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Abstract

Using the intertwining matrix of the IRF-Vertex correspondence we propose a determi-
nant representation for the generating function of the commuting Hamiltonians of the
double elliptic integrable system. More precisely, it is a ratio of the normally ordered
determinants, which turns into a single determinant in the classical case. With its help
we reproduce the recently suggested expression for the eigenvalues of the Hamiltonians
for the dual to elliptic Ruijsenaars model. Next, we study the classical counterpart of
our construction, which gives expression for the spectral curve and the corresponding
L-matrix. This matrix is obtained explicitly as a weighted average of the Ruijsenaars
and/or Sklyanin type Lax matrices with the weights as in the theta function series defi-
nition. By construction the L-matrix satisfies the Manakov triple representation instead
of the Lax equation. Finally, we discuss the factorized structure of the L-matrix.
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List of main notations:
q;, j =1,...,N — positions of particles;
q; = q; —qo — positions of particles in the center of mass frame, g, = (1/N) >
dij =4; —4g;
x;=e¥ orx; = e2™4; in trigonometric or elliptic cases respectively;
pj, J =1,...,N — the classical momenta of particles;

w = e?™* _ the elliptic modular parameter, controlling the ellipticity in momenta;

p = e?™" — the modular parameter, controlling the ellipticity in coordinates;
q = e — exponent of the Planck constant;
t = e" — exponent of the coupling constant;
A — the spectral parameter (1.1) (sometimes called also u);
z — the second spectral parameter (1.5);
A, , - the space of operators, generated by {x,.., Xy, @10, NN Y,
: -normal ordering on A, ,,

O(A) - the generating function of operators O, from [42] (1.1);

moving all shift of operators in each monomial to the right (2.25);

O'(A) = i 1O(M)h - the generating function O(A) with theta functions 6, being replaced by the
Jacobi theta functions ¢ (the function h equals [ [, i e "M@=/ see (D.3))

O'(z, 1) — extension of O’(1) by the second spectral parameter (2.26);
H(A) - generating function of quantum Dell Hamiltonians H,, = OglOn (1.2);

F(A) - alternative generating function of quantum Dell Hamiltonians #,, = O~1(1)0,, (5.1);

= € Mat(N, C) - the intertwining matrix, det Z is proportional to the Vandermonde function {9};

g =ED7! € Mat(N, C) - the normalized intertwining matrix with diagonal matrix D (6.10);
n2—n
L= 0z (—A)"LF(q", t") - the weighted average of the Ruijsenaars Lax matrix (2.45);
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¢ — the light speed parameter as in the Ruijsenaars-Schneider model (5.14);
L(z,A) € Mat(N, C) — the L-matrix in the Manakov L-A-B triple (5.8).
All products of non-commuting operators should be understood as left ordered products. By this

we mean.:
N
| |Bl =
i=1

1 Introduction and summary

1.1 Brief review

The double elliptic (or Dell) model [17-26] is an integrable system with an elliptic dependence
on both — positions of particles and their momenta. It extends the widely known Calogero-
Moser-Sutherland [27-31, 43] and Ruijsenaars-Schneider [60, 61] families of many-body in-
tegrable systems. Historically, the model was first derived as the elliptic self-dual system with
respect to the Ruijsenaars (or equivalently, p-q or action-angle) duality interchanging positions
of particles and action variables [57-59]. At the classical level the original group-theoretical
Ruijsenaars construction was not applicable to the elliptic case. Instead, a geometrical ap-
proach was used based on the studies of spectral curves and Seiberg-Witten differentials [37].
In this way the Dell Hamiltonians where proposed in terms of higher genus theta-functions
with a dynamical period matrices. For this reason a definition of the standard set of algebraic
tools for integrable systems (including Lax pairs, R-matrix structures, exchange relations etc)
appeared to be a complicated problem. The classical Poisson structures underlying the Dell
model were studied in [2-4,16].

An alternative version of the Dell Hamiltonians was suggested recently in [42]. The au-
thors exploited the explicit form of the 6d Supersymmetric Yang-Mills partition functions with
surface defects compactified on torus, which are conjectured to serve as the wavefunctions for
the corresponding Seiberg-Witten intergable systems [1,54-56]. The exact correspondence of
their results with the previous studies is an interesting open problem though the matching has
being already verified in a few simple cases. In this paper we deal with the Koroteev-Shakirov
version of the generating function for commuting Hamiltonians. Namely, for the N-body sys-
tem consider the operator of complex variables:

(nl n]

l_[qnxal_zkn (11)

nl,...,nNGZ i<j nez

This is a definition of the infinite set of (non-commuting) operators @k. The positions of
particles q; enter through x; = e%; t = e" — is exponent of the coupling constant 1; q = e”
— is exponent of the Planck constant fi; and &; = J,,, so that 9, = x;0;. The constant w is
the second modular parameter (controlling the ellipticity in momenta) and A is the (spectral)
parameter of the generating function. The definition of the theta-function 6,(x) with the
constant modular parameter T (p = ¢2™%) (controlling the ellipticity in coordinates) is given
in (A.1). The commuting Hamiltonians of the Dell system were conjectured and argued to be
of the form:

A,=0;'0,, n=1,..,N. (1.2)

Solution to the eigenvalue problem for H, was suggested in [5, 6] by extending the Shiraishi
functions [64] - solutions to a non-stationary Macdonald-Ruijsenaars quantum problem.
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Our study, on the contrary does not appeal to the explicit form of the wavefunctions and
is mostly focused on the generating function itself. It is based on the usage of the intertwin-
ing matrix =(z) of the IRF-Vertex correspondence (see (9) for their explicit form) and the
Hasegawa’s factorization formula [39-41].

LR8(z,q,t) = g7 (2)g(z — N) ¢80 %) € Mat(N, C) , (1.3)

for the gl elliptic Ruijsenaars-Schneider Lax operator with spectral parameter z [60,61]

) GOz +q;;—n) 1 Hgj+1)
L8(z,n,0) = L . gy=q—g;. (1.4)
ﬁ(%)ﬁ(qij—n) ket j 19(%‘1()
The matrix Z(z) = Z(z,x1,....,xXy|p) enters the normalized intertwining matrix

g(z,7) = E(z)D~! from (1.3), where D(xj,...,xy) is a diagonal matrix used for convenient
normalization only, see (6.10). A key property of these matrices, which will be used, is that
det = is proportional to the Vandermonde determinant. These intertwining matrices are known
from the IRF-Vertex correspondence at quantum and classical levels [10-15,44-47,69]. The
IRF-Vertex correspondence provides relation between dynamical and non-dynamical quantum
(or classical) R-matrices as a special twisted gauge transformation with the matrix g(z), thus
relating the Lax operator (1.4) with the one of the Sklyanin type [65,66].

1.2 OQutline of the paper and summary of results

In this paper, using the Hamiltonians (1.1), we construct a generalization of the Macdonald
determinant operator for the Dell system and study its applications.

We use a slightly modified and extended version of the generating function O'(z,1) (1.1),
which depends on additional spectral parameter z, and generates an equivalent! set of oper-
ators @’k:

. Bz —kn) x »
O'z1)=>] A0 =

kez 'ﬂ(z)
—n SV w2y N —q; —1n.)) &~
— Z 1?(2 n Zi:l nl) a)Zi lT(—A)ZILan l_[ ,l?(ql q] + 77(“1 Tl])) l_[ enihaqi .
ny,...nNEZ ﬂ(z) i<j ’ﬁ(ql _q]) i
(1.5)
The paper is organized as follows.
In Section 2 we derive the expression for the generalized Macdonald determinant:
Are _ DTS P nha,,
O'(z=Ngo, ) = detZ(z) 1555{;( Ao T E(q; +nm.z)e J}’ (1.6)

where g, is the center of mass coordinate. The determinant is well defined as the columns of
the matrix commute. For the precise form of the matrix 5;; = E;(q;,2) see (9).

In Section 3 we express the generating function (1.5) in terms of the Lax matrix of the
Ruijsenaars-Schneider model:

O'(z,1) =: 1<C1'1?£N {ﬁll?jeu(z, Alg, tlT, a))} 5 (1.7)
where i
LNz, Al g t] T, 0) = > 0 T (LR (2 kn, ki), (1.8)
keZ

IDetails of the relation between @,’( and @k are given in (11).
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and the normal ordering is defined in (2.25). The trigonometric and rational limits (for coor-
dinate dependence) of (1.5)-(1.8) are described as well.

In Section 4 we study the eigenvalue problem for the operator O(u) (1.1) in the (coordi-
nate) trigonometric limit p = 0, which corresponds to the dual to elliptic Ruijsenaars model?,
and compare our results to the known in the literature [5,42].

The main statement here is the following: The operators O(w) in the limit p = 0 for
different u could be simultaneously brought to the upper triangular form in some basis, their
eigenvalues are labelled by Young diagrams A = (A4, ..., Ay ), and equal to:

N
Ew); =] [0u ™ g%). (1.9)
i=1

In Section 5 we study the classical limit of the Dell system. Using the classical analogue
L(z,A) of (1.8) we show that the L-matrix

L(z,A) = L(2,1)"'L(z,1) € Mat(N, C), (1.10)
satisfies the Manakov triple representation [34,49] (instead of the Lax equation):
L=[L,A]+BL, ttB=0. (1.11)

The conservation laws are generated by the function det L(z, A) only. It reduces to expression
for the spectral curve of the Ruijsenaars-Schneider model in the «w — 0 limit.

In Section 6 we describe the factorized structure for the L-matrix (1.10) L(z, A). Up to an
inessential modification it is presented in the form, which is similar to the elliptic Kronecker
function® (A.12):

L(z, A, 7) = ®[G(z, T), u| %] := m[ﬁ(—adm,aﬁ) Gz, T)]_l"ﬁ(u— ady 5, |%) Gz, 7)),

T9WR)

2 .
u=log(h), G(z,7)= gz 7)exp (7 diaglps, - py)) € Mat(N, ©),

(1.12)
thus generalizing the classical version of the factorization (1.3) to the double elliptic case. The
elliptic moduli % appears as w = e?™7. It is responsible for the ellipticity in momenta, while
T controls the ellipticity in positions of particles.

We also describe connection of the L-matrix with the Sklyanin Lax operators, and propose
its quantization in terms of the elliptic quantum R-matrix in the fundamental representation
of GLy .

Possible applications of the obtained results and future plans are discussed in the end of
the paper. Appendices contain the elliptic functions definitions and properties, description of
the intertwining matrices =, computations of GL, examples and relations between different
forms of the generating functions.

2 Characteristic Macdonald determinant for the Dell system

In this Section we express the generating function O(A) (1.1) as a determinant of N x N matrix.
The main idea is as follows. First, we introduce a certain bilinear pairing

2The terminology like dual to elliptic Ruijsenaars (or Calogero) model comes from the Mironov-Morozov de-
scription of the Dell model based on the p-q duality. Here and in what follows we use it meaning the trigonometric
(or rational) p = 0 limit of (1.1), though its relation to p-q duality needs to be clarified.

3It is used in the widely known Lax pairs with spectral parameter [43,60,61] in many-body systems.
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(] ): A x A, — A, , between operators depending on coordinates and momenta only

(A, and A, respectively). The generating function O(A) is then expressed as a pairing be-
tween the Vandermonde function and a product of theta functions of shift operators. Finally,
we mention that the Vandermonde function is a part of determinant for some intertwining
matrix =. Using its properties we come to the determinant representation.

The set of intertwining matrices which we are going to use in different cases is given in
the Appendix B . The elliptic coordinate case could not be treated without spectral parameter,
while it is possible in the rational and trigonometric cases.

2.1 Determinant representation for the generating function of the Hamiltonians
2.1.1 The case without the spectral parameter

The result will be proven in all the details in the trigonometric case. The rational case could
be done absolutely analogously. The main statement of this Section is the following.

Theorem 2.1. Let = be the N x N Vandermonde matrix

=P — N—i
._.ij—'—'i(xj)_xj l: (2.1)

SO

det xN 1= l_[(xl- —X;). (2.2)

1<i,j<N j -
i<j

Then the generating function O"¢(A) (1.1) in the coordinate trigonometric limit (p = 0)*:

o= Y Bz i:;xxf]f*l’ @3)

ny,...,nINEZ i<j
is represented as follows:

1

Atrig —
O (A) l_[i<j(x ) 1<1]<N

{Z( Ao T E (" x;))q™i%}, (2.4)

or, equivalently,

1

Atrig —
O (A) l—[l<](x — X ) 1<i,j<N

{x¥ 0, (A" iqH%)} . (2.5)

Proof: First, notice that the above determinant is well defined since any two elements from
different columns of the corresponding matrix commute.
Consider the space of difference operators, generated by {x1, ..., Xy, g%, ..., }. We refer
to it as A, ,. Similarly, denote the spaces, generated by {x;, ..., x5} and {g¥1%,..., ¢~} only
as A, and A, respectively.

Introduce the bilinear pairing:

(1)t Acx A, > A, 2.6)

by defining it on the basis elements

N N N
[lerre-fesfTe e wn e
i=1 = =1 i=1 j=1

Int

*conjugated by [ ,_; ]'"q
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Due to x; ¢%i% = q*i% x; for i # j, the pairing (2.7) satisfies an important property:

N

N N
(J IS Tammoy =] [exflam?)y Vi, m;. (2.8)
SRS

i=1

Then, the generating function (1.1) is represented as follows®:

T x) ( l_[(x x)Il_lew()\quak) (2.9)
i<j i<j

Next, we use the determinant property (2.2) and the linearity property of (2.7). From (2.9)
we conclude

@trig(l)

1

)(Q) = =(x; X0\ —

© m_l_[i<j(X~—x-)(lscileézv“l(xfnl_leco@q ) = (2.10)
B D 2o 0, (Ag™ 2.11
HK]( UEZSN( ) (>(x)|l_[ w(Ag* ), (2.11)

and the property (2.8) provides

O™ = e =57 ( Z( Dol ST B T ([l O [ g =
i<j Xi— k

O'ESN ny,..,nNEZ i
(2.12)
2
nj _ .
“ T Z( 1)'0' Z DTS [0 ). (213)
1<J O'GSN ..... ny€Z i
Hence,
O"(Q) = = > (-1)V! ]_[ B ()10 (Aq5%)) . (2.14)
l_[l<l( i~ Xj )O'GS
Finally;,
A . 1 a
trig — = X X
O = [ = 8 S )10, Ga ). 2.15)
Expression under the determinant is easily calculated:
lefn
(2210, (Ag%%)) = D (—A)"w 7 5i(t"x;)q" 5% (2.16)

nez
This yields (2.4). Plugging the explicit expression for Z into the r.h.s. of (2.16) and summing

up over n we get

n2—n . .
Z(—l)"wTEi(tnxj)q”xfai = XN 710, (AN %), (2.17)

nez

that is (2.5). &
Now let us write the answer for the rational case:

Theorem 2.2. Let = be the N x N Vandermonde matrix

2 =Ei(g) = (=), (2.18)

5We knew this result from [63].
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so that

det (—q;)"! ]_[(ql—qj (2.19)

1<i,j<N
i<j

Then the generating function O(A) (1.1) in the coordinate rational limit :

\ N gi—q; +n(n—ny)
Omt(l) — Z wZi T(_)L)Zl n; l_[ q; —g; 77( i J) l_[ eniﬁf}qi R (2.20)

ny,...,NMNEZ i<j qi_qj i

is represented as follows:

A ]. nzfn -
O*“(A) = =————— det (—A)'w = (—q; —nn)' e | (2.21)
ni<j(ql' —q;) 151’JSN{,§ ! }

or
1

l_[i<j(qi ) 1<l]<N

Proof: The proof is word by word repetition of the trigonometric case. ®
These theorems generalize the generating functions for commuting Hamiltonians for the
quantum Calogero-Ruijsenaars family [39, 62].

O(Q) = {Z( A'w g Ei(q; + nn)e"ha } (2.22)

2.1.2 The case with the spectral parameter

Let us proceed to the case with the spectral parameter. First of all we need to introduce a
convenient notation. In this Section in place of the symbol 6,(x) any of the three functions
could be substituted

—(q; —q;) rational case,
0, Xy_| 1- ;(—; trigonometric case, (2.23)
% QP(;(—;) elliptic case.

We will also use the odd theta function:

—(qi—q;) rational case,
9(q; —q;) = el qj)/2 — e(279))/2 trigonometric case, (2.24)
%(q; — q)) elliptic case.

For the precise relation between them, see (A.4) and (11).
In this Section, we will also need the normal ordering on .4
operators to the right of all coordinates. Namely, on monomials

. l_[xkf_qnzxa = l_[xkz l_[qnzxa , (2.25)
z z z

x,p» Which moves all the shift

where 7 — multi-index.
Let us formulate the main statement. Define the new generating function:

A Hz—k A
O(z,l)ZZ—(ﬁ(z)n)lkO;{:
kez

nf—n; v Bz —n Yo n) 2 0(q —q; +nln; —ny)) &
= i (— i T i=1"1 J J n;hd,
> o 1x ] )

i<j 9(q; —q; ;
(2.26)

Its relation to the previous one is also explained in (11).

8
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Theorem 2.3. Let = be the N x N matrix of the Stdckel form with the spectral parameter

Z

Eij =5ij(51j,z)=5i(q]'—ﬁ), (2.27)
with §; being (B.5) and the property
det 5(q;,2) = cy(D)9R)] [8(ai—q))- (2.28)

1<i,j<N L 2
i<j

Then the generating function O'(z, 1) (2.26) is represented as follows:

A 1 n?—n _ nia
Oz, )= —————: det —A)"w 7 E:(q; + K 2.2
(Z> ) det El](C_I]?Z) 1§i’?SN { ,;Z( ) w 1] (q] nT):Z)e J } ] ( 9)
or, equivalently,
A 1 a. i HO,.
/ - . .. (ak+o-1 )q akn"'Ul n q .
Oz detZ;;(q;,2) 15?,?2N{;§Hl]’k(2)e ] 19w()te e ])} noo (2.30)
where the following expansions for the functions =;;(q;,2) are assumed:
5ii(q;,2) = Z Eijx(2) elaktould; (2.31)
kez
for some C-numbers a and o;.
The explicit form of the matrices = is given in (B.6), (B.9) and (B.12). We use only these

matrices in our study.
Proof: In order to use the trick from the Theorem 2.1 let us define the shifted 2 matrix, called

[

Zij = Eij(qj,2) = E;j(3;— 90,2) = Eij(qj,2 — Nqo). (2.32)
Its determinant is now equal to
Jet 2y =, det | 24;(a;,5) = en(1)9(z = Nqo) L_J[ﬁ(qi —4;)- (2.33)

Now a matrix element =; j depends on the coordinate q; only. Therefore, the following deter-
minants

! nlon nhag,
T (4 o - det _)' " 2 E - +n ’Z e aj :’ 2.34
detZ;;(gj,2) 1<ijsN { ng:( Ve i(q; +nn, ) } (2.34)
or 1
det {12 x(2) e @9, (Aekntoune )} - (2.35)

detEij(qj,z) 1<i,j<N ez
can be calculated as ordinary determinants since the elements from different columns com-

mute. Indeed,

HZ*H
det { Z(—A)”wTEij(qj + nn,z)enhaqf} =
nez

"1<i,j<N
w2 . N s
M N . —_ n:ho,.
=20 > wx T X ] [Eela + )] [ =
OESy ny,..,MNEZ i=1 j=1

(2.36)
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Applying the pairing trick to them as in the proof of the Theorem 2.1, we arrive at

; =.(q. fio,
det=;;(q;,2) <1SC1'15;N Eij(q;,2)l l:[ 0.,(Ae"x)) . (2.37)

Substituting the explicit expression for the determinant of &, one obtains

1

ren e LIOLCRLD) I CC q])|]_[0w(xe 1), (2:38)

i<j

which, after taking the pairing equals

2.

ny,...nN€Z

1?(2: —Ngo—n ZIiV:1 ni) ﬁ 1?(qi —4; + T](Tli B le)) ﬁ enihafh‘
¥(z —Nqo) i<j 9(q: —q ) ; .
(2.39)
So, one obtains:

O'(z—Ngp, 1) = {Z( —A)'w 5 Ei(q; + nn,z)e" qi}. (2.40)

detZ;(q;,2) 1<1]<N

By the same argument as above, we could restore the normal ordering:

1

O'(z—Nqp,A) = —————
= 90, A) = detZ;(q;,2) 1<1]<N

n2—
{Z( AT ul(q]+m),z)e q]} . (24D
Finally, by shifting the parameter z to z + Nq,, we obtain the desired identity.

2.2 Determinant representation in terms of the Ruijsenaars-Schneider L-matrix

In this paragraph we will derive one more useful representation for the generating function.
Consider (2.4). Let us unify the Vandermonde determinant and the determinant of the sum
into a single one. For this purpose we should put the normal ordering. From (2.4) we easily
conclude

OE(Q) = ﬁ 1<i J<N { Z( A'w ‘—‘l](t x;)q"™ g }
N N (2.42)
— 15’(}21\[{;;(—)\)”@ = B By () g0} -
The matrix (1.3): .
L8(q,0) =D =3 Biy(tx;)g%, (2.43)

is the (quantum) trigonometric Ruijsenaars-Schneider Lax matrix. In order to rewrite it in its
convenient form one should also perform the gauge transformation with the diagonal matrix
D;j = 6;; ]_[k#(xi — X ). See details in [40,41,69]. With the normal ordering the gauge trans-
formed Lax operator has the same determinant. Hence, we arrive to the following determinant
representation:

@“ﬁg(x)zz det {Z( A T Rt q")} = det £(A) (2.44)

10
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where

2
L) =D (-1 T L(t",q") € Mat(N, C), (2.45)
nez
is the averaged sum of the Ruijsenaars Lax matrices. The averaging is over Z with the theta-
function weights. Explicit form of LR%(t,q) to be substituted into (2.45) is given in Section 3,
expression (3.10). Its generation to the rational case is given by the expressions (3.13) and
(3.14).
In the case with the spectral parameter the generating function depends on z. However,
the arguments above could be repeated without any complications. Thus, its determinant
representation is:

2
Al —. _ 2\, 5= RS n oyl .. A .
O'(z,1) = KcilggN{;( Ao T 18 (z,q", )} = det L5z ), (2.46)
N lefn A
L) =D (- 7 LB(z,q", ), (2.47)

nez

where LRS(z,q, t) is the elliptic Ruijsenaars-Schneider Lax matrix given by (3.2).
We present an alternative direct proof of the statements (2.44), (2.46) without usage of
intertwining matrix in the next Section.

3 Alternative proof of relation to quantum Ruijsenaars-Schneider
Lax operators

In this Section we give an alternative proof of the result from the paragraph (2.2), using the
elliptic Cauchy determinant formula.

3.1 Double elliptic GL, model

The definition (1.1) can be alternatively written in terms of the standard odd Jacobi theta-
function, see (11):

0/ = Z 5 o (A ﬁ %(q; —q; +n(n; —n;)) ﬁenihaqi _ Z O (3.1

N INEZ i<j #(q; —q;) i nez

Therefore, the Hamiltonians H, = (@6)_1@; also commute. Its extension to the case with
spectral parameter z is given in (2.26).

We are in position to represent (2.26) in terms of the (quantum) elliptic Ruijsenaars-
Schneider GLy Lax matrix with spectral parameter [39, 60,61]:

) =)0z +q;; — 9(qi +
Lﬁs(z,')”,h): ( 77) ( ql] n) (q]k 77) eﬁaj’
¥(2)0(q;; —n) K 9(qj1)

(3.2)

where q;; = q; — q;-

Theorem 3.1. Let zg_s (2,q,t) be the quantum Lax matrix for the elliptic Ruijsenaars-Schneider

. . . A/ .
n;locjlcel (z - its spectral parameter), then the generating function (2.26) for O, operators acquires
the form:

2
2 . LA, aynfRS . A .
O'(z,7) =: 15-1,?2N{§ " T (—2)" L (2, nn, nh) } et L4205, (3.3)

nez
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with

Lii(z,2) = Zw = (— —AYLES (2, kh, kn). (3.4)
keZ

Proof: Consider the determinant

det,C Z( 1)' | 0'(1)1‘60'(2)2 ‘CO'(N)N: (35)

and substitute it into (3.3). Let us represent it as a sum of determinants. For this purpose
collect all the terms with [ ¢"*:

n.27r1i
sdetl := Z wZilT(—)L)Zinix

ny,...,nyEZ

X Z(_1)|0| : ti?l)l(z’ mn, nlh)t‘g%z)z(za npmn, nzh) i‘g?N)N(za nnm”", nNh) : (36)
o

Tl~2—ni
= Z wZilT(—A)Zi”i: det L (z,n]n,njh)

1<i,j

where the matrix f,gfs(z, n;n, n;h) is constructed by combining rows from different terms of the
sum (3.4). Using its explicit form (3.2) let us rewrite it through the elliptic Cauchy matrix:

£85(z, q; — qj,nym, njh) = B(—nym)L " (2 )klk;[ ﬁEZj ZS 7, (3.7)
where e+ i
iCjauchy(Z): 1#:_2), 4;=q;+nm. (3.8)
Therefore,
' 1<SI?ENLRS(Z 9 = qjnyme i) =
(3.9)

— det LCauchy(z)l_[ﬁ( nkn) l—[ ﬁ(q] qk)l_[e”khak.

1<i,j<N
v k.j: k;é] — i)

Plugging the Cauchy determinant (A.11) into (3.9) we get (2.26). B

The result of this Theorem is valid for the trigonometric and rational cases as well. The
degenerations are obtained by substitutions #(u) — sinh(u) — u.

Consider particular examples corresponding to the intertwining matrices (B.3), (B.9) and
(B.1), (B.6). These are the models (p-q) dual to the elliptic Ruijsenaars-Schneider and elliptic
Calogero-Moser models respectively®.

3.2 Dual to the elliptic Ruijsenaars model

In the GLy case the relations (2.44)-(2.45) hold true for the Ruijsenaars-Schneider Lax matrix

(1—1t)x; tx; — Xp

X — X

qhi9 . (3.10)

N tX; — Xj
Lﬁs(q:t)zéul—[T xal+(1 51])
k#i Xk Xi —X; k#i,j

®Let us notice once more that the terminology like dual to elliptic Ruijsenaars (or Calogero) model comes from
the Mironov-Morozov description of the Dell model based on the p-q duality. Here and in what follows we mean
the trigonometric (or rational) p = 0 limit of (1.1), though its relation to p-q duality needs to be clarified.
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This expression corresponds to the intertwining matrix (B.3). Being substituted into (3.4) it
gives the generating function (1.1) with 6,(x) =1 —x (up to conjugation).

The intertwining matrix (B.9) provides the Lax matrix with spectral parameter (see details
in [69]):

N

A o sinh(q; —qx + 1) o1
Lf}s(z) = —e~(N=2)n s1nh(n)( coth(q; —q; —m) + COth(z)) l_[ hz )
kik#j sinh(q; =g

. (3.11)

To get this Lax matrix one should substitute Y= e24jt240+22/N int6 (B.10). Then from (B.11)

we obtain the following generating function of the Hamiltonians related to the Lax matrix
(3.11):

n?—n;
O =3 %(’)”’) AOp= Y WS T
sinn(z

kez ny,...,NNEZ

(3.12)

sinh(z — 7 Zivzl n;) SV sinh(q; —q; +n(n; —n;)) {~ iy
% sinh(z) =2) !:][ sinh(q; —q;) lT[ -

3.3 Dual to the elliptic Calogero-Moser model.

Consider the Z matrix (B.1), so that detE;; = [ [(¢; —q;). The Lax matrix of the rational

i<j
Ruijsenaars-Schneider model generated by this Z-matrix via (1.3) is of the form:
- Nogj—aq+n 1o,
4i—9;—nJ)y ket j q; —dk
Being substituted into the averaged matrix
N 27 n
£=" (1w T LR (kn, ki) € Mat(N, C), (3.14)
kez
it provides the following rational analogue for (1.1):
q—q; + n(n nj) i~
o= > o L T e (3.15)
ny,...nNEZ i<j i

In the case with spectral parameter z we deal with intertwining matrix (B.6), which leads to
the following Lax operator (see details in [69]):

N
R 1 1 i—qr+
Lf}s(z,n,h)=—”(‘+ )“q] i (3.16)

2G9N g 4T

Then

"1’2 + (n._n.) N
oen- Y YL AU § RS

ny,...INEZ i<j qi_q] i
(3.17)
The limit z — oo of this answer yields the expression (3.15).
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4 Eigenvalues for the dual to elliptic Ruijsenaars model

Let us now proceed to the first possible application of our result. We are going to derive the
general formula for the eigenvalues of the dual to elliptic Ruijsenaars model. It corresponds to
the trigonometric limit p = 0 of the Dell system. So, the generating function looks as follows:

1
et
[ Tic;Gi—xj) 1<ti=n

By introducing standard notations 6; = N — j and A for the Vandermonde determinant we
write (4.1) as

O"(u) = 170, (utN T g%, 4.1)

omg(u)—Z et X0, (utiq5i%), A= Je—x). (4.2)

i<j

By the same arguments as for w = 0 case, we can see that the operator Orig (1) preserves the
space Ay of symmetric functions of the variables x, ..., x. So, we can consider the eigenvalue
problem for the operator O"¢(u):

O (W)W = E(u)¥, (4.3)
where ¥ is an element of Ay.

Theorem 4.1. The eigenvalues of the operator O"®(u) are labeled by the Young diagrams
A =(Aq,..., Ay). The generating function of the eigenvalues takes the form:

N
Ew), =] [0n ™ g%). (4.4)
i=1

Proof: Let m, be the monomial symmetric function:

o(A) — (1) U(AN)
m, = xp M xy (4.5)
|5/1| Z |SA| Z

OESy OESy

where |S, | - the order of the symmetry group of the diagram A, namely, the product of factorials
of degeneracies of each row. They form a basis in the space of symmetric functions. Following
the Macdonald’s book [48] let us calculate their image under the action of the operator O"¢(u):

N
1 ) 11 ) (A "(A)+0(8;)
i et X; JQ ut g¥XiC m, = ——— E -1 o] | |9 uto'(gl) o'(A) xg( i (4.6

(o,07)eSy xSy i=1

Next, make a change in the summation of variables by introducing 7 with the property
o’ = om. Then by rearranging the factors in the product we get

N
Atri 11 ) . A)+6;
O(uymy = —— > (=) [0, (utdiqg ) TR 4.7)
A |SA| (m,0)eSy xSy i=1

or in terms of the Schur functions:

= —d ((x10, (4.8)
C’j(u)m;t = Z 1_19 (ut5lq"(l ))S - (4.9)
neS i=1
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Recall that the Schur functions have these properties:
1) sy(a) is either zero or equal to +s, for some u < A (unless (1) = A);
2) their relation to the monomial symmetric functions is given by

A=+ Y upmy, (4.10)
u<i

for some numbers u,,,. Therefore, the operator O(u) is upper triangular in the basis {m,},
and its eigenvalues have the form:

N
Ew) =] [0ut¥g%) = > u By ;. (4.11)
i=1

keZ

This finishes the proof. m.

Hence, we could conclude that, despite not being commuting, the operators @n could be si-
multaneously brought to the upper triangular form in the basis {m, }. It would be interesting
to find out, whether the analogous phenomenon takes place in the case p # 0.

Eigenvalues in the GL, case and comparison to the known answer

Let us write down the explicit expression for the eigenvalue £ ; of the first Hamiltonian (1.2)

A = (’551(’51. By expanding the result for the eigenvalues of O(u) (4.11) in powers of u (and
to the first order in w) we obtain the eigenvalue of a 1

N—i_A;
By itk

E = =— L =
LA EO,Z 1+ le#] t—l+]qli_lj
(4.12)
_ _Z tN—iin + wZZ tN—i+j—kq7ti—7Lj+Ak + .
i i#j k
For the GL, case and the choice of A = (1;,A,) = (1,0) expression (4.12) yields
1+qt)(1+q?t?

qt

Up to the factor t2 the results (4.11)-(4.13) coincide with those obtained in [42] and [5]. The
factor t2 comes from a slightly different definition of the Hamiltonians.

5 Classical mechanics: Manakov representation

In this section we will describe the classical limit of our construction and derive the Manakov
L-A-B triple representation from it. The first step is to express the generating function of
the Hamiltonians as the ratio of the two determinants. In the classical limit then, these two
determinants could be combined into one, thus giving the expression for the classical spectral
curve and the corresponding L-matrix.

5.1 One more generating function for the Dell Hamiltonians

So to fulfil the first step, described above, let us introduce an alternative version for the gen-
erating function of the commuting Dell Hamiltonians: put the operator O(1) = O(A)|;—=; in
(1.2) instead of Q.
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Lemma 5.1. The operator

) =00 = Y A, H,=01)70,, (5.1)

nez

is also a generating function of the commuting Hamiltonians, so that commutativity of FL,, follows
from commutativity of H,,.

Proof: First, let us notice that the operators H;, = O, O, = H; 'H, also commute with each

n
other due to commutativity of H. Therefore, H,., H,x = H,+H i, or acting on this equality by
O;l from the right

010,01 =010,01. (5.2)
Next, summing up over k € Z gives
O 100 =010(1)0; . (5.3)
By taking its inverse we get
0,01)710,,=0,,01)710,. (5.4)

Finally, multiplying both sides by O(1)~! from the left yields
OoM)10,0(1)710,, =0(1)10,,6(1)10,, (5.5)

for any n and m, which is equivalent to [#,,, H,,]=0. ®
Due to (3.3) the generating function of the quantum Hamiltonians (5.1) takes the form:

) =:( det L;;(z,1)) 7 det Lij(z,A) . (5.6)
1<i,j<N 1<i,j<N
On the one hand O(1), compared to @, is hard to invert as its Taylor series expansion in

w starts not with 1. On the other hand the advantage of O(1) is that it has determinant
representation, while there is no natural way to find a determinant representation for 0.

5.2 Spectral L-matrix

The operator O1)7! in (5.1) really acts on O(A) as a quantum operator, so that we can not
unify the normal orderings in (5.6). At the same time in the classical limit (5.6) reduces to

H(z,A) = ]\Cllelg[ﬁ_l(z, DL(z,A)], (5.7
that is, the matrix
L(z,A) = L7(2,1)L(z, 1) € Mat(N, C), (5.8)
with
n?—n
L(zA) =D ()7 L8(z,q", "), (5.9)
nez

arises, which determinant H(z,A) is the generating function of the classical Hamiltonians.
They commute with respect to canonical Poisson structure

{pi»q;} =6;- (5.10)

Expression H(z, A) can be considered as an analogue of the expression det(A—I(z)) for spectral
curve of an integrable system with the Lax matrix [(z). This is easy to see in the limit w = 0.
Due to (A.5) we have

L(z, )]0 = 1y —ALB(2,q, 1), (5.11)
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where 1y is the identity N x N matrix. Plugging (5.11) into (5.8) we get

L(z,2) = L7, 1)Lz ) = Ay + (1= )1y — 1%z, q,0) . (5.12)

Therefore, equation #(z,A)|,—o = 0 is indeed the spectral curve of the elliptic Ruijsenaars-
Schneider model (written in some complicated way). In the general case L(z, A) is not a Lax
matrix. Its eigenvalues do not commute with respect to (5.10).

Let us remark that the existence of the Manakov’s L-A-B triple does not contradict the
possible simultaneous existence of some Lax pair. If we had a true Lax matrix for the Dell
model then det L(z, A) should represent its spectral curve. So, if the Lax representation exists
we need to find a matrix L of a size M x M (as was mentioned in [17-26] it is natural to expect
M = 00) and a change of variables u = u(z, 1), { = {(z, A) satisfying

det £(z,4) = det (u—L1(D). (5.13)

Another comment is about the geometrical meaning of £(z,A) (5.9) and the L-matrix
(5.8). In the Krichever-Hitchin approach to integrable systems these matrices are sections of
(the Higgs) bundles over a base spectral curve with a coordinate z. The classical analogue of
the Ruijsenaars-Schneider Lax matrix (1.4) takes the form

G(—n)9(z + q;;—n) JBile G(gx + 1)
17(2)7?(9’!1'1' -n) Pl ,ﬂ(qjk)

c - the "speed of light" constant of the classical Ruijsenaars model. Its quasi-periodic behaviour
is as follows: LRS(z 4+ 1) = L®S(2) and

LRS(Z + T) = ezmnAdexp(—Zm diag(qq,.--,qn)) LRS(Z) . (5.15)

.....

The first factor in (5.15) means that all terms in the sum (5.9) have different quasi-periodic
behaviour on the lattice of periods (1, 7). Therefore, £(z,A) is not a section of a bundle over
the elliptic curve. This can be easily corrected by the substitution

_ g &) : (5.16)
H(z—mn)

Then the first factor in (5.15) get canceled, and we come to the quasi-periodic matrix £(z, A).
The L-matrix (5.8) is quasi-periodic as well. The price for this change of variables (5.16) is as
follows. Initially we had the matrix £(z, A) to be not quasi-periodic, but with a single simple
pole at z = 0. After the change of variables we come to a quasi-periodic matrix function, but
having higher order poles. The terms with positive n in the sum (5.9) acquire the n-th order
pole at z = 1, and the terms with negative n acquire the (—n + 1)-th order pole at z = 0. In
what follows we do not use the substitution (5.16) keeping in mind that it can be done.

5.3 L-A-B triple

Consider the L-matrix (5.8) It is easy to see that this matrix satisfies identically the following
equations known as the Manakov representation [49]:

%L(z, A) =[L(z,A), Mi(2)]+ Bi(z,A)L(z,A), (5.17)
k

where
trBi(z,A) =0 (5.18)
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and the "time" derivatives will be specified later. Indeed, by differentiating (5.8) we get

d
Mi(2) = L7 (= ) 7~ £z 2), (5.19)
k
so that the Manakov’s M;(z) depends also on A in our case, and
d d
_ -1 -1
Bi(z,A) = £L71(z, A)(d—tkﬁ(z, M) - L7, 1)(d_tk£(z’ 1). (5.20)

The property (5.18) follows from

idetL(z,?L)z d detL(z,A)

_— . 5.21
dty dt, detL(z,1) ( )

The Lh.s. of (5.21) equals zero since det L(z,A) = H(z, A), while the r.h.s. is proportional to
the trace of By(z,A) (5.20). Alternatively, introduce

M (z, 1) = £71(z, A)(ditkz(z, ). (5.22)

Then it follows from the conservation of det L(z, A) that
trMy (z,A) = trMy (2, 1). (5.23)

Equations (5.17) are rather identities. To make them equivalent to the equations of motion one
needs to replace the time derivative in the r.h.s. by its values following from the Hamiltonian
equations of motion generated by some k-th Hamiltonian

1 1
Hi(p,q) = E{Eg E{i:g (;W detL(z, A)). (5.24)

Equations of motion are the standard Hamiltonian equations due to (5.10):

T = tHad =5k, = apd == (5.25)
Finally, by redefining (5.22) as
Mi(2,2) = L7 (z, M{L(z, M), Hyc} (5.26)
we rewrite (5.19) and (5.20) as follows:
M (z) = Mi(2, 1), (5.27)
and
Bi(z,A) = My (z,A) — M (2,1). (5.28)

The expression {L(z,A),H;} in (5.26) as well as the rh.s. of equations of motion can be
evaluated explicitly using the classical analogue of (1.2). With the definitions (5.27)-(5.28)
the Manakov equations follow from the equations of motion.
Notice also that the Manakov equation (5.17) is easily rewritten as:
d

EL(Z, A)=[L(z,A), My (2,1)]+ L(z,A)Bi(2,A), (5.29)
k

or (what, in fact, directly follows from the definition of L(z,A))

%L(z, A) = L(z, A )M (z,A) — My (2,1)L(z, A). (5.30)
k
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6 Factorization of the L-matrices

In this section we will show how our result naturally embeds the Dell model into the standard
factorized Lax matrix approach, to the description of which we proceed in the next paragraph.

6.1 Classification of the factorized L-matrices

In [17-26] integrable many-body systems of the Calogero-Ruijsenaars family were naturally
classified by the types of dependence on the coordinates and/or momenta. Both types are
numerated by three possibilities. Each can be either rational, trigonometric or elliptic. For
example, the choice (rational coordinate, trigonometric momenta) corresponds to the rational
Ruijsenaars-Schneider model, while the choice (rational momenta, trigonometric coordinate)
imply the trigonometric Calogero-Sutherland system. In the coordinate part this classification
follows from solutions of the underlying functional equations [27-31,60,61] — the Fay identity
(A.14) and its degenerations. By interchanging the types of coordinate and momenta depen-
dence (as in the example pair above) one gets a pair of systems related by the Ruijsenaars
duality transformation [57-59]. When both types coincide the corresponding model is self-
dual. These are the rational Calogero-Moser system, the trigonometric Ruijsenaars-Schneider
model, and finally the double elliptic model, which existence was predicted by these argu-
ments.

Here we supply the upper classification with precise substitutions corresponding to the
factorized Lax (or Manakov) L-matrices. As was discussed in [69] the factorized Lax matrices
(with and without spectral parameter) for the systems of Calogero-Ruijsenaars type can be
specified by a choice of two ingredients: the function f, and the intertwining matrix Z(z):

L®2) =G '(2) f(—adn,5)G(z),  adg*=[3,,*], (6.1)
where the matrix G(z) is defined in terms of Z(z):
G(z) = G(z,7) =E(z)D ™", P =diag(py,... o), (6.2)

with some diagonal matrix D (see (6.10) below) and ¢ — the light speed parameter’ in the
Ruijsenaars-Schneider model. The function f (w) is either:

1) linear: f(w) = w; (6.3)

2) exponent: f(w)=¢e". (6.4)

The first choice of the function f being substituted into (6.1) provides the Lax matrix of the
Calogero-Moser-Sutherland systems [27-31,43]. The second choice of f gives rise to the Lax
matrices of the Ruijsenaars-Schneider models [60, 61]. The choices of Z(z) in (6.1) are given
by (B.12) in the elliptic case, in the trigonometric case it is (B.9), and in the rational case it is
(B.6). In trigonometric and rational cases one can also use the Vandermonde matrices (B.3)
and (B.1) as E(z) = (z — qj)i_1 and Z;;(z) = (e* xj)N ~I respectively. The spectral parameter
is cancelled out in these cases, and we get the Lax pairs of the Calogero-Ruijsenaars models
without spectral parameter. See the review [69] for details.

Based on (1.1) and the Manakov L-matrix structure (5.8)-(5.9) we come to elliptic version
for the function f:

6, (1e™)

—Gw(ew) . (6.5)

3) ratio of theta-functions: f;(w)=

"The light speed provides non-relativistic limit ¢ — oo together with substitution = v/c, where v is the
non-relativistic coupling constant.
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The latter result is explained in the next paragraph in detail. A more universal classification
picture arises if we slightly change the definition of f;(w) as in transition from 6,(e") to #(w)
(A.4) together with additional normalization factor ¢'(0)/®#(log(2)). Then the function f;(w)
turns into the Kronecker elliptic function [70,71] depending on the moduli 7 (defined through

W= eZm’Z’):
¥'(0]%) .. 7OD)Iw+ult)
Al/z —_— =3 = 6.6
fuw) = A=, (w) 9l?) (w,wlt) DO (6.6)
where u =log(A). In trigonometric and rational limits (when Im(%) — 0) it is as follows:
. sinh(w + u)
e =——— - =coth h
(u,w) Sinh(w) sinh(a) coth(w) + coth(u),
(6.7)
<I>rat(u,w) _ wHu 1 l

wu uw
This function was used by I. Krichever [43] to construct the Lax representation with spectral
parameter for elliptic Calogero-Moser system. It is widely used in elliptic integrable systems
due to an addition Theorem known also as the genus one Fay identity (A.14). Considered
as functional equation its solutions (including degenerated versions) were extensively studied
[27-31].

In this way we come to the classification for the function f,(w) (responsible for the mo-
menta type dependence), which is parallel to the well known classification of the coordinates
dependence without spectral parameter [27-31] and with spectral parameter [43].

6.2 Factorized structure of the Dell L-matrix

Recall that the Lax matrix of the Ruijsenaars-Schneider model (3.2) is factorized as follows
(1.3):

L(z) = g (2)g(z —Nn)e’", (6.8)
where
g(z) =g(z, 1) =E(x)D", (6.9)
with the intertwining matrix Z;;(z) (B.12) and the diagonal matrix
Dij=5iij=5ijl_[17(q]‘—CIk|T)~ (6.10)
k#j

A conjugation with the latter diagonal matrix D is performed in order to have a convenient
form for L®(z). Consider the matrix G(z) (6.2). The Ruijsenaars-Schneider Lax matrix (6.8)

takes the form
LB(2) = G7H(2) Ady-vna, G(2), (6.11)

up to gauge transformation with the diagonal matrix exp (NLC,HP):

IBS(z) =G (2)G(z —Nn) = e T ' LRS(z) een” . (6.12)

Let us proceed to the double elliptic case. Plugging (6.8) into the matrix £(z, A) (5.9) we get

2_
LEM)=g7(=) D (Mo T glz—kNn)eH/e, (6.13)
kez
or ; .
£(z,4) = e %" L(z, )™ = G1(2)0,( AAd, e, )G(z). (6.14)
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By introducing also

2_, z
0(z,1) = 0,(AAd,we. )G(2) = D (~Aw' T glz—kNn)eP/eexa’ € Mat(N,C), (6.15)
kez

we come to the following expression for the Manakov L-matrix (5.8):
L'(z2,A)=0"1(2,1)0(z,1). (6.16)

It is also gauge equivalent to both L(z, 1) and L(z, A). In terms of the Kronecker function (6.6)
we may write the Manakov L-matrix as

_v'(0]7)
 B(ult)

v ~ ~ -1 ~

L(z,2) = 9[G(z, 7),ul#]: [9(—ady,0,|17)G(z)]| 0(u— ady,s|8)G(z), (6.17)
where u = log(A). From the point of view of the classification of the factorized L-matrices
discussed above, the expressions (6.15) and (6.17) can be considered as matrix analogues
for theta-function and the Kronecker elliptic function respectively. The Kronecker function in

(6.17) is constructed by means of the theta-operator ©(z, A) understood in a "plethystic sense"
(6.15).

6.3 Relation to Sklyanin Lax operators

Due to the IRF-Vertex relation one can equivalently use the Sklyanin type Lax operators [65,66]
instead of the Ruijsenaars-Schneider one in (1.8). Consider the gauge transformed Ruijsenaars
Lax matrix (6.8):

LH(z) = g(2)L(2)g 7 (z) =
(6.18)
=g(z—Nn)ef g7 (z) =E(z—Nn) e E7(2).

It is the classical analogue for the representation of the quantum Sklyanin Lax operator [40,
41]:

>
[%2)
[an
—~
[N]
p—
Il
[1]
—~
N
|
3
—
Q
=]
fa)
a9
AN
EQ.)
&
=
N2
~
o
[1]
i
~
I\
—
Il
[V]=

Ein(z —NmE} (@)™ (6.19)
k=1

Consider first the classical case (6.18). Its generalization to the double elliptic model is per-
formed similarly to the previous paragraph. Define

£Dell(z’ A= g(z)ﬁ(z, l)g_l(Z) =

m2—m (6.20)
= Z (—A)"w 2z E(z—mNn) emP/c =27 1(2).
meZ
Hence,
mz—m
£z, 2) = > ()"0 T LM, {p;}, {g;} mn, mc ™). (6.21)

meZ

So, it could be expressed as a sum of the Sklyanin type Lax matrices with different coupling
constants. For each of them, we know from [46,47] that it can be alternatively represented in
terms of the underlying elliptic R-matrix:

N

L9, n,5Up}Aqih ) = D) EapSac (P g, DRapea(m2),  (622)
a,b,c,d=1
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where {E,;;a,b = 1,..,N} is the standard basis in Mat(N,C), the variables
Sap({pi},{qi},m,c™1) are generators of the classical Sklyanin algebra®, and Rgpcd(n,2) — are
the (properly normalized) weights of the quantum Baxter-Belavin R-matrix (in the fundamen-
tal representation of GLy):

N

R?Z(z) = Z E;py ®Eq Rﬁb,cd(ﬂ, z). (6.23)
a,b,c,d=1

With (6.22) we get the Manakov L-matrix

LP(z, 1) = £LM(z, 1)1 L¥(z, ), (6.24)
with £5¥(z, 1) defined as
Skl k K2k z —1\»B
‘C (Z, A’) = Z(_A‘) w 'z Z Eab Sdc({pi}: {qi}) k"): kC )Rab,cd(kn:z)' (625)
keZ a,b,c,d=1

Expression (6.24) is gauge equivalent to the one (6.13) defined through the Ruijsenaars-
Schneider Lax matrix.

Quantization. A natural quantization of (6.24), which gives the generating function (5.6)
is as follows: .
Pell(z 2) = ( . £M(5,1) :) Vo (6.26)

Consider the matrix operator : £5(z, 1) : (6.19). In the special case n = —#/c the Sklyanin
Lax operator is represented as the quantum Baxter-Belavin R-matrix in the fundamental rep-
resentation [7-9,40,41]. The R-matrix coefficients are of the form:

09z +n) 7 0%Mm)
RE, 4(1,2) = Sapc padmodn 1 , (6.27)
ab, , —b b— k
; 6D (mBC-I() | _L 6®(0)
where using the definition (A.6) we introduced
, 1_J
6V (w) = 1‘}[ 2N ](u INT). (6.28)
2
In this way we come to the matrix representation for LP¢!(z, 1) (6.26):
£Pel(z,2) = Ry5(2,4) = Ry5(2,1) 7 Ryp(2,A) € Mat(N, C), (6.29)
with
N
Rlz(Z, A) = Z Eab ® Ecd Rgb,cd(z’ A') P (6.30)
a,b,c,d=1
and
n m m—m B
Riped@A) = D, ()" T Ry, (mn,2). 631
mez

8The classical Lax matrix (6.22) describes integrable model of relativistic integrable top. Explicit change of
variables with the Ruijsenaars model S,;, = S,;({p;}, {q;},m,c ") appears in the case of rank one matrix S (corre-
sponding to special values of the Casimir functions). See details in [46,47].
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7 Discussion

* The Manakov L-matrix (6.24) can be used as a building block for the (partial) mon-
odromy as it happens in integrable chains [34]. Namely, construct monodromy for a
chain of length L:

T(z,2) =Lz, 4, {p™}, (gD LMz, 4, (pP) (gPD) .. 19, A, (pM), (D),
(7.1)
with the LK (6.24), and the L-matrix at each site depends on its own set of canonical
variables. Then, det T(z,A) provides a product of generating functions for each site.
In [42] this was called the spin generalization of the double-elliptic model. Besides
this construction one can also study the averaging of the spin Ruijsenaars-Schneider Lax
operators.

* The quantization of (7.1) can be performed in a usual way
T(Za A') = R()l(z: A')I{()Z(Za A)"'ROL(Za A’)) (72)

with R(z, A) defined in (6.29)-(6.31). Presumably, a properly defined quantum deter-
minant of T(z,A) could be a generating function of commuting operators. Notice that,
we did not prove the Yang-Baxter equation for R(z, A) (it is rather not fulfilled since the
traces of T(z,A) do not commute), so that R(z, A) is not an R-matrix. Finding equation
for R(z, A) is another interesting problem.

* Orthogonality of the eigenvectors. To proceed further in our construction along with the
analogous treatment for the usual Macdonald’s symmetric functions we need to know
the analog of the Macdonald’s measure, with respect to which the operators H,, are self-
conjugate. Probably, expressing the eigenvectors of H, as vector-valued characters of
some elliptic algebras might work, in the analogy with the paper [33].

* The integrable many-body systems can be also described via commuting differential
or difference KZ-type connections or Dunkl operators using the Matsuo-Cherednik (or
Heckman) projections respectively. The Ruijsenaars duality in many-body problems then
turns (or rather embeds) into the spectral duality interchanging canonical coordinates
and momenta being written in separated variables of the corresponding Gaudin models
and/or spin chains. Much progress has been achieved in studies of these relations includ-
ing its elliptic version [50-53]. An interesting problem is to find the Dunkl-Cherednik
like description for the double-elliptic models (and define a double-elliptic version of the
gKZ equations). We discuss these topics in our forthcoming paper [38].

* Let us mention a recent paper [67,68], where an elliptic integrable many-body system of
Calogero type with the Manakov representation was obtained instead of the Lax repre-
sentation. It was derived through a reduction from an integrable hierarchy. Presumably,
it is a special limiting case, which can be deduced from the double-elliptic Manakov
L-matrix.

* Further study of algebraic structures underlying the double-elliptic model is another set
of important problems. This includes r-matrix structures at classical and quantum levels
(RTT relations) and extensions of the Sklyanin quadratic algebras by means of R-matrix
type operators (6.29)-(6.30).

* The determinant formula (1.7)-(1.8) can be naturally extended to the cases of many-
body systems associated to the root systems of BCy, type by substituting the Lax operators
for the Ruijsenaars—Schneider-van Diejen type. This can be performed using results
of [35,36]. We will discuss it in our future publication.
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* Another open problem is to describe the classical L-matrix (5.8)-(5.9) in the group-
theoretical (or Krichever-Hitchin) approach. As we mentioned in (5.16), one way is to
consider the matrix valued function with higher order poles at a pair of marked points.
Another possibility is to consider (block-matrix) direct sum @ L®(z, q*, tX) embedded

keZ

into GL(oo). Each block is well defined, and the weighted sum of all blocks can be

viewed as a matrix valued character.

We will discuss these questions in future publications.

8 Appendix A: Elliptic functions

We use several different theta-functions. The first is the one used in [42]:

6,() = > p T (=x)",

nezZ
where the moduli of the elliptic curve T € C, Im 7 > 0 enters through
— eZTEiT .

p

Another theta-function is the standard odd Jacobi one:

9(z) = 9(z|t) = —i Z(_l)keni(k+%)%eni(zkﬂ)z .
kE€Z

They are easily related:
0,(x) = ip_%x%ﬁ(wl T), x=e2"",
In the trigonometric limit p — 0
0,(x) > (1—x),  (w) ——ip? (vx—1/vx).

The Riemann theta-functions with characteristics are defined as follows:

’0[ z ](W|T)=Zexp(2m(j+a)2%+2m(j+a)(w+ b)), a,bEZlVZ.

JEZ
In particular,
1/2 B
ﬁ[ 1/2 }(er) =—3(w|T).
For )
1_ i

we have

N (_1)N—1

detV = cy(1)00Q x| [0(x;—x),  en(e)= T
=1 i< (tnp(T)) 2

where 1p(7) is the Dedekind eta-function:
oo
np()=e® [ Ja—em).
k=1
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The determinant of the elliptic Cauchy matrix is given by

N N
#(z+ 2w —w) [T, —ug)90wg —w,)
i=1 p<q

d /l?(Z + u; — W])
et =
1<i,j<N ()9 (u; —wj) H(2) N
ﬁ(ur - Ws)
r,ls_zll
Define the elliptic Kronecker function
¥ (0)9(z + u)
o(z,u) = ———
R T T
and the first Eisenstein function [70,71]
' (2)
E = .
1(2) 9(z)

They satisfy the (genus one) Fay trisecant identity
®(z,uq)P(w,uy) = (2, u; —uy)P(z +w,uy) + (W, uy —uy )®(z + w,u;),
and its degeneration
d(z,)®(w,u) =d(z +w,u)(E;(2) + E;(W) + E; (W) —E;(z +w+u)).
Also,

¥ (0)9(z + w)(z + u)d(w +u)
H(2)F(w)Hw)d(z + w+u)

Ei(z)+E;(W)+Ej(u) —E;(z+w+u) =

9 Appendix B: Intertwining matrices

(A11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

Following [69] we consider the intertwining matrices in two cases: with a spectral parame-
ter and without a spectral parameter. These matrices lead to the Ruijsenaars-Schneider Lax

matrices via (1.3) with and without spectral parameter respectively.

The cases without spectral parameter. Here we deal with the Vandermonde matrices in

the rational and trigonometric coordinates.
1) in the rational case:

Zij = (=)',
det= = J(a:—q))-
i<j

2) in the trigonometric case:

det= = l_[(xi —.X'])

i<j
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The cases with a spectral parameter. Here we deal with the Vandermonde type matrices,
which are degenerated at z = 0. The special feature of these cases is that the simple zero at
z = 0 appears in the center of mass frame only. Introduce

_ 1
qd; =4;—q0, QO—NZ:%- (B.5)
1) in the rational case:
- b4 e(D)
55a)=(5~0) (B.6)
with
. i—1lforl<i<N-—1,
9(1)_{N fori=N. (B.7)
Then

det=(z, qj)—(z—qu)l_[(ql ), det=(z,q)=z] [(ei—q), ®®

i<j i<j

2) in the trigonometric case we use

= i-1 (=)

‘:ij(yj):yj +oin—, (B.9)
Yj
O

derz =" (1--—)[ Joi—x. (B.10)

i<j

Plugging y; = e™24i+200+22/N into (B.10) we get

det= = eV 7202 (7 — ¢7%) l_[ (eqi—qf - eqf_qi) . (B.11)

i<j

Notice that a possible difference in the Vandermonde determinant definitions including
[TGxi—x;) or [T(1—x;/x;) or [ [(4/x;/x;—4/x;/x;) can be easily removed through multiply-
i<j i<j i<j

ing 2 by appropriate diagonal matrix. For example, in order to match the trigonometric Van-

dermonde function [ [;_.(x;—x; ;) to the trigonometric limit of (2.2) with 6, (x;/x;) = 1—x;/x;
N+1
on should modify the trigonometric E-matrix as Z;;(x;) — Z;;(x;)x; ? j

3) in the elliptic case

i<j
2

11
Eij(z,c’zj)=1?[ 2 %N }(z—Nc‘zj INT). (B.12)
Due to (A.8) we obtain
det=(z,q) = cN(T)z?(z)l_["«?(qi—qj). (B.13)
i<j

10 Appendix C: Determinant representations in the GL, cases

Double elliptic GL, case. Consider the GL, example explicitly. Rewrite expression (3.2) for
the Lax operator of the elliptic Ruijsenaars-Schneider model in terms of the Kronecker function
(A.12):

- _ (=) U(gjx +m) o0
Lij (Z> mn, ) ﬁ/(O) <I)(z q; — )g (q]k) 5 (C-l)
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so that for N = 2 we have

o(z, _n) 9(q10+n) e o(z, qiz — ,n) 9(g21+n) e

R G(— 9(q12) 19(‘121)

L¥(z,m,1) = 1?(/((;7)) (C.2)
b b
2,4y — ) TGP M (z,—n) TG
After the substitution into (3.3) one needs to calculate the expression
(A.15)
®(z,—k11)®(z, —kyn) — ®(2,q21 — k1m)®(2,q12 — ka7)

(C.3)

= ®(z,—(ky + kz)ﬂ)(El(Chz +kim) + E1(qa1 + kan) —E1(kyn) — El(kzn)) .

The expression in the brackets is simplified via (A.16), and the function ®(z,—(k; + k3)n)
should be substituted in terms of theta functions (A.12). This yields the answer (2.26) for
N =2.

Dual to the elliptic Ruijsenaars-Schneider GL, case. The Lax matrix L’ of the trigono-
metric Ruijsenaars-Schneider model (3.10) is as follows:

=Xy _x;8,  (A=t)xy x,3,

X1—X2 q X1—X2o q

LIRS = ) (C.4)
(1=t)x; x,0 tXo—X1 _x,0.
S U e 4

Then the matrix £(1) (2.45) takes the form:

tx=xy nxy 8 (=t")X nx,d,

—, 4 —, 4
X1—X2 X1—X2
E(A)—Zw (=) : (C.5)
nez A=tDx; _nx;8  xa—xg qnxzaz
Xo—X1 Xo—X1
Computing its determinant one obtains:
A A nzfnl T‘I.Z—le
O =detf(M)= D w7 7T (A1t (C.6)

(nq,ny)EZXZ

y (tMx; —xp) ("X — 1) — (1 — t")(1 — £"2)x1 Xy 1A naxad,
(1 — x2)(x3 — x1)
n%—n n2—n —_
= Z w 1 =+ 2 20— qulﬁal‘mﬂz%’

X1 —X
(ny,ny)EZXZ 1 2

as it should be according to (1.1).

Dual to the elliptic Calogero-Moser GL, case. Inthe N = 2 case the Lax matrix L.’ of the
rational Ruijsenaars-Schneider model (3.16) is as follows:

z—N qi2tn elo1 n(z—n+q;5) e

. n qi2 2421
iR = : €7
n(z—n+qs1) Q01 2N dutn ko
2412 n q21

Then the matrix EA(A) (2.45) takes the form:

z—kn gio+kn okhdy n(z—kn+qi,) ki,
kn q12 2421
(=" o T () . (C.8)
kez nE—kntqy) khoy  2—kn qutkn ,kho,
2412 kn q21

Computing its determinant one gets (3.17) for N = 2.
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11 Appendix D: Relation between O’(z, 1) and O(A)

The operators O are generated by the function:

R Hz—kn) .1 A
Oz )= ———2a0, =

ez 90
_ Z ’I?(Z nzl 1n) Z 1 - ﬁ(ql q]+"7(n n))l_[ hna

Ny, ,NNEZ ﬂ( ) i<j ﬁ(qi -
They are related to the operators O, generated by

,\ ( i xz X

O = > wZiT (- 1_[ ]_[q” 5l = A0,

ny,..nNEZ i<j nez
in the following way:
O = htO,h,
where .
Xi\2r
h=h(x1,...,xN)= - .
[1¢)

This follows from the relation between the two theta functions (A.4).

(D.1)

(D.2)

(D.3)

D.4)

12 Appendix E: Easier proof of the main theorems 2.1 and 2.3

In this Appendix we give one more proof of our main theorems, using the presentation, which

is very close to the book [48].
Proof of theorem 2.1: Denote:

AG) =] i —x))

i<j
Let us expand the determinant:

A( )Z( 1)|O‘| 061_[9 (At(as)qua)_

OESy

A( )Z( 1)|0| "51_[(Z(—A)”iw@(t(‘75)i)“iq”ixi5i)_

OESy i=1 mnE€EZ

Gathering all terms in front of the fixed power of u one obtains:

Z (_)L)Zi 1 wZi nizznl

A(x)

oESy

)n l—[qnxa.

The multiplication by l_[évzl(t(aé)i )" could be expressed as a conjugation of A(x) by the shift

N o nxd
operator [ [,_, "%

2 N N
Vi Ty D i ;ni |0'| o n;x;0; 1 nx; 0 _
nl’%:vez( A= e Alx )(1—1[ 4) 26D (l_[t ) !:1[‘1

OESy

Z (—A)Zi M o2 ?zlﬂ%l—[q”a n

..... nyE€Z i<j J i=1
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Proof of theorem 2.3: We need to do the same thing as in the proof of theorem 2.1 but for the
determinant:

1

- n q

det‘—‘l](q],z) 1<IJ<N{Z( A) ‘—‘l](q]+n7’),2)e J}
1

ij)q; . HO,.
= det’:—(qz) 1<(§1?£N { Z El]:k(z) e(ak+0'l])qj Gw(keak’f}-i-o'l]’r)e qj )}
—ij\dj>, SL]s

kez

3 0PI ][ 2 Baonateeroena, e osometin) |

det“‘ll(ql’z) oSy i=1 k€Z

n?—n;
1 lo| )% 12 = (2 e(aki+0'g(i)i)qi e(aki+00(i)i)ninenihaqi
det._.lj(q],z) Z 1) l_[[ Z Z( )" o@ik(2) ]

OESy i=1 k;€Zn,€Z

1 nizfnl
— — (_l)zl n; wZi T2 X
det.:ij(qj,Z) Z Z

kl,...kNGZ My,eeey nyE€zZ

Z ( 1)| | o (i), k(z) e(ak +00(1)1)q1 l_[ (ak +00(1)1)n1nen haqi s

€Sy i=1

by the same arguments as in the proof of theorem 2.1 above, this expression could be rewritten
as:

N

Y N 3
= m Z ( A)Z n; wz l (l_[e""naqi)dEtEij(qJ-,z)(l—[e”inaqi) 1 l_[enihaqi .

HNEZ i=1 i=1 i=1

By evaluating the determinant det=Z;;(q;,#) via (B.13), one obtains:

— Z ( A)Z n; C()Z l i ’l?(Z NqO _nZl ni) ﬁ ,ﬁ(ql _q] + i —T}Tl]) ﬁenihaQi =
’l?(Z—Nqo) i=1 ,ﬁ(ql _q]) i=1

=0O'(z—Nqy, 7). [
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