Scil SciPost Phys. 10, 054 (2021)

Finite-size corrections in critical symmetry-resolved entanglement

Benoit Estienne!, Yacine Ikhlef! and Alexi Morin-Duchesne?

1 Sorbonne Université, CNRS, Laboratoire de Physique Théorique et Hautes Energies,
LPTHE, F-75005 Paris, France
2 Max Planck Institut fiir Mathematik, 53111 Bonn, Germany

Abstract

In the presence of a conserved quantity, symmetry-resolved entanglement entropies are
a refinement of the usual notion of entanglement entropy of a subsystem. For critical 1d
quantum systems, it was recently shown in various contexts that these quantities gen-
erally obey entropy equipartition in the scaling limit, i.e. they become independent of
the symmetry sector. In this paper, we examine the finite-size corrections to the entropy
equipartition phenomenon, and show that the nature of the symmetry group plays a cru-
cial role. In the case of a discrete symmetry group, the corrections decay algebraically
with system size, with exponents related to the operators’ scaling dimensions. In con-
trast, in the case of a U(1) symmetry group, the corrections only decay logarithmically
with system size, with model-dependent prefactors. We show that the determination of
these prefactors boils down to the computation of twisted overlaps.
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1 Introduction

Entanglement plays a prominent role in the study of quantum many-body physics. For instance
for one-dimensional systems, a well-controlled entanglement is a necessary condition for the
efficiency of density matrix renormalization group and matrix-product state approaches. Given
a bipartition AU B of a quantum system, the entanglement between A and B in a state |v))
is encoded in the reduced density matrix py = Trg|y)(y|. A common way of quantifying
entanglement is to consider the von Neumann and Rényi entropies:

S(A) =—Tra(palogpa), Sn(A) = TTA(P,Z) .

1—n
Over the last decade, following [1], it was also realised that the full spectrum of p,, called the
entanglement spectrum, also contains relevant information, especially for the understanding of
topological order. This entanglement spectrum may be derived from the knowledge of all Rényi
entropies S,,(A) for positive integer n, through careful analysis [2]. Alternatively, for a 1+1d
critical system described by a Conformal Field Theory (CFT), the entanglement spectrum can
be obtained from the same CFT on the infinite strip with appropriate boundary conditions [3].

As argued in [4], when an additive symmetry (or conserved charge) is present, one may
define an intermediary description of entanglement, by considering the symmetry-resolved en-
tanglement entropies, which are essentially the analogs of von Neumann and Rényi entropies
for the blocks of the reduced density matrix p, associated to the values of the local charge. Ex-
amples include the local magnetisation for a spin system, the number of particles for a quantum
gas, etc. It was later realised that, for 1+1d critical systems with U(1) symmetry, the (prop-
erly normalised) symmetry-resolved entropies generally satisfy an equipartition property [5]
in the scaling limit, i.e. over a large range of values of the local charge, the symmetry-resolved
entropies are independent of the charge. The study of symmetry-resolved entanglement en-
tropies has been applied to a variety of situations [6-17]. For quantum computing, these
entropies also serve as building blocks for the definition of operationally accessible entangle-
ment [18,19]. The problem of finite-size scaling for entanglement entropies has also been
addressed [20-22], and in particular some unconventional corrections to scaling, originating
from subdominant twist operators, have been identified [22].

In the present paper, we are concerned with the finite-size corrections to equipartition of
symmetry-resolved entropies for critical 1+1d systems. We employ essentially the technique
introduced in [6], which relies on the “replica trick” [23] or cyclic orbifold [24] formulation,
and more specifically on the introduction of composite twist operators inserting flux lines
(which are nothing but topological defects) conjugate to the local charge, ending at the branch
points connecting the replicas. We take specifically into account the variations of the non-
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universal normalisation of lattice operators, and show that they can give rise to significant
finite-size corrections.

In fact, this effect can be illustrated on a simple example in the critical XXZ spin chain, by
looking at the probability distribution p(S}) of the magnetisation of subregion A, which can be
viewed itself as a measure of entanglement [4]. Consider for simplicity the case when A is a
single interval of length ¢ in an infinite chain. For a very large interval, it is a standard result
of bosonisation that the fluctuations of S} are Gaussian. Indeed, since the generating func-
tion Z(a) of p(S73) is the two-point function of lattice vertex operators with scaling dimension

xa?/4, where « is a universal constant, it behaves in the scaling limit as Z (a) o< g/ 2 and
hence, by inverse Fourier transform, one gets for p(S}) a Gaussian distribution with a variance
~ 4/ klogl. Now, to refine the argument, one should be aware that the prefactor in Z (a),
originating from the normalisation of lattice operators, although it does not depend on ¢, has
a non-trivial dependence on the vertex charge a. Hence, one should write

Z(@) =A@ ™2 AP =1+a,0*+aa*+...,

where the coefficients a;, a,, ... are non-universal constants. After simple manipulations (cal-
culation details are given in Sec. 3), one finds the corrected probability density for the rescaled
magnetisation x = S%/+/xlog/ in the form:

p(x) ~ M x |: alql(x) azqz(X) a3q3(x) ] ’

+...
V2T klogl (xlogl)? (xlogl)3

where ay,a,,as,... are the series expansion coefficients of |.A(a)|? discussed above, whereas
q1(x), g2(x), g3(x),... are universal polynomial functions derived from the moments of a
normal distribution. Hence the variations of the normalisation factor give rise to logarith-
mic corrections to the Gaussian distribution of Sj. This simple line of arguments extends to
symmetry-resolved entropies, as we shall explain in Sec. 3.

The layout of the paper is as follows. In Sec. 2, we review the definitions of symmetry-
resolved entanglement entropies, and the approach based on cyclic orbifolds and composite
twist operators inserting both a branch point and a flux line conjugate to the conserved charge.
In Sec. 3, we consider the entanglement of a single interval A in the critical XXZ spin chain:
we first compute the finite-size corrections for the magnetisation distribution of A, and then
for the symmetry-resolved Rényi entropies. For both types of quantities, we show that these
corrections decay logarithmically, as sketched above. We then derive the relation between the
normalisation factors of lattice twist operators and the scalar product between eigenstates of
the Hamiltonian with appropriate twisted boundary conditions. Through this approach, we
compute explicitly for the XX case the normalisation factors for composite twist operators, by
using Wick’s theorem. In Sec. 4, we consider the critical Z, clock models [25], and show
that, even when normalisation factors are taken into account, the corrections to the equipar-
tition rule for resolved entropies associated to the Z, symmetry remain algebraic, with a very
simple dependence on the symmetry sector. In Sec. 5, we conclude with final remarks and
perspectives. The calculation details for the XX case are given in the Appendix.
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2 Symmetry-resolved entropies

2.1 Definitions

Let us briefly recall the general definition of symmetry-resolved entropies. Consider a quan-
tum model with an internal (continuous or discrete) symmetry, as described by a conserved
charge Q. The total charge Q is assumed to be a sum of local operators: upon partitioning the
system into two spatial subregions S =AU B, it can be split as

Q=Q,+Q5, 2.1

where Q, and Qg are Hermitian operators acting only on the degrees of freedom of A and B,
respectively. At equilibrium, the state of the total system S is described by a density matrix p
that commutes with Q, and in turn the reduced density matrix p, = Trg(p) of the subsystem A
commutes with Q4. This means that the subsystem A is described by a statistical ensemble
of different charge sectors, in the sense that its reduced density matrix is block-diagonal with
respect to the eigenspaces of Q,:

Pa= qu pa(@),  Tralpa(@]l=1,  Qapal@)=qpalq). (2.2)
q

When measuring the charge in region A, i.e. the observable Q,, the outcome q is obtained
with probability p,. After such a measurement, the reduced density matrix describing the
subsystem A collapses to p,(q). In terms of the orthogonal projector I1, onto the subspace
Q4 = q, we have

II pAH
pq = TrA(Hq pA) > pA(CI) = % > (2-3)
q

provided that p, # 0.

Symmetry-revolved entropies are obtained by using the above decomposition to refine the
usual notion of entanglement entropy. Inserting the decomposition p, = . qPqP 4(q) over the
Q4 sectors in the Von Neumann entanglement entropy

Sun = —Trs(palogpa), (2.4)

one is lead to the following decomposition [5]

SN :quSVN(q)_qu Ingq, (2.5)
q q

where S,(q) is the so-called symmetry-resolved (Von Neumann) entanglement entropy

Sin(q) :=—Tralpa(q)log palq)]. (2.6)

Thus there are two contributions to the total entanglement entropy of region A. The first one is
just the average of the entanglement entropies coming from each Q4 sector, while the second
one comes from the charge fluctuations.

In order to compute the Von Neumann entanglement entropy, one often resorts to the
replica trick, thus introducing n copies of the system. In the present context, the n® symmetry-
resolved Renyi entropy is defined as

1
1—n

Sa(q) == log Tral p(q)]. (2.7)

4


https://scipost.org
https://scipost.org/SciPostPhys.10.3.054

Scil SciPost Phys. 10, 054 (2021)

Alternatively, we can introduce the partition functions

Zn(q) :=Tra(Ty py), (2.8)

and write the quantities of interest as

pe=271(q), Su(@)=

1
1, 108 Zn(q) —nlogZy(q)] - (2.9)

The symmetry-resolved Von Neumann entropy is then obtained as

d [ Z.(q) ]
S =——| = . 2.10
w@=-g| 28] 210)
Thus computing the entanglement entropy boils down to computing the partition functions
Z,(q). As was observed in [5,6], it is convenient to introduce the twisted partition functions

Zo(a) =T, (1 p) = > "el®Z,(q). 2.11)
q

In particular, Z; (a) is the generating function for the probabilities pq- The generating functions
Z,(a) also appear in a different context under the name of charged Renyi entropies [26-33].

2.2 Cyclic orbifold formalism

For any integer n > 1, starting from any discrete or continuous model M, the Z,, cyclic orbifold
is defined as the model consisting of n decoupled copies M, where any n-uplet of configura-
tions is identified with its image under any cyclic permutation. We can write symbolically:

Orb,(M)=M x---x M)/Z,. (2.12)

If A consists of p intervals A= [x,x3] U~ U[x2,_1, X5, ], then Z,(a) is given by the 2p-point
function, in the orbifold Orb, (M), of a composite twist operator T:

Z,(a) o< (T )T, (x0) . TZ((XZP—I)TQ(XZP» . (2.13)

In the scaling limit, the twist operator 7,(x) is obtained as the most relevant term in the OPE
7-0,, where 7 is the bare twist operator implementing a branch point, and O,, is the “disorder
operator” associated to the conservation of Q. This construction will be made more explicit in
the examples studied below. The conformal dimensions of T and 7, are:

c 1 h
h,=—(n—- h. =h_+-2% 2.1
T 24(n n)’ Tll T n) ( 4)

where h,, is the conformal dimension of O,,.

In this paper, we will restrict to the single-interval entropies, with A= [0,£], in a 1d critical
quantum chain of length L with periodic boundary conditions, at inverse temperature 3. We
do not consider the case in which both L and f are finite, as it involves the two-point function
of T, on a torus. The generating function Z,(a) then relates to the two-point function of twist
operators:

(=g for L=00 and 8 = 00,
. —4h, ..
(th(0)7, (0) = (% sm%ﬂ e for finite L and 3 = oo, (2.15)
—4h,
(ﬁ sinh %) * for L = oo and finite f3.

E

5
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We will focus our attention on the asymptotic behaviour of the resolved entropies in the scaling
limit, by taking into account the finite-size corrections to (2.15) due not only to subdominant
operators, but also to the normalisation of lattice operators.

In the next sections, we shall develop the arguments and numerical computations for the
case of finite L and 3 = oo, but they can be easily extended to the other cases.

3 The XXZ spin-1/2 chain

We consider the XXZ Hamiltonian on N sites defined by the Pauli matrices o*Y*, and acting
on the Hilbert space (C2)®V:

N
1 A =—cosy,
Hxxz = _EZ[ Ot J+1 +A(0] G]+1_1):| ’ {0< y<m (3.1)
J B
with periodic boundary conditions ‘71)\(1’1’1 = al’y . For simplicity, we consider only the case
of even N. The total magnetisation is a local conserved charge:

1 X

S = Ezajf, [Hsxz,S*1=0. (3.2)
j=1

The group U(1) is then realised by the operators e/*” with a € R/2nZ. Consider the par-
tition of the lattice sites into two subsystems A = {1,2,...,r} and B = {r + 1,...,N}. The

magnetisation of subsystem A is

1 r
— Q% — z
q=5;=52,0%, (3.3)
j=1
and it has eigenvalues —r/2,—r/2+1,...,r/2. The generating function of resolved entropies
on the lattice is given by
Zp(a) =Try (%4 pT), (3.4)

where —t < a < 7, and p, is the reduced density matrix. One recovers the functions Z,(q)
as

-

+7
1 PPN ror
Zn(q)=§J dae “"an(a), qz—a,—£+1,...,—. (3.5)

—T

Note that this relation holds for any length r, even or odd.

3.1 Probability distribution of the partial magnetisation

Let us begin with the case n = 1, i.e. the probability distribution of the partial magnetisation
q=Sj

+n
Pq=21(q) = %f dae ™ Z(a). (3.6)

—TT

For n = 1, the generating function Z, (a) is simply a groundstate expectation value:

Zy(a) = (le"“Si|y) = w]‘[ i) (3.7)

j=1
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1 01)

(u,v) *

(a (b)

Figure 1: (a) The operator v,(u, v) in the six-vertex model. (b) The two-point func-
tion (VZ(O, 0)v,(0,7)). Each oriented dotted line represents the product of operators
exp(iaajf/z) on the edges it crosses.

In terms of the six-vertex (6V) model associated to the XXZ chain, this becomes a two-point
function on the infinite cylinder of circumference N sites (see Fig. 1):!

Z1(a) = (v},(0,0)v4(0, 1)) = (v_4(0,0)v4(0, 1)), (3.8)

where v, (u,v) inserts a chain of operators ¢!***/2 along a path on the dual lattice, going
from (—00,0) to (u,v). Since the 6V R-matrix commutes with (e!%°°/2 ® ¢!2°°/2), the lattice
operators v, are mutually local, i.e. their correlation functions are independent of the choice
of the paths.

In the thermodynamic limit, the universal behavior of the 6V model is captured by a com-
pact boson CFT with central charge ¢ = 1, where a family of primary operators is given by the
vertex operators Vg, with scaling dimensions

2 -
(B/2m)” . g=""Y  A=cosng. (3.9)

he =ha =
b p 4g T

By convention, we normalise the Vp’s so that the two-point function reads

1

(Vﬁ (z,i)V_ﬂ (W, W)) =

Back to the 6V model, if we fix a in the interval — < a < 7, the lattice operator v,, is described
in the scaling limit [34,35] by the vertex operator V:

v, (u,v) ~ A (a)a?aV, (2,2), (3.11)

where a is the lattice spacing, and z = a(u+iv),2z = a(u +iv) with integers u and v. The pref-
actor A, (a) = A;(—a) is independent of system size but non-universal, except for .4;(0) =1,
since vy, is simply the identity operator on the lattice. For the two-point function in particular,
this means

—4h,
Z)(a) = [ Ay (@) a® (V_4(0,0)V,(0, r)) = | A (a)]? (% sm%f) , (3.12)

where
L =aN, {=ar. (3.13)

!n this article, the distinction between lattice operators and the CFT operators describing their scaling limits
plays an important role. For this reason, we denote lattice operators with lowercase bold letters such as v and t.
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However it should be stressed that in (3.11) and (3.12) the rh.s. is only the most rele-
vant term (as a — 0), and there are also contributions coming from less relevant scaling fields
(generically all fields with compatible quantum numbers) with U(1) charges a, ax2mw, a+4r...
This means all the vertex operators and descendants, with a U(1) charge equal to a modulo
2m. We write this as

vy(u,v) = Z(—l)m(“+v)A1(a + 271m) @*tar2mm wronm(2,2) + desc., (3.14)

meZ

i

where “desc.” denotes the contribution from the descendant operators. The sign (—1)*"”
appears for each contribution of V5., with m odd, reflecting the fact that the transfer-matrix
eigenstate associated to V5, has momentum mmn. From this expansion of v,, we get for
any «a in the interval —nm < a < m:

— ml

- L —4hg12mm
Zi(a) ~ Z (=)™ |A;(a+2mm)? (E sin T) + desc. (3.15)

m=—0oQ

The corrections to (3.12) are the usual finite-size correction for a critical lattice model. In
particular they decay algebraically with system size (taking L,{ — oo with £/L finite).

But as it turns out, the probability distribution of the partial magnetisation has much larger
finite-size corrections that only decay logarithmically. These originate from the a-dependence
of the prefactor A;(a). Indeed up to algebraically subleading terms, we have

~ 2 L . TEE —4hg 2 K (12/2
Z1(a) ~|A;(a)|*| — sin— =[Aj(a)|"e ™=, (3.16)
a L
where we have introduced the short-hand notation adapted to the case of finite L and zero

temperature:

1 L . ml
K, = onZg log(—sm T) . (3.17)

If we write the series expansion of log |.A;(a)|? as

oo

b,
log |A; (a)]* = _a¥, (3.18)
;(ZJ)!

we see that the 2j-th cumulant of the probability distribution p, is simply given by the coeffi-

cient (—1)/ b; for j > 1, whereas the variance is (K, — b;). All odd cumulants are zero. Recall
that the mean value of g vanishes exactly, due to symmetry under spin reversal.

Let us write more explicitly the probability distribution. Using the relation (3.6), one gets

+7 2
1 K,a
~ d 2 s _ 4
g™ o J_n a |A;(a)l exp[ iaq 5 ]
2 +n
e_q /ZKI K[ . q 2
o~ o f_n da |A1(a)|2 exp |:—? (a-i‘ll?e) . (319)

Interestingly, we note that if we include the contributions from the subleading vertex operators
V,42-m With m # 0, everything adds up nicely to

—q%/2K, +00o K 2
Pq = c f da |A; ()] exp [—Ef (a+ 1%) ] . (3.20)

27 —oo Y]
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In particular the signs (—1)™" end up disappearing because g € {—r/2,—r/2+1,...,r/2}.
The relations (3.19) and (3.20) are not incompatible. They both give the correct asymptotic
behavior of p, in the limit K, > 1. They only differ in subleading corrections that decay
exponentially in K,, which means algebraically with system size.

Introducing the scaling variable x = q/+/K,, with probability distribution

p(x)=VK¢p, s> (3.21)
we can write:
32 +00 2
e X" /2 dw w (wix)?
X) x T, (K, x), 7;(K,x) := — A (—) e 2 . (3.22)
p(x) Vo 1Ky, x) 1( ) J_Oo Vo 1 JK

At leading order, as K, — 0o, we have Z;(K,, x) — 1, and the variable x follows the expected
normal distribution

—x2/2

p(x) ~ ¢ (3.23)

or

But this leading behavior is corrected by corrections that decay algebraically with K,, thus loga-
rithmically with system size. These corrections are fully controlled by the coefficient |4;(a)|?,
or more precisely by its Taylor expansion around a = 0O:

(e.0)

|A; () = Zaj a®, a,=1. (3.24)

j=0

The integral Z, (K, x) then takes the form of a power series in 1/K:

o a;q;j(x) J 2i) (—x2)P
Il(K’x):Za]qT'x’ qj(x):Z(Zj(_é)p)lpl( xzp) : (3.25)
oy Ip!

As a result, we get the following asymptotic behavior for the probability distribution of the
rescaled partial magnetisation as K, — oo:

(x) e_xz/zx[1+a1(1 2y 4 223 _6x2 4 x4 } (3.26)
x)= —(1—x —=(3—6x"+x o, .
P Var K, KIZZ

where K, is given in (3.17) and the parameter O < g < 1 is related to the XXZ anisotropy via
A =cosTg.

While in the above we considered a system of L sites with periodic boundary conditions at
zero temperature, the same results holds for an infinite system at inverse temperature 3, with
K, replaced by

Ke—)

log(gsinhn—é) . (3.27)

2m2g B
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3.2 Charge-resolved Rényi entropies

The generalisation to charge-resolved Rényi entropies, i.e. to the case n > 1, is straightforward.
For a = 0, the generating function Z,(0) can be viewed as the partition function of the 6V
model on the replicated cylinder with a branch cut connecting the copies u and (u+1) mod n
across the interval, or, equivalently, as the correlation function

Z,(0) = (t'(0,0)t(0, 1)), (3.28)

where t(u, v) is the lattice twist operator. Computing Z,(a) for generic a then amounts to
inserting v/ (0,0)v,(0,r) on a single copy. Interducing the lattice composite twist operator
t,(u,v) :=t(u,v)v,(u,v), we can simply write Z,(a) as the two-point function

Zp(a) = (t(0,0)t,(0,7)) . (3.29)

In the scaling limit, the composite twist operator [24,36,37] is obtained by the point-splitting
procedure:
7 4(2,2) = nha lir% |:|£|2(1_1/“)ha Vo(z+€,2+ é)T(z,i)] , (3.30)
Fotemd

and has conformal dimension h; = h; + h,/n. The factor n?ha is included to ensure that
the two-point function is normalised as in (2.15). Similarly to v,, the lattice twist operator
decomposes as

+00

ty(u,v) = Z (—1)mtv) A, (a+ 27tm) a?varanm Toronm(2,2) +desc., (3.31)

m=—0Q

with 2 =u+iv,Z = u—iv, and where A,(a) is a non-universal prefactor independent of the
system size. This yields the following decomposition for Z,(a):

L e _4(hr+ha+27rm/n)
d ) + desc., (3.32)

Z,(a) =~ Z (=1)m™ IAn(a+2nm)|2(—sin—

a L

where again “desc.” denotes the contribution from the descendant operators. In particular, up
to exponentially small corrections in K,, we have

4h,
7 (0) ~ | A (0) x (i sinn—e) . (3.33)
na L

Note that Zn(O) = Try (pZ) = Z, is simply the partition function on the replicated surface,
which is related to the usual Rényi entropy via

1
S, = logZ,. (3.34)
1—n

Proceeding exactly like for the probability distribution, we get

— —nx?/2
Zla=xJK) | e X T(Ky /n, x /), (3.35)

Zn V21K, /n

where . 5
® dw | AW/ VE)|T o2
T,(K,x) := 7, 3.36
(K,x) - G e (3.36)

10
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The integral Z,,(K, x) can be expanded for K — oo as

oo
CI( ) a a
IH(K,X)ZE: 2 1+ ;1(1—x2)+KL’22(3—6x2+x4)+..., (3.37)
j=0

where the polynomials q;(x) are given in (3.25), and the a, ;’s are the Taylor coefficients of

Ax(a)/ AZ(0):

oo

=>a,;a%. (3.38)

j=0

An(a) [?
A, (0)

As a result, we can write the charge-resolved entropies as:

5,(9) =, — 5 log(amK,) + (11g =+ K/ VED, (3.39)

up to terms exponentially small in K,. Hence, in finite size, the leading corrections to equipar-
tition decay algebraically with K,, and are encoded in the function

(K, x)— 1 [logI (K/n,xv/n)—nlogZy(K,x)] . (3.40)

In the limit K — 00, the dominant term in c,, is
n 2
cn(K, x) =~ E(An —B,x%), (3.41)

where A, = (a,;—a;)/(1—n) and B, = (na, ; —a,)/(1—n). Hence, c, is of order 1/log(L/a),
and the charge-resolved entropies become equipartitioned in the scaling limit, but up to very
large logarithmic corrections encoded in the function c,(K, x). These corrections are model-
dependent, because they originate from the prefactors A, (a) in the lattice twist operator t,.

3.3 Lattice prefactors and scalar products

Although the non-universal prefactors A4, (a) cannot be computed by CFT methods, in this
section we shall show that they are simply related to scalar products of XXZ eigenstates. Un-
derlying this relation is simply the state-operator correspondence. The relation is generic and
holds for any lattice model with a local symmetry, but for the reader’s convenience we illus-
trate it on the XXZ spin chain, in a way that should be straightforward to translate to other
models.

We first expose the argument for n = 1, i.e. for the normalisation factor .4;(a) associated
to the lattice operator v,,. Recall that if (u, v) and (u’, v") are two lattice points on the cylinder,
then we have, for -t < a < 7,

i . 2 _4h / |A1(a)|2
(VI (VI (W', V) = | A (@) a*e (Vo (2)V,(2)) = T (3.42)
| sinh + (z—z’)| “
where z = a(u + iv) and 2’ = a(u’ + iv’). In particular setting (u,v) = (0,0) and
(u’,v') = (—M,0) yields
+ o (2m\ e M/N
(V0,00 (~M,0)) | & Ay (35 ) et (3.43

11
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M sites

Figure 2: Inserting v_,(0,0)v,(—M,0) amounts to twisting the periodic boundary
conditions on the middle part of the cylinder. Within the transfer matrix formalism,
the state at the edge of the leftmost cylinder is the untwisted ground state |14(N)),
and likewise at the edge of the rightmost cylinder. Upon sending M — 00, the states
at the edge of the middle cylinder are projected to the twisted ground state [, (N)).
Gluing back the cylinder yields the scalar product | (yo(N)[p,(N)) |2.

In the transfer-matrix formalism, inserting v_,(0, 0)v,(—M, 0) is exactly equivalent to set-
ting twisted periodic boundary conditions

(N, Tioy,,) =" (o] £ic)), O =07, (3.44)
on the portion of cylinder between —M and 0. When M — 400, this yields:

(Vi(0,00v, (=M, 0)) = [ {ho(N)lho(N)) I x [AL(N)/Ae(N)I™, (3.45)

M—

where |Y,(N)) is the normalised ground state of the twisted XXZ chain, and A,(N) is the
associated eigenvalue of the transfer matrix (see Fig. 2). Comparing (3.43) and (3.45), we
recover the asymptotic behaviour of eigenvalues limy_, o, N log[A,(N)/A(N)] = —4rh,, and
we obtain the normalising factor for —n < a < 7:

4h,,
A = tim | (20)™ 1 o 00 P (3.46)

For 2m—1)n < a < (2m+ 1)7 with m € Z, the same argument holds, with |1 ,) replaced by
the appropriate excited state of the Hamiltonian with twisted boundary conditions.

We now turn to the case n > 1, which involves the replicated XXZ model:

n N
n) _ _1 P's y Y z % _
Thoa =3 Zl Z 1 A TRE AT ARETNCALAREI (3.47)
H: J:

where u is the replica index, always considered modulo n in the following. Let |¢o(N)))

be the ground state of Hg&)z with untwisted periodic boundary conditions O'Z’N = O'Z’l for

a = x,Y,2. Since the n copies of the XXZ model are totally decoupled in this setup, we have
simply [1)o(N))) = [4po(N))®". |

Introducing the pair of operators t! (0,0)t,(—M,0) corresponds to changing the bound-
ary conditions on the portion of cylinder between —M and O, to twisted periodic boundary
conditions carrying a U(1) charge a and connecting (cyclically) the copies u and (u + 1):

y

X - Y _ *iad X . z 2
CHTIE: wu,N+1) =e (o, lau+1,1)> OunN+1 = Op+1,1- (3.48)

12
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Let |1Ea(N ))) be the corresponding groundstate. Using the same reasoning as for A;(a), we
get

N 4(h7+ha/n)
271)

a(@)? = lim [(— x |«wo(N)|qﬁa(N)>>|2] . (3.49)

Hence, the determination of |./41(0L)|2 and Ifln(oc)l2 amounts to evaluating the leading be-
haviour of the scalar products (1o(N)|y,(N)) and (¢ o(N)|p,(N))) as the chain length N
tends to infinity.

Interestingly, for a = 0 and n = 2, (3.49) relates the scaling behaviour of one-interval Rényi
entropies to that of another measure of entanglement, namely the bipartite fidelity [38]. This
can be easily extended to a multipartite fidelity for n > 2.

3.4 The free-fermion case

The spin-1/2 XXZ chain at A = 0 (a.k.a. the XX spin chain) can be mapped via a Jordan-Wigner
transformation to the tight-binding model

N
H= —Z (C}L_HC]. + c}Lch) . (3.50)
i=1

For such a non-interacting fermionic model, powerful techniques are available to evaluate both
the full counting statistics [39] and the (symmetry-resolved) entanglement entropies [40-42].
The first key point is to express the (symmetry-resolved) entanglement spectrum in terms of
the spectrum of the correlation matrix restricted to region A. This is known as the Peschel
trick [43]. The second step is to realize that for a translation invariant tight-binding model,
the correlation matrix is a Toeplitz matrix, for which the generalised Fisher-Hartwig conjecture
can be brought to bear [21,44-46].

The above-mentioned results are essentially exact lattice calculations, and as such they
include all the finite-size corrections to the CFT prediction. [For this model with g = %, the
central charge is ¢ = 1 and the scaling dimension of a vertex operator V,, is h, = %(a/ n)2.] In
particular, the leading asymptotic corrections to the cumulants generating function obtained
via the Fisher-Hartwig conjecture (equation (8) in [39]), should be encoded in the function
A,(a). As discussed in Sec. 3.3, this function A,(a) can be obtained by simply evaluating
the overlap between the twisted and untwisted ground states. We shall illustrate here the
analytical computation of A, (a) for the XX chain through the latter approach. Technically, the
computation is very similar to that of bipartite fidelity in the periodic XX chain — see [47].

In terms of the fermionic modes, the twisted boundary conditions (3.44) take the form
ey = (DN et (3.51)

where Ny is the total number of fermions, given by Ny = N/2 —S*. The allowed eigenmodes
in the sector of fixed N are given by

N
1 i 27 Ny+1 «a

— Z Oai . 0., =—|[k—-L __) ke{1,2,...,N}. (3.52
Yak mj:1e C]: a,k N ( 2 27 5 { > 4 5 } ( )

13
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The associated energies are &, = —2cos 0, . For N even and —7 < a < 7, the ground state
lies in the sector Ny = N /2. The corresponding left and right eigenvectors read:

<¢a(N)| = (0|Ya,1Ya,2"'Ya,N/2: Iwa(N)) = YZ,1YZ,2~--Y:;,N/2|O> . (3.53)
From Wick’s theorem, the overlap is given by the determinant formula:

(WoMMlpaN) = _det Mi(@),  Mi() = {ropvy}- (3.59)

The anticommutator is easily computed:

expl (6o x = bas + )] sin %
N sin (0o — )

My (a) = (3.55)

Thus, ignoring an overall phase, the overlap can be expressed in terms of a Cauchy determi-
nant:

) xk — eiGO’k ) y[ — eiea’g X

. a\N/2
2sin3
|<¢0(N)|wa(N)>|=( S )

det
1SkLSN/2\ X — Yy
(3.56)

The Cauchy alternant formula

1 X —X —
det( ) _ [ Tt G = x) (i — o) ’ (3.57)
X =Y [ TG —ye)
leads to the exact expression:

sing /2 sin? Z(k—1¢)

[(Who(N)[o(N))| = (—2) . N . (3.58)
Nsin gy 1<k£[<N/231n%(k—€—%)smﬁ(k—f+%)
The asymptotic behaviour for large N (see Appendix A) is given in terms of Barnes’ G-function:
oy~ ()" 6(1+2)a(1-2) (359
0 NS0 \N 2m on )’ '

where h, = é(a /m)?, as expected from the CFT argument of the previous Section. Therefore,
for the XX chain, we have the exact expression for the lattice prefactor:

|A, ()2 = 272(@/™ [G(1+%)G(1—%):|2. (3.60)

Inserting this into the generating function (3.15), we find

~ 2 L . ml
log Z,(a) ~ —% log(% sin T) +1log|A; % (), (3.61)

and recover the leading correction as given in eq (8) of [39]. Computing the Taylor expansion
of | A;(a)|?, we find
1+y+Ilog2 _a% Z(3)

271_2 ) aZ - 5

2 1674’
where 7 is the Euler-Mascheroni constant.

a, = (3.62)

14
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Generalising to the case n > 1 (see Appendix A), one gets

IA ()2 = 274 tha/n) [G(l + 24 i) G(1 + 2 i)]z | 63

This is to be compared with the coefficient a, in equation (3.21) of [41], namely

ay=—L & LD 100 (601 4+ g)601— 6,)), (3.64)
i dA
where
1+2A\" i (1=2)" 1 A+1
fn(k,a)zln[(T) e +(T) i|, ﬂl——zni ln(—},—l) . (365)

Comparing our notations with those of [41], one should have
2 ha
a, =log|A,(a)|”+ 4(hT + 7) log2. (3.66)

In order to compare with our results, we have to evaluate the above contour integral. First
notice that the integrand is analytic at A = oo. This means that one can think of the contour
as winding around infinity, thus avoiding the branch cut going from A = —1 to A = +1, and
allowing for the residue theorem to be applied. Now the only poles come from the term
dd_x fn(A, @), which has simple poles (with residue 1) at every A such that

a 1 1 1
=———+ -+ — modulo —. 3.67
b 2ntn 2 anouon : )
The residue theorem yields
n—1 a a 2
a, =2 log[G(1+ﬂ+—)G(1+£——)] , (3.68)
peTon 2n  27n 2n  27n
p=n—1mod 2

which is indeed our result (3.63).

Finally, we write down explicit formulas for the coefficients in the decomposition (3.38).
We first obtain the Taylor expansion for the logarithm of |.A,(a)/.A,,(0)|*:

AP = bny
log ‘ L = > g% (3.69)
4,(0) ; 2))!
with
1 % 1+y+log2n . 1
. . Znnz - )
b= = > k(P D(E)— @1 - Ey) 0ic1) . (3.70)
n,J 22j—2n2j+1 2] o ( n n ) zzci(—ljnjn)zi ji>1,
for n odd and
n=1 1+y+log8n .
1 : j—1) kY1 (2j—1)(__k 2nm? =L
ni = 52221 52 D KO PA-0) 1 @iy o, G7D
k=13, 22 Tnjr2] J 5
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for n even. Here 1(™(z) is the polygamma function of order m. The first coefficients a
then given by

n,j are

an1=Dby1, Apo = % [bn,Z + (bn,l)z] ) apn3 = %, [bn,3 +3byabpq + (bn,l)g] . (3.72)

In general, a,, ; is expressed as a sum over the partitions P = { p1 s p2 s, pn} of length j:

= l—[ (2;31'n ! (3.73)

|P|=j i=1

3.5 Numerical computations of lattice prefactors

We performed simple computations based on the exact diagonalisation of the XXZ Hamilto-
nian, to confirm our analysis of the finite-size behaviour of the quantities A,(a) and Z,(a).
For this purpose, we use a fitting formula for Z,(a) = (tZ(O, 0)t, (0, r)), which only takes into
account the three first primary operators contributing to the two-point function:

| A, (a)? A (a—2m)2 A (a+27)]2 N
RGO R ey Sl Gt D Eewwrrcu ey st w= Esmﬁ (3.74)

For the XX spin chain (see Fig. 3 a,b,c), since we have an analytical determination of
the scalar product ((y4|,)), we can compare the exact formula (3.63) with the prefactor
|A,(a)]? in (3.74). In practice, to compute Z,(a), we first obtain the ground state |3o(N)) by
a Lanczos algorithm, then construct and diagonalise the reduced density matrices p,(q), and
finally perform the trace (2.11). Quite remarkably, the agreement with (3.63) is excellent,
even for small system sizes.

For the XXZ spin chain with a generic anisotropy parameter A, it is also useful to evaluate
the coefficients |.An(oc)|2 from the numerical computation of overlaps (3.46) and (3.49). Due
to memory usage, we restricted this numerical study to the case n = 1. In Fig. 4 we show the
comparison between the numerical determinations of |.A;(a)|? for A = 0.4, from the overlap
(3.46) and from the two-point function (3.74). In Fig. 5 we show |4, (a)|? as a function of a,
for various values of A.

The above results show that the coefficients |4, (a)|? can be obtained numerically with
very moderate computing time and space, on the basis of an exact diagonalisation of the
Hamiltonian for system sizes of order 10-20 sites.

4 The critical clock-spin chain

4.1 The clock Hamiltonian

The critical Z, clock model [25] on the square lattice is a simple example of an integrable
critical model with an internal discrete symmetry — the cyclic group Z,. The anisotropic limit
of the transfer matrix yields the critical 1d Hamiltonian, acting on the Hilbert space (CP)®V:

clock ZZ Sll’l(ﬂ:k/p) I:(Z Z'_H)k + (X )k] 4.1)

j=1k=1
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Figure 3: The functions A, (a) and Z,(a) for the periodic XX chain. (a,b,c) The pref-
actors |.A,(a)|?, obtained from the numerical computation of the two-point function
(tlta) for n = 1,2,3 on a cylinder, are compared with the exact formula (3.63).
(d) The numerical two-point function (t't,) for n = 2 and N = 16 is plotted
against the approximation (3.74), with coefficients |A,(a)|? taken from the exact
formula (3.63).

with periodic boundary conditions Zy,; = Z;, and where the local matrices are defined by

Xj=1®®1® X ®1®--®1,

j—th

Zj=18---01® Z ®1®---®1.

j—th

The elementary matrices X and Z are defined by their matrix elements

ifa=b+1 modp

1
X, =
ab {0 otherwise,

Zap = exp(Zina/p) 5ab :

In the scaling limit, this model is described by the Z, parafermionic CFT [48].

The overall rotation of spins X’ is a local Z, conserved charge

If we partition the system into two subsystems A= {1,...,r}and B={r+1,...

x=]]x,.

N
j=1

[X: Hclock] =0.
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o /2T

Figure 4: The coefficient A, (a) as a function of a, for the XXZ spin chain with A = 0.4
and system sizes of N = 14,16 sites. The quantity |.4;(a)|? is obtained from the
overlap (3.46), or from the two-point function (3.74). The agreement between the
two determinations is very good.

0.9 | 0.9 |
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Figure 5: The coefficient A, (a) as a function of a, for the XXZ spin chain with various
values of A. (a) The quantity |.4;(a)|? is obtained from the overlap (3.46), for a
system of size N = 16 sites. (b) The quantity |A,(a)|? is obtained from the two-
point function Zz(a) and the fit (3.74), for a system of size N = 16 sites. A small
dependence on A can be observed, which cannot be attributed to finite-size effects.
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define the Z, charge of A as

.
=], = e, 46)

j=1
with eigenvalues of the form exp(2i7q/p), where q € Z,. We define the generating function

of resolved entropies as
Z(a)="Tr,(X%p1), (4.7)

where a € Z
function as

»> and p, is the reduced density matrix. One recovers the resolved partition

p—1
4@=§Zamammmﬁmy 4.8)

a=0

4.2 Probability distribution of the partial charge
The probability distribution for the partial charge is given by

p—1
P@=21(@) = ) cos2rag/p) (). 4.9)

a=0

The generating function Zgl)(a) is simply the two-point function of the disorder operator u,
in the clock model on the infinite cylinder (see [48]):

Zy (@) = (u! (0,0)u,(0,1)). (4.10)

By construction, we have Z;(0) = 1. In the scaling limit, u, becomes a linear combination of
scaling operators in the sector of spin Z,, charge zero and dual Z, charge a (see [48]). For a
given integer a in the range {1,2,...N — 1}, the most relevant operator in this sector has the
same dimension as the o, operator:

alp—a)
= —. 4.11
“ 2p(p+2) @1
The dimension of the elementary spin operator o; = o is denoted
p—1
=—. 4.12
7 2p(p+2) @12)

For instance, we have h, = 1/16 for the Ising model, and h,, = 1/15 for the three-state Potts
model. Hence, the two-point function is of the form

—4h,
L “6) (4.13)

~ 5 .
Z1(@) = A (@ (—sin =
Ta L
where A;(a) is the non-universal normalisation factor of the lattice operator u,. Since the
model is invariant under spin-reversal, this factor satisfies A;(—a) = A;(a)*. Hence, the
dominant behaviour of p, is

1 2 L £\ %o
Py~ = [1 +2c0s 274 x| A, (D)2 (—sm“—) ] , (4.14)
p p Ta L

where h,; is the spin conformal dimension (4.12).
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4.3 Charge-resolved entropies

Like in the XXZ case, for n > 1 we can view the generating function Z,(a) as the two-point
function of a composite twist operator t, =t - u, in the Z, orbifold of the lattice model:

—4(h,+hy/n)
nt ) ) (4.15)

Z(@) = (t}(0,0)t(0,r)) ~ | A, () (—a sin —

where A, (a) is the normalisation factor of the lattice operator t,. We write

2 —4hs/n
(i sinn—e) ] . (4.16)
a L

For p = 2, we recover the scaling behaviour found in previous works on the XY chain [6,42]
— our analysis explains the presence of constant prefactors observed in these works.

_1 o~
Z 1% 2 7 1 2
ﬂz_Z:COS nqaﬂﬁ_ 1+2cosﬂx'—
P A, (0)

Z,(0) p4&d p Z,0) P

The behaviour of the charge-resolved entropies is:

2
$.(q) =Sn—logp+2cos($) X co(L,0), 4.17)

where the dominant correction terms are of the form

2( i ol )—4h0/n
1 — —
L A1(0)

n(Lf)fvi[

—4h,,
( sin%g) } (4.18)

A, (0)

4.4 Lattice prefactors

Like in the XXZ case (see Sec. 3.3), the coefficients A, (a) can be obtained from the asymptotic
behaviour of overlaps between groundstates of the replicated clock-model Hamiltonian with
twisted and untwisted periodic boundary conditions:

A (@) = lim [(ﬁ)%ﬁha/n) < [{WoNP (N)»F] 4.19)
n N—0o 21T 0 a . .

In the above expression, we have considered the replicated Hamiltonian

Hgo)ck = _ZZZ SlIl(TEk/p) [ ’u]ZZL’j_;_l)k + (XM,j)k] P (4.20)

u=1j=1k=1

with untwisted periodic conditions Z, v, = Z,, ; for the state [p((N))), and twisted periodic

boundary conditions Z, y 1 = e2imabyn/p Z,,41, for 19 (N))).
In particular, for p = 2 where the model is equivalent to a special point of the (free-
fermionic) XY spin chain, it should be possible to compute the twisted overlaps.

5 Conclusion
In this article we have analysed the leading finite-size corrections to the symmetry-resolved

(Rényi) entanglement entropy. For a discrete Z, symmetry, these corrections decay alge-
braically with system size, with a universal exponent controlled by the conformal dimension of
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the most relevant composite twist field. In the case of U(1) symmetry however, the finite-size
scaling exhibits very large logarithmic corrections. They originate from the normalization of
the lattice composite twist field used in the Replica trick, and are a priori non universal. We
have shown that these normalizations are related to the overlap between the untwisted and
the twisted ground state of the model. As a check, we computed these overlaps for a free
fermionic system and recovered the leading logarithmic corrections obtained in [39,41].

For the critical XXZ chain with A # 0, the determination of lattice prefactors through the
method described in Sec. 3.3 would involve an asymptotic analysis of overlaps (yo(N)|,(N))
and (1 o(N)|4,(N))) for fixed a and large N. For (yo(N)[1,(N)), despite the existence of a
determinantal formula [49,50] in terms of the roots of Bethe Ansatz equations, this asymptotic
analysis in the critical regime |A| < 1 remains a non-trivial problem. For ((1o(N)[¢(N))),
a first important step would be to obtain a determinantal formula analogous to [49,50], and
then perform its asymptotic analysis. We hope to tackle these problems in future work.
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A Asymptotics of scalar products for the XX chain

In this appendix, we compute the overlap |{(y»o(N)[)4(N)))]| for arbitrary values of n in the
XX chain. To do this, we shall use the fact that |{ﬁa(N ))) = |Y4(nN)). Thus we consider a
chain of size nN, and compute |{(}o(N)|¢,(N)))| as the overlap between the ground state of
the total system, and the tensor product of ground states of n adjacent subsystems of size N.

The fermionic operators for the full system of length Nn are

Nn Nn

1 (i . 1 TP 27 ( Nn 1 «a )
= 1Pk I = 10k 6p=—|k———=——1]. (A1
Yk /—ane C]; Yk ,—ane CJ: k Nn 4 2 oI ( )

j=1 j=1

The groundstate eigenvector of H for even values of N is
Yo (MN)) =y iv} -7k, [0). (A.2)
2

We introduce the fermionic operators specific to each subsystem,

1 u 27 N 1

w_ _* i(j—(u—1N)ny _&nt N2 _

Y = E e ¢, N = (k ), u=1,....,n. (A.3)
N j=1+(u—1)N N 4 2

The state ((1)o(N)| is then given by

1 1 2 2
(o0l = O1(1+1P) . (1212 (1-49). (a9
The fermionic operators satisfy the anticommutation relations

(=N _q

(W) T}:e—iee(u—l)zv €

s . (A.5)
7 2i sin & (1 — 6;)
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Using Wick’s theorem, we write the overlap as

Nn/2
(Yo P (N))) = det My, (A.6)
where '
w=0" il W-DN<k<pN,  p=1...n. (A7)

Evaluating the determinant of M is possible because only the first factor on the right side of
(A.5) depends on .

We proceed by making a change of basis for the fermions y(“ ). The fermionic operators
(@)

in the new basis are the discrete Fourier transforms of the original operators v, over the n
subsystems. The matrix U/ of the change of basis is a block matrix defined as
o omi/ el(m=a)/n n even
= Bl — 2mi/n = ’
ul] w ﬁ 1%’ w=e ’ ﬂ { (_1)Nn/2—1 e—ia/n n Odd, (AS)

where i,j = 0,...,n—1, and 1, is the identity matrix of size p. After a reordering of its
columns, the matrix &/M is block-diagonal. Using

|dettd| = nN™/4, (A.9)

we simplify the expression for the overlap and find

[y

n—

[(WoIFaN] = |(2N)7F @cos(§ +2))? [ [deem®], (4.10)
p=0
with 1
M = ki=1,..5%. (A.11)

sin 3 (N — Ong—p)’

Each of the determinants on the right-hand side can be evaluated using Cauchy’s determinant

formula: k)
.92 —0)1
I1 sin (—)
o) _ 1<k<(<N/2 N
|detM |_ N/2 . ((k=0)= a n(n—2p—1) (A.12)
k=15 "N 2Nn T~ 2Nn

We have thus obtained an explicit formula for |{(1o(N)|},(N))| in terms of products of
trigonometric functions.
To compute the leading terms of its large-N expansion, we define the functions

N/2 N/2N/2
X(a,N)= Zlogsinc[%(k +a)], Y(a,N)= ZZlogsmc[ k £+a)] (A.13)
k=0 k=0 (=0

We rewrite the sine functions in (A.12) in terms of sinc functions. Each of the products is then
doubled. For example, we have

N/2 N/2 N/2 N/2

l_[ l_[ sin (%) (]%)N(N_Z)Ml_[ l_[ (k — £)? sinc? ((k E)n)' (A.14)

k=1{=k+1 k=1{=k+1

The first product involves only the arguments of the sine functions and is easily rewritten in
terms of the Barnes G-function:

N/2 NJ/2 N/2 N/2 1“(6 k+1) N/2 N/2
N _ _ N
k| [[]e-0=]]11] - |_|1“(5—k+1)—|_|F(k)—G(5+1). (A.15)
10=k+1 k=1/(=k+1 k=1 k=1
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The second product involves the sinc functions and is expressed in terms of the functions X
and Y:

N/2 N/2 N/2 Y(O,N)

(k—0Om . (k=0 _ e
| | | | smc( | |smc N = oW - (A.16)
k=1¢=k+1 k=1

Repeating the same argument with the denominator of (A.12), we find after some algebra

n—1 2(N 2p+1 3 a 2p+1
~ G(—+1)G( + 5=+ 35— 5 — )
(poIE 0D = [ [ S F o i (A17)
p=ot G5 +3+ 55+ +3—2m—
X+ 5= N) X(—m—%Jr1 N) Y (0N) ]
smc( N %) Y (5 + 25 —3N) 2X(0,N)

The asymptotic expansions of the functions X and Y are obtained from the Euler-Maclaurin
formula:

_ N s 1 1
X(a,N)= E(1—1ogn)—1og(§)(a+§)+O(N ), (A.18)
NZ 5
Y(a,N) = j+N(1—logn)—log(g)(a2+6)+O(N_1), (A.19)
where
! 1 7
J= ZJ dz(1—z)logsinc(5) = —(3 —2logm— —((3)) ) (A.20)
0 2 2
Likewise, the known asymptotics of the Barnes G-function is
_ (z—1)2 1 3(z—1)? z—1 1 1
log G(2) = ( 2 - og(z—1) 7 + 2 log(2m)+ D logA+O(z7"). (A.21)

This allows us to compute the two leading orders in the large-N expansion of the logarithm of
the overlap:

log [(o (N3 o (N)))| =

(1—n?)—3(a/m)? N
12n log(E)

- —ZH)+oNTh. (a22)

21n

+Z:10g(G(2 + 5+ 55 2p+1
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