of the issues at stake.

IV) Very large activity fluctuations s →∞ [87]:

1
L
ψSSEP

K (s) ∼
s→+∞

2es sinπρ
π

− 2ρ(1−ρ)− 2
sin2πρ

π2
+O(e−s). (3.6)

That phase, at dominant order (proportional to es), is effectively described by a XY
Hamiltonian (see the operator of Eq. (2.3)). A Jordan–Wigner transformation allows
one to identify the dominant scaling, and the next term, of order (es)0, is obtained by
perturbation theory. This phase is far from the MFT regime (in the sense that the lattice
structure dominates the physics).

In other words, in the present paper, we show that the phase-separation / hyperuniform
transition described in [53] when varying s by finite amount s = O(L0) is in fact described
by a well-determined transition at large but finite L for s = λ/L2 with a transition point at
λ= λc < 0 in the diffusive EW regime. The approach to the transition for s→ 0− is governed
by a singular power-law behaviour of the formψSSEP

K (s)−s 1
t 〈K〉 ∝ L3/2|s|3/2, whose exponent

is inherited from KPZ scalings. We also discuss in Sec. 3.7 the power-law behavior of the
structure factor as a function of the wave number.

3.2 Diffusive regime: mapping between the fluctuations of activity in SSEP and
current in WASEP

We consider the special case where p1 = q1 = 1 and µ1 = 0, s2 = 0. It allows one to map the
activity fluctuations in a SSEP to the current fluctuations in an ASEP. For sake of simplicity, and
since there is no possible confusion, we drop the indices and call s the counter of activity K in
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the SSEP, µ the counter (or fugacity) of the current Q in the ASEP, and p, q the jump rates of
the ASEP. The above construction then reads

ψSSEP
K (s) =

2
p+ q

ψASEP
Q (µ) with e−2µ =

p
q

and e−s = cosh(µ) , (3.7)

where, see Sec. 2.2 and Appendix A, µ ∈ R for s ≤ 0 and µ ∈ i ]− π
2 , π2 [ for s > 0.

In this subsection, we focus on the diffusive (or Edwards–Wilkinson) regimes of fluctua-
tions. In the SSEP, these describe the activity fluctuations in the regime s = λ/L2 with fixed λ
as L→∞ [47]. Using the mapping (3.7), we see that this regime corresponds for the ASEP to
current fluctuations in the regime µ= κ/L with fixed κ as L→∞, and to a weak asymmetry
p − q = O(1/L) (i.e. to the so-called WASEP). In fact, for s > 0, as detailed in Eq. (2.9), the
WASEP model has complex rates such that p/q = e−2iµ′ with e−s = cosµ′. Yet, as discussed in
Appendix A, the maximal eigenvalue of the evolution operator is the one which goes to 0 as
µ′→ 0, which allows one to use the result of Prolhac [81], who showed that the cumulant of
order n of the current is

1
t
〈Qn〉WASEP

c = p
n
∑

j=dn/2e

�

j
n− j

� n!B2 j−2

j!( j − 1)!

�

1−
q
p

�2 j−n�
ρ(1−ρ)

� j
L2 j (n≥ 3) , (3.8)

where B2 j−2 are Bernoulli numbers B2 =
1
6 , B4 = −

1
30 , ... A tedious but straightforward com-

putation shows that the mapping (3.7) implies that the cumulants of the activity in the SSEP
take a simpler expression

1
t
〈Kn〉SSEP

c =
B2n−2

(n− 1)!

�

2ρ(1−ρ)
�n

L2n−2 (n≥ 2). (3.9)

As expected by consistency, this expression is exactly the one obtained through MFT and co-
ordinate Bethe Ansatz in Ref. [47].

This shows that the mapping (3.7), in the diffusive regime, works both for s ≤ 0 (where
p, q,µ ∈ R) and s > 0 (where p, q,µ ∈ C), and this because the SCGF we considered are
analytical in a vicinity of 0 in that regime.

3.3 Application of the mapping: a KPZ scaling in the distribution of activity of
the SSEP

To go beyond the diffusive regime, we now detail the regime III announced above, that cor-
responds to s = O(L0) for the fluctuations of activity in the SSEP and to µ = O(L0) for the
fluctuations of current in the ASEP with a finite non-zero asymmetry p− q.

In that regime, the SCGFψASEP
Q (µ) has been computed by Bethe Ansatz (see equation (11)

in Ref. [88] by Lee and Kim, or equation (117) in Ref. [81] by Prolhac), in the thermodynamic
limit L→∞, and can be expressed parametrically as:

ψASEP
Q (µ)− ̄ Lµ = −(p− q)

√

√ρ(1−ρ)
2πL3

Li5/2(B) =
∞
∑

k=2

Ek
µk

k!
(3.10)

µ =
−1

ρ(1−ρ)

√

√ρ(1−ρ)
2πL3

Li3/2(B) , (3.11)

with ̄ = (p − q)ρ(1 − ρ) = limL→∞ limt→∞
〈Q〉
Lt being the average current3. We have used

the following convention for polylogarithm functions: Lir(x) =
∑∞

k=1
xk

kr . The above expres-

3Note that if, in the left-hand side of Eq. (3.10), one subtracts Jµ with J = limt→∞
〈Q〉

t = (p − q)ρ(1− ρ) L2

L−1
instead of subtracting ̄ Lµ, one can write (3.10) with an extra Li3/2 function on the right-hand side, coming from

the expansion L2

L−1 = L + 1+O(L−1) and the use of (3.11). This is the convention taken for instance in equation
(117) in Ref. [81]. See also the discussion after equation (24) in Ref. [88].
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sions have to be understood as series expansions in the auxiliary variable B that allow one to
reconstruct the series in µ. The expressions (3.10) and (3.11) are valid as long as p − q is
finite (i.e. of order L0) and L is sent to infinity, see §6.3 in Ref. [81]. The cumulants Ek of the
current defined in the series expansion in powers of µ in (3.10) are also defined in that limit.

To illustrate how the parametric representation of Eqs. (3.10)-(3.11) works, we compute
the two first cumulants. Expanding in powers of B, one has:

µ =
−ā

ρ(1−ρ)

�

B +
p

2
4

B2 + ...
�

with ā =

√

√ρ(1−ρ)
2πL3

(3.12)

ψASEP
Q (µ) = ̄ Lµ+ (p− q)ā

�

B +
p

2
8

B2 + ...
�

(3.13)

= E1µ+ E2
µ2

2!
+ ... (3.14)

Substituting (3.12) into (3.13) and (3.14) and equating the series in powers of B leads to

E1 = ̄ (L + 1) = (p− q)(L + 1)ρ(1−ρ) and E2 =
p
π

2
(p− q) [ρ(1−ρ)]3/2 L3/2. (3.15)

The expression of E2 is in fact valid for p− q� 1p
L

(and not only for non-zero p− q = O(L0),
see §2.3 in Ref. [81]).

For the SCGF of activity in the SSEP, plugging (3.7) into (3.10)-(3.11), we get, for s ≤ 0:

ψSSEP
K (s) = −2ā

�

L Li3/2(B) + Li5/2(B)
�

tanh
� ā
ρ(1−ρ)

Li3/2(B)
�

(3.16)

e−s = cosh
� ā
ρ(1−ρ)

Li3/2(B)
�

. (3.17)

This result can be rewritten as

ψSSEP
K (s) = −2Lρ(1−ρ) f (s) +K(s) , (3.18)

with, again for s ≤ 0:

f (s) =
p

1− e2s arccosh
�

e−s
�

=
∞
∑

n=0

(1− e2s)n+1

2n+ 1
(3.19)

K(s) = −2ā Li5/2(B) tanh
� ā
ρ(1−ρ)

Li3/2(B)
�

(3.20)

s = − log
�

cosh
� ā
ρ(1−ρ)

Li3/2(B)
��

, (3.21)

with ā given in (3.12). Note that f (s) is an analytical function of s ∈ R and can be expanded
as a power series in s. The expressions (3.18)-(3.21) (valid for s ≤ 0) are the equivalent for
the SCGF of the activity in the SSEP of the parametric expression of the SCGF of the current
in the ASEP given by Eqs. (3.10)-(3.11).

Solving iteratively the system of equations (3.20)-(3.21) in order to eliminate B, we get
from (3.21) that at minimal order B =

p
−2s
ā ρ(1−ρ) + o(

p
−s). This means that, in contrast

to f (s), the function K(s) has to be expanded as a series of
p
−s as K(s) =

∑∞
n=1 Kn

(
p
−s)n
n! .

From (3.20), we obtain that K(s) = ā2B3/[2
p

2ρ(1− ρ)] + o(B3). Thus, for the first orders
of the series expansion of K(s), one obtains: K1 = K2 = 0 and an explicit expression of K3
which, gathering the results, implies finally that as s→ 0−:

ψSSEP
K (s)− 2Lρ(1−ρ) s = K3

(−s)
3
2

3!
+O(s2) (s ≤ 0) (3.22)

K3 = 6
p

2πL3/2
�

ρ(1−ρ)
�3/2

. (3.23)

11

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028


SciPost Phys. 10, 028 (2021)

Such expression is valid in the ‘KPZ regime’ described by Prolhac in Ref. [81], corresponding
to p − q� 1p

L
for the ASEP model. Reading from (3.7), this corresponds for the SSEP to the

condition |s| � 1
L (because, without numerical prefactors, s ∼ µ2 and µ∼ log p

q ).

Note that the computation above is valid for s ≤ 0 since Eqs. (3.10)-(3.11) for ψASEP
Q (µ)

are valid for real values of µ. Although the regime s > 0 corresponding to imaginary values
of µ could in principle be obtained from ψASEP

Q (µ) (see Appendix A), we cannot perform an
analytical continuation of Eqs. (3.10)-(3.11) to complex values of µ, B, p, q, as we detail in
Sec. 3.5. This is related to the fact that although Eqs. (3.10)-(3.11) yield forψASEP

Q (µ) a power
series in µ, the mapping to ψSSEP

K (s) yields a function which is non analytic in the vicinity of
s = 0, as our result (3.22) shows.

The behavior (3.22) of the SCGF characterizes the KPZ nature of the fluctuations of activity
in the SSEP, which are non-diffusive, and occur at a large-enough deviation of activity (|s| � 1

L ).
To see how they are possibly connected to smaller fluctuations of activity, we now analyze in
Sec. 3.4 the regime of diffusive (EW) fluctuations of activity.

3.4 Large-activity fluctuations of the Edwards–Wilkinson regime

Adapting the notations of [47] (e−s becomes e+s), one finds that small fluctuations of activity
(i.e in a scaling regime s→ 0, L→∞ with λ= sL2 fixed) fall into the EW class, described by
the MFT. The SCGF in that regime (where s depends implicitly on L) reads

ψSSEP
K (s) = s

〈K〉
t
+

1
L2

F
�

−ρ(1−ρ)L2s
�

+ o(L−2) λ= sL2 fixed, (3.24)

with 〈K〉t = 2ρ(1−ρ) L2

L−1 and

F(u) =
∑

k≥2

B2k−2

(k− 1)!k!
(−2u)k (3.25)

(u<0)
= 2|u|+

4
p

2
π
|u|

3
2

∫ 1

−1

d y y2 coth
�
Æ

2|u|
Æ

1− y2
�

. (3.26)

These three equations are rewritings of Eqs. (14), (17) and (A2) of [47], and the B2k ’s are
Bernoulli numbers B2 =

1
6 , B4 = −

1
30 , ... The large λ regime corresponds physically to a

regime of very large values of K , and mathematically to the asymptotics u → −∞ with
u= −ρ(1−ρ)L2s. In that regime, the coth in (3.26) can be safely replaced by 1 (the boundary
layer around |y|= 1 has a lesser and lesser contribution as u→−∞) and (3.26) gives

F(u) ∼
u→−∞

8
p

2
3π
|u|

3
2 . (3.27)

Inserting into (3.24) one thus gets that in the EW diffusive scaling regime

ψSSEP
K (s)− s

〈K〉
t

∼
λ→∞
λ=sL2

8
p

2
3π

L
�

ρ(1−ρ)
�

3
2 s

3
2 , (3.28)

which is valid for s ≥ 0 and s = O(1/L2). Compared to the KPZ-scaling-regime result of
Eqs. (3.22)-(3.23), which is valid for s ≤ 0 with |s| � 1

L , we observe that the exponent of |s|
is the same, but that the prefactor (including the exponent of L) is different. This indicates
that both sides of the transition around s = 0 behave in a different manner. Understanding
how the SCGF behaves for s > 0 (beyond the diffusive regime) is not trivial and still an open
question, as we detail in the next subsection.
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3.5 The non-diffusive regime s > 0 : difficulties and open questions

As explained in Sec. 2.2 and Appendix A, the mapping (3.7) between ψASEP
Q (µ) and ψSSEP

K (s)
is valid for µ ∈ R if s ≤ 0 and µ ∈ i ]− π

2 , π2 [ (with q
p = e2µ) if s < 0. As we now detail, using

this mapping proves surprisingly difficult in the non-diffusive regime s > 0 .

To explain this, we start from the exact expression of the diffusion constant D = limt→∞
〈Q2〉c

t
for finite size L and finite occupation N . It was obtained for the ASEP by a generalization of
the matrix method [89] or by varied versions of the Bethe Ansatz [17, 90, 91], generalizing
previous computations that were done for the TASEP [13,73,75], and it reads:

D =
2(p− q)L

L − 1

L
∑

k=1

k2
1+

� q
p

�k

1−
� q

p

�k

� L
N+k

�� L
N−k

�

� L
N

�2 . (3.29)

Noting that q/p = e2iµ′ and increasing s from 0 (which also makes µ′ increase from 0), we
see that the denominator of (3.29) becomes equal to zero first when e2i Lµ′ = 1. This yields a
diverging diffusion coefficient for µ′→ µ′−c with

µ′c =
2π
L

. (3.30)

We have checked numerically the existence of such a divergence by diagonalizing the deformed
matrix W (for the parameters of the mapping of Eq. (3.7) taking complex values as in (2.9)),
for values of N and L up to 16. The evaluation of the diffusion coefficient D was performed

by using the relation D = limt→∞
〈Q2〉c

t . It implies that D can be obtained from the second
derivative of the SCGF of the current in 0. The SCGF was computed with arbitrary precision,
allowing to take the second derivative numerically. The obtained value of D diverges when
increasing µ′ close to µ′c.

To check that this divergence remains present in the thermodynamic limit, one can study
the large-size behaviour of (3.29) following [91]. Using Stirling formula in the thermodynamic
limit (L, N →∞ with N/L→ ρ)

� L
N±k

�

� L
N

� ∼
�1−ρ
ρ

�±k
e−

k2±(1−2ρ)k
2ρ(1−ρ)L (3.31)

together with the condition q
p = e2iµ′ of Eq. (2.9), we obtain

D ∼ 2(p− q)
L
∑

k=1

ik2

tan kµ′
e−

k2

ρ(1−ρ)L , (3.32)

which shows that the divergence remains present in µc given by (2.9) as µ′ increases from 0.

Cumulants of higher order have also been computed [81], and their expression also in-

volves fractions of the form 1
��

1−
� q

p

�k�
and they all diverge at the same point µ′c given by

Eq. (3.30). This means that the series

2
p+ q

ψASEP
Q (µ) =

2
p+ q

∑

n≥0

〈Qk〉c
t
µk

k!
with e−2µ =

p
q

and e−s = cosh(µ) , (3.33)

which is equal to ψSSEP
K (s), has all its coefficients diverging for µ = iµ′c but is an analytic

function of µ in a vicinity of µ ∈ i ] − π
2 , π2 [, as shown in Appendix A. We were not able to

perform a resummation or a transformation of this series that would allow to cure this behavior.
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A possibility could be to write q
p = e2iµ′−ε with a small ε > 0. If one assumes that the limits

ε → 0 and L →∞ commute, one can (i) send first L to∞: since there are no more diver-
gences in the cumulants as µ varies, one can use the same L→∞ asymptotics as in Ref. [81]
and (ii) then send ε to 0. One obtains the same parametric representation of ψASEP

Q (µ) as in
Eqs. (3.10)-(3.11), which were obtained by extracting the large-L behavior of the cumulants
of the current (see Ref. [81]). To determine ψSSEP

K (s) from the mapping (3.7), one thus has to
find the curve of locations where Li3/2(B) is purely imaginary in the complex plane, to solve
Eq. (3.11). The natural cuts of this polylogarithm function intersect this curve, and one has
to find the Riemann surface where one can follow continuously the curve. This can be done
using the recent results of Ref. [92], by representing the polylogarithm as a sum of Hurwitz
zeta functions (equation (57) in Ref. [92]), or as an infinite sum of square roots (equation (62)
in Ref. [92]) with well-defined cuts. We were able to achieve this program numerically with
an arbitrary precision, but when computing the polylogarithm Li5/2 of Eq. (3.10) to determine
ψASEP

Q (µ), and inserting the result in the mapping (3.7) to obtainψSSEP
K (µ), one does not obtain

a real result. This implies that the limits ε→ 0 and L→∞ do not commute.
The question of computing the series (3.33) for s > 0 thus remains open, and would yield

an interesting description of the hyperuniform phase beyond the diffusive regime described
in Sec. 3.2. The aim would be to find the equivalent of the parametric representation of
Eqs. (3.18)-(3.21) for ψSSEP

K (s), but valid for s > 0.

In Sec. 3.7, we determine how geometrical properties of the SSEP in the hyperuniform
phase are encoded in the structure factor, after having made explicit in Sec. 3.6 the relation to
ground state of a spin chain.

3.6 Relation to the ground state of a spin chain

For the SSEP, the dominant eigenvector and eigenvalue of the evolution operator M defined
in Eq. (2.3) for the activity correspond to the ground state of the spin chain of L sites

Ĥ= −M = −
1
2

es
∑

1≤k≤L

�

σx
kσ

x
k+1 +σ

y
kσ

y
k+1 + e−sσz

kσ
z
k+1

�

, (3.34)

with periodic boundary conditions L + 1 ≡ 1. To recast this chain in a common form, we
perform every two sites (i.e. on all even or all odd sites) a rotation of angle π of the spin
operator triplet around the axis z, which transforms σx ,y 7→ −σx ,y and leaves σz invariant.
For the transformation to be well-defined we will suppose that L is even. It is realized by a
conjugation by ⊗L/2

n=1σ
z
2n. We arrive at:

H= J0

∑

1≤k≤L

�

σx
kσ

x
k+1 +σ

y
kσ

y
k+1 +∆σ

z
kσ

z
k+1

�

with J0 =
1
2

es , ∆= −e−s , (3.35)

whose spectral properties are the same as those of −M . Due to the form of the transforma-
tion, correlation functions of σz matrices will be identical for −M and for H. Since J0 > 0, the
Hamiltonian H describes a ferromagnetic XXZ spin chain, and, in the large-L limit, the “ferro-
magnetic Heisenberg” point ∆ = −1 (i.e. s = 0) separates a ferromagnetic phase for ∆ < −1
(i.e. for the inactive phase s < 0) from an XY or ‘Luttinger liquid’ phase for −1<∆< 1 (which
contains the active phase s > 0). See for instance Ref. [93] for a review on 1D spin chains.

An important aspect of the statistical mechanics settings we are working in, is that the
periodic exclusion processes we consider are isolated: their total number of particle N is con-
served. This implies that we are interested in the spectral elements of spin chains in a sector
of fixed total magnetization, in contrast to the most standard condensed-matter viewpoint in
which the ground state is found among states of any total magnetization. This is peculiarly
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important in the vicinity of the s = 0 transition point, where, for s < 0, the ground state at
fixed magnetization presents domain walls (a kink and an antikink, see [51] for the SSEP)
while if one optimizes over the possible values of the total magnetization, one obtains two
degenerate fully polarized states (all sites are empty or full).

3.7 Structure factor in the hyperuniform phase

The determination of the ground-state connected correlation function 〈σz
0σ

z
n〉c has been the

subject of an extensive body of work. In the large L limit, the so-called “massless phase”
−1 < ∆ < 1 is well described by the Luttinger liquid theory [94–96] or by a conformal field
theory [97–102]. Those allow one to write

〈σz
0σ

z
n〉c =

c1

n2
+ (−1)nc2

cos(πnm̄)
nθ

+ o(n−θ ) for n→∞ , (3.36)

where a and b are constants and m̄ is the average magnetization. Quantum inverse scattering
methods [103, 104] and form factor approaches [105] have been used to assess this result
rigorously and to obtain the rest o(n−θ ) as a complete series in powers of 1/nθ . See also the
numerical studies of [106]. In the regime we are interested in (s > 0), one has −1 < ∆ < 0
and defining

η=
1
2

arccos e−s ∼
s→0

s

s
2

(3.37)

the exponent θ is given by

θ =
π

2η
∼

s→0

π
p

2s
, (3.38)

so that, as s→ 0 (and in fact for all s > 0), the 1/n2 term dominates the term in 1/nθ in the
correlation function (3.36). The constant c1 depends on the average magnetization and its
value is known analytically only at half-filling (that is, for N = L/2) [107]:

c1 = −
1

2πη
∼

s→0
−

1

π
p

2s
. (3.39)

We emphasize that the result (3.36) is obtained by taking the limit L→∞ first, and then
at large n. For a large but finite number of sites, one expects it is valid in the regime

1� n� L . (3.40)

The structure factor (which is the Fourier transform of the connected correlation function)
inferred from (3.36) will also be valid only in a given range of Fourier modes: we now detail
how its expected scaling is derived, keeping L finite. For finite L we define a discrete structure
factor

Ŝk =
∑

− L
2≤n< L

2

e
2iπkn

L 〈σz
0σ

z
n〉c for integers

L
2
≤ k <

L
2

. (3.41)

To go to a continuous structure factor we set

q=
2πk

L
with −π≤ q< π (3.42)

so that, defining S(q) = Ŝk= Lq
2π

, one obtains in the large L limit

S(q) =
∑

n∈Z
eiqn〈σz

0σ
z
n〉c . (3.43)
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To use the result (3.36), we now split the sum in three contributions: one for |n| ≤ n0 which
gives a constant (and n0 is large enough for (3.36) to be valid); one for n0 < |n| < N0 where
we can use the dominant contribution∝ 1

n2 of (3.36) (and N0 is very small compared to the
system size L); one for |n| ≥ N0 which gives a constant that goes to 0 as N0→∞ (as seen by
a simple bound). This yields:

S(q) = Constant+ c1

�

Li2(e
iq) + Li2(e

−iq)
�

, (3.44)

where Li2 is a polylogarithm function. This estimate is valid for large but finite L, in the regime

1
L
� |q|< π. (3.45)

To study the large-scale features, we now focus on the regime of values of q which is
insensitive to both the lattice spacing and the periodicity

1
L
� |q| � π , (3.46)

for which, expanding (3.44) for q→ 0 (but still respecting (3.46)), one finds

S(q) = Constant′ − c1π|q|+O(q2) . (3.47)

The constant can be inferred from the exact relation Ŝk=0 = 0 that comes from the strict
conservation of magnetization. Using (3.39), this yields

S(q) =
|q|
p

2s
+O(q2) for s→ 0 and at half-filling , (3.48)

and again with the finite-L condition (3.46) on q.
Strikingly, the EW diffusive computation of MFT gives the same scaling for the structure

factor [53, 108], including the same numerical prefactor4. However, the MFT computation is
performed in the regime where s = λ/L2 and L is large, with then λ sent to infinity. The fact
that the two asymptotic regimes λ→∞ of the diffusive scaling and s→ 0 of the result (3.48)
match, indicate that the scaling S(q) = |q|p

2s
of the hyperuniform phase is very robust.

To get a more physical intuition of the hyperuniform regime, another standard characteri-
zation of anomalous fluctuations is to look at the variance σ2

n(`) of the number n of particles
enclosed in a virtual box of linear size `. The length ` is assumed to be large with respect to
microscopic sizes, like lattice spacing or particle size, but small with respect to system size.
Considering a generic d-dimensional system, normal fluctuations correspond to σ2

n(`) ∼ `
d

(we discard here numerical prefactors). This is what happens in the absence of long-range
correlations in the system. A different scaling of σ2

n(`) means that fluctuations are anoma-
lous. Fluctuations growing faster with system size, as σ2

n(`) ∼ `
ζ with ζ > d are found for

instance in the ordered phases of systems of active particles with alignment interactions [109],
where they are called giant number fluctuations (in this context, one often plots σ2

n as a func-
tion of 〈n〉, parametrized by `). The opposite situation, namely σ2

n(`) ∼ `
ζ with an exponent

ζ < d, corresponds to hyperuniformity. An extreme example of hyperuniform arrangement
is the perfect crystal, for which ζ = 0. It can be shown that the exponent ζ is related to
the small-wavenumber behavior of the structure factor. If S(q) ∼ |q|η for |q| → 0 (discard-
ing again prefactors), then ζ = d − η [110, 111]. When η = 1, logarithmic corrections are
present, meaning that σ2

n(`) ∼ `
d−1 log` [110, 111]. In the present one-dimensional ASEP

4Note that in the MFT the structure factor is naturally computed for the density: Socc.(q) =
∫

d x eiqx 〈ρ(x)ρ(0)〉c .
Since the macroscopic density corresponds to the microscopic occupation number 1

2 (σ
z+1), the spin-spin structure

factor (3.48) and the occupation structure factor are related by Socc.(q) = 1
4 S(q).
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model conditioned to have a large activity, we thus find σ2
n(`) ∼ log`, so that fluctuations of

particle number grow only logarithmically with the box size `. Hence particle configurations
are almost as ordered as in a crystal.

Last, the MFT computation for the SSEP predicts that for any average density ρ̄, the spin-
spin structure factor is

S(q)∼ |q|

√

√2ρ̄(1− ρ̄)
s

with s =
λ

L2
and λ→∞ . (3.49)

If the matching observed at half-filling between the MFT computation at λ → ∞ and the
Luttinger-liquid result (3.36) at s→ 0 holds, we obtain the conjecture that for s→ 0+ (i.e. for
∆→−1+) the constant c1 in (3.36) behaves as:

c1 ∼
s→0+

−
1
π

√

√2ρ̄(1− ρ̄)
s

, (3.50)

which generalizes the half-filling result (3.39). In terms of the average magnetization m̄= 2ρ̄−1
(with−1< m̄< 1) and the parameter∆ of the XXZ chain (3.35), this conjecture is reexpressed
as:

c1 ∼
∆→−1+

−
1
π

√

√ 1− m̄2

2(1+∆)
, (3.51)

with c1 the constant in the expansion (3.36) of the correlation function.
To summarize, we have shown that, for closed systems, the fluctuations of activity are

characterized at large activity by successively a diffusive EW regime and a KPZ regime (on
one side of the transition). We have discussed in Sec. 3.5 why studying the other side of the
transition beyond the diffusive regime proves to be difficult. We have shown that (at least at
half-filling) however, the structure factor is a very robust observable that behaves in the same
way in these two regimes (at least at scales which are insensitive to the lattice spacing or to the
system periodicity). We now analyze how the mapping between joint SCGFs is implemented
for open systems and we discuss its consequences on an example DPT.

4 Systems in contact with reservoirs

Having studied above the scaled cumulant generating function of activity and current for the
case of ASEPs with periodic boundary conditions, we now explore the possibility to extend the
mapping to open ASEPs connected to boundary reservoirs. We then discuss specific cases, and
connect this microscopic mapping to the MFT description.

4.1 General mapping between ASEPs with open boundaries

The open ASEP is described by the bulk jump rates p and q as in the periodic case, as well as by
transition rates α, β , γ and δ with the two reservoirs. More specifically, a particle is injected
from the left reservoir to the leftmost site i = 1 with rate α if this site is empty. A particle
sitting on site i = 1 jumps to the reservoir with rate γ. Similarly, the right reservoir injects a
particle onto the rightmost site i = L with rate β , and particles jump from site i = L to the
right reservoir with rate δ.

We consider two open ASEPs conditioned to average values of activity and current by
parameters s j and µ j ( j = 1, 2). The mapping between the two ASEPs is performed in the
same way as for the periodic case, except that boundary reservoirs now need to be taken
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into account. We denote as W and M the deformed Markov matrices of the first and second
ASEPs respectively. The corresponding local deformed Markov matrices describing the bulk
dynamics are called wk,k+1(s1,µ1) and mk,k+1(s2,µ2). The exchange of particles with boundary
reservoirs are described by boundary deformed Markov matrices B1 (left reservoir) and B̄L
(right reservoir) for system 1, and respectively boundary matrices B′1 and B̄′L for system 2. The
deformed Markov matrices read

W = B1+B̄L+
L−1
∑

k=1

wk,k+1(s1,µ1) with B =

�

−α1 γ1es1−µ1

α1es1+µ1 −γ1

�

, B̄ =

�

−δ1 β1es1+µ1

δ1es1−µ1 −β1

�

(4.1)

M = B′1+B̄′L+
L−1
∑

k=1

mk,k+1(s2,µ2) with B′ =

�

−α2 γ2es2−µ2

α2es2+µ2 −γ2

�

, B̄′ =

�

−δ2 β2es2+µ2

δ2es2−µ2 −β2

�

.

(4.2)

Defining the matrix U = ⊗L
k=1Vk with Vk =

�

1 0
0 uΛk−1

�

, we look for a relation between the

matrices M and W of the form

M =
p2 + q2

p1 + q1
U W U−1 + (ε+τ) I, (4.3)

which is a similarity transformation up to a global numerical factor and a shift by a matrix
proportional to identity. The parameters u, Λ, ε and τ appearing in Eq. (4.3) are unknown
at this stage and will be determined below. With the addition of telescopic terms, Eq. (4.3)
locally reads

mk,k+1(s2,µ2) =
p2 + q2

p1 + q1
VkVk+1 wk,k+1(s1,µ1)V

−1
k V−1

k+1 −
p1q2 − p2q1

2(p1 + q1)

�

σz
k −σ

z
k+1

�

, (4.4)

B′ =
p2 + q2

p1 + q1
V1 B V−1

1 +
p1q2 − p2q1

2(p1 + q1)
σz + ε I, (4.5)

B̄′ =
p2 + q2

p1 + q1
VL B̄ V−1

L −
p1q2 − p2q1

2(p1 + q1)
σz +τ I. (4.6)

These relations hold provided the following constraints are satisfied

µ1 − E1 = µ2 − E2 − log(Λ) with E j = log

√

√

√

q j

p j
, j = 1,2

s1 − log cosh(E1) = s2 − log cosh(E2)

(4.7)

α1 − γ1

p1 + q1
−
α2 − γ2

p2 + q2
=

p1q2 − p2q1

(p1 + q1)(p2 + q2)
(4.8)

β1 −δ1

p1 + q1
−
β2 −δ2

p2 + q2
=

p1q2 − p2q1

(p1 + q1)(p2 + q2)
(4.9)

α2γ2

p2q2
=
α1γ1

p1q1
,
β2δ2

p2q2
=
β1δ1

p1q1
(4.10)

ε=
p2 + q2

p1 + q1

α1 + γ1

2
−
α2 + γ2

2
(4.11)

τ=
p2 + q2

p1 + q1

β1 +δ1

2
−
β2 +δ2

2
. (4.12)

The parameters u and Λ are given by

u=
p1α2

p2α1

�

p2q1α1δ2

p1q2α2δ1

�
1

L+1

, Λ=
�

p2q1α1δ2

p1q2α2δ1

�L+1

. (4.13)

18

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028


SciPost Phys. 10, 028 (2021)

Then, when the above relations are fulfilled, we get the following connection between
scaled cumulant generating functions:

1
p1 + q1

�

ψ(µ1, s1|p1, q1,α1,γ1,β1,δ1)− (α1 +δ1)
�

=

=
1

p2 + q2

�

ψ
�

µ1 − E1 + E2 , s1 − log cosh(E1) + log cosh(E2)
�

�

�p2, q2,α2,γ2,β2,δ2

�

− (α2 +δ2)
�

,

(4.14)

where we have introduced

E j =
L − 1
L + 1

E j +
1

2(L + 1)
log

�

γ jδ j

α jβ j

�

, j = 1,2. (4.15)

We discuss in Appendix B another parametrisation of the mapping (4.14) which involves the
densities of the reservoirs at boundaries.

Gallavotti-Cohen symmetry point

Using (4.15), the first relation of (4.7) can be rewritten in a more symmetric way:

µ1 − E1 = µ2 − E2. (4.16)

The GC symmetry of the ASEP with open boundary conditions is then expressed as [112]

ψ(µ, s|p, q,α,γ,β ,δ) =ψ(2E −µ, s|p, q,α,γ,β ,δ) (4.17)

meaning that the function ψ is symmetric around E in terms of its argument µ. The relation
(4.16) implies that the GC symmetry of the target model coincides with the GC symmetry of
the source model.

4.2 Simpler mappings in specific cases

The above general mapping (4.14) between the SCGFs of two open ASEPs can be simplified in
some specific cases. We provide in this section a few examples of simpler mappings that may
be of physical relevance.

Case of reservoirs with same densities.

To get an example similar to the periodic case, we study the case where reservoirs have the
same density. For an ASEP model with parameters (p, q,α,β ,γ,δ), the reservoir densities take
the form [113,114]

ρa =
1

1+ a
, a =

1
2α

�

p− q−α+ γ+
Æ

(p− q−α+ γ)2 + 4αγ
�

ρb =
1

1+ 1/b
, b =

1
2β

�

p− q+δ− β +
Æ

(p− q+δ− β)2 + 4δβ
�

.
(4.18)

The densities ρa and ρb are equal if, on only if, the following relation holds:

(p− q)(α+δ)(γ+ β) = (α+ β + γ+δ)(αβ − γδ). (4.19)

In that case, the density reads

ρ =
α+δ

α+ β + γ+δ
. (4.20)
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A particular solution to (4.19) is given by α = γ + p−q
2 and β = δ + p−q

2 . Remark that this
solution corresponds (in fact is equivalent) to α+δ = β+γ. In that case, one gets ρa = ρb =

1
2 .

Now, we start with a model such that α1 − γ1 =
p1−q1

2 and β1 − δ1 =
p1−q1

2 , so that

ρ(1)a = ρ
(1)
b =

1
2 . Then, using relations (4.8)-(4.9) we get

α2 = γ2 +
p2 − q2

2
and β2 = δ2 +

p2 − q2

2
, (4.21)

so that ρ(2)a = ρ
(2)
b =

1
2 .

Connecting SSEP with current to ASEP with activity. We impose p1 = q1 = 1 and s1 = 0= µ2.
In that case, using formulas (4.7) and (4.10), we deduce

µ1 = (
1
2
−

1
L
) log(

q2

p2
)−

1
L + 1

log(
α2δ1

α1δ2
) ; s2 = log

1
2

�

√

√q2

p2
+
√

√ p2

q2

�

. (4.22)

The boundary terms do not contribute at leading order in L.

Models with same bulk parameters. Note also that if we set p1 = p2 and q1 = q2 (connec-
tion of two models with same bulk parameters), the equations (4.8)-(4.10) simplify to

¨

α1 − γ1 = α2 − γ2

α1γ1 = α2γ2
and

¨

β1 −δ1 = β2 −δ2

β1δ1 = β2δ2
. (4.23)

Since all parameters must be positive, we deduce that the boundary parameters stay the same.
We also obtain through relations (4.7) that s1 = s2 and µ1 = µ2. In other words, we get the
same model. The transformations used in this paper, to be non-trivial, must connect models
with different values of (p, q).

4.3 Diffusive scaling: MFT and WASEP

We now briefly discuss the above mapping between open systems in the diffusive scaling limit
where the asymmetry of the bulk rates scales as 1/L and the macroscopic time scales as 1/L2.
We first reinterpret the mapping in the MFT context, and then apply the mapping to the case
of two WASEP, unraveling the existence of a phase transition in the WASEP conditioned by the
activity.

Relation with MFT in the open case

In the WASEP limit, defined by

p j = exp(
ν j

L
) and q j = exp(−

ν j

L
), j = 1,2 (4.24)

one has

Λ= 1−
ν1 − ν2

L2

�

2+
1

β1 +δ1
+

1
α1 + γ1

�

+ o
�

1
L2

�

and u= 1+
ν1 − ν2

L

�

1+
1

α1 + γ1

�

+ o
�

1
L

�

,

x = 1+
ν1 − ν2

L

�

1+
1

α1 + γ1

�

+ o
�

1
L

�

and y = 1+
ν1 − ν2

L

�

1+
1

β1 +δ1

�

+ o
�

1
L

�

.

(4.25)
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Then, the relations for µ1, µ2, s1 and s2 are the same as in the periodic case (section 2.4) up
to irrelevant orders in 1/L. The boundary parameters α2, β2, γ2 and δ2 become

α2 = α1 +
ν1 − ν2

L
ρa + o

�

1
L

�

, γ2 = γ1 −
ν1 − ν2

L
(1−ρa) + o

�

1
L

�

, ρa =
α1

α1 + γ1
,

β2 = β1 +
ν1 − ν2

L
(1−ρb) + o

�

1
L

�

, δ2 = δ1 −
ν1 − ν2

L
ρb + o

�

1
L

�

, ρb =
δ1

β1 +δ1
.

(4.26)
As in the periodic case, the relation (4.14) can then be interpreted in the WASEP limit.

Starting again from the relation (2.19), but taking into account the boundary valuesρ(0, t) = ρa
and ρ(1, t) = ρb, we obtain:

A2(ρ, j) = A1(ρ, j) + (ν1 − ν2)

∫ T

0

d t

∫ 1

0

d x j + (ν2
2 − ν

2
1)

∫ T

0

d t

∫ 1

0

d x ρ(1−ρ)

−T (ν2 − ν1)(ρa −ρb). (4.27)

To have a full correspondence, one has to remark that in the WASEP limit,
ε + τ = 1

L (ν2 − ν1)(ρa − ρb). Indeed, the action on the MFT side occurs with a factor L,
that matches the factor 1

L in ε+τ once the diffusive rescaling T = t/L2 is made.
In the case of reservoirs with same densities, one needs to go to the next order in the 1/L

expansion for ε+τ, and we obtain

ε+τ=
(ν1 − ν2)(α1 + β1)

L2

4α1β1(ν1 + ν2) + ν1 − ν2

8α1β1
, (4.28)

which corresponds to ε+τ= 0 for the MFT.

Connecting WASEPs conditioned by activity or current at densities 1
2

For a WASEP model with bulk asymmetry parameter ν (defined by p/q = e2ν/L) and reser-
voir densities ρa = ρb =

1
2 , it has been shown [54] that for current large deviations with

µ = r
L (with r fixed and L →∞), and for large enough asymmetry amplitude |ν| > νc with

νc = π, there are particle-hole symmetry breaking transitions at r = r±c = −ν ±
p
ν2 −π2.

For r < r−c or r > r+c , the particle-hole symmetry is broken and the optimal density profile is
no longer flat, but remains time-independent (meaning that the additivity property remains
valid) [54]. Note that the criterion for symmetry breaking can be reformulated in a concise
way as |r + ν|>

p
ν2 −π2, which will prove useful in the following.

We now exploit the mapping described above to deduce the existence of a dynamical phase
transition in the large deviations of activity in the WASEP. We set α j = γ j+

ν j
L and β j = δ j+

ν j
L

( j = 1, 2), where ν j is the bulk bias parameter defined in Eq. (4.24). As already discussed,
see (4.21), this ensures that both models have densities ρa = ρb =

1
2 . We consider that

model 1 (source model) is conditioned by activity (µ1 = 0) and that model 2 (target model)
is conditioned by the current (s2 = 0). At leading order in 1

L , we get from Eq. (4.7) that

s1 =
ν2

1 − ν
2
2

2L2
and µ2 =

ν1 − ν2

L
. (4.29)

Writing s1 =
λ
L2 and µ2 =

r
L , we get λ = 1

2(ν
2
1 − ν

2
2) and r = ν1 − ν2. We fix ν1 and look for a

possible symmetry breaking transition in model 1 by varying λ, using the mapping to model
2 for which we know that a symmetry breaking transition occurs in a given parameter range.

From the mapping we get |ν2| =
q

ν2
1 − 2λ, which imposes a first restriction λ ≤ ν2

1
2 to the

range of λ that can be explored through the mapping. The criterion for particle-hole symmetry
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breaking in system 2 reads |r + ν2| >
q

ν2
2 −π2, provided that |ν2| > π. Using r = ν1 − ν2

and the above expression of |ν2| in terms of ν1 and λ, these two conditions respectively turn

into λ > −π
2

2 and λ <
ν2

1−π
2

2 . We thus conclude that particle-hole symmetry is broken in the
WASEP conditioned by activity (and with boundary reservoirs at densities ρa = ρb =

1
2) in the

range

−
π2

2
< λ <

ν2
1 −π

2

2
. (4.30)

In this parameter range, optimal density profiles are not flat. The corresponding density pro-
files can be deduced from those obtained in [54] in the WASEP conditioned by the current.

In contrast, for λ ≤ −π
2

2 and for
ν2

1−π
2

2 ≤ λ ≤ ν2
1

2 , the particle-hole symmetry holds and opti-

mal profiles are flat. Note that the range λ >
ν2

1
2 is not accessible to the mapping (as long as

one keeps real values of the parameters), so that we cannot conclude whether particle-hole
symmetry is broken or not in this range.

One sees from Eq. (4.30) that the extension of the range ofλ over which symmetry breaking
occurs vanishes for ν1 = 0. Hence there is no symmetry breaking in the SSEP, but one might
expect to see in this model some kind of critical behavior around λ = −π

2

2 , with possibly the
onset of power-law correlations.

5 Conclusion and outlook

We have shown that a generic mapping between the joint SCGF of the current and activity
between two generic ASEP models can be used to uncover a surprising regime where KPZ
scalings govern the fluctuations of activity in the SSEP. The occurrence of such KPZ scaling
could be interestingly compared to those recently uncovered by Prosen and coworkers for
SO(3) classical spin dynamics [115] or for the quantum Heisenberg magnet [116].

Thermodynamic Bethe Ansatz and its extensions allows one to obtain corrections to the EW
scaling (3.5) at large λ, as done in Ref. [58]: it could be instructive to see how the expansion
matches the next orders of the small-s expansion (3.22)-(3.23) in the KPZ regime. Related to
this, the existence of two different scalings with L (EW and KPZ) on each side of the transition
could be interesting to describe how the coordinate Bethe Ansatz behaves as one crosses over
from the EW scaling regime (s = λ/L2 with fixed λ and large L), studied in Ref. [47], to
the KPZ scaling regime (finite s and large L). The question remains open to understand how
the series (3.33) can be resummed in order to understand how the SCGF ψSSEP

K (s) behaves
in the hyperuniform regime s > 0 for s = O(L0) (i.e. beyond the diffusive regime). Since
the singularities occur when q

p are unit roots, it would be interesting to see if the results of
Refs. [117–120] could be used in some way.

Also, the mapping we have used could be related to other ones that have been found for
the current LDFs [19, 20] or for the steady-state large deviations [121, 122]. Last, studies of
the gap in the deformed evolution operator (which is in principle possible within the Bethe
Ansatz approach) could shed light on the finite-time scalings close to a DPT, in the spirit of
previous works in diffusive [123] and super-diffusive [124] models, or in so-called large-N
models [55, 125]. For instance, the gap of W for µ = s = 0 has been obtained [73, 126, 127]
for the TASEP and the ASEP in the absence of Legendre parameter conjugated to the current
or the activity, and has been found to scale as 1/L3/2 at large L. It would be interesting to
extend their computation to the case of the deformed Markov matrices we have considered.
For instance, if through the mapping between M and W , the gap of M scales as 1/L3/2 for
large enough |s|, it would imply that the dynamical exponent of the large deviations of activity
in the SSEP is 3/2 for deviations beyond the diffusive regime (where the dynamical exponent
is 2).
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Appendices

A Imaginary µ

We recall (see Sec. 2.2) that the matrix W =
∑L

k=1 wk,k+1 with

w=







0 0 0 0
0 −q peµ 0
0 qe−µ −p 0
0 0 0 0






(A.1)

and periodic boundary conditions L + 1 ≡ 1 describes, for µ ∈ R and p > 0, q > 0 the
fluctuations of the current Q of an ASEP of jump parameters p and q, with µ being the Lagrange
multiplier associated with Q. At fixed total number of particles N , the SCGF for the distribution
of Q is the eigenvalueψASEP

Q (µ) of W which possesses the largest real part (see e.g. [1]). From
the Perron–Frobenius theorem (which applies for µ ∈ R), it is unique and isolated. This means
that ψASEP

Q (µ) is an isolated zero of multiplicity 1 of the characteristic polynomial of W . Since
the coefficients of this polynomial are analytic functions of µ ∈ C, one has (see e.g. [128])
thatψASEP

Q (µ) is analytic as a function of the complex variable µ, in the vicinity of every µ ∈ R.
Besides, ψASEP

Q (µ)→ 0 as µ→ 0 by conservation of probability. All this implies that one can
identify ψASEP

Q (µ) for µ ∈ R as the unique branch of the spectrum of W that continuously goes
to 0 as µ → 0, and that ψASEP

Q (µ) can be analytically continued as function of µ on an open
subset of C that contains R.

In the Bethe Ansatz computation of Prolhac (Ref. [81]), the SCGF ψASEP
Q (µ) is precisely

identified using the criterion that it is the isolated eigenvalue of W that goes to 0 as µ → 0
(see Eq. (33) of [81]). Prolhac also gives an expression of the derivatives ∂ψASEP

Q (µ)/∂ µk in
µ= 0 at any order k ≥ 0, and for any finite size L and finite occupation N . The corresponding
Taylor series is valid in a vicinity of 0 not only for µ ∈ R, but also in a vicinity of 0 for µ ∈ C,
thanks to the analyticity property we mentioned above. This definition of ψASEP

Q (µ) for small
|µ| with µ ∈ C is used in Sec. 3.3 when mapping the fluctuations of Q in the ASEP to those of
K in the SSEP.

We have thus seen that the function ψASEP
Q (µ) can be expanded as an entire function of

the complex variable µ in a vicinity of µ = 0. We now show that ψASEP
Q (µ) can be analytically

continued on the imaginary axis for any µ= iµ′ with µ′ ∈ ]− π2 , π2 [, for the parameters p, q of
the mapping of Eq. (2.9), i.e. for cosµ′ = e−s ∈ ]0, 1] and q/p = e2iµ′ . As seen from Eqs. (2.7)
and (2.9), we have 1

2(p+ q) = p eiµ′cosµ′ and W is thus the sum of local operators

p eiµ′







0 0 0 0
0 − cosµ′ 1 0
0 1 − cosµ′ 0
0 0 0 0






. (A.2)

Without the prefactor p eiµ′ , the local operator gives a matrix that satisfies the conditions of
the Perron–Frobenius theorem (we recall that cosµ′ = e−s ∈]0,1]) at fixed total occupation
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N ; its maximal eigenvalue is isolated for all µ′ ∈ ] − π
2 , π2 [, and as we discussed above, can

be analytically continued as a function of the complex variable µ′ in an open subset of C
containing ]− π

2 , π2 [. To conclude, the same holds for ψASEP
Q (µ) with µ ∈ i ]− π

2 , π2 [, for the
parameters p, q of the mapping of Eq. (2.9).

To summarize, the mapping that we used in Sec. 2.2 between the LDF ψSSEP
K (s) of K in the

SSEP and the LDF ψASEP
Q (µ) of Q in the ASEP can be used transparently both for s ≤ 0 (which

corresponds to real values of µ, see Eq. (2.6)) and for s > 0 (corresponding to imaginary values
of µ, see Eq. (2.9)), when employing the results of Prolhac in Ref. [81] for the expression of
ψASEP

Q (µ). Note that, contrarily to Kim and Lee [88], Prolhac works in finite system size and
then takes the hydrodynamic limit L, N →∞with fixed ρ = N/L. This means that the large-L
asymptotics for ψASEP

Q (µ), because they are taken as a large-L limit of an analytic function of
µ, can also be used for µ in the complex domain of analyticity of ψASEP

Q (µ).

B Expression of the boundary parameters in term of the reservoir
densities

In this Appendix, we discuss an alternative parameterization of the scaled cumulant generating
function of current and activity in the ASEP in terms of possibly more physically meaningful
parameters, like the asymmetry of the bulk drive, and the densities of the reservoir.

For any ASEP model with bulk parameters (p, q) and boundary parameters (α,β ,γ,δ), we
introduce the reservoir densities

ρa =
2α

2α+ a
with a= p− q−α+ γ+

Æ

(p− q−α+ γ)2 + 4αγ (B.1)

ρb =
b

2β + b
with b= p− q+δ− β +

Æ

(p− q+δ− β)2 + 4δβ (B.2)

together with the following parametersσa andσb that compare the asymmetry of the reservoir
transition rates with that of the bulk dynamics:

σa =
α− γ− 1

2(p− q)

p+ q
and σb =

β −δ− 1
2(p− q)

p+ q
. (B.3)

The boundary parameters of the model can be reconstructed from the reservoir densities and
currents:

α

p+ q
=

ρa

2ρa − 1

�

σa +
p− q
p+ q

(ρa −
1
2
)
�

and
γ

p+ q
=

1−ρa

2ρa − 1

�

σa −
p− q
p+ q

(ρa −
1
2
)
�

,

β

p+ q
=

ρb

2ρb − 1

�

σb +
p− q
p+ q

(ρb −
1
2
)
�

and
δ

p+ q
=

1−ρb

2ρb − 1

�

σb −+
p− q
p+ q

(ρb −
1
2
)
�

,

(B.4)
where we have renormalized the boundary parameters by p + q because of the connection
(4.3), which can be expressed as

1
p2 + q2

�

M +
1
2
(α2 + β2 + γ2 +δ2) I

�

=
1

p1 + q1
U
�

W +
1
2
(α1 + β1 + γ1 +δ1) I

�

U−1. (B.5)

When dealing with two models to perform a mapping, we attach an integer j = 1,2 to
label the corresponding parameters, e.g. p j , q j or ρ( j)a , σ( j)b , etc.

The constraints (4.8) and (4.9) then read

σ(1)a = σ
(2)
a and σ

(1)
b = σ

(2)
b , (B.6)
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meaning that the parameters σa and σb are conserved in the mapping. Thus, instead of
having four boundary parameters σ( j)a,b, there are only two independent ones, σa and σb when
considering the mapping.

This result can be exploited to reformulate the mapping between the scaled cumulant
generating functions of two ASEPs using a minimal number of parameters, also taking into

account the bulk driving force E j = log
r

q j
p j

instead of the two bias parameters p and q sepa-

rately. Equality (4.14) can then be rewritten as

1
p1 + q1

ψ(µ1, s1|E1,ρ(1)a ,ρ(1)b ,σa,σb) +
σa

2ρ(1)a − 1
+

σb

2ρ(1)b − 1
+ (ρ(1)a +ρ

(1)
b − 1) tanhE1

=
1

p2 + q2
ψ
�

µ1 − E1 + E2 , s1 − log cosh(E1) + log cosh(E2)
�

�

�E2,ρ(2)a ,ρ(2)b ,σa,σb

�

+
σa

2ρ(2)a − 1
+

σb

2ρ(2)b − 1
+ (ρ(2)a +ρ

(2)
b − 1) tanhE2. (B.7)

Then, the remaining constraints (4.10) allow us to determine σa and σb as functions of

the reservoir densities and the bulk driving forces E j = log
r

q j
p j

, j = 1, 2:

σa =
1
4

(χ(1)a − 1) sinh2(E1)− (χ(2)a − 1) sinh2(E2)
�

1− (χ(1)a )−1
�

cosh2(E1)−
�

1− (χ(2)a )−1
�

cosh2(E2)
, (B.8)

σb =
1
4

(χ(1)a − 1) sinh2(E1)− (χ(2)a − 1) sinh2(E2)
�

1− (χ(1)b )
−1
�

cosh2(E1)−
�

1− (χ(2)b )
−1
�

cosh2(E2)
, (B.9)

where we have introduced χ( j) = (2ρ( j) − 1)2, for j = 1, 2.
Although this reduction of parameters may be found elegant in some way, its drawback is

that the expressions (B.8) and (B.9) of σa and σb respectively, involve parameters of both the
source and target models of the mapping, which may not be very convenient in practice.
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[16] C. Maes and K. Netočný, Canonical structure of dynamical fluctuations in mesoscopic
nonequilibrium steady states, Europhys. Lett. 82, 30003 (2008), doi:10.1209/0295-
5075/82/30003.

[17] S. Prolhac and K. Mallick, Current fluctuations in the exclusion process and Bethe ansatz,
J. Phys. A: Math. Theor. 41, 175002 (2008), doi:10.1088/1751-8113/41/17/175002.

[18] T. Bodineau, B. Derrida and J. L. Lebowitz, Vortices in the two-dimensional simple exclusion
process, J. Stat. Phys. 131, 821 (2008), doi:10.1007/s10955-008-9518-y.

[19] A. Imparato, V. Lecomte and F. van Wijland, Equilibriumlike fluctuations in
some boundary-driven open diffusive systems, Phys. Rev. E 80, 011131 (2009),
doi:10.1103/PhysRevE.80.011131.

[20] V. Lecomte, A. Imparato, and F. van Wijland, Current fluctuations in systems with dif-
fusive dynamics, in and out of equilibrium, Prog. Theor. Phys. Supp. 184, 276 (2010),
doi:10.1143/PTPS.184.276.

[21] A. Prados, A. Lasanta and P. I. Hurtado, Large fluctuations in driven dissipative media,
Phys. Rev. Lett. 107, 140601 (2011), doi:10.1103/PhysRevLett.107.140601.

26

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/PhysRevLett.112.040602
https://doi.org/10.1088/1751-8113/47/50/505001
https://doi.org/10.1088/1751-8113/47/50/505001
https://doi.org/10.1103/PhysRevE.96.052118
https://doi.org/10.1103/PhysRevLett.122.130605
https://doi.org/10.1088/1742-5468/2007/07/P07023
https://doi.org/10.1088/1742-5468/2007/07/P07023
https://doi.org/10.1023/A:1004599526997
https://doi.org/10.1023/B:JOSS.0000022379.95508.b2
https://doi.org/10.1103/PhysRevLett.92.180601
https://doi.org/10.1209/0295-5075/82/30003
https://doi.org/10.1209/0295-5075/82/30003
https://doi.org/10.1088/1751-8113/41/17/175002
https://doi.org/10.1007/s10955-008-9518-y
https://doi.org/10.1103/PhysRevE.80.011131
https://doi.org/10.1143/PTPS.184.276
https://doi.org/10.1103/PhysRevLett.107.140601


SciPost Phys. 10, 028 (2021)

[22] J. de Gier and F. H. L. Essler, Large deviation function for the current in the
open asymmetric simple exclusion process, Phys. Rev. Lett. 107, 010602 (2011),
doi:10.1103/PhysRevLett.107.010602.

[23] A. Lazarescu and K. Mallick, An exact formula for the statistics of the current in the TASEP
with open boundaries, J. Phys. A: Math. Theor. 44, 315001 (2011), doi:10.1088/1751-
8113/44/31/315001.

[24] B. Derrida, Microscopic versus macroscopic approaches to non-equilibrium systems, J. Stat.
Mech. P01030 (2011), doi:10.1088/1742-5468/2011/01/P01030.

[25] M. Gorissen and C. Vanderzande, Current fluctuations in the weakly asymmet-
ric exclusion process with open boundaries, Phys. Rev. E 86, 051114 (2012),
doi:10.1103/PhysRevE.86.051114.

[26] P. L. Krapivsky and B. Meerson, Fluctuations of current in nonstationary diffusive lattice
gases, Phys. Rev. E 86, 031106 (2012), doi:10.1103/PhysRevE.86.031106.

[27] M. Gorissen, A. Lazarescu, K. Mallick and C. Vanderzande, Exact current statistics of the
asymmetric simple exclusion process with open boundaries, Phys. Rev. Lett. 109, 170601
(2012), doi:10.1103/PhysRevLett.109.170601.

[28] C. Flindt and J. P. Garrahan, Trajectory phase transitions, Lee-Yang zeros, and high-
order cumulants in full counting statistics, Phys. Rev. Lett. 110, 050601 (2013),
doi:10.1103/PhysRevLett.110.050601.

[29] B. Meerson and P. V. Sasorov, Extreme current fluctuations in a nonstationary stochastic
heat flow, J. Stat. Mech. P12011 (2013), doi:10.1088/1742-5468/2013/12/P12011.

[30] E. Akkermans, T. Bodineau, B. Derrida, and O. Shpielberg, Universal current fluctuations
in the symmetric exclusion process and other diffusive systems, Europhys. Lett. 103, 20001
(2013), doi:10.1209/0295-5075/103/20001.

[31] P. I. Hurtado, C. P. Espigares, J. J. del Pozo and P. L. Garrido, Thermodynamics of currents in
nonequilibrium diffusive systems: Theory and simulation, J. Stat. Phys. 154, 214 (2014),
doi:10.1007/s10955-013-0894-6.

[32] B. Meerson and P. V. Sasorov, Extreme current fluctuations in lattice gases:
Beyond nonequilibrium steady states, Phys. Rev. E 89, 010101 (2014),
doi:10.1103/PhysRevE.89.010101.

[33] A. Lazarescu, The physicist’s companion to current fluctuations: one-dimensional bulk-
driven lattice gases, J. Phys. A: Math. Theor. 48, 503001 (2015), doi:10.1088/1751-
8113/48/50/503001.

[34] L. Zarfaty and B. Meerson, Statistics of large currents in the Kipnis–Marchioro–Presutti
model in a ring geometry, J. Stat. Mech. 033304 (2016), doi:10.1088/1742-
5468/2016/03/033304.

[35] K. Klymko, J. P. Garrahan and S. Whitelam, Similarity of ensembles of trajecto-
ries of reversible and irreversible growth processes, Phys. Rev. E 96, 042126 (2017),
doi:10.1103/PhysRevE.96.042126.

[36] S. Whitelam, Large deviations in the presence of cooperativity and slow dynamics, Phys.
Rev. E 97, 062109 (2018), doi:10.1103/PhysRevE.97.062109.

27

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1103/PhysRevLett.107.010602
https://doi.org/10.1088/1751-8113/44/31/315001
https://doi.org/10.1088/1751-8113/44/31/315001
https://doi.org/10.1088/1742-5468/2011/01/P01030
https://doi.org/10.1103/PhysRevE.86.051114
https://doi.org/10.1103/PhysRevE.86.031106
https://doi.org/10.1103/PhysRevLett.109.170601
https://doi.org/10.1103/PhysRevLett.110.050601
https://doi.org/10.1088/1742-5468/2013/12/P12011
https://doi.org/10.1209/0295-5075/103/20001
https://doi.org/10.1007/s10955-013-0894-6
https://doi.org/10.1103/PhysRevE.89.010101
https://doi.org/10.1088/1751-8113/48/50/503001
https://doi.org/10.1088/1751-8113/48/50/503001
https://doi.org/10.1088/1742-5468/2016/03/033304
https://doi.org/10.1088/1742-5468/2016/03/033304
https://doi.org/10.1103/PhysRevE.96.042126
https://doi.org/10.1103/PhysRevE.97.062109


SciPost Phys. 10, 028 (2021)

[37] K. Klymko, P. L. Geissler, J. P. Garrahan and S. Whitelam, Rare behavior of growth
processes via umbrella sampling of trajectories, Phys. Rev. E 97, 032123 (2018),
doi:10.1103/PhysRevE.97.032123.

[38] N. Tizón-Escamilla, V. Lecomte and E. Bertin, Effective driven dynamics for one-dimensional
conditioned Langevin processes in the weak-noise limit, J. Stat. Mech. 013201 (2019),
doi:10.1088/1742-5468/aaeda3.

[39] R. L. Jack, T. Nemoto and V. Lecomte, Dynamical phase coexistence in the Fredrick-
son–Andersen model, J. Stat. Mech. 053204 (2020), doi:10.1088/1742-5468/ab7af6.

[40] J. Guioth and R. L. Jack, Dynamical phase transitions for the activity biased Ising model in
a magnetic field, J. Stat. Mech. 063215 (2020), doi:10.1088/1742-5468/ab8c34.

[41] L. M. Vasiloiu, T. H. E. Oakes, F. Carollo and J. P. Garrahan, Trajectory phase
transitions in noninteracting spin systems, Phys. Rev. E 101, 042115 (2020),
doi:10.1103/PhysRevE.101.042115.

[42] R. J. Harris, A Rákos, and G. M. Schütz, Current fluctuations in the zero-range
process with open boundaries, J. Stat. Mech. P08003 (2005), doi:10.1088/1742-
5468/2005/08/P08003.

[43] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Cur-
rent fluctuations in stochastic lattice gases, Phys. Rev. Lett. 94, 030601 (2005),
doi:10.1103/PhysRevLett.94.030601.

[44] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Non equilib-
rium current fluctuations in stochastic lattice gases, J. Stat. Phys. 123, 237 (2006),
doi:10.1007/s10955-006-9056-4.

[45] T. Bodineau and B. Derrida, Distribution of current in nonequilibrium diffusive systems and
phase transitions, Phys. Rev. E 72, 066110 (2005), doi:10.1103/PhysRevE.72.066110.

[46] T. Bodineau and B. Derrida, Cumulants and large deviations of the current
through non-equilibrium steady states, Compt. Rend. Phys. 8, 540 (2007),
doi:10.1016/j.crhy.2007.04.014.

[47] C. Appert-Rolland, B. Derrida, V. Lecomte and F. van Wijland, Universal cumulants
of the current in diffusive systems on a ring, Phys. Rev. E 78, 021122 (2008),
doi:10.1103/PhysRevE.78.021122.

[48] S. Prolhac and K. Mallick, Cumulants of the current in a weakly asymmetric ex-
clusion process, J. Phys. A: Math. Theor. 42, 175001 (2009), doi:10.1088/1751-
8113/42/17/175001.

[49] P. I. Hurtado and P. L. Garrido, Test of the additivity principle for current fluc-
tuations in a model of heat conduction, Phys. Rev. Lett. 102, 250601 (2009),
doi:10.1103/PhysRevLett.102.250601.

[50] P. I. Hurtado and P. L. Garrido, Spontaneous symmetry breaking at the fluctuating level,
Phys. Rev. Lett. 107, 180601 (2011), doi:10.1103/PhysRevLett.107.180601.

[51] V. Lecomte, J. P. Garrahan and F. van Wijland, Inactive dynamical phase of a symmetric ex-
clusion process on a ring, J. Phys. A: Math. Theor. 45, 175001 (2012), doi:10.1088/1751-
8113/45/17/175001.

28

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1103/PhysRevE.97.032123
https://doi.org/10.1088/1742-5468/aaeda3
https://doi.org/10.1088/1742-5468/ab7af6
https://doi.org/10.1088/1742-5468/ab8c34
https://doi.org/10.1103/PhysRevE.101.042115
https://doi.org/10.1088/1742-5468/2005/08/P08003
https://doi.org/10.1088/1742-5468/2005/08/P08003
https://doi.org/10.1103/PhysRevLett.94.030601
https://doi.org/10.1007/s10955-006-9056-4
https://doi.org/10.1103/PhysRevE.72.066110
https://doi.org/10.1016/j.crhy.2007.04.014
https://doi.org/10.1103/PhysRevE.78.021122
https://doi.org/10.1088/1751-8113/42/17/175001
https://doi.org/10.1088/1751-8113/42/17/175001
https://doi.org/10.1103/PhysRevLett.102.250601
https://doi.org/10.1103/PhysRevLett.107.180601
https://doi.org/10.1088/1751-8113/45/17/175001
https://doi.org/10.1088/1751-8113/45/17/175001


SciPost Phys. 10, 028 (2021)

[52] O. Hirschberg, D. Mukamel, and G. M. Schütz, Density profiles, dynamics, and conden-
sation in the ZRP conditioned on an atypical current, J. Stat. Mech. P11023 (2015),
doi:10.1088/1742-5468/2015/11/P11023.

[53] R. L. Jack, I. R. Thompson and P. Sollich, Hyperuniformity and phase separation in bi-
ased ensembles of trajectories for diffusive systems, Phys. Rev. Lett. 114, 060601 (2015),
doi:10.1103/PhysRevLett.114.060601.

[54] Y. Baek, Y. Kafri and V. Lecomte, Dynamical symmetry breaking and phase
transitions in driven diffusive systems, Phys. Rev. Lett. 118, 030604 (2017),
doi:10.1103/PhysRevLett.118.030604.

[55] Y. Baek, Y. Kafri and V. Lecomte, Dynamical phase transitions in the current distribution of
driven diffusive channels, J. Phys. A: Math. Theor. 51, 105001 (2018), doi:10.1088/1751-
8121/aaa8f9.

[56] O. Shpielberg, Y. Don and E. Akkermans, Numerical study of continuous and discontinuous
dynamical phase transitions for boundary-driven systems, Phys. Rev. E 95, 032137 (2017),
doi:10.1103/PhysRevE.95.032137.

[57] O. Shpielberg, Geometrical interpretation of dynamical phase transitions in boundary-
driven systems, Phys. Rev. E 96, 062108 (2017), doi:10.1103/PhysRevE.96.062108.

[58] O. Shpielberg, T. Nemoto and J. Caetano, Universality in dynamical phase transitions of
diffusive systems, Phys. Rev. E 98, 052116 (2018), doi:10.1103/PhysRevE.98.052116.

[59] J. P. Garrahan, R. L. Jack, V. Lecomte, E. Pitard, K. van Duijvendijk and F. van Wijland,
Dynamical first-order phase transition in kinetically constrained models of glasses, Phys.
Rev. Lett. 98, 195702 (2007), doi:10.1103/PhysRevLett.98.195702.

[60] J. P. Garrahan, R. L. Jack, V. Lecomte, E. Pitard, K. van Duijvendijk and F. van Wij-
land, First-order dynamical phase transition in models of glasses: an approach based on
ensembles of histories, J. Phys. A: Math. Theor. 42, 075007 (2009), doi:10.1088/1751-
8113/42/7/075007.

[61] T. Bodineau, V. Lecomte and C. Toninelli, Finite size scaling of the dynamical free-energy in
a kinetically constrained model, J. Stat. Phys. 147, 1 (2012), doi:10.1007/s10955-012-
0458-1.

[62] T. Nemoto, V. Lecomte, S.-i. Sasa and F. van Wijland, Finite-size effects in a mean-field
kinetically constrained model: dynamical glassiness and quantum criticality, J. Stat. Mech.
P10001 (2014), doi:10.1088/1742-5468/2014/10/P10001.

[63] T. Nemoto, R. L. Jack and V. Lecomte, Finite-size scaling of a first-order dynamical phase
transition: Adaptive population dynamics and an effective model, Phys. Rev. Lett. 118,
115702 (2017), doi:10.1103/PhysRevLett.118.115702.

[64] S. N. Majumdar and G. Schehr, Top eigenvalue of a random matrix: large deviations
and third order phase transition, J. Stat. Mech. P01012 (2014), doi:10.1088/1742-
5468/2014/01/P01012.

[65] P. Le Doussal, S. N. Majumdar and G. Schehr, Large deviations for the height in 1D Kardar-
Parisi-Zhang growth at late times, Europhys. Lett. 113, 60004 (2016), doi:10.1209/0295-
5075/113/60004.

29

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1088/1742-5468/2015/11/P11023
https://doi.org/10.1103/PhysRevLett.114.060601
https://doi.org/10.1103/PhysRevLett.118.030604
https://doi.org/10.1088/1751-8121/aaa8f9
https://doi.org/10.1088/1751-8121/aaa8f9
https://doi.org/10.1103/PhysRevE.95.032137
https://doi.org/10.1103/PhysRevE.96.062108
https://doi.org/10.1103/PhysRevE.98.052116
https://doi.org/10.1103/PhysRevLett.98.195702
https://doi.org/10.1088/1751-8113/42/7/075007
https://doi.org/10.1088/1751-8113/42/7/075007
https://doi.org/10.1007/s10955-012-0458-1
https://doi.org/10.1007/s10955-012-0458-1
https://doi.org/10.1088/1742-5468/2014/10/P10001
https://doi.org/10.1103/PhysRevLett.118.115702
https://doi.org/10.1088/1742-5468/2014/01/P01012
https://doi.org/10.1088/1742-5468/2014/01/P01012
https://doi.org/10.1209/0295-5075/113/60004
https://doi.org/10.1209/0295-5075/113/60004


SciPost Phys. 10, 028 (2021)

[66] M. Janas, A. Kamenev and B. Meerson, Dynamical phase transition in large-deviation
statistics of the Kardar-Parisi-Zhang equation, Phys. Rev. E 94, 032133 (2016),
doi:10.1103/PhysRevE.94.032133.

[67] N. R. Smith, A. Kamenev and B. Meerson, Landau theory of the short-time dynamical
phase transitions of the Kardar-Parisi-Zhang interface, Phys. Rev. E 97, 042130 (2018),
doi:10.1103/PhysRevE.97.042130.

[68] N. R. Smith and B. Meerson, Geometrical optics of constrained Brownian excursion:
from the KPZ scaling to dynamical phase transitions, J. Stat. Mech. 023205 (2019),
doi:10.1088/1742-5468/ab00e8.

[69] F. Cagnetta, F. Corberi, G. Gonnella and A. Suma, Large fluctuations and dynamic phase
transition in a system of self-propelled particles, Phys. Rev. Lett. 119, 158002 (2017),
doi:10.1103/PhysRevLett.119.158002.

[70] T. Nemoto, É. Fodor, M. E. Cates, R. L. Jack and J. Tailleur, Optimizing active work:
Dynamical phase transitions, collective motion, and jamming, Phys. Rev. E 99, 022605
(2019), doi:10.1103/PhysRevE.99.022605.

[71] G. Gradenigo and S. N. Majumdar, A first-order dynamical transition in the displace-
ment distribution of a driven run-and-tumble particle, J. Stat. Mech. 053206 (2019),
doi:10.1088/1742-5468/ab11be.

[72] B. U. Felderhof, Spin relaxation of the Ising chain, Rep. Math. Phys. 1, 215 (1971),
doi:10.1016/S0034-4877(71)80006-X.

[73] L.-H. Gwa and H. Spohn, Bethe solution for the dynamical-scaling exponent of the noisy
Burgers equation, Phys. Rev. A 46, 844 (1992), doi:10.1103/PhysRevA.46.844.

[74] G. Schütz and S. Sandow, Non-Abelian symmetries of stochastic processes: Derivation of
correlation functions for random-vertex models and disordered-interacting-particle systems,
Phys. Rev. E 49, 2726 (1994), doi:10.1103/PhysRevE.49.2726.

[75] B. Derrida and J. L. Lebowitz, Exact large deviation function in the asymmetric exclusion
process, Phys. Rev. Lett. 80, 209 (1998), doi:10.1103/PhysRevLett.80.209.

[76] M. Kardar, G. Parisi and Y.-C. Zhang, Dynamic scaling of growing interfaces, Phys. Rev.
Lett. 56, 889 (1986), doi:10.1103/PhysRevLett.56.889.

[77] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Macroscopic fluctuation
theory, Rev. Mod. Phys. 87, 593 (2015), doi:10.1103/RevModPhys.87.593.

[78] C. Maes, Frenesy: Time-symmetric dynamical activity in nonequilibria, Phys. Rep. 850, 1
(2020), doi:10.1016/j.physrep.2020.01.002.

[79] V. Lecomte, C. Appert-Rolland and F. van Wijland, Thermodynamic formalism for systems
with Markov dynamics, J. Stat. Phys. 127, 51 (2007), doi:10.1007/s10955-006-9254-0.

[80] R. Chetrite and H. Touchette, Nonequilibrium Markov processes conditioned on large devi-
ations, Ann. Henri Poincaré 16, 2005 (2015), doi:10.1007/s00023-014-0375-8.

[81] S. Prolhac, Tree structures for the current fluctuations in the exclusion process, J. Phys. A:
Math. Theor. 43, 105002 (2010), doi:10.1088/1751-8113/43/10/105002.

[82] G. Gallavotti and E. G. D. Cohen, Dynamical ensembles in nonequilibrium statistical me-
chanics, Phys. Rev. Lett. 74, 2694 (1995), doi:10.1103/PhysRevLett.74.2694.

30

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1103/PhysRevE.94.032133
https://doi.org/10.1103/PhysRevE.97.042130
https://doi.org/10.1088/1742-5468/ab00e8
https://doi.org/10.1103/PhysRevLett.119.158002
https://doi.org/10.1103/PhysRevE.99.022605
https://doi.org/10.1088/1742-5468/ab11be
https://doi.org/10.1016/S0034-4877(71)80006-X
https://doi.org/10.1103/PhysRevA.46.844
https://doi.org/10.1103/PhysRevE.49.2726
https://doi.org/10.1103/PhysRevLett.80.209
https://doi.org/10.1103/PhysRevLett.56.889
https://doi.org/10.1103/RevModPhys.87.593
https://doi.org/10.1016/j.physrep.2020.01.002
https://doi.org/10.1007/s10955-006-9254-0
https://doi.org/10.1007/s00023-014-0375-8
https://doi.org/10.1088/1751-8113/43/10/105002
https://doi.org/10.1103/PhysRevLett.74.2694


SciPost Phys. 10, 028 (2021)

[83] G. Gallavotti and E. G. D. Cohen, Dynamical ensembles in stationary states, J. Stat. Phys.
80, 931 (1995), doi:10.1007/BF02179860.

[84] J. Kurchan, Fluctuation theorem for stochastic dynamics, J. Phys. A: Math. Gen. 31, 3719
(1998), doi:10.1088/0305-4470/31/16/003.

[85] J. L. Lebowitz and H. Spohn, A Gallavotti–Cohen-type symmetry in the large
deviation functional for stochastic dynamics, J. Stat. Phys. 95, 333 (1999),
doi:10.1023/A:1004589714161.

[86] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio and C. Landim, Macroscopic fluctuation
theory, Rev. Mod. Phys. 87, 593 (2015), doi:10.1103/RevModPhys.87.593.

[87] V. Lecomte, Thermodynamics of histories and nonequilibrium fluctuations, Thesis Univer-
sité Paris-Diderot - Paris VII (2007).

[88] D.-S. Lee and D. Kim, Large deviation function of the partially asymmetric exclusion process,
Phys. Rev. E 59, 6476 (1999), doi:10.1103/PhysRevE.59.6476.

[89] B. Derrida and K. Mallick, Exact diffusion constant for the one-dimensional partially asym-
metric exclusion model, J. Phys. A: Math. Gen. 30, 1031 (1997), doi:10.1088/0305-
4470/30/4/007.

[90] S. Prolhac, Fluctuations and skewness of the current in the partially asymmetric ex-
clusion process, J. Phys. A: Math. Theor. 41, 365003 (2008), doi:10.1088/1751-
8113/41/36/365003.

[91] S. Prolhac, Méthodes exactes pour le modèle d’exclusion asymétrique, Phd Thesis, Université
Pierre et Marie Curie - Paris VI (2009).

[92] S. Prolhac, Riemann surfaces for KPZ with periodic boundaries, SciPost Phys. 8, 008
(2020), doi:10.21468/SciPostPhys.8.1.008.

[93] T. Giamarchi. Quantum physics in one dimension, International Series of Monographs on
Physics, Oxford Science Publications (2004).

[94] A. Luther and I. Peschel, Calculation of critical exponents in two dimensions
from quantum field theory in one dimension, Phys. Rev. B 12, 3908 (1975),
doi:10.1103/PhysRevB.12.3908.

[95] F. D. M. Haldane, General relation of correlation exponents and spectral properties of one-
dimensional Fermi systems: Application to the anisotropic S=1/2 Heisenberg chain, Phys.
Rev. Lett. 45, 1358 (1980), doi:10.1103/PhysRevLett.45.1358.

[96] F. D. M. Haldane, Demonstration of the “Luttinger liquid” character of Bethe-ansatz-
soluble models of 1-D quantum fluids, Phys. Lett. A 81, 153 (1981), doi:10.1016/0375-
9601(81)90049-9.

[97] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite conformal symmetry in
two-dimensional quantum field theory, Nucl. Phys. B 241, 333 (1984), doi:10.1016/0550-
3213(84)90052-X.

[98] I. Affleck, Critical behavior of two-dimensional systems with continuous symmetries, Phys.
Rev. Lett. 55, 1355 (1985), doi:10.1103/PhysRevLett.55.1355.

31

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1007/BF02179860
https://doi.org/10.1088/0305-4470/31/16/003
https://doi.org/10.1023/A:1004589714161
https://doi.org/10.1103/RevModPhys.87.593
https://tel.archives-ouvertes.fr/tel-00198144
https://doi.org/10.1103/PhysRevE.59.6476
https://doi.org/10.1088/0305-4470/30/4/007
https://doi.org/10.1088/0305-4470/30/4/007
https://doi.org/10.1088/1751-8113/41/36/365003
https://doi.org/10.1088/1751-8113/41/36/365003
https://tel.archives-ouvertes.fr/tel-00423952
https://doi.org/10.21468/SciPostPhys.8.1.008
https://doi.org/10.1103/PhysRevB.12.3908
https://doi.org/10.1103/PhysRevLett.45.1358
https://doi.org/10.1016/0375-9601(81)90049-9
https://doi.org/10.1016/0375-9601(81)90049-9
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1103/PhysRevLett.55.1355


SciPost Phys. 10, 028 (2021)

[99] H. W. J. Blöte, J. L. Cardy and M. P. Nightingale, Conformal invariance, the central
charge, and universal finite-size amplitudes at criticality, Phys. Rev. Lett. 56, 742 (1986),
doi:10.1103/PhysRevLett.56.742.

[100] J. L. Cardy, Conformal invariance and universality in finite-size scaling, J. Phys. A: Math.
Gen. 17, L385 (1984), doi:10.1088/0305-4470/17/7/003.

[101] J. L. Cardy, Operator content of two-dimensional conformally invariant theories, Nucl.
Phys. B 270, 186 (1986), doi:10.1016/0550-3213(86)90552-3.

[102] S. Lukyanov and V. Terras, Long-distance asymptotics of spin–spin correlation functions for
the XXZ spin chain, Nucl. Phys. B 654, 323 (2003), doi:10.1016/S0550-3213(02)01141-
0.

[103] A. G. Izergin and V. E. Korepin, Correlation functions for the Heisenberg XXZ-
antiferromagnet, Commun. Math. Phys. 99, 271 (1985), doi:10.1007/BF01212283.

[104] N. M. Bogoliubov, A. G. Izergin and V. E. Korepin, Critical exponents for integrable models,
Nucl. Phys. B 275, 687 (1986), doi:10.1016/0550-3213(86)90579-1.

[105] N. Kitanine, K. K. Kozlowski, J. M. Maillet, N. A. Slavnov and V. Terras, A form factor
approach to the asymptotic behavior of correlation functions in critical models, J. Stat.
Mech. P12010 (2011), doi:10.1088/1742-5468/2011/12/P12010.

[106] A. Shashi, M. Panfil, J.-S. Caux and A. Imambekov, Exact prefactors in static and dy-
namic correlation functions of one-dimensional quantum integrable models: Applications to
the Calogero-Sutherland, Lieb-Liniger, and XXZ models, Phys. Rev. B 85, 155136 (2012),
doi:10.1103/PhysRevB.85.155136.

[107] T. Hikihara and A. Furusaki, Correlation amplitudes for the spin-1
2 XXZ chain in a mag-

netic field, Phys. Rev. B 69, 064427 (2004), doi:10.1103/PhysRevB.69.064427.

[108] T. Bodineau, B. Derrida, V. Lecomte and F. van Wijland, Long range correlations and
phase transitions in non-equilibrium diffusive systems, J. Stat. Phys. 133, 1013 (2008),
doi:10.1007/s10955-008-9647-3.

[109] J. Toner, Y. Tu and S. Ramaswamy, Hydrodynamics and phases of flocks, Ann. Phys. 318,
170 (2005), doi:10.1016/j.aop.2005.04.011.

[110] C. E. Zachary and S. Torquato, Anomalous local coordination, density fluctuations, and
void statistics in disordered hyperuniform many-particle ground states, Phys. Rev. E 83,
051133 (2011), doi:10.1103/PhysRevE.83.051133.

[111] D. Hexner, P. M. Chaikin and D. Levine, Enhanced hyperuniformity from random reorga-
nization, Proc. Natl. Acad. Sci. USA 114, 4294 (2017), doi:10.1073/pnas.1619260114.

[112] A. Lazarescu, Matrix ansatz for the fluctuations of the current in the ASEP with
open boundaries, J. Phys. A: Math. Theor. 46, 145003 (2013), doi:10.1088/1751-
8113/46/14/145003.

[113] M. Uchiyama, T. Sasamoto and M. Wadati, Asymmetric simple exclusion process with
open boundaries and Askey–Wilson polynomials, J. Phys. A: Math. Gen. 37, 4985 (2004),
doi:10.1088/0305-4470/37/18/006.

[114] S. Sandow, Partially asymmetric exclusion process with open boundaries, Phys. Rev. E 50,
2660 (1994), doi:10.1103/PhysRevE.50.2660.

32

https://scipost.org
https://scipost.org/SciPostPhys.10.2.028
https://doi.org/10.1103/PhysRevLett.56.742
https://doi.org/10.1088/0305-4470/17/7/003
https://doi.org/10.1016/0550-3213(86)90552-3
https://doi.org/10.1016/S0550-3213(02)01141-0
https://doi.org/10.1016/S0550-3213(02)01141-0
https://doi.org/10.1007/BF01212283
https://doi.org/10.1016/0550-3213(86)90579-1
https://doi.org/10.1088/1742-5468/2011/12/P12010
https://doi.org/10.1103/PhysRevB.85.155136
https://doi.org/10.1103/PhysRevB.69.064427
https://doi.org/10.1007/s10955-008-9647-3
https://doi.org/10.1016/j.aop.2005.04.011
https://doi.org/10.1103/PhysRevE.83.051133
https://doi.org/10.1073/pnas.1619260114
https://doi.org/10.1088/1751-8113/46/14/145003
https://doi.org/10.1088/1751-8113/46/14/145003
https://doi.org/10.1088/0305-4470/37/18/006
https://doi.org/10.1103/PhysRevE.50.2660


SciPost Phys. 10, 028 (2021)

[115] Ž. Krajnik and T. Prosen, Kardar–Parisi–Zhang physics in integrable rotationally
symmetric dynamics on discrete space-time lattice, J. Stat. Phys. 179, 110 (2020),
doi:10.1007/s10955-020-02523-1.
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