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Abstract

While spatial quantum correlations have been studied in great detail, much less is known
about the genuine quantum correlations that can be exhibited by temporal processes.
Employing the quantum comb formalism, processes in time can be mapped onto quan-
tum states, with the crucial difference that temporal correlations have to satisfy causal
ordering, while their spatial counterpart is not constrained in the same way. Here,
we exploit this equivalence and use the tools of multipartite entanglement theory to
provide a comprehensive picture of the structure of correlations that (causally ordered)
temporal quantum processes can display. First, focusing on the case of a process that
is probed at two points in time — which can equivalently be described by a tripartite
quantum state — we provide necessary as well as sufficient conditions for the presence
of bipartite entanglement in different splittings. Next, we connect these scenarios to the
previously studied concepts of quantum memory, entanglement breaking superchannels,
and quantum steering, thus providing both a physical interpretation for entanglement
in temporal quantum processes, and a determination of the resources required for its
creation. Additionally, we construct explicit examples of W-type and GHZ-type genuinely
multipartite entangled two-time processes and prove that genuine multipartite entan-
glement in temporal processes can be an emergent phenomenon. Finally, we show that
genuinely entangled processes across multiple times exist for any number of probing
times.
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1 Introduction

Correlations form the basis for scientific inferences about the world. They are used, amongst
others, to detect (and discern different types of) causal relations [1-3], to distinguish theories
that abide by local realism from those that do not [4-6], and to test if quantum mechanics
satisfies the assumptions of non-invasive measurements and realism per se [7-9]. The most
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striking type of genuine quantum correlations is entanglement [ 10,11], which is a prerequisite
for the violation of Bell inequalities [12] and quantum steering [13-15], two phenomena that
lie outside of what is possible by means of classical correlations. Additionally, entanglement
provides an advantage in information processing tasks and is a fundamental resource in many
quantum information protocols [16].

There have been many attempts to import various facets of spatial quantum correlations to
the temporal domain. Most notably, the violation of Leggett-Garg type inequalities [ 7-9] were
introduced to capture quantum correlations in time in analogy to a Bell-type setup. That is,
when a single quantum system is probed at different points in time the resulting correlations
can also go beyond what is possible in classical theories. However, Bell-type setups in time are
fraught with difficulties as it is easy to construct fully classical, but invasive, setups that too
can violate these inequalities maximally [17,18].

The interpretational issues are less problematic for the case of ‘entanglement in time’ and
thus it is possible to classify and attribute operational meaning to genuinely quantum temporal
correlations. In particular, the quantum comb formalism [19, 20] allows one to express any
temporal quantum process in terms of a multipartite quantum state — called a quantum comb
— where each time the process is probed at corresponds to two Hilbert spaces. This is most
transparent by means of the so-called Choi-Jamiotkowski isomorphism (CJI), which maps any
(multi-time) quantum process to a (many-body) quantum state. Consequently, both spatial
and temporal correlations can be analysed in one common framework, enabling the study of
temporal correlations on the same mathematical footing as the analysis of spatial ones. In
addition, as the respective correlations have a direct interpretation in terms of the properties
of the underlying process, it allows one to provide a clear-cut meaning to statements like
‘different points in time are entangled with each other’’.

The quantum combs framework is naturally suited for describing multi-time quantum
stochastic processes [2, 23], as well as more exotic processes that lack global causal order-
ing [24, 25]. In each case quantifying quantum resources has significant operational value.
For instance, for the former, the requisite entangling resources naturally relate to the quan-
tum complexity of a stochastic process. Alternatively, having access to naturally occurring
or engineered entanglement in time within quantum devices could help to enhance their
performance [26]. For the latter case, simulating causally indefinite processes requires spatial
entanglement, tying together quantum correlations and exotic temporal phenomena [27,28].

While the isomorphism between quantum states and processes enables the systematic
study of temporal correlations, it comes with two caveats; on the one hand, quantum states
that correspond to quantum processes have to encapsulate the causal ordering of the process
they describe. This means that measurements made at a later time cannot influence the
statistics at earlier times, a requirement that imposes a hierarchy of trace conditions on quan-
tum combs [19]. Accordingly, known results on the existence of multipartite quantum states
that satisfy desired entanglement properties cannot straightforwardly be applied to quantum
combs, as the set of states that describe spatial scenarios does not coincide with the set of
states that corresponds to temporal processes [29]. Given these additional constraints, it is
then natural to ask, what types of entanglement can exist in combs, and if there are genuinely
multipartite entangled combs for any number of times.

On the other hand, the respective interpretations of the observed correlations fundamen-
tally differ in the spatial and the temporal case. While quantum states ‘only’ describe the corre-
lations between measurements on spatially separated parties, in a quantum comb correlations

lwithin the related framework of consistent histories (CH) [21], correlations as they are displayed in the
violation of Leggett-Garg inequalities have consequently been dubbed ‘entanglement in time’ [22]. As the CH
approach as used in [22] only ascribes one Hilbert space to each point in time, the results presented in this paper,
as well as their interpretation fundamentally differ from the ones provided in [22].
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between different sets of parties have different interpretations. For example, in the simplest
case, depending on the involved parties, entanglement can mean that two parties share a
quantum state, share a non-entanglement breaking (EB) channel, or possess the ability to
transmit quantum memory. Each of these cases has been analysed individually in the literature;
phrased in the language of quantum casual modelling, the former two cases amount to a
quantum common cause and a quantum direct cause, respectively [2]. In Refs. [30,31] the
authors provided an example of a process that constitutes a superposition of common cause
and direct cause scenarios, something, that is unattainable in quantum mechanics. The idea
of a quantum memory and its connection to entanglement properties of the underlying comb
was introduced in [32].

Here, we provide a systematic study of the entanglement features — both bipartite and
multipartite — a quantum comb can display, analyse in detail the respectively necessary and
sufficient properties of the underlying dynamics for the presence of different types of entangle-
ment in combs. Put differently, we analyze both what it means in a physical sense for a comb to
be entangled, and work out the respective resources that would be required in order to create
such different types of entanglement in temporal processes. Specifically, after analysing the
bipartite entanglement properties of combs on two times (i.e., defined on three Hilbert spaces),
we show that there exist genuinely multipartite entangled combs for any number of times,
and provide explicit examples of both of W- and GHZ-type entangled combs on two times.
Additionally, we show that in the temporal case — in analogy to its spatial counterpart [33]
— there exist processes with entanglement as an emergent quality, i.e., genuinely multipartite
entangled states that do not display entanglement in their marginals even when one allows
for conditioning. Along the way, we provide explicit circuits for each of the discussed cases,
and relate them to existing phenomena discussed in the literature, like entanglement breaking
superchannels [34], channel steering [35], as well as the aforementioned concepts of genuine
quantum memory and the superposition of direct and common causes. In this way we provide
a comprehensive picture of the entanglement properties of temporal processes.

2 Preliminaries

2.1 Preliminaries: Quantum combs

Throughout this article, we envision the following setup: An experimenter has access to a
system — considered to be finite dimensional — which they can manipulate (i.e., transform,
measure, discard, etc.) at successive points in time t; < ty < -+ < t,,;. In between these
points, the system evolves freely, potentially interacting with degrees of freedom (henceforth
dubbed environment) that are out of the control of the experimenter. In the most general
case, this free evolution is described by a quantum channel, that is, a completely positive trace
preserving (CPTP) map (see Fig. 1). Due to the interaction with the environment, the resulting
multi-time statistics, or, equivalently, the quantum stochastic process that the experimenter
probes, can display complex memory effects that can go beyond what is possible in classical
physics [30-32].

Mathematically, every manipulation the experimenter can perform on the system corre-
sponds to a trace non-increasing completely positive (CP) map. For example, at each time ¢},
the system of interest could be measured in the computational basis, yielding outcomes {x;}.
This measurement leaves the original state of the system in the state |x;){x;| and is described
by the CP map P, [p] = (xjlplx;) |x;){x;], where the probability to actually obtain outcome
x; is given by tr(ij[p]). More generally, in order to gain different information about the
underlying quantum stochastic process, the experimenter could choose to probe it in different
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Figure 1: Temporal quantum process. A system of interest is probed sequentially
at times tq, t,,.... Initially, the system can be in a state p,y that is correlated with
degrees of freedom (labelled by R) that are outside the experimenter’s control. Each
measurement corresponds to a map M;. In between measurements, the system and
the environment together undergo a free evolution given by CPTP maps L4,..., L.
The resulting process is fully described by a comb 7, ; (depicted by the blue outline).

ways. For example, instead of measuring in the computational basis, the experimenter could
use a positive operator valued measure (POVM), and, upon observing outcome x;, feed forward
a quantum state 7, . In this case, the map corresponding to the experimental manipulation
would be given by M xj[p] = tr(Exjp)n X where E, is the POVM element corresponding to
the outcome Xx;.

In the most general case, at each time ¢; the experimenter could choose a general instru-
ment Z; = {ij}, i.e., a collection of CP maps that add up to a CPTP map M, such that
every outcome Xx; they observe corresponds to a transformation of the system given by M x;-
Then, denoting the free system-environment evolution between times ¢; and t;_; by £;, the
probability for the experimenter to observe outcomes x,,,1, . .., X; having used the instruments

Tnt1s---»>Jq at times t,q,...,t; is given by

P(xn+1a' . "xlljn+1" . "jl) = tr(Mx,H_l O‘Cn O o‘C’l oMxl[pAR])

e8]
=: tr{7;l+1[M -;Mxl]}:

Xp+12°°

where the maps {£,,, ..., L} describe the free system-environment evolution in between mea-
surements and we have defined the multilinear functional 7,,; (see Fig. 1). This functional
(or slight variations thereof) appears under varying names in various fields of quantum in-
formation theory and beyond. Depending on the context, it is called a quantum comb [19,
20, 36] (in the study of higher order quantum maps), process tensor [23,37,38] and causal
automata/non-anticipatory channels [39,40] (when concerned with general open quantum
processes with memory), causal box [41] (when quantum networks with modular elements are
investigated), operator tensor [42,43] and superdensity matrix [44] (in the field of quantum
information in general relativistic space-time), process matrix [2, 3, 24, 25] (when used for
quantum causal modelling), and quantum strategy (in the context of quantum games [45]).
Following Refs. [19, 20, 36], we will call 7,,; a quantum comb (or simply comb). Impor-
tantly, combs can encapsulate any causally ordered quantum process [46], and are thus the
mathematical framework for the field of quantum causal modelling [2, 3].

As can be seen from Eq. (1), 7,,; depends on the initial system-environment state p g
as well as the intermediate maps {£;} and contains all statistical information that can be
inferred from an underlying process when probing it at times t,..., t,,1- As such, it contains
all spatio-temporal correlations — and thus all causal relations — that the quantum stochastic
process of interest can exhibit. Additionally, due to the linearity of quantum mechanics, 7,
can be reconstructed with a finite number of measurements [23]. These latter two properties
of combs are analogous to those of quantum states, with the difference that the latter only
contain all inferrable spatial joint probabilities, while the former contains all spatio-temporal
correlations for measurements that can be separated both in space and time.
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Employing the Choi-Jamiotkowski isomorphism [47-49] we can make this analogy more
transparent. Specifically, each of the CP maps .MX]_ transforms input (i) states p € B(?—L]i)

to output (o) states p’ = ./\/lxj[p] € B(H;’), where B(H?) denotes the space of bounded

linear operators on ’H?, with y € {i,0}. Via the CJI, any such map corresponds to a matrix

M, € B(?—[J‘-’ ® 7-[}) (see App. A for details on the CJI), where we adapt the convention that
maps are denoted by calligraphic letters, and their Choi matrices by upright ones.

Importantly, the respective output space can also be trivial, i.e., H? = C, which is the case
when the system of interest is discarded after the measurement (see below). A map ij is
CP iff its Choi matrix is positive, while it is trace preserving (TP) iff its Choi matrix satisfies
trjo(ij) = 1;i. Here, trz (11%) denotes the partial trace over (identity matrix on) the Hilbert
space HJ..

While we will mostly consider cases where the input and output dimensions of the re-
spective maps coincide (except for the last time t,,;, see below), and where the size of the
considered system does not vary with time, for better bookkeeping, we always distinguish
between the input and output space, and additionally label the respective Hilbert spaces with
the time t; they correspond to. Employing the CJI, Eq. (1) can be rewritten as

]P(XTH-l?" .,X1|jn+1,.. "\71) = tr[(M;nH Q- ®M§1)Tn+1], (2)

where o' denotes the transposition. Y,,; € B(H,, ® H° ® --- ® HS ® H]) is the Choi matrix
of 7,.1, deviating from our normal naming convention for maps and their Choi states to
avoid confusion with the transposition and to conform with the notation used in the liter-
ature [23,50]. As the evolution after the final time t,,; is not of interest, without loss of
generality, the final instrument 7, is a POVM (i.e., it has a trivial output space), implying
me My = Il,il +1- In slight abuse of notation, in what follows, whenever there is no risk of
confusion, we will call both 7, ; and its Choi matrix T, ; the comb of the quantum process
at hand.

It is important to stress the similarity of Eq. (2) to the Born rule. The joint probability
distributions for measuring a spatially separated multipartite quantum state p with POVM
elements E, ,...,E,  corresponding to the outcomes of spatially separated parties 1,...,n+1

X2 > T Xnt1
is given by

P(Xn+1, .. .,X]_ljn+1, .. '7\71) = t]fl:(E'xn_*_1 ®--- ®Ex1)p] . (3)

This is akin to Eq. (2), which thus has been dubbed generalized Born rule for temporal pro-
cesses [51,52]. 1,41 can hence be considered a quantum state in time, and it is natural to ask
what kinds of correlations it can display, and what kinds of resources are necessary for their
creation.

Just like a quantum state, Y, ; is a positive matrix. However, in contrast to quantum states,
T,.1 has to encapsulate the causal ordering of sequential measurements [19,39]. Specifically,
the structure of T,,,; has to be such that the choice of instrument at time t; cannot influence
the statistics observed at any earlier time ¢; < t;. This requirement imposes a hierarchy of
trace conditions [19]:

tr,j{+1(Tn+1) = ]12 ®T,

(1) =1°, 8T,
“4)

tr;(Tz) == :[].;) ® T]. 5
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where T; € B(’Hi) is a quantum state>. These equations also fix the overall trace of Y4
to be tr(Y,4q) = d7 -dy_, ---dy := d°, with d7 = dim(H}). Vice versa, any positive matrix
that satisfies the above trace conditions can be considered the Choi matrix of an underlying
quantum stochastic process, or, equivalently, of an underlying quantum causal model [19].

To see why the above conditions ensure causal ordering, consider, for example, the case of
three times {t,, t,, t3}. Statistics at time t; should not depend on the choice of instruments 7,
and J; at times t, and t5. Any given choice of these latter two instruments implies that — on
average — at times t, and t, the experimenter performs CPTP maps with Choi matrices M, and
M, respectively. As the output space of 75 is trivial, it is a POVM, implying M = ng M,, = 11;.
With this, we see that

D P(xs, x5, %11 T3, o, J1) = el (M7 @ Mj @ M) T3] = tr[(M; @ M (13 ® ;)]
(5)
= tr[MIl(]l(l’ ® Y1) =P(x;1|71),

where we have alternatingly used the property trj.’(M i) = 1% of CPTP maps and the causality
conditions of Egs. (4). As T; is independent of the choice of 75 and /5, so is P(x;|J3, Jo, J1)-

In order to investigate the structural properties of combs and to see how they stem from the
underlying dynamical ‘building blocks’ (i.e., the initial state p,z, as well as the intermediate
maps {£;}), it is convenient to introduce the link product [19]. For example, Y, can be
straightforwardly computed as

Toy1 =Pag*Ly*---xLy, (6)

where the link product » between two matrices F € B(H, ® H,) and G € B(H, ® H,) is given
by

FxG=tr,[(F®1,)G"®1,)]. (7)

Put shortly, the link product traces two Choi matrices over the spaces they share, and cor-
responds to a tensor product on the remaining spaces (importantly, F * G = F ® G if F and
G are defined on disjoint spaces). Intuitively, "+" expresses the concatenation "o" of maps to
the case of Choi matrices, i.e., the Choi matrix of F o G is given by F  G. For example, the
action of a map £ on a state p can be written as L[p] = L * p. Importantly, the link product
satisfies F x (GxH) = (F x G) xH = F » G x H, it is commutative for all cases we consider,
and the link product of positive matrices is itself a positive matrix. To keep better track of the
involved spaces, we will often additionally label Choi matrices with the spaces they are defined
on. While we provide a more detailed discussion of the link product in App. A (see [19] for
thorough derivations), the above definition is sufficient for our purposes. We will make use of
it frequently in what follows to derive the properties of combs from their underlying building
blocks.

Mapping the somewhat abstract linear functional 7,,; onto its Choi matrix Y, ; has the
advantage that the latter is — up to normalization — a quantum state, and all temporal cor-
relations that the given process 7,,, can display are now encoded in the spatial correlations
of the (unnormalized) quantum state T, ;. Consequently, the vast machinery that has been
developed for the analysis of bi- and multipartite entanglement in quantum states [10,53,54]
can be used to analyse temporal correlations that are genuinely quantum. Such a program
has recently led to the definition and investigation of genuine quantum memory in temporal
processes [32]. Naturally, as combs are not normalized to unity, in what follows, when we

2Note that the role of input and output spaces for the comb and the CP maps it acts on is interchanged (outputs
of the CP maps are inputs of the comb, and vice versa), such that all the above trace conditions are with respect
to spaces that are labelled by i, not o.


https://scipost.org
https://scipost.org/SciPostPhys.10.6.141

Scil SciPost Phys. 10, 141 (2021)

— A

112

— [}

Tapc

A B C

Figure 2: Two-step process. A two step process can be considered (up to
normalization) a three-partite quantum state, where each of the parties has a
different role. Alice (A) can measure the state of the system at time t;, Bob (B)
can feed forward a state at t;, and Charlie (C) can measure the state of the system
at t,. To emphasize the causal ordering of the process, arrows have been added to
the ‘legs’ of the comb.

speak of entanglement, we will always understand it up to normalization; then, for example,

a comb Yy is separable in the splitting A : BC, if it can be written in the form ), plga) ®Dg?,

where p(a),Dl(;? > 0 for all a.

Throughout, we will predominantly analyse the three-party case, both investigating the
types of genuinely tripartite entanglement in temporal processes that can persist, as well
as the necessary and sufficient conditions on the underlying dynamics for their occurrence.
This case is simple enough to allow for explicit results, yet already displays genuine quantum
effects [32]. To simplify notation, we denote the involved Hilbert spaces by H,, Hp, and H;
instead of Hqi,H 0, and H,i, and the corresponding comb by Y,z.. Consequently, the combs
we will consider satisfy

TABC > O, trc(TABc) = ]]‘B ® TA’ tr(TA) =1. (8)

Besides notational simplification, this relabelling has the additional advantage of providing an
intuitive role that each of the ‘parties’ play. A corresponds to Alice measuring the system state
at tq, B corresponds to Bob feeding forward a state at t; (after Alice’s measurement), and C
corresponds to Charlie measuring the final state of the system at time t, (see Fig. 2). With this,
for example, different kinds of bipartite entanglement in Y,z correspond to different kinds of
‘control’ that each party has over the correlations the other two share. Throughout this article,
we will adopt the convention that the Choi states of maps are labeled in the temporal order in
which the respective spaces appear.

2.2 Preliminaries: Entanglement

While structurally similar to spatial quantum correlations, it is a priori unclear how the addi-
tional causality constraints of Egs. (4) affect the phenomena of multipartite entanglement that
can persist in the temporal setting. Before studying this in detail we will first set the ground
and review some important definitions and results from entanglement theory.

To begin with, states are entangled if they cannot be prepared with local operations (by
potentially spatially separated parties) and classical communication among them (LOCC). In
the bipartite case this implies that they cannot be written of the form

poh=> piplep?, 9)
i

where here and in the following {p;} is a probability distribution and p‘i‘“ (pf) are valid
density matrices of party A (party B) respectively. If states are of this form they are called
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separable, and we will denote them by pjfg. An important example of a bipartite entangled
state which is in fact maximally entangled and which plays also an important role in the CJI is
|®+) = 1/4/2/(|00) + |11)). Whether the Choi matrix is entangled or not provides information
about the underlying channel. More precisely, the Choi matrix is separable if and only if the
corresponding quantum channel is entanglement-breaking (see [55] and references therein).

In the multipartite scenario the situation is more complex (see, e.g. [53]). The straight-
forward generalization of Eq. (9) yields fully separable states. However, it may also be that a
multipartite state of N parties contains at most entanglement among k parties fork =2,...,N.
For the case that the state indeed contains N-partite entanglement (in any possible decompo-
sition) it is called genuine multipartite entangled (GME). As mentioned before, we will mainly
be interested in the three-party case. In this case if a state is entangled one may either observe
only bipartite entanglement or genuine tripartite entanglement. It may be for example that
a state is separable with respect to some specific bipartition, e.g. A : BC. That is, it can be
written as p, 5. = >, p;Pt ® pP¢ and it does not contain any entanglement between party A
and parties B, C which we denote by £(A : BC) = 0. Note that, however, in this case parties
B and C can still share entanglement (in contrast to a fully separable state). Any biseparable
state is then some mixture of biseparable states with respect to different bipartitions, i.e., it
can be written in the form

P =qQ1Pypc + 92Ppmc + 93P omps (10)

where {q;} are probabilities that sum to unity. Any state that is not of this form is genuinely
tripartite entangled.

By definition any GME state has to contain bipartite entanglement across all cuts, i.e.,
E(A:BC)>0,&B :AC) > 0and £(C : AB) > 0. This does not necessarily hold true if
one particle gets lost, i.e., the marginals may be separable or, stated differently, there exist
GME states for which after performing a partial trace over C the resulting state is separa-
ble, i.e., £(A : B) = 0, and analogously for all other parties. For example the GHZ state,
|GHZ) = (]000) + |111))/+/2" shows this property. Performing a partial trace is a very special
case of a POVM measurement. As has been also shown one can find GME states for which any
possible POVM measurement yields a separable state on the remaining parties [33]. Assuming
that for example party C is performing the measurement, we will denote this conditional form
of entanglement by either £(A : B|c) > 0 in case there exists some post-measurement state on
A and B which is entangled or £(A : B|c) = 0 otherwise. Note that in the first case the measure-
ments of party C may be able to influence the resource A and B share. We will consider the
implications of such an effect on temporal processes in Sec. 3.3. Note further that the notion
of conditional entanglement considered here is different from localizable entanglement [56],
which is defined as the maximal entanglement among two parties that can be obtained on
average via local measurements on the other parties.

There exist several criteria which may allow one to detect that a state is entangled. In
particular, for the two-qubit case and the case of a qubit and a qutrit a necessary and sufficient
condition for entanglement which can be easily evaluated exists. It is known as the PPT
criterion or Peres-Horodecki criterion [57, 58] and states the following: a state with total
dimension d = d,dp < 6 is separable if and only if its partial transposition yields a positive
semi-definite operator, i.e., it has a positive partial transpose (PPT). For higher dimensions
any separable state is PPT however the converse is not true. Hence, the PPT criterion still
constitutes a necessary criterion for separability and still allows to certify entanglement of
bipartite states.

Entanglement can also be detected by considering entanglement witnesses (EWs) [58,59].
These are operators which yield a non-negative expectation value for all separable states but
which detect at least one entangled state via a negative expectation value. For any entangled
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state (independent of the number of parties or local dimensions) there exists an EW that
heralds the presence of entanglement [58]. It is, however, not clear how to construct it in
general.

Matters are significantly simplified, if the set of separable states is relaxed to the set of
states that are PPT mixtures, which are written as

P =q1Phne + QP + 30 0s (11)

where each term in the above equation corresponds to a state with a PPT in the respective
splitting. Any state that cannot be written in the form of Eq. (11) is GME, but there are GME
states that are PPT mixtures. Importantly, using the concept of EWs, membership to the set of
PPT mixtures can be decided by means of the following semi-definite program (SDP) [60]

min tr(Wp)
such that W = Qy + Py with (W) =1, (12)
Py >0, and Q, >0 VM € {4,B,C}.

This can be easily seen as for any state p of the form in Eq. (10) it holds that

tr(Wp) =q, tr(QApiEC) +q; tr(PA[prEC]TA)
+ 4o tr(QpPpac) + 42 (Pl ppac 1) (13)
+4qs3 tr(QcPSCe;iB) +qs tr(Pc[PZe;iB I)>o0.

Here we used that tr(aPAT/[M) = tr(c™Py,;) and the inequality follows from the fact that
[ p;?gC]TA > 0 (and analogously for the other splittings) and by definition P,;,Q,; = 0. Hence,
in case a negative value is observed the state is certified to be GME. Moreover, it has been
shown that for any state that is GME there exists a witness of the form given in the SDP (12)
which detects it [60].

For certain classes of states the following analytical criterion is particularly useful to prove

GME. It has been shown [61] that for a biseparable n-qubit state, p, it holds that

(n) 1 [ )
Pio-01.1) = D) Z } PanPan> (4
1

1€, ..,n—

where here we use the notation pE?j)k...,aﬁy...) = (ijk...Ip(”)la[jy...>, I = (iy,1y...,1,) with
i; € {0,1} and I is obtained from the tuple I by swapping zeroes and ones. Moreover, we
denote by |I| the Hamming weight of the tuple and ZI 1=k denotes a sum over all tuples which
have Hamming weight k. In case the inequality is violated the state is GME.

So far we considered the question among how many parties entanglement has to per-
sist in order to create a state. However, one may also be interested in organizing states
into different classes of entanglement. Such a classification can be achieved by considering
stochastic local operations assisted by classical communication (SLOCC). If one can transform
with non-vanishing probability the pure state [¥) into another pure state |®) via LOCC and
the reverse transformation from |®) to |¥) is also possible via SLOCC, both states are within
the same SLOCC class [62]. Mathematically, this corresponds to |®) o< A; ® ... ® A, |¥) with
A; being local invertible operators. For three qubits there exist two different SLOCC classes
which are genuine tripartite entangled [62], the W- class and the GHZ-class. Well-known
representatives of these classes are the W state, [W) o< |001) + |010) + |100), and the GHZ
state, |GHZ) o< [000) + |111).

The concept of SLOCC classes can be generalized from pure states to mixed states by
defining such a class as the convex hull over all pure states within the closure of a SLOCC

10


https://scipost.org
https://scipost.org/SciPostPhys.10.6.141

Scil SciPost Phys. 10, 141 (2021)

class [63]. As an example, consider the W-class whose closure also includes all biseparable
and fully separable states. Hence, the W-class (for mixed states) contains all states that are
convex combinations of pure states within the W-class, biseparable and fully separable states.
As the closure of the GHZ class for three qubits contains all pure three-qubit states, all states
are contained in the GHZ class for mixed states. Moreover, all states which are in GHZ\ W
have the property that in any decomposition at least one state is contained in the GHZ-class
(of pure states). Such states can also be identified by using witness operators [63,64]. An
example of such a SLOCC witness is given by [63] W = (3/4)1 — |GHZ) (GHZ|, which gives
a positive expectation value for any state within the W-class but is able to detect, e.g., the
GHZ state. Another way to distinguish among different SLOCC classes can be by considering
SL invariants [62,65]. The tangle [66] (which is also an entanglement measure) is such a
quantity, it is non-zero for states within GHZ\W and zero for all states in the W-class [62].
Below, we will use these criteria to show that processes of all SLOCC classes exist for the case
of two times, i.e., three parties.

2.3 Preliminaries: States vs. Processes

As mentioned, via the CJI, all quantum combs can be considered as quantum states (up to
normalization). Hence, the concepts and tools presented above can be also applied for their
characterization. When doing so we will use the normalization for combs, i.e., tr(Yyz:) = dp
and if necessary modify the criteria accordingly. We emphasize that the causality constraints
prohibits that all states can be considered as temporal processes. This already holds true for
the case of two times tq, t,, i.e., the tripartite case with the involved Hilbert spaces H,, Hg,
and H.. Here, for example, the GHZ state is a genuinely tripartite entangled quantum state,
but not (proportional to) a proper comb Y,z-. More generally, it is straightforward to see that
any process that is described by a pure comb cannot be genuinely multipartite entangled, as
it has to be of the form T,,,; = |®,)(®,|® V; ® --- ® V,,, where {V;,...,V,} are the (pure) Choi
matrices of unitary maps that act on the system alone.

This structural difference between states and processes also extends to the respective
physical implications of entanglement in the spatial and the temporal setting. While for
quantum states, entanglement is a statement about correlations between spacelike separated
measurements, the correlations in a comb can be given a direct operational meaning in terms
of causal structure of the underlying process. Discerning and determining different causal
influences is the object in the field of (quantum) causal modelling [1, 2]. For two parties,
correlations between them can exist due to a common cause, i.e., they are correlated, but
cannot causally influence each other; or a direct cause between them, i.e., one party’s actions
can influence the statistics of the other.

Expressed in quantum mechanical terms, a common cause (between, say, parties A and
C) corresponds to the two parties sharing a quantum state, but no channel between them
to communicate. As the state can be correlated, their measurement outcomes when probing
said state can also be correlated, but they cannot influence each other. When the state that is
shared is entangled, we will call it a quantum common cause.

On the other hand, a direct cause, say, between B and C, implies that information can
be sent from B to C (or vice versa), i.e., they share a communication channel between them.
In this case, correlations between the two parties stem from a direct causal influence. We
will call a direct cause quantum, if the channel that is shared admits the sending of quantum
information, i.e., if it is not entanglement breaking.

For a process with three parties of the form discussed above (see Fig. 2), both of these
types of correlations can be read off directly from the comb Y,z.. As Fig. 2 suggests, B is
the only party that can share direct cause correlations with the other two (Bob is the only
party that can feed something into the process), while A and C can only share common cause
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correlations. More precisely, we will both consider the correlations across different splits in
the full comb T,z as well as its (conditional) marginals. Then, depending on the respective
comb, the considered Choi state correspond to a channel between parties — i.e., a direct cause
— or a state shared by different parties —i.e., a common cause.

The type of correlation then tells us directly, if the cause is quantum or not. For example, if
T,c is entangled, then Alice and Charlie share an entangled state, implying that they have
a quantum common cause. On the other hand, if the considered Choi state is that of a
channel, then entanglement in a cut means that the underlying channel is not entanglement
breaking [67]. Consequently, if, say, Tp. is entangled, then there is a quantum direct cause
between Bob and Charlie. Any study of quantum correlations in combs has thus a direct
operational implication for the process at hand that is investigated.

Naturally, beyond the two-party paradigm, the landscape of causal structures becomes
more complex. For example, as mentioned it has been shown that, in quantum mechanics,
common cause and direct cause scenarios can be superposed [30,31]. More generally, combs
can display genuinely multipartite entanglement. While somewhat harder to interpret in
terms of common and direct causes, following the definition of Choi states, a GME comb
has nonetheless an operational interpretation: the corresponding process can be harnessed
to create GME from a collection of mutually uncorrelated maximally (bipartite) entangled
states by, respectively, acting on only one of their parts.

Here, we will investigate in detail the entanglement structure of processes on two times
and beyond; i.e., we investigate what types of entanglement, both bi- and multipartite, can
exist. This, in turn, answers the question of what genuinely quantum phenomena processes in
time can display. Additionally, we will study the basal building blocks required for the imple-
mentation of such different types of processes, providing a comprehensive characterization of
the resources required for to exploit such genuine quantum features. Both of these results, in
turn, provide insights into the multilayered nature of causal relations that persist in quantum
processes.

3 Bipartite entanglement in combs — necessary conditions

As a first step, before considering genuine multipartite entanglement in quantum processes, we
consider the simpler case of bipartite entanglement, and answer the questions what kinds of
entanglement are possible, given the causality requirements of Eq. (8), and what underlying re-
sources are necessary for its creation. Put in terms of quantum causal modelling, entanglement
of a comb in different splittings amounts to different types of quantum causal relations [30,31].
Their analysis both allows one to make inferences about the necessary resources required to
create different types of entanglement in combs, and prepares the discussion of the genuinely
tripartite case.

The bipartite case can be considered in two different ways. On the one hand, assuming a
‘global’ position, entanglement in the splittings

{E(A:BC), £(B:AC), £(C : AB)} (15)

is of interest. On the other hand, considering each leg in the comb in Fig. 2 as a party that
either wants to communicate with another party, and/or tries to influence the communication
of the other two, entanglement of the form

{E(A:BJc), E(A: C|b), E(B: Cla)} (16)

is relevant, where conditioning implies that the respective entanglement can depend on a
measurement or preparation that the third party performed. Evidently, entanglement of the
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Figure 3: Building blocks of a two-step process. The structure of a two-step
process depends on the respective properties of the initial system-environment state
Par € B(H ®Hp), themap L : B(H,®Hgr) — B(Hc), and their interplay. Identifying
each of the ‘legs’ of the process with a different party, Alice and Charlie can measure
their respective inputs (with corresponding POVM elements EX) and E(C) )), while Bob
can feed states Tz into the process.

PAR

latter case implies entanglement in the former, global case, as no local operation can create
entanglement. Here, we first investigate the necessary conditions for entanglement in the
conditional case, while the unconditional one will be discussed in detail in the next section.

3.1 Quantum common cause — Entanglement £(A: C|b) > 0

Depending on the interplay of the underlying building blocks of the process, Alice and Charlie
can — potentially conditioned on the state that Bob inserts into the process — share entangle-
ment. Expressed in the language of causal modelling [1, 2], such a scenario would (possibly
depending on the state that Bob feeds forward) imply a quantum common cause [3,30] between
Alice and Charlie.

Evidently, for this type of entanglement to persist, the initial system-environment needs
to be entangled between the system A and the environment R. Additionally, the subsequent
system-environment map L : B(Hg ® Hg) — B(H,) (with corresponding Choi matrix Lgge
cannot destroy this entanglement (see Fig. 3 for a graphical depiction of the considered pro-
cess). These two requirements can be summarized in the following Proposition:

Proposition 1. If a process Yyp satisfies E(A : C|b) > O for some state Ty prepared by Bob, then
the initial system-environment state p 4 is entangled, and there exists a pure state |®) (®|z € B(Hjp)
such that |®)(®|g* Lggc € B(Hr®H) is proportional to an entangled state (i.e., the correspond-
ing map L : B(Hg) — B(Hc) is not entanglement breaking).

Proof. The overall process Y 5 can be computed directly from its building blocks as

T
Tapc = Par * Lprc = trr(ParLprc) s (17)

where we have omitted the respective identity matrices. Now, if p,r is separable, it can be

decomposed as par = .. p; pg) ® ng), which leads to an overall comb of the form

. -
Tapc = ZPiP/(;) ® trR(ng)LB};zc ) (18)
i

which is — up to normalization — a quantum state that is separable in the splitting A : C,
independent of what Bob does.

On the other hand, assuming that |®)(®|z * Lggc is an entanglement breaking channel for
all states |®)z implies that T * Lggc is entanglement breaking for any state T that Bob feeds
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Figure 4: Bob controls the entanglement between Alice and Charlie. Controlled
on Bob’s input, no transformation (i.e., Z) takes place on the environment line, or an
entanglement breaking map Agp is performed. Afterwards, system and environment
are swapped and the environment is discarded.

into the process. As such, we have Tg*Lgpc = Y., Elga) ® §(Ca) [55,67], where {Eéa)} isa POVM

and {& (Ca)} are quantum states. Then, one obtains for the resulting comb shared between Alice
and Charlie:

T,
Tacly = Tapc * T = ZPAR *Tp* Lgpe = ZUR(PAQEI(QO‘)) ®&, (19)
a a

which is a separable state on B(H, ® H). O

A simple example for a process that satisfies £(A : C|b) > 0 is one where the initial
system-environment is a maximally entangled state, and the action of the map L is to swap
the system and the environment, and subsequently discard the environment. In this case, the
resulting state shared between Alice and Charlie would be the maximally entangled state <I>;{C,
independent of what state Bob feeds into the process.

More generally, it is also possible that Bob can actively ‘switch’ the entanglement between
Alice and Charlie on or off by choosing his input state 7z appropriately. To see this, consider a
variation of the above channel, where, before the swap, depending on the input state of Bob,
either an identity channel 7 or an entanglement breaking channel A®® is implemented (see
Fig 4). Concretely, let the action of this map on a BR state pgy be given by

par — 105) (05| ® (051pprl0s) + 115) (15| ® APP[(15]pprI15)]. (20)

In this case, if Bob feeds 75 = |05)(0g| into the process, then the resulting AC state is equal to
the maximally entangled state &} ., while, if he feeds forward 75 = |15) (15| into the process,
then Alice and Bob share the separable state A™ ® Z,[ &7 1.

The above discussion also provides a direct intuitive interpretation of (A : C|b) > 0 for a
comb Y,z ; it implies that (possibly depending on Bob’s input), Alice (i.e., an experimenter at
time t;) and Charlie (i.e., an experimenter at time t,) share an entangled state, or, equivalently,
there is a quantum common cause between Alice and Charlie, depending on what Bob does.
Importantly — unlike in the two cases that follow — Bob can control the entanglement that
is shared between Alice and Charlie deterministically, i.e., no conditioning on measurement
outcomes is necessary. Phrased with respect to the above example, Bob can decide beforehand,
which of the possible states he wants Alice and Charlie to share. While there are infinitely
many deterministic preparations (all states Tz that Bob can feed into the process), there is
only one deterministic POVM element [68] (discarding the system). Consequently, Alice and
Charlie can control the causal correlations of the respective other two parties, but will only
know what particular correlations they controlled on after their measurement.
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3.2 Quantum direct cause — Entanglement £(B : C|a)

While £(A : C|b) concerns the entanglement between two output legs, i.e., two parts of a
quantum state, £(B : C|a) concerns the entanglement between an input leg (B) and an output
leg (C). Consequently, the property £(B : Cla) > 0 is directly related to the entanglement
preserving properties of the map L : B(Hp ® Hg) — B(H) from time t; to time t,. The
presence (possibly conditioned on Alice’s outcome) of this type of entanglement can thus
be considered a quantum direct cause between Bob and Charlie. In particular, we have the
following Proposition:

Proposition 2. If a process Yyp. satisfies E(B : C|a) > 0 for some POVM element E, in Alice’s lab,
then there exists a pure state |®g) (®g| on the environment, such that |®g) (®g|*Lgrc € B(H®H)
is proportional to an entangled state (i.e., the corresponding map L : B(Hg) — B(H.) is not
entanglement breaking).

Proof. Let the initial system-environment state be p,z. If Alice performs a measurement with
an outcome corresponding to the POVM element E,, the remaining comb shared by Bob and
Charlie is given by E;{ * Tapc (Where the transpose on E, is necessary to comply with the
definition of the link product) which, written in terms of its building blocks is equal to

Tgcla = E} * Par * Lpre - (21)

Up to normalization, EX * par IS @ quantum state on B(Hy). If there exists no pure state
|®)(®r| such that |[®g)(Pg| * Lyggc is entangled, then Ty, in Eq. (21) cannot be proportional
to an entangled state. O

As Tgc|q is (proportional to) the Choi matrix of a quantum channel from Bob to Charlie
(where the proportionality constant is equal to the probability for Alice to measure the outcome
corresponding to E4), £(B : Cla) > 0 implies that for some measurement outcome in Alice’s
laboratory, Bob has an entanglement preserving channel to Charlie at his disposal, i.e., he can
send him quantum information. Unlike in the previous case, conditioning on an outcome in
Alice’s laboratory is in general not deterministic, and the probability for the POVM element E4
to occur is given by tr(E,p4r)- As already mentioned, the only deterministic POVM element
that Alice can perform is 1,, which amounts to discarding her part of the initial state pgz.

It is straightforward to find examples of processes that satisfy £(B : C|a) > 0 for all POVM
elements E, (including E, = 1,). One such example is a process without environment, with
a pure state initial state |¥,) and an identity map between Bob and Charlie, which yields the
valid comb Typc = [¥4) (T, @ <NI>Z§C, where the unnormalized maximally entangled state 5&
is the Choi matrix of the identity channel Z;_,~ (see App. A). On the other hand, there are
processes that yield an entanglement preserving channel between Bob and Charlie for each of
the outcomes of Alice (for a given POVM), but do display an entanglement breaking channel
if no conditioning takes place.

For example, let all systems (including the environment R) be qubits, the initial system-
environment state a maximally entangled state @XR, the map £ be a controlled Pauli-Z gate,
with control on the environment, and Alice performs a measurement in the computational
basis (see Fig. 5). Then, for outcome O of Alice’s measurement (which occurs with proba-
bility 1/2), the corresponding map between B and C is the identity map with correspond-
ing Choi matrix 5;6, while for the outcome 1 the corresponding map between B and C
is given by the Pauli-Z gate (with corresponding Choi matrix 550)- Each of these maps is
entanglement preserving, however, the average map (with corresponding Choi matrix
5;6 +5EC =100)(00|gc+]11)(11|p¢) is the completely dephasing map, which is entanglement
breaking. Consequently, for a given process Ty, Alice might be able to switch on and off Bob’s
capability to transmit quantum information to Charlie, but she cannot do so deterministically.
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Figure 5: Alice controls the entanglement between Bob and Charlie. Alice
measures in the computational basis. If she obtains outcome 0, the channel between
B and C is the identity channel. Otherwise, it is given by p — o,p0,, where o, is the
Z-Pauli matrix. Both of these channels are unitary — and hence their Choi matrices
are proportional to entangled states — but on average, i.e., if Alice simply discards
her system, the channel between B and C is the completely dephasing one, which is
entanglement breaking.

3.3 Channels from the future to the past — Entanglement £(A : B|c)

So far, the causality constraints on Y,z only played a minor role in the considerations of
possible entanglement in different splittings. For example, as we have seen above, entangle-
ment in the splitting B : C can exist both deterministically (for the case that Alice’s POVM
element is 1,), as well as probabilistically (for E, # 1,). This freedom no longer exists if
the entanglement between Alice and Bob is considered. From the causality constraint (8),
we have tro(Yypc) = 1p ® Ty, implying that if Charlie discards the state he receives, then
there are no correlations (quantum or classical) between Bob and Alice. Otherwise, the choice
of Bob’s input could influence the state that Alice receives, which is forbidden by causality.
Consequently, £(A : B|c) > 0 means that, by conditioning on a measurement outcome in
Charlie’s 1ab (corresponding to the POVM element E.), quantum information can be sent from
Bob to Alice (i.e., ‘from the future to the past’ [69]). Such simulation scenarios by means of
conditioning, have been discussed in different contexts in the literature [27,69-73]. For this
to be possible, the initial system-environment state p,z has to be entangled, and the map £
has to be able to entangle R and B. More precisely, we have the following Proposition:

Proposition 3. Ifa process Vg satisfies E(A : B|c) > 0, then the initial system-environment state
Par is entangled and there exists a pure state |®.)(®| such that Lgge * |®c){(®c| € B(Hr® Hce)
is proportional to an entangled state.

Proof. Analogously to the proof of Prop. 1, it is straightforward to show that a separable initial
state leads to a comb Y,z that satisfies £(A : B|c) = 0. Now, focusing on the second part of
the proposition, we assume that Lggc * |®)(®| is separable for all pure states |[®.). As any
POVM element E- can — up to normalization — be written as a convex combination of pure
states, this implies

Taple = Par * Lpre * E¢ = Par * me(l) $= Zpl tlpmng @&y, (22)

where n(l) Sg) > 0 and {p;} are probabilities that add up to one. Evidently, the last expression
in Eq. (22) is proportional to a separable state, which concludes the proof. O

Note that Lggc * |®¢)(®c| =: Fgg corresponds to a POVM element on B(Hg ® Hg). If it is
entangled, then Charlie can ‘entangle’ R and B (and, in turn, possibly A and B) by conditioning
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AC

Figure 6: Measurement in entangled basis. The map £ measures the state on
B(Hp ® Hg) in the Bell basis and feeds forward 0 if the result corresponds to &},
and 1 otherwise. If Charlie measures in the computational basis, conditioned on his
outcome, Alice and Bob share a channel that can transmit quantum information (for
outcome 0) or not (for outcome 1) from Bob to Alice.

on one of his outcomes, thus allowing Bob to send quantum information to Alice. In general,
Fpgg is not proportional to the Choi matrix of a channel (i.e., a CPTP map), but of a trace
non-increasing CP map. Consequently, the probability p for Charlie to obtain an outcome
corresponding to &, depends on Bob’s input state. On the other hand — as has been noted
in [69] and, in a slightly different context, in [27, 74] — if Fgr = qFyp is proportional to the
Choi matrix of a CPTP map Fpg, then this probability p does not depend on Bob’s input state
Tg:

p=tr{pag * Tp * Lpge * |®c) (®cl] = qtr[Fpr * (0 ® T5)] =4, (23)

where we have used the fact that Fpp is CPTB and {p,r ® T} are quantum states. To make
this statement more concrete and to provide an explicit example, consider a variation of a
teleportation scheme (without classical communication); let the system-environment map £
be a measure and prepare channel of the form

Llppr] = tr(Fég)PBR) |0)(0¢ + tr(F}Sg)PBR) 11)(1lc, (24)

where {F(D} are POVM elements that sum to identity, and the initial system-environment state
is the maximally entangled state (see Fig. 6). Choosing F(®) = |®%:) (Phel, we see that if
Charlie measures in the computational basis, then Tyg = %@ZB and Typ; = %(IAB — o).
Both of them are proportional to CPTP maps. In particular, Typ|, is proportional to the identity
channel from Bob to Alice, while Typ|, is proportional to an entanglement breaking channel.
The probability of simulation is independent of Bob’s input state. For example, we have

1
p(O) = ul(@ @ )@ e L)) =5 V. (25)

This simulation probability of 1/4 is the maximal achievable simulation probability for an
identity channel from the future to the past [69]. Having the above resources at hand, Alice,
Bob, and Charlie can thus simulate quantum channels from the future to the past (albeit not
deterministically).

The necessary conditions for £(A: C|b) > 0,E(B : Cla) > 0, and £(A : B|c) > 0 shed light
on the underlying necessary resources as well as the intuitive interpretation of the respective
cases. However, the requirements we found are not sufficient to ensure the existence of any of
the three kinds of bipartite entanglement we discussed, and simple examples that satisfy the
respective necessary conditions but do not display entanglement in the considered splitting can
readily be constructed. Before advancing to the genuinely tripartite case, we now investigate
bipartite entanglement from a more global perspective and link it to the entanglement breaking
properties of certain maps.
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Figure 7: CJI of a two-step process. T,z is obtained by letting £ act on one half of
an unnormalized maximally entangled state and the degrees of freedom denoted by
R. Note that we let £ act on B(Hp/), so that Lgpc € B(Hg @ HR ® H). As Hp = Hp,
this is merely a relabelling for notational purposes.

4 Sufficient condition for bipartite entanglement in AB:C and AC:B
and channel steering

4.1 Sufficient condition for bipartite entanglement in processes for AB:C and
AC:B

In the previous section we derived necessary conditions on a process not to be biseparable in
some splitting. Here we will provide a sufficient condition on processes to be entangled in the
splitting AB:C and AC:B. In particular, we will show that if a certain map is not entanglement
breaking, one observes bipartite entanglement in Tz. As entanglement cannot be created by
tracing out one party this implies that in this case the corresponding comb has to be entangled
across the bipartite splittings AB:C and AC:B. More precisely, we consider the map

Llw] =trg[L(pr ® w)], (26)
where pg = tra[par] and £ are given by the process. Then one can show the following Lemma:

Lemma 4. Let Y pc be a process defined by psr and L, Tge = try(Tapc) and X be the CPTP
map associated to this process via Eq. (26). Then Yy is separable if and only if the map X% is
entanglement breaking.

Proof. Recall that (see also Fig. 7)

Tasc = Par * Lprc = trr[L(par ® 151 (27)

Hence, we have that Y. o< Zz ® Z[|®") gp/ . This yields a separable state if and only if 3 is an
entanglement breaking map (see [55] and references therein) which proves the Lemma. [

Note that this implies that in case ¥ is not entanglement breaking Y. is entangled and
so is Typc across the bipartite splittings AB:C and AC:B. The converse is not necessarily true.
By taking the partial trace entanglement may vanish and hence Y,z may show bipartite en-
tanglement even though ¥ is entanglement breaking. An example of a genuinely multipartite
entangled process for which Y is separable is given in Eq. (50) with n = 3 (see Section 7).

In summary we have shown that if one disregards the initial state and inserts in the first
time step a maximally entangled state and one still observes entanglement after the process
took place then the quantum comb describing this dynamics has to be entangled in the bipartite
splittings AB:C and AC:B.
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A B C

Figure 8: Comb as a broadcasting channel. Due to its properties, any comb
Tapc can be understood as a channel with one input and two output spaces
Tasc : B(Hg) — B(Hc) ® B(H,) with an additional trace condition (on its Choi
state) that ensures causal ordering.

4.2 Channel steering and quantum combs

We finish our discussion of sufficient conditions for bipartite entanglement in combs with the
case £(A: BC) > 0. While the corresponding conditions on their own are not very illuminating,
it is nonetheless insightful to consider this type of bipartite quantum correlations and connect
it to the concept of channel steering [35].

To this end, consider a quantum channel X : B(Hg) — B(H,) ® B(H) with correspond-
ing Choi matrix Kz, (such channels with one input and two output spaces are also called
‘broadcasting channels’ [75]). As K is assumed to be a channel, it satisfies try-(Kgac) = 1p.
From Eq. (8), we see that any comb Y,z also satisfies try-(Yypc) = 15 (with the additional
constraint tr(Yypc) = 1 ® T4), and can thus be considered as a quantum broadcast channel
(see Fig. 8). Consequently, while originally applied to general broadcast channels [35], all of
the following considerations directly apply to combs.

Given such a channel Kp,., Alice could measure the system A, using a POVM {(EX'X)T}Q,
where x denotes the choice of POVM, a corresponds to the respective outcome, and the trans-
pose is added to simplify the subsequent notation. Conditionally on each of Alice’s outcomes,
the mapping between Bob and Charlie would be given by (trace non-increasing) CP maps

Kglc)-c :=KBAC *EAfl'x (28)

la

that add up to a CPTP map Kpc = ), Kglcx. In this way, Alice could create a collection {K; c tax
of instruments that all add up to the same channel Kz. Such a collection — in close analogy
with the theory of steering of quantum states [13—-15] — is called a ’channel assemblage’ of the
channel Kz-. A channel assemblage is said to be unsteerable, if there exists an instrument
{Kgc} 2, probabilities p(A) and conditional probabilities p(a|x, A), such that for all {a, x} one
has®

Kse = > p(A)p(alx, MK} (29)
A

Otherwise, the assemblage is steerable. If Alice can create a steerable assemblage, then the
channel Kg . is said to be steerable. Evidently, channel steerability in the above sense is
equivalent to steerability of the (normalized) state Kgs by Alice [35].

In our case, channel steerability implies that Alice, by performing measurements, can steer
the mapping between Bob and Charlie. As entanglement is a prerequisite for steerability [13],
here, entanglement of T, in the splitting A : BC is a prerequisite for Alice being able to
steer Bob and Charlie. In line with our above considerations, we thus obtain the following
Proposition:

3For simplicity, here we only consider the case of countably many indices A. The generalization to more general
sets is straightforward.
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R [ 5]
D

EB;+ £

Figure 9: Process with an entanglement breaking map on at least one of its
spaces. If the circuit of a process can be represented with an entanglement breaking
(EB) channel on one of its wires, then the resulting comb Y,z is separable in
the corresponding cut. For example, an entanglement breaking channel on the
environment R implies that Y,p is separable in the splitting A : BC. If there are
two entanglement breaking channels (independent of what two wires they act on),
then the resulting comb is fully separable. For better tracking of the involved spaces,
the input and output spaces of the EB channels are labelled differently.

A.’

PA’R’

1

C

Proposition 5. If the comb T, is steerable by Alice acting on A, then the initial system environ-
ment state p 4 is steerable by Alice acting on A.

Proof. Using different instruments (labelled by x) with outcomes a, Alice can create a state
alx _ . alx __ alx alx _
assemblage {p" } 4, of the state pr = try(par), i.e., pg~ = par *E,"~ and >, pp~ = pg for
all choices of instruments x. Let us assume that the state p,z is unsteerable on Alice’s side.
This means that, for any state assemblage {pglx}a|x, there exists a set {p}’}} of subnormalized

states, probabilities p(A) and conditional probabilities p(a|x, A), such that

PR = p(Mpalx, o} (30)
A

Using this identity, we see that for any conditional mapping Tg ch between Bob and Alice, we
have

Ty = pn * Lgrc =  ,p(A)p(alx, Dpj + Lyre = > ,p(Mplalx, L. (31)
A A

It is easy to check that {L ;C} constitutes an instrument, implying that any channel assemblage

{ngc } is unsteerable if p,r is unsteerable on Alice’s side. This, in turn, means that if the
broadcast channel Y,z is steerable by Alice, then so is pg. O

Having analysed necessary and sufficient conditions on the dynamical building blocks for
entanglement in different splittings of combs, as well as the interpretation of these quantum
correlations, we finish our discussion of the bipartite case, providing a connection between
biseparable combs and entanglement breaking channels.

5 Separability and entanglement breaking channels

As we have seen in Sec. 4.1, separability of a comb Y,z in the splittings AB : C and AC : B
is directly related to the entanglement breaking property of a map (given by Eq. (26)) that
arises naturally from the building blocks of the comb. Such a relation between the separability
of a comb T, in a given splitting and entanglement breaking (EB) maps within the circuit
that yields said comb can be made more concrete, complementing the results of Sec. 4.1.
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Specifically, here we investigate the question if the presence of an entanglement breaking map
on one of the wires (see Fig. 9 for a graphical representation) implies separability of Y,z in
a given splitting, and vice versa. We give an affirmative answer for the splittings C : AB and
provide a partial resolution for the cases A: BC and B : AC.

5.1 Entanglement breaking channels imply separable combs

First, it is straightforward to show that the presence of an EB channel on any of the wires leads
to a comb Y, that is separable with respect to a particular splitting. Concretely, we will say
that a comb Y,z can be represented with an EB channel on one of its wires, if it admits a
decomposition with an EB channel. For example, for the wire R, this would mean that Y,z
can be written as Yagc = Par * Ngn * Lprc (see Fig. 9), where Nz is the Choi state of an
entanglement breaking channel. With this, we have the following Proposition:

Proposition 6. If a comb Y,p can be represented with an entanglement breaking channel on one
of its wires, then it is separable in at least one possible splitting. In particular, an entanglement
breaking channel on A or R implies £(A: BC) =0, on B implies £(B : AC) = 0, and on C implies
E(C:AB)=0.

The proof can be found in App. B. For the case of an EB channel on R, within the study
of quantum memory, a similar Proposition has been shown in [32]. There, processes on two
times that only display classical memory were defined as those that have an EB channel on R.
Additionally, related results can be found in [34], where entanglement breaking superchannels
and their representations are analysed. Here, we provide direct simple proofs that will also
allow us to show the converse for one of the cases and to pinpoint the difficulties with proving
the converse of the other two.

From the above Proposition, it is evident, that a circuit with at least two entanglement
breaking channels in its representation (as long as they are not on A and R) is separable with
respect to two distinct splittings. While this fact in itself does not yet imply that it is fully
separable, we have the following Lemma:

Lemma 7. If a circuit can be represented with an EB channel on any two of the wires {A/R, B, C}
it is fully separable.

The proof can be found in App. C. While an EB channel on one of the wires always leads to
a comb that is separable in the corresponding splitting, it is a priori unclear, if every separable
comb T, has a representation that contains an EB channel on the correct wire.

5.2 £(C :AB) =0 implies EB channel on C

First, consider the case £(C : AB) = 0. We have the following Proposition:

Proposition 8. If a proper comb Y5 satisfies £(C : AB) = 0, then there exists an initial state
Par, @ CPTP map Lgper and an EB channel NZJ}., such that Yype = pag * Lprer * NGv

Proof. If £(C : AB) =0, then Yy is of the form
Tasc =ds ), p(@)ES @, (32)

where {p(a)} are probabilities that sum up to one, {Egog),n(ca)} are states on the respective

spaces, and dg = dim(Hp). Here, and in the following proofs, for clarity of the exposition, we
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make the normalization of the comb evident by factoring out the factor dg. If Y45 is a proper
comb, then so is

Yasc =dg Y p(@)ES ® a)(aler (33)

where (ala’)¢; = 6 44. Now, choosing Ni. = >, la)(alc ® ng"), we can concatenate Ypc/
and Ng,BC to obtain
Yapcr * NGl = Z (ac/|Taperlac) ® P(Ca)
P (34)

= Tagc

which implies that Y,z can be understood as coming from a process given by T,zc/, with
an additional entanglement breaking channel on the final output leg C’. As Y,z is a proper
comb, there is an underlying circuit with initial state p,z and CPTP map Lgg. that leads to it.
This concludes the proof. O

While the above Proposition provides a constructive way to obtain a circuit with an entan-
glement breaking map on C for any comb T, that is separable in the splitting C : AB, it comes
with a caveat. In principle, depending on how many terms make up dg ., p(a)pg%) ®ng1), the
dimension of C’ can be much bigger than the dimension of C. It remains an open question, if
there is also always a realization with an EB channel that satisfies dim(H,) = dim(#).

Before advancing, let us emphasize the operational meaning of the absence of entangle-
ment in the C : AB splitting in terms of the action of the corresponding comb on a bipartite

state ppp that is fed into the process. The resulting tripartite state on AB’C is given by

Tasc * Py = dp Zp(a)(ifﬁ‘;) * Ppp) ® ’fl(ca) = Zp(a)(x(a), ® T)(Ca)), (35)
a a

which is separable in the splitting C : AB’, but potentially entangled in the A : BC’ splitting.
Consequently, any comb that satisfies £(C : AB) = 0 breaks the original entanglement of any
state pgp that is fed into the process (otherwise, entanglement between B’ and C would have
to be present in the above state), but potentially entangles it with another system (here, the
system A). In this sense, entanglement of an input state can merely be swapped, but not be
distributed between all three parties. We will see below that similar operational statements
also apply to combs that are separable in different splittings.

5.3 &(A:BC)=0 and EB channels on A

The case of combs that are separable in the splitting A : BC has been discussed in [32] as a
potential superset of the set of processes that only display classical memory (i.e., processes
where only classical information is fed forward on the environment line R), and the question
was left open, if it constitutes a proper superset. Phrased in our nomenclature, this question
amounts to the question if every comb that is separable with respect to the splitting A : BC can
be represented as a comb with an EB channel on A (or, equivalently, R). Here, we provide a
partial answer to this question. To do so, we need the following Lemma:

Lemma 9. Any proper comb of the form Yygc = 2. o pIE\a) ® Gl(gog, where { pga)} is a set of quantum
states and G](sac) > 0 for all a can be represented with an EB channel on Aif all G](;C) are proportional

to CPTP maps.
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Proof. By assumption, we have trC(Gl(;g) = Uqlp, where u, > 0 (as Géoé) > 0). From
trac(Tagc) = L, it follows that 0 < p, < 1and )., u, = 1, implying that {u, } is a probability
distribution. Now, choose an initial system-environment state

par= Y pepi’ ®la)al, (36)

with (ala’) = 644, and a map Lgpc = Y., la)(alg ® G where 51(303 is the CPTP map

BC>
Gl(goé)/ Wq. Intuitively, Lgpc is the Choi matrix of a map that measures the environment R

in the computational basis and, controlled on the outcome performs the CPTP map 51(303
on B. As the channel Lpp- given above is positive and satisfies tro(Lgrc) = Ipg it is a
CPTP map. With these choices, by construction we have Yoz = Par * Lgrc- Now, defining
Par = 24 la){aly ®|a){alg, and an EB channel on A’ of the form N;2 = >, |a)(aly ® pga),

it is easy to see that Tyzc = Par * NEB % Lgpc. O

While in the above proof, we consider the case of representing the comb Y,z by means of
an EB channel on A, in closer correspondence with the considerations of [32], we could also
have considered a representation by means of an EB channel on R. Concretely, choosing an EB
channel N}E}?, =Y, la){alzp ®|a){alg on the environment, one sees that, with the appropriate
relabeling, psr = Ng’, * Pars, Where par = pagrs, implying that inserting the EB channel Ngj
on R does not change the resulting comb Yyz.

Using Lem. 9, we can show that a proper subset of combs that are separable in the A: BC
cut admit a representation that includes an EB channel on A.

(a)

Proposition 10. A comb of the form Yypc = 2., p(a) ® G'Y, where {p, '} is a set of quantum

A BC’
states and Gl(gac) > 0 for all a, can be represented by a circuit containing an EB channel on A if all

states in {pf(‘a)}a are linearly independent in B(H,).

Proof. Let {Elgj )T} j be an informationally complete POVM on A. If Alice performs a measure-

ment on her system, with an outcome corresponding to the POVM element EIE\J )T, then the

resulting mapping F ]gjc) between Bob and Charlie is given by

FO = ED « Ty (37)

Up to a normalization constant, given by the probability q; = 1/dp - tr(EIE\j ) Yagc), Fgg

is a CPTP map, and we set Flgjc) = quéjg. This property can now be used to show that

every Gz(;é) is proportional to a CPTP map. To this end, we remark that for every set of

linearly independent matrices {pf\a)}, there exists a set of dual matrices {Agﬂ ) }, such that
tr(pIE‘O‘)A/g’5 )T) = 8,p [38,76]. If all matrices {plga)} are Hermitian, then so are all the duals.
However, they are in general not positive — even if they are the duals of positive matrices

— making their physical interpretation difficult. As they are Hermitian, each dual can be

written as a real linear combination Agj ) = i cj(./j )E/gj T of the informationally complete POVM
elements {Elgj T };- With this, we have
Gyt = tr(Tapc AL = D WED « Tape = > (W Fp. (38)

J J

Consequently, for all a, trC(G](BO‘C)) =3 cj(a)q ;15 holds, which implies that all matrices in {Gl(gac)}
are proportional to CPTP maps. By Lem. 9 the comb Y5 can then be represented with an EB

channel on A. O
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As for the previous Lemma, the above proof also holds for an EB channel on R. Importantly,

though, not every T 5. that is separable in the A : BC splitting can necessarily be represented
(a)}
a

by means of linearly independent states {p, '},. If this requirement is not fulfilled, then the

matrices G](BC) can not be ‘addressed’ anymore by means of duals, and the above proof fails

to work. In particular, as causality constraints only require that Y, Gl(a C) is CPTB there might

exist proper combs Yy that can be decomposed as Tyge = ., p(a) ® Gl(;g, but cannot be
represented as a separable matrix with all terms on BC proportional to CPTP maps.

As at the end of the previous section, we can, again, give an operational meaning to
separability of a comb in the A : BC splitting in terms of its action on an input state pgg.
By direct insertion, we see that for any input state pgps the resulting tripartite state Tpg- * Pgp/
is separable in the A : B’C splitting and can thus at most be entangled between B’ and C, but
not between B’ and A. This, in turn implies, that a process described by a comb that satisfies
E(A: BC) =0 allows one to pertain entanglement, but cannot entangle input states with other
degrees of freedom.

5.4 &(B:AC)=0 and EB channels on B

As for the case of combs that are separable in the splitting A : BC, the causality constraints that
Y5 has to satisfy only allow for a partial result concerning the connection of EB channels on
B and the separability of Ty in the splitting B : AC. We have the following Proposition:

Proposition 11. A comb of the form Yype = dg 2., p(a)Elga) G,E\Oé); with E(a) GIE‘OC‘) > 0 and
tr(El(ga)) = tr(GIE\OC‘)) = 1 can be represented by a circuit containing an EB channel on B if all

matrices in {Elga)}a are linearly independent.

Proof. First, using the causality constraints on Tz, we see that the reduced state in Alice’s
lab is independent of the state that Bob feeds into the process, i.e., for any quantum states

{TBJ T/B}:
Tupc * 75 * Lc :TABC*T/B*ILC =:1pPa (39

holds, where 1. is the Choi matrix of the operation that discards the system, the only trace
preserving operation Charlie can perform [68]. Additionally, the causality constraint implies

dp Zp(a)E,(;) =1g. (40)

Now, analogous to the proof of Prop. 10, let {Algﬁ )} be the dual set of {E]ga)}. Choosing a

(D0

set of dﬁ linearly independent states {Tg)}, each dual can be written as Aéa)T = ;TR

From Eq. (40), it is easy to see that
w(Af) = > = dyp(a). (41)
j
With this, we have
(a) (a)x _ (a) G _. _1 (@) ()
Gad = oot e * A = o 206 Tane * Th = gt UG Pacs (42)
J J

where the complex conjugate is required to comply with the definition of the link product.

(J)) —

From Eq. (39) it follows that all p(] ) have the same reduced state, i.e., trc(p, pa. Together
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£(C: AB) =0

Figure 10: Different sets of separable combs. All states outside the convex hull of
separable combs are GME. As we show in the main text, there are processes that are
not bi-separable, but also not GME (the red dot in the figure would correspond to
such a process.

a)

with the fact that tr(GIg‘?) =1 and Eq. (41), this implies that trC(G/({C ) = py for all a. Then, it
is easy to see that the matrix

’Y:AB’C = Z |a> (alB/ ® Ggé) (43)
a

is also a proper comb, as it is positive and satisfies the causality constraints of Eq. (8). Now,

defining the EB channel Nyp, = dp >, p(a)EI(ga) ® |a){alp, one sees that

TABC = ’TAB/C *Ngg, . (44)
This concludes the proof. O

Again, as for the other two possible separable combs, there is a direct operational meaning
to separability in the B : AC splitting. Specifically, it implies that the resulting tripartite state
Yppc * Ppp 1S separable in the B’ : AC splitting for any input state pgp . In turn, this means that
the corresponding process breaks any entanglement of its input states (as B’ is not entangled
with the other degrees of freedom of the output state), but can be a source of entanglement
between different degrees of freedom (here, A and C).

Having discussed the bipartite case in detail, we now turn to the case of genuine multipar-
tite entanglement, and its structure for the case of quantum processes.

6 Example of a biseparable process which shows non-zero bipar-
tite entanglement in all splittings

Any genuinely multipartite entangled process has to be in the intersection between
E(A:BC)>0,&(C :AB) > 0 and £B : AC) > 0 as by definition it cannot be separable
with respect to some bipartition. However, the conditions £(A : BC) > 0, £(C : AB) > 0 and
E(B : AC) > 0 do not imply genuine multipartite entanglement. This is well known (and
straightforward to see) for states and holds also true for processes as the following example
shows. The process

Kagc =2p0)(0[4® [ ) (¥ |gc + (1 —p)Ip ® [7) (2T |ac (45)
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is not genuinely multipartite entangled. However, for 1 > p > 1/3 it has the following
property: £(A: C)>0and £(B : C) > 0, (as the reduced states are not PPT). This implies that
also £(A: BC) > 0 and £(B : AC) > 0. Moreover, the process is also not PPT with respect to
the splitting C : AB and hence £(C : AB) > 0. This shows that there exist biseparable processes
in the intersection of £(A: BC) > 0, £(C : AB) > 0 and &£(B : AC) > 0. Analogously, it also
implies that £(A: C) > 0 and £(B : C) > 0 do not guarantee GME for processes either (note
that £(A: B) = 0 for any process due to the causality constraints). While we have that for this
process E(A: C|b) > 0 and £(B : Cla) > 0 (for e.g. trivial measurements on the respective
parties), it is straightforward to see that there exists no measurement such that £(A: B|c) > 0.

One may wonder whether the intersection of £(A : B|c) > 0, £(A : C|b) > 0 and
E(B : Cla) > 0 contains also biseparable processes and the answer is yes. An example for
such a biseparable process is given by

1—2p i\ /et
S2e @ s sloc ol

+[®7)(® |45 ®|1)(1]c +]010)(010] + |101)(101]),

Kapc =2p10)(0[4 ® |2F) (@ |5c + plp ® [87)(@T |4 +

with 1/12(¥/33 —3) < p < 1/2. That this process is indeed in the intersection can be
easily proven by considering the post-measurement state obtained by measuring |0)(0|y for
X € {A,B, C} respectively and showing that its partial transpose has a negative eigenvalue,
i.e., it is entangled.

7 Genuinely multipartite entangled processes

So far we investigated conditions on processes to show (conditional) bipartite entanglement.
In this section we will consider genuinely multipartite entangled processes, i.e., the set of
processes that lie outside the convex hull of biseparable ones. This discussion is similar in spirit
to the one conducted in [30,31], where processes that cannot be understood as a mixture
of direct and common cause processes were analysed. Our emphasis, however, lies on the
genuine multipartite entanglement properties.

In particular, we will focus on the three-qubit case and we will provide examples of pro-
cesses within each of the SLOCC classes, more precisely an example inside the W-class and
one for a process in GHZ\W. This implies that (at least in the three qubit case) all types of
mixed-state entanglement can occur for processes. Let us finally note for completeness that
also biseparable processes that are not biseparable with respect to some specific splitting but
some mixtures of such states can occur (see Section 6).

The first example of a genuinely multipartite entangled process is given by

Tapc = Is1) {s1] +Is2) (sal 47)

with

_1001)  |010) +]100) _]110) | i(j101) —[011))
= ﬁ+ 5 and |s,) = 1/7+ 5 .

The fact that this process is indeed GME can be straightforwardly checked by means of the
SDP in Eq. (12). Additionally, it constitutes a valid process due to

|s1) (48)

1
trc(TABc) = 5 ® 1. (49)

As the comb of Eq. (47) satisfies the causality constraints of (8), there exists a quantum circuit
with a pure initial state and a unitary system-environment dynamics that leads to it. We
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provide this circuit in App. D and show explicitly that its building blocks satisfy the properties
laid out in the previous sections.

The process given in Eq. (47) has the following properties: a) It has rank 2, which is the
smallest possible rank for a genuinely multipartite entangled process. The latter can be easily
seen by noting that there exists no genuinely multipartite entangled pure three-qubit state
for which the causality constraint can be fulfilled (as already discussed in Sec. 2.2). b) It is
in the W-class as it is a convex combination of two pure states within the W-class. ¢) It can
easily be shown that this process is in the intersection of £(A : B|c) > 0, £(C : Alb) > 0 and
E(B : Cla) > 0. Note that this is not necessarily true for any GME process. In Sec. 8 and
App. G we provide an example for a process with vanishing conditional entanglement for all
splittings.

The second example is a construction of genuinely multipartite entangled processes for
n qubits and for which there exists in the three-qubit case no decomposition into pure fully
separable, biseparable and W-class states, i.e., this process is not in the W-class. As we will
show next for arbitrary n the following processes are genuinely multipartite entangled:

1

n—3
2

T = |GHZ,)(GHZ,|

(50)

+

n_l

L 10...0)(0...0|=[1...1)(1...1D ®|0} (0],

where |GHZ,) =1/+/2(|0...0) +|1...1)) and 1 is the identity acting on k qubits. It can be
straightforwardly checked that they are valid processes as performing the partial trace over
the last qubit results in

]ln—l

n—1
2

tr,(TM) =

(51

and hence all causality constraints are satisfied. Note that also all other marginals are sep-
arable. This implies that even though the process is genuinely multipartite entangled, all
entanglement vanishes as soon as one of the parties is discarded. In order to show that these
processes are genuinely multipartite entangled we use a necessary condition for biseparability
first introduced in [61] which states that any biseparable n-qubit state, p(™ fulfills (see Sec. 2.2
for further details)

1 m ()
5 Z PunPin- (52)
IIl€{1,...,n—1}

(n)
|p(0...0,1...1)| <

As can easily be seen it holds for T that T v =0 for Il €{1,...,n—1}. However, we

(LD ~(1,D)
have that |T(((; ?‘0,1.“1)| = ; ,}2;1 . Therefore, the necessary condition for biseparability in Eq. (52)

is violated and the state is genuinely multipartite entangled.

Moreover, it should be noted that for n = 3 this process has non-zero tangle T (see
App. E) and is therefore not in the W-class. Hence, all different types of mixed three-qubit
entanglement can occur for processes. Note that for the process it holds that £(A: C) = 0
and £(B : C) = 0 in spite of being genuinely multipartite entangled. Note further that it
can be easily verified the state is in the intersection of £(A : B|c) > 0, £(C : Alb) > 0 and
E(B:Alc)>0.

In App. F we provide a further simple example of a genuinely multipartite entangled comb
on four parties. Specifically, the corresponding circuit only requires the two-fold application
of VS[p]= /S p+/ST, where S is the Swap gate (see Fig. 11). In the appendix we show that
the corresponding comb is indeed genuinely multipartite entangled.
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A B C D

Figure 11: Circuit that leads to a four-partite GME comb. Note that using a Swap
gate instead of +/S would not yield a GME comb (see App. F.)

Finally, returning to the operational meaning of entanglement in combs, as alluded to in
Sec. 2.3, it is clear that a GME comb is a resource that allows one to transform bipartite entan-
glement, present in an input state pgp/, to genuine multipartite entanglement. This, naturally,
extends to the arbitrary times, in the sense that, starting from k — 1 bipartite entangled states,
a GME comb on k times enables the creation of a genuinely multipartite quantum state.

8 GME Processes with no creatable entanglement

We have seen in Sec. 6 that there exist processes that are entangled in any bipartition, yet not
genuinely multipartite entangled. While all GME processes are entangled in any bipartite
splitting, the same does not hold true for their reduced processes; in particular, we have
tre(Tape) = 13 ®Y,. However, as discussed in Sec. 3, there can be conditional entanglement in
any of the reduced processes. This begs the question of whether there are GME processes that
do not display conditional entanglement in any of their reduced versions, i.e., GME processes
where no party can induce entanglement between the remaining two parties by means of a
measurement.

This question has been answered for states in [33], where a GME state with separable
conditional marginals was provided, and, in addition, it was shown that the GME of the state
can be detected from the separable marginals. As such a state is GME but does not even
conditionally display any entanglement in its marginals, it has no creatable entanglement in
its subsystem. Here, we investigate whether this phenomenon also exists for processes, i.e.,
whether there are proper combs Y,z that are GME but have no creatable entanglement (this
situation is depicted in Fig. 12).

To find such a process — defined on three qubit Hilbert spaces H,, Hg, and H . — we follow
the procedure detailed in [33]; there, GME states with vanishing conditional entanglement
have been found by means of a see-saw SDP Starting from some initial state pg, first, an
optimal witness for GME is found by means of the SDP in Eq. (12). Then, employing a second
SDE an optimal GME state is found for this witness, with the additional requirement, that the
conditional marginals of said state are separable for a ‘sufficient’ (~ 1000 in [33]) number of
projective measurements. More precisely, the conditional marginals of said state (with respect
to the projective measurements) are required to be strictly positive under partial transpose.
Iterating this procedure yields a good guess p for a GME state with vanishing conditional
entanglement, and it can then be shown numerically that the found state actually possesses
the desired properties (see [33] for more details on the employed algorithm). Here, we can
use the same algorithm, with the additional constraint that the ‘states’ we consider satisfy the
causality constraint of Eq. (8). With this, we find a candidate process, for which we can verify
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Figure 12: GME combs without creatable entanglement. In the main text, we
provide a comb that lies outside the convex hull of separable combs, i.e., it is GME,
but does not display any conditional entanglement. Exemplarily, this processes is
depicted by a red dot.

numerically that it has vanishing conditional entanglement all measurements. We provide this
process in App. G.

Given that an action of any of the parties destroys it, we conclude that the GME such
processes possess is somewhat inaccessible; if Bob feeds forward any state, Alice and Charlie
do not share an entangled state, while any measurement on Alice’s (Charlie’s) system will only
allow for an entanglement breaking channel between Bob and Charlie (Alice).

9 Conclusion and outlook

In this work — using the quantum comb framework — we studied the entanglement properties of
temporal processes. Despite the vast body of work on the structure and stratification of bi- and
multipartite entanglement, due to the constraints imposed by causality, a priori, it had not been
clear what types of entanglement and well known phenomena from entanglement theory can
also persist in the temporal case. Here, we provided an overview of the types of entanglement
that can occur in quantum combs, and furbished these different types of temporal quantum
correlations with clear-cut operational interpretations; both in terms of the implications for
the properties of the corresponding temporal process, and in terms of the building blocks of
the underlying quantum circuits.

First, we derived both necessary and sufficient conditions for bipartite (conditional or
unconditional) entanglement and discussed its relation to entanglement-breaking channels
and channel steering (for the case £(BC : A) > 0). Based on these results, a more refined
notion of entanglement for temporal processes suggests itself. While here we considered the
standard definition of entanglement, i.e., based on convex combinations of product states,
for processes an alternative definition in terms of product processes seems equally reasonable.
Then, a process would be entangled if it could not be written as a convex combination of
processes that factorize in at least one splitting. Investigating the operational and structural
implication of such a more fine-grained definition of entanglement for processes is subject to
future research.

Next, we demonstrated that there exist genuinely multipartite entangled processes for pro-
cesses with an arbitrary number of steps, and all types of three-qubit mixed state entanglement
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can occur in the case where only two times are considered. Our investigation showed that
there exist genuinely multipartite entangled processes with separable marginals. Finally, we
provided an example of a GME process that does not display creatable entanglement, mirroring
analogous results for the case of spatial entanglement.

Along the way, we related the separability of quantum combs in different splittings to the
presence of entanglement breaking channels in their circuit representation. While the presence
of an entanglement breaking channel in the underlying dynamics leads to a separable comb,
the converse is not necessarily true for all possible splittings. We provided partial results
on when the converse actually holds. Besides this interpretation in dynamical terms, we
also gave direct operational interpretations of separable combs. Depending on the splitting,
separable combs break and/or swap entanglement of bipartite input states, thus extending the
corresponding results for the case of quantum channels to the multi-time case.

Our research sheds light on the interplay between the underlying physical process and the
entanglement properties of the corresponding comb. There are two follow-up questions that
suggest themselves: Can entanglement in time be understood on a deeper structural level, and
how can genuine quantum correlations in time be exploited for the enhancement of quantum
information processing tasks?

The former question concerns the peculiar structure of how entanglement in time is ‘cre-
ated’. The only system that allows for the interaction between non-adjacent parties is the
environment, which, in the end, is discarded. The environment ‘collides’ with all the parties,
and in doing so, transmits correlations between them. Such collision models have, for exam-
ple, been used to investigate the creation of multipartite (spatial) entanglement [77]. The
entanglement structure of such processes inevitably will affect their quantum complexity. A
detailed investigation of the implications for the strength and distribution that entanglement
in combs can display is subject to future work.

Considering the latter question, we have seen that many of the observed entanglement
phenomena also exist in the spatial setting. It is important though, to emphasize that combs
describe fundamentally different experimental scenarios than quantum states; quantum states
allow for the computation of correlations for the case where spatially separated,
non-communicating parties perform independent measurements. Quantum combs on the
other hand describe communication scenarios, where spatial and temporal correlation are
concurrently of importance. The roles of the different parties are not limited to measure-
ments, but consist of a read-out of information as well as a feed-forward of it. Quantum
stochastic processes with nontrivial entanglement structure, in an operational setting, can be
considered as a resource [78, 79], much in the same way as usual quantum channels [80,
81]. Consequently, having developed an understanding of the entanglement structure of
spatio-temporal processes, a natural next step will be — based on the results we provided —
to investigate how such genuine quantum correlations can be of use in complex quantum
information tasks that require both common cause and direct cause causal relations for their
successful implementation.

Finally, it is in principle possible to drop the requirement of causal order without a priori
creating paradoxical situations. Such scenarios are described by process matrices, mathemati-
cal objects akin to quantum combs, but with the fundamental difference that they do not ensure
global, but only local causality. While it has been shown that such more general processes can
lead to advantages in quantum games [24,82], the explicit origin of this advantage is hard to
pin-point. Approaching this question based on the correlations that cannot persist in causally
ordered combs but can occur in process matrices, might shed new light on the resourcefulness
of these exotic objects.
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Note. Upon publication of this paper we became aware of Ref. [83], where the authors
proved the existence of separable combs that cannot be represented by means of a circuit
containing entanglement breaking channels, thus completing our considerations of Sec. 5.
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A Choi-Jamiotkowski isomorphism and the link product

In this Appendix, we review the basic properties of the CJI for maps and combs, as well as the
link product. For any map M : B(Hy) — B(Hy), the CJI consists of letting M act on one half
of an (unnormalized) maximally entangled state to map it onto a positive (Choi) matrix

Myx := (M ®I)[$;] € B(Hy ® Hx), (53)

where & = Z?,j]-:l lii)(jj| € B(Hx ® Hy/), and Hy = Hy,. Frequently encountered Choi
matrices are the Choi matrix of the identity channel Zyx_,y[p] = p, which is given by 5%(, and
the Choi matrix of the partial trace try, which is given by 1y. It is straightforward to see that
the map M is CPTP iff its Choi matrix Myy satisfies Myx > 0 and try(Myx) = 1x.

In a similar vein the CJI exists for combs, with the difference that at each time ¢;, one
half of a (unnormalized) maximally entangled state is fed into the process (see Fig. 13). It
is straightforward to check that the resulting quantum state satisfies the hierarchy of trace
conditions of Eq. (4), while it has been shown in [19] that any positive matrix that satisfies
these conditions can indeed be considered the Choi matrix of a quantum process. Finally, by

simply inserting the respective definitions, one obtains

771+1[Mx1’ EREE) -/\/lxn1 1= t]-'I:Tn+1(]wgl ®:---® M;fnﬂ)] 5 (54)
the Born rule for temporal processes.

It is convenient, to not only phrase the respective maps in terms of their Choi matrices, but
also to translate the concatenation of maps in terms of the respective Choi states. For example,
the action of a map M : B(Hx) — B(Hy) on a state px € B(Hy) can be written in terms of
Choi states [36] as

M(px]=trx[Myx(Ly ® py)] = Myy * px, (55)
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Figure 13: CJI for combs. At each time ¢;, one half of a maximally entangled
state it fed/swapped into the process. The resulting multipartite quantum state
T ., € B(’H} @HI® - ®Hy® ’H; 1) contains all spatio-temporal correlations of
the underlying process. For simpler notation, the CJI is generally phrased in terms

. . . _ /
of unnormalized maximally entangled states, i.e., T,y =d7 -dJ - dr‘l"I‘n1

which, again, can be seen by direct insertion of the definition of Myy. These considerations
are generalised by the link product * [19], which translates the concatenation G o F of two
maps F : B(Hx) = B(Hy) and G : B(Hy ® H ) to an operation on their respective Choi states
Fyx and Ggy. The Choi state of G o F is then obtained via

Fyx » Gzx = try[(Fyx ® 1,)(GJ, ® 1)]. (56)

For example, Eq. (55) can be understood as the Choi state of the concatenation M o R, where
R : C — B(Hy) is the CPTP preparation map that prepares the state py (i.e., the Choi matrix
of R is equal to py). Put somewhat intuitively, the link product traces Choi matrices over the
Hilbert spaces they are both defined on, and corresponds to a tensor product on the remaining
spaces. From the definition, it can be directly seen that it satisfies

FxGxH=(FxG)xH=F*(GxH), (57)

and it is commutative if each Hilbert space the respective matrices are defined on appears at
most twice in the product [19] (which is always the case in this article). Additionally, the link
product of positive matrices is positive as well. To simplify tracking of the involved spaces, it
is helpful to add subscripts to the respective Choi matrices. For example, then, it is easy to see
that a product of the form

Fyyz*GwxHy x Ly (58)

is defined on B(Hy ® Hyy) (as all the other spaces are traced over), and must be of the form
Py ® Gy, where Py = Fxy, x Hy x L,. While every operation in this article could be written in
terms of link products, it is sometimes more insightful to mix notation. For example, a term
of the form tr(Fxy, x Hy) could equivalently be written as 1y, * Fxy, * Hy (since 1y, is the
Choi state of try ).
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B Proof of Proposition 6

In the following we provide the proof of Proposition 6:

Proposition 6. If a comb Yyp can be represented with an entanglement breaking channel on one
of its wires, then it is separable in at least one possible splitting. In particular, an entanglement
breaking channel on A or R implies £(A: BC) =0, on B implies £(B : AC) = 0, and on C implies
£(C :AB) = 0.

Proof. As the proofs for all cases proceed along the same lines, we explicitly show the Proposi-
tion 6 for EB channels on C and A, with the other two cases following in a similar vein. First, for
better book-keeping of the involved spaces, we will label the respective input and output spaces
of the entanglement breaking maps differently, i.e, we have N3? . : B(H¢) — B(H¢) and
NEB .« B(Ha) — B(H,). Their Choi matrices are then denoted by N5, and N£5, respectively.
Additionally, in order for the resulting comb Y,z to be defined on the spaces ABC, we add
some primes to the spaces the building blocks of Y,z are defined on (see Fig. 9). These
relabellings are a mere notational aid and have no bearing on the results.

As each entanglement breaking channel can be represented as a measurement followed
by a repreparation, we have Ng?, = E)(;")T ® §§(Of), where {E)((Q)T}a is a POVM, {§§g)}a is a
collection of quantum states, and X € {C,A}. With this, a comb T,z with an entanglement
breaking channel on C’ (and building blocks psg, Lgrc/) is given by

Yapc = Par * Lprer * NG = Z(pAR * Lprer * E(Caf)) ®EW, (59)
a

which, as pag * Lgrcs * ng) > 0 is separable in the splitting C : AB. Analogously, a comb T,z
resulting from a circuit with an entanglement breaking channel on the wire A is given by

Yasc = Par * Naja * Lprc = Z £ @ (pur* ES” + Lyre), (60)

a
which - for the same reason as above — is separable in the splitting A : BC. The remaining
cases follow in a similar vein. O

Note that Egs. (59) and (60) provide the most general form of a comb that contains an EB
channel on the respective wire.

C Proof of Lem. 7

Here, we provide a proof of Lem. 7 in the main text:

Lemma 7. If a circuit can be represented with an EB channel on any two of the wires {A/R, B, C}
it is fully separable.

Proof. We present an explicit proof for the case of entanglement breaking channels on the
wires A and B. the other cases follow analogously. In this case, the resulting comb T,z can
be written as (see Fig. 9):

TABC :pA/R*NEB/*LB/RC*Ml};E/> (61)

where NEB and M3, are entanglement breaking channels. Consequently, each of them can be

decomposed as NEB =57 E@WTen@ ang BB =5 FP g 1P where {E{¥}, and {FP}
AA a A A BB BB B N Ja B B
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are POVMs, and {fr]ga)}a and {Tg? )} are sets of states. Inserting this into the above equation
yields the fully separable comb

Tupe = ) pla)ny’ @ F @ €7, (62)
af
where p(a) = tr(pyrE"), and P = (Lyipe + ES % pap » ) /p(a). O

D Circuit for a tripartite GME comb Y5,

Here, we provide an explicit construction for the quantum circuit that leads to the comb Y,z
provided in Eq (47), which is of the form

Tapc = Is1)(s1] +Is2) (sal (63)

with

|001)  |010) + |100) |110) i(]101)—|011))
= + = + .
J2 2 V2 2
As mentioned in the main text, we have tro(Yypc) = %]l 4 ® 1. The circuit that leads Yyp(

can be found directly by means of the Stinespring dilation; to this end, first, consider the
purification

ls1) (64)

and |sy)

ITacp) = Is1) 10p) +Is2) [1p) , (65)

where D is the auxiliary two-dimensional purification system. By construction, |Yyzcp) is a

purification of %]1 A4®1p, and so is <I>;"A, ® d~>'§B,. As the latter purification is minimal, there is an

isometry Vyp/_,pc := V on the purification spaces, such that

Tapcp)(Tapcnl = V(25 © 355V (66)
Consequently, we have
Tapc = trp[V(®), ® ®1 V1], (67)

This equation corresponds to a quantum circuit of an open system dynamics, where one half of
an unnormalized maximally entangled state is fed in. Concretely, said circuit starts in an initial
state @ZA,, the A part of it swapped out of the process, while the B part of the state égB, is fed
in. The A'B’ degrees of freedom undergo the unitary evolution V, and finally, the system D is
traced out (see Fig. 14 for a graphical representation). This corresponds to the Choi matrix
of a comb with building blocks <I>;‘“A, (as the initial system-environment state) and V (as the
dynamics between t; and t,). For the discussion of their properties, we relabel @ZA, - @XR
and B’ — B to abide by the notational convention set up in the main text. First, note that &3,
is entangled between the system A and the environment R. The isometry V can be constructed

directly from Egs (65) and (66). It is straightforward to see that

1 )
V |00) = |110), V|01) = 77(|00)+1 111)) w
V|10) = ﬁuoo)—z 111)), V|11) =101),
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AA

Figure 14: Circuit that leads to Y,p.. See text for further details.

where the order of the spaces is BR (CD), e.g., the first equation reads V |050z) = [1-0p).
With this, we have

1 . 1 .
V =|10)(00| + ﬁ(|00) +i]11)) (01| + ﬁ(|00) —1i|11))(10]+]01)(11], (69)

which is not just an isometry, but a unitary matrix. The corresponding Choi matrix of the map
V[-]1=V(-)V' is proportional to a pure state, i.e., it is of the form |v)(v|, with

1 . 1 .
lv) = |1000) + ﬁuoo) +i]11))]01) + ﬁuoo) —i|11))]10) +|0111)), (70)

where, the order of spaces is CDBR (i.e., for example, we have the term |1,0,050z)). Finally,
to be able to compare this map to the ones we discussed in Props. 1 — 3 the purification space
D needs to be traced over, yielding

Lgge :=trp([v){v])

1 1
= 1001){001| + - 1010)(010] + - |011)(011]

1 1
+ 5 [100)(100] + - [101)(101] +[110)(110]

1 1 (71)
+ > (]001)(010| + h.c.) + > (]001)(100| + h.c.)
i i
+ _ﬁ(|011>(110| —h.c)+ ﬁ(|110)(101| —h.c)

+ %(|010>(100| +he)— %(|o1 1)(101] + h.c))].

Here, and in what follows, we have switched the ordering of spaces to BRC (i.e., for example,
we have the term [031z1¢){(150g1¢|) to be consistent with the subscript of Lggc.

As already mentioned, this tripartite entangled T,z can satisfy £(X : Y|z) > 0 for all pos-
sible bipartitions. Here, we can directly check that its underlying building blocks indeed satisfy
the necessary and sufficient conditions presented in the main text. Firstly, it is easy to check
that, e.g., |0)(0|g * Lgg¢ is proportional to an entangled state on Hy ® H, which, according to
Prop. 1 is necessary for entanglement of the form £(A: C|b). Analogously, both |0)(0|g * Lggc
and |0) (0| *Lggc are proportional to entangled states, respectively. Consequently, the building
blocks {®7, Lgrc} of Typc that we derived satisfy all the necessary conditions of Props. 1 - 3.
While the Stinespring dilation of a comb — and as such its building blocks —is not unique [19],
any pair {par, Lgrc} that satisfies psr * Lgrc = Tapc for the comb of Eq. (63) would satisfy the
same conditions.

Additionally, we can show directly, that Y,z satisfies the sufficient conditions for entan-
glement in the splittings AB : C and AC : B laid out in Sec. 4.1. There, we showed that if the
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Choi matrix Lgpe * [tra(par)] is entangled, then Y,p is entangled with respect to both of the
splittings AB : C and AC : B. In our case, Lgpc * tra(par) reads (with spaces arranged in the
order BC)

trp (V) (v]) * tra(®, R = trDR(|V><V|) (72)

Then, from Eq. (71) we have

Lpre * tra(par) = 7 |00)(00|+ |10)(10|+ |01)(01|+ [11)(11

1 +1i (73)

2F

which is (proportional to) an entangled state. Consequently, the maximally tripartite entan-
gled comb Y,z we found satisfies all of the necessary and sufficient conditions for bipartite
entanglement we discussed in the main text.

|01)(10]

)(01],

E Non-zero tangle for the process in Eq. (50) withn =3

In order to see that the process in Eq. (50) has indeed a non-zero tangle note first that
if 7(p) = 0, then also T(ApA'/tr(ATAp)) = 0 with A = ®;A; and A; € GL(2,C) [62, 65].
However, as we will show there exist local invertible operators that transform T® to a state
which has non-zero tangle and therefore also 7(T®)) # 0. These operators can be chosen to
be A; = A, = Diag(1/+/a, v/a) and A; = Diag(a, 1/a) with 0 < a < 1/+/3" and Diag(x, y)
denoting a diagonal matrix with entries x and y. The transformed state is of the form

AYGIAT 1 o2
— = GHZ3) (GHZs| + ———
tr(AY®AT) ~ 1+ a2 IGHZs) (GHZ| 2(1 + a?)

Note that for convenience we used here the normalization for states. This state can be detected
for example for @ < 1/+/3 to be not in the W-class by using the witness [63]
W = 3/41 — |GHZ;) (GHZ;| and therefore has non-zero tangle. Hence, also T is not in
the W-class.

(101) (01]+10) (10D @ |0) (O]  (74)

F Circuit for a GME comb on three steps

Here, we provide an explicit example for a simple circuit that yields a genuinely multipartite
entangled comb on three times, i.e., on four Hilbert spaces. In the case we discuss, the system
and the environment are a qubit, respectively, and the four-legged resulting comb has an initial
input leg (A) at time t;, a middle slot (BC) at t,, where general CP maps can be performed,
and a final output leg (D) at time t5 (see Fig. 15). As an intermediate system environment in

between times we choose the square root of the swap operator vS[p]= VS p+vS T, where S
is the Swap gate and /S is represented by

2 0 0 0
1[0 1+4i 1-i ©

‘@_5 0 1—i 1+i O (75)
0 0 0 2
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A B C D

Figure 15: 4-partite genuinely multipartite entangled comb. See text for details.

in the standard system-environment basis {|00),|01),|10),|11)}. Choosing |0) for the initial
state of the environment, and tracing out the environmental degrees of freedom at t; then
yields the comb

1
Tapcp = 2(5 Is1){s11+3s2){s2), (76)
where
|51) o< —21 |0000) +(1—1) |0011> — |1001) +(1—1) |1100) + |1111> s (77)
|52) o< (1—1) |0010> + |1000) — |1001) +(1—1) |1011) + |1110> s (78)

and the ordering of spaces is ABCD, i.e, for example, |1,050-1p). It is straightforward to see
that the comb Y,5-p of Eq. (76) is positive and satisfies the causality constraints of Eq. (4).
Finally, using the SDP (12), it is easy to check that Y,p.p is indeed genuinely multipartite
entangled.

Importantly, choosing the swap operator S instead of +/S would not have lead to a GME
comb. Rather, the Swap would lead to identity channels between the respective inputs and
outputs, leading to an overall non-GME comb of the form

T8 =20t ®[0)(0lz® 1, (79)

where 2&7 is the Choi state of the identity channel between A and D.

G GME processes with vanishing conditional entanglement

Following the steps laid out in Sec. 8, we find the following GME comb with vanishing condi-
tional entanglement:

Tupc
13.8 21420 1.2+1i  —11.5-4.8{ 4+1.5i 10.9-5.6i —0.140.3i 2.1-2.7i
2.1-2i 36.2  —15.7+1.2i —1.2—0.1i —15.4+3.5i —0.4—1.5{ —4.5-2.6i 0.1—0.3i
12-0.1i —15.7-1.2i 249  1.2+0.3i —3.2-11.9i 1.7+0.1i —0.4—0.3i 12.1+1.5i (80)
A 1072| 115480 —12+0.1i 1.2-03i 251  —0.3—1.6i 3.2+11.9i 14.9-52i 0.4+0.3i
~ 0.4-15i —15.4-3.5i —3.2+11.9i —0.3+1.6i 25 0.3+1.4i —0.3—0.5i —11.9+2.6i |>
10.945.6i —0.4+1.5i 1.7-0.1i 3.2—-11.9i 0.3—14i 25  15.740.7i 0.3+0.5i
—0.1-0.3i —4.5+2.6i —0.4+0.3i 14.9+5.2i —0.3+0.5i 15.7-0.7i 35.8  3.243.7i
02.142.7i 0.140.3i 121-1.5i 0.4-03i —11.9-2.6i 0.3-0.5i 3.2-3.7i  14.2
where Tapc is represented in the standard product basis,

i.e., |0) =10,050¢),|1) =]04051¢),|2) =|04150c),.... Up to numerical precision, the above
Yypc is a proper comb, as it is positive semidefinite, satisfies tr(Tyzc) = dg = 2, and we have
tre(Cape) = 3 Las-
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Tapc is a good candidate for a GME comb that has vanishing conditional entanglement.
As all the involved subsystems are qubits, the fact that this is indeed the case can be shown by
applying the PPT criterion to the (normalised) post-measurement states. Any pure qubit state
|¥) can be parameterized in terms of Pauli matrices as

[ (| = %[11 + cos(¥) cos(p)oy + cos(¥) sin(p)o, +sin(F)o,]. (81)

With this, the respective conditioned combs try(Tazc |[¥)(¥|y) for arbitrary (pure) projective
‘measurements’ on X € {A, B, C} can be computed®.

As the resulting conditioned combs are defined on two qubits, their entanglement can be
decided by means of the PPT criterion; while it cannot be straightforwardly shown analytically
that the resulting conditioned combs are indeed PPT, we can check the positivity of their
partial transpose numerically, for a sufficiently large number of angles. Here, we randomly
choose 5 x 10° uniformly distributed pairs (¢, ) € [0,27] x [0, 1] and compute the minimal
eigenvalue of the (normalised) partial transpose plT,YZ(ﬁ, ) of the respective reduced states
conditioned states. The minimal obtained eigenvalues we found are given by

A,AB

min

=0.0124,25¢ =0.0187, and A%$ =0.0193. (82)
Given that each of these values is well above zero, the resulting conditional states are all sep-
arable, and since the angles we sampled cover the relevant parameter space sufficiently finely,
we conclude that the conditional states are indeed separable for all projective measurements.
Since any POVM element (or —in the case of B —any state) can be written up to normalization as
a convex combination of pure states, this then implies that the GME comb of Eq. (80) displays
vanishing conditional entanglement for all conceivable measurements (or preparations, in the
case of B).
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