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Abstract

We consider a large class of branes in toric strip geometries, both non-periodic and
periodic ones. For a fixed background geometry we show that partition functions for such
branes can be reinterpreted, on one hand, as quiver generating series, and on the other
hand as wave-functions in various polarizations. We determine operations on quivers,
as well as SL(2,Z) transformations, which correspond to changing positions of these
branes. Our results prove integrality of BPS multiplicities associated to this class of
branes, reveal how they transform under changes of polarization, and imply all other
properties of brane amplitudes that follow from the relation to quivers.
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1 Introduction

Recently an intricate relation between open topological strings and quiver representation the-
ory has been discovered. It states that to a given brane configuration in a toric Calabi-Yau
threefold one can assign a quiver, whose various characteristics encode topological string data
of the corresponding brane setup. For example, open topological string partition functions are
identified with quiver generating series, BPS numbers are identified with motivic Donaldson-
Thomas invariants (which proves integrality of the former invariants conjectured two decades
ago), etc. To date, this correspondence has been analyzed in two specific contexts. Origi-
nally, its incarnation referred to as the knots-quivers correspondence was discovered in [1,2].
From topological string theory viewpoint, in this context one engineers a specific lagrangian
brane in the resolved conifold, which represents some particular knot. Partition functions of
such branes, or equivalently colored polynomials of a knot under consideration, can be written
in the form of a quiver generating series, thereby making contact with quiver representation
theory and leading to many nontrivial consequences. The knots-quivers correspondence was
shown to hold for various knots up to 6 crossings and for some infinite series in [2,3], it was
proven for two-bridge knots in [4] and for arborescent knots in [5]. Its relations to topolog-
ical string theory were further discussed in [6-8], and related developments are presented
in [9-12].

From the topological string perspective, the knots-quivers correspondence is concerned
with presumably complicated lagrangian branes, in a relatively simple geometry of the re-
solved conifold. The second setup in which the above mentioned relation to quivers arises is
opposite, and involves the basic Aganagic-Vafa branes embedded in more complicated toric
Calabi-Yau threefolds. An interesting and quite tractable class of toric threefolds are those
without compact four-cycles, referred to as strip geometries, for which the relation to quivers
was revealed in [6]. In that work a specific lagrangian brane was considered, attached to one
particular leg of a strip geometry.

In this paper we focus on the latter approach, i.e. lagrangian branes in strip geometries,
and show that their quiver description is consistent with the interpretation of their partition
functions as wave-functions in different polarizations. First, we analyze much more general
brane configurations than in [6], i.e. we consider toric branes attached to any of the external
legs of a strip geometry — including periodic toric geometries — and identify corresponding
quivers. Second, for a pair of branes in a fixed underlying geometry, having identified their
partition functions as a wave-function in different polarizations, we determine SL(2,Z) trans-
formations corresponding to a change of polarization (in other words a change of a position
of a brane, i.e. a toric leg it is attached to).
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Recall that an interpretation of the A-model open topological string partition function as a
wave-function follows from a target space description in terms of Chern-Simons theory [13].
The phase space in this case is identified with the space of field configurations at the boundry of
a lagrangian brane, in particular the boundary at infinity for non-compact branes, such as those
considered in this paper. This viewpoint was elucidated in [14] - in particular, based on the
observation for C3, it was postulated that not only brane partition functions transform as wave-
functions, but also brane creation operators in the fermionic picture transform appropriately.
This conjecture was verified in detail for branes in the conifold geometry in [15].

In this paper we generalize the results in [6] to arbitrary (non-periodic or periodic) strip
geometries, and reinterpret them in terms of wave-function transformations in the spirit of
[14,15]. We determine quantum curves, also referred to as quantum A-polynomials [6, 16],
as well as quivers, corresponding to geometries under consideration. While we consider much
more general geometries than the conifold, the price we pay is that in most cases we identify
an integral kernel that encodes canonical transformations between various partition functions
based on the semi-classical analysis. We postulate that the same kernel encodes canonical
transformations at the quantum level too. Furthermore, we reinterpret these transformations
as relating various quiver descriptions of the corresponding branes. In particular, we find that
changing a position of a brane in a toric geometry is represented in general only by the identity,
S2, or T operation (or their composition), while a single S operation may arise only for the
special case of C* or resolved conifold geometry.

We also stress that the identification of quivers corresponding to various branes that we
consider implies that various properties discussed in [1, 2, 6] also hold. In particular, identi-
fication of quivers corresponding to toric branes of our interest proves that BPS multiplicities
(i.e. LMOV invariants [17,18]) associated to such branes are integer. Moreover, the algebra
of such BPS states can be identified with the cohomological Hall algebra of the corresponding
quiver. It would be interesting to analyze these properties in more detail, not only for strip
geometries, but also for toric manifolds with compact four-cycles.

The plan of the paper is as follows. In section 2 we fix the notation, compute topological
string amplitudes and corresponding quantum curves for branes in non-periodic and periodic
toric strip geometries, and determine corresponding quivers. In section 3 we analyze transfor-
mations of brane partition functions under SL(2,Z) transformations and their wave-function
character. In section 4 we show how quiver A-polynomials transform under SL(2,Z) transfor-
mations. In section 5 we illustrate these considerations in various examples, including both
non-periodic and periodic strip geometries. In appendix A we provide more details on topo-
logical vertex formalism and compute amplitudes for branes attached to horizontal legs of a
strip geometry.

2 Brane amplitudes and quivers

In this section we compute topological string amplitudes for branes in “strip” toric geometries,
find corresponding quantum A-polynomials, and determine corresponding quivers.

2.1 Topological strings on the strip

In this paper we consider Calabi-Yau threefolds without compact four-cycles. They are also
called “strip” geometries, since their toric diagrams arise from a triangulation of a strip [19].
An example of a dual web diagram is shown in fig. 1 (we will loosely call such web diagrams
also as toric diagrams). Such diagrams can be thought of as a concatenation of trivalent
vertices. Each finite segment in such a diagram (spanned between two neighboring vertices)
is referred to as an internal leg and represents P* with a Kihler parameter Q;. In this work
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we consider lagrangian (Aganagic-Vafa [18]) branes that are represented by thick segments
attached to external legs of a toric diagram, see fig. 1.

Figure 1: Examples of a strip geometry with branes on external legs. Kihler param-
eters are denoted by Q;, each vertex is of type A or B, and the brane modulus is
denoted by x.

Closed and open topological string amplitudes for toric geometries can be calculated using
the formalism of topological vertex [ 14,20]. For strip geometries this formalism can be simpli-
fied as discussed in [19], see also [6]. In appendix A we review this formalism and generalize
it in order to take into account branes attached to non-vertical legs (which are attached to the
first or the last vertex in a strip). Here let us simply recall, that in this simplified formalism we
assign a type A or B to each vertex, in the following way. If a brane is attached to the first ver-
tex, its type is chosen according to fig. 2; if a brane is attached neither to the first nor the last
vertex, then the type of the first vertex is chosen as if a brane was attached to its vertical line,
and a configuration with a brane attached to the last vertex is discussed in the appendix A.2.
The types of the following vertices are assigned in such a way that the neighboring vertices
have the same type if a segment connecting them represents local geometry of O(0) ® O(—2),
and they have opposite type if the local geometry is of O(—1)® O(—1) type. Apart from Kéhler
parameters Q;, topological string amplitudes depend also on the coupling # which is captured
by g = e”, and we assume that |q| < 1. Furthermore, open topological string amplitudes that
involve a single brane depend an open modulus x (or a number of such moduli, for more
general brane configurations). Then, following the rules presented in appendix A, the open
string partition function for a brane in framing f, attached to the i-th external vertical leg,

takes form -~
_ +1 x"
Y= Z ((~1yrgrvr2y @, l_[in l_[Xij: (1)
n=0 9 9)n j<i j>i

where X;; are g-Pochhammer factors labeled by the indices of the distinguished vertex i and of
another vertex j, whose form is given in table 1. These factors depend on the types of vertices
i and j, and on the product of Kahler parameters Q;; = Q;Q; - Qj_;. There are four types of
these g-Pochhammer symbols: (Q;q),, (Q; q);l, (Q;q71),, and (Q;q* ;1, whose numbers we
denote respectively by a, b, c, and d. We also introduce the notationr =a+cands=>b+d,
and rewrite g-Pochhammers with the second argument q~! using the identity

(Q:q Y, = (=1)*q""=D2Q1 Q7 ), 2)
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With this notation, the expression (1) takes form

N —era (V) (@3 (@0 a0 (0215 )
] — _1)n n(n—1)/2 f+1 c+d(x6l 64 1:9)n a>%Y/n\71 >Y)n c n’
Wrilx) HZ:(;(( Ve ) (@GDn B D Bos (67500 (6719

(3
where ay, B, i, Ok are given by a string Q;; of Kéhler parameters and can be determined
explicitly for a given strip geometry and for a given position of the brane. Note that there are
r g-Pochhammer symbols in the numerator and s in the denominator. We also refer to 1 ¢ ;(x)
as the wave-function. For a special choice of framing f = b —a, the wave-function is simply a
g-hypergeometric function

ap ... ag gt vt Yl"'}’c:|

: C X
Bi .o By 670 ... 67076164

which generalizes an analogous statement in [6].

We stress that expressions (1), (3), and (4) are relevant for branes attached to the i’th
vertical leg. To obtain partition functions for branes attached to non-vertical legs (which arise
for the first and the last vertex in the strip), one simply needs to consider the amplitude (1) for
a brane on the same (the first or the last) vertex and change types of all vertices to the opposite
ones. This essentially changes the form of X;; and X;; factors given in table 1. Effectively, if
we start from the partition function for a brane on a vertical leg attached to the first or the last
vertex, and replace q by ¢! in all factors X; j or Xj;, then we obtain the amplitude for a brane
attached to the non-vertical leg.

Yp—a,i(X) = q4cPb+d [ 4)

ji

Figure 2: If a brane is attached to the first vertex, the type of this vertex depends on
the external leg to which the brane is attached. If a brane is attached neither to the
first or the last vertex, then the type of the first vertex is chosen as if the brane was on
its vertical line (i.e. as in the first or the third picture). The case of a brane attached
to the last vertex is discussed in the appendix.

Table 1: The contribution X;; to the open string partition function in a strip geometry
with a single brane attached to an external leg of the i-th vertex. Vertices i and j are
of type A or B, and the underlined symbol denotes the position of the brane.

Xij, i< ] Xji,i>]

.la (A,B) = (Qij;@n (A,B) = (Qji; Dn
¢ | (B,A) = Qiqa e | BA—= Qi My

s b | (AA)—(Qi;q),! (B,B) = (Qj; ;"
d | (B,B)— (Qij;a ;' | AA) = (Qji;a),*



https://scipost.org
https://scipost.org/SciPostPhys.10.2.051

Scil SciPost Phys. 10, 051 (2021)

2.2 Quantum A-polynomials

Having determined the wave-function (3), it is not hard to derive a difference equation it
satisfies. Writing ¢ ;(x) = >, Pax", we find that the summand p, obeys

Pra1 (1—q") 1_[(1 —Biq ")]_[(6 —q") = py(—1)f TImerdgnUied= ”1—[(1 aq")l_[(n—q
(5)

By multiplying both sides by x"*!, summing over all n, and introducing the operators X and
y acting respectively by Xf (x) = xf(x) and ¥ f (x) = f (qx), we find the following operator

ie9)=0-9] [o-g 1/5J)l_[(5 —g ) +H1) c+d>?l_[(1 aly)l_[(y ),

i=1
(6)
which we also refer to as a quantum curve or quantum A-polynomial [6,16], and which anni-
hilates the wave-function
A(x, y)yi(x) =0. (7)

In the classical limit ¢ — 1 the above operator reduces to the polynomial that defines the
classical mirror curve A(x, y) = 0; it has genus zero and takes form

b d a c
A, ) == [a=BN] J6i=+1Y x| Ja—an ] [ori—xy <. (8)
i=1 i=1 i=1 i=1

2.3 Relation to quivers

In turn, we now introduce quivers and the associated motivic generating series. The structure
of a quiver with m vertices can be encoded in a matrix C € Z™*™, such that C; ; denotes the
number of arrows from vertex i to vertex j. A quiver is called symmetric if C; ; = C; ;. Various
information about the moduli space of representations of a symmetric quiver is encoded in the
corresponding motivic generating series that takes form [21-25]

(_ql /2)Z§§=1 Cijdid;

dp

e xdm (9)

Pc(xl,...,xm): m

&y, (D, (459,

In particular, motivic Donaldson-Thomas invariants 4 4 .; that characterize such moduli
spaces are determined by a decomposition of this generating series into quantum dilogarithms

Po(xq,..., %)= l_[ l_[ l_[ (1 — ( d "Xm )qk+(j+1)/2)(_1)j+1Qd1,m,dm;j . (10)

(dy,...,d;n )70 JEZ k=0

In what follows we are often interested in the classical limit of the quiver generating series
1 0
PC(xl,...,xm)zexp(%S(xl,...,xm)+(’)(h )). (11D
To determine such a limit we introduce z; = e e C*, replace the sums over d; in (9) by

integrals over z;, rewrite the summand in the exponential form, and identify the action S as
the leading order term in the exponent

Z Cijlnz;Inz; +Z lnz In(— 1)CHx + Liy(z;) — L12(1)) (12)

l]l j=1
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The variables {z;}" | are determined by the saddle point equations dS/dz; = 0, which are
analogous to the twisted F-term condition with the action S playing a role of the twisted su-
perpotential W. These equations take explicit form

Ck’j
as ]_[kmzlzk
1= — | =(-1 CJ,J' — 13
exp(zjazj) (1) (13)

The action S can be also expressed purely through z;

1 m m )
S = - Z Cijlnz;Inz; —;le(l —2;), (14

i,j=1
where we used the Euler reflection formula
Liy(x) + Liy(1 — x) = Liy(1) —Inx In(1 — x). (15)

One of the main observations of this paper is the statement that the open string parti-
tion function (3) admits a representation in the form of the motivic generating series (9), for
appropriate quiver matrix C and appropriate identification of parameters. Such a quiver rep-
resentation, for a brane attached to the first (left-most) vertex of a strip geometry, was found
in [6]. We now find a generalization of that result to a brane attached to any leg in a toric
strip diagram; namely, we find that the wave-function (3) can be written in the form

’Y c-o’)/ _ _ _ _
P i(x)=P¢ (xﬁ,al,...,aa,'rll,...,’rc1,[31,...,ﬁb,511,...,5d1), (16)
1

where we use the following notation for the arguments of the motivic generating series
a=(q a,a), al=(qaa), (17)

and similarly for ,7,6. The quiver that determines (16) is represented by the following
matrix of size m =14 2r +2s

2 2
fH+l—c+d| vi vy®
(v12r)T A2r 02r,25 , (18)

(VZS)T 025,2r AZs
2

C

where

v¥"=(0,1,0,1,..,0,1), v2"=(1,0,1,0,..,1,0), A®*=diag[1,0,1,0,..,1,0], (19)
v v %_/

2n 2n 2n

and 0%™?" is the 2m x 2n matrix with all elements being zero, while T in the superscript
denotes the transposition of a vector.

The above quiver generating series in fact factorizes into a number of universal g-Pochhammer
factors and the remaining part, which can be written in terms of a smaller quiver matrix of
sizel+r+s

l_[;'lzl(aj;q)oo l_[;:1(}/j_1§q)oo y
l_[;')=1(ﬂj; q)oo l_[;l=1(5j_1; q)oo

’Y chY _ _ — J—
x Pes (x(sl—(;,al,...,aa,yll,...,yc1,q1/2/51,...,q1/2/3b,q1/2511,...,q1/25d1) ,
L0y
(20)

“’bf,i(x) =
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where
f+l—c+d| v | v*
C/ — (V/F)T or" | O™ , (21)
(v/S)T o5’ A/S
and
m=1,1,..,1), A" =diag[1,1,...,1]. (22)
~—— —
n n

Note that the size of a quiver represented by C or C’ depends only on the number of vertices
in the strip geometry, and not on the location of a brane. However, the structure of the quiver
generating function depends on the number of g-Pochhammer factors in the numerator and
denominator (respectively r and s), which do depend on the brane location. The rules of
table 1 imply that if we change the brane position from one vertex to another of the same
type, the quiver stays intact. It changes, if we change the brane position to a vertex of another
type.

In fact, the quiver matrix (18) is the same as the one found in [6] for a brane attached to
the first vertex. Therefore more general brane partition functions that we find now (16) differ
from those in [6] just by rescalings of quiver generating parameters. In particular this implies,
that open BPS invariants (LMOV invariants) assigned to the branes that we consider now are
given by an analogous formula as in [6], up to some straightforward redefinitions.

Let us also note how the action (12) simplifies for quivers corresponding to strip geometries
(18). In this case quiver matrices have non-zero elements only in the first row and column
and on the diagonal, so we can write

S=——C11(lny) —Liy(1— y)+ZS,, (23)
j=2
where c
Sj:—Cl,jlnyhlz]'_%(anj)z—Liz(l—Zj), j:2,...,m (24)
and 28
= — ). 25
y=exp(x37) (25)

Furthermore, looking in detail at non-zero entries, we find that

5= U Ly 1y (= )+ D st + s - Zs(/s]) S, 26)
j=1 j=1 j=1
where
s(xj)=—InyIn(1—x;y) —Liy(x;y) + Liz(x;). (27)

From this action we can also compute a general form of the A-polynomial

a- y)ﬁ(l /s]y)ﬁ(l—s y)=(- 1)Cnxycnx]—[(1— ]y)ﬁ(l 17ly), (@28)

j=1 j=1

which is consistent with (8), upon a correct specialization of variables.
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2.4 Periodic chain geometry

One important class of examples that we consider in this work are toric manifolds encoded
in periodic toric diagrams. Among others, using such manifolds one can engineer various
interesting supersymmetric gauge theories [26]. In what follows we consider wave-function
transformations for periodic chain geometries defined by identifying the external line along
the horizontal axis, as in fig. 3. It is sufficient to focus on geometries with arbitrary length 2N
(i.e. with 2N Kahler parameters Qi,Qi fori =1,...,N), with an interlacing pattern of ver-
tices ABAB..... Indeed, note that all compactified geometries are related to those with vertices
of type ABAB... by flop transitions, for the following reason. In order to glue the external
legs along the horizontal line, the corresponding Newton polygon must be a parallelogram,
and in this case we can compactify the horizontal line by identifying the upper and bottom
corners of the parallelogram. By utilizing the periodicity, geometries encoded in various paral-
lelograms are all equivalent to the geometry encoded in a rectangle, and its all triangulations
can be related by flop transitions to the triangulation which corresponds to ABAB ... geometry.
Therefore understanding the class of ABAB. .. geometries is sufficient.

Figure 3: The periodic chain geometry with a lagrangian brane. The dashed line
denotes the compactification along the horizontal line.

Consider the open string partition function for a brane attached to the first vertex. It has
also been calculated in [27], and takes form

[e3e) oo N
_ _1yrgnn-n/2)f X (Pop™ 5 )n(Py P97 M), -
Wy (x) HZ:(])(( )'q VG q)nl_llg B e, @

where p = 1_[1 1Q; Q;, and using Kronecker 6, ; we have

b1 b1 b1
Py =Qy l_[Qka, By = (gp)* l_[Qka By =q l_[(Qka)_l- (30)
k=1 k=1 k=1

We find that this wave-function is annihilated by the following quantum mirror curve

H(Z,7)= 1_[9(q P10+ B, ) + (1) Mf“]_[e(Pby), (31)
b=1 =

where we define the theta function

0(x) = (03 D)oo (PX 5 P)oo- (32)

Note that in the limit p — 0 we have 8(x) — (1 — x), i.e. a periodic chain becomes a non-
periodic one.
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Furthermore, we find that (29) can be written in a form of a quiver generating function,
with a quiver of infinite size. To this end we use first the {-function regularization and rewrite
(29) in the form

& B (TTo=r(PePY2x)" 22 A (Pp™ 1 q) (Pbp—m-q)
r() =D (g2 T a—
=5, it

O m=1b=1 (Bpp™1;)a(P, p @),

N
=po(] [(PB})"*x,P.R,S,T), (33)

b=1

where
p={qV?Pp",Pp" 1, b=1,..,N, m=1,..,00}, (34a)
R={q¢*P,p™,Pp ™, b=1,..,N, m=1,..,00}, (34b)
s={qV?Pp™ Y, Bp™ L, b=1,..,N, m=1,..,00}, (34¢)
~—1 ~ -1

T={q V2B, p B P b =1, N, m=1,..,00}, (34d)

and the quiver matrix C is given by an infinitely large generalization of (18)
f+1| v | v}

C=| (wphr| a* |o™" . (35)

(v2 )T On,n An

n—>oo

Note that infinite products over m = 1,..., 00 in (33) can be written in the form of the theta
function, and then the wave-function can be expressed as an elliptic hypergeometric function.
The regularized wave-function (33) is annihilated by the quantum A-polynomial

N
NN ~ RPN ~—1 1~
A(x,y)=(1—y)]_[(quy;p)oo(qP’b PP oot
b=1

+(-1Y l_[(PbP ) 2xyi ]_[(Pby Poo(Pop ™ V50 oo,
b=1 b=1

(36)

and this operator is a regularized form of (31).

3 Wave-function behavior and SL(2,Z) transformations

In [14, 15] it was conjectured that topological string partition functions for branes in toric
Calabi-Yau manifolds have wave-function character. This implies that partition functions for
different branes in a fixed toric geometry can be regarded as wave-functions in different polar-
izations, and can be related by SL(2,Z) transformations. Such a transformation, correspond-
ing to a change of a position of a brane from the i’th to the j’th vertex, can be implemented
via an integral transform

'l.bj(xj)'\’f dx;K(x;j, x; ) (x;), (37)

where C;; is an appropriate contour and the kernel

K(xj,x;) = exp( (d(lnx )2 —2Inx; Inx; + a(lnxj)z)) (38)

10
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is determined by a, c,d € Z that specify an element of SL(2,7Z)

K (a (ad—l)/c>. (39)

c d

Recall that all elements of SL(2,7Z) are generated by two generators

(0 1) (1 0)
S = T = , (40)
10 11

which satisfy S = —1 and (ST)® = —1.

In [15] the above statement was verified for C* and the conifold geometry. To this end
an appropriate framing was chosen, for which open topological string partition functions for
these two manifolds are captured by a finite number of LMOV invariants and can be written
as a product of a finite number of quantum dilogarithms. In this case the integral in (37) can
be evaluated, at least formally, in the exact form, by the analysis of the g-expansion of open
partition functions.

In this work we are going to confirm the above conjecture for arbitrary strip geometries,
including periodic chains, for branes at various positions and in arbitrary framing, and also
to provide quiver interpretation of these transformations. For arbitrary strip geometries the
number of LMOV invariants is infinite, and the integral (37) cannot be evaluated exactly.
However, we will verify the transformation rule (37) in the classical limit, which is possible in
such a general case. The analysis in this section relies on the quiver representation of brane
partition functions discussed in section 2.3 — namely, we identify which SL(2,Z) operations
preserve such an underlying quiver structure of the brane wave-function.

In the quiver interpretation (16), the open modulus x of a brane is identified with the
quiver generating parameter x;. Let us therefore consider the wave-function identified as

Y(x) = Pe(x,xq,...,X,) = exp (%S(x) + (’)(ho)), 41)

where the action S(x) is the corresponding specialization of (12). A function that is a solution
to the classical A-polynomial equation (mirror curve equation) A(x, y) = 0 takes form

p cee
y(x) = lim ,llb(qx) = lim C(qX,XZ; 5xm) — exp(
-0 P(x)  m=0 Po(x, X9, ., Xy)

as

For ¢(x) in (41) and a general kernel (39), the transformation (37) in the classical limit takes
form (for a similar analysis see e.g. [28])

f dxK(x", xp(x) = f dx exp (%(S(x) + % (d(Inx)*—2InxInx’ +a(lnx’)?) )) (43)

The saddle point condition reads

/
8S(x)+gln_x_llnx _o 44)
dx c X c X

From the relation (42) we get x’ = x%y° (for x # 0). Solving this relation for x yields
x = x(x"). The result of the integration is then

f dxK(x’, x)(x) = exp (%S’(x’)), (45)
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where we define the transformed action S’(x”)

S'(x")=S(x(x")) + Zi (d(Inx(x"))*—2Inx(x")Inx’ +a(lnx')?). (46)
c
It then follows that

aS’(x")
’r_ ’ — —1/cyrafc _ (da—1)/
y —exp(x o )—x Cx’'4e = xlaamHie

/ ax(ad—l)/c
(y’):(y ¢yd =Kx Y ’ (48)
x yx x

where K € SL,(2,7Z) is given in (39) and we introduced the notation

a B\ (¥ yOxP
(Y 5)*(X)=(W5). (49)

The above analysis shows how a wave-function y(x) and a pair (x, y) are transformed into
Y’(x") and (x’, y’) on the classical level. However, for a given kernel K, there is no guarantee
that the resulting wave-function 1’(x’) can be also written in the quiver form. Nonetheless,
we know that brane partition functions can always be written in quiver form (16). It follows
that not all, but only some special subset of SL(2, Z) transformations, corresponds to changing
a brane location. Let us now show that transformations that lead to 1’(x’), and which can
be written in a quiver form, are combinations of T and S? operations, while transformations
generated by S arise only in a very special case.

Consider first T transformation. Applying it n times yields (i’:) =T"x (i) = (x);,n), which
corresponds to a change of framing by n. This transformation changes only x variables and
modifies only the first saddle-point equation, which then turns into

v “47)

Altogether we get

m
C.
1—y = (=1)x/(y)r l_[zj T, (50)
j=2
This transformed equation corresponds to a quiver C’ such that C ]/',k = Cjr—nbj;16;; (and

with an additional rescaling of the x] by (=1)). For us it is crucial that the transformed
quiver C’ exists, which asserts that T" is an allowed transformation. Equivalently, this can be
argued by the analysis of how the classical action transforms. The original action (23) after
T" transformation takes form

§'(x") = S(x(x") + %(ln x(x)/x')? = —%(Cm —n)(Iny')* = Li(1 — y")+

m 1 m m (51)
—» Cy;lny’'Ing; — = C;:Inz;lnz;— » Liy(1—z2,),
; 1, Yy i 2 ijzzz i,j i j J:ZZ 2( ])

which indeed corresponds to the action associated to the quiver C’ given above. For the motivic
generating series we therefore confirm (at least to the leading order) the relation

(T c)(x) = Pe((=1)"x). (52)

Consider now a single S transformation (i’:) =S *(i’) = (y)ﬁl). The transformed action takes
form S’(x") = S(x(x")) + Inx Inx" and exchanges the role of x and y, so that it is difficult to
infer about the general structure of S’(x’). To get a better understanding of the problem let
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us consider a few examples. First, consider an A-polynomial which is symmetric in x and y.
Inspecting the general form (8) of the A-polynomial for the strip geometries we see that such
a symmetry requires that the kernel (39) and framing f are of the form b =d =0, f =c—1
and either a = 1,c =0 or a = 0,c = 1. In these two cases, A-polynomials read respectively

Ax,y)=1-y—x(1—ay), Alx,y)=1—y—x(y—y). (53)

These A-polynomials correspond to the conifold, which we analyze in more detail in sec-
tion 5.2. Therefore we see that S transformation is relevant at least for the conifold geometry.

In turn, consider two simple examples associated to a quiver with one node. For C = (0) the
saddle-point equation takes form 1—y = x and the classical action reads S(x) = —Liy(1—y) =
—Liy(x). After S transformation they turn into 1 —y’ = % and

S'(x)=S+InxInx’ =—Li,(1—1/x)—In(1 —1/x)In(1/x") = Li,(1/x") —Liy(1). (54)

This action is related to a one-vertex quiver C’ = (1). Indeed, for this quiver the saddle-point
equation takes form y = 1/(1—x), and the classical action reads S(x) = —%(ln ¥)2—Liy(1—y) =
Li,(1—1/y) = Liy(x). Ultimately, S transformation relates quiver (0) to quiver (1) and inverts
the argument

(St o) (x) = "M/ h (™). (55)

As the second example of a quiver with one vertex, consider the case C = (2). The saddle
point equation reads 1—y = xy? and the action takes form S(x) = —(In y)?—Li,(1—y). After
S transformation we get the corresponding saddle-point equation y’ = x’(x’ — 1) and action
S’(x) = —(Inx)? — Li,(1 — x). In this case the resulting curve y’ = y’(x’) does not satisfy the
condition y’(0) = 1, which quiver A-polynomials should necessarily satisfy. This means that in
this case the S transformation yields a wave-function which is not associated to a quiver. This
shows that S operation corresponds to changing a brane position only in some special cases
(like the conifold geometry mentioned above), but not in general.

Finally, consider S? transformation (i:) =852« (i’) = (i ,1) It corresponds to the element
(39) with a = d = —1 and then setting ¢ = 0, so that (ad—1)/c = 0. The corresponding kernel
can be identified as K = exp( — ﬁ(ln(xx’ ))2), where we keep ¢ # 0 as a regulator. In the
limit ¢ — 0 the kernel localizes the integration to In(xx”) = 1, which indeed yields x’ = x~!.

The result of the action of S? is then
10! 2 / 1 /—1
() = (SP)) ~ exp(5G). (56)

Therefore, the resulting partition functions is described by the same quiver, merely evaluated
at the reciprocal point. The transformed action can be rewritten as

S'(x")=S8(1/x")=

1 ‘ m 1 m m .
= —ECl’l(lny)Z—Ll(l — 1/y)+ZC1’l lnylnzi— E Z Ci,j anl' anj—Zle(l—Zj)

i=2 ij=2 =2
1 m 1 m m
= _E(Cl’l + 1)(1ny)2 + Ll(l _y) + Z Cl,i lny lnzi — 5 Z Ci,j lnzi anj — Zle(l _Zj)’
i=2 ij=2 j=2
(57)
where we used that y(x"™!) = y’(x’)"! and the Landen’s identity
1
Li(l—z)+Li(1—1/z)=—§(lnz)2, 2z > 0. (58)
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This transformed action is encoded by the same quiver, simply with the argument evaluated at
the reciprocal point. We can also check that the resulting form of the partition function is con-

sistentwith y’ = y~'. We have y’ = lim,_,; % = exp(x’9,/S(x'™1)) = exp(—x3,S(x)) = y 1,
as expected.

Finally, let us also note that to move a brane around a strip geometry we need to slightly
enlarge a set of allowed transformations, by including rescaling of the variables Kdhler param-
eters. A general transformation that we need to consider takes form

y' =Qyx e =Qycx. (59)

It is not hard to see that corresponding integration kernel, generalizing (38), takes form
/ 1 2 —1 / —1 \\2 1 /
K(x,x")= exp(ﬁ(d(lnx) —2InxIn(Q x)+a(n(Q x))*+ = logQlog x ) (60)
c

The saddle-point equation with this new kernel reads cxd,S+d Inx— % —ln(Q—lx’) = 0, which
indeed leads to the correct relation for x” in (59). The resulting classical action is

S'(x")=S(x(x"))+ % (d(ln x(x))? —21Inx(x") ln(a_lx’) + a(ln(Q—lx’))z) +logQlogx’.

(61)
From the transformed action we find, also in agreement with (59)
a5’ (x’ 1 —
y' =exp (x'ﬁ) = exp ( — Zhx+2 In(Q 1x’) + logQ) = Qy?x(ad-D/e, (62)
dx’ c c

In conclusion, only a subgroup of transformations generated by T and S? acting on a quiver
generating function results also in a quiver generating function, associated to a transformed
quiver, possibly with rescaled variables. This conclusion is consistent with the behavior of
quantum A-polynomials analyzed in the next section.

4 (Quantum) A-polynomials and SL(2,7Z) transformations

In this section we confirm the wave-function character of brane partition functions from an-
other viewpoint, by considering the effect of SL(2,Z) transformations on quantum
A-polynomials. We first argue that, in general, only T and S? transformations preserve the
structure of A-polynomials and thus are allowed. Subsequently, we explicitly identify the op-
erations that correspond to changing the position of a brane. We show that moving a brane
from one toric leg into another one can be interpreted as an action of the following elements
of SL(2,Z): the identity when a brane is moving between two vertices of the same type, S
when it is moving between vertices of different types, and T°~" when it is moving between two
external legs of the first or the last vertex in a strip. Note that in general there is no operation
on a brane that corresponds to the action of a single generator S; as we show below, such an
operation arises exceptionally only for the C* or conifold geometry. These results agree with
what we found in section 3.

4.1 Action of SL(2,Z) on A-polynomials

We consider first how mirror curves, or equivalently quiver A-polynomials, derived in section
2.2, transform under the action of SL(2,Z). We consider the action of generators S and T and
the action of S2. Under the action of T, the operators (x, y) transform as

(%,3) > (X7,5), (63)
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which corresponds to increasing framing by one, which can be always conducted.
The action of S, which takes form

®3) > (G L%), (64)

is more subtle. It is sufficient to consider the classical case. Note that A-polynomials found in
section 2.2 have the following general form

A(x,y)=P(y)+xQ(y), (65)
so that after the S-transformation we get
s _ _
A(x,y) = P(x)+y'Q(x) = y 1 (Q(x) + yP(x)). (66)
For the right hand side to be also of the form (65) we need to ensure that
Q(x) = CiW(x)(1 + €1 x), P(x) = CoW(x)(1+ €eyx), (67)

where C; and €; are some constants and W (x) is another polynomial in x, so that the resulting
polynomial (up to an overall factor) is of order x

CiW(x C Cye€
- ( )(1+C—2y+C161x(1+C2 2
1 1€1

¥y HQ(X)+yP(x)) = ¥)). (68)

The question is then, when the condition (67) can be fulfilled. We have

_1)f—c+d Xf+1+d_c n?:l(]‘ - aix) l_lle(}/i _X)
T—x [T0,(1— BT, (6:—x)

First, we need to fix the framing as f = ¢ —d — 1, so that the leading term is 1. Then, for the
equality to hold, the necessary condition is that the orders of the rational functions match. For
€; # 0 this leads to the condition a + ¢ — b —d = 1. Additionally, for b,d # 0 this requires
pairwise cancellations and therefore cannot hold for arbitrary values of Kihler parameters.
Analogous arguments exclude special cases €; =0 or €, = 0.

Finally, consider the case €; # 0 with b = d = 0. In that case, given thata+c—b—d =1,
we have two possibilities, either (a = 1,¢ = 0) or (a = 0,c = 1), and we find respectively

Qlx) Cil+ex
P(x) Cyl+eyx

( (69)

Cil+ex  1—oax Cil+ex  vy—x 70)
Cyl+ex  1—x’ Cyl+ex  1—x
These conditions are solved by (% =1,e; =—a, e, =—1) or respectively (% =—y 1
€, =—y"1,e, =—1). The S transformation then yields
s _
(a=1,c=0): I—y—x(1—ay) = y '(1—y—x(a—y)), (71)
S _ _ _
(@=0,c=1): 1-y—x(r—y) > -y (A—y"'—y"'x(0~-y), (72

and in the second case further rescaling x — yx and y — yy brings the A-polynomial to
the canonical form —y ! ((1—y)—x(1—7yy)). Note that these two special cases correspond
simply to the conifold geometry, which was the main example analyzed in [15]; for more com-
plicated strip geometries branes do not transform simply under the S operation. Furthermore,
note that for these two special cases, S? has the same effect as the identity transformation and
produces the original A-polynomial.
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Let us also consider the action of S? for a generic strip geometry

&9 S &Ly, 73)

for which the quantum A-polynomial (6) transforms into

b

c a d
7 [l_[(l —y D[ J@—»+ ez -n[ Ja-san] [ s - y)] g (74)
i=1 i=1

i=1 i=1

This is almost the correct form, apart from the absence of (1— ) in the first term and the pres-
ence of (1—¥) in the second term. This can be fixed by rescaling ¥ by y; or a; and extracting
(1—5¥) in front of the product. At the same time the other “wrong” factor can be incorporated
in one of the products, bringing the expression to the right form. Therefore S? transforms a
geometry characterized by (r,s) into a geometry characterized by (r' =s +1,s' =r —1).

To sum up, the structure of A-polynomials is always preserved by T and S? transformations
(and their compositions). This structure in general is not preserved by a single S operation,
which makes sense only for C* or resolved conifold geometry.

4.2 Moving to another vertex

We analyze now how moving a brane from one vertex to another is represented by elements
of SL(2,Z). Denote by A;(X;,¥;) the quantum A-polynomial annihilating the wave function
with the brane at the external leg of the i-th vertex. First, consider moving a brane one vertex
ahead, from the i’th vertex to the (i + 1)’th; these vertices can be of type A or B.

Consider the case when both vertices are of type A. We distinguish contributions from
vertices preceding the vertex i, from vertices i and (i + 1), and from vertices succeeding the
vertex (i + 1). First, contributions from vertices preceding vertex i can be of two types, either
(A;,A;) or (Bj,A;) (where the underline denotes the location of the brane). When we move the
brane to the (i + 1)’th vertex these two types change into (A;,4; ;) or (B;,4;, ) respectively.
From the table 1 it follows that this results in extending the string of Kéhler parameters from
Qji to Qj 41 = Q;;Q;. Similarly, contributions from vertices succeeding the (i + 1) vertex
simply change corresponding Kidhler parameters by removing the factor Q;. Therefore, apart
from rescaling of some Kéhler parameters, the structure of the part of the A-polynomial coming
from these vertices does not change.

Consider now the pairing of the two vertices involved in the brane movement. The original
contribution (A;,A;;1), which is of type 3 with parameter Q;, after the movement changes to
(A;,A;,,) which is of type 6, again with Q;. This changes the structure of the A-polynomial:
the factors (1—;)(1—q'Q;¥;) get replaced by (1 —¥;,1)(Q; — ¥;+1). This implies the trans-
formation ¥;,; = ¢'Q;¥;, so that we find

1-7)1—-q7'Q¥) =9Q ' (¢'Qi = Y1) )1 =iz 1) ~ 1= ¥11)(@ ' Qi = ¥iy1),  (75)

where in the last step we commuted the two factors and dropped an irrelevant constant. In
the resulting A-polynomial Kihler parameters are rescaled by a factor g1, while rescaling y;
introduces an extra factors Q; in the x-dependent part of the A-polynomial. These factors
can be absorbed by a redefinition X;,; = Q{ +1+d_c)?i. Ultimately, the transformation between
(¥i,x;) and (¥;41,X;41) involves only rescaling of variables, which in the language of SL(2,Z)
corresponds to the unit operator.

Consider now the case when the (i + 1)’th vertex is of type B. Contributions from vertices
of type A preceding the i’th vertex change from type 6 to a, whereas from vertices of type B
change from y to 8. Corresponding Kdhler parameters are again rescaled by Q;. Similarly,
contributions of type 8 from vertices succeeding the (i + 1)’th vertex change into y, and those
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of type a change into &, and Kihler parameters are divided by Q;. The contribution from
the vertices involved in the brane movement does not change. Overall, we see that in the
A-polynomial contributions of type 3 and v, as well as a and &, are exchanged. To achieve
such a transformation by a change of variables, the operators must be related as y; ; ~ yi—l
and X1 ~ )’Ei_l (possibly with extra rescalings, and additionally Kdhler parameters before and
after the transformation must be matched). Such operation is captured by the transformation
$? from the point of view of SL(2,Z).

In two other situations, when the i’th vertex is of type B, analogous analysis reveals that
when the succeeding vertex is of type A the transformation is S, whereas it is the identity
when the vertex is of type B.

To sum up, moving a brane one vertex ahead in a generic strip geometry is captured by
the identity or S2. Moving the brane further is then captured by combining these two trans-
formations, which overall still results in the identity or S? transformation.

4.3 Moving within the vertex

In turn, we analyze moving a brane with the same vertex (thus necessarily the first or the last
vertex) in a strip geometry. Consider first a brane of type A attached to the first vertex. If
we move the brane to the other leg, the Kdhler parameters remain intact, while the type of
the vertex — and thus all the pairings — change. It follows from table 1 that such a transfor-
mation changes a contributions to y, and 8 contributions to §, and the two corresponding
A-polynomials read

An(Fn 7a) = (1— yA)]_[(l ¢ BT+ (- 1)fo]_[(1—ayArf“,
(76)

AB(XB yg)=(1— yB)l_[(5 —q 13;3)_,_( 1)f S+ l_[(Yl yB)Af+1+r—s
i=1

The transformation between variables and identification of the Kdhler parameters take form
r
s l_[i=1 Yi
S >
ni:l 5 i

Up to this identification of the Kéhler parameters the two wave functions are thus simply
related by T"*. This can be seen explicitly also from the transformation of the wave function

Xpo=Xpyg * - (=1) Ya=Ys Bi=6;", a;=7;" (77)

— S _1\n,n(n—1)/2 f+1 x;\l (alaq)n-“(aa)q)n
Vralbe) =2, (' ) G Brthe o Boa) 78)

)f+1—r+s( 351 ) (Yl @D - (YC_I,Q)H
(q:q)n (51 ,q)n...(6_1,q)n’

Prplxg) =Y ((=1)iq /2 (79)
n=0

which is nothing but a change of framing, indeed represented by T"*. This transformation
does not change the underlying quiver.

5 Examples

In this section we illustrate earlier considerations in a number of examples.
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51 ¢C3

A diagram for C geometry is shown in fig. 4. The partition function for a brane attached to
any of the external legs takes form

oo

b= (Eorg oy 2 g, o
n=0 >1/n

and can be identified as a generating function (16) associated to a one-vertex quiver encoded
in the matrix C = (f + 1). The partition function for an antibrane takes an analogous form

oo

* — —1)" n(n—1)/2 f x" — —f/2 81
P (x) ;)(( )q )(q;q)n Pc(g/2x), 81)

simply with C = (f), i.e. the framing is changed. For f = 0 we simply have ¥ *(x) = v(x)~".
Quantum A-polynomials annihilating these two partition functions read

ARV =1-y+Y 3y, AR =1-7+1D %y (82)

Figure 4: Toric diagram for C3 geometry.

For C3, if we change a location of a brane, its partition function does not change, so from
SL(2,Z) perspective this is just an identity operation. We can however interpret a transforma-
tion of a brane into an antibrane in this language as a power of T transformation

(y/) _ Tf+1_f/ " (y)’ Tf+1_f/ =( 1 O)’ (83)
x! X f+1—f" 1

(T ) (x) = (=1 ). (84)

so that

5.2 Resolved conifold

Let us discuss transformations of branes in the resolved conifold geometry. They were also dis-
cussed in [15] on the full quantum level, for an appropriate choice of framing. For complete-
ness we discuss this example from our perspective, however considering also (more generally
than in [15]) an arbitrary framing and invoking the relation to quivers.

For resolved conifold there are 4 external legs and thus 4 possible brane locations, whose
wave-functions we denote by ;(x) for i = 1,...,4, as shown in fig. 5. These partition
functions are pairwise equal, Y;(x) = Y5(x) and ¢3(x) = ¢4(x), and can be written in the
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form of quiver generating functions as follows

9100 = 2 ('Y (@ = P (P Q.Q) (85)
n=0 >1/n

ha(x) = Y ((~1)g /2y %(Q‘l;q)n =P,,(xQ,q ?Q7L,Q7D),  (86)

n=0

where the corresponding quivers are encoded in matrices

f+1 0 1 f o1
=l o 10 C,=|0 1 o]. (87)
1 00 100

Comparing with general notation introduced in (16), these results correspond to a choice of
a; = Q for Y;(x) and y; = Q for ¢5(x). Furthermore, we find the following the quantum
A-polynomials

A Y)=1-F+ (121 -Q)y'™, A, y)=1-F+(1)/'x(Q—-7)y'. (88)

Figure 5: Toric diagram for resolved conifold.

Consider now f = —1. The transformation from position 1 to 3 is given by
X3 =qy1, 3’\32551_1, fs=f+1, (89)
as can be checked by performing the transformation for the quantum A-polynomial
A (%1, 7)) = 1-3,—-%(1-Q¥))y; = _yg_l (1 —Y3— fs(q_lQ—}A’?))) = —5’\3_122(3?33’\3), (90)

where the resulting quantum curve has framing f’ = 0 and a slightly shifted Kéhler parameter
q~'Q. In the classical limit this transformation is implemented by S—*

D6 )

We can confirm this also by the analysis of classical actions. For 1;(x;) in framing f; = —1
the action takes form
S1=-Liy(1—y;) —Iny; In(1 —Qy;) —Li(Qy;) — Lz (Q). (92)
1—Qx3

The transformed action, with y;(x3) = a=d=0,c=1,x3=y;,y3=1/x,, and using

(15), takes form

1—x3 2
S1 =351 —Inx;Inx; = —Liy(1—x3) —Inx’In(1 —Qx3) — Liy(Qx3) + Liy(Q) + In y3 Inx3 =

= —Inx3In(1 —x3) — Li(1 — x3) — Li5(Qx3) + Li5(Q) = Liy(x3) — Li(Qx3) + Liz(Q).
(93)
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Let us compare this S] with the action S3 for 1),(x) in framing f; = 0. Using dilogarithm

identities and the relation 1:,2' 75 = Qx3 we get
Sy =—Iny;In(1—Q "y3) —Lip(1—y3) —Liy(Q ' y3) + Lir(Q™") =
(1 . 1-y3 ) .(1 1-Y3 ) |
=—Lis| = | —Liy [ m———= |+ Liy | =———— | +Li,(Q ") = 94
(o)1 500) 1 (g e ) 1@ od
= —Lip (Qx3) + Liy (x3).

Comparing with the equation for S/ it indeed follows that (S, )(x) = b 20/ M4 (x).

In turn, we consider the effect of S transformation (iz) = (;_11). The transformed action
1-x3 _ 1-1/x3 '
Q—x3 ~ 1-Q/x3’

(a=d=0,c=-1), using y3(x3) = takes form

Si =8, +Inx;Inxg =Inx3In(1—Q/x3) —Liy(1 —1/x3) —Liy(Q/x3) + Li5(Q) + In y5 In x5

= Lip(1/x3) — Lio(Q/x3) + Lip(Q) — Liy(1).
(95)

Comparing this expression with S, we have S7(x) ~ S3(1/x) or Sp;(x) = eAS/h’lljg(]./X). We
also know that $2;(x) ~ 1p1(1/x). As a consistency check, we can write S~! = §52, which
yields

S71p1(x) = 58?41 (x) ~ S1p1(1/x) ~ 1 (x). (96)

5.3 Resolution of C3/Z,

The next example we consider is a resolution of C3/Z,, see fig. 6. Analogously as in the
conifold case, partition functions for branes attached to external legs of a toric diagram for
C3/Z, are pairwise equal, and their two independent forms can be written in the quiver form

Pi(x)=Pe (g7 '%,g7*QQ),  Ya(x) =P (g 'xQ L ¢"*Q7hQh), 97

with
f+1 1 0 f 10
= 1 10|, c=|11 0], (98)
0O 00 0 0 O

which corresponds to 8 = Q and & = Q respectively in our earlier notation. The corresponding
classical A-polynomials are

A y)=1—-y)A—-Qy)+ (1 xy ™, Ay(x,y)=(1—-y)Q—y)+ (1) xy’.

(99)
The transformation from position 1 to 2 corresponds to the following identification
x1=Qx,  y1=Q'ys  fi=fo—L (100)
Under this transformation A-polynomials transform as
Ay(xnyD) = (1= y)(A = Q) + (1) ] =
(101)

= Q7 ((1—y)(1—Qya) + (12 ay) ) = Ag(x2 ),

which represents the identity transformation in SL(2,7Z), up to rescaling of variables by the
Kihler parameter Q. The transformation (100) can be also written as the identity y;(x;) = Q™
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Figure 6: Toric diagram for a resolution of C3/Z,.

¥2(Q~f x1) with y;(x) being solution to A;(x;,y;) = 0 with framing f;, and y’(x’) being a
solution to A,(x,,y,) = 0 with framing f, = f; + 1. The classical actions for the two cases
above are

fit+1l
2

Sy(xp) = —% (Iny,)* +Iny,In(1—Qy,) —Liy(1 — y,) + Li(Q 'y,) —Li,(Q71),  (103)

(Iny;)* +Iny; In(1—Qy;) — Lip(1 — y;) + Li(Qy1) — Liy(Q), (102)

S1(x1)=—

and the kernel that implements the transformation from position 1 to 2 is

1 b 1
K(xz,xl)zexp(ﬁ(ln Qfl )2+ElnlenQ). (104)
1X2

In the limit ¢ — 0, this sets that x; = x7(x5) = Q/1x,. The transformed action is
S1(x2) =81 (x1(x5)) +Inx, InQ. (105)

Again, using that S; depends on x; only through y;, the relation y;(x;(x5)) = Q 1y,(x,),
dilogarithm identities, and A,(x5, ¥5) = 0 we find

S;(xz) = —%(ln %)2 + ln% In(1—1y,) —Liz(l - %) + Liy(y,) —Lis(Q) +1Inx,InQ =

1—y,)(1—-Q!
:_E(IHQ_lyz)z—anln( J’z)(x2 Q' y2)

+1Iny,In(1—Q ty,) —Li(1 —y,) — Lir(Q) =

+Li(Q 1 yy)+

= 5,0~ 2 (@)’ - 11,(@) + L@~ In@In(-1Y"
Therefore
(Kep1)(x) ~ exp (%( — % (InQ)*— Liy(Q) +Li(Q ™) —InQIn(—1)2) Jip,(x).  (106)

5.4 Toric manifold with two Kihler parameters

As one other non-trivial example we consider a toric manifold with two Kdhler parameters,
captured by a diagram shown in fig. 7. There are 3 inequivalent brane positions, whose
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wave-functions can be written in a quiver form respectively as

oo

— __1ynn(n—1)/2 f+1 x" (leq)n —
wl(X) HZ:(:)(( 1) 1 ) (q’q)n (QlQZ’q)n

= PCA(q_(fH)/zX; q—l/sz Q1, q_l/ZQle, Q1Q2),

oo

90 = 2 (12 EE 0y, 00,00, 0 =
n=0 1/n

= Pc, (¢ YV V2xQ,y,7%Q1,Q1,a72Q51, Q5 Y,

oo

— __1\nn(n—-1)/2 f+1 x" (QZ,q_l)n —
W) ;:)(( V' ) (@59)n (Q1Q2,97 1)y

= Pc, (V™ 2xQ7Y, ¢72Q71, Q7 a2, Qg Y,

for quivers

f+1 0 1 1 0 f 01 01

0 1 0 0O 01 00O

Ca= 1 0 0 0 0f, Cg=|1 0 0 0 O
1 0010 0 0010

0 0 0 0O 1 00 0O

(107)

(108)

For 1)1 (x) we identify parameters as a = Q; and 8 = Q;Q,, for ¢,(x) we identify a = Q;
and y = Q,, and for vy 3(x) we identify y = Q, and 6§ = Q;Q,. The wave-functions for branes
at two other locations are related to those above as Y 4(x) <= ¢ 1(x) and 5(x) <= Y 3(x), in

addition with exchanging Q; < Q5.

Figure 7: Toric diagram for a toric manifold with two Kéhler parameters.

The classical actions S; for 1;(x) are

f+1
2
—Lis(Q1y) + Lis(Qq) + Liz(Q1Q2y) — Liz(Q1Q3),

Sy(x) =— g(lny)2 —Liy(1—-y)—InyIn(1-Q;y)—InyIn(1—-Q; y)+

—Lip(Qqy) +Liz(Q;) —Lix(Q, ' y) + Lir(Qy ),
f+

2
—Lip(Qy'y) +Lin(Q,") + Lin(Q, Q5 y) — Lin(Q, Q5 1.

S1(x)=—

S3(x)=—

22

(Iny)*—Li;(1—y)—InyIn(1—Q;y) +InyIn(1—Q;Q,y)+
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Finally, A-polynomials for 3 inequivalent positions of the brane take form

A, y)=1—-y)1—-Q;Quy) + (1) x(1 —Q, )y 1,
Ay(x,y)=(1—y)+ (1Y x(1—Q1y)(Qz — )y7, (109)
As(x,y) = (1—y)Q1Qa— ¥) + (—1¥ x(Q, — y)y/ .

Consider now a transformation from position 3 to 1, at f = 0. From the above form of
A-polynomials we find the following transformation rule

X3 :lexl’ ¥3=Q1Q2Y1, (110)

which involves only rescaling of variables. At the classical level this can be achieved with

1 1
K(Xl, X3) = exp (ﬁ(h‘leXB/xl)z - E lnxl h’lQle). (111)
. ) . c o A=y)A=1Qox1) _
From the above change of variables, the A-polynomial relation =0y’ = —Xx1Y1, and

(15), we find
S(x1) = S3(Q;'x1) —Inx; InQ,Qy =
= 2 (1nQ1Qay, Y + 1ia(@1 Q1) +In yy In(1 = Q1 Qay1) —Inyy In(1 = Quy
—Liy(Q1y1) +Lix(Q5") = Lia(1 = y1) —Lix(Q7' Q3 1) +InQ1 Qo In(—y;) =

1 1 1
=81(x1) — =(InQ1Q4)? + Liy (=) — Li5(Q;) + Liy(Q1Q5) — Lis( )+innQ;Q,,
2 Qs Q:Q,

so that
(K1p3)(x) ~ ecomstl@Qa)/ My (), (112)

Consider now moving the brane from position 1 to 2, with f = 0. This is captured by the
change of variables

X, =— = ! (113)
YT xy N Qs
Indeed
A1(x1,¥1) =(1=y1)(1—=Q1Q2y1) + x1(1 = Q1 y1)y1 =
1 1 114
= 5('(1-Q1y2)( Qe —y2) —(1—yr)) =— 5A2(x2, ¥2). (1
Q1x3y; Q1x2Y;

The result is also in framing f = 0, and this transformation corresponds to S? with an addi-
tional rescaling of the variables. This can be implemented by the kernel

1 1
K(xz,xl):exp(—ﬂ(lnx2x1)2+Elnlean). (115)

Using y1(1/x,) = QII Yy (x,), some dilogarithm identities, and the A-polynomial relation
- 1y

2= (1—Q1YZ)(2Qz_Y2)’

§1(x3) = 81(1/x3) +Inx,InQ; =

= —Lis(1—y,) —Lis(Q1¥2) —Lis(¥2/Q2) — lny’ In(1—-Q;y2) —Iny,In(1—y,/Q5)

1
+ LiZ(Ql) — le(Qle) + 2L12(1) — 5 (anz)z + iTEanz =

X we find

1
=S5(x3)— Liz(le) —Li5(Q1Q3) + 2Liy(1) — 5 (InQ,)*+inlnQ,,
(116)
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so that

(Kap1)(x) ~ econstQu2)/May ) (), (117)

Finally, we consider moving the brane from position 2 to 3 with f = 0, which is captured
by the following relations

Ay(xa,y2) = —x3 " y3 *As(x3, ¥3), (118)
Xo=Qy'x3", y2 =Qay3 . (119)

The corresponding kernel is
K(x3,x5) = exp( — ﬁ (In (Qyx5x3))* + % InQ,In xg). (120)

By the same computation as in previous examples, one can show that the kernel describes the
transformation of the action correctly

(Kapy)(x) ~ ecomstl@u2)/Ay (), (121)

5.5 Periodic chain geometry

Figure 8: The periodic chain geometry with N = 2.

As the last example we consider transformations of branes in a manifold represented by the
simplest non-trivial periodic diagram shown in fig. 8. Consider 3 wave-functions for branes
located in the positions shown in this figure

P10 = (g
n=0

CHOR
5 ﬁ (Qi1p™ 59)(Q P™ 1 ¢ 1)(Q1Q1Q2p™ 1 9)n(Q11Q QS P s g7 Y,
ol (ap™; Dn(q7p™; ¢ 1), (Q1Q1p™ 15 0)n(Q7 QT P ™07 1), ’
(122a)
Pal)= D (1qro Y (&),
T4 1 (4 n

y ﬁ Q1P @) (Q7T ™ 1 g QT P )(Qip™ s g7 Y,

m. —1pm.4—1 A—1n—1,m—1. A m. ,—1) ’ (122b)
&1 @™ (@1 p™; a7 (QT Q5 P 0)n(Q1Q2p™; a7 ),
(o] Q—lx)n
— —1)" n(n—1)/2 f+1 ( 1
ps(x) ;o(( L B
) A—1..m—1. A Mmoo 1 m—1. -1.m. —1
% (le :q)n(le °q )n(QZp :q)n(sz °q )n‘ (122C)

23 (@™ a(@ P a7 )(Q QT P 9)n(Q1Qup™ ¢,
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Note that v5(x) is related to 1, (x) by exchanging Kihler parameters

¢3(X) = wl(x)lQl(—)Qz,Ql(—)sz (123)

as also illustrated in fig. 9.

Figure 9: The relation of web diagrams (1) and (3).

We find that classical mirror curves corresponding to the above wave-functions take form

Hi(x,y) =6 (y)0(Q:1Q1y) + (=1 xy 10 (Q1y) 6(Q:Q1Q.¥), (124a)
Hy(x,y) =0 () 0(Q7'Q5 ) + Q31 (=) xy 10 (Q1y) 6(Q7 y), (124b)
Hi(x,y) =6 (y)0(Q7 Q7 y) + Q7 (1) xy/10(Q71y)6(Q.y), (124c¢)

while classical A-polynomials assigned to regularized wave-functions (as explained in section
2.4) take form
A6 Y) = (3P)oo (0T3P D00 (Q1Q1Y5P)00(Q1Q1p T Y3 P oot

+(Q1Q2)* (=1 xy Q1Y P oo Q1013 P o0 (Q101Q25 0D 00 (Q1Q1Q20 Y3 P Voo
(125a)

A3, ¥) = (75P)oo (P ¥5 P oo (Q71Q51 Y5 P) oo (Q71Q5 Y P oot

+(@103) 2 (=1 2y Q1Y oo (@115 P oo (@755 oo @70y P Voo
(125b)

As(,¥) = (¥5P)oo (P Y5 P oo Q717 Y5 P)oo Q71 P71y P Dot

+(Q71Q2) Y (=1 %y G Y3 D)oo @7 Py P Moo (@Y D)oo Q2P ¥i P Deo-
(125c¢)

The corresponding classical actions S;, fori =1,2,3, are

(1—-aly)( —Yi;yi))
(1-Bily)A—=56Ly;)

1 . —
§i=—5 (ny)—Li,(1-y)—Iny, ln(l_[

n=1

+ Z ( —Li, (a;J’i) —Li, (Y;J’i) + Liy (ﬁ,il}’i) + Liy (5;}’1')

n=1

+ Lig(aty) + Liy(y,) — Lin(B,) — Lis(5,,) ),
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where

a' ={Qp" ", Q1 Qp" in=1,..,00}, B'={p",Q:Q:p" ",n=1,..,00},
r'={Qp™Q:0:Qp " ,n=1,..,00}, §'={p",QQ;p",n=1,..,00}, (126a)
a’= {Q1pn_1,(~2;1p"_1,n =1,.., oo}, B2 = {p”,QInglp”_l, n=1,.., oo} ,
r?={Qp™Q;'p",n=1,..,00}, &2={p"Q;'Q;'p",n=1,..,00}, (126b)
o ={Q;'p" 1 Qp" in=1,..,00}, B*={p"Q;'q;'p",n=1,..,00},

y3 = {Qflp_”,sz_”“, n=1,.,00}, &= {p_”,QIIQ;lp_", n=1,..,00}. (1260

In what follows we take advantage interchangeably of the expressions for H(x, y) or A(x, y).
Let us consider first the transformation from position 1 to 2. From the mirror curves
H,(x,y) and H,(x, y) we find the following relations

Hl(xlj}’l)=QI1Q1Q2X_1J’2_3H2(X2,}’2), X1 =X2_1: Y1 =Qfl}’2_1- (127)

The relation between (x4, y;) and (x4, y,) is the same as in a non-periodic strip geometry. The
corresponding kernel takes form

1 1
K(xq,x1) = exp(E (Inx,x;)* + P Inx, 111Q1)> (128)
and so the transformation of the action reads
S{(Xz):S]_(Xl(XZ))"l‘lananl. (129)

By using the form of A-polynomial and the following identities

— > (Lin(QaQsp"y5 1) + Lin(QaQsp "3 1)) — Lin(QaQsy3 1) =

n=1
= > (Lix(Q5 Q3P "y2) + Liz(Qyp"y2)) + Lia(Q,' Q5 'y M, (130a)
n=1
ST T R AN |
- Z (le(P Yy 1) - le(Q1 1P Yo 1)) = Z (le(P ¥2) —Liz(Q1p J’Z)) + E InQ;Iny,,
n=1 n=1
(130b)
we find
S1(x3) = S,(x5) + const. (131)

Therefore, we conclude that

(Kap1)(x) ~ ey (). (132)

In turn, consider the transformation from position 3 to 1. The relation between variables
is again the same as in a non-periodic geometry

Hj(x3,Yy3) = Hy(x1,¥1), X3 =QI1X1; ¥3=Q1Q1 1, (133)

which leads to the same kernel
1 o 2 1 o
K(x1,x3)= eXP(E (an1x3/X1) T In x4 anlQl) (134)
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and the same transformation of the action S3(x3)

Sé(x1)=S3(X3(x1))—1nX1 InQ;Q;. (135)
After some calculation we find
S5(x1) = Sy (x1) + const, (136)
so that

(Kp3)(x) ~ e« (x). (137)

Kernel as the identity operator

Figure 10: The relation of web diagrams (1) and (3).

At the end, let us consider what happens when a brane moves around a horizontal axis,
either changing positions as (1) — 3) — (1) or 3) — (1) — (3), as shown in fig. 10. From
the viewpoint of mirror curves, on one hand we have the relations of the variables x; and y;
given in (133), where the brane moves through the horizontal and slanting lines with Kahler
parameters Q; and Q;. On the other hand the brane can pass through the lines with the
Kihler parameters Q, and Q,. In this case the relation of the variables x;, y; of the mirror
curves H;(x;, y;) reads

X3 = Qax1, ¥3=p Qi Qiy1, (138)
where f = 0. To show this relation we used periodic properties of theta functions
O(px) =—x"16(x), 0(x)=—x0(x"1). (139)

Using (133) and (139), we find the relation of the variables of the curve H5 before and after
moving the brane

H3(X3,y3) :HS(xé:yé)) X3 :pQIlQ;:lX;, Y3 =p_1J’§: (140)

where we define the variables (x5, y3) and (xg, yé) as those of H; before and after moving the
brane, respectively. From this relation we determine the kernel

1 e 2 1
K(x5, xé) = exp(;—T (ln(le 1Qzlxg/xé)) ~ lnxé lnp), (141)
the transformation law of the action
S5(x3) = S3(x3(x3)) —Inx;Inp, (142)
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and ultimately, writing the constant term explicitly

1
S3(x3) = S3(x3) — 5 (Inp)*. (143)
Then, we may regard the kernel K(x3, x3) as an identity operator up to a constant
K(xé,xg) ~ 5(lnx3/x§). (144)

To understand the property (144) deeper, as a simple but non-trivial example let us con-
sider the non-periodic geometry discussed in section 5.4, see fig. 7. The kernels K(x3, x5),
K(xy,x;) and K(x;,x3) are given in (120), (115) and (111), respectively. Then, the kernel
describing the brane moving around the geometry is given by

K(x3,x3) = f doxydxoK (x5, x2)K (x5, x1)K (x1, X3) =
(145)

= const x exp(ﬁ (—(ln(x;/xg))2 + (’)(co)).

When we take ¢ — O limit, this function approaches zero quickly unless x; = X3, so that
K(x}, x3) behaves like delta function, as claimed in (144). However, precisely speaking, the
kernel is not delta function; the main difference is that actually the kernel does not diverge
when we set x3 = x3. Nevertheless, when we consider the integral for x5 corresponding to
the transformation of the wave function, the behavior is similar to the delta function.

We can make this observation a bit more precise by redefining the kernel, here for the
special case of the identity operation,

K(x',x)=exp (—ﬁ(lnx’/x)z) — exp (—L(lnx'/x)z)) . (146)

1
v2cmh 2ch

This gives, in the limit ¢ — 0,

J dxK(x", x)p(x) = ip(x’)f dxK(x’,x) = x"y(x), (147)

and the new kernel indeed acts like the delta function up to the extra x’ term.

A Topological vertex for strip geometries

In this appendix, following [6,19], we summarize how the topological vertex formalism sim-
plifies for toric strip geometries, and generalize it to include branes attached to non-vertical
legs.

As mentioned in section 2.1, a toric diagram for a strip geometry takes form of a string of
trivalent vertices labeled by i = 1,..., m. Each vertex is of type A or B, assigned as follows: the
first vertex is of type A if in the clockwise direction the vertical edge precedes the internal edge
of the geometry (otherwise it is of type B); and (recursively) the next vertex is of the same
(or the opposite) type as the preceding vertex if the two vertices are connected by (—2,0) (or
respectively by (—1,—1)) line. Each vertex other than the first or the last one has one vertical
leg attached that extends to infinity, and the first and the last vertex have two such legs. The
total topological string amplitude for branes in such a geometry, involving both closed and
open contributions, takes form

7 = ZC]OSed(Q) . /l/JoPen(Q, x) = Z Z{Pi} l_[ Trpin', (148)

{P} i
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and depends on (closed) Kahler parameters Q = {Q;} and (open) brane moduli x = {x;} that
are assembled into X = diag(xy, x5,...). The total partition function factorizes into contribu-
tions from closed and open strings and can be computed by summing over Z(p, that depends
on matrices P; that encode boundary conditions of a brane. The contributions for branes at-
tached to vertical edges of a strip diagram take form

zp =] [sn@] [P35} (149)
i i,j

where P* (that denotes either P or PT) and powers =1 depend on the types (A or B) of vertices
i and j, while

{P;, P;} = l_[(l —Q;q") PR exp( i (Q—h) (150)
k

m=1m 251nm—)

are symmetric under exchanging P; and P; and depend on Q;; = Q;Q;41 *+-Qj_y, i.e. a product
of Kahler parameters Q;, associated to internal legs joining the pair of vertices. The exponents
Cr(P.R) are defined by

ZCk(P,R)q"— 1)2(1+(q 1)Zq qu)(H(q 1)Zq‘12q1 1)2 (151)
k i=1 i=1

For a pair of vertices of types (A;,4;), (A;,B;), (Bl,A ), (B;,B;) the corresponding factors
in (149) are {P; T} AP, P}, {PT, T} {PT,P }! respectively.

We are concerned w1th situations when there is only one brane. In this case x is a single
variable and Trpx # 0 only for symmetric representations P = S™ and Trg.(x) = x". In this
case the factors (150) for symmetric and empty representation take form

{(n),0}q=(Qnleolg, (M), 0}g=(Qq Dnle,o}o, (152)

with the closed string contribution

{o, 0} =exp( )]

m=1m (2 sin 5 )

m

) (153)

The open string partition function, with a single brane at the i-th vertex in the framing f, takes
then the form

o0
— f+1
Yy = D ((-1)q ) (q 5 2 Tx [ Tx0 (154)
n=0 nj<i j>i

where X;; are given in table 2.

A.1 Topological vertex and branes on vertical legs

In what follows we show how the above rules generalize to the situation when a brane is
attached to a horizontal leg of the first or the last vertex of a strip. To this end we highlight
the crucial steps in the derivation of the above rules and adapt to more general situations. We
start with recalling the formalism of the topological vertex, in particular gluing of two vertices
into two prototypical geometries (—2,0) and (—1,—1).

The topological vertex amplitude in the canonical framing takes form

T
Couv :qK(Wzsv(qp)ZSAT/n(qu)SM/n(qv ), (155)
n
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Table 2: The rules for assigning the contribution X;; to the open string partition
function in a strip geometry with a single brane placed on the vertical external leg
of the i-th vertex and in symmetric representation n. A position of the brane in the

pairing is denoted by an underline.

Xij,i<j

X]l:l>.]

(A,B)— {(n)ﬂ}QU = (Qij; P
(B,A) > {()7, o}q, = Q3¢ n

AB) = (s, (}q, = Q)
(B,A) = {2, (0 }q, = (Qji:a ™),

(4,4) — {(n), °}(_2ilj - (Qij;9),"
(B,B) — {(n)", .}6111 - (Qij;q 1),

(B,B) — {e, (n)}ailj - Qi ),
(Aaé) - {.> (n)T}&llJ - (Q]l? q_l);l

v2=3/2 073=5/2

where A, u and v are Young diagrams, ¢"** = (¢""/2,q ...), a superscript T

denotes transposition, and

q

Al =in.

Cyuv is symmetric under cyclic permutations of indices. For n; denoting the framing change
of edge v; with respect to the canonical framing f;, the vertex amplitude transforms as

K2 = AL+ D A(A — 20) = =k, (156)

CchHr—mvifa—ngva,fs—ngvs — (_1)Zi nilaiqui ”iK(ai)/Zcfbfz»fs

a ayas ajasas’

(157)

Here f; and v; are two-dimensional integer vectors such that f; Av; = 1. The canonical framing
is then f; = v;,_;, see fig. 11. When gluing vertices, their framings must be opposite. For
illustration, consider gluing vertices into local geometries of type (—2,0) and (—1,—1).

Ug

—

Figure 11: The topological vertex in the canonical framing.

Gluing of (—2,0) geometry

A diagram for (—2,0) geometry is shown in fig. 12; in this case the partition function reads

(200 _ fa  oar
B1:Basrasr1 - ay1fy “r2al By

(—1)l“qll, (158)

The gluing condition requires that f, = —f/, where f, =v, —nv, and f/;, = vg,—n'v,. From
the geometry we have v/, = —v,, so that the gluing condition implies vy, —(n—n")v, = —vg,. Us-
ing v, Avg = (—=1,—1)A(1,0) = 1, we solve for the relative framing n—n' = vy, A(vy, +vp,) =
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vy, Avg, =—1. This implies that framings differ by —1, so that (158) takes form

(—2,0) — la] ,—x(a)/2 — T (r2)/2
Cﬁl,ﬁzd’z,h - Z Cay1,Craatp,Q HqE = B (¢” )sﬂz(qp)[/jlljz ]QqK T2l %
a

T r ~
x Z sYl/nl(qP+ﬁl )SYg/le(qp-’_ﬁz)anz/K(qP+ﬁl)5n1/K(qP+ﬁ2 )Q|711|+|TI2| lKl.
K

N1:7M2
(159)
For y, = e this expression reduces to
-2,0
Cher =55 (a" )5, (@) B1B] 10q" T2 Y 15,110, (@ P)s,, (P 7P)QM. (160)

2

The framings of the outer edges are in principal arbitrary. The derivation in [19] assumed that
branes can be placed only on f3; edges, while y;’s are trivial or are summed over upon gluing.

Figure 12: (—2,0) curve with both inner edges in the canonical framing.

Consider now placing the brane on a horizontal line, i.e. assuming nontrivial y; or y,. In
the first case, we rewrite (159) by cycling permutation of the first vertex

(=2,0) — lal ;—x(@)/2 — 4x(B1)/2 4K (r2)/2
Cﬁl,ﬁz,)’z,n _Zcﬂ1aY1CYzaT/52Qaq e _qK ! qK & Syl(qp)sﬁz(qp)x
a
T T _
X Z 5/51T/m(qwﬂo)SYZT/172(‘1/52+p)Z:Soz/m(qYl JFP)SOL/nz(qﬁl P)QIHlg @2,
N1,7M2 a

For f3; = 3, = e we also have 1; = e and the above partition function simplifies to

— T —
Co(,o,z);(z),)yl = qK(Yz)/zsh (qp ) Z SY%/UZ (qp ) Z sa(qYI P )SaT/nz (qp )Qlal q K(a)/2 =

M2 a

(161)
T
_ qK(Yz)/ZSYl(qP)[Y{’ o Zsyg/nz (gP)sy, (g1 *° QI
12
where we used identities s, (x) = qK("‘)/zsaT (x) and c|°‘|sa(x) =s,(cx) and the formula
Zsa/m(x)sa/nz(y) = l_[(]- _xi.yj)_1 anz/x(x)snl/x(y)- (162)
a ij K

Consider now a brane placed on y,. By cyclic permutation of the second vertex in (159)
=200 _ —x(a@)/2 _
Cﬂl’ﬁz,)’z,h - Z C“Ylﬁl CaTﬁzYlealq K@)f2 = Sp, (q” )sYz (q°) x
a
T T _
S DN Ce e A CLEALD DR C LR DM CLap ol

N1:M2
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We set now f3; = 3, = e, which also imposes 1, = e and yields

CE,_',Z);(Z),)Yl =5y, (qp) Z Syi/m (qp) Z SaT /ny (qp )sa(qu-‘rp )Qlalcl_K(OL)/2 =
M a

(163)
=s,,(¢°)[%12]o Zsﬁ/m(qp )5y, (g7 )Q!m!,
UbY

We can now consider different scenarios. We are interested in situations with a single
brane. When it is attached to the first vertex, there are two possible configurations

C(—Z,O) — qx(yz)/zsﬁ1 (qp)[/jb .]Q % syg/’flz(qp)sﬂz(qp+ﬂ1)an2|’

ﬁl’.’YZ’. <
2
(164)
~ T
CS,.,z}ig,)yl = qK(Yz)/zsh(qP)[Y{; ']Q X Z:SYZT/,72 (q® )snz(qpﬂﬁ )Q|712|.
M2

We sum over v, when gluing these with subsequent vertices. Note that in these expressions
P is just replaced by YlT: while the dependence on v, is the same. Therefore the partition
function with brane along y; is the same as the partition function with brane along ﬁlT .

For a brane on the last vertex the analysis is analogous; there are two possibilities

—2,0 T
Cod =5p,(@)0 By o X D Sy (@)sy, (P2 )QM, (165)
N1:M2
CE20 =5,,(a")0 2] X D 15y, (a7 )5y, (g 72)QM 1. (166)
Ui

When gluing with other vertices this expression is summed over y;. Again, the structure of
the summand in these two expressions is the same up to replacing /52T with y5.

Gluing (—1,—1) geometry

Figure 13: (—1,—1) curve with the inner edge in the canonical framing.

The partition function for the second basic configuration, that is (—1,—1) curve shown in
fig. 13, takes form

L1 _N"ofa ol (_pylalglal
Cﬁbﬁz:)’z,h_ — CahﬂlcaTYZﬁz( 1) Q™. (167)
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The gluing condition sets f, = —f,, with f, = v, —nv, and f, = v, —n'v/,. From the geometry

we have v, = —v, and v,, = —v, , so that the gluing imposes n = n’, which yields

Coe =" Capypy Caryop, (—1)QIY =5, (47)s5, (47 ) {1 B} X
a

B1:B2;72,11
T T —
% Z Sy s @1 P)s, g (P2 +p)ZSng/KT(qﬁﬁp)sn{/K(qﬁﬁp)(_Q)|n1|+|n2| Il

N1M2 K

(168)

We again allow for one brane on a horizontal leg of the first or the last vertex. For the first
vertex, upon cyclic permutation of the indices we get

Chrfutons = 22 Cprans Carrapn Q) =51, (0, (a7)g" 2 x
a

B1,B2r2:71
T T —
DI CLD S CLEACO D SR CLERD DM Ll Gl R R
N1,M2 a

(169)

For a single brane labeled by v, line, we set 3; = 3, = o, which also fixes 17; = o. Using

ZSaT/nl(x)Sa/nz(Y) = l_[(]- + xiyj)zsng/xr(x)sn{/x(y) (170)
i,] K

a

we then find

—1— T —
CLD =5, D 5y,/ma(@7) D 15alq" #0507, (4°)(—Q)g (/2 =
M2 a

(171)
T
=5, @11, 0}q D 5ramy (45,1 (g7 PY(—Q)1™.
M2
This expression is analogous to the amplitude with a brane on the vertical edge
Cl i =55, (@) B oYq D 151/, (a7 s (@)=, (172)
M2

just with f; replaced by y{.
Finally, consider a brane labeled by y,, attached to the last vertex. After a cyclic permuta-
tion we obtain

-1-1) - _ lal —_ x(B2)/2
Cﬁbﬁz:)’z,h o Za: CO‘Ylﬂl CﬁzaTYZ (_Q) “= qK & B (qp)s)’z (qp) X

T T
% Z Syum (@P1P )Sﬁg/nz(qYﬁp)ZqK(a)/zsaT/m(qﬂﬁp)saT/nz(qu Y-,
a

N1M2
173)
Setting f3; = 3, = e also imposes 1), = e, so that
-1 — T
COED =5,,(a) D 570 /m @) D, a O st 1y, (4 )50 (@7 P )(—Q) =
" ¢ (174)

=5,(0°){9. 73 }q D 15y./m (€ )sy, (72 PY=Q)™.
B

Compared with the amplitude for a brane on a vertical axis, 3, is simply replaced by yg

(-1,-1) _ + (711
Cat) =5p,(@"), /sz}nZn Spu/m (@51 (@7 P)(=Q)™. (175)
1112
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Figure 14: Branes attached to various legs of the conifold diagram.

A.2 Branes on non-vertical legs

We extend now the above rules by allowing for the brane to be placed on a horizontal leg of
the first or the last vertex. Consider placing the brane on the first vertex. The results from the
previous section show that in this case the partition corresponding to the brane entering factors
X, is transposed. Consulting then table 2 we see that taking transposed partition is equivalent
to switching all vertices types to the opposite. This is then consistent with our convention for
choosing the type of the first vertex. Indeed changing position of the brane leads then to the
opposite vertex type.

For a brane attached to the last vertex we adopt the following convention. We choose the
type of the first vertex as if the brane was there on the vertical leg. This fixes types of all
vertices. Specifically it fixes the type of the last vertex for the case when the brane is on the
last vertex on the vertical line. On the other hand, if we move the brane to the horizontal line,
all vertices change their types to opposite ones. This then leads to the prescription given in
the paragraph above table 1.

A.3 Explicit computations for the conifold and the resolution of C3/Z,

Let us illustrate the formalism presented above in examples of the conifold and the resolution
of C®/Z,. Consider branes in positions 1-2-3-4, as shown respectively in fig. 14 and 15. In
these cases, contributions to the open string partition function take the following form:

Position Conifold Resolved C3/Z,
1 (A,B) — s5,(@°){B1,0}q | (AA) — sp,(g”)B1, ]
2 (4,B) — s5,(q°) e, Ba}q | (AA) — sp,(¢°)e, By 1o
3 (B,A) — s,,(¢°)e,73}q | (B,B) = s,(¢”)e,72]q
4 (B,A) — s, (¢°){r1,%}q | B,B) — s, (q”)r7,lq

For example, the partition function for a single brane in framing f at position 1 reads
0 n
Pa(x) = D (=1)q DY

5D 176
2, (q,q)n(Q q) (176)
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Figure 15: Branes attached to various legs of a diagram for the resolution of C3/Z.
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