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Abstract

Charge quantization, or the absence thereof, is a central theme in quantum circuit the-
ory, with dramatic consequences for the predicted circuit dynamics. Very recently, the
question of whether or not charge should actually be described as quantized has enjoyed
renewed widespread interest, with however seemingly contradictory propositions. Here,
we intend to reconcile these different approaches, by arguing that ultimately, charge
quantization is not an intrinsic system property, but instead depends on the spatial res-
olution of the charge detector. We show that the latter can be directly probed by unique
geometric signatures in the correlations of the supercurrent. We illustrate these find-
ings at the example of Josephson junction arrays in the superinductor regime, where
the transported charge appears to be continuous. Finally, we comment on potential con-
sequences of charge quantization beyond superconducting circuits.
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1 Introduction

Condensed matter physics is rife with quantum phase transitions where the fundamental no-
tion of charge quantization (in units of the elementary charge e) seems challenged, for instance
in anyonic field theories [1]with the fractional quantum Hall effect as a famous example [2–4],
but also in Luttinger liquids [5–7]. In the language of quantum circuit theory, the charge-phase
quantization condition, [ϕ, N] = i, stipulates that if the charge 2eN 1 is quantized (continu-
ous) then the phase ϕ is compact (noncompact) [8]. For instance, while a regular Josephson
junction (JJ) transports integer Cooper pairs (ϕ-space is 2π-periodic), junctions involving
Majorana- or parafermions, give rise to a 4π or even 8π fractional Josephson effect [9–11].
However, also seemingly innocuous circuit elements such as linear inductors appear to break
charge quantization (with in fact a continuous quasicharge) [12].

The question of whether or not charge should actually appear as quantized in circuit theory
received renewed widespread interest, with two seemingly contradictory propositions, which
have radical consequences on the predictions of the circuit dynamics. Inductively shunting a JJ
was predicted [12] to suppress any residual sensitivity on the offset charge noise [13], an idea
which is at the heart of the fluxonium qubit [14, 15]. There remained a conundrum: charge
quantization seemed broken even in the limit of large inductance, when the transport is dom-
inated by the JJ [12]. Recently, a resolution was proposed by advocating continuous charge
and noncompact phase irrespective of the presence or absence of a linear inductance [16].
At the same time, there emerged an opposite school of thought in several different contexts,
where charge quantization is preserved. A recent theoretical work reevaluated the charge-
noise sensitivity of fluxonium qubits [17]. Moreover, the existence of dissipative quantum
phase transitions in JJs [18–22] was put into question [23] when assuming a capacitive cou-
pling to the electromagnetic environment (preserving charge quantization), instead of the
standard inductive coupling [24]. Finally, charge quantization is important for novel trans-
port topological phase transitions, where the topological invariants are defined on a compact
ϕ-manifold [25–36].

To summarize, the existing literature appears ambiguous. We here aim to build a bridge
between the theories of quantized [17,23] versus continuous charge [12,16,37] by developing
and illustrating the following two statements (see also Fig. 1):

(i) Charge quantization depends fundamentally on the spatial resolution with which charge
is detected or interacted with; it is therefore a property of the measurement basis.

(ii) Current-current correlations provide unique signatures of the detector resolution, in the
form of a geometric response which resembles a Zak-Berry phase defined in ϕ-space.

1The prefactor 2e expresses that usually, the charge in quantum circuits is counted in units of Cooper pairs.
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Figure 1: Illustration of the main points. (a) Two SQUID detectors measure the
currents to the left (IL) and the right (IR) in a JJ array with a total phase bias ϕ,
through incoming wave packets (red and blue). The signal of interest is the sum of
the current auto and cross-correlations, Sγ =

∑

α Sαγ (here, γ = R). (b) The signal
SR depends on the detector properties (c): the lateral position xS and distance to the
circuit dS, determining the detector fuzziness (represented as the grey bell curve).

It reaches an extremal value S
(0)
R when the detector measures the current at a sharp

interface. Here, charge is measured in integer units of 2e. For any Sγ/S
(0)
γ < 1, the

detector is fuzzy and fails to resolve integer charges.

Statement (i) implies that in order to determine the correct circuit theory, it has to be carefully
analyzed how exactly different parts of the circuit couple to each others charges. We will also
comment on potential caveats, respectively, extensions of (i) for topological superconductors.
Statement (ii) aims at finding stringent, unique experimental evidence to support (i). We
stress that (ii) is in so far highly unexpected, as current-current correlations are low cumu-
lants, which were up to now assumed to be insensitive to charge quantization, respectively to
the detector resolution (see discussions for the full-counting statistics of Luttinger liquids [7]
and sequential electron tunneling [38]). Furthermore, we expect (see outlook) that an appro-
priate generalization of above statements beyond quantum circuit theory could open up new
research directions investigating the importance of charge quantization in other highly rele-
vant domains, such as in Luttinger liquid theory itself, where charge quantization is discarded
in the course of the low-energy approximation [5].

We illustrate the above statements at the example of a JJ array. Apart from their impor-
tance as a superinductor element in the fluxonium [14, 15], such arrays are the ideal the-
oretical testbed. They have a rich existing theoretical literature, which is still actively being
expanded [39–42], with a precise circuit model where charges are quantized, and a low-energy
regime (formally resembling a Luttinger liquid [40, 42]), where charge appears continuous.
Moreover, there has been significant recent experimental progress on JJ arrays, such as mea-
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surements illuminating the role of disorder [43], massively increasing chain
length, ∼ 104 [44], and alternative pathways for their fabrication, e.g., through granular
aluminum [45].

In the following, we first formulate statements (i) and (ii) independent of any model
specifics. We then illustrate them at the example of the JJ array. Finally, we comment on
important further-reaching consequences of our work, leading to various ideas for follow-up
work.

2 Quantized charges in circuit theory

2.1 Importance of detector resolution

Consider an electronic quantum system, described by a field theory with the electron field oper-
ator Ψ(†) (x) 2, satisfying fermionic anti-commutation relations

�

Ψ (x) ,Ψ†
�

x ′
�	

= δ
�

x − x ′
�

.
It can be easily shown that any local charge number operator Ne, defined in an interval
a < x < b,

Ne =

∫ b

a
d xΨ† (x)Ψ (x) (1)

must have integer eigenvalues. For this purpose, we construct a general basis of charge eigen-
states with n ∈ N charges in the interval a < x < b,

|n, {k1, k2, . . . , kn}〉=
∫ b

a
d x1

∫ b

a
d x2 . . .

∫ b

a
d xnψk1

(x1)ψk2
(x2) . . .ψkn

(xn)

×Ψ† (x1)Ψ
† (x2) . . .Ψ† (xn) |0〉 , (2)

where |0〉 is the absolute vacuum state, Ψ (x) |0〉 = 0 for all x . Of course, the functions ψki

have to fulfill all the necessary conditions (orthogonality, completeness 3), which we however
do not require explicitly for our proof. Applying the above state to Ne, one can show that

Ne |n, {k1, k2, . . . , kn}〉= n |n, {k1, k2, . . . , kn}〉 , (3)

by simply using fermionic anti-commutation relations for the field Ψ(†)(x). Namely, the anni-
hilation operator Ψ stemming from Ne can be anti-commuted through the chain of n creation
operators Ψ† in |n〉 for n times, until it destroys the vacuum state Ψ|0〉 = 0, giving rise to the
prefactor n in Eq. (3).

As stated in the introduction, there is an abundance of effective field theories in condensed
matter physics, where the above seems to no longer apply, due to low-energy approximations
of Ψ. We stress however, that for any electronic realization of an exotic phase of matter, there
must be an underlying microscopic theory in terms of bare electrons. Hence, as long as a
certain external system or a detector couples to the local electron charge eNe, it will interact
with or measure it in integer units, irrespective of any phase transitions. In this sense, any
noninteger (e.g., fractional) charge is an effective charge (see also a similar argument put forth
in Ref. [38]).

2For simplicity, but without loss of generality, we ignore spin, and consider only one spatial dimension. The
statement layed out in the main text can however easily be generalized to include spin and higher spatial dimen-
sions.

3Note that here, we focus on constructing a complete many-body basis within the interval from a to b. In order
to construct a complete many-body basis within the entire system, we need to extend the basis to include adding
n′ charges to the regions outside this interval. This can be accomplished by a tensor product |n, n′〉 = |n〉 ⊗ |n′〉,
where |n′〉 can be constructed in analogy to |n〉 except with x ≤ a or x ≥ b. Since Ne only acts on a < x < b, we
still find Ne|n, n′〉= n|n, n′〉.
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Crucially, charge quantization as introduced above requires the assumption of a spatially
sharp measurement. To illustrate this, let us generalize Ne to

Ne [S] =

∫

d xS (x)Ψ† (x)Ψ (x) , (4)

where S is a support function. The charge in Eq. (1) can be obtained from Eq. (4) by as-
suming sharp boundaries, S (x) = θ (x − a)θ (b− x), where θ is the Heaviside theta function.
However, as soon as we allow for S to assume non-integer values, it follows that Ne [S] is no
longer guaranteed to have integer eigenvalues. In our work, such a situation will be reached,
because of a fuzzy detector, which in general fails to resolve charges with absolute spatial
precision (see Fig. 1c).

In the here considered context of conventional superconducting quantum circuits, coherent
transport events come in units of Cooper pairs (with charge 2e), where the Cooper pair number
N = Ne/2 has a canonically conjugate phase ϕ, such that [ϕ, N] = i. Consequently, N having
integer or continuous eigenvalues can be equivalently encoded in representingϕ on a compact
(2π-periodic) or non-compact manifold, respectively [8]. Therefore, the presence or absence
of charge quantization manifests on the level of the circuit Hamiltonian H (ϕ), in that it is either
2π-periodic, H (ϕ + 2π) = H (ϕ), or not. Importantly, note that on this general level, the pair
of ϕ and N may refer either to the charge and phase in a (finite) region, or to the charge
and phase difference across an interface. In quantum circuit theory, these two definitions
are commonly referred to as node and branch variables, respectively [46]. The reason for
this flexibility is that charge quantization in a given region and quantization of the charge
transport into (or out of) this region via a given interface must obviously go hand in hand;
the 2π-periodicity constraint on the Hamiltonian must therefore hold irrespective of the use
of branch or node variables.

The above leads us to our first observation, statement (i), which has been used in Refs.
[17, 23] for particular systems, but which has, to the best of our knowledge, not yet been
formulated in this general manner: since charge quantization is fundamentally a property of
the detector basis, we conjecture that there must always exist a unitary basis transformation,
whereby a Hamiltonian describing the transfer of noninteger charges across an interface, or
equivalently, noninteger charges inside a region, can be adequately “requantized”. Namely, if a
certain theory provides a Hamiltonian H (ϕ + 2π) 6= H (ϕ), there must exist a transformation
U (ϕ), eH (ϕ) = U (ϕ)H (ϕ)U† (ϕ), such that eH (ϕ + 2π) = eH (ϕ). The transformation U(ϕ)
thus connects different choices for the detector basis. In the following, we refer to these choices
as gauge choices. Statement (i), as formulated above, will be explicitly illustrated for the JJ
array below.

Before proceeding, let us put the above statement into a broader perspective, in particular
when considering topological superconductors. Majorana-based Josephson junctions famously
give rise to a 4π-Josephson effect. Let us consider as an example the circuit proposed by Fu
and Kane [9], which essentially realizes a loop of a Kitaev chain by tunnel-coupling the ends,
enclosing a phaseϕ due to an external magnetic flux. This circuit is described by a Hamiltonian
of the form,

HFK(ϕ) = 2EM cos
�ϕ

2

�

�

d†
M dM −

1
2

�

, (5)

where EM is the energy associated to the tunneling of Majorana fermions, and d(†)M is the
operator linking the even and odd parity ground state of the superconducting chain. As such,
HFK is 4π-periodic, representing the fact that the coherent transport via Majorana fermions
carries charge e instead of the 2e Cooper pair charge of conventional JJs. Note that due to
d†

M dM having two eigenvalues 0,1 (representing the even and odd fermion parity ground
state of the circuit), the Hamiltonian has the eigenspectrum ±EM cos(ϕ/2). Therefore, due
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to cos[(ϕ + 2π)/2] = − cos(ϕ/2), it would be possible – at least from a purely mathematical
point of view – to find a transformation U(ϕ) to render HFK 2π-periodic. From a physical
point of view however, such a transformation would be problematic, as such a U(ϕ) would
give rise to a basis with superpositions of even and odd fermion parity states, thus violating
the fermion-parity superselection rule. After all, the breaking of Cooper pairs with charge 2e
into Majorana-based transport with charge e can be considered physical; since Cooper pairs
are obviously composite particles, they can be physically split.

Importantly however, this splitting cannot go any further. The charge e/2 associated to the
8π-Josephson effect involving parafermions, as discussed in Refs. [10,11], must ultimately be
considered an effective charge, since the electron cannot be physically subdivided into smaller
portions, see our general field theoretic argument above. Hence, while it is possible to find
an 8π-periodic Hamiltonian describing a parafermion-based JJ [10], we should always find
a transformation U(ϕ) to render the Hamiltonian at least 4π-periodic, without running into
issues related to parity superselection.

At any rate, in the following, we will focus on conventional superconductors where trans-
port occurs with regular Cooper pairs, such that 2π-periodicity must be obtainable via a basis
transformation. For conventional superconductors, only transport processes involving Bogoli-
ubov quasiparticles can change the charge within a given region by e instead of 2e. Such
processes are however dissipative in nature [47–50], and therefore require an open system
description of the circuit dynamics. We disregard such process below, which is a good first ap-
proximation provided that they occur on slower time scales than the coherent circuit dynamics
due to H(ϕ).

2.2 Geometric properties of current correlations

Statement (i) inescapably leads to the question of how charge quantization, respectively, how
the detector resolution can be measured in a direct and unique fashion. This is no easy feat.
Differences in the circuit dynamics (as listed in the introduction) may be of various origins,
such that it may be difficult to disentangle charge quantization from other external influences.

Apart from that, it has been discussed in different contexts, that there is a connection be-
tween charge quantization and the full-counting statistics of transport [7,38]. Specifically, for
quantum circuit theory, full-counting statistics can be formulated along the lines of Ref. [51].
Starting from the von Neumann equation for a given circuit Hamiltonian, ρ̇ = −i[H(ϕ),ρ], a
counting field χ 4 is included as a shift in ϕ which is positive (negative) for the forward (back-
ward) propagation, → ρ̇(χ) = −iH(ϕ + χ)ρ(χ) + iρ(χ)H(ϕ − χ). The moment generating
function m(χ) can then be obtained via the trace over the density matrix ρ(χ) 5. Hence, the
moment generating function here inherits its periodicity in χ from the periodicity of H in ϕ.

However, there are two problems. First, we note that the most easily accessible statistical
quantities are low cumulants, which are obtained through a Taylor expansion of m in χ around
χ = 0. For instance, the average current and the current noise can be constructed through
first and second order derivatives in χ, and thus only probe the local properties of m, and
not the global properties (i.e., the periodicity). Second, there is the even subtler issue that in
leading order, the moment generating function is dominated by the eigenvalues of H only [51],
whereas the properties of the eigenbasis, in particular, itsϕ-dependence, remain invisible (i.e.,
they give rise to small corrections). It is however the latter property that we are after, as it
contains the information about the detector resolution. On a more figurative level: if we only

4The counting field χ is for obvious reasons related to ϕ. Note though, that the two objects are nonetheless
distinct: one can think of χ as the “classical” component of ϕ, in the sense that it appears with opposite sign for
the forward and the backward propagation.

5Note that this trace is only trivially 1 for χ = 0. For finite χ, the modified von Neumann equation is not
trace-preserving, which is a standard feature in full-counting statistics.
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consider the average number of charges transported into a certain region, it does not seem
to matter whether or not this charge was measured in discrete packages. With this in mind,
it is highly surprising that we are here able to show that there exist certain low-cumulant
observables, which are sensitive to charge quantization, and can in fact be related to the ϕ-
dependence of the eigenbasis of H (thus directly probing the U(ϕ) introduced above). As it
turns out, while the noise (that is, the current-current correlations) into a particular lead is in
leading order not sensitive to charge quantization, the sum of auto- and cross-correlations of
the supercurrent is. In fact, the leading parts of auto- and cross-correlations mutually cancel,
unveiling a purely geometric component.

For this purpose, consider a quantum circuit connected to a left and right contact, with a
given phase difference ϕ. Two detectors, measuring a current to the left (IL) and the right
(IR), thus define a finite size region hosting a total charge 2eN , via the continuity equation,
IL + IR = 2eṄ . We stress that while the left and right contacts are well-defined, the same is
not guaranteed for the detectors measuring IL,R, since the detection may occur with a finite
spatial resolution (see, e.g., the SQUID detectors in Fig. 1). In accordance with (i), such
imperfections can be included as a gauge choice in the Hamiltonian, that is, a gauge where
IR = 2e∂ϕH(R), and a gauge where IL = −2e∂ϕH(L) (the superscript in H(α) indicates the
corresponding gauge). Note that for convenience, we defined IL in the opposite direction (see
arrows above current operators in Fig. 1a).

Let us now show, how the detector properties can be probed by the current auto- and
cross-correlations between the left and right contacts, IL and IR. Integrated over a finite mea-
surement time τ, the correlations are individually defined as

Sαγ (τ) =
1
τ

∫ τ

0

d t

∫ τ

0

d t ′
1
2


�

δIα (t) ,δIγ
�

t ′
�	�

, (6)

with δIα = Iα − 〈Iα〉, and α,γ are indices for the left and right detectors. Assuming that the
system is in the ground state prior to the measurement, we can show for a general quantum
circuit (see Appendix A), that the sum of auto- and cross correlations provides

Sγ (τ)≡
∑

α

Sαγ (τ) = −2
(2e)2

τ
γIm

�

〈0|γ A∂ϕ |0〉γ
�

, (7)

where A= N
�

1− |0〉γ 〈0|γ
�

is a Hermitian operator, and |0〉γ is the ground state of the Hamil-
tonian in the gauge H(γ). When the index γ appears as a prefactor, it returns ±1 for γ = R,L,
respectively. The above is one of the main results of this work. It tells us that the sum of auto-
and cross-correlations Sγ can be directly connected to a quantity which depends exclusively
on the spatial detector resolution, via N and ∂ϕ |0〉γ. This establishes statement (ii).

The result for Sγ in Eq. (7) can be regarded as a transport version of a geometric phase
(with the additional A), defined in ϕ-space instead of the usual k-space. In fact, the construc-
tion of Sγ itself was inspired by the measurement of the mean chiral displacement, which has
recently been discussed to measure the Zak-Berry phase in SSH chains [52–54]. Being of ge-
ometric nature, it should not surprise that the right-hand side of Eq. (7) is gauge-dependent.
This is by no means unphysical. In the case of the SSH model, the Zak-Berry phase depends
on the choice of the unit cell [55], a gauge choice which is fixed, once a specific chirality mea-
surement is defined [52–54]. In analogy, here the gauge choice relates to the actual spatial
detector resolution and thus to charge quantization, and can likewise be regarded as a choice
of a “unit cell” in the space of the transported charges.

Furthermore, we note that for a stationary system, the sum of two currents into different
contacts should result in a zero expectation value. In our case this is true for large measure-
ment times τ→∞ (dc limit). For finite times τ, there remains a finite contribution: while
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the system is in its ground state prior to the first measurement (at time t = 0), right after the
measurement, it will be projected to a nonstationary state, which takes a finite time to decay.
Therefore, the finite displacement current, leading to a nonzero Sγ, is purely induced by the
projective measurement. Of course, current measurements are most commonly conducted in
the pure dc regime, whereas we here propose a more demanding measurement for finite τ.
We emphasize however (see also Appendix A) that Eq. (7) is valid in the long τ limit, i.e., it
corresponds to the asymptotic solution for measurement times longer than the time scale of
the internal system dynamics given by H(ϕ).

3 The Josephson junction array

3.1 Array model and detector fuzziness

Let us illustrate the above findings at the example of a JJ array. The M + 1 junctions in se-
ries form M superconducting islands (see Fig. 1a). Such a circuit is described in terms of
lumped elements, with a single charge and phase operator for each island m, Nm and ϕm
(m = 1, . . . , M), satisfying [ϕm, Nm′] = iδmm′ . The Hamiltonian is given as (see also [42] and
references therein),

H (ϕ) =
(2e)2

2

M
∑

m=1

M
∑

m′=1

Nm

�

C−1
�

mm′ Nm′ −
M+1
∑

m=1

EJ cos (ϕm −ϕm−1) . (8)

The capacitance matrix [C]mm′ =
�

2C + Cg

�

δm,m′ − Cδm,m′+1 − Cδm,m′−1 gives rise to the
charging energies for the coupling of the islands to a common gate, Eg = (2e)2 /Cg , and the
nearest neighbour interaction, EC = (2e)2 /C .

The ends are connected to two large superconducting contacts, m = 0, M + 1, such that
both ϕ0 and ϕM+1 are classically well-defined. We apply a total phase difference ϕ across the
array (e.g., by closing the contacts to a loop threaded by an external field) which provides
a constraint on the phases. Importantly, there remains a choice as to how this constraint is
satisfied. These different choices correspond to gauge choices, which are related through a
unitary U (ϕ), and can be used to represent the detector properties, as outlined in (i).

We here consider a general detector, coupling to the current Im = 2e∂ϕm
H (at junction m)

with a certain coupling prefactor ηm, Iη =
∑M+1

m=1 ηm Im (where we impose
∑M+1

m=1 ηm = 1 for
normalization). Note that in general, we would have to compute explicitly two sets of ηm, one
for the left detector, IL, and one for the right detector IR. Below, we will however consider
a setup where only one of the two detector properties is relevant. At any rate, the detector
is in general fuzzy, as it fails to measure a current at a sharply defined device position. The
coupling prefactors can be imbedded into the potential energy

detector gauge
→ −

M+1
∑

m=1

EJ cos (ϕm −ϕm−1 +ηmϕ) , (9)

where here, ϕ0 = ϕM+1 = 0. The validity of Eq. (9) can be easily verified, by differentiating
the above potential energy with respect to ϕ, thus yielding Iη. Crucially, this Hamiltonian is
only 2π-periodic in ϕ, when the measurement is spatially sharp (ηm0

= 1 for one m0, and 0
elsewhere).
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The coefficients ηm have to be computed based on the detector details and the device
geometry. For concreteness, inspired by Ref. [56] we here consider a SQUID detector 6. In
Appendix B, we outline a possible single-shot read-out of the currents (via short incoming
wave packets, see Fig. 1a) in analogy to standard qubit read-out schemes [57].

As for the JJ array geometry, since we are only interested in a general demonstration of
the principle, we use for simplicity a true 1D geometry for the array instead of more com-
plex realistic geometries [43, 44]. The computation of the ηm is then accomplished in two
steps. First, it requires the Biot-Savart law to compute the magnetic flux piercing the SQUID,

ΦS ∼ dS

∫

d x I (x)/
�

(x − xS)
2 + d2

S

�3/2
where xS is the position of the SQUID with respect to

the 1D array, and dS is the distance (see Fig. 1c where the grey area illustrates the Biot-Savart
law).

Second, we note that the local current I (x) is not as such represented in terms of the is-
land degrees of freedom, ϕm and Nm. Based on the lumped element model of the Hamiltonian
given in Eq. (8), only the currents at the individual JJs (Im) can be constructed, whereas the
Biot-Savart law requires knowledge also of the currents at positions in between two junctions.
This issue can be resolved by starting from a more refined model, taking into account the
internal degrees of freedom of the islands, and performing a low-frequency approximation,
assuming that the detectors cannot resolve correlations on time scales comparable to the in-
ternal dynamics (see Appendix C). Based on this, we find that if the position x is in between
junctions m and m+ 1, positioned at xm and xm+1 (see Fig. 1c), the local current is given as
I (x) ≈ (1−δm) Im + δm Im+1 with δm = (x − xm)/ (xm+1 − xm). When the position of x is
at a contact instead of an island, x > xM+1 (or x < x1) the current is simply I (x) ≈ IM+1
(≈ I1), since the contacts are large. Plugging the relationship between I (x) and Im into the
Biot-Savart law, we find ΦS ∼

∑

mηm Im, and thus access the coefficients ηm (done numerically
for the plot in Fig. 1b).

Note that there is a subtlety regarding the detector fuzziness. In principle, for dS small
with respect to the island length scale ∆x (the distance between two junctions), the detector
should be considered sharp on all relevant length scales (since ∆x is the smallest length scale
of the device). However, within the above low-frequency approximation, we see that this does
not guarantee a sharp measurement of the currents at the junction. Namely, when the detector
is placed at dS � ∆x and in between two junctions m and m+ 1, we find ηm ≈ 1− δm and
ηm+1 ≈ δm and all other η’s equal to zero. We thus encounter two distinct notions of detector
fuzziness. Either the detector is further away from the system than the relevant length scale
dS >∆x , such that it cannot resolve individual islands. Or the detector is close, dS�∆x , but
situated in between two junctions, xm < xS < xm+1, such that it fails to resolve the currents
of neighbouring junctions Im and Im+1. Both effects are measurable, as we detail below.

3.2 Signatures of charge quantization in the superinductor regime

To proceed, we consider the system in the regime EC � EJ . Here, the phases ϕm ≈ ϕ
( f )
m +δϕm

are well localized around the local minima of the potential (Josephson) energy, ϕ( f )m , which
are separated by energy barriers. For the general gauge in Eq. (9), we find (see Appendix D.1)

ϕ( f )m =

�

m
M + 1

−
m
∑

m′=1

ηm

�

ϕ +
m

M + 1
2π f mod 2π . (10)

6The experimental setup in [56] is much more involved than our considerations here, primarily in order to
minimize detector backaction. Here, for illustration purposes, we neglect such details. Note furthermore, that we
expect that we may in fact not need the same amount of backaction protection as in [56]: as detailed in (ii), the
detector-induced projection of the quantum state is actually a wanted side-effect.
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Up to the gauge choice, expressed through the prefactorsηm, this result coincides with Ref. [15].
The integers f represent the distinct local minima positions. Neglecting plasmon excitations 7,
we can associate a localized ground state wavefunction to each f , which depends in general
on ϕ through the position ϕ( f )m around which it is centered, | f 〉ϕ. Approximating H in this
regime, one receives the low-frequency Hamiltonian (see Appendix D.2)

Hlow (ϕ)≈
1
2

EJ

M + 1

∑

f

(ϕ + 2π f )2 | f 〉ϕ 〈 f |ϕ + ES

∑

f

�

| f + 1〉ϕ 〈 f |ϕ + | f 〉ϕ 〈 f + 1|ϕ
�

. (11)

Equation (11) is the standard Hamiltonian for a phase slip junction (see, e.g., [58] and ref-
erences therein), including the energy scale related to quantum phase slips, ES , describing a
hopping between different minima f . The actual magnitude of ES is irrelevant for our consid-
erations. For estimates in various regimes we refer to the literature [41,42,59].

Importantly, in Eq. (11) we put emphasis on a feature which is often disregarded: the
aforementioned ϕ-dependence of the basis | f 〉. Without it, a discussion about whether the
charge transported across the array is quantized or not, is actually meaningless. Note in par-
ticular, when ES = 0, the array acts as a perfect superinductor, which seems to break charge
quantization (along the lines of Refs. [12, 16]). However, thanks to the ϕ-dependence, it is
possible to render Hlow 2π-periodic even in this regime. The progression of ϕ by 2π comes
with an increase f → f + 1 for the energies (ϕ + 2π f )2. If we choose a gauge represent-
ing a spatially sharp current measurement of one particular junction current m0 (ηm0

= 1
and ηm 6=m0

= 0), the basis | f 〉 is likewise guaranteed to fulfill | f 〉ϕ+2π = | f + 1〉ϕ, such that
Hlow (ϕ + 2π) = Hlow (ϕ). For any fuzzy measurement, H is no longer 2π-periodic. In par-
ticular, there is the opposite extreme to a sharp measurement, where the detector couples to
all junction currents equally, ηm ≈ 1/ (M + 1). Here, | f 〉 does no longer depend on ϕ at all,
∂ϕ| f 〉 = 0. We refer to this as a “maximally fuzzy” detector, which fails to spatially resolve
charges along the entire array.

With this realization, we can thus understand the continuous "quasicharge" first coined
in Ref. [12] for linear inductors under a different light. Namely, for ES = 0, the eigenspec-
trum forms parabolas ∼ (ϕ + 2π f )2 in ϕ-space, shifted by 2π intervals. The crossings of
individual parabolas are protected, and can only be gapped for finite ES . We thus under-
stand that the continuous quasicharge corresponds to the lack of periodicity of the individual
eigenvalues (parabolas), whereas charge quantization is independently defined through the
eigenbasis. Thus, the JJ array in the superinductor limit gives rise to a quantum version of a
feature which was recently discussed for sequential electron tunneling [38]: namely that there
is a distinction between "effective" charges, defined by means of topological transitions in the
eigenspectrum 8 which may well be noninteger, whereas the actual charge quantization is pre-
served independent of the topology of the eigenspectrum, provided that the charge detection
is spatially sharp.

Finally, we show that the information of the ϕ-dependence of | f 〉 is accessible through a
current-current correlation measurement, according to (ii). Let us position the left current
detector sufficiently deep inside the left contact, such that it couples only to Im=1. Thus we
will see only the properties of the right detector, which can be accessed by SR. For M � 1, we
find (see Appendix E)

SR (τ)≈ S
(0)
R

M+1
∑

m=1

η2
m, (12)

where S
(0)
R = − (2e)2




N2
m

�

0 /τ and the local charge fluctuations are



N2
m

�

0 =
p

EJ/EC . Thus,

7This is justified because we consider the system close to the ground state.
8Note that when ES is exponentially suppressed [41, 59], the absence of a gapping of the eigenspectrum can

indeed be rightfully considered as topologically protected.
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SR (τ) depends only on a single system constant (via



N2
m

�

0) and otherwise solely on the spatial

resolution of the right current detector. Due to 0< ηm < 1 and
∑

mηm = 1, S
(0)
R is the extremal

value of SR.
Interpreting ηm as the probability to measure the current at junction m, the sum

∑

η2
m

can be related to the Rényi entropy H2 [60], via
∑

mη
2
m = e−H2 , characterizing the detector

fuzzyness. In Fig. 1b, we show SR as a function of the detector position. In particular, we
see that when the resolution is maximal, i.e., the detector can resolve the current locally of
a single junction m0 (ηm0

= 1 and ηm 6=m0
= 0) H2 → 0, such that SR assumes the extremal

value S
(0)
R . Any finite fuzziness of the detector will result in a finite entropy, and thus will

reduce SR/S
(0)
R . This is generally the case for dS >∆x , where SR/S

(0)
R decreases as the SQUID

approaches the array, and couples to an increasing number of junction currents (black curve
in Fig. 1b). Let us also note the special case for the maximally fuzzy detector, where ∂ϕ| f 〉= 0
leads to SR = 0. Note however, that the sensitivity is also quite significant for a spatially sharp
detector, dS �∆x , due to the above discussed lumped element effect. Placing the detector in
the middle of two junctions, m0 and m0 + 1, we find that ηm0

= ηm0+1 = 1/2 and all other
ηm = 0. Thus, SR returns only half the extremal value due to the detector being unable to
distinguish between two neighbouring junctions, (red curve in Fig. 1b). Overall, we see that
the sum of auto- and cross-correlations provides in a very transparent and characteristic way
information about the detector properties.

4 Conclusion and outlook

We have outlined an intimate relationship between charge quantization and the detector prop-
erties via a gauge choice. Furthermore, we have shown that current-current correlations un-
ravel a unique geometric signature which distinguishes between quantized and non-quantized
charge measurements. We expect that the above presented results will help in the formulation
of quantum circuit theories which appropriately account for charge quantization.

Let us comment on further-reaching repercussions of this work. As indicated in Ref. [23],
enforcing charge quantization may render a critical reexamination of circuit theories describ-
ing quantum phase slip junctions [37,58] necessary. The above discussion may provide a first
stepping stone to that end. Namely, we expect that the ϕ-dependence in | f 〉 leads to an in-
sightful caveat in the well-known exact duality between the Josephson effect and quantum
phase slips [58], [both described by the Hamiltonian in Eq. (11), when performing the maps
ES ↔ EJ , EJ/(M + 1)↔ EC , and ϕ↔ Ng , where Ng is the offset charge in the JJ]. As elabo-
rated in our work, when measuring charge sharply, the phase-slip Hamiltonian itself should be
2π-periodic in ϕ. On the other hand, in a single JJ, at least when likewise measuring integer
charges, the junction Hamiltonian is actually not periodic in Ng (the eigenenergies are, but
not the eigenbasis). Therefore, we expect that the duality should not only include the system
parameters, but will have to be extended to a duality of the quantities being measured. The
details of this idea shall be developed in subsequent works.

Finally, while it is known that the approximated charge operator in Luttinger liquids does
not carry integer charges [5–7], there does to the best of our knowledge not exist a feasi-
ble “requantization” procedure beyond ad hoc methods [7]. Importantly, we believe that the
formal analogy between Luttinger liquids and the low-energy description of JJ arrays [40,42]
could be exploited to extend the above derived principles from quantum circuit theory to corre-
lated 1D physics. In particular, the highly unexpected fact that low-cumulants of the transport
statistics are directly sensitive to charge quantization could be instrumental. Namely it would
give an easy theoretical access to predictions of new, "requantized" versions of Luttinger liq-
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uid theory, which could likewise be experimentally falsified by means of standard transport
measurements.
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A Derivation of current correlation sum

Starting from the definition of the current correlations, Eq. (6) in the main text, we here show
how to arrive at Eq. (7). When taking the sum over the contacts α, and having the ground state
as the initial state, we may first of all neglect the current expectation values in the definition
δIα = Iα − 〈Iα〉, because

∑

α 〈Iα〉= 0 in the stationary state, such that,

∑

α

Sαγ (τ) =
1
τ

∫ τ

0

d t

∫ τ

0

d t ′Re

�

∑

α

Iα (t) Iγ
�

t ′
�

�

0

, (13)

where we in addition used the fact that the expectation value of the anticommutator 〈{A, B}〉
can be written as the real part, 2Re 〈AB〉. We then express

∫ τ

0 d t
∑

α Iα (t) = 2eN (τ)−2eN (0),
based on the continuity equation in the main text. As a next step, we use the gauge of the
Hamiltonian H(γ) (ϕ), where Iγ = γ2e∂ϕH(γ) (as in the main text, when γ appears as a factor in-
stead of an index, it takes on the values γ= ±1 for γ= R,L). Accordingly, we cast all operators
and the initial state into the basis belonging to this gauge, H(γ) (ϕ) |n (ϕ)〉γ = εn (ϕ) |n (ϕ)〉γ
(where from now on we neglect the explicit ϕ-argument for simplicity) to find

∑

α

Sαγ (τ) = γ
2e
τ

∫ τ

0

d tRe





∑

n6=0

ei(ε0−εn)(τ−t) 〈0|γ N |n〉γ 〈n|γ Iγ |0〉γ





− γ
2e
τ

∫ τ

0

d tRe





∑

n6=0

e−i(ε0−εn)t 〈0|γ N |n〉γ 〈n|γ Iγ |0〉γ



 , (14)

where the sum over n is taken without the ground state, because the n = 0 contributions of
the first and second lines cancel. Using

Iγ = 2e
∑

n

�

∂ϕεn |n〉γ 〈n|γ + εn∂ϕ |n〉γ 〈n|γ + εn |n〉γ ∂ϕ 〈n|γ
�

(15)
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we see that due to the n 6= 0 sum in Eq. (14), the ∂ϕεn part in the current operator does not
contribute, since it is diagonal. We are left with

∑

α

Sαγ (τ) = γ
(2e)2

τ

∫ τ

0

d tRe





∑

n6=0

(ε0 − εn) e
i(ε0−εn)(τ−t) 〈0|γ N |n〉γ 〈n|γ ∂ϕ |0〉γ





− γ
(2e)2

τ

∫ τ

0

d tRe





∑

n6=0

(ε0 − εn) e
−i(ε0−εn)t 〈0|γ N |n〉γ 〈n|γ ∂ϕ |0〉γ



 . (16)

Carrying out the time integral, we eventually arrive at

∑

α

Sαγ (τ) = −2γ
(2e)2

τ
Im





∑

n6=0

�

1− ei(ε0−εn)τ
�

〈0|γ N |n〉γ 〈n|γ ∂ϕ |0〉γ



 . (17)

We discard the fast oscillatory contribution ∼ ei(ε0−εn)τ, which is justified for measurement
times τ > ∆ε−1, where ∆ε is a measure for the level spacing |εn − εn′ |. Finally, we use the
completeness of the basis,

∑

n6=0 |n〉γ 〈n|γ = 1− |0〉γ 〈0|γ, to arrive at Eq. (7).

B Single-shot projective current measurement

Here, we outline a possible single-shot projective measurement of the current in the JJ array,
inspired by standard single-shot readout techniques deployed in superconducting circuits [57].

Overall, the JJ array plus a single SQUID detector, measuring current Iα, can be described
by a composite system H → H + HSQUID (Iα). The SQUID including its contact lines may be
modelled as a transmission line, (we stick to a discrete version of the transmission line),

HSQUID (Iα) =
1

2C0

∑

j

N2
j +

1
2

∑

j

1
L j (Iα)

�ϕ j+1 −ϕ j

2e

�2

, (18)

with
�

ϕ j , N j′
�

= iδ j j′ . Importantly, the inductance of the transmission line is L j = L0 for all j,
except at the SQUID position j = j0, where

L−1
j0
(Iα) = 8e2EJ ,SQUID

�

cos
�

φext

2

�

−λ sin
�

φext

2

�

Iα

�

, (19)

with the SQUID Josephson energy EJ ,SQUID, φext = 2πΦext/Φ0, where Φext is an external, tun-
able flux piercing the SQUID, and the second term is due to the magnetic flux created by the
current Iα measured by the SQUID. The factor λ is a coupling constant with the units of inverse
current. The current coupled to the SQUID is computed along the lines given in the main text.

Suppose a signal in form of a local wave packet is created from one side, and is incoming
towards the SQUID (see the wave packets in red and blue in Fig. 1a for an illustration). For
simplicity, we imagine that the signal has large amplitudes (such that it can be considered
classical) and it should have a short spatial support. Once the signal hits the SQUID, given
proportions of the signal will be transmitted and reflected, respectively. The transmitted and
reflected portions depend on the value for the current Iα, such that the transmitted and re-
flected amplitudes of the outgoing wave packets (after the scattering at the SQUID) will be
entangled with the eigenbasis of Iα, thus realizing a projective measurement.

For a successful projective read-out, we provide two figures of merit which we deem cen-
tral. The first one concerns the influence of the detector when it is idle (that is, in the absence
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of a wave packet). Here, equilibrium fluctuations of the SQUID degrees of freedom, ϕ j , will
couple to the system via the interaction term ∼∆ϕ2

j0
Iα, (with ∆ϕ j = ϕ j+1−ϕ j), as it appears

in Eqs. (18) and (19). Such fluctuations will lead to stochastic transitions in the JJ array sys-
tem, between the eigenstates |n〉 and |m〉 of H, with the corresponding eigenenergies εn and
εm. These rates can be computed by standard Fermi’s Golden rule

Γm→n =
�

λEJ ,SQUID sin
�

φext

2

��2

|〈m| Iα |n〉|
2 S∆ϕ2 (εn − εm) , (20)

with the SQUID noise spectrum S∆ϕ2 (ω) =
∫

d teiωt
¬

∆ϕ2
j0
(0)∆ϕ2

j0
(t)
¶

eq
, taken with respect

to the equilibrium state of the transmission lines. The overlap terms scale as |〈m| Iα |n〉| ∼ 2eEJ .
As long as these rates are slower than the internal JJ array dynamics Γ �∆ε (∆ε∼ |εm − εn|
is the characteristic energy scale describing the dynamics of H), the description of the JJ array
by means of the closed system dynamics H remains valid, even in the presence of the idle
SQUID.

Second, in order for the detection process to yield a clean projection onto an eigenstate of
Iα, the wave packet should be sufficiently short in length, lwave, such that the resulting pulse is
short-lived with respect to the closed system dynamics of H. This is satisfied for vp/lwave�∆ε.
The constant vp ∼ ∆l/

p

L0C0 is the velocity with which the wave packets propagate (where
∆l is the length scale of the discrete transmission line model, and ∼ 1/

p

L0C0 is the plasmon
frequency of the transmission line).

C Lumped-element current operators

As pointed out in the main text, we are confronted with the problem that the SQUID physically
measures a local current I (x) within the JJ array; however, those local degrees of freedom are
not represented in the lumped element approach describing the array. In particular, for the
lumped elements circuit, there appear only the currents at the Josephson junctions, Im. We
show here, how to perform a low-frequency approximation of I (x) in a more refined model,
in order to relate it to the operators Im.

0
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Im2
<latexit sha1_base64="I8QfYM5rBS3wmOTEH3nqxlpN3Hw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BL3qLYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3Uuutnojbtlyt+1Z8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqadWqwUW1dn9ZqdfyOIpwAqdwDgFcQR1uoQFNIPAIz/AKb57yXrx372PRWvDymWP4A+/zB1J9juk=</latexit>

ImS�1
<latexit sha1_base64="JGTwKrxpO8BGgueldLmukWw736g=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnoseNFbRbcttEvJptk2NMmuSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNHWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0fXUbz1RpVksH8w4oYHAA8kiRrCxUvu2l4n7M2/SK1fcqjsDWiZeTiqQo9Erf3X7MUkFlYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUslFlQH2ezeCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv95ndREV0HGZJIaKsl8UZRyZGI0fR71maLE8LElmChmb0VkiBUmxkZUsiF4iy8vk2at6p1Xa3cXlXotj6MIR3AMp+DBJdThBhrgAwEOz/AKb86j8+K8Ox/z1oKTzxzCHzifP2FYj3w=</latexit>

L0
<latexit sha1_base64="hjNCTtGPpaDztjtXxHRrYkSLyHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ipp1areRbV2f1mp1/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDw5ONZw==</latexit>

L0
<latexit sha1_base64="hjNCTtGPpaDztjtXxHRrYkSLyHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ipp1areRbV2f1mp1/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDw5ONZw==</latexit>

L0
<latexit sha1_base64="hjNCTtGPpaDztjtXxHRrYkSLyHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGu7/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ipp1areRbV2f1mp1/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDw5ONZw==</latexit>

Figure 2: Refining lumped element approach. The island degree of freedom ϕm is
split into S subparts ϕms with s = 1 . . . S, which are separated by inductances L0,
forming a transmission line. The lumped-element limit is valid when the internal
dynamics are very fast, L0→ 0.

We do this at the example of a single superconducting island, m. In order to simplify the
problem, we set the neighbouring phases to zero, ϕm−1 ≈ 0 and ϕm+1 ≈ 0, see Fig. 2. This
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simplification is justified with the foresight, that eventually, for M � 1, the phase difference
across each individual JJ is small (allowing us to extend the argument from M = 1 to large
M). In order to clearly distinguish the junction currents Im and Im+1, we will in this appendix
assume different JJ energies, EJm and EJm+1 for both junctions. Furthermore, we set the phase
difference across the contacts to zero. Assuming a true 1D system (see main text), we then add
the internal island degrees of freedom, by treating it like a transmission line, that is, taking the
island charge and phase, Nm and ϕm, and partitioning it into S sub islands, such that there are
the new degrees of freedom Nms and ϕms, [ϕms, Nms′] = iδss′ , with s = 1 . . .S, as depicted in
Fig. 2. These sub islands are connected through S−1 inductances L0. For the sake of simplicity,
we here stick to a discrete representation of the internal degrees of freedom. The current at
inductance s (for the currents s = 1, . . . , S−1) is Is = ~I T

s ~ϕm with
�

~Is

�

s′ =
�

δs+1,s′ −δs,s′
�

/ (2eL0)
and ( ~ϕm)s′ = ϕms′ . Approximating the JJs at the end EJ cos

�

ϕm1,mS

�

≈ 1
2 EJϕ

2
m1,mS + const.,

we get the Hamiltonian

Hm =
(2e)2

2

S
∑

s=1

∑

ss′
Nms

�

C−1
m

�

ss′ Nms′ +
1
2

∑

ss′

ϕms

2e
[Fm]ss′

ϕms′

2e
, (21)

where the matrices are (as in the main text) denoted with bold font. The matrix for the
potential energy reads

[Fm]ss′ =
1
L0
[(2−δs1 −δsS)δss′ −δss′−1 −δss′+1]

+
1
Lm
δs1δss′ +

1
Lm+1

δsSδss′ , (22)

having defined the junction inductances as L−1
m = (2e)2 EJm. The capacitance matrix for the

internal degrees of freedom is denoted by Cm. We here consider the lumped element limit
L0 → 0, where one finds that the individual phases of the sub islands all approach a single
island value ϕms ≈ ϕm, and consequently, Nms ≈ Nm/S (the normalization factor 1/S appears
such that the sum of the sub island charges returns the total island charge

∑

s Nms = Nm). In
fact, since we consider the limit L0 → 0, we do not need the specific form of Cm, because
the physics is dominated by the structure of Fm (due to its divergend parts). All we require
is that the sum

∑

ss′ [Cm]ss′ = 2C + Cg , such that it is consistent with the capacitances of the
lumped-element model in the main text.

As a matter of fact, when approaching the limit L0 → 0, all but the lowest mode (i.e.,
the zero mode) disappear. Hence, we have to compute this leading mode, which is computed
by getting the eigenvector with the lowest eigenvalue of the matrix Fm, Fm~v0 = f0~v0. For
Lm,m+1 � L0, we find the eigenvalue f0 ≈

�

1
Lm
+ 1

Lm+1

�

/S and the corresponding eigenvector
(including corrections first order in L0/Lm,m+1)

(~v0)s ≈
1
p

S
+

1
6

�p
S

L0

Lm
+

1

2
p

S

�

L0

Lm
+

L0

Lm+1

���

1− 3
� s

S
− 1

�2�

+
1
6

�p
S

L0

Lm+1
−

1

2
p

S

�

L0

Lm
+

L0

Lm+1

���

1− 3
� s

S

�2�

. (23)

The current at position s, can then be cast into a low-frequency description, by projecting it
into the lowest mode only, such that we find

Is = ~I
T
s ~ϕm

low-frequency
≈ ~I T

s ~v0~v
T
0 ~ϕm , (24)

which, for S� 1, results in

Is ≈
�

1−
s
S

� 1
2eLm

∑S
s=1ϕms

S
+
�

−
s
S

� 1
2eLm+1

∑S
s=1ϕms

S
, (25)
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which can be expressed in terms of the currents Im,m+1 across junction m, m+1 in the lumped-
element limit

Im = −
1

2eLm
ϕm and Im+1 =

1
2eLm+1

ϕm, (26)

(note that the minus sign in Im comes from ϕm−1 −ϕm ≈ −ϕm) by realizing that for L0 → 0,
∑S

s=1ϕms
S ≈ ϕm. Going to the continuum limit, we receive

I (x)≈
�

1−
x − xm

xm+1 − xm

�

Im +
x − xm

xm+1 − xm
Im+1, (27)

if the measurement position x is in between the left and right junctions, m, m+1, placed at xm
and xm+1. This result can be generalized to an array of many junctions, M > 1, by realizing
that the Cooper pair transport inside the transmission line, via L0, is local. Hence, a similar
calculation including more than one island will result in the same linear relationship for each
island m. This demonstrates the statement in the main text.

As an addendum, let us note that one can use the above result also to discuss the case when
the current measurement occurs at a position x inside the large contacts, that is, x > xM+1 or
x < x1. Note that the JJ array in the main text is closed by a large loop, connecting junctions
m = 1 and m = M + 1, with a size much larger than ∆x . Hence, we may likewise close the
manifold x to a loop, and discuss the area between junctions xM+1 and x1 in the same fashion
as above. For concreteness, let us argue for the case x > xM+1. Here, as long as x is close to
xM+1 compared to the total large loop length, we find I (x)≈ IM+1.

D Local minima and low-frequency Hamiltonian

D.1 Local minima

The values ϕ( f )m are the ones that minimize the potential energy in Eq. (9) in the main text.
For illustration, the potential energy landscape is also depicted in Fig. 3. At the local minima,
the derivatives ∂ϕm

of the potential energy have to vanish, hence we find the conditions

sin
�

ϕ
( f )
m+1 −ϕ

( f )
m +ηm+1ϕ

�

− sin
�

ϕ( f )m −ϕ
( f )
m−1 +ηmϕ

�

= 0, (28)

for m= 1, . . . , M . For small arguments inside the sine functions, we may simplify

ϕ
( f )
m+1 − 2ϕ( f )m +ϕ( f )m−1 ≈ − (ηm+1 −ηm)ϕ (29)

For the boundary conditions ϕ0 = ϕM+1 = 0, the solution of Eq. (29) is

ϕ( f )m =

�

m
M + 1

−
m
∑

m′=1

ηm′

�

ϕ, (30)

as can be seen when plugging Eq. (30) into Eq. (29). The first linear term ∼ m/ (M + 1)
ensures that ϕ( f )M+1 = ϕM+1 = 0, as the boundary condition demands, since, as per definition

in the main text,
∑M+1

m=1 ηm = 1. While Eq. (30) solves for the approximated condition in
Eq. (29), we also have to satisfy the exact conditions in Eq. (28). For this purpose, we need to
take into account that there are many solutions, including ϕM+1 = 2π f , (which is equivalent
to ϕM+1 = 0, due to the periodicity of the potential energy). These extra solutions are taken
into account by

ϕ( f )m =

�

m
M + 1

−
m
∑

m′=1

ηm′

�

ϕ +
m

M + 1
2π f . (31)
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Finally, we have to take into account that the potential energy in Eq. (9) is 2π-periodic in each
ϕm, such that the result from Eq. (31) has to be taken up to modulo 2π, resulting in Eq. (10)
in the main text. The minima are also shown in Fig. 3a, as red dots.
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6⇡
<latexit sha1_base64="C7VMSQ+pYKFbtywgAolh+XQbBBw=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6rHgxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2l637CB5WqV/PmwKvEL0gVCjQHla/+MKapZMpSQYzp+V5ig4xoy6lgs3I/NSwhdEJGrOeoIpKZIJvfOsPnThniKNaulMVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBtkXCWpZYouFkWpwDbG+eN4yDWjVkwdIVRzdyumY6IJtS6esgvBX355lbTrNf+yVn+4qjbqRRwlOIUzuAAfbqAB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD8OdjgE=</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

E/EJ
<latexit sha1_base64="qHvx5HUutFtlJzkOirqfT3JCvwQ=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQY8FKYinCm5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPC2vrG5lZxu7Szu7d/UD48auk4VZR5NBax6gREM8El8ww3gnUSxUgUCNYOxrczv/3ElOaxfDSThPkRGUoeckqMlbzGRaN/3y9XnKozB14lbk4qkKPZL3/1BjFNIyYNFUTrruskxs+IMpwKNi31Us0SQsdkyLqWShIx7WfzY6f4zCoDHMbKljR4rv6eyEik9SQKbGdEzEgvezPxP6+bmvDGz7hMUsMkXSwKU4FNjGef4wFXjBoxsYRQxe2tmI6IItTYfEo2BHf55VXSqlXdy2rt4apSr+VxFOEETuEcXLiGOtxBEzygwOEZXuENSfSC3tHHorWA8plj+AP0+QPbo44C</latexit>

�'
<latexit sha1_base64="AU8vNPpijn1JgrUbH18w/9XKvtw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmAdkl9A7O5sMmX04MxsIS77DiwdFvPox3vwbJ8keNLGgoajqprvLTwVX2ra/rdLG5tb2Tnm3srd/cHhUPT7pqCSTlLVpIhLZ81ExwWPW1lwL1kslw8gXrOuP7+Z+d8Kk4kn8qKcp8yIcxjzkFLWRPDdgQqM7QZmO+KBas+v2AmSdOAWpQYHWoPrlBgnNIhZrKlCpvmOn2stRak4Fm1XcTLEU6RiHrG9ojBFTXr44ekYujBKQMJGmYk0W6u+JHCOlppFvOiPUI7XqzcX/vH6mw1sv53GaaRbT5aIwE0QnZJ4ACbhkVIupIUglN7cSOkKJVJucKiYEZ/XlddJp1J2reuPhutZsFHGU4QzO4RIcuIEm3EML2kDhCZ7hFd6sifVivVsfy9aSVcycwh9Ynz8PCpI8</latexit>

-6 � -4 � -2 � 2 � 4 � 6 �

-102

�M<latexit sha1_base64="p/zKt8aB8lhSSkQEyTHK+hlabvU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPBixehiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn6rSdUmsfy0YwT9CM6kDzkjBorPZzf9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95FpXp/Wa5V8zgKcAwncAYeXEENbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8K34z8</latexit>

�M + 1
<latexit sha1_base64="NNkqHzdmom5lHn8fjuizJGuDxjA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMtuK+ix4MWLUMF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28ztPVGkWyUczjakv8EiykBFsMuny/sIblCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhjZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5VvXq19nBVadTyOIpwAqdwDh5cQwPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A+E8jWw=</latexit>

�M + 2
<latexit sha1_base64="MZ2Ha2AZrDz/VpGDJJlz27REWyU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSIIYkmioMeCFy9CBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/mfvuJKs1i+WgmCQ0EHkoWMYJNLl3cn/v9StWtuTOgZeIVpAoFGv3KV28Qk1RQaQjHWnc9NzFBhpVhhNNpuZdqmmAyxkPatVRiQXWQzW6dolOrDFAUK1vSoJn6eyLDQuuJCG2nwGakF71c/M/rpia6CTImk9RQSeaLopQjE6P8cTRgihLDJ5Zgopi9FZERVpgYG0/ZhuAtvrxMWn7Nu6z5D1fVul/EUYJjOIEz8OAa6nAHDWgCgRE8wyu8OcJ5cd6dj3nrilPMHMEfOJ8/4sCNbQ==</latexit>

�M + 3
<latexit sha1_base64="pCZ5xLLMtozYYUq+kczMRMCcKr0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMtuK+ix4MWLUMF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28ztPVGkWyUczjakv8EiykBFsMuny/qI+KFfcqjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76fzWGTqzyhCFkbIlDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWSxKEw4MhHKHkdDpigxfGoJJorZWxEZY4WJsfGUbAje8surpF2revVq7eGq0qjlcRThBE7hHDy4hgbcQRNaQGAMz/AKb45wXpx352PRWnDymWP4A+fzB+REjW4=</latexit>

�6⇡
<latexit sha1_base64="Yk/hBYlIujsMLiDu3FYhxpJMC10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpoh4LXjxWMG2hLWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR08SpZtxnsYx1O6CGS6G4jwIlbyea0yiQvBWM72Z+64lrI2L1iJOE9yI6VCIUjKKV/IvrbiL65Ypbdecgq8TLSQVyNPrlr+4gZmnEFTJJjel4boK9jGoUTPJpqZsanlA2pkPesVTRiJteNj92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8TorhbS8TKkmRK7ZYFKaSYExmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfnmVNGtV77Jae7iq1Gt5HEU4gVM4Bw9uoA730AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/LX6OOA==</latexit>

�4⇡
<latexit sha1_base64="JfXFKiNgWnl6z0q2iIezGelqmTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpBT0WvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrta7q/UQMyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/Wxw7IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xw1s+ESlLkii0XhakkGJP552QoNGcop5ZQpoW9lbAx1ZShzadkQ/BWX14n7VrVu67WHuqVRi2PowhncA6X4MENNOAemtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPKnCONg==</latexit>

�2⇡
<latexit sha1_base64="xxtv+r2VvcJpN1BX2PnHFQ3r9L8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPBi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O2vrG5tb26Wd8u7e/sFh5ei4pZNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8N/PbT6g0T+SjmaQYxHQoecQZNVbyL+u9lPcrVbfmzkFWiVeQKhRo9itfvUHCshilYYJq3fXc1AQ5VYYzgdNyL9OYUjamQ+xaKmmMOsjnx07JuVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9FtkHOZZgYlWyyKMkFMQmafkwFXyIyYWEKZ4vZWwkZUUWZsPmUbgrf88ipp1WveVa3+cF1t1Is4SnAKZ3ABHtxAA+6hCT4w4PAMr/DmSOfFeXc+Fq1rTjFzAn/gfP4AJ2KONA==</latexit>

2⇡
<latexit sha1_base64="jdgKQE4WWspDy9mayqA7A2i/aUk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mioMeCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikq+NUEdohMY9VP8SaciZpxzDDaT9RFIuQ0144u8v93hNVmsXy0cwTGgg8kSxiBJtc8ocJG9UbbtMtgNaJV5IGlGiP6l/DcUxSQaUhHGs98NzEBBlWhhFOF7VhqmmCyQxP6MBSiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzPG6Qmug0yJpPUUEmWi6KUIxOj/HE0ZooSw+eWYKKYvRWRKVaYGBtPzYbgrb68Trp+07tq+g/XjZZfxlGFMziHS/DgBlpwD23oAIEpPMMrvDnCeXHenY9la8UpZ07hD5zPH72Bjf0=</latexit>

4⇡
<latexit sha1_base64="5OwGYgV/IRUHzLzexPslcN0sp6E=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld1a0GPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptLjUHCh5WqV/MWwOvEL0gVCrSGla/BKKapZMpSQYzp+15ig4xoy6lg8/IgNSwhdErGrO+oIpKZIFvcOseXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109tdBtkXCWpZYouF0WpwDbG+eN4xDWjVswcIVRzdyumE6IJtS6esgvBX315nXTqNf+6Vn9oVJv1Io4SnMMFXIEPN9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB8CPjf8=</latexit>

6⇡
<latexit sha1_base64="C7VMSQ+pYKFbtywgAolh+XQbBBw=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6rHgxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2l637CB5WqV/PmwKvEL0gVCjQHla/+MKapZMpSQYzp+V5ig4xoy6lgs3I/NSwhdEJGrOeoIpKZIJvfOsPnThniKNaulMVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBtkXCWpZYouFkWpwDbG+eN4yDWjVkwdIVRzdyumY6IJtS6esgvBX355lbTrNf+yVn+4qjbqRRwlOIUzuAAfbqAB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD8OdjgE=</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

E/EJ
<latexit sha1_base64="qHvx5HUutFtlJzkOirqfT3JCvwQ=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQY8FKYinCm5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPC2vrG5lZxu7Szu7d/UD48auk4VZR5NBax6gREM8El8ww3gnUSxUgUCNYOxrczv/3ElOaxfDSThPkRGUoeckqMlbzGRaN/3y9XnKozB14lbk4qkKPZL3/1BjFNIyYNFUTrruskxs+IMpwKNi31Us0SQsdkyLqWShIx7WfzY6f4zCoDHMbKljR4rv6eyEik9SQKbGdEzEgvezPxP6+bmvDGz7hMUsMkXSwKU4FNjGef4wFXjBoxsYRQxe2tmI6IItTYfEo2BHf55VXSqlXdy2rt4apSr+VxFOEETuEcXLiGOtxBEzygwOEZXuENSfSC3tHHorWA8plj+AP0+QPbo44C</latexit>

�'
<latexit sha1_base64="AU8vNPpijn1JgrUbH18w/9XKvtw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmAdkl9A7O5sMmX04MxsIS77DiwdFvPox3vwbJ8keNLGgoajqprvLTwVX2ra/rdLG5tb2Tnm3srd/cHhUPT7pqCSTlLVpIhLZ81ExwWPW1lwL1kslw8gXrOuP7+Z+d8Kk4kn8qKcp8yIcxjzkFLWRPDdgQqM7QZmO+KBas+v2AmSdOAWpQYHWoPrlBgnNIhZrKlCpvmOn2stRak4Fm1XcTLEU6RiHrG9ojBFTXr44ekYujBKQMJGmYk0W6u+JHCOlppFvOiPUI7XqzcX/vH6mw1sv53GaaRbT5aIwE0QnZJ4ACbhkVIupIUglN7cSOkKJVJucKiYEZ/XlddJp1J2reuPhutZsFHGU4QzO4RIcuIEm3EML2kDhCZ7hFd6sifVivVsfy9aSVcycwh9Ynz8PCpI8</latexit>

⇠ 1

2

EJ

M + 1
�'2

<latexit sha1_base64="utnTnV9qdlmbfUThlA0xrwiCAwM=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARBCEkUdBlQQQRhAr2Ak0Mk8mkHTq5MDMplJC3cOOruHGhiFvd+TZO2yy09YeBj/+cw5nz+ymjQprmt1ZZWl5ZXauu1zY2t7Z39N29tkgyjkkLJyzhXR8JwmhMWpJKRropJyjyGen4w8tJvTMiXNAkvpfjlLgR6sc0pBhJZXm64QgaQSfkCOdWkdvFDK+8myK/PbEKJyBMImeEeDqgD7an103DnAouglVCHZRqevqXEyQ4i0gsMUNC9CwzlW6OuKSYkaLmZIKkCA9Rn/QUxigiws2ndxXwSDkBDBOuXizh1P09kaNIiHHkq84IyYGYr03M/2q9TIYXbk7jNJMkxrNFYcagTOAkJBhQTrBkYwUIc6r+CvEAqWCkirKmQrDmT16Etm1Yp4Z9d1Zv2GUcVXAADsExsMA5aIBr0AQtgMEjeAav4E170l60d+1j1lrRypl98Efa5w8cCJ/W</latexit>

|fi
<latexit sha1_base64="t0xfV5Rl96jbABFQPDS5oglIfEU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8M/Pbj6g0i+W9mSQYCDKULGKUGCs9PEU9ReSQY79c8areHO4q8XNSgRyNfvmrN4hpKlAayonWXd9LTJARZRjlOC31Uo0JoWMyxK6lkgjUQTY/eOqeWWXgRrGyJY07V39PZERoPRGh7RTEjPSyNxP/87qpia6DjMkkNSjpYlGUctfE7ux7d8AUUsMnlhCqmL3VpSOiCDU2o5INwV9+eZW0alX/olq7u6zUa3kcRTiBUzgHH66gDrfQgCZQEPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8ABQiQfw==</latexit>

|f + 1i
<latexit sha1_base64="aeykDsy0vfxW7P8UlRjRBrNHNk0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBT0WvHisYD+gDWWznbRLN5uwuxFK7M/w4kERr/4ab/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YhK81g+mEmCfkSHkoecUWOl7lN44fUUlUOB/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/nJU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2f9kwBUyIyaWUKa4vZWwEVWUGZtSyYbgLb+8Slq1qndZrd1fVeq1PI4inMApnIMH11CHO2hAExjE8Ayv8OYY58V5dz4WrQUnnzmGP3A+fwDe1ZDv</latexit>

ES
<latexit sha1_base64="/QkRLqlGN9vG9GIkeoj8CgvhMiw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgQwWOl9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilxl2/0S+V3Yo7B1klXk7KkKPeL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFe+yUn24KteqeRwFOIUzuAAPrqEG91CHJjAYwjO8wpsjnRfn3flYtK45+cwJ/IHz+QPt9Y2D</latexit>
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Figure 3: Sketch of the potential energy landscape, i.e., the Josephson energy
as defined in Eq. (9), as a function of δϕ, where ϕm = ϕ

( f )
m + m

M+1δϕ for
m = 1, . . . , M , and ϕ0,M+1 = 0. The deviation δϕ is chosen such that for δϕ be-
ing multiple integers of 2π, we pass through other minima, that is, for instance
ϕ
( f )
m + m

M+1(δϕ + 2π) = ϕ( f +1)
m + m

M+1δϕ. In the plot here, we chose for simplic-
ity ϕ = 0, and M = 105. In (a) the local minima are denoted as red dots. The
energies at the local minima are given by a parabola with respect to δϕ (dashed
black line), with the focal length [2EJ/(M + 1)]−1. In (b) the local wave functions
| f 〉, centered around the local minima are depicted. Quantum phase slips, occurring
with energy scale ES , are tunneling events between different local wave functions.

D.2 Low-frequency Hamiltonian

Based on the local minima computed in the section above, one may derive the low-frequency
Hamiltonian given in Eq. (11) in the main text, describing the ground state of the JJ array. For
this purpose, one expands the full Hamiltonian H given in Eq. (8) locally around the minima,
in leading orders of the small deviations δϕm from the minimal values, ϕm = ϕ

( f )
m + δϕm.

Such a procedure is a good approximation for EJ � EC , when the minima are separated by
high energy barriers. This approximation will be explicitly performed below, in Appendix E,
up to quadratic order in δϕm.

Here, at this stage, the details of this approximation is irrelevant. All that matters is that
there is a local Hamiltonian H f which asymptotically describes the full H close to the local

minimum ϕ
( f )
m , for which however the local potential energy minimum becomes a global one

(in essence, a standard tight-binding approach). Thus, within the energy troughs around
the minima, we find wave functions (eigenfunctions of H f ) which describe local ground and
excited states. For the purpose of this work, we are only concerned with the local ground
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states, which we denote as | f 〉 (as in the main text) localized around the minima ϕ( f )m , as also
schematically depicted in Fig. 3b. Neglecting the excited states (the plasmon excitations, see
also Appendix E below), we may use the basis spanned by the localized wave functions | f 〉 to
find a low-frequency approximation of the Hamiltonian. The only additional information we
need is the energies at the local minima, which depend quadratically on the minima positions,
as depicted in the dashed line in Fig. 3a. Consequently, we find,

Hlow ≈
1
2

EJ

M + 1

∑

f

(ϕ + 2π f )2 | f 〉ϕ 〈 f |ϕ + const. (32)

As pointed out in the main text, the basis | f 〉 depends on ϕ due to the ϕ-dependence of
the minima positions ϕ( f )m (ϕ). In addition, while the different minima are separated by high
barriers (in the limit EJ � EC), there may still be a quantum tunneling between neighbouring
minima, | f 〉 ↔ | f ± 1〉, the so-called quantum phase slips, as indicated in the main text.
Associating energy ES to these tunneling processes, we arrive at Eq. (11) in the main text.

E Relationship between Sγ and detector resolution

E.1 Charge correlations

The computation of Sγ requires the calculation of the charge correlations 〈NmNm′〉0 for the
ground state, see Sec. E.2 below. We here compute 〈NmNm′〉0 based on a harmonic approxi-
mation of the JJ array Hamiltonian in Eq. (8), valid for EJ � EC . That is, for ϕm = ϕ

( f )
m +δϕm

for a given f , we expand H up to quadratic order in δϕm,

H f ≈
(2e)2

2

M
∑

m=1

M
∑

m′=1

Nm

�

C−1
�

mm′ Nm′ +
1
2

EJ

M
∑

m=1

M
∑

m′=1

δ bϕm (F)mm′ δ bϕm′ + const. , (33)

where the matrix (F)mm′ = 2δm,m′ − δm,m′+1 − δm,m′−1 has the exact same shape as the ca-
pacitance matrix for Cg = 0. In fact, we find that C = CF + Cg1, which means that both
C and F commute and thus have the same eigenvectors. The eigenvectors Fvk = fkvk are
standing waves (plasmon excitations) vk =

p

2/ (M + 1) sin (km), and have the eigenvalues
fk = 2− 2cos (k) where k = πl/ (M + 1), l = 1, 2,3, . . ., is discrete due to the finite size of the
system. By means of these eigenvalues and vectors, we may express the charge operator in
terms of the k-modes as

Nm =
∑

k

(~vk)m Nk =
∑

k

√

√ 2
M + 1

sin (km)Nk , (34)

where Nk can be expressed in terms of the boson operators
�

bk, b†
k′
�

= δkk′ ,

Nk =
−i
p

2

��

EJ

EC
fk +

EJ

ECg

�

fk

�
1
4
�

bk − b†
k

�

. (35)

Focussing on the system being in the ground state bk |0〉 = 0 for all k, the charge correlations
for the individual islands can be expressed as

〈NmNm′〉0 =
1

M + 1

∑

k

sin (km) sin
�

km′
�

√

√

√

�

EJ

EC
fk +

EJ

ECg

�

fk. (36)
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For Cg � C , we find

〈NmNm′〉0 ≈
√

√ EJ

EC

2
M + 1

∑

l

sin
�

π
l

M + 1
m
�

sin
�

π
l

M + 1
m′
��

1− cos
�

π
l

M + 1

��

, (37)

which, after evaluation of the sum over l, results in

〈NmNm′〉0 ≈



N2
m

�

0

�

δmm′ −
1
2
δmm′+1 −

1
2
δmm′−1

�

, (38)

with



N2
m

�

0 =
p

EJ/EC . We observe that the charge correlations extend only over nearest
neighbours m= m′±1, due to Cg � C . For larger Cg , the correlations would fall off only over
longer distances.

E.2 Sγ for JJ array

Here, we derive Eq. (12) based on Eqs. (7) and (38). As detailed in the main text, we assume
that the left detector is located sufficiently deep inside the left contact, such that IL ≈ −Im=1,
whereas the right current may be measured in general as IR =

∑

mηm Im. Consequently, the
charge N enclosed by the two interfaces, satisfying IL + IR = 2eṄ , can be written as

N =
∑

m

�

1−
m
∑

m′=1

ηm′

�

Nm. (39)

Next, we need to compute the ϕ-derivative for the ground state. Focussing on EJ � EC , we
may consider the ground state of the Hamiltonian given in Eq. (11). In the case of ES = 0
(absence of quantum phase slips), the ground state is simply |0〉ϕ = | f 〉ϕ for the value of f with
the lowest energy EJ (ϕ + 2π f )2 / (M + 1). For finite ES , it will be a superposition of different
f , |0〉ϕ =

∑

f β f (ϕ) | f 〉ϕ. Therefore, the derivative will in general provide two contributions

∂ϕ |0〉ϕ =
∑

f

∂ϕβ f (ϕ) | f 〉ϕ +
∑

f

β f (ϕ)∂ϕ | f 〉ϕ . (40)

The subsequent calculation is now simplified considerably, due to the overlap between wave
functions with different f being exponentially suppressed, and due to 〈 f |N | f 〉 ≈ 0 as well as
〈 f |∂ϕ | f 〉 ≈ 0 (in the harmonic approximation, valid for EJ � EC). As a consequence, both
〈0|∂ϕ |0〉 ≈ 0 and 〈0|N |0〉 ≈ 0, such that we can simplify Eq. (7) to

Sγ (τ)≈ 2i
(2e)2

τ
γ 〈0|γ N∂ϕ |0〉γ . (41)

Furthermore, for the same reason, the contributions due to ∂ϕβ f cancel, resulting in

Sγ (τ)≈ 2i
(2e)2

τ
γ
∑

f

�

�β f (ϕ)
�

�

2 〈 f |γ N∂ϕ | f 〉ϕ . (42)

Note now, that 〈 f |γ N∂ϕ | f 〉ϕ is the same for all f , such that, due to normalization of the wave

function,
∑

f

�

�β f (ϕ)
�

�

2
= 1, we eventually find

Sγ (τ)≈ 2i
(2e)2

τ
γ 〈 f |γ N∂ϕ | f 〉ϕ , (43)

19

https://scipost.org
https://scipost.org/SciPostPhys.10.4.093


SciPost Phys. 10, 093 (2021)

computed for an arbitrary f . We proceed as follows,

∂ϕ | f 〉=
∑

m

�

m
M + 1

−
m
∑

m′=1

ηm′

�

∂m | f 〉= i
∑

m

�

m
M + 1

−
m
∑

m′=1

ηm′

�

Nm | f 〉 , (44)

where for the second identity we used the representation of Nm in ϕm-space, i.e., Nm = −i∂ϕm
.

The above two result can be plugged into Eq. (43). As a result, we obtain for γ= R

SR = −
(2e)2

τ

M
∑

m=1

M
∑

m′=1

�

1−
m
∑

m′′=1

ηm′′

�

 

m′

M + 1
−

m′
∑

m′′=1

ηm′′

!

〈NmNm′〉 . (45)

Here, we may insert Eq (38). After some algebra, we find

SR = −
(2e)2

τ




N2
m

�

0





M
∑

m=1

�

ηm −
1

M + 1

�2

+

�

M
M + 1

−
M
∑

m′=1

ηm′

�2

+
�

1
M + 1

−η1

�



 . (46)

Next, we use
∑M+1

m′=1ηm′ = 1 to simplify the above expression into the form

SR = −
(2e)2

τ




N2
m

�

0

�M+1
∑

m=1

�

ηm −
1

M + 1

�2

−
�

η1 −
1

M + 1

�

�

. (47)

Now, we furthermore use M � 1 to arrive at

SR ≈ −
(2e)2

τ




N2
m

�

0

�M+1
∑

m=1

η2
m −η1

�

. (48)

Eventually we consider only cases where the right current IR is sufficiently different from −IL
(such that the charge N enclosed by the two detectors is finite). In this case, we may assume
η1� 1, such that we arrive at Eq. (12) in the main text.
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