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Abstract

It has been recently shown that classical JT - deformed CFTs possess an
infinite-dimensional Witt-Kac-Moody symmetry, generated by certain field-dependent co-
ordinate and gauge transformations. On a cylinder, however, the equal spacing of the
descendants’ energies predicted by such a symmetry algebra is inconsistent with the
known finite-size spectrum of JT - deformed CFTs. Also, the associated quantum sym-
metry generators do not have a proper action on the Hilbert space. In this article, we
resolve this tension by finding a new set of (classical) conserved charges, whose action is
consistent with semiclassical quantization, and which are related to the previous symme-
try generators by a type of energy-dependent spectral flow. The previous inconsistency
between the algebra and the spectrum is resolved because the energy operator does not
belong to the spectrally flowed sector.
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1. Introduction and statement of the problem

The discovery of the AdS/CFT correspondence [1] has marked a major step in our current
understanding of quantum gravity. While there are good reasons to believe that gravity in
general backgrounds is holographic, various clues point towards the fact that for asymptoti-
cally flat spacetimes [2] or spacetimes related to the near-horizon geometry of extremal black
holes [3], the dual QFT may be non-local. However, non-local quantum field theories are still
relatively poorly understood, in comparison with their local counterparts.

In [4], Smirnov and Zamolodchikov (see also [5]) laid out the construction of a set of
tractable irrelevant deformations of two-dimensional local QFTs which result into QFTs that
are non-local, yet appear to be UV complete [6,7]. Moreover, these theories are solvable, in the
sense that one can compute their spectrum, S-matrix and other observables [8-11] in terms of
the corresponding quantities in the undeformed QFT. Even more interestingly, certain single-
trace analogues of the Smirnov-Zamolodchikov deformations have been related to holography
in non-asymptotically AdS spacetimes [12-14].

The Smirnov-Zamolodchikov deformations are constructed from bilinears of two conserved
currents. The best studied of these is the so-called TT deformation, constructed from the
components of the stress tensor. Deformations constructed from a U(1) current and the stress
tensor, such as the JT [15] and the JT, [16] deformations are also relatively well studied.
Of these, the JT deformation of two-dimensional CFTs is the simplest, as the non-locality
of the deformed QFT is concentrated exclusively to the right-moving side, and the theory
stays local and conformal on the left. The effect of performing several of these deformations
simultaneously has been studied in e.g. [17,18].

It is interesting to better understand the structure of the Smirnov-Zamolodchikov deforma-
tions from a quantum-field-theoretical point of view. It has been recently shown [19] that at
least at the classical level, TT, JT and J T, - deformed CFTs all posses an infinite-dimensional
set of field-dependent symmetries, whose algebra consists of two commuting copies of the Witt
or the Witt-Kac-Moody algebra, if U(1) currents are present. This structure was suggested by
the previous holographic analyses of [20] for TT and [21] for JT. These analyses also al-
lowed for the computation of the central extension of the symmetry algebra, which becomes
Virasoro-Kac-Moody. If these symmetries survive quantization, then we would conclude that
TT,JT and JT, - deformed CFTs correspond to a non-local version of two-dimensional CFTs,
with a similarly rigid structure that would highly deserve further exploration.

There is, however, a problem, which can be seen already at the semiclassical level. The
symmetry analysis of [19] is valid on both the plane and the cylinder. In the latter case,
one immediately encounters a tension between the equally-spaced energies of the Virasoro
descendants predicted by the symmetry analysis and the energies of the deformed eigenstates
in TT,JT and JT, - deformed CFTs, which take a square root form. In this note, we address
this issue for the simplest case of the JT deformation, where the locality of the left-moving
side provides a useful guiding principle for finding its resolution.

To state the problem explicitly, we start with a review of the relevant facts. The finite-
size energy spectrum of JT - deformed CFTs placed on a cylinder of circumference R is given
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by [14,21]

E-P 2
Ep=——

== (R—)LJO— \/(R—MO)Z—AZE;O)R) , E, =Eg+P (1.1)

where A is the deformation parameter (with dimensions of length), J, is the left-moving charge
in the undeformed CFT, P is the quantized momentum, E}(zo) is the undeformed right-moving
energy and the chiral anomaly coefficient has been set to 27t. Note that while in the unde-
formed CFT, the energies of the right-moving (Virasoro and Kac-Moody) descendats of a pri-
mary state are equally-spaced, those of the corresponding J T-deformed descendants are not.
The energies of the left-moving descendants do have equal spacing, since they are obtained
by raising E; = Eg + P with Elgo) and J held fixed.

We note in passing that the relation between the undeformed and deformed energies can
be suggestively written as spectral flow [22], with a parameter AER proportional to the right-
moving energy

2 2
0 A 0 = A
E;R = EVR + AJoEg + ?E}% ,  Eg(R—Aw) = EQR + AJoEg + ?Eﬁ. (1.2)

Here, J,, is the right-moving U(1) charge in the undeformed CFT, and w = J,—J,, is the winding
charge. This observation will be quite useful later. It has already been used in deriving the
spectrum in presence of a chiral anomaly [14] and for organising the conformal dimensions
of JT-deformed CFTs on the plane [23].

The symmetries of J T - deformed CFTs consist of, first, an infinite set of left-moving confor-
mal and U(1) gauge symmetries that enhance the SL(2,R); x U(1); global symmetries of the
theory. These symmetries are parametrized by two arbitrary functions of the left-moving coor-
dinate, U = o + t. In the general Hamiltonian framework for JT - deformed CFTs developed
in [19], they are generated by

Q= J do f(U/R)H,, P,= J do n(U/R) (I, + 5 Ha), (1.3)

where, in order for the argument of the functions to have periodicity one, the coordinate U has
been divided by the circumference of the circle. #; = Hyp + P is the left-moving Hamiltonian
density, where the right-moving Hamiltonian density Hjy is given in terms of its undeformed
counterpart 7—[1({0) by a formula entirely analogous to (1.1), with J, replaced by 7,, the left-
moving current density. The commutation relations of the deformed generators are then fixed
by those of the undeformed currents, and one can show that the left-moving charge algebra is
precisely Witt-Kac-Moody

1 1 1
{Qf’Qg}:}_{Qfg/_f/g, {Qf’Pn}ZI_{an/, {Pn’PI}ZEJdO-XaUn' (14)

The factor of R can be absorbed into a rescaling of the pseudoconformal charges Q Iz

The second set of infinite-dimensional symmetries of J T - deformed CFTs are field-dependent,
and are generated by functions of the field-dependent coordinate

v=0—t—Ag, (1.5)

where ¢ is related to the current J via J = xd¢. The conserved pseudo-conformal and U(1)
charges are given by

) _ _ 2
Qf:JdOf (Rl) Hp ng:fdoﬁ(Rlv) (T + S Hp), (1.6)
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where R, = R — Aw is the field-dependent radius of the field-depedent coordinate v, and the
particular combination PX™ of the right-moving currents is singled out by its simple commu-
tation relations. Remarkably, these charges entirely commute with the left-moving ones, and
the charge algebra is still a functional Witt-Kac-Moody algebra

- - - - 1. - - 1 A
Q. Qe = Qg o> Qs PFMy=—7-P7 {PIFM,PIFM}=—5fdox80n- 1.7

The word ‘functional’ above refers to the fact that the factors of R, can be absorbed into a
redefinition of the ’ to mean ‘derivative with respect to v’, rather than to the full rescaled
argument of the functions f,7, as used above. In any case, when labeling the charges in
terms of the Fourier modes of f, 7], etc., the field-dependent radius will explicitly appear in the
algebra!. While this algebra is not exactly Witt-Kac-Moody; it still predicts, upon quantization,
an equally-spaced spectrum of descendants, which is incompatible with the energy formula
(1.1).

It is in fact not hard to notice already from their classical Poisson brackets, that the right-
moving charges (1.6) will not have a proper action on the semiclassical phase space of the
theory, where the charges associated to the global U(1) symmetry and the momentum are
quantized. Concretely, the problem appears to lie in the commutators of the right-moving
generators with the U(1) charges

R
@l = | dof ()N ==y = 0T )

vJo v

and the analogous commutators of the right-moving U(1) generators 1377 with J,, and J,. What
this means is that J, + J,, which represents the global U(1) charge of the configuration and
which should be quantized, is changed by a non-integer amount (more precisely, 2wAn/R,,
with n € Z) by the action of the semiclassically quantized right-moving generators on a state
in the deformed theory. A similar statement holds for the momentum, which from (1.7) can
be shown to satisfy

{Qs,P}= —R%Qf, ,  {PsP}= —RlVPﬁ/, (1.9
i.e. it is changed by units of 27t/R,, instead of 27t/R. These observations imply that the
action of the right-moving generators (with the exception of the global right-moving energy
and charge) on a field configuration is in tension with semiclassical quantization. Hence, the
naive quantum versions of the charges (1.6) do not act properly on the Hilbert space of JT -
deformed CFTs on a cylinder.

While having an infinite set of symmetry generators that do not properly act on the Hilbert
space of the system is not very useful, an interesting question is whether these generators can
be modified in such a way that their algebra is preserved, but their action on the Hilbert space is
rectified. In this note, we show that this is indeed possible, by explicitly constructing an infinite
set of charges that, upon quantization, would act on the deformed finite-size Hilbert space in
a way consistent with charge and momentum quantization. These charges can therefore be
used to organise the spectrum of the deformed CFT.

To find them, we study the flow equation with respect to the deformation parameter A of
the various energy eigenstates and compare it to the flow of the symmetry generators (1.3)
and (1.6). Introducing a new set of operators that relate deformed descendant states to the
deformed primaries, we find that they are related to the previously discussed symmetry gen-
erators by a type of energy-dependent spectral flow transformation. The new symmetry gen-
erators are conserved and satisfy a Witt-Kac-Moody algebra with a field-independent radius.

In the JT case, we can simply rescale the generators by R, to obtain a usual Witt-Kac-Moody algebra.

4
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Their commutation relations with the energy and momentum are non-trivial though, as the
latter two operators belong to the unflowed sector. This resolves the apparent tension between
the symmetry algebra and the spectrum of J T - deformed CFTs. We should note that while our
analysis is mostly classical - i.e., at the level of Poisson brackets - the quantum generalization
of these generators now appears to be straightforward.

This paper is organised as follows. In section 2, we derive the flow equation satisfied by the
energy eigenstates in a JT - deformed CFT, by adapting the method used in [11] to study the
flow of states under the T T deformation. We subsequently compare this to the flow equations
satisfied by the symmetry generators, and argue that the two sets of generators must be related
by a similarity transformation that we denote as “spectral flow”. In section 3, we proceed to
finding the flowed operators, first perturbatively and then by making an all-orders proposal,
whose consistency we then check. The technical details of the very many Poisson brackets we
need are collected in the appendices.

2. Flow of the eigenstates versus the symmetry generators

2.1. The flow of energy eigenstates

Let |n;) be an energy (and momentum, and charge) eigenstate in the theory deformed by an
amount A. As A is infinitesimally changed, the change in the eigenstate is given by first-order
quantum-mechanical perturbation theory

m, |0, H|n
Gilny) = Z % Imy), (2.1)
m#n n m

where 8, H is the change in the Hamiltonian. For convenience, we take the deforming operator
to be J T, rather than J T, where J = xd ¢ is a topologically conserved current. Its components
are

Jo=¢', J,=0,H, (2.2)

where 7 is the canonical momentum conjugate to ¢. One can easily check, using the method
developed in [19], that the JT deformation leads to the same deformed Hamiltonian density
as JT. Consequently, the change in the Hamiltonian is given by?

L H(A) = —J doOj; = —J do Eaﬁja(O')Tﬂv(O'). (2.3)

To find the general solution for the deformed eigenstates, we will use the technique proposed
by [11]. On an equal-time slice, we write

f doOjz = f dodé e**J,(0)8(0 — &) Tsy(5). (2.4)

It is useful to introduce the Green’s function on the cylinder of circumference R

1 1 - 1 o
G - _— p2mimo/R _ — v .
(@)=5=D e 558n(o) ==, (2.5)
m#0
which is single-valued and satisfies
1

EUG(0—6)25(0—6)—1—{. (2.6)

2We are using the conventions of [19] throughout this article.
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Then, we can rewrite the deforming operator as

fdaoﬁ - fdoda[J (0)( +3,G(o— a)) Ty (6) — J(a)(——a G(o— a)) gv(a)}

; 6509, — Jdad&G(a—&)(aafa(a)nv(&)+J1(o)a&TUV(fr))

Ee“ﬂJg Tgy =& J dod6G(o —6)J,(0)T,y(6), 2.7)

where we introduced the notation

N szaja, T/?V:fdaTﬂV. (2.8)

Naturally, the integral of the time components of the currents above will yield the associated
conserved charges, i.e. the winding, w, and respectively (minus) the right-moving energy,
—Eg. We further use the manipulations of [11] to rewrite the regulated denominator of (2.1)
as an integral, in terms of which the flow equation for the states becomes

Gilm) = —iZJ te'®|my)(m, |8, H; (6)Iny)
m#n
= Z |ml my —f dteteeaﬁJOTgv JdO‘dé‘G(O‘—&)jt(O')Ttv(é') Tl}\). (2.9)
m#n -

Here, € > 0 is an infinitesimal regulator used to make the integral converge, and the second
term is evaluated on the t = O slice. Since we are working on the cylinder, the first term cannot
be ignored. To evaluate it, we need the explicit form of the spatial components of J and the
right-moving translation generator, which can be worked out using the formulae given in [19]

. _ 4+ AHg/2
om0 H =+ 20 My = ¢ 4 20T TR/2 (2.10)
and
He
Toy =2Tyy —Hp =2— —Hp, (2.11)
v
where the somewhat unusual notation ,/ is a shorthand for \/ 1-AT)2— AZ”H}({O).
Therefore,
_+AHR/2
e“PJoTy, ——ZWJda%—ZERJdo%. (2.12)

In order to perform the time integral in (2.9), we would like to rewrite the above operator
as a time derivative, i.e. as a commutator with the Hamiltonian. This can be achieved by
introducing the zero modes

R R
¢05J do ¢(o), onf do x(0), (2.13)
0 0

where the auxiliary non-local field y is defined via
Oy x = Hg. (2.14)

Such fields also made their appearance in the analysis of the charge algebra for TT - deformed
CFTs in [19], though they were not given an explicit name.

6
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The Poisson brackets of the fields ¢ and y (and, consequently, of their zero modes ¢,
and y,) are fixed by the Poisson brackets of the corresponding currents 7., Hg, P, up to some
possible integration functions. While the choice of these functions is straightforward for the
¢ commutators, as ¢ is a local field, it is however somewhat subtle for the case of the y
commutators, because y is non-local. In appendix B, we perform a rather detailed analysis of
the Jacobi identities that constrain these integration functions, with the result

R

R
A2
{XO,H}:_ZJ daﬂ_i'ER"'ERR, {¢0,H}:2J dO'j_+ /%R_'_
0 4 R, 0 4

where Ep = f doHp, is the right-moving energy operator. Consequently, we can write

w, (2.15)

- R d ExR
eaﬁJgT[?V =—{H,wyo—Egr¢o} —WERR— = E(WXO—ERd)O)—W }5 . (2.16)
Vv %

Plugging this into (2.9), the last term drops out, as it is evaluated between two different
energy-momentum eigenstates. The integral of the first term over the half line yields, in the
limite — 0

Galm) =i Y |m;)(m,
m#n

WXo— “r%P0 ;ERd)O +J dod6G(o —5)9 ' (0)HRr(G) | ny). (2.17)

We will be denoting these two contributions as A® and respectively @, defined as

wyo— Eroo
R

AO = , O= J dod5G(o— &)’ (0)Hg(5), (2.18)

and their sum will be denoted as O,,, = AQ + O. If we make use of the identity
J d6¢'(6)G(6 —0) = $(5)G(6 — o)l — $(0) + do = =P (0) + o, (2.19)

where q[;(a) = ¢(0)—wao /R is the scalar field with its winding mode removed (which is thus
single-valued on the circle), then an alternate expression for O,,, is

Otor = V% _f dO'(]G(O')'HR, (2.20)

which is rather useful in computing its Poisson brackets.
As a final step of our manipulations, we use the assumed completeness of the set of states
to rewrite the flow equation for the energy eigenstates as

A Iny) =100 In5) —iln3 ) (M3 OpocInz). (2.21)

Introducing an operator, D, which is diagonal in the energy eigenbasis and whose matrix
elements are defined as (n,|D|n;) = (n;|O:In,), we can rewrite the flow equation for the
eigenstates in its final form

93ny) =i(Oor —D)Iny) |- (2.22)

Thus, to understand the flow of the states, we need to understand also which parts of O,
have non-zero expectation values in the energy eigenstates. This is a quite non-trivial task
for arbitrary values of the flow parameter. We can nevertheless attempt to understand this
problem perturbatively. For example, at A = 0, we can use (2.5) to evaluate

A 1 . -
iO=> = tJlyi+..., (2.23)
m
m#0
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where J,, = J,, —J_,, and L,, are the Fourier modes of ¢’ and respectively Hy in the unde-
formed CFT, and the colons denote normal ordering. Since the sum is strictly over non- zero
modes, it is clear that the expectation value of this operator in any energy eigenstate of the
undeformed CFT is zero. Thus, O does not contribute to D, at least at A = 0. On the other
hand, the expectation value of AQ vanishes between any two different energy eigenstates at
A =0, as one can see by evaluating

(m|[H, AO]In) = (Ep, — E,)(m|AOIn) = i{m|(Jo + Jo)Egln) = 0, (2.24)

which implies that® (m|AO|n) =0, Ym # n. Thus, we find that at A =0, D = AO.

At higher orders in perturbation theory, AQ may start having non-zero matrix elements
between different eigenstates, which would therefore not contribute to D. To understand what
happens, we should study the change with A of the matrix elements (m|AO|n)

3,(m|AO|n) = (m|3, AO—i[O,,,—D, AO]|n) = (m|D; AO|n)+i(D,,—D,)(m|AO|n), (2.25)
where the flow operator D, is defined as
Dy =0, —i[Or, - 1. (2.26)

Using the explicit expression, (3.3), for D, AO computed in the next section, we see that at
A = 0, the only contribution to (n|D; AO|n) comes from the terms proportional to the zero
modes of the fields ¢ and y. The A dependence of the diagonal matrix elements of @ can be
studied by plugging in the known expression for Hz(A). At first order in A, it also does not
look like this operator has non-zero diagonal matrix elements in the energy eigenbasis*, and
thus it will not contribute to D.

To summarize, up to first order in A, we expect that

D= A0 —AUD3AO) o 5m + OA2), (2.27)

i.e. we are subtracting all the off-diagonal contributions to AO up to this order. Performing this
analysis to higher order looks increasingly cumbersome, and we may need a better method.
The discussion so far holds for states defined on the t = 0 slice. It is interesting to also
consider the flow equation for states defined at a time t instead of t = 0. Our derivation of
the flow operator (2.17) still holds, except that it should now be evaluated at time ¢, rather
than t = 0. Since the states at t are related to the states at t = 0 by a A - dependent energy
factor, the flow equation is best written as
8;L|n,1(t)) =i(Otot(t)—a;LEnt—D(t))ln,l(t)) 5 8,1E=2—, (228)
where Qg = Jy + AER/2, and the expression for J,E is obtained from (1.1). The matrix ele-

ments of the operator D(t) are defined as the expectation values of O,,.(t) in energy eigen-
states.

2.2. Flow of the symmetry generators

Having understood the flow of the energy eigenstates with respect to A, we would now like to
discuss the corresponding flow of the symmetry generators Q¢, P,,Q7 and }_’ﬁ. It is useful to
compute the action of the operator D, defined above on these generators. Our analysis will

3For degenerate eigenstates, one can repeat the argument for the commutator with other globally conserved
charges.

4Using the formulae in appendix C, it can be shown that O satisfies the very simple flow equation D, & = w O/R,
(for a = —1), which can be used to evaluate its contribution, if any, at higher orders in A.

8
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be classical, and thus we will be using the Poisson bracket counterpart of this flow operator,
ie

D)L = a/l + {Otot: : }: (2-29)

obtained by the usual replacement [ , ] — i{, }. To compute the action of D, , we will need the
Poisson brackets of the various currents in the J T-deformed CFT, which were derived in [19]
and are collected for convenience in appendix A. We will also need the Poisson brackets of the
various symmetry currents with the zero modes of y and ¢.

The commutators of the zero mode of ¢ are obtained by simply integrating the correspond-
ing commutators of the field ¢ (o), and we obtain

T+ 5HMy

{$o, Ha(0)} = :
V=272 = 224

(0, P} = ¢'(0) {qso,Ji}:%. (2.30)

Note that in the CFT limit, {¢g,H;} = J, and {¢g, Hr} = J_, so the exponential of this
operator is precisely what generates spectral flow for the left- and the right-movers.

The Poisson brackets of the zero mode y, are significantly more involved, due to the fact
that the ancillary field y is non-local, being defined as the integral of the local current Hp.
Consequently, its Poisson brackets are defined only up to certain integration functions, whose
form is non-trivially constrained by various Jacobi identities. These constraints are analysed
in detail in appendix B, and the end result for the various commutators of y, is

{x0, 71} = —%aa[ﬂ—j(ua—;—f)]—;}i%, (2.31)
{x0,J} = R%[%(Ha—i—‘f)]—;im, (2.32)
oM} = —%+}%HR+R80(%(1+a—2—f)), 2.33)
{x0,P} = HR—%HR—Rﬁg(%(1+a—§?)), (2.34)
U0 d) = —%R(l+a—)}f), (2.35)

where, as before, qg = ¢ —wo /R equals ¢ with its winding mode removed. The terms pro-
portional to the constant a are allowed by all the Jacobi identities we have studied®. Since
its value does not seem to be fixed and, moreover, it drops out from most of our subsequent
computations, we will henceforth fix it to the convenient value a = —1.

Using these, one can compute the flow equations for the various currents, which are spelled
out for convenience in appendix C, and from them derive the flow of the conserved charges.
One finds that the left-moving charges are simply constant with respect to D,

DAQf = IDAPTI == O, (236)
while the right-moving ones satisfy
5 Ws o wto skM _ W apy

5This does not mean that there cannot exist other Jacobi identities that constrain the value of a, or that require
the introduction of new terms in the commutators above. Our analysis is thus valid up to this caveat.
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Note that the first term on the right-hand side of the Q 7 flow is necessary in order for the flow
equation to be compatible with the charge algebra (1.7), as the latter contains an explicit factor
of 1/R,,, whose A derivative does not vanish. If we consider instead the rescaled dimensionless
charges R,Qj, they satisfy a flow equation analogous to that of P*M. Their algebra is also the
standard Witt-Kac-Moody algebra.

The explicit time dependence appearing on the right-hand side of (2.37) can be understood
by computing the time derivative of e.g. PXM where as usual % = J,—{H, - }. One finds that
L pKM — (D, H, P;} # 0 because, as a result of the first equation, DyH = wEg/R, .

Given the above form of the flow equations, it is convenient to define

WERt
R

D) =Dj — , (2.38)

v

which annihilates all of the (rescaled) conserved charges.

2.3. Relating the two

To summarize, we found that the quantum version of the rescaled conserved charges Qy, P, ,
R,Q 7 and Pf;M , which we will collectively denote as £, are annihilated by the operator (2.29)

DyL=0L—i[O0, L]1=0, (2.39)

(or ’.15’15 = 0 if we work at t # 0). On the other hand, the states satisfy the flow equation
(2.22), which involves an additional diagonal operator D, which can be rather complicated.

We now consider two energy eigenstates, |ng) and |n), that in the undeformed CFT are
related by the action of a symmetry generator, |ng) = L(3=0)Ino), which can be any of the
Virasoro or Kac-Moody generators. Our goal is to find a new operator, £, that relates the
corresponding flowed states in the deformed CFT, i.e. |n’l) =L|n »)- The flow equation (2.22)
for the states then implies that the flow equation for the corresponding operators is

HL—i[O; —D,L]=0. (2.40)
The solutions to the two flow equations are related by L = X L£e™ where X must satisfy
[L, (8,65 —i[O,yr, e ])e X —D]=0 (2.41)

for any L. This implies that the second argument either vanishes, or it is proportional to the
identity or some other operator that commutes with all the £. Assuming for simplicity that it
vanishes, we can write

D = (03X —i[Opr, e e ™. (2.42)
Noting that
1 1
(aAGX)G_X = 8AX + E[X, 8}\X] + ;[X, [X, SAX]] +... (243)
_ 1
€ Opor™ = Oto +[X, Opo ]+ S IX, Opo 1+ (2.44)

the above equation can be written as
A 1 A 1 A A
D=DAX+§[X,D;LX]+§[X, X, D;X1]1+..., DX=hX—i[O;,X]. (2.45)
This result gives us a way to construct X, and therefore £, if we know £ and D. If we
work at t # 0, then D, should be replaced by Dﬁl, Otor by O, (t) — wERt/R, and D by
D.,:(t) =D(t)+ J,E t, as follows from (2.28).
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As we already explained, finding D to all orders is a rather difficult task, but we can cer-
tainly attempt this exercise perturbatively. Since at A =0, D = AOQ = (wyo— Egr¢o)/R, where
¢, is known to implement spectral flow in a CFT, we will henceforth denote the L as the “spec-
trally flowed” operators, in this case by an energy-dependent amount. This connection will be
made significantly more precise in the next section.

3. The spectrally flowed generators

3.1. Perturbative construction of the spectrally flowed generators

In this section, we attempt to solve the equation (2.45) for X perturbatively, for D given in
(2.27), and use the solution to find the first few terms in the A expansion of the flowed gen-
erators. This can be done by assuming X has an expansion of the form

X =A0; +A205+... = DX =0;+AD;0;+2105+A>D; 0+ ..., (3.1)

where the O, are in general non-linear functions of A. We would moreover like to work at
t # 0 so, according to our previous discussion, D, should be replaced by D’ and

2QkEr (3.2)

Dtot(t) = D(t) + aAE t= DO _A(D;LDO)HO zm. T O(Az) + R_AQK B

where Dy = AO —wEgt/R,. Since we know D, to first order in A, we can thus find X, and
consequently £, to second order. Evaluating

DDy = 2 (A0 —wEg—)— ¥ doTRWEHRO(O) By [ Tt AHR/2WEHRE(O) (4 4
R, R,” R J R, R v R,
gives us
b= M0t p L 2w [ e (5 90), B (o M2 (g do),
R R, R, J R R, J R
(3.4)
It is extremely useful to note that to this order, D(t) can be written as
wio — Ero t  APoERQg 2
D(t)y -———wWEg— ———+0O(A 3.5
(t) - WEr— e (%), (3.5)
where the “improved” zero modes (,:50 and ¥, are defined as
~ AR - ~ AR -
¢OE¢O_R_de(j_+AHR/2)¢’ XOEXO"‘R—fdG%RQb- (3.6)

The usefulness of introducing these quantities stems from the extremely simple Poisson brack-
ets they satisfy, to all orders in A. The Poisson brackets of ¢, with the left-movers are

~ 1 ~
{¢O,KU} = 5 > {d)O)HL} = KU; (37)

and with the right-movers

o R . ~ R _ ,

v
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which implies that $0 is the corrected operator implementing spectral flow in the JT - de-
formed CFT. The field ¥, commutes with Ky, H;, Eg,J, and, for our particular choice of the
constant a in the Poisson brackets, with everything else®.

It is also interesting to check the flow equations that 50 and 7, satisfy’

~ w o ~ WtER -
Difo=qnXo»  Dpdo= 4 Q- (3.12)
v v
Given the rewriting (3.5) of D(t), it is best to consider a different identification of what is
considered ‘zeroth’ versus ‘first’ order in its expansion with respect to A, namely

_ $oErQK

= wZo — Erdo
B, = 2X0—r%0 =

0= "2 wERRi +002), b= +O). (3.13)

v

Then, the coefficients of the perturbative expansion (3.1) of X, obtained using (2.45), are
given by

w20 —Ergo _wE. L 2QucERt
R —

Wfo _ER(;O 4 ZQKWER t _ WtER(QK + Q))
R R, R ~

w
R, R R2 R2 ’
(3.14)

01 = D;(Ol =

which implies that, to zeroth order in A

1 wwy,—E b ) 1
RZOZ = _Ed)OERQK - Xofm —QKWERt + Q12<E,'RlL + EWtER(QK + CO)
1 . w? - 1

The above expressions for O, , give us the classical limit of the operator X entering the simi-
larity transformation, up to O(A%).

We would now like to check the effect of the similarity transformation on the various
conserved charges. To pass from the quantum commutators to Poisson brackets, we note that
the operator X should have a factor of 7! in front, which cancels against the /% factors in the
commutators to yield the classical result

— 22
L=eLe™* — Eds=£+A{(’)1,L}+AZ{(’)1,E}+?{Ol,{(’)l,ﬁ}}JrO()ﬁ). (3.16)

Let us first work out the effect of this transformation on K;;. Using

Eg EpQg ErQg EpQg
{Ol,KU}:_EJ {OZJKU}z_W{(PO:KU} == aRZ {01, Eg} =— R’
(3.17)
For a # —1, its non-zero commutators are
~ H ~ _ ~ _+A/2H
Tt =+are, 22, (77 )=0+are, L, (Fey=—q+arT R g
v v v
which implies
3 R 5 5 PiMR g R*Q¢
{)?o,Qf}=—R—va(1+a), {0, P{M}y =~ R (1+a), {Po Xo}= R (1+a). (3.10)
"More generally,
~ )~ ~ R ~ RQ; , ~ tR -
'Dx)co:DAXo:RKXo"'V;—ER(l"‘H), Dypo=— RQKW(1+(1), D)o = M;—sz- (3.11)
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we can readily show that

B AE
Ky=Ky— ZRR +0O(A%). (3.18)

Note in particular that the zero mode of Ky, is just J,. This implies that the spectrally flowed
generators will commute with J,, since the commutator [Jo, e*Qre™ ] = eX[e™*Jge*,Qfle™ =
eX[Qx,Qfle™™ =0.

Next, we would like to check what happens to the left-moving energy current H;. We
evaluate

ERK EQ EQ
{OL,H }=— RR L, {O,H}= ;RzK {0, Hi} = R KKU: (3.19)
E2  ExKyQg
{O1,—EgKy} = ﬁ + %QK, (3.20)
which in turn implies that
AERK. ’E;
H, =H, — ; v 4R2R +0(A%) |. (3.21)

Note that the transformation of K;; and that of #; correspond precisely to a spectral flow
transformation with parameter AEp. The zero mode of H 1, equals the left-moving energy EEO)
in the undeformed CFT.

Let us now turn to the right-movers, starting with the Kac-Moody generators PTI;M in (1.6).
Using (3.8), we compute

skMy _ LR bo—2Qxt “KM
{0, BEM) = Zvadon(l x¢)+R—v( . +RV)P’7” (3.22)
{0 pKM}N—ﬂ don(1— /1¢)+ K ($o—2Q OPIM,— @ +w)PM. (3.23)
> 4R,R oR2 "0 K 2R3 K '

It is useful to treat separately the case in which 1 = I (the identity), for which

. AE AER A%~ A? -
PKM — (Jo 2R) — TR — 2R ErQi + 5101, —Ep/2} = o + OA3), (3.24)
as expected from spectral flow. For 77 # I, we compute
_ 2Qxt $o—2Qrt wt)’-
R%{0,,{0,,PKM}} = (‘PO ) PEM 4 (—+— pEM (3,25
{01,{0, 7 1 R Rv Qi R R, i ( )

The transformed PgM is then, for 1 # I

2
pru _ gy A ((Fo=20t | wt PEM $0=20xt | wt PEM  (3.26)
ﬂ 7 'R, R RV ﬂ 2R2 R R,) 17

A2 _
+ 25 [Qi(do =20k ) — ?t ] PEM + 0(2%)

_ . . bo—2Qxt + wt — AwQpt ) -
~ PO +A(1+AQK)(¢O SRS )pf;,M (3.27)
A2 [ Go—2Qut +wt ) -
A7 (Lo 2Rt O s 23y, (3.28)
2 R 0

13


https://scipost.org
https://scipost.org/SciPostPhys.10.3.065

Scil SciPost Phys. 10, 065 (2021)

where we have introduced the dimensionless JT coupling A= A/R. It is not hard to check
that this expression is conserved to the given order in A, using

~ R
{H, ¢o} =—Q — QR (3.29)
RV
Using {P, [50} = —Qx + QRLVR ~ —w(l— iQK) and the approximate expansion above, we also
find 1
SKMy _ ~ pKM 3
{p, P }= RPT_" +O0(1°), (3.30)

i.e. acting with the spectrally flowed right-moving generator preserves the quantization of the
momentum.
Finally, moving on to the right-moving pseudoconformal generators, we find

A ERP)?M ¢0_2QK
A __ERQK-KM Q]'( T —__Wt(QK+w)__
(0207} == PP + Gp (o= 2Qt0Qp — — 55— Qp (3:32)

$0—2Qxt

LN XK + —_
= R R
PV 4 :
R f R,

(¢072Q1<t + w_t)z
R - R Qf” .

' (3.33)
Let us first check the case f = const. Remembering that the orginal right-moving pseudocon-
formal generator that satisfies Dgﬁ =0isQ 7Ry, applying the similarity transformation to it

yields

- E = ErQg
{Ola{01,Qf}}:_}T}j{O1,P;<M}+ R X

(Qkéf’ - ERPf, )+

~ _ A2
ExR = ExR, — AEpJy — ZE}% +0(1A3), (3.34)

in perfect agreement with our expectation, RE;O). The factor of R on the left-hand side has
been included for dimensional reasons. For general f, we find

Qn

_ _ A2E2 $o—2Qxt _
‘R = Qf—Rv—AERPfIFM+ 4R6f21+/1( 0 = K +Rv)Qf-,

b0 20000y~ 2E P + 2 (L2

Aot - Aot - - -
ore Qu +@)Qp + - (QrQy = ZERP;SM ). (3.35)

Po—2Qgt " )—
R R,

As before, this can be organised as the following perturbative expansion

0 —2Qgt + wt(1—A A2 )

QR = (Qf + (14 AQg) ¢ Qx RCO ( QK)Qf/ + ﬁ(¢o—2QKt+wt)2qu)
- — _ AZEZ

_}LER(P;_(M_*_ Moo Z;Kt+wt)PJ§M)+ 4R5f=1+0(13)- (3.36)

This has precisely the correct form to yield a conserved charge and an integer-quantized mo-
mentum, as one can check by computing its Poisson brackets with H and P.
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3.2. An all-orders proposal

The result of the perturbative analysis we have just performed is that the symmetry generators
that act properly on the eigenstates of the system are given by a kind of energy-dependent
spectral flow. While the form of the resulting left-moving generators, K;; and H 1 in (3.18) and
(3.21), matches precisely to what we expect from spectral flow with parameter AEg, the form
of the right-moving generators (3.28) and (3.36) is significantly more involved. In particular,
while it is nothing but natural that (3.18) and (3.21) should represent the full expressions for
the left-moving flowed generators to all orders in A, it is also clear that the A expansion of the
right-moving generators will contain an infinite number of terms.

In this section, we will make a proposal for an all-orders (formal) expression for the right-
moving generators, starting from the assumption that (3.18) and (3.21) are the correct ex-
pression for the flowed left-moving currents to all orders in A. Our main tool will be the fact
that the charge algebra is preserved by the flow (2.40), and therefore the spectrally flowed
left and right generators should commute to all orders in A.

Our analysis will proceed in two steps. First, we will construct combinations of the right-
moving conserved charges that commute with the left-moving spectrally flowed currents, and
show that these building blocks satisfy the correct Poisson brackets with the energy, momen-
tum and the global U(1) charges to have, upon quantization, a consistent action on the Hilbert
space. Then, we find linear combinations of these blocks that satisfy the expected flow equa-
tion, with an operator D we will similarly derive’.v

Let us start by analysing the building block, 757—,, for the right-moving U(1) generator. The
requirement that it commute with all the left-moving charges (or, alternatively, the currents),

reads
A = AERKU A 2
{KU—ﬁER,Pﬁ} :0, {HL_ R @ER’Pﬁ} :0, (337)
where 75ﬁ can in fact be any right-moving current. Note the second equation follows from the
first if ~ ~
{H., Ps} = 2Ky{Ky, Py}, (3.38)

which can a posteriori be checked to be the case. Remembering that

~ 1 ~ QzR i, 1 -
{d)O’KU}: 5: {¢O)ER}: 1;(' B {ER’Pﬁ}:_R_Pﬁ’: (339)
v v
a natural Ansatz for 737—, (forn #1)is
P = By 4 Ay o By + %2 325 3.40
P"_I_ 7-)+ a1¢)0 "_I+ (]50 T-’//+... (3.40)
Plugging into (3.37), we find the recursion relation
an
any1 = m 5 dg = ]., (341)
which implies that the solution is simply
Ao 5 . B2E

(3.42)

P.=b-+ Py + Py +
Pa=Py R—2AQx " 2(R—2Qg)* "

Note that in the case of the Kac-Moody current PXM | the first three terms agree precisely with
the result (3.28) of the perturbative analysis of the previous section, at t = 0. One can also
check that (3.38) holds, using (3.7), (A.13) and the commutators of ¢ with #; and Kj,.
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Note the above is a formal expression in that ¢, and thus ggo, is not a well-defined operator.
However, its exponential is expected to be. Using the ¢ Poisson brackets

{$0,Jo} = {$o,Jo} =R (3.43)

2R,

with Qg = Jo + AEz/2 and Qi = J, + AEg/2 that we presented earlier, we can easily check
that the charges of this combination are as expected, namely

A= (R_AQK) A =
J ={J - = 0. 3.
{ 057) } { O,P } 2R 7) ZRV R—AQKPT) ( 44)
The Poisson bracket with the right-moving energy is
~ A Qrz 1z 1z
E. P — _ =—— P 3.45
B Pa) =5 AQx R P "R, R 7 " R-— AQKP" (3.45)
while the commutator with #; is given by
= AKU AKU =
A= E =——F7P; 3.46
{%LJP‘U} { RJP } R(R—AQK)P ( 4 )

These together imply that the Poisson bracket with the total momentum is

= = 1=
{P Pﬁ} ={E, — Eg, pﬁ} = "R 7317,, (3.47)

and thus the action of 75ﬁ in the Fourier basis increases the momentum by an integer amount in
units of the radius, which is now consistent with semiclassical quantization. The total energy
is given by

R+2AQx P

{EL +ER,’P7-,} R—AQK (3.48)

To ensure conservation of the charges, one should, for t # 0, replace 50 by the block

bo— (QK ;R ) t, (3.49)

R—Aw

which is conserved by itself. This agrees precisely with what happened in our previous pertur-
bative analysis, and makes it manifest that each term in the sum (3.42) is separately conserved.

It is also interesting to note that (3.45) implies that the spectrally flowed right-moving
energy Eéo) is also changed by an integer amount

~ AJAE A2E2 ~ A 1=
{E}go),Pﬁ}={ER— E 4R2R:Pﬁ} {Ex, P; }(1— gK) —zx P (3:50)

as expected from the fact that it is the global mode (io) of the spectrally flowed algebra.
An identical analysis for the case of the pseudoconformal generators shows that they must
appear in the combination
Y A L I
F = F+ 7t _//+..-, 3.51
% =Q R—AQg < 2(R—AQg)? K ©5D

and their commutation relations are exactly analogous with those of 75,7.
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As already explained, the formal expressions 7N5n and éf- are not exactly the spectrally

flowed £ generators, as the commutation requirement (3.37) is a weaker condition than the
flow equation (2.40). Instead, they represent the building blocks of the spectrally flowed
generators. To find which linear combination of them represents the L, we now turn to the
flow equation they satisfy.

It turns out that the flow operator D can also be fixed by its commutation relations with K;;
and H;, upon choosing a judicious Ansatz. Assuming that the spectrally flowed left-moving
generators are given precisely by (3.18) and (3.21), the flow equation (2.40) they are expected
to satisfy and the fact (C.2) that they are annihilated by D, fix the commutation relations of
D to to all orders to

AL A1 AERKy  AER. Eg AER
{D,Ky ZRER} =D (Ky ZRER)_ 2RVER, {D,H, R + 4R2 }= RV(KU 5R "
(3.52)
We make the following Ansatz for D
D = a(M)¢o+ b(MN) 7o+ c(A), (3.53)

where the operators a, b, c commute with both K;; and Eg. The first equation implies that

A E aQzR
a— ﬁ{D,ER} = —R—}j , where {D,Ep}= R—I;\w’ (3.54)
thus yielding
a= _i (3.55)
R—2Qg’ .

in perfect agreement with our perturbative solution (3.5). While the coefficient b is not fixed,
this is not very important, since with our choice of y, Poisson brackets, ¥, commutes with all
operators. We will set b = w/R to match with the perturbative answer, and ¢ = 0, at least on
the t = O slice.

We would now like to show that

KM =~ A= AEg
P1-7 :Pﬁ+§Qﬁ_T5ﬁ:I (3.56)
and
~ ~ ~KM sz}%
RQJ; ERVQJE—AER'P}E —TEf'ZI (3.57)

precisely satisfy the flow equation (2.40) for the above choice of D. We compute, for n # I
and att =0

~KM Apo \=km b0 kM (wi, Erpo =KM
D,p. =Dy)| —— |P, =———P_, ={————"—P_ . 3.58
A A(R—)LQK) 7T (R—AQg)? T R R—AQg 7 (3-58)
~KM  _
The case n = I, for which P; =J, needs to be worked out separately, and it is easy to check
that
D;Jo = {D,Jo}, (3.59)

which justifies the constant shift by —AEg/2. As far as the pseudoconformal charges are con-
cerned, we find that, for 7 # I

;= wXo Engo = w = RER =KM
D _— — s r=—0 -+ —FFFP_ . 3.60
1 { R R—AQK’Q”} RO RER_AQ0 T (3.60)
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We can now easily show that the linear combination (3.57) is exactly annihilated by D, — D.
The constant shift follows from the fact that {D; — D, Eg} = EzQx/(R— AQk), which implies
in particular that

_oA2
{DA — D, EgR, — AEgJy — ZE}%} =0. (3.61)

The equations (3.56) and (3.57) encode the effect of the spectral flow by an amount propor-
tional to the right-moving energy on the right-moving charges. Due to the flow equation they
obey, the spectrally flowed generators satisfy the same algebra as at A =0, i.e. two commut-
ing copies of the Witt-Kac-Moody algebra. The charges, defined at t # 0 via the replacement
(3.49), are conserved. The generators of the global part of the algebra are given by

éf:] = EEO) > Qf:] = E}(QO)J (3.62)

whose sum does not correspond to the energy operator; rathjzr, it is non-linearly related to it
via (1.2). This implies that while the Fourier modes of Q and P are integer-spaced with respect
to Eio) and E;O) (as follows from the algebra), they have nontrivial commutation relations with
E; and Ejg, of the form (3.45), (3.46). This resolves the tension mentioned at the beginning
of this article, between the integer spacing of the Virasoro descendants and the non-linear
dependence (1.1) of the JT - deformed energy spectrum on the initial energy.

4. Discussion

In this article, we have constructed a new, infinite set of symmetry generators in J T - deformed
CFTs. Compared to the conserved charges found in [19], these generators still form two com-
muting copies of the Witt-Kac-Moody algebra, but now their Poisson brackets with the global
U(1) charge and the momentum are consistent with semiclassical quantization. It is therefore
expected that in the quantum J T - deformed CFT on a cylinder, these generators will be acting
properly on the Hilbert space of the theory, and thus the spectrum will organise into Virasoro
- Kac-Moody representations.

The new symmetry generators are related to those of [19] by a type of energy-dependent
spectral flow transformation, whose action on the various generators is given in (3.18), (3.21),
(3.56) and (3.57). The expressions (3.42) and (3.51) for the building blocks are somewhat
formal and should be resummed in order to make sense. While the descendants obtained via
the action of these symmetry generators will have integer-spaced spectrally flowed energies
EE)}){, there is no tension with the known formula (1.1) for the deformed energies, as the latter
are measured with respect to the non-flowed generators.

As is clear from (1.1), at large initial right-moving energy, the finite-size spectrum of J T
- deformed CFTs will become complex. While this is only a problem for the theory on the
cylinder, and not on the plane [23], it is interesting to remark that even on the cylinder, this
problem is invisible at the level of the algebra and the spectrum of the flowed generators,
which simply coincide with those of the undeformed CFT. Rather, the complex energies arise
solely as a result of the expression (A.1) for the Hamiltonian, and signal the breakdown of this
square root formula. This suggests that the states of the deformed CFT on a cylinder may be
well-behaved, and the only problem is with the operator we use to measure the energy (which,
however, is also the one used to evolve the system).

There are several interesting future directions. First, one should be able to pass from
the classical construction of the symmetry generators to the quantum one by including the
appropriate normal ordering prescriptions and check, at least perturbatively, whether their
quantum commutators work out as expected. A particularly interesting issue is that of the
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central extension, given that the classical Witt algebra is naturally expected to become Virasoro
at the quantum level. The holographic analysis of [21] indicates a field-dependent central
extension of the form c(R/R,)? for the generators defined in [19], where c is the central charge
of the original CFT. Given that the spectrally flowed generators are rescaled by a factor of R,
with respect to the original ones suggests that the central extension in the flowed sector has
a chance of being identical to that of the original CFT, in agreement with the fact that the JT
deformation does not change the number of states. It would be very interesting verify this, at
least perturbatively.

Other relevant questions are to understand the physical meaning of the spectrally flowed
generators, and whether there is a geometric symmetry that they implement. It would also
be interesting to see whether the new symmetry generators may have applications also in the
deformed CFT on the plane, e.g. in the construction of more complicated observables such
as correlation functions. Finally, it would be interesting to understand the role and physical
interpretation of the improved zero mode ¥, whose action on the Hilbert space is surprisingly
minimal.
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A. Summary of Poisson brackets in JT - deformed CFTs
In this appendix, we collect the results of [19] on the Poisson brackets of the various currents

in the JT - deformed CFTs. These were computed using the expression they derived by solving
the flow equation for the deformed right-moving Hamiltonian density Hp

2
%Rzzzb—%Jy—¢ﬂ—Ajgl—NH$0, (A1)

(0)
R

formed currents, ’H}({O), J: and P. The currents 7, represent the time components of the linear
combinations (J, +J,)/2, where J is represented as a U(1) shift current for a scalar field ¢,
and J = xd ¢ is the corresponding topologically conserved current. In Hamiltonian language

in terms of the undeformed one, H,,’, together with the commutation relations of the unde-

:l: /
ji:n2¢

> (A.2)

where 1 is the momentum conjugate to ¢. Note the expression for Hy is symmetric under
7 < ¢’, since it only depends on 7,. From this, we conclude that the JT and JT deforma-
tions, which differ by precisely this exchange, lead to the same deformed theory, at least at the
classical level.

The commutation relations derived in [19] are

{Mr(0), Ha(6)} == il . Hel9) 2,6(0—6), (A3)
V=27, 00?210 (0) /(1 =270~ 221D (6)
Hg(5)

{P(0),Hr(6)} = | Hr(o)+
(1—2AJ(6))? = 22HO(6)

3,6(c — &), (A.4)
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(Ha(0), T.(5)} = (o) 8.5(0—5), (A5)
2/(1-A7,(0)) — 22K
(Ha(0), T ()} = — JLo) 8,5(0 —&). (A.6)

VA=A, () = 221 (o)

Using the fact that 7, —J_ = ¢’ and that the right-hand side of the last two commutators are
total & derivatives, we can deduce the commutator of Hy with ¢

—J_(0)— AHg(o)/2
VA =AT.(0)2 = 2HO(0)

{Hr(0), 9(6)} = 5(o —5). (A.7)

Since this commutator is obtained by integration, in principle we could add an integration
function of o to the right-hand side; however, such an addition would be quite unnatural,
given that the commutator is local (i.e., proportional to a 6 function).

The commutators of the momentum and the currents are the same as in the undeformed
CFT

{P(0),P(6)} =(P(0)+P(5)0,6(c=6),  {Je(0),T(6)} = iéaa(?(g — &), (A.8)

{P(0), T (6)} = T(0)0,6(0c —F). (A.9)

From here, one can deduce that
{P(0),9(6)} =—¢'(0)6(0—5), {Jx(0),9(5)} =—%5(0—5)- (A.10)

We note that the zero modes J, = f doJ.,Jo= f do J_ commute with all the other currents
in the theory, and their only non-zero commutator is with ¢. The winding charge w =J,—J,
also commutes with ¢. This implies in particular that the field-dependent radius R,, commutes
with all the operators we consider.

Finally, one can work out the commutators of the chiral current K;; = J, + %HR and of
the left-moving Hamiltonian #; = Hy + P, which take the very simple form

{Ky(0),Ky(6)} = %905(0 —6), {H(0),Ky(6)} =Ky(0)d,6(0 —6), (A.11)

{H(0),H(6)} = (Hi(0)+H(5))0:6(0 —5), (A.12)

and their commutators with Hy are

AH . H
{Hr(0),Ky(6)} =—2—;5/ , {Hgr(o),H (6)} = (HR_7R)5/> (A.13)

which are total o derivatives. In particular, this implies that {Eg, K} = {Eg, H;} = 0.

B. Poisson brackets of the non-local field y

In this appendix, we derive the commutators of the non-local field y, defined through d, y = Hj,
with the various other fields in the theory.
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The Poisson brackets of y are obtained by integrating the corresponding commutators of
Hpg. Two of these Poisson brackets, namely

AH . H
{x(0),Ky(6)} =—2—j5, {x(0),H,(6)}= (HR—7R)5 (B.1)

are local, being proportional to 6 functions, and thus we do not include an integration function.
Other commutators, however, are significantly more involved, and require working out the
consistency conditions imposed by the various Jacobi identities that they satisfy.

In the following, we will frequently use the notation ,/ = \/ Q-2AF (o)) — szg))(o) and
V= \/(1 — AT (6))2— )LZ’H;O)(&), as well as the abbreviations A= A(6) and 6’ = 9,6(0 — &).

B.1. Poisson bracket of y with #H;

The {y,#H} Poisson bracket is given by integrating the {#z, Hz} commutator

5((7—6‘)+8(~,7-[—‘;2 ©(oc—G)+A(6), (B.2)

where A(6) is an integration function. This function needs to have winding, in order to cancel
the dependence on the starting point in

(1(0), Ha(6)) = — 2T

R R
{4(0), He} = — & _ 1O A 5a6) = —H—; +f d6A,(5), (B.3)

v VO o 0

where Ep = fHRda is the total right-moving energy. This equation defines A,, the periodic
part of A, with the winding subtracted. To fix this function, we need to analyse the constraints
coming from the various Jacobi identities that the Poisson bracket (B.2) satisfies.

Constraints from time evolution

A first constraint on A comes from analysing the time dependence of the above commutator

%{X(U),Ha(é)} = 0A(6)—{H, {x(0), Hr(6)}} = —{{H, 2}, Hp} — {x, {H, Hz}}, (B4

where H = E; + Ej is the total Hamiltonian. Making use of

{H, Hg} = 0:(2Hr/y—Hr), {H,T.}=—05(T +AHr/ ), (B.5)
A
{H, Ul = 1L, (Hal ), 3.6)
U

it can be easily shown that the terms proportional to ©,5’ and & functions cancel, and the
constraint that we obtain on the function A is

R

1+ AK
UA), (B.7)

8,A—{H,A} = f T
- U

46 (4, (0), e} =2
0

where A, represents the part of A without the winding contribution. If we choose A such that
this term is absent, we find several qualitatively different solutions to the remaining equation.
For example,

Hr

RA= 0, (a&) +1{8(,A:<780ﬂ + — +Ra30&
v v v

(B.8)
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solves the equations for an arbitrary constant a. Another solution can be obtained by noting
that the field-dependent coordinate v = o — t — A¢ satisfies
dv 1+ AKU /

=1 () =~ ®.9)

and thus a general solution to the equation with A, = 0 and the correct winding is

A=aa( Y HR)+ o, Hr. (B.10)
R, v a

where the total derivative is necessary in order to ensure that A, = 0 above.

Constraints from the Jacobi identity with K;;

To distinguish between the two solutions, we can check the Jacobi identity for {Ky;, {xo, Hz}}-
Using the expression for the {y, K} commutator, we obtain

Lo Hg A8’ Hg A 5 He 3
{Ky,(R—6)05 R+ RA} + [(R—G)a —+RA] J,—06(0—05). (B.11)
0 v 2y v 207y
Taking into account the fact that®
Hxr A Hgr
{Ky, ‘f}_Z/ 1/5(0 G), (B.12)

we can reduce this to the following simple constraint on A
A,
{Ky,A} + —A5' =0. (B.13)
2y

It is easy to check, using (B.12), that the first Ansatz, (B.8), does not satisfy the consistency
requirement (B.13). On the other hand, using the commutator

H;} - —A7{KU,¢} 9Ky, Hj} "J 8, (vHn/ )5, B.14)

we can show that the second Ansatz does identically satisfy the consistency condition®. One
can also check that the term ad, Hy/,/ also satisfies it, so this does not fix a.

{KU3

Constraints from the Jacobi identity with #

We now look at the {y,, "z} Jacobi identity

{Hr> Lo Hr}t — {Hr, {0, Hr}} + {0, {Hr, Hr}} = 0. (B.16)
We will also need
7:[R H(O) ( Hp (0))
{Hr, —1}= 6'(c—6)+ 0,— —20, 6(o—6), (B.17)
% v /

8This is most simply computed by using = 1—AKjy and the equivalence of distributions spelled out in footnote
10.
“Making use (or not) of the relation

N A5(0—6) (qBHR)_RVHRa

{KU’¢7} 2‘/ ZR(‘/)Z

J

(B.15)
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where, from (A.1), 7-[1({0) =Hrg(1—-AT, — %Z’HR). Plugging in the expression for

{x0,Hr} =—2Hg/y +(R—0)05(Hr/ /) +RA, (B.18)

we find the intermediate equation

5’ S5’ . H
(mmm nmm+%7#%ﬂ+m &) (Has 05 wﬁ—m—wwm%:%
(0)
+ (R—U o, 1= 2%’,; 5 )5’ =0. (B.19)
J Ty

The difference

) H
(R=6){Mr, 01
can be manipulated using the criteria for when two distributions of the form E(c,5)8” +
F(0,5)8"+G(0)5 are equivalent'®. At the end of the day, we find the very simple constraint
- AS' A5
{HR,A} {HR,A} + 7 + 7 =0. (B.23)

Hr

}—(R—0){Hg, 8, —} (B.20)

Let us now write A=A, +A, where Ay = 9, ( = %) Evaluating

(0) (0)
AyS’ 2vH H
R, ({’HR,AO} + i’f ) = \/;‘ 5" + 7:[/}15’ +29, (VTR?)) 5, (B.24)
the constraint we obtain on A is then simply
As' As' Hr H

This is solved by A = Hy/R, + ..., where the ... are periodic solutions to the homogenous
equation, such as the ad, Hg/,/ term.

Note however that for this value of A, we need to revisit the conservation equation (B.7),
which receives a new contribution from

Hr

1 1
f d6{A,(6,Hg(o)} = R_{ER: Hr}=—0, (B.26)

v

This contribution is very easy to cancel by including an explicit time-dependent term, t/R,,
0,Hgr/ /- This term is also consistent with the Ky; and Hy Jacobi identities. Therefore, the
final solution we find for the integration function A is

A=aa[(1+a) HRi|+i(HR+t8 HR):aG [(VH +a)ﬂ]+E (B.27)
R, J R, v R, v R,

which has the nice feature of not being explicitly time-dependent, since v+t = o — A¢.

-

10These crieria are obtained by integrating against a test function g(&), with the result
§"E+g'(20,E+F)+g(32E+ 9;5F +G), (B.21)
and respectively f (o), for which
f"E+f'(20,E—F)+ f(3’E—0,F +G). (B.22)

Two distributions are equivalent if the terms multiplying f, g and their various derivatives are the same .

23


https://scipost.org
https://scipost.org/SciPostPhys.10.3.065

Scil SciPost Phys. 10, 065 (2021)

B.2. Poisson bracket of y with J_

Another commutator that requires special attention is that of y with J_. Integrating the
{Hg, J_} commutator we obtain

{x, T} =—£5(0—6)+3{,£®(0—6)+B(6). (B.28)
v v

In order for the commutator with J, to be independent of the starting point of the interval,
we need the winding of B to equal J_(0)/,/(0). B should also satisfy all the relevant Jacobi
identities.

As before, we first look at the time derivative of this commutator, and try to fix B by
requiring that the Jacobi identity hold. We make use of

1+M<U(9 J_

H,J_ =—0,— B.2
(H.T) = T (B.29)
and find that B satisfies
1+ AKy 1, J-
JB—{H,B}=—0 B —0d,—. B.
B (1,8} ==, (5B )+ 10 (8.30)
There are several solutions to this equation that have the correct winding, such as
B(o) =2, (3 £)+ba(,£+iac,£ (B.31)
Ry v Ry
or
B(0) =9, (1£)+b80£+180£, (B.32)
Rv \/ \/ RV 1/

for some constant b. To find which solution is correct, we need to analyse some further Jacobi
identities.

Constraint from the commutator with K,

We first check the Jacobi identity for {Ky;, {¥o,.7_}}. The consistency condition we obtain is

{Ky, (R—6)8(~,£ +RB} + Ao [(R— a)a(,£ +RB} = iﬁaié(a —&). (B.33)
v 2 v 2y Y
Using the fact that )
_ A
ey, Zy= 20,7

7 2/307‘5(0—6) (B.34)

and the criterion for the equivalence of two distributions, we can reduce the above equation
to

Mg . (B.35)
2y

{KU7B} +

It is easy to see that the terms proportional to d,.7_/ / simply drop out of this equation. We
then check that the first Ansatz does not solve this equation, whereas the second one does.
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Constraint from the Hy commutator

The Jacobi identity reads

{Hr, {x0, T3} + {{xo, "} T} — {to, {Hr, T_}} =0, (B.36)

and from its form it is easy to see it will relate the two integration functions A and B. To
simplify the constraint, we use

T, J0-27), (1 J- J_(l—xm) -
{Hp, =} =———5—06"+| —0,— —0,—————— | 6(0 =), (B.37)
T / v /
(2 7= —Lf‘m&, (B.38)
v v
and find that A and B must satisfy the simple relation
{Hr, B} +1{A, T} + %5’ =0. (B.39)

Letting A=A, +A, B =B, + B with Ay = 3, (vHz/R, V) and By = 3,(vJ_/R, /), we find the
following constraint

g 1 J-
S P SVEYY) (B.40)
2R, /" R,y

(Hp, B} +1{A, T} + %5’ =

The already known %z /R, contribution to A accounts for the last term on the right-hand side.
However, we need a new term in B to account for the first term. It is clear that

B——

2R, (B.41)
does the job, and one can check that it is also consistent with the previous consistency condi-
tions.

Finally, it is not hard to check that any term in B proportional to d,.7_/ v and in A with
05Hg/ / (with the same proportionality coefficient) automatically satisfies this equation. This
sets a = b. We can also check the time dependence matches exactly.

To summarize, the solution that we have found for B that is consistent with all the Jacobi
identities we have checked is

_ v+t £ _)LHR
B(O)—ﬁa[( R, +a) ‘/:| 3R, (B.42)

for the same arbitrary constant a as in (B.27).

B.3. Other commutators

The Poisson brackets of y with all the remaining fields, such as 7, or P, are determined by its
commutators with Hy and J_ (i.e., the functions A, B) and its commutators with H; = Hzr+P
and K;; = J, + AHg/2, which are local. We thus find

{P,)Z}Z—(HR+ H—;)5(0—6)+30H—;9(6—0)+A(0), (B.43)
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Ay
2y

A, H AL

3 5,7R O(0 —5)— FA(5). (B.44)
Combining the latter with the {y,._} commutator and integrating, we find the {y,$} com-
mutator

{x,J:}= 6(c—6)—

P+t

T+ AHg/2 (@(0—6)4— h

‘/,

The {Hy, ¢} commutator requires that C’(c) = 0, so C = ¢, a constant, which we will set to
zero.

{x. ¢} =— +a)+C(o). (B.45)

v

C. Flow equations for the currents and the charges

Let D, = J5 + {O,o¢,*}, where for the purposes of computing commutators, the expression
w n
Opor = %—f doHgd €1

is significantly easier to use. Using the commutators with the zero modes, we find that at
classical level, the currents satisfy the following flow equations

DAKU = ,DAHL =0. (C.Z)
The equation for Hy, is
w Hr R¢
D = — —_— 1 . .
2V HR RV”HR+8U[‘/( (1+a) Rv)], (C.3)

which implies the following flow equation for y

_ M _R$\,w
Dyx = \/(w(1+a) Rv)-f-RV)(. (C4

The flow equation for J_ is given by

1 w J- Ré
DyJ. = —~Hp— w1 +a)— =2 _
T 27—[R ZRVHR+30[ 7 (W( +a) R, )], (C.5)
which, together with (C.3), implies that
A T+ AHg/2 R
e = [ EEE e Y] o
Finally, the flow equation for ¢ is
"+ AHg/2 R
Dyp(o) = — L= Ar/2 (w(1+a)—R—¢). C.7)
4

We subsequently use these flow equations to compute the flow of the conserved charges. We
trivially have D,Qf = D, P, = 0. As for the right-moving charges, we obtain

- w - w t = = w t =
D,Q5 :R—Qf——(a-i-1+R—)Qf-,, DM =—— (a+1+R—)p§,M. (C.8)
v

RV v v v
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