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Abstract

We extend the study of the recently discovered Yangian symmetry of massive Feynman in-
tegrals and its relation to massive momentum space conformal symmetry. After proving
the symmetry statements in detail at one and two loop orders, we employ the conformal
and Yangian constraints to bootstrap various one-loop examples of massive Feynman in-
tegrals. In particular, we explore the interplay between Yangian symmetry and hyperge-
ometric expressions of the considered integrals. Based on these examples we conjecture
single series representations for all dual conformal one-loop integrals in D spacetime
dimensions with generic massive propagators.
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1 Introduction and Summary

Conformal symmetry plays an important role in theoretical physics. On the one hand it repre-
sents an (approximate) symmetry of many interesting models. On the other hand, it furnishes
a powerful tool that puts strong constraints on a theory’s observables and leads to intriguing
mathematical structures. In this paper we explore an extension of conformal symmetry into
two directions: its applicability to situations with masses as well as its embedding into an in-
finite dimensional Yangian symmetry. While there is a clear phenomenological motivation for
going beyond the realm of massless particles, the extension to a conformal Yangian brings us
to the theory of integrable models where one may expect that physical quantities of interest
are fixed completely by the underlying symmetry.

While conformal symmetry can be studied on different levels of a given model, here we
are interested in its impact on the elementary building blocks of quantum field theory, i.e. on
Feynman integrals. The focus of the present paper lies on the question of how to bootstrap
massive Feynman integrals by using conformal symmetry or its Yangian extension. In fact,
we will discuss two instances of conformal symmetry, i.e. an ‘ordinary’ conformal symmetry
that is here naturally formulated in momentum space and dual conformal symmetry acting on
dual region momenta. In both cases we will discuss representations of the symmetry that also
act on the particles’ masses, which can be interpreted as extra-dimensional components of the
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coordinate vectors. The Yangian algebra employed here is then understood as the closure of
these two conformal algebras, cf. [1-3].

The dual conformal symmetry of certain Feynman integrals has a long history in the mass-
less as well as in the massive situation, see e.g. [4-10], and it strongly reduces the number
of variables a function of interest depends on. Among the dual conformal Feynman integrals,
infinite classes of diagrams of fishnet structure feature an even larger Yangian symmetry as
was shown in [2,11] for the massless case and a massive version was recently found in [3].
The Yangian algebra is well known to underly rational integrable models [12-15], and it in-
cludes the dual conformal symmetry at the zeroth level of its infinite set of generators. In the
case of two-dimensional field theories, this nonlocal symmetry typically fixes the scattering
matrix completely [16]. The distinguished role of fishnet-type Feynman integrals can be un-
derstood from the fact that their conformal Yangian symmetry is inherited from planar N = 4
super Yang-Mills (SYM) theory via a particular double scaling limit of its gamma-deformation.
This double scaling limit yields a massless fishnet theory [17], whose correlators or scatter-
ing amplitudes are in one-to-one correspondence with individual Feynman graphs of fishnet
structure. Similarly, a massive fishnet theory can be obtained from a double-scaling limit of
N = 4 SYM theory on the Coulomb branch, allowing to identify massive Feynman integrals
with Yangian invariant scattering amplitudes [18]. Also the massive version of the Yangian
can be understood as the closure of massive dual conformal symmetry and a novel massive
extension of ordinary conformal symmetry [3]. In this paper we will study the constraints of
the Yangian and its (dual) conformal sub-algebras.

The idea to bootstrap Feynman integrals using their Yangian symmetry was first discussed
in [19] for the examples of the massless box, hexagon and double box integrals. While the 2-
variable box integral was shown to be completely fixed by its symmetries, in this first approach
it was not possible to fix the linear combination of formal Yangian invariant building blocks
for the 9-variable hexagon and double box integrals. Here an important step was recently
made in [20], where this linear combination was determined using a multi-variable extension
of the Mellin—Barnes techniques, cf. [21,22]. In order to refine the algorithmic approach to-
wards Feynman integrals from Yangian symmetry it would be desirable to study examples that
interpolate between the above 2- and 9-variable cases. Here the recent extension of Yangian
symmetry to Feynman integrals with massive propagators comes in handy, since switching on
individual masses allows us to slowly increase the number of variables. In fact, initial examples
of massive integrals were obtained from Yangian symmetry in [3].

In the present paper we expand on the details of the massive Yangian and conformal sym-
metry presented in [3]. First we prove the symmetry statements at one- and two-loop orders
in detail. We then elaborate on the relation between Yangian symmetry and the massive ex-
tension of momentum space conformal symmetry. We explicitly discuss the implications of
this momentum space symmetry on a few examples in Section 6. In the massless limit, the
resulting constraints are precisely those that have recently been studied in the context of the
momentum space conformal bootstrap (see e.g. [23-33]) with applications in cosmology or
condensed matter physics.

We then systematically apply the bootstrap approach to massive Feynman integrals with
generic propagator powers at one loop order. Since the treatment strongly depends on the
choice of variables, it is useful to discuss different examples in detail, even if simpler cases
can (in principle) be obtained as limits of more complex cases. In particular, we will discuss
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representations of the considered integrals in terms of different hypergeometric functions. The
results are summarized in the following table:

| Points | Dual Conf. | Masses | RatioSpyrameters | Solution Basis | Section |
2 no/yes 00 05/0, rational/rational 7.2/—
2 no/yes m,0 15/0, Gaul$ ,F; /rational 7.3/8.1
2 no/yes mqmy 25/1, Kampé de Fériet/Legendre | 7.4/8.2
3 no/yes 000 2,4/05 Appell F,/rational 6.1/(6.2)
3 no/yes m,00 34/15 Lauricella/Gaul? ,F; 7.6/8.4
3 no/yes mymyms 54/33 —/Srivastava H —/8.5

| n | no/yes | mp...m, | see eq. (2.30) | —/conjecture | —/9 |

Based on the intuition gained with these examples, we finally conjecture two different series
representations for the most generic massive n-point integrals at one-loop order, with prop-
agator powers a; that obey the dual conformal constraint, i.e. they add up to the spacetime

dimension D =} a;:

Mp—1,an—1

dPx
no.2 ; 2va; (1.1)
[ Tjma gy +m5)

mi,a1

The two conjectured series representations correspond to expressing the integral in terms of

two different sets of variables

xi2j+(mi—mj)2 xl.2j+ml.2+m]2.
, Region B:  v;j=——F——"7-—7". (1.2)

_4ml' m] Zmi m]

Region A:  u;; =
The A-series represents an n-point generalization of Gauly’ hypergeometric function ,F; and
Srivastava’s triple hypergeometric series H. for 2 and 3 points, respectively. The B-series
closely resembles a representation given by Aomoto [34].! Moroever we note that the v-type
variables are distinguished since in the case of unit propagator powers a; = 1, elegant polylog-
arithmic expressions for this class of integrals are known up to five points [35]. Interestingly,
this family of all-mass n-gon integrals has been found to have beautiful relations to geometry,
see e.g. [35-40]. Our analysis suggests that this beauty is closely connected to the underlying
Yangian symmetry which essentially fixes these integrals completely. Note the hint at integra-
bility in the 1998 paper [36] by Davydychev and Delbourgo, where the simplification of the
integral representation for the constraint Zj a; = D was already called a “generalization of
the so-called uniqueness formula for massless triangle diagrams”.? In the non-dual-conformal
case of unconstrained propagator powers, hypergeometric representations for these one-loop
integrals were obtained in [42].

Throughout this paper we use the following notation for non-dual-conformal and dual
conformal one-loop n-point integrals with propagator weights a;, respectively, which is also
reflected in the subsection titles (cf. the above table of contents):

In-"lay, ..., a,], In"lay,. .., a,]. (1.3)

In the dual conformal case denoted by e, the propagator weights obey Zj a; = D. We close
the paper with an outlook in Section 10.

!We thank Christian Vergu for bringing this to our attentention.
2The uniqueness formula is also called the star-triangle relation which represents a characteristic feature of many
integrable models, cf. (6.2) and e.g. [41].
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2 Massive Dual Conformal Symmetry

In this section we discuss the massive dual conformal symmetry of Feynman integrals. Inte-
grals with this symmetry are particularly interesting in the context of the present paper since
only these are invariant under the whole tower of Yangian generators and thus maximally
constrained. The distinguished feature of these integrals is that the powers of propagators
entering into an integration vertex obey the dual conformal constraint

Za =D. 2.1)

After having discussed the case of one-loop integrals in large detail, we will comment on
generalizations to higher loop orders.

One-Loop Integrals and Dual Conformal Transformations. We begin by discussing the
dual conformal symmetry of Feynman integrals with massive external legs. As a simple exam-
ple, we consider the one-loop n-gon integral with arbitrary propagator powers,

(2.2)

fn] 1(X +m2)a1 =

The above integral is immediately invariant under four-dimensional Poincaré transformations.
In order to have an object that is additionally scale and conformally invariant, we introduce a
prefactor V,,,

In = Vn¢n~ (2.3)

Any appropriate prefactor will lead to scale invariance of the combined object under simul-
taneous rescalings of the x-coordinates and the masses. If the propagator weights satisfy the
constraint (2.1), the function ¢,, is also invariant under the (D + 1)-dimensional inversion

i
X 2.4)

%2
Here, we note that the index (i runs from 1 to D + 1 and the additional component of the

vectors x; is given by xD“L1 = m;. To denote an index running from 1 to D, we employ the
unhatted version . Moreover, we use the abbreviation

22 =x%+m?. (2.5)

For the action of the inversion map, we note that

2 2
Xo; +m;)

(xg; +m3) = (2.6)

202 2y’
xo(x].+m].)

where we have applied the ordinary D-dimensional inversion to x,, which can be achieved by
using an appropriate substitution under the integral. Correspondingly, the integral transforms
as

2.7)

I, HJ = (XO) P n7=1(x12+m12')aj.

[T, (2, +m2)s
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If the conformal constraint (2.1) is satisfied, the integral thus transforms by a factor. For the
function ¢, to be an invariant, we hence need to construct a prefactor which transforms as

n
Voo Vo[ [+ m2). (2.8)
j=1

There are several possible choices for such a prefactor, in particular since we can obtain the
respective scalings from combinations of fclzj or m;. A simple choice of prefactor satisfying the
above constraint is given by

n
v, = ]_! m, Y, (2.9)
J:

however, other choices of prefactors can be more convenient and we will also employ different
ones below.

The combination of the above inversion with D-dimensional translations yields the special
conformal transformations in D + 1 dimensions,

xP 4+ cPayx?
a A A
14 2¢5x” +cpePxsx”

D+1

Xa'—>

(2.10)

albeit with the extra-dimensional component ¢“ " set to zero, since I,, is not invariant under
the respective translation. These transformations are generated by the conformal generator
n
RM=> R, RY = —i(2xt'x) —1752)3;,. (2.11)
j=1
Next we note that the invariance of ¢, under the above generator can be translated to an
invariance statement for I,, with an adapted generator,
n
T _y-l % T ; I
0=R\¢, =V KL, KH =R+ V,RHVT =R —2i ) ajxl, (2.12)
j=1

which is easy to see using the explicit prefactor given in (2.9) but holds for any prefactor
satisfying (2.8). The integral I, is hence invariant under the dual conformal generators

P!’ =—io}! 1Y =ix'3” —ix? ¥
f 18xj, ; lxjé‘xj lx](”)xj,

=iy 9P A,
D; lxmaxj 14,

w_ Moy ubs2)g _ or A M

K = —i(2xtx) —%2)3; — 200, (2.13)
if we set the weights A; equal to the propagator powers a;. That is, for J* denoting one of the
above generators we have

J9I, =0. (2.14)

We remind the reader that the index (i runs from 1 to D + 1 while y runs from 1 to D. The
generators can hence also be understood as massless generators in D + 1 dimensions. Note
however that in order to have invariance, we have to restrict to indices u, v, e.g. the integral
is not invariant under translations in the mass dimension. The generators given above satisfy
the conformal algebra

D, PP |=i5,p", D, K| =—i5 K",

[J k] kg [J k] LS

[PL =i, (0P —npY),  [KILY]=i6(n" K] —nK}),

(4B | =215 (0D —12Y),  [L7.187] =16, (0L + (3 more)).  (2.15)

On a massless leg j, the same representation applies with m; = xP*1 =0.
Summing up, we have found that the one-loop graph (2.2) is invariant under the dual con-

formal generators (2.13) provided that the propagator weights satisfy the constraint . a ;=D.

6
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Higher Loop Integrals. The above invariance statement carries over to higher loop graphs
if we demand that at each vertex, the joining propagator weights sum up to the spacetime

dimension,
>laj+ > be=D. (2.16)

vertex vertex

Here, the variables a; denote the weights of external propagators whereas the b; correspond
to internal propagators. In order to see this, consider a multi-loop integral of the form

dPy,
I=...J—yl..., (2.17)
PiT;
with
a;
pi= l_[[(xj —y)*+ m,z] ", o;= l_[(.)’k —y)*h, (2.18)
jeV; ke?,

where V; and V; denote the set of external or internal points connected to y;. The internal
propagators need to be massless in order to have dual conformal symmetry, since we are not
integrating over the (D + 1)-component of the internal points, i.e. the mass. After carrying out
the inversion given in (2.6), we pick up a factor of

2 2jev, Gt ey, bri—D
[y i ] ! .
Given the above constraint, this factor cancels at each vertex.

Conformal Variables. Due to its invariance, the function ¢,, can be parametrized in terms of
conformally invariant variables, simplifying its functional form considerably. In the massless
case, the natural variables are the well-known conformal four-point cross ratios. In the massive
case, there are (at least) three natural kinds of massive conformal variables:

222 ~£2 82

L= vk = K Wk = UK (2.19)
Ujj = %2 T 32420 T 3232 :
ij ik™jk ikl
Here we use the abbreviation
82 2 2
x5 —xij+(ml-—mj) . (2.20)

Sometimes it is useful to multiply these variables by overall constants, to add constants to
them, or to consider the inverse of these variables, which may lead to a more natural form of
the resulting differential equations. Clearly, the vl.kj and the ijl are not independent of the u;
since

j?

-y cun vk
vikj e 3 , w’l‘]l e [ —lk] (2.21)

Ujj Uijer - V5
Therefore, in the general n-point case with all masses non-vanishing, one would try to find an
independent set among the n(n— 1)/2 different u;;. However, the other cross ratios become
important as soon as we consider special cases where some of the masses are set to zero.
Setting k masses to zero reduces the number of degrees of freedom by k, but it leads to the
vanishing of Zle(n—i) of the u;;. Therefore, one may need to extend the set of non-vanishing
u;; by an independent subset of the vl.k]. and Wﬁl We note that we can and will use the freedom
to select a set of independent cross ratios in order to simplify the form of the Yangian PDEs.
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Independent Variables. In the general case it can be difficult to make sure that a given
set of the above variables is indeed independent, and which combinations of values can be
reached by choosing appropriate xj.l . In order to answer such questions systematically, we can
employ the construction of the Dirac cone [43], which is also used in the construction of the
conformal compactification of Minkowski or Euclidean space. To this end, we map x? to a
(D + 3)-dimensional lightlike vector with components

X0 =1+%2, XP=2x", xPr2=1-%2. (2.22)
We can map X back to x via

xb

p—__ =+
X X0 4 xD+2°

(2.23)
Note that the latter mapping is invariant under a rescaling of X and hence we consider equiv-
alence classes of lightlike vectors X or the light-cone in projective space.

The main advantage of this approach is that conformal transformations of x correspond
to linear mappings of X, which makes them much easier to treat. In our concrete case we act
with transformations belonging to SO(1,D + 1), embedded in such a way that it acts trivially
on the (D + 1)-component of X, which corresponds to the mass component of the spacetime
vector x. )

In the following we consider a configuration of 4 points xl“ and successively exhaust our
freedom to employ SO(1, D+ 1) transformations in order to reach a set of fixed configurations.
This approach gives a different parametrization of the conformally invariant degrees of free-
dom of the configuration. It has the advantage that the variables we obtain are independent
by construction and their range is clear. We can then check if a given set of (generalized)
conformal cross ratios of the form (2.19) is indeed independent by expressing them in terms
of the new variables.

We employ the notation

[X]=[x:xP*2 . x"], (2.24)

such that the (massive) conformal symmetry SO(1, D + 1) keeps the last element of the above
vector fixed. We consider the case of at least one of the external legs being massive and assume
without loss of generality that m; # 0. The case of all masses vanishing was discussed in detail
in [19]. Next, note that the vector

(x0.x0%2,x1)

is timelike (since we are leaving out a nonvanishing spatial component of a lightlike vector),
and we can hence find a transformation in SO(1, D + 1), such that

[X;]=[1:0:...:0:1]. (2.25)
We note that this corresponds to
x; =(0,...,0,1) (2.26)

and we have effectively used the freedom to scale our variables to set m; = 1 and the remaining
masses are effectively measured in units of m;, which we make explicit in the following by
using the notation m; = m;/m;.
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Table 1: Number of degrees of freedom for n massive particles in D dimensions after exhaust-
ing dual conformal symmetry.

n|D=3|D=4|D=5|D=6
2 1 1 1 1
3 3 3 3 3
4 6 6 6 6
5 10 10 10 10
6 14 15 15 15
7 18 20 21 21

The stabilizer of the above vector X; in SO(1, D + 1) is given by the obvious SO(D + 1) and
fixing the following vectors is a straight-forward exercise leading to the configuration

[Xy]=[1+m2:1-m2:0:0:0:0:2mm,], (2.27)
[Xs]=[1+z2+m2:1—22—m2:22,:0:0:0: 2], (2.28)
[X4] [1+zz+zg+m 1—22—z§—m4 225:223:0:0: 2m4] (2.29)

Clearly, after fixing n points, we have a stabilizer of SO(D +2—n), provided thatn < D+1.
The number of independent, conformally invariant variables is thus given by

n(D+1)—dim(SO(1,D + 1))+ 6(D + 1 —n)dim(SO(D + 2 —n))

W(p +1—n)D+2—n), (2.30)

=n(D+1)— %(D +1)(D+2)+
see also Table 1 for the case of few particles. The above derivation assumes that at least one
of the masses is non-vanishing. We can conclude that, as long as one non-vanishing mass
remains, we only need to subtract one for every constraint such as masses being equal or
vanishing in order to find the corresponding number of degrees of freedom. In fact, for n > 3,
this procedure remains valid for the case of all masses vanishing, cf. Appendix A in [19].

Example: 3 Points, m;m,m3. As a simple example, we consider the case of three external
points and three distinct, non-zero masses. We take the generalized conformal cross ratios to
be

—1 ~2 —1 A2 -1 A2
u X u X u X
12 12 13 13 23 23
= = = = = — (2.31)

Uu=——=— = == == =

4  —4mym,’ 4 —4mymg’ 4 —4mymg
From the configurations obtained above, we note (setting D = 4 for the moment),
x; =(0,0,0,0,1), x5, =1(0,0,0,0,m,), x3 =(21,0,0,0,mm3). (2.32)
The cross ratios are thus given by

1—m,)? (1—mg)* +22 (my —ms)? + 22
__ﬂ v —_ - T8 w=— 24m ?;n L (2.33)
2MM3

5 B

4m2 4m3

These expressions can in principle be employed to find out what values the triple (u, v,w) can
take by solving for m;.


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010

Scil SciPost Phys. 11, 010 (2021)

3 Massive Yangian Symmetry

In this section, we show that one- and two-loop diagrams with massive external propagators
are Yangian invariant. The Yangian algebra extends an underlying Lie algebra symmetry to an
infinite tower of symmetry generators, grouped into levels n. For the levels zero (J) and one
(3), we note the commutation relations

[Ja’Jb] :fachc, [Ja,./]\b] :fabcj\c . (3.1)

Higher level generators can be constructed by repeated commutations of level-one generators.
These commutators are constrained by the Serre relations, cf. e.g. [14].

In our case, the generators of the Yangian algebra are constructed from the generator
densities of massive, dual-conformal symmetry given in (2.13).% These generators combine to
form level-zero and level-one generators on n-point functions

n

n
7=, Jo= 1 > I+ > s (3.2)
=1

j<k j=1

Here, ;. denote the dual structure constants of the above massive, dual-conformal algebra,
i.e. the spacetime indices are summed from 1 to D + 1. Introducing a free parameter y, the
level-one momentum generator reads

n

Bl = LS (PPD+ P L — (= ) + D sPH o+ y Pl (3.3)
j<k j=1
where
5 i D+1 .
Pg(tra = %Z(PjD+1LZ - (] — k)) . (3.4)
j<k

The other Yangian level-one and extra generators are listed in (A.1) and (A.2). Setting y =1
corresponds to the choice of considering the whole algebra so(1, D + 2) for the construction
of the level-one Yangian generators. Leaving out the contribution to the summation from
L = D + 1 corresponds to setting y = 0. It is interesting to note that at the one-loop level P*
is a symmetry for any value of y, as we will see below.

Let us pause here for a moment and introduce some additional notation. We denote a
generator acting on the sites [ through r of an n-site object as

r r r
T —1 b (n) _
J(al,r),n =3 % Z JJC'Jk + Zsj Ji J(az,r),n = ZJJG (3.5)

k>j=l j=l =l

We will drop the subscripts if they are clear from context. For a 2-point Yangian level-one
generator acting on legs j and k, we introduce the notation

T 2 2
T8 = 3 IS +5000 + 528 (3.6)

3We have verified the Serre relations for the generators in (2.13) for D = 2, 3,4 [44]. Note that for our bootstrap
purposes below we have solely used the level-zero and level-one symmetries without an appeal to the infinite tower
of Yangian generators.

10
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3.1 The Symmetry at One Loop

We show that the above level-one generator is a symmetry of generic scalar n-point Feynman
integrals at one-loop order with massive propagators,

3.7

fnﬂu+ﬁw:

The propagator powers a; and the spacetime dimension D are arbitrary, and we use the nota-
u

tion xfk =X = xZ . These integrals are invariant under all permutations of the external legs
which are accompanied by the respective permutations of the propagator weights a; and the

masses m;. It turns out that already the integrand is invariant, which implies that
JI, =0. (3.8)

Before we go on to prove the above result, let us discuss the implications of the permutation
symmetry of the n-gon integral I,,. Concretely, we consider the Yangian level-one generator

(1 n),n Zf be Z Jch Z (n)‘]a; (3.9)

k>j=1

with the evaluation parameters s g1ven by

k
5" = 3ag+1m ~ 390,-1) ABEDIE (3.10)

i=j
for the one-loop integral we consider. We note that we can split up the generator as

+3J2 +stM e 4sye (3.1

_Ja
(n—1,n),n b1loca1 n 1“n—1

Ta 1 a c b
J(l,n)n (1,n—2),n Ef bc (1,n—2)J(n—1,n)

Here, the restriction to the bi-local part corresponds to leaving out the local contribution gov-
erned by the evaluation parameters. Next, we consider the permutation P = (n— 1, n), along
with the respective permutations of the weights a;, and note that

—175 41 b (n) ( )
ng n), nP ng n—2)n zfabc (Cl,n z)J(n 1,n) JEIn 1,n),n | bi- local Ja ' Js 1> (3.12)
where
fln)l = %a 1a(1 n—2)> Sr(ln) = _%an—l - %a(l,n—Z)’ (3.13)
N:(qn)l = %a -1~ %a(l,n—Z) , SNEIH) = —%an - %a(l,n—2) : (3.14)

Due to the permutation symmetry of the integral I,,, the transformed generator is a symmetry
as well, and hence so is the difference of the generators

—17T7¢
T =P T

The n-point invariance thus implies a two-point invariance which, due to the full permu-
tation invariance of the integral, holds for any given pair of points. Conversely, it is easy to
see that the evaluation parameters are designed in such a way that

o= 33 @1

k>j=1

P=f%J Jb—a, J"+aJ% =21 (3.15)

n—1,n"°
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Two-Point Level-One Invariance. Finally, let us prove the two-point level-one invariance of
the integrand (3.7). We begin by considering the level-one momentum density at y =0

Bt = L (PUDy + P, L — i P —(j — K)). (3.17)
Plugging the level-zero densities (2.13) into the above expression yields
~u
Pl = L (Twpaxj,paw + (Zaj + mjﬁmj) a;*k —(2a, + mkamk) 3)8) , (3.18)
where
— P u
TP = x]?’kn“p + x].kn’” — xjkn”p . (3.19)

Since the integrand of (3.7) is factorized and the level-one density (3.17) only contains deriva-
tives with respect to points j and k, it suffices to consider the action of generator density on a
product of two propagators. Using the abbreviation fcgj = xgj + mJZ. we find*

Bl (82 \—a; (52 Y=k — o: 02 y—a;—17 42 y—a—1 uo_2 uo_2
ij(xoj) V(x5 —2lajak(x0j) GG T [T”“pxoj,pxok,v+kaxoj—xojxok].

(3.20)
Carrying out the contractions yields
TP X0, pXok,y = xgjxgk — xgkx(z)j (3.21)
and consequently
PR IR =0, (3.22)

Checking the two-point invariance of the integrand (3.7) under the remaining level-one and
level-one extra generators is a straightforward exercise. For y = 0 and a dual-conformal
integrand (2.1) there is of course no need for further checks as the algebra relations already
guarantee the invariance under the remaining level-one generators. However, let us stress that
level-one invariance as well as level-one extra invariance of the generic scalar n-point Feynman
integrals (3.7) hold no matter whether the conformal constraint (2.1) is satisfied or not. This
observation will later on allow us to also consider non-dual-conformal integrals which do not
have full level-zero symmetry.

In summary, we have found that one-loop integrals (and in fact already the integrands)
are invariant under Yangian level-one generators,

JI, =0, (3.23)

irrespective of whether or not the conformal constraint (2.1) is satisfied. This finding also
holds if we allow the internal summation in the Yangian level-one generators to include the
mass dimension, i.e. we have

J¢ 1 =0. (3.24)

extra 1

See (A.1) and (A.2) for explicit expressions of the generators.

“With regard to potential contact terms as they arise from the second order Laplace operator we note that f’j’;{
is a product of first order differential operators each acting on a single leg j or k only. In the fully massive case,
the propagators are completely regular even at the contact point.
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Internal Mass. The last finding can be puzzling, since e.g. the generator P4, . involves the
densities of the generator L, 1, which mixes the mass with the other dimensions and is hence
itself not a symmetry of the Feynman integral. We can illustrate the significance of the contri-
bution Pextra by allowing the internal mass m, to be non-vanishing. We are thus considering

the Feynman integral

. 3.25
f]_[] 1(x0]+(m —mg)2)Y (3.25)

Note that this integral arises from the one with vanishing m, by shifting the external masses,
I, = L,({m; —me}) = 7™ 1, ({m;}). (3.26)

We thus find that the level-one generators act on the shifted Feynman integral as
eI, ({m; —m}) = e Mo (emoP? FaemP N (). (3.27)

The above conjugation is evaluated as

o0 ' n
. PD+1A _: PD+1 0 D+1
elmoP”" a g imo Z [PPL5%] (3.28)
where, [A, B](;) denotes the n-fold commutator
[A,Bly = [A,[A,Bln-1)] [A,Blo)=B. (3.29)

These commutators are easy to evaluate by employing the commutation relations (2.15) and
(3.1). Specifying to the level-one momentum generator, we note that P* only commutes with
PP*1 if we set y = 1 in (3.3) and thus include the contribution P, . summing over the mass
component as well. We conclude that for non-vanishing m, the operator P is only a symmetry

ify=1.

3.2 The Symmetry at Two Loops

The invariance of two-loop graphs can be derived from the invariance of the constituting one-
loop graphs. Concretely, we consider a two-loop graph that arises from joining two one-loop
graphs with [ + 1 and r + 1 legs, respectively, thus having n = [ + r legs in total:

D, 4D,
d”xod" x5

2b 2 2 :
01—[] 1(x0] +m5)% [T l+1(x0k+m )%

(3.30)

We have noted in the above discussion that at one-loop order the diagram need not be invariant
under the underlying dual conformal symmetry in order to have level-one invariance. For the
two-loop discussion, however, level-zero invariance is more critical and we will set y = 0 in
the following, since the Lorentz generator Ly, is not a symmetry of the Feynman diagrams
we consider, and thus the extra generators J.,,, will not generate separate symmetries at two
loops, cf. (3.24).

13
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Dual Conformal Case. We would like to show that there is a set of 2-loop evaluation pa-
(2,n)

rameters s such that the above generator (3.9) becomes a symmetry of this diagram. Here

we denote the £-loop evaluation parameters by sy’"). To this end, note that we can split up a
generic level-one generator as follows:

l n
b @) _ 0 @n) (L)
+ T + 2 b, + (st P+ D0 (52 s

k= k=1+1
(3.31)

=7Ja

J (D)

(1,n)

The terms in the last line are due to the differences of the evaluation parameters for the genera-
tors acting on the diagrams containing 1 or 2 loops, respectively. When acting on the level-zero
invariant I ,(12), we note that

b @ _ 2
2fabc (1,0 (1+1 n) n 2fabc (11)( J(u))In 2J€1z)1n > (3.32)
where the dual Coxeter number ¢ arises from the contraction
fef g =2¢85. (3.33)

Consequently, we have

l

T4, n)Iﬁz)—Z(sf’”)—sg’” )J“I(2)+ Z (s — s )ger®. (3.34)
k=1 k=I[+1

Here, we have used that I r(lz) is invariant under the partial level-one generators acting on the
first [ and last r legs, respectively, since already the integrands of the constituent one-loop
graphs are invariant.

We can then take the above equation as a definition of the evaluation parameters for the
Yangian level-one generators at the two-loop level. Concretely, this gives

I(<2 ) = z(a(k+l DT A1k-1) T C) for k<I, (3.35)
2
l(c o) — z(a(kﬂ n) — A(1+1,k— 1)) for k=>1+1. (3.36)

The dual Coxeter number can be inferred by commuting the constituents of the level-one
momentum generator (3.4). This gives

2i([P*,D] +[P,,L*"]) = 2(P* + 5 P* — 5"P") = 2DP¥, (3.37)
and consequently

c=D. (3.38)

Non-Dual-Conformal Case. At the one-loop level, we noticed that all level-one generators
are symmetries even if the conformal constraints (2.16) are not satisfied. This finding par-
tially persists at the two-loop level, where we restrict ourselves to the level-one momentum
generator, again setting y = 0. For this generator, many aspects of the above discussion are
still valid. The only difference is that IT(IZ) is no longer annihilated by the dilatation generator
D. Instead, we note that

DIT(I2) =— ( - Cl(l n— bo +D— a(l+1 n) — bo) (2) = —lal(z) (3.39)

14
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which only vanishes if the conformal constraints are satisfied. We can then modify (3.34) to
yield

l

Pur2) _ (2nm) _ (D _ ¢ e @2n) _ (1,r) Hr(2
pw,g)_z(sk —s V=S )P 1+ Z( )P, (3.40)

k=1 k=I+1
from which we read off the evaluation parameters

,(<2 n) (a(k+1 n) —A(1,k—1) —D+ aa,n + ZbO) for k< l, (3.41)
2
I(c n) (Cl(k+1 n) — Cl(l+1 k— 1)) for k > [+1. (342)

We note that we can always adapt the evaluation parameters by employing a shift s, — s, +C,
which acts as

P — P* + CPH (3.43)

on the level-one generator. Since P* is a symmetry generator itself, we can omit the last term
when discussing the respective level-one generator. In this way, we obtain the evaluation
parameters

2
,(< ) _ (a(k+1 0~ A1k 1)) for k<I, (3.44)
s = 3(ages1m — A1) + D —2bo), for k=l+1. (345)

These evaluation parameters can be stated in terms of the following rule: Pick an arbitrary leg
as leg one and set

s =1agy . (3.46)

Then move clockwise around the diagram and update the next parameter as

S](:;,_)l - S]En) 3 (ak + ak+1) ) (3.47)

if legs k and k + 1 are attached to the same vertex, or as

51(331 (n) 3(ax+ag, —D)+D, (3.48)
if the vertices of legs k and k+ 1 are connected by an internal propagator with weight b. This
rule was also stated in [3]. We note that it applies to all cases we discussed above and we have

hence omitted the explicit reference to the loop number.

Summary and Higher Loops. The above findings at one- and two-loop orders are summa-
rized in Table 2. Here the statements at higher loop orders reflect the following conjecture
formulated in [3]: Feynman graphs cut along a closed contour from one of the three regu-
lar tilings of the plane with massless internal propagators have full Yangian symmetry in the
dual conformal case, or only P symmetry in the non-dual-conformal case, respectively; exter-
nal propagators can be massive or massless. This conjecture is motivated by the fact that in
the massless limit, these are the classes of Feynman diagrams that are known to enjoy Yan-
gian symmetry [2]. It is further supported by numerical evidence obtained as follows. The
level-one momentum generator P was applied to the Feynman parametrization of examples of
Feynman graphs in the respective categories. The resulting expression was then integrated nu-
merically in Mathematica and it was compared whether the given uncertainty neighborhood
of the result includes zero. It would certainly be desirable to find an analytic proof of this
conjecture on massive higher loop integrals similar to the one in the massless case [2], or to
extend the numerical tests with more advanced numerical techniques. Notably, all integrals
at higher loops that are expected to be Yangian invariant are related to planar diagrams. At
this point there is no evidence that the Yangian symmetry of single Feynman diagrams can be
generalized beyond planar integrals.
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Table 2: Symmetries at different loop orders.

Loops | Graphs | Dual Conformal | Not Dual Conformal Status

1 n-gons allJ and J.;, all J and J s proved

2 [-r-gons allJ P proved
>2 tilings allJ P conjectural

3.3 Two-Point Yangian Invariants

Let us discuss some subtleties specific to two points. Consider a two-point invariant under the
level-one symmetry which obeys

JoI, =0, (3.49)
where at two points we have
Jo =30, = 1 £ d00L + 53¢+ 538 (3.50)
The one-loop integrals
de
12 — 5 3 02 5 = cal.: T :a2o, (351)
(xgy +m7)(xgy +m3)%

are actually invariant under the level-zero symmetry if the dual conformal constraint a;+a, = D
holds, i.e. they obey (2.14)°

(2 +30),=0. (3.52)
This implies that we can write
0=J0, =438 +5P5¢ — P3¢ |1, (3.53)
Now we use that
bt ==l ] = et @59

with the dual Coxeter number ¢ defined in (3.33) via £ f?; = 2¢63. Hence, we have

0=J1, = (s =5 — )i, (3.55)

From (3.10) we can read off the one-loop evaluation parameters 552) =a,/2 and ng) =—a;/2,
which yields

0=U%, = 3(a, +ay — )4;. (3.56)

Hence, for the dual Coxeter number ¢ = D as given in (3.38) this equation is trivial if the dual
conformal constraint a; + a, = D holds and thus yields no non-trival constraints that could
help to determine the integral.

Nevertheless, there are two ways to obtain non-trivial constraints on a two-point invariant
from the Yangian level-one generators:

5The following statements can also be adapted to two-point integrals that are covariant under the level-zero
symmetry, cf. (3.39).
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* Firstly, at one loop order we can employ the extra symmetry jextra, see (3.24) and the
two-point examples in Section 8.

* Secondly, we can give up on (parts of) the level-zero symmetry, e.g. the special confor-
mal symmetry K#, which amounts to relaxing the dual conformal condition Y jaj=D.
Examples of how the resulting constraints can be used are discussed in Section 7.

3.4 Recursions from PP?*!

As seen above, there is an extra contribution to the level-one generators containing the D + 1-
components of the generator densities, in particular the D + 1 momentum density

D+1 _ _:
Pj =

_— 3.5
lamj (3.57)

Recursions from PP*1,  While these generator densities feature in the level-one symmetry

of one-loop diagrams, they do not combine to form level-zero symmetry generators. It is well
known that the resulting differential equations in the mass variables are very helpful in solving
Feynman integrals [45,46]. As an example, acting on the one-loop integral (2.2),

dPx,
I = -, (3.58)
’ f [T (g +m)
results in
P].DHIn[al, e @p] =2ia5m;l[aq, . a5+ 1, .00, a,], (3.59)

i.e. the set of all diagrams transforms covariantly under the action of the D + 1 momentum
generator density. Hence, after the kinematic dependence of a diagram has been reduced to
a linear combination of basis functions using the level-zero and level-one symmetries, these
covariance equations can be used to constrain the propagator weight dependence of the expan-
sion coefficients. Since there is an independent covariance equation for every mass m;, these
constraints are most powerful for integrals with all propagators massive, where the depen-
dence on all propagator powers a;, is fixed. Otherwise, only the dependence on the propagator
powers of massive propagators are constrained.

Below, we use these identities to fix the propagator weight dependence of the non-dual-
conformal all-mass two-point one-loop integral, such that the only remaining freedom is given
by numerical prefactors. This information can then be transported to all other two-point cases
by taking massless and conformal limits.

From Conformal to Non-Conformal. Another important application of the D+1 momentum
densities is to generate non-dual-conformal integrals from dual-conformal ones. As we argued
in Section 2, Feynman diagrams are dual conformal if for any vertex the sum of all propagator
weights gives the spacetime dimension D. Acting on the respective Feynman integral with
a D + 1 momentum density raises the propagator weight of a leg and breaks the conformal
condition at the corresponding vertex. Repeated action allows to extract the integral at an
arbitrary integer distance to conformality from the knowledge of the dual-conformal integral.®

This procedure should not be confused with another way to acquire a non-dual-conformal integral from a
dual-conformal one: sending one of the external points to infinity, the corresponding propagators drop out of the
adequately normalized integral, turning a conformal vertex into a non-conformal one.
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As an example, consider the case of the two-point one-loop integral with one non-vanishing
mass. In section 8.1 and section 7.3 we calculate both the conformal as well as the non-
conformal version of this integral respectively. They are given by

I _ maz—al
a;,ap,D=ay+ay __ _p/2° 01/2—ay/2 1
I, =7 T G2t miy (3.60)
a 12 1
and
2
Igl’QZ’D _ ﬂ;D/2 Fa1+a2—D/2FD/2—a2 mD—Z(a1+a2) 2F1 |:a2,a1-£a2—D/2 : _@] , (3.61)
r, I /2 2
a;1D/2 1
respectively. Here Gauly’ hypergeometric function is defined as
oo
(@) (B)c u*
B[ %P u] =) ook (3.62)
241 Y > 3
= () K

with the Pochhammer symbol (a); = I',,r/I,. The precise relation between the two above
results is given by

(_ 1 0 )nlal,az,D=a1+a2 _ Ia1+n,a2,D=a1+a2 . (3.63)
2a;m; dm; ) 2 2

From the non-dual-conformal result, we find

2
Ia1+n,a2,D=a1+a2 — D72 F1/2(<11—02)Fn+1/2(<11+<12) m—(a1+a2+2n) F ay,n+1/2(a;+ay) _x12
2 241 1/2(a;+ay) 2

Fa1+nF1/2(a1+a2) my
(3.64)
To be concrete, taking n = 1, we have
2 2
[atlasD=atae, _ D/2 I /20a1-a,) ay—a;—2 (a; — a2)x12 +(a; + a2)m1 (3.65)
2 2F1+a 1 (XZ n mz)a2+1 ’
! 12 1

in agreement with the derivative of the conformal integral.

Hence, knowledge of the dual-conformal case is actually enough to derive the results of
many non-dual-conformal cases, at least the ones with integer deviations from conformality.
These cases are also the ones important for phenomenological applications. Still, having the
results of arbitrarily many non-dual-conformal integrals does not necessarily allow to derive
the continuous dependence on propagator weights and spacetime-dimension.

4 Yangian Bootstrap in a Nutshell

In this section we discuss the Yangian bootstrap algorithm introduced in [19] and extend it to
the massive situation. After a brief explanation of how to extract the Yangian PDEs from the
invariance equations, we illustrate the algorithm by means of a simple example. Similar steps
can be taken for the integrals discussed in the subsequent sections, but below we will refrain
from giving all details and rather highlight some key elements.
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4.1 Extracting Yangian PDEs

Above we have argued that certain classes of (massive) Feynman integrals are invariant under
the Yangian algebra. In order to evaluate the constraints from Yangian symmetry on a given
integral, it is useful to translate the Yangian invariance equations into differential equations
for the function ¢, that depends only on a reduced set of variables which takes into account
Poincaré, scaling or full (dual) conformal symmetry. Doing this requires two steps: First, we
bring the PDEs to a canonical form, e.g. for the level-one momentum generator we have

n
P, = > a! PDEj; ¢, . (4.1)
j<k=1

Here the form of the vectors aj.‘k depends on the particular choice variables. As a second step,
we may exploit the spacetime symmetry (e.g. conformal symmetry) of the integral to argue that
the vectors aj.lk are in fact independent,” which implies the following set of partial differential
equations:

PDE;; $, =0, 1<j<k<n. (4.2)

Similarly we can obtain a separate set of one-loop PDEs, which follow from the extra symme-
tries, see (3.24). Determining the respective integral then boils down to solving the resulting
set of PDEs and to using additional input (e.g. permutation symmetry in the external legs) to
identify a unique invariant that corresponds to the integral under study. It is instructive to
discuss an example.

Example: 3 Points, m;m,m3; (Dual Conformal). As an example consider the conformal
three-point integral

D g
3 ’ .
* (x2, + mP)u(x3, + m3)%(x2, + m3)%
with three non-vanishing masses and the kinematic variables given in (2.31),

A2 a2 ~2
x x x

=12 y=—1 w=_—2 (4.4)

_4m1 mo _4m1 msg _4m2m3

This integral is fully bootstrapped in Section 8.5. We set I3 = V3 ¢p5(u, v, w) and choose the
prefactor V; that carries the scaling weight according to

Va=m;"m,?m;®. (4.5)

Now we would like to evaluate the level-one momentum invariance which takes the form

3 xH
~ jk
0= DPHp™™s = § : Z_PDE; ¢5(u, v, w). (4.6)
o= m;my
j<k=1"""

Here the symbols PDE;; represent differential operators in the conformal varibles u, v and w.
In the following we will argue that the vectors

X
al = (4.7)
m]-mk

7Whether this is possible depends on the considered example, in particular on the number of external points.
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are independent such that we can read off three partial differential equations in the cross
.8
ratios:

PDE]_Z ¢3 = O, PDE13 ¢3 = 0, PDE23 ¢3 == O . (48)

In order to see the independence of the above vectors, we employ the configurations derived
in Section 2,

[X;]=[1:0:. '0'1]
[Xy]=[1+m2:1—m2:0:0:0:0:2mm,], (4.9)
[X3]=[1+2%+m> 1 z2—m2:22,:0:0:0:2m3].

Since for the case of equal masses the number of variables is reduced, we assume that the
masses are different and ordered according to

m; = 1< my <mg. (410)

Now we can investigate, whether the vectors a]”k given in (4.7) are independent after conformal
transformations. In the three-variable case, the invariance equation (4.6) takes the form

PHI;™2™ = ¥ PDE),¢3 + a¥', PDE 33 + aby PDEy3 s . (4.11)

Setting the parameter c* of the special conformal transformation to zero, yields
PDE 3¢5 + m, 'PDEy3¢p3 = 0. (4.12)

On the other hand, taking the ¢y, c4-derivative and then setting c* to zero gives
PDE;3¢3 + myPDEy3¢p3 = 0. (4.13)

Hence, for m, > 1, we can conclude that PDE;; and PDE,; independently annihilate ¢5.
Finally, taking the c,-derivative and then setting c* to O yields (after using that PDE;; and
PDE,; annihilate ¢5)

(my—m5')PDE 55 =0. (4.14)

Hence, also the differential operator PDE,, annihilates ¢5.

4.2 Algorithmic Solution of PDEs

In [19] an algorithmic solution of the Yangian PDEs for massless Feynman integrals was pre-
sented. The same steps can also be applied to massive Feynman integrals:

1. Translate the symmetry PDEs (4.2) into recurrence equations.

2. Find a fundamental solution of the recurrence equations.

3. Find all zeros of the fundamental solution yielding a solution basis.
4. Classify these zeros by their kinematic region.
5

. In a given kinematic region, use further constraints to fix the linear combination of basis
functions. These constraints can come from e.g. permutation symmetry or kinematic
limits that simplify the form of the integral, such as sending a mass to zero or an external
point to infinity.

For conciseness we will not go through all these steps for all of the examples discussed in the
subsequent sections. We explicitly illustrate the above algorithm on the following pedagogical
example.

8For explicit PDEs for the considered integral see Section 8.5.
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4.3 2 Points, m;0: Gaul} ,F; (Non-Dual-Conformal Example)

Consider the two-point integral

o= xy _ ouigu, (4.15)
? Cegy +maGay)e '

where we do not impose any (dual conformal) constraint on the parameters a;, a, and D. We
choose to write

2

m
I;Tllo — (X%Z)D/Z—al—a2¢)(u) , u= _—21 . (4.16)

X712

The integral is trivially annihilated by P and L but not by K and D since we do not have level-
zero symmetry under K and D, cf. Section 3.3 . Hence, P and P,,,,, do not yield any non-trivial
PDEs. However, invariance under K and D give rise to the same equation, namely to Euler’s
hypergeometric differential equation

u(l—w)¢p” +[y—(a+p+Dulp’—aBep =0, (4.17)
where we have introduced the parameters
a=14+a;+ay,—D, [5=a1+a2—1§7, y=1—§+a1. (4.18)

To convert this Yangian PDE into a recurrence equation we make the series ansatz

P = D g.u". (4.19)

nex+7

Here, a priori the sum runs over all integer numbers and we even allow for a non-integer shift
x € [0,1) of the (here one-dimensional) summation lattice. Then the hypergeometric PDE
translates into the following recurrence equation for the coefficient functions g,,:

0=(n+a)(n+p)g,—(n+1)(n+7)gns1- (4.20)
Modulo an overall constant this equation has a unique fundamental solution

gatr _ @ulP),

, (4.21)
: Ih+1(Y)n
where we make use of the Pochhammer symbol
T,
(@), =~k . (4.22)

Ia

While the above representation g,(fﬁ " of the fundamental solution in terms of Pochhammer
symbols may be better behaved in certain limits, we can alternatively express the above series

via
1

Ih+1IH—n—aIH—n—ﬁIh+y,

foPT = (4.23)

where for integer n we can write

IyIgsinm(a+ x)sinm(f + x)

2
T FY

2P = c(a, B,7,0) g7, Cla,B,y,x) = (4.24)
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Here the overall constant C depends on the parameters a, 3, y and the base point x. Hence,
for every x € [0, 1) the following series represents a formal solution of the hypergeometric
PDE:’

Gi‘m(u) — Z unfnaﬂr =u* Zun noi/a’xr_ (4.25)

nex+7z nez
The above series Ggﬁ "(u) terminates for the following four choices of x, which we take as a
condition for convergence:

| Region Region II
0 —a (4.26)
I—y —B
These four choices for x correspond to the zeros of the fundamental solution (4.23), and an-
ticipating their interpretation we have classified them according to two different kinematic
regions. Moreover, the fundamental solution (4.23), which is symmetric in the first two pa-
rameters, obeys the following shift identities (plus the identities with a and 8 exchanged):

1
2

fa[Sy _ a—y+1,8—y+1,2—y (4 27)
n+l1—y +n ’ :
FPr = poamrrhabeL, (4.28)

Note that these identities and similar identities for the more complicated functions considered
in the rest of the paper get additional prefactors when formulated in terms of the gffﬂ " of
(4.23).

Evaluating the series defined by (4.25) explicitly we find the following expressions in terms
of Gaul¥ hypergeometric function ,Fy:

Gy = Ggﬂy(u) = m oF1 [a;,ﬁ ; U] > (4.29)
Gro = G‘le;’(u) =u'7 m 2F1 [a_Hzl’_[i_YH ; u] , (4.30)
Gy = G () = Fl_ara—l/Hl —aFy [mersii1], (4.31)
Grpo = Gfgy(u) =uf ! 2F1 I:ﬁﬁ[j_;)_:’]__l; %:I . (4.32)

Iplp—ar1ly—p
The above algorithmic procedure generalizes to the more involved examples discussed in the
subsequent sections. In this simple case, however, the two functions G; ; and Gy 5 in Region I
are also found when solving the Yangian PDE (4.17) directly in Mathematica:

Pp(w)=+c; oF; [af ; u] +eut™ LF [Ha_z”f;ﬂ_y;u] : (4.33)

Finally, we can use the PP*! recursion from Section 3.4 to determine the a;-dependence of the

prefactors ¢;. Here, (3.59) reads

1
_d)/(u) = ¢(u)|al—>a1+1 . (4-34)
a;

In this particular case, this constraint could be solved using identities of ,F;, but in anticipation
of the more complicated cases in the following sections, we instead expand both sides of (4.34)

?Note that we could alternatively define the series by summing over g:‘ﬁY in (4.25). This, however, leads to
divergent factors in the expressions (4.31,4.32) that we would have to regulate, cf. (4.24) for basepoints x = —a
or x =—p.
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in a series and compare term by term,

1—
0= (M —ey(ay+1)+ O(uz)) ur (M —cylag + 1)+ (’)(uz)) . (4.35)
a1y a;
Solving the resulting difference equations for ¢; and c,, we find
I'gl_ r._
a=e——T1—, ¢ = ep(—1)1T (4.36)
In_q Fﬂ—a+y F/ﬂ—a-ﬂ—y

where e; and e, are constant in a; but may still depend on a, and D.

To fix the full dependence of the prefactors, one needs to start from the more symmetric
two-mass integral given in (7.45), which we bootstrap in Section 7.5. Taking the m, — O limit,
the answer agrees with the a; dependence we derived here and the full result given in [47]
modulo a conventional overall factor:

D/2 Tply—ali—y

r._
L= , Cy= TED/Z(—l)1+YY—1 ) (4.37)
Fl—arl+ﬁ—)/r/5—a+y Fﬂ—a+y
Conformal Limit. Due to distinguished role of integrals with dual conformal symmetry, let
us now consider the dual conformal limit in which we expect to find the below result (8.2).
Setting D = a; + a, + 2¢, we have

+ —
a=1-—2¢, ﬁzu—e, y=1+ﬁ—e. (4.38)
2 2
Accordingly, in the limit € — 0 (4.33) takes the form
P (u) =+c; oF; [1’?{_1;1,1] +eut™- R [Aj‘fz ; u] , (4.39)

where AL = (a; £a,)/2+ 1. Since ¢; given in (4.37) is of order €, we conclude

0 Iy /2—ay/2 m
D_ljln_lm I;nl — 7'CD/2 1F 2 ( . 1 —, (4.40)
1taz a; X1 + ml) 2

in agreement with (8.2).

5 A Change of Perspective: Massive Conformal Symmetry in Mo-
mentum Space

In this section we look at Yangian symmetry in region momentum space from the momentum
space point of view. We begin by deriving the momentum space representation of the dual
level-one momentum generator, thereby introducing a novel massive generalization of mo-
mentum space conformal symmetry, cf. [3]. After verifying the algebraic consistency of this
representation, we explore the idea to bootstrap Feynman integrals in momentum space by
utilizing the newly gained insights.

Translating Generators. A natural question is whether the massive dual conformal Yangian
symmetry can be understood as the closure of the massive dual conformal Lie algebra sym-
metry and an ordinary (massive) conformal symmetry, similar to the situation in the massless
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case [1]. To address this question, we focus on the level-one momentum generator in dual
space

n i—1
= >3 (W + 9" DP v—(l<—>1))+Zs Py Bl (5.1)
i=2 j=1 i=1
where
n i—1
D 1 .
extra = % Z(LM " ) D+1 (l — ])): (5.2)

and rewrite it in terms of momentum variables. The latter are related to the dual variables in
the following way:

p“—x“—xffrl (5.3)

The mass variables, on the contrary, stay untouched. Note that momentum conservation im-

plies the identification xﬁ 1= x? which will be implicitly assumed henceforth. Inverting the

above relation yields
[ I
X; =Xx3 —ij , (5.4)
j<i
which shows that the dual variables are in fact region momenta, thus explaining the arbitrary
reference point. In order to rewrite the generator (5.1) as a generator in momentum space,

we furthermore need to express the derivatives in equation (5.1) in terms of derivatives in
momentum space. To this end, we apply the chain rule and obtain

ol =ar—at (5.5)

Substituting the expressions (5.4) and (5.5) into equation (5.1) and simplifying the result
yields

. n

~ i

P, = E{Z(Km o~ (Ai+Apy +25;—25,1)0) — (m; Oy, +Mi410,,,)0 “)
i=1

n
425 (Buso + mdn, + A" —127) 2 } ,
i=1

n i—1
extra {Z 1((P +. pf_l)amiamj +(mi_mi+1)amjaplj_(m' ]+1) m; p)

=2 j=
n
= > i1 (B, + B, 3“+Zm1(8 +0, +1)aﬂ} (5.6)
i=1
where

SU _ Sl A

P"=p;, Ki =p; Op, " Op, —2Pi* 95,05 — 24,9,

Di =D;- api + A_i 5 I:Il“/ = pfapv lvapu (57)

Note that momentum conservation always allows us to eliminate one momentum in favor of
the remaining n — 1 momenta. The massive n-gon integrals for example can be expressed as

, 5.8
f [Ty (G zj<lpj)2+m2>az ©8
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so that the n-th momentum does not appear. This choice turns out to be very convenient since
it allows us to drop all terms containing a derivative with respect to p, in equation (5.6).
Finally, we recall that level-one momentum invariance requires the scaling dimensions A; to
be equal to a; while the evaluation parameters s; have to be chosen according to (3.10). For
the combination appearing in equation (5.6) this implies

Ap+ Apg +28— 254 = 2(a; + a;41). (5.9

Algebra. With the above results at our disposal, we can now define the massive representa-
tion of the conformal algebra in momentum space as

P =p}, L =pid)—ploL, Dni =i+ 0y, + 3(M;8y, + M8 )+ A,
I_(I;l,i = pfl’ 3pi . apl_ - 2pl . 3pi apl': - (mi ami + m;q 3mi+1)3p‘f - ZA_laplf . (510)

A straightforward computation of the commutation relations yields that these generators in-
deed satisfy the same algebra relations as the massless generators, i.e.

[i“rl;zv’ ]:gla] — nua]:::lp + nvpi,t;la _ n,up]::;la _ nvo]:,l;lp ,

[T PRl =n""Pr =By, [D,Kp]=—K,
[P, R” ] =20""D,, + 201, [D,,, PA] = B¥,
[Lh”,KE ] =n"PKE —n"PK , (5.11)

where the action on an n-fold tensor product space reads
n
= Jms- (5.12)
i=1
This confirms the statement that (5.10) is merely a different representation.

Consistency Check: One Loop Invariance. In order to check the consistency of equation
(5.6), let us verify that the right-hand side indeed annihilates the massive n-gons (5.8). For
simplicity, we set y = 0. Denoting the integrand of (5.8) as i,, we find

K i, =K} 1 in— (D +2ay +my3p )iy, (5.13)

where
n—1
K‘r':l = Z(K‘ZA-:O — 2(ai + ai+1)3p‘f - (miami + m;q ami+1)ap'lf) , (514)
i=1

with I_(‘,: denoting the massless special conformal generator acting on the loop momentum. Due
to the fact that K‘lf is itself a total derivative, the above expression vanishes when integrated
over.

6 Momentum Space Conformal Bootstrap

In this section we explore the idea to bootstrap Feynman integrals in momentum space rather
than in dual space. The motivation to do so is twofold. First, this idea seems natural as the
ubiquitous (dual) level-one momentum generator has been identified as the special conformal
generator in momentum space which is local and thus easier to handle. Second, such an
analysis bridges the gap between the Yangian bootstrap approach and the study of conformal
constraints in momentum space pursued e.g. in [24,25,29].
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6.1 3 Points, 000: Appell F,

In order to start with an example that is in fact completely fixed by momentum space conformal
symmetry, we begin by considering the non-dual-conformal massless star integral with three
external points

.2
.2
dPx P
0 ar ..
o0 — | S X0 _ i g 6.1)
3 .
2a1 _2a, _2aj CXas
10 X20 *30 b,

While its dual conformal cousin with a; + a, + a; = D is uniquely fixed by the star-triangle
relation, see e.g. [48],

D D/2
1990 = Pxo __Talaly ¥ a/=D/2—q;, (6.2
3¢ T 2a; 2ay 2az 2af 2d) 2al’ i [ :
X0 Xong X Fal Faz Fas X 3Xo, 02
10 20 ™30 12 123 131

no such statement holds for the non-dual-conformal version of the integral. We therefore
employ the conformal momentum space symmetry from above to constrain the function. To
do so, we first express the star integral in terms of momenta by using equation (5.3) and obtain

dPk
. (6.3)
k2a1 (k — p1)2% (k — py — p)?%

Next, we employ the scaling equation

Do I3°° = (D — 2a; —2a;, —2a3) I3, (6.4)
to justify the following ansatz:
p?

1300 = (pg)D/z_al‘az_%cj)(u,v), where u= p—; , v=—=, (6.5)
3

Eliminating p; from the ansatz by using momentum conservation and acting on it with I_(Iri:()
and A; as specified in (5.9),i.e. A; = a; + a;;1, yields

KM = 4 (p2)P/2~ai—a=a~1 (pM'PDE + pb'PDE, )¢, (6.6)
where

PDE, = (aB +(a+p+1va, +((a+ B+ Du—1)3,+v232 +(u—1)ud’ +2vud,3,),

PDE,, =(af +(a+p+1ud, +((a+p+1)v—y')d, +u?*3? +(v—1)vd?2 +2vud,d,).
(6.7)

Here, the Greek parameters are related to the propagator powers and dimension in the fol-
lowing way:

a=a,, B=ay+tay+az—2, y=1l+a,+a,—2, yY=1+ay,+a3—2. (6.8)

Since p; and p, can be freely varied, both equations have to be fulfilled independently. We
recognize these partial differential equations as the system defining the Appell function F,,
see also [24, 25, 29] for similar discussions of the conformal momentum space constraints.
This comes as no surprise since the triangle integral has been shown to evaluate to a linear
combination of four F4 functions more than 30 years ago [47]. Furthermore, the triangle can
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be obained from the box integral by sending one of the external points to infinity [6]. The
latter was recently computed in [19] by utilizing the Yangian bootstrap approach and we can
use the exact same techniques to reproduce the result stated in [47]. Here, we only give a
brief summary of the necessary steps. For more details the reader is referred to [19].

In order to solve the partial differential equations from above, we make a power series
ansatz

Gi‘ﬁ”/(u,v)= Z fkflﬁ”/umv”. (6.9)
kex+7Z
ney+7z

Acting with the PDEs (6.6) on this ansatz yields recurrence relations for the coefficients fko;ﬁ v
which can straightforwardly be solved, for example, by using Mathematica

/ 1
o = : (6.10)
Ik+1I%+1Ik+yfh+wla—k—n—ala—k—n—ﬁ

Note that this expression leads to a (formal) solution of the PDEs for any value of x and y in
(6.9). However, for generic values the series will most likely be divergent for any value of u
and v because the sum extends over a shifted Z-lattice. Only if x and y are chosen in such
a way that the series terminates at a lower or upper bound for both k and n the series has
a chance of being convergent. A careful investigation of the zeros of fundamental solution
(6.10) shows that there are 12 choices for (x, y) for which the power series terminates and
converges. However, only four of them converge in a region around the origin in the u-v-plane
which is the region that we want to focus on here. These are

apry’
Goo >
apyy’ _ 1y qatl=y,f+1-r,2—y,y
G0 =u "Gy ’
apyy’ _ 1—y' Aat+1=y 1=y, 2~y
Goay =V 1 Gy )
apyy’ 11—y 1—y qat2—r—=y B+2—y—y' 22—y, 2~y
GI_Y’l_Y,—u v Gy, . (6.11)
where
F 1]
aByy’ _ YT
Gy V)= (6.12)

I I gI,T,

Here the Appell hypergeometric function F, is defined as

oo

(@)jrk(B)jsr ul vE
F| Piuv|= D 2 = 6.13
L7 ] MZ:O 0,00 'k (©-13)

In the final step, we employ the permutation symmetries of the triangle integral to completely
fix the solution up to an overall constant N:

¢, v) =Ny(T Ty Iy By | 965, v ] (6.14)
+ Tyqey Tiapy Dym1 Ty u 7Fy [ aHZ_I’Y’?;l_Y; u, V]
+ gy Trp—y 1 Iy vIT'F, [ °‘+1}T;’[5§1_Y/ ;U V]
+ Iy py—y Torqy—yp Tp1 u"TVITYE, [ a+2_Y2__YY/,’£_+Y2/_Y_Y/ U, V] ) .
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The overall constant can be fixed by comparison with the star-triangle integral relation (6.2):

!
7.E2+a+[3’ Y—y

N, (6.15)

FaF1+/5—yF1+/5—y’F2+a—y—y’ .

The result (6.14) can also be shown to be in full agreement with the Feynman parametrization
of the function ¢ (u, v) reading

oo

-1 _az—1
b(uv) = nP/2 daydazay’ a3’ I, +ay+as—D/2 6.16)
’ Ty Ty, Ty, ) (14 ag+a3)P~ 7% % (g + apu + apagv) =9 a—D/2 " '
0
6.2 3 Points, m;00
Let us now consider the same integral with one massive leg:
700 _ [ d”x,
5 J (%, +m?)m x 202 3203
10 1 20 %30
5 2
[ dPk o
= = lo—+& . (6.17)
J (k2 + m%)al (k—p1)292 (k — p; — p,)29s NG
T3
Again, we utilize the scaling equation to justify an ansatz of the following form:
I;nloo = mf—2a1—2a2—2a3¢ (u,v,w), (6.18)
where
2 2 2
u=-21 =B, 4P (6.19)
my my my

Here, the signs have been chosen for later convenience. Eliminating p; from the ansatz using
momentum conservation and acting on the integral with K, for A; = a; + a;; yields

>u 7m00 D—2a,—2a,—2a3—2 (_U u
RELN = —4m; %% (p!{'PDE, +p,PDE, )¢, (6.20)
where

PDE, = (a3d,—ay0, +wd,o, —wd,o, +(v—u)9,d,),
PDE,, = ((1 +a,+a;— %)aw —a,0, +wd,o, —ud,o, _Wavaw) .

Since the number of independent momenta has not increased compared to the massless case,
we again find two partial differential equations which need to be satisfied independently. How-
ever, as the mass introduces an additional degree of freedom, the function (6.18) now depends
on three scale invariant variables instead of two. Hence, the number of PDEs is not sufficient
to fully constrain the function. To make matters worse, the ﬁ;jm symmetry equation is trivially
fulfilled and does therefore not yield any additional constraints.
To be more explicit, we make the series ansatz
uk vl wh

Grys(u,v,w) = kaln R

k,l,n

(6.21)
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The function G,,,(u, v,w) solves the above differential equations for

(az)k+n(a3)l+n
(a2+a3—%+1)n,

frin = Chtian (6.22)

with an unfixed function ¢; ;. that depends on the sum of the three summation indices. This
function is not fixed by momentum space conformal symmetry only.

A natural course of action to generate further PDEs is to consider the full set of level-one
generators in dual region momentum space instead of only the level-one momentum genera-
tor, cf. Table 2. In fact, since the level-zero algebra in dual space is partially broken, it is clear
that considering just the level-one momentum generator is no longer sufficient. Considering
the full set of dual Yangian level-one generators can of course also be done in momentum
space. However, since the level-one generators are scattered among different levels in mo-
mentum space, for example, the generator K* in x-space corresponds to the trilocal level-two
momentum generator in p-space, we prefer to work in region momentum space which puts all
generators on an equal footing. We will come back to the above integral I ;n 1% in Section 7.6
where the function ¢; ;. , is constrained using the remaining Yangian level-one generators, cf.

(7.69):
Ck . — ((11 + a2 + a3 - D/z)k+l+n (6 23)
e (D/2)is14n

6.3 3 Points, 2 Loops, m,00

Consider now the two-loop integral

I(z)mloo _ deodDXO
5 =

2by , 2a, | 2a

2 2
(xlo + ml)al Yoo X206 *30
h29p9
dPqdPk et A
— = lotieid . (6.24)
J (g% +m3)® (k+q + py + pa)*Po(k + p;)*e2 k2 “T‘x....é:;?{, 3
We write this integral as
—2br—2a; —2d,—
I;Z)mloo _ m?D 2by—2a;—2a 2a3¢ (u,v,w), (6.25)
where ) 5 9
x x x
p=—22 o T, T (6.26)
Acting on the above ansatz with K5, and
A_1:a1+a2+b0—D/2, (6.27)
A_z =a + das, (6'28)
A_3:D/2—a2—b0, (6.29)

as follows from the general rule A; = A; + A, + 2s; — 25,1, we find exactly the same system
of partial differential equations as in the one-loop case (6.20). In fact, as in the one-loop
case, those equations do only depend on a,, a; and D and not on a;. The K}, equations are
solved by the fundamental solution (6.22), with the yet to be determined function ¢;;,,. For
the one-loop integral this function is fixed by the K equations. Hence, the one- and two-loop
integrals (6.17) and (6.24) only differ in the function ¢ ,-
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7 Changing Back: Non-Dual-Conformal Integrals

While we will study dual conformal integrals in the following Section 8, here we consider
integrals without imposing any constraints on the propagator powers a;. In particular, this
means that these integrals are not invariant under the dual conformal generator K* at level
zero. Despite the absence of dual conformal symmetry, we will see that in comparison with the
momentum space conformal symmetry discussed in the previous Section 6, the Yangian level-
one generators yield additional constraints for one-loop integrals as discussed in Section 3.1.
In particular, we focus on the interplay between the Yangian differential equations and their
solutions via hypergeometric functions. We also discuss relations between different cases.
Even if integrals with more masses and parameters can in principle be reduced to simpler
examples, it is instructive to explicitly discuss different cases with increasing complexity. A
useful variable in a more complex example with two masses may be given by u = xfz/ mym,
which in the limit m, — 0 diverges, thus obscuring the reduction of the integral to a simpler
case.

7.1 1 Point, m;: Rational
As the simplest example consider the tadpole integral

dP
Iinl :J X01 — cal;\.'j.--. (7.1)

(xgl - m%)al

Using a single spacetime point one cannot form a translationally and scaling invariant variable.
Hence, the integral is pure weight, i.e.

N (7.2)

To fix the propagator weight dependence of the constant ¢, , we act with PP*1 as described in
3.4, implying

Iy _
¢, =c b2 (7.3)

! T

a;

Finally, we evaluate the integral numerically at a single point to fix the overall constant and
find
m; D/2. D—2a; F¢11—D/2
" =n"""m —_ . (7.4)

1 r

a;

7.2 2 Points, 00: Rational

Also for two points and two vanishing masses there is no scaling-invariant variable and the
one-loop integral collapses into a trivial propagator. This is also known as the group relation,
see e.g. [49]:

190 f d"xo 1 5 =B 1 9 —p— 1 (7.5)
5 = _— = O=——=@===0 = O —— o =B————, .
x(2)t111x§;12 ay as a1+az— D x?éaﬁ—az D/2)

with the constant

7TD/ZFal+az—1>/2 I'njo—a,Ipj2—a,
FalpaZFD—al—az .

B = (7.6)

In Section 8.1 we discuss a similar situation in the dual conformal case with a; +a, = D, where
a massless and a massive propagator are fused into a massive propagator.
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7.3 2 Points, m;0: Gauf3 ,F,

Note that the two-point integral with one mass was explicitly discussed in Section 4.3 for the
variable —m% / xfz as an example to illustrate the bootstrap algorithm. When comparing to
limiting cases of other integrals, it can be useful to consider different choices of variables, e.g.
we can invert the variable used in Section 4.3 and write

o X
0 =ml PP ) = JieiB,  y=-—"12. (7.7)
._:_' ml
Setting
a=a,, /:'5=a1+a2—%, )/:%, (7.8)

the Yangian PDE obtained from invariance under the level-one special conformal generator K
reads

u(l—uw)p”" +[y—(AQ+a+pulp’'—aBep =0, (7.9)
and is solved by
¢ =cy,F; [a}’,ﬁ ; u] +cul™T [1+a—2)/,_1}/+/5—}/; u] . (7.10)

This result can be compared to the below three-point result (7.75) in the coincidence limit of
points 2 and 3 in Section 4.3 which yields

_ D)2 Loy +a,—p/2ID/2—4a,

€1
Fal FD/Z

> ¢ =0. (7.11)

7.4 2 Points, m;m,: Kampé de Fériet

Also for two non-vanishing masses different choices of variables lead to different types of
functions in which the considered two-point integral can be expressed. For a nice solution in
terms of a single Appell F; series see [50].1°

As a first example we choose our variabels to be

u=——"2, v=1-—, (7.12)
my my
such that we can write
pmme _ D—2a;—2a, _ al."':“: a2 1
5 =my ¢ (u,v)= o—e——. (7.13)
For convenience we set
D
a=a, p=a,, Y:a1+a2—5. (7.14)
Making the series ansatz
Gyy(u,v) = Z Qe UV = ¥ VY ngﬂ,nﬂ, ukvn, (7.15)
kex+Z kezZ
ney+7z nez

we can solve the level-one P, and Kyzo equations to find the fundamental solution

(a)k(/:3 )k+n(Y)k+n

T Tys1(@+ Boksn .

10This solution requires an inspired choice of variables including square roots.

8kn (7.16)
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We can alternatively express the above series via

(—1)

fin = : (7.17)
" Fk+1Fn+1F1—k—aF1—k—n—ﬁ Fl—k—n—yr2k+n+a+ﬁ
where for a certain constant C = C(a, 8,7, x, y) and for integer k and n we have
fk+x,n+y =C gk+x,n+y . (718)

We find 13 doublets (x, y) that correspond to zeros of the fundamental solution f, in k and
n, which make the above series terminate at an upper or lower bound. Only the following two
of these doublets give rise to effective variables u and v:

(X,}’):(O,O), (X9.y):(o,_a_ﬂ)' (719)
In terms of the two basis functions
Goo = Z &kn ukvn > GO,—a—ﬁ =y P Z 8k,n—a—p ukvn ) (7.20)
keZ keZ
nez nez

we can thus make the ansatz
¢ = Cl GOO + C2 Go’_a_ﬁ . (7.21)

Using the covariance under the action of PP+, see Section 3.4, the prefactors are determined
to be

L L
C1=¢e ) Cy =6 ) (7.22)
Fa+ﬁ Fa+[5
where e; and e, are fixed by two random numerical configurations to
e, = mP/? e, =0. (7.23)

This reproduces the generalized Kampé de Fériet hypergeometric function in [42] (modulo
conventions).

Equal-Mass Limit. Consider the limit m, — m; where v — 0. Hence, for lim,_,, v" = &,
and assuming a + 8 < 0, we find

3 J— J— a,ﬁ,')’ .
lim 1 ¢ = ¢1 Gooly—o =1 3F |:a/2+/3/2,a/2+[5/2+1/2’ %] . (7.24)

my—m
The coefficient c; is fixed by the below limit
I
= g — (7.25)

a+f3

The given result agrees with the expression of [47] for the equal-mass two-point integral.

One-Point, One-Mass Limit. Consider now the combined limit m, — m,, x5 — x; where
u,v — 0. Here for a + # < 0 we find

].lm ¢ = C]. Goolu’vﬁo = C]. . (7.26)

Xp—>X1,My—m,

Comparing to the tadpole result of Section 7.1 for a; — a; + a, which reads

dPx Io vay—
m 0 D—2a,—2a, * a1+az—D/2
I ogta, | ——a— = gP2pP 720720 02 (7.27)
1 'a;—ap+ay 2 2\a 1 T

(XO - ml) b aj+a,

we can read off (7.25).

32


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010

Scil SciPost Phys. 11, 010 (2021)

7.5 2 Points, m;m,: Appell F,

Let us discuss a second choice of kinematic variables which is more symmetric than (7.12),
and which will lead to a solution expressed in terms of Appell hypergeometric functions F,.
This result will be useful to compare to various limiting cases that were expressed in terms of
Gaul’ ,F;. In fact, this example will show that more symmetry in the choice of variables does
not necessarily lead to a simpler solution in the sense that the resulting expression will be a
linear combination of hypergeometric functions rather than a single hypergeometric series as
in the previous Section 7.4. We now write

J

[ = (XfZ)D/Z—al—az ¢ w,v)= oﬂa-.-ﬂo (7.28)

.-

where we choose the symmetric variables

u= - V= - (7.29)
X X
12 12

Moreover, we define the following abbreviations
a=a;+ay;+1—D, y=a1+1—%, (7.30)

p=ar+a—7, y'=a,+1-2. (7.31)

Linear combinations of the Yangian PDEs obtained from P and K invariance yield the system
of two differential equations defining the Appell hypergeometric function F,, cf. (6.7):

0=(aB+(a+p+1ud,+((a+p+1v—7)8,+u?3>+(v—1)vd2 +2vud,3,)p(u,v),
0 =(aﬁ +(a+pB+1)vo,+((a+p+1u—y)o,+ vzaf +(u— 1)u8u2 + 2vu8v8u)¢>(u, V).

(7.32)

Hence, for small u, v the solution is a linear combination, cf. (6.11),
o(u,v)= cfﬁwlgl + cgﬁwlgz + Cg/a’w’gB + czﬂwlg4, (7.33)

of the four functions

81 =F4[;1,’£/;UJV] > (7.34)
g, =u'""F, [ a+12_l’f;l_yg u, v] , (7.35)
g3 = vl_Y/F4 [ aH_yg’f;l_Y/ U, v] ) (7.36)
g =u"VIE, [ a+2_72__§:,’§;2,_y_7/ U, v] . (7.37)

/
Permutation Symmetry. Let us now use further input to constrain the coefficients P we
note that the considered two-point integral is invariant under the permutation (x;,m;, a;) <
(x5, my,as), which translates into (u,y) <= (v,y’). Under this map we have

81781, 828, 84 &4 (7.38)
such that we conclude that permutation symmetry implies the following constraints

/ / / / / /
C?ﬁw — cfﬁy T Cgﬂw — Cgﬁy v Czﬂw — CZ/J’Y T (7.39)
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Recursions from PP*!. As a further input we can employ the shift-covariance discussed in
Section 3.4. The coefficients are functions of the space-time dimension and the propagator
weights according to

P ¢;(ay,aq,D). (7.40)

1

Acting with PP*! on the general solution (7.33) and using the linear independence of the g;

leads to a set of recurrence relations for the c; in the propagator weights which are solved by

FD/Z—al FD/Z—az Fa1+a2—D/2
Fal 1—'(12 FD—al—az

ci(ay,ap,D) =e;

>

I, —
Cz(al,az,D) = 62(_1)a1 al—D/z ,
I,
Io,—
C3(a1,a2,D) = eg(_l)azaz—D/Z ’
az

Fal—D/Z Faz—D/Z

)al +a,
Fa1 Faz

C4(a1,a2,D) = 64(—1 (7.41)

Here the e; are constant complex numbers independent of a;, a, and D and the above con-
traints (7.39) from permutation invariance imply e, = e;. Using random points of numerical
data we finally fix

e, =mP/?, ey = e3 = (—1)"2/21P/2 e =0. (7.42)

Hence, in total we obtain the full expression for the two-mass integral

I;nlm2 _ 7'ED/2 (X_%Z)D/Z—al—a2 (FD/Z—a1 FD/2—a2Fa1+a2—D/2 F4 I:;f’f, ‘u, V]
1—'(11 1—'(12 FD—al—az ’
+(—1) P2yl Lay-/2 F [ TP, VJ

2=,y
ay

I
_ 1\ay—D/2,,1—y' - @—D/2 a+1=y,f+1—y"
DR F [ 55 uv] ). (7.43)

Indeed, the result given in [47] agrees with the above expression obtained from bootstrap
(modulo phases due to a different sign convention in the propagator).

One-Mass Limit. For m, — 0 we have v — 0, such that due to the reduction formula

F4[(Yx”£;u, 0] = ,F [a)’,ﬁ R u] : (7.44)
we end up with a linear combination of two Gaul$ hypergeometric functions (see also Sec-
tion 4.3 and Section 7.3):

m0 _ _pj2(.2 \P/2—a1—ay FD/Z—aer/Z—azra1+a2—D/2 af .
;" = nP2(x},) oF1| 7} su
Fal Faz FD—al—aZ

r,_
+ (—1)uD/2y P2 —a} b2 oF [a+1—2y;[?/+1—y; u] ) . (7.45)
a;

Taking in addition the conformal limit D — a; + a, of this expression we have ¢; — 0 and

as—a;
Im10 — 7'CD/2 Fa1/2—a2/2 my (7.46)

2e I, (m2+x3)e '

This agrees with the below expression (8.2).
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Conformal Limit. We would like to take the limit D — a; + a, of the above full two-mass
expression in order to arrive at the dual conformal case presented in terms of associated Leg-
endre functions in (8.12) or in terms of hypergeometric functions in (8.31). In this limit we
have

a a
a—>1, '}’—>1+51—52:1+a_, (747)
+
ﬁ_}a12a2=a+’ Y/_,l_%+%=1_a_, (7.48)

where we define a, = %(a1 + a,). The four basis solutions become

_ l,a, . . —a_ 1—a_,a,—a_,
&1 = F4|:1+a,,1—a,’u’v:|’ & =U F4[ 1—a_,1—a_ ,u,v] >
_ a 1+a_,a,+a_, _—a_.,a_ La, .
g3=v F4[ 14a 1ta ,u,v], ga=u v F4[1_a_,1+a_,u,v s (7.49)

whereas the coefficients turn into

a_

= 0, Cy = (—1)a++a762

J

Tayta_

Cq4 = 0, C3 = (—1)a+_a763 <

(7.50)

a,—a_

Numerically, we find the interesting relation'!

1
a,+a_,1+a_, _ a_+1/2,a_+a, . —4,/uv
F4[ T+a_,l+a_ ’u’v] T [14 (V=u— =) et ZFl[ 2041 1+(¢—_u—J—_v)2] » (751

which implies that the conformal two-point function becomes

1 Iayj2-a,/2 ;4 ya 2—ay/241/2,a; . ~
I = nP/? —a ( ZF = (5) 7R [al/ a?i/a;kl/ ’a1§u] +(a —=a) ), (7.52)
1 2 as

with
_4m1 moy

i = (7.53)

x%z + (ml - m2)2

To convert this result into the expression (8.13) in terms of associated Legendre functions P
and Q that we obtain from bootstrap in the subsequent Section 8, we use the identities [51]

Ir'(—u—v)
vrlr(=1/2—v)
x (1 + cot(np) tan(v)) [ nPH (1—2)—2iQ* (1—2)], (7.54)

2F1 |: 1+1;,i;—5+v; u] :4v+1/26—%in(u—1) sin(n,u)(l _ u)—,u/Z(_u)—l—v

as well as
rl—u+v)
Var(1/2+v)
x[ —2sin(u)Qk (1 — %) + m(cos(mu) + (—=1)**H ese(m(uw + v)) sin(m(v — u)))PH (1 — %) ] s
(7.55)

yu— 1
F [T U] = 47 (=1 4 =) (= ) F (—u)
u

—2y

(1 + cot(mtu)tan(mv))

which are valid for u < 0 only. Remarkably, these identities imply that the expression (7.52)

for the dual conformal two-point integral finally collapses to (see (8.13)):
52\1/4—a; /4—a, /4 2 2 2
(MM _ - D[2+1/2 (1— )t/ a/ta/ 2/l gy g my+m; + Xy,

2e m(111 mgz a;/2—ay/2—1/2 2m1m2

UDifferent representations of the same Feynman integrals have led to other relationships for hypergeometric
functions [50].

(7.56)
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7.6 3 Points, m;00: Generalized Lauricella

Next we study the one-mass triangle integral

2
D -a2p
m,00 _ d”xo _qan gt
: _J TR e RS Y 7:57)
01 1 02 03 Y
‘ 3

We write the three-point integral in terms of a scale invariant function of three arguments:

X X X
m;00 D—2a;—2a,—2a. 12 13 23
L' " =m TG (u,v,w), u=——>>, y=——, w=+—, (7.58)
3 ! m? m? m?
1 1 1

This integral has the full level-one symmetry but no special conformal level-zero symmetry
since we do not impose the dual conformal constraint on the propagator powers. Imposing
level-one momentum and special conformal symmetry on the above ansatz, we can read off the
coefficients of the vectors xf . Note that in the case of the special conformal level-one generator

K in order to turn these coeffients into functions of u, v, w modulo overall coefficients, we need
to impose the P equations which makes the coefficients of xJ? with j =1, 2,3 vanish.

The resulting PDEs can be turned into recurrence equations for the coefficients g;;,, in the
series ansatz

ajasa _ kyl,,n_  x b4 k, L. n
Gx;/zz 3V1Y2 — E v Wt =u v w ng+x,l+y,n+zu vVw'. (7.59)
kex+Z keZ
ley+Z l€Z
nez+7Z nez

For convenience we introduce the parameters
— D _ _ _D
al—a1+a2+a3_§, ay =da,, a3 =das, Yl_fi (7.60)
as well as the depend parameter
'}/2:1—Y1+a2+a3:az+ag+1_D/2. (761)

Modulo an unconstrained overall constant, the recurrence equations are solved by the unique

fundamental solution
(al )k+l+n(a2)k+n(a3)l+n

D1 1 T (YD k140 (Y 20 .

For a fixed constant C = C(ay,a,, ®3,71,Y2,X,Y,2) We can alternatively express the series
(7.59) in terms of

8kin = (7.62)

fk+x,l+y,n+z =C gk+x,l+y,n+z > (7-63)

where

="
fun = : (7.64)
Fk+1 Fl+1 Fn+1 Fl—k—l—n—al Fl—k—n—a2 Fl—l—n—ag Fk+l+n+y1 Fn+)/2

Hence, for any triplet (x, y,z) the series (7.59) furnishes a formal solution of the Yangian
PDEs. We find 36 zeros of the fundamental solutions, i.e. combinations of x, y,z for which
the series terminates. However, only for 2 of these 36 possibilities, u, v and w are the effective
variables of the series:

(x,y,2)=1(0,0,0), (x,y,2)=1(0,0,1—1v5,). (7.65)
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We note the shift identity

a1a203Y1Y2 _ (__1\Y2—1 c1—Y2+1l,as—ra+1l,a3—ra+Ly1—r2+1,2—7,
fetnii2y, =D fign ; (7.66)

which alternatively can be expressed as
Q102037172 _

FYl FYZ F1+a1_7’2 FH'O‘Z_YZ FH'O‘S_YZ a1—Yat+l,as—rva+Las—ya+Ly1—y2+1,2—7> (7.67)
kl,n+1l—yy, r.I.T.T T kin : :
araxtazs 2=y 1+y1-72

Hence, we may relate the second series solution specified by (7.65) to a shifted version of the
first:

G %29371T2 — () 1-72 FYl FYZ F1+a1—)/2 F1+az—Y2 F1+0‘3—Y2 Ga1—yZ+l,az—)fz+1,a3—)f2+1,y1—)/2+1,2—)/2
001—y, . I. T 1"2_ F1+ _ 000
ap-az”as T2 Y1772
(7.68)
Making the ansatz
— 102037172 | = A1a203Y172
¢ =1 Gypg +8 Goo1 2y,
_ a1050A3Y1Y 1— a1—yo+1l,a,—ys+1,03—yo+1,y1—y2+1,2—7,
_C]_ G0602 3r1r2 +C2W '}’zGoéo 2 2 2 3 2 1 2 2’ (7.69)
we can fix the coefficients ¢; and ¢, by the two limits discussed in the following:
r, I; T T T,
- Y1—Qz  y1—a3” 21
clan/zﬁ, ¢, = mP/? 11 121 11 2z (7.70)
a1—ya+1%71, aytazty;—yz+l
or alternatively
r,r, I, oL, 115
52 — 7'CD/2 17 Y1 Q2" Y1—a37 V2 T2 (7‘71)

FYl FYz F1+a1—Yz F1+a2—Yz F1+<13—Y2
This result agrees with the expression given in [47].

Two-Point One-Mass Limit. Consider the coincindence limit x; — x, which implies

vou, w—0, (7.72)
and thus with lim,,_,o w" = 9, yields
oo
lim Gaga ™7 (v W)= Y faou ™ = oy [ %], .73
k,[=0
1
lim GA%2%1T2(y y w) 727 0. (7.74)

359 00,1-7,

We may thus conclude

_ D—2a;—2a,—2as3 aq,axtag
Pl3—z =c1my 2oF1 rn U

D D—2a;—2a,—2as Fal+a2+a3—D/2FD/2—az—a3 ,F I:a1+a2+a3—D/2,a2+a3 . u:l

=m2m ; (7.75)
1 Fal FD/Z D/2
This can be compared with the two-point integral (7.10) for a; + a; — ay:
T, _p/olp/o_
d)gfzag_)az _ ngmzlp—zal—zaz a;+ay—D/21 D/2—a, JF, [a1+a2D71;/2,a2;u] ’ (7.76)
o Ip)2
which fixes ror
¢ = P e S N (7.77)
Fal—Y2+1FY1
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Two-Point Zero-Mass Limit. Note that in the limit of a vanishing propagator power a; — 0,
we have ¢; = 0 and the ¢, term yields the expected propagator type contribution with an
overall factor of Gamma functions given in (7.5):

I'pja—a,I'pj2—azlay+as—n/2
1519, = P/ (a2 P22 P DR teta DR (7.78)
as Fa3 FD—aZ—ag
This fixes the coefficient ¢, for a; =0 to
r, T, T, ;
Calaymo = P2 (7.79)
ay” azy1—ratl

Note that using the recursions from acting with PP+!

dependence of the two coefficients to be

as discussed in Section 3.4 fixes the a;

Fal
¢, = frlay,a3) ——, co = frlay, asz). (7.80)

a;—yo+1
This shows that in fact even for a; # 0 we have

D/2 FYl—az FYl—aa FY2—1 ) (7.81)
Ty T, T

Y1—r2+1

Co =T

8 Dual Conformal Integrals

In this section we systematically apply the Yangian symmetry discussed above to constrain
one-loop Feynman integrals with massless and massive propagators. In order to have the full
Yangian symmetry, we consider the case of dual conformal integrals, i.e. the Yangian con-
straints on integrals for which the condition

D=>aj, (8.1)
j=1

is satisfied by the propagator powers a; entering an n-point vertex in the (region momentum)
Feynman graph. Again we start from the simplest examples and increase the complexity step
by step. For the non-dual-conformal examples we considered in the previous section we could
in principle simply take the dual conformal limit to obtain the solution. However, since the
dual conformal integrals are invariant under the whole Yangian and depend on less variables,
the resulting constraints allow us to bootstrap more examples than above. Moreover, in the
dual conformal case it is natural to employ a different set of (constrained) variables.

8.1 2 Points, m,0: Rational

For a single massive propagator, the two-point integral has no independent variable. Confor-
mal symmetry fixes it to take the form

m;0 mtllz_al ali".:"“CLQ
0=t = Ll (8.2)
(Xlz + ml)az ey

with an undetermined constant c¢;. This combination is also invariant under the level-one
generators. To fix the normalization we can e.g. straightforwardly compute the integral in the
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incident point limit (or compare with the result given in [52]). From the conformal case we
can then read off the coefficient in (8.2) to be

D/z Fa1/2—a2/2

a1

(8.3)

=T

We can understand this solution as a fusion rule for a massless and a massive propagator in
the dual conformal case a; + a, = D:

o _ dPx, o @02 —A 102 =AY g4
S e T T Tt A

Here we have defined

D/2.,32—aQ;
Trrmy Fal /2—ay/2

I,

a;

A=

(8.5)

This rule is similar to the so-called group relation for two massless propagators in the non-
conformal situation, cf. Section 7.2. These relations imply that chains of propagators con-
nected by dual conformal vertices can be reduced according to

lo—e---6---0 - @---02 &~ ]o—2 . (8.6)

8.2 2 Points, m;m,: Associated Legendre P

For the two-point integral with m; # 0, m, # O there is a single conformal variable and one can
consider different choices for this variable that lead to different types of well known differential
equations. In this subsection we consider a choice that results in two-parameter Legendre
functions. This choice is natural since the number of parameters of the class of functions
matches the number of free propagator weights of the integral. We choose the conformal
variable to be (cf. [3])

2 2 2 2 2
_x12+(m1—m2) +1=x12+m1+m2

B 2mym, 2mym, 8.7)
Direct Solution of PDEs. For compactness we set
a=%(a1—a2—1), B =%(—a1—a2+1), (8.8)
and make the conformal ansatz
L™ =m"m,"(1 —Vv)P2p(v) = M (8.9)

4

Note that while it may seem unatural at first sight, pulling out the factor (1 —v%)#/2 leads to
the canonical form of the below PDE. The systematics behind this prefactor is understood by
writing

1—v? =detvj, (8.10)
for the matrix v with elements v;; = (x]?k + m]2. +m?)/2m;my, see also Section 8.5. Acting on

this function with the level-one momentum generator P.,,,, leads to the following associated
Legendre differential equation:

(ala+ D)+ £5)¢ —2v¢" +(1—v?)¢" = 0. (8.11)
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This equation is solved by

¢(v) = PP (V) +c,QE (v), (8.12)

with Pf and Qg being the associated Legendre function of the first and second kind, respec-
tively. The coefficients can be fixed using numerical data points to find

p(v) =2 PPP(v). (8.13)

Solution of Recurrence Relations. As an alternative to the above solution, we can apply the
steps of the formal boostrap outlined in Section 4.2. We define a function ¢ by

Li™ =m " m, (), (8.14)

and we make the series ansatz .
)= firk, (8.15)
k
such that the level-one momentum constraints turn into the recurrence relation
(k+a))(k+ay)fy—(k+1)(k+2)fryn=0. (8.16)
This relation is straightforwardly solved and yields the two fundamental solutions

P_ (=2) (a1 (@2); Q_ 25(a1)p(@2);

fk fk

5 (8.17)
Fk+1 Fk+1

where we abbreviate @ = a/2. Indeed, numerically we find the interesting identity

1—a;— (S _ k(a A N
(1—v2)P () = nP2 207" 2 (G,

Loy 172044172 £25 T
D/2 = r r
T k k
e I O e (8.18)
k=0 Fk+1Fa1Fa2

From Legendre to Gauf. We note the relation for v > 1,

1 _ — _
Pf(V):r_ﬁ(l-i-V)ﬁ/z(l—v) ﬂ/zzFl[ ?f/;1§12_v], (8.19)
which implies the alternative representation in terms the Gauf’ hypergeometric function ,F;:
2P p1=P —ay - _ _
e FT ; (L +v)Pmymy o F [ T34 5] (8.20)

This suggests to introduce the variable

2 2
X7, +(m; —my) 1—

p="t2 1 20 2V (8.21)
—4mim, 2

Numerically we find for v > 1 that

20 p1=p —a,a+1, 1 Iyap —a—B,a+1-f . 1
(A +v)P,F | "0 Ly | = gl/2-F 28 Ry Py (8.22)
Ip [ - > 2 ] Ty_gp [ 1-B 2 ]
which implies the representation
1/2— D/2
MM _ !/ ﬁrl/Z—ﬁ JF [—a—ﬁ,a+1—ﬁ .u] _ P/ FD/Z ) 1[ ap,dy .u] (8.23)
2e Fl—Z[o’ mclllmgz 1- ’ FDmllllmgz (D+1)/2>

In Section 9 we conjecture a generalization of this expression in u-type variables to higher point
integrals. In the subsequent Section 8.3 we will bootstrap the same integral in the variable
w=1/u.
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Unit Propagator Powers. In order to compare with the discussion in [35] we can take the
limit a; > 1 or @, —» —1/2 in D = 2 which implies

d(v) =2n(1—v2) V4 arcsin( V(- v)/Z) . (8.24)

Alternatively, we can solve the above PDE (8.11) directly for a; = 1 which yields

o(v)= (1—v2)_1/4(c1 +c log[ y2—1 +v:|). (8.25)
Comparing to (8.24) for v > 1, the constants are fixed to
¢, =0, Cy =T, (8.26)
8.3 2 Points, m;m,: Gaul} ,F;

As another alternative variable to the above we set

—4mim 2 1
w=— = ==, (8.27)
x{, +(my —my) 1-v u
and we define the conformal function ¢ via
L™ =m " m, ut p(w). (8.28)
Here it is convenient to introduce three shorthands
a:%(al—a2+1), p=ay, Yy =2a. (8.29)

Then acting on the above function with the level-one momentum generator produces the Gauf3
hypergeometric differential equation

w1l —w)¢”" +[y—(a+p +1wlp'—aB¢p =0, (8.30)
which is solved by
Pw) = c1oFy [ P w]+ cowt TR [T 2P ] (8.31)

The coefficients for this dual conformal integral can be fixed from a limit of the non-dual-
conformal two-point integral (see (7.52)) to find

—a, —a, | Tas/2—a;/2
" = gPlm |:—a2F 2 ()" zFl[a’Yﬁ;W]—l—(al —a,)|. (8.32)

az
Unit Propagator Powers. It is interesting to evaluate the limit a;,a, — 1 for D = 2, which
corresponds to a — 1/2 and 8 — 1 and yields

[mm ntw arcesc(y/w)

ume o = S ARV (8.33)
2 |(11 1,(12 1 mlmzm

One-mass Limit. In the limit where m, — O we have w — 0 such that ,F; — 1. We are
therefore left with

a;—ady ar—ay ar—ay
. mym, . m, my m,
lim I = lim + =

C1 Cy =0C >
my—0 2 my—0\ 7 (x2, + (my —my)2)n (x3, + (my —my)?)2 (xf, + m])
(8.34)

where we assumed a; > a,. This matches the result from Section 8.1 for

D/Z Fa1/2—a2/2

a1

= (8.35)
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8.4 3 Points, m;00: Gaul ,F,

In the case of the three-point integral with two vanishing masses and evaluated at the dual
conformal point D = a; + a, + a3, the integral depends on a single variable which we choose
as

2,.2

u= 1723 (8.36)
(xf2 + m%)(xf3 + m%)

m

Taking the scaling weight of the integral into account, we write

. 2
(miy wl
Irriloo — 1 p(u)= 10— (8.37)
3 (xf2 + m%)“‘(x%3 + m%)ﬁ ,5'__.-*;?3
’ 3
where we abbreviate
a=a,, p=as;, y=1+%(—a1+a2+a3). (8.38)

Then level-one momentum invariance of the integral directly implies Gauly’ hypergeometric
differential equation

ul—u)p” +[y—(a+p+1ulp’—af¢p =0, (8.39)
which is solved by
— a:ﬁ . 1_'}’ 1+a_Yr1+/5_Y .
¢(u) =C 2F1 [ y u:l + Cou 2F1 [ 2—y 5 u:| . (8.40)

The coefficients are fixed by the below limits to read

_ D2 Lo, /2-ay/2—a5/2 ¢ = D/2 I'njo—a,I'nj2-a, D204

) (8.41)
Fal Fal Faz Fas

G

Coefficients from Star-Triangle Relation. To determine the coefficients ¢; and c,, we take
the limit m; — 0 which implies u — 0 and thus ,F; — 1. Hence, for y > 1 we have

lim ™% —¢ ! =c !
m50 3 T 2 _2(+a—y) 20+—7) 2(-1) ZXD—2a3xD—2a1xD—2a2'
X12 X13 Xo3 12 23 13

(8.42)

This should be compared with the star-triangle relation for the massless three-point integral
given in (6.2):

D r.r.,r D/2
71000 _ d”xg _ Cditaa P/ '—DJ/2 8.43
e - / ’ /o ai - / _ai . ( . )
2a, _2a, _2az I I T 2a; 2a; 24,
xlO x20 x30 417 a7 43 le x23 x31

We conclude that

D/Z FD/Z—al FD/Z_GZ FD/Z_ag

(8.44)
I, To T,

C2=7T
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Two-point limit Another way to relate this integral to a simpler object is the two-point limit
in which x3 — x,. In this case, the integral should be given by the conformal one-mass two-
point integral from Section 8.1, i.e. we expect

r / / / 'na2+a3_a1
. ! — —
li [Bm.100 D/2 " a1/2—ay/2—a3/2 1 ) (8.45)
X3 X3 1 a (x12 + mz1 )aztas

On the other hand, performing this limit using the general solution (8.40), we find for y < 1
that

as+as—a;
. m;00 1
lim )" =¢g————. (8.46)
x3—xg 3® (X2 + mz)a2+a3
12 1

This allows us to immediately fix

— TCD/Z Fa1/2—a2/2—a3/2 )

() (8.47)
I a
8.5 3 Points, m;m,m5: Srivastava H., Region A
We introduce the conformal variables
xfz+(m1—m2)2 X%g+(m1_m3)2 x§3+(m2—m3)2
= , y = , w= s (8.48)
_4m1 m2 _4m1 m3 _4m2 m3
and write the integral as
prumomy _ v, w) (8.49)

3e a ay as
My my My

In Section 4.1 this integral was discussed as an example for how to extract the explicit PDEs in
the conformal variables. The P-equations split into two contributions coming from P,_, and

P..ia that annihilate the integral separately. We will show that we can find the fundamental
solution for the integral by working only with the constraints arising from P,_,. Reading off
the coefficients of x;.‘k /mjmy with j, k =1, 2,3 yields the following three differential operators

that annihilate ¢ (u, v, w):

PDE?;" = 2a58,— 8,0, + (2w—1)3,8, + (2v—1)3,0,, (8.50)
PDE%" = 2a,0,— 8,0, + (2w —1)4,0,, + (2u—1)3,9,, (8.51)
PDEE{;" = 2a,0, — 3,0, +(2v—1)3,3, + (2u—1)3,0,, . (8.52)
We make the series ansatz
P, v, w)= > gaukviwn, (8.53)
k,l,n

such that (8.50,8.51,8.52) translate into three recurrence equations for the coefficients g,
e.g. from (8.50) we obtain

0 =2a3(k + 1)gx41,0,n + 2(k + DIgxy1,1n + 2(k + 1)Ngky 110
—(+ D+ Dgr 1,001 — (k+ D)+ Dgriqpner — (k+ DA+ D8xyr 1410 (8:54)
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These reccurence equations can be solved in Mathematica, which yields the following funda-
mental solution that is unique up to overall constants:

_ (al)k+l(a2)k+n(a3)l+n y= E (8.55)

B Der1 T D1 (F Dic4n ’ 2

&kin

Remember that here we have D = a; + a, + a3. For a fixed constant C and for integer k, [, n
the fundamental solution g;;, can be written as

fk+x,l+y,n+z = C(ab as,ds, X, Y, Z) gk+x,l+y,n+z > (8'56)

where

1
fun = . (8.57)
I 'nnevivnenj2+ 120 1—k—1-ay T1—k—n—ay T1—-1-n—as

The transpositions of the three external legs of the integral translate into (a; « a,,l «> n),
(ay e as,k «> 1), and (a; <> as,k < n), which are manifest symmetries of the above
fundamental solution. The fundamental solution fi;, has 29 zeros which corresponds to 29
possible choices for the set (x,y,z) such that the following series terminates at an upper or
lower bound

Gy (U, v,w) = Z G UViw™, (8.58)

kex+Z
ley+Z
nez+7

Numerical analysis shows that only the choice (x,y,z) = (0,0,0) of the 29 possible zeros
(x, y,z) of the fundamental solution leads to a series G,,,, with effective variables u, v, w. This
leads us to an ansatz

¢ = c1 Gooo(w, v, w), (8.59)

in terms of Srivastava’s triple hypergeometric function H., cf. e.g. [53,54]:

o (a1)k+1(a2)ksn(az)n vk viw"
— a1,d2,d3 . — n n- _
Gooolt, v, w) = He [ roohY W] B klzl (k+14n k!'l! n!° (8.60)
,[,n=0
This series is known to converge for
Jul + [v| + [wl = 24/ — D@ — VDA — Iw]) < 2. (8.61)

Comparing the above ansatz to numerical data from the Feynman parametrization of the in-

tegral [ gilmzm we can fix the overall coefficient to find (for D = a; + a, + a3):
D/2
T FD/Z a;,as,a
mymom; 1,42,43
13.1 28 = B TR T Y c[ D+1 ;W,V, W] . (8.62)
I'pm; my,"my 2

In Section 9.3 we compare this series to a result for unit propagator powers in D = 3 and in
Section 9.1 we conjecture an n-point generalization of this representation.
8.6 3 Points, m;m,m5: Region B

Consider now the alternative conformal variables (these generalize the single variable for the
two-point Legendre solution (8.7))

x2, +m3 +m3 xi, +mi+m3 X35+ m3+m3
u=———= y=——= w=-—“--——= = (8.63)
2mim, 2myms 2myms
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We refer to the kinematic region covered by a series representation in these variabels as region
B. We note that for Euclidean x]?k and m; these variables are never small (as opposed to (8.48)),
while at the same time we expect the corresponding series solution to converge only for small
u,v,w.

We define the function ¢ according to

Imlm2m3 — d)(ui VJ W) _

. - (8.64)
3 m<111 mgzmgs
For the series ansatz
Gryz(u, v, w) = Z G UVIW™, (8.65)
15z
nez+7Z
the recurrence equations arising from ﬁ(yzo) read
0=(I+1)(n+1)gk 141041+ k+1D)(I+n+as)g€ks11n> (8.66)
0=(k+1)(n+1)gks1 1041 T U+ D)k +n+a3)8k 10> (8.67)
0=(k+D(+1Dgxs11410 T (n+ 1)k +1+ay)gxint1- (8.68)

On the support of these equations, the recurrences following from the invariance under P.,,,
take the form

O0=(k+I+a))(k+n+ay)gun—(k+1)(k+2)gks21n> (8.69)
O=(k+Il+a))(l+n+as)gi,— U+ +2)gk142.n> (8.70)
0=(k+n+a))(I+Db+as)gin,—(+1)(n+2)gkni2- (8.71)

While we have not determined the general solution to these equations, we note that they are
solved by

o (_2)k+l+”(&1),A(+j(€lz)12+ﬁ(&3)i+ﬁ (8.72)
kin = ’ ‘
n T304

with the shorthand k = k /2. To motivate this expression we note that in (8.18) we have found
that the two-point two-mass integral can be expressed as

(D+2)/2 91-D > i (_2)k(a1)1}(a2)7<

ay a2
ml m2 F&1+1/2Fﬁ2+1/2 k=0 Fk+1

Imlmz —

2e - (873)

which shows that (8.72) is the natural three-point generalization of the two-point summand
in (8.73).

Based on (8.72) we can now investigate the possible basis series for our ansatz. For a
constant C = C(a;,as,as, x,y,2z) we can write

fk+x,l+y,n+z =C gk+x,l+y,n+z > (8.74)

where
2k+l+n

frin = (8.75)

I g il —gy—k—nT1—a—i—alkr1 T+ Tnn

This function has 17 zeros (x, y,z) in k, 1, n but only the triplet (x,y,2) = (0,0,0) leads to a
series in the effective variables u, v and w. We thus conclude that for small u, v, w the correct
Yangian invariant is proportional to this series:

(]5(11, v, W) = C]. GOOO . (8.76)
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The coefficient can be fixed using numerical data points such that we find

— oo
(D+3)/2 91-D Ukl wh

D (2 )y (@) 4(d5);
my'my’mg® Tayv1/2Ta, 172 a,12 | G HAT2A AT ey 11

mymyms __
I, =

(8.77)

In the following section we will conjecture an n-point generalization of this expression.

9 All-Mass Yangian Invariant n-Gon Integrals

Based on the evidence from the previous Section 8, we propose the below conjectural series
representations for the dual conformal, i.e. Yangian invariant n-point one-loop integrals with
all propagators massive:

n
- "—J = a;=D. (9.1)
j
ne l_[ 1( x2. + mZ)a =
Here the masses m; take generic non-zero values.
9.1 n Points, m;...m,: Conjecture in Region A
We first choose the kinematic variables u, according to
xl.zj +(m;—m j)z
ul.} - . (9.2)

—4ml- mJ

Note that these variables can become small for real Euclidean x;; and m;, e.g. for large masses.
This is relevant since we believe that the below series merely converges for small u;;. We refer
to this series representation as the series in region A as opposed to the B-series presented in
the following subsection.

When expressed in the above variables we conjecture the dual conformal n-point all-mass
integral to be given by the expression

n
- 7TD/ZFD/2 00 l_[jzl(aj)zaeBnU ke, ul(;a 5
ey,
ne T T m%Y Z D+1) l_[ k1’ (©.3)
DL Lj=1T Ky kys,eekyo,n=0 2 lacp, ka  acB, @

where B,, = {12,13,23, ...,(n—1, n)} is the set of all ordered pairs of distinct numbers between
1 and n, whereas B,,|; is the subset of B, which is comprised of pairs containing j.

We note that the Feynman parametrization of the corresponding dual conformal all-mass
n-point integrals in terms of the variables (9.2) is given by

. _
Iy = ngFD/Z l_[J da; ( F ) Z 2a;a -(1—2uij)+Z:ai2
i m; i=1

i=1 i<j=1

D/2

(Zl:].

(9.4)

Let us present our evidence for the correctness of the above series representation at lower
points.
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Evidence for the Conjecture

n=1. Forn =1, the entire sum collapses, leaving only

o P2 Ip)5

le — > (9.5)

FD m(111
in agreement with (7.4).

n=2. In the two-point case, the expression reads

mme _ nD/ZFD/z Z (a1)k,,(@2)r,, u12 mP/2 Tps

2 = P i), (9.6)
2

D+1 |
FDml m2 k1,=0 (T)klz klz' FDml m

which agrees with (8.23).

n=3. Atthree points, the proposed formula coincides with the expression using Srivastava’s
triple hypergeometric function H. given in (8.62):

D/2 ) kia ki3 kas
pmmams n FD/2 (al)k12+k13 (az)k12+k23 (a3)k13+k23 Upp Uyg Uy
3e - a;__a,_ds D+1 ) )
FDml My MMy ky2,k13,kp3=0 ( 2 )k12+k13+k23 SPESEESH
D/2
Y FD/Z a
— 1,42,43 ,
@ e [ pj2 sUi2,Ui3; uzs] 9.7)

FDm1 m2 mg

n = 4. At four points the series representation is supported by numerical comparison with
the Feynman parametrization. We have also checked that the conjecture provides a solution
to the P Yangian PDEs, cf. Appendix B.

n = 5. The conjectured series agrees with the numerical evaluation of the above Feynman
parametrization.

9.2 n Points, m,...m,: Conjecture in Region B

The above results suggest a second series representation, which is closely related to a repre-
sentation given in [34]. This series does not converge in the Euclidean region of the Feynman
integrals that we have been focussing on so far, but its analytical continuation is conjectured
to agree with the integral. The B-series is expressed in terms of the variables

2 2 2
X5+ my +m;
v =———2. (9.8)
2ml~mj
For Euclidean choices of x;; and m;, these variables do not become small, which would corre-
spond to the kinematic region where we expect the below series to converge. The conjectured
series reprensentation reads

7'[D/2 n Fl (a]+2a€B

pmem = 20 Z [ l_[( 2)’< v“ . (9.9)

aJ
ki ki1 0=0 j=1 Iy, a€B,

Here again B, = {12,13,23,...,(n — 1,n)} represents the set of all ordered pairs of distinct

numbers between 1 and n and B,; is the subset of B, which contains all pairs containing j.
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Again we note that the Feynman parameter representation of the conformal massive n-gon
integrals in terms of the variables (9.8) takes the form!2

n -D/2
I mn—nD/ZFD/2 l_[Jda ( F m )(Z 2a;a ij+21:a?)
=

i=1 i<j=1

(9.10)

a;=1

For the series (9.9) this Feynman representation is particularly useful to numerically verify
examples of the conjectured representation, since for real values of the m; and x ;. the variables
v;j in the Euclidean signature do not become small and the series does not converge.
Evidence for the Conjecture
n=1. Asin the case of the series representation in region A, for n = 1 the sum collapses and

agrees with (7.4).

n = 2. The result agrees with(8.18) that we found from Yangian symmetry and with the
numerical Feynman parameter integration.

n = 3. The result agrees with (8.76) that we found from Yangian symmetry and with the
numerical Feynman parameter integration.

n = 4. The conjectured series agrees with the numerical evaluation of the above Feynman
parametrization. Moreover, it provides a solution to the P Yangian PDEs, cf. Appendix B.

n = 5. The conjectured series agrees with the numerical evaluation of the above Feynman
parametrization.

9.3 Unit Propagator Powers for 2,3 and 4 Points

In this section we compare the above A- and B-series to some lower point expressions for the
Yangian invariant all-mass integrals with unit propagator powers.

A-Series for 2 Points. The unit propagator power limit of the result in Section 8.2 in D =2

reads
21 _ .
L™ = — —vi) 12 arcsm(v (1 —v12)/2). (9.11)

m; "m,

On the other hand, we can evaluate the A-series for a; = a;, = 1 with D = 2 and using
V19 = —2u75 + 1. This yields the relation

oy [ 215 ] = 201 —v2,) M2 aresin( /(1 —v,)/2). (9.12)
B-Series for 2 Points. For the B-series the relation in (8.18) implies that

—Z( 2412, 2 r —2(1 vZ) V2 aresin( /(1= v15)/2). (9.13)

12The representation in terms of the variables y; ; given in (9.2) is obtained by replacing v;; = 1 — 2u;;.
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A-Series for 3 Points: Comparison with Nickel. In [55] Nickel has computed the all-mass
three-point integral in the v-type variables for propagator powers a; = 1 in D = 3 dimensions
and found

mimyms _ 2 dn(V12, V13, V23) (9.14)
3eq;=1 ma1 mazina3 > .
1 Mo 13

where!?

dn(v12, V13, V23) = (9.15)

( v detG )
arctan .

1+ Vi2 +V13 + Va3

1
v detG

Here the matrix G is defined to have matrix elements G = v;.. We can compare this result to
the above 3-point result in u-type variables (9.7). Here we note that vj, = —2u;) + 1. and for
the prefactor of the series expression in D = 3 have I3/5/I'3 = +/7/4. We thus conclude that
in the region of convergence (8.61) for H. we have

1 1,1,1,
dn(vi2, V13» V23) = Z,Hc [ 2 u12,u13,u23:| . (9.16)
Expanding the left hand side in Mathematica assuming 0 < uj < 1 indeed shows that at least
up to and including order 8 in the variables u;,, 113, U553, the expansions of both sides of this
equation coincide.

B-Series for 3 Points: Comparison with Nickel. Similarly, we can compare the above result
(9.15) by Nickel with the B-series (9.10), which is actually formulated in the same v-type
variables. Also here we find agreement at leading orders when expanding the two expressions,
ie.

k .l n
1 Kt V12 V13 Va3
dn(Vi2, V13, Va3) = W kzZ: 0(—2) - +nFk/2+l/2+1/2Fk/2+n/2+1/2['l/2+n/2+1/2HTF .
JLn=

(9.17)

B-Series at 4 Points: Comparison with Murakami-Yano. In [35] the Murakami-Yano for-
mula [57, 58], which gives a compact expression for the volume of a hyperbolic/spherical
tetrahedron, has been leveraged to give a concise dilogarithmic expression for the all-mass
box integral in four dimensions with unit propagator powers. This result provides a valuable
cross check of our series representation (9.9), which we deem worth detailing.

The volume of a spherical tetrahedron is most elegantly phrased in terms of its dihedral
angles. We therefore begin by making explicit the relation between these angles and our
variables v;;. Let G be the matrix whose elements are given by the variables v;;, i.e.

Gij =vij - (9.18)

The matrix G encodes the distances between all pairs of points forming the tetrahedron. The
dihedral angles are readily obtained by employing the formula

0.. = arccos (— (g_l)ij ) (9.19)
” V@ Du/G ;) '

see [35] for a detailed discussion of the underlying geometry. Given these angular variables,
we define

cp=e%2 cy=elfs | o=l ¢ =l o=l ¢ =ele, (9.20)

13For general D and propagator powers 1, the integral can be written in terms of Appell functions F; and arctan’s
[56].
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The expression for the volume of a spherical tetrahedron makes use of the positive root

| —@1+ /45 — 4900

Z, = , (9.21)
29
of the quadratic equation q,22 + g,z + q, = 0, where
3
Qo = C1C2C3C4C5Cq + C1CoCq + C1C5C5 + CoCqCq + C4C5C6 + DL CiCits (9.22)

i=1

3
_ -1 -1
q=—2, (Ci —¢ ) (Ci+3 - Ci+3) )
i=1
1 1 1 1 1, < 1
q1 = (c1¢2¢3¢4C5¢6) 7 + (c162¢6) T+ (c103¢5) 7 4 (cac3cs) ™ +(cqc5c6) ™ + Do (Cicipz) -
i=1

Furthermore, we require the function

)+ Liz(—clc;c4c6) + Ly

L(z) =%[L12(Z)+Liz(c1cjm )_Liz(_ﬁ:zcs’)

3
) — Liz(— z ) + Z log(c;) log(ci+3)] . (9.23)
i=1

C3C4Cs

€2€3C5Cq

. z .
—Li, (— ) — le(—
C1C5Cq C9C4Cq

In terms of the function L(z,), the volume of the tetrahedron described by the matrix G is
given by

2
V4(G) =—Re(L(z,)) + ﬂ:(arg(—qz) + %Z Gij) — 3% (mod 27%). (9.24)
i<j

Utilizing this expression, the all-mass box integral can be expressed as

mymomsiy — TEZ V4(g)

where g?j = G;jm;m;. We find this expression to be in perfect numerical agreement with the
series representation (9.9) in the Euclidean domain.

(9.25)

10 Outlook

The results presented in this paper suggest plenty of different directions for further investiga-
tion. Let us detail a few.

In the case of one-loop Feynman integrals we have demonstrated that Yangian symmetry
is in fact highly constraining. For the simple examples studied in Section 7 and Section 8, this
results in a small basis of hypergeometric series whose linear combination yields the integral
under study. Here the number of basis elements depends on the chosen variables as can for
instance be seen in Section 7.4 and Section 7.5, where the same integral is studied for two
different choices of variables. In particular, the solution basis is generically expected to grow
with the number of variables, as becomes apparent in the case of the 9-variable massless
double box and hexagon integrals considered in [19]. Here the close connection to the Mellin—
Barnes approach deserves further study. In particular, it would be desirable to find a symmetry
principle that selects the specific subsets of formal Yangian invariants that span the solution, see
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[20]. Eventually it seems plausible that to fix these linear combinations using only conformal
Yangian symmetry, kinematical configurations with on-shell external particles have to be taken
into account. These may result in deformations of the symmetry generators similar to the case
of scattering amplitudes in A’ = 4 SYM and ABJM theory and thus in additional relations,
cf. [59-64].

In certain cases and for particular choices of the conformal variables, the Yangian bootstrap
selects a single series solution to the symmetry constraints. In these cases merely an overall
coefficient remains to be fixed in order to determine a representation of the integral. In par-
ticular, this is the case for the all-mass n-gon integrals subject of Section 9 and allowed us
to conjecture two different single series representations (9.3) and (9.9) for generic one-loop
integrals in D spacetime dimensions. While the outstanding properties of these integrals have
been studied in the past for unit propagator powers (cf. e.g. [35]), the novel Yangian symme-
try sheds new light on their distinguished role. It would be very interesting to further explore
the space of Yangian invariant integrals in order to identify families with similarly beautiful
properties. Here the next step is to proceed to two loops. While the analysis of the massless
double box in [19] shows the increase of complexity for a higher number of external points,
the present paper suggests that it may be beneficial to first consider situations with massive
propagators. With regard to the one-loop integrals, it would be interesting to better under-
stand the mathematical properties of the two series representations (9.3) and (9.9). While
we have not found a name for the B-series that closely resembles that given in [34], at least
for n = 2 and n = 3 points the A-series coincides with Gaul®’ hypergeometric function ,F;
and Srivastava’s triple hypergeometric function H, respectively, and thus can be assumed to
represent a useful generalization.

When proceeding to more complicated examples, we note that at loop orders beyond two,
the statements about level-one Yangian symmetry are still conjectural, cf. Table 2 and [3].
It would be important to make progress on understanding these cases in detail. Ideally one
could find an analytic proof similar to the one in the massless case using the Lax operator
formalism [2]. Alternatively, it would be interesting to systematically map out the space of
higher loop integrals using advanced numerical integration techniques. Into this direction
it would also be interesting to study massive Feynman integrals with particles different from
scalars which appear in non-scalar fishnet theories [65-67]. In fact, in the massless case certain
brick wall Feynman graphs including fermionic lines were found to be Yangian invariant [11]
and thus represent a natural starting point.

Physical application of our results asks for an extension into two further directions. Firstly,
while Feynman integrals with generic propagator powers are clearly of interest, it would be
desirable to better understand the considered Yangian approach for integer (in particular for
unit) propagator powers, which at one loop order results in polylogarithmic expressions. Here
the situation of the massless box integral was explicitly discussed in [19], which underlines
the importance of the choice of kinematic variables. Secondly, while we have focussed on the
case of Euclidean spacetime signature, there is an obvious demand to explicitly discuss the
results in Minkowski signature. Though this step should not modify the Yangian constraints
(and thus the solution basis), identifying the correct linear combination needs more care. For
the case of the massless box integral, the results of [68] indeed show that also in Minkowski
spacetime the integral is spanned by the Yangian invariant building blocks given in [19].

The four-point Basso-Dixon diagrams of [69] represent another example of Feynman in-
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tegrals with an intriguing connection to integrability, see also [70-72]. Using sophisticated
integrability techniques from AdS/CFT and the Steinmann relations, a conjecture for the poly-
logarithmic result for these integrals was given at generic loop order. While a Yangian sym-
metry has not been formulated in this case, these integrals can be understood as coincident
point limits of the more generic Yangian invariant fishnet integrals discussed in [2,11]. If one
assumes a connection between this Yangian symmetry and the simplicity of the expressions
given by Basso and Dixon, one may wonder whether massive propagators can be introduced
into their formula.

As mentioned in the introduction, the conformal Yangian and its massive generalization
studied here can be considered as the closure of two distinct conformal algebras. As such,
it would be very interesting to identify its place within the large landscape of results on the
conformal and momentum space conformal bootstrap. Clearly, the Yangian constraints can be
studied independently of Feynman integrals and it would be interesting to search for further
applications. These might correspond to lifting a conformal setup to an integrable one. Even if
one does not consider the full Yangian, it seems natural to generalize the various applications
of the momentum space conformal bootstrap (see e.g. [31] and references therein) to the
massive extension of the algebra given in (5.10).
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A Yangian Level-One Generators

We provide the expressions for all Yangian level-one generators over the (dual) conformal
algebra:

i =5 > (P + Py L = (j — K)) + ZHISJPJH’
j<k J=1
n

~ay i 1,pht u up : my
=4 > (@K —PK) + L L, = (= )+ > 5Ll

j<k Jj=1
n
D=4 Pk —( = k)+> 5D,
j<k j=1
. n L
Ri =5 (DKL +K, L7 = (> k) + D s (A1)
jk=1 j=1
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The extra generators are given by

ﬁg{tra = %Z(PJ‘DHL?:DH —( e k)) ) il;):)tra = %Z(LZDHLjDHv —(Je k)),

j<k j<k
n
= i D+1 . = i .
Kgxtra = % Z (KjD+1Ll]: - (] — k)) > Dextra = AL}Z(PJ'D-HKE-H - (] N k)) . (A2)
j.k=1 j<k

B All-Mass Yangian PDEs for 4 Points

Here we give some details on the all-mass Yangian constraints for four points.

Region A. We write the conformal four-point integral as

mymgmem, P (U12, U3, Uz, Uiy, Ung, Uss)
4o -

I , (B.1)

a;._a,. _as_ a4
m;'my’my*m,
with Uji as defined in (9.2). From the P invariance equation we can read off the coefficients

of the vectors x;‘k /mjmy to find the annihilators of the function ¢, e.g.

PDEY™ =0,,,0,,, + Bu, B, — 2(as +ag)8,, + (2 — 4usy)dy,. 2

Uog Uy3 “Uz3 Uy3 “Uzg
+ (1 — 2U24)au12 3u24 + (1 — 2u14)3u12 81114 + (1 — 2u23)au12 3u23
+ (1 - 2U.13)au12 3u13 . (BZ)
When applied to the series ansatz
_ ki ks, kaz  kia kog ksg
¢ - Z fk12k13k23k14k24k34 u12 u13 u23 u14 u24 u34 > (B'B)

{ki;}
the partial differential equations PDE; ¢ = O translate into recurrence equations, e.g. for

Py=0)
PDE,}

0=—2(kyy + 1)(as +as + kig + kig + koz + koa) fi,, 41,k 5kpsk1akna ks (B.4)
— 2(k13 + 1)(kog + D2y, kys+1kgs krakoa+1kaa—1 — Shyg krs+1okps ki kast1kss )
+ (k13 + 1(kas + 1) fiyy kst Lkos+1krakpakss T (K14 F 1 (Kag + 1) fi, kys ks kpst 1koa+1,kss
+ (k12 + 1(koa + 1) fi, 1k skoskiakpat 1kss T (K12 + 1(K1g + 1) fie 1 kyskas Kt 1koasksa
+ (k12 + 1)(kas + 1) fiyy 4 1k5 ko5 + 1 knakpaksy T (K12 + 1)(K13 4+ 1) fie 41 ky5 41 kpskyakogkss
It seems not straightforward to solve these recurrences directly, but based on the previous

experience we find that they are solved by the fundmantal solution corresponding to our con-
jectural A-series for n = 4:

f . (al)k12+k13+k14(aZ)IA(12+k23+k24(a3)k13+k23+k34(a4)k14+k24+k34 (B.5)
kigkizkoskigkogkss — . .
12T T py+1 T g1 Tyt Tyt Tyt Ty 11 (Y ) 3

Here we abbreviate y = (D 4+ 1)/2 and X} = kyy + ki3 + k14 + kog + kay.
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Region B. We write

mymgmem, _ P (V12, V13, Va3, V14, Vos, V34)

I,

(B.6)
a;._a, _as_ dg ’
m,'m,"m;’m,
with the v, as given in (9.8). Acting with the level-one momentum generator, we can read
off the annihilators PDE;; of the function ¢ as the coefficients of the vectors xj.‘k /m;jm to find

for instance

ﬁ(y=0) —
PDE12 —(a3 + a4)3u12 + 3u14 3u24 + 3u13 3u23 + 2u343u13 au24
+ u243u12 3u24 + u143u12 81_[14 + Uo3 3u12 3u23 + Uo3 auu 3u13 . (B7)
Making the series ansatz
— kig kiz kos  Kkia o kos ks
qf) - Z fk12k13k23k14k24k34 Upp Uz lpz Uy Uy Usy s (B.8)
{ki;}
. . . Py—o) , _ . . .
the invariance equation PDE ; = 0 for instance is transformed into the recurrence equa-

tion

0=+ (kg + 1)(as + as + ks + kg + kag + koa) fie 41,k 5kasknaknakss
+ (k14 + 1)(Kkog + 1) fiy ks kpat Lkpat 1ksg T 20K13 + 1)(Kog + 1) fi ) k151, koskya kpst 1kag—1
+ (k13 + 1)(kaz + 1) fiyy kst 1,kgs +1,kpakoskss - (B.9)

This is relation is indeed solved by the four-point version of (9.9) given by

(al )’2124"213 +]A<14(a2)f<12+1223+1224 (Cl3 )]213+]A<23+i<34 (a4)i<14+i<24+i<34

T G , (B.10)

Fk12+1rk13+1Fk23+1rk14+1rk24+1rk34+1

where we abbreviate k = k/2 and X = kqy + kq3 + kig+koy + kay.

References

[1] J. Drummond, J. Henn and J. Plefka, Yangian symmetry of scattering amplitudes in
N = 4 super Yang-Mills theory, J. High Energ. Phys. 05, 046 (2009), doi:10.1088/1126-
6708/2009/05/046.

[2] D. Chicherin, V. Kazakov, E Loebbert, D. Miiller and D.-l. Zhong, Yangian
symmetry for bi-scalar loop amplitudes, J. High Energ. Phys. 05, 003 (2018),
doi:10.1007/JHEP05(2018)003.

[3] E Loebbert, J. Miczajka, D. Miiller and H. Minkler, Massive conformal symme-
try and integrability for Feynman integrals, Phys. Rev. Lett. 125, 091602 (2020),
doi:10.1103/PhysRevLett.125.091602.

[4] G. C. Wick, Properties of Bethe-Salpeter wave functions, Phys. Rev. 96, 1124 (1954),
doi:10.1103/PhysRev.96.1124.

[5] R. E. Cutkosky, Solutions of a Bethe-Salpeter equation, Phys. Rev. 96, 1135 (1954),
doi:10.1103/PhysRev.96.1135.

54


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010
https://doi.org/10.1088/1126-6708/2009/05/046
https://doi.org/10.1088/1126-6708/2009/05/046
https://doi.org/10.1007/JHEP05(2018)003
https://doi.org/10.1103/PhysRevLett.125.091602
https://doi.org/10.1103/PhysRev.96.1124
https://doi.org/10.1103/PhysRev.96.1135

Scil SciPost Phys. 11, 010 (2021)

[6] D. J. Broadhurst, Summation of an infinite series of ladder diagrams, Phys. Lett. B 307,
132 (1993), d0i:10.1016/0370-2693(93)90202-S.

[7] A. P Isaev, Multi-loop Feynman integrals and conformal quantum mechanics, Nucl. Phys.
B 662, 461 (2003), doi:10.1016/S0550-3213(03)00393-6.

[8] J. M. Drummond, J. Henn, V. A. Smirnov and E. Sokatchev, Magic identities for con-
formal four-point integrals, J. High Energ. Phys. 01, 064 (2007), doi:10.1088/1126-
6708/2007/01/064.

[9] L. E Alday, J. Henn, J. Plefka and T. Schuster, Scattering into the fifth dimension of N' = 4
super Yang-Mills, J. High Energ. Phys. 01, 077 (2010), doi:10.1007/JHEP01(2010)077.

[10] S. Caron-Huot and J. M. Henn, Solvable relativistic hydrogenlike system
in supersymmetric Yang-Mills theory, Phys. Rev. Lett. 113, 161601 (2014),
doi:10.1103/PhysRevLett.113.161601.

[11] D. Chicherin, V. Kazakov, FE Loebbert, D. Miiller and D.-l. Zhong, Yangian
symmetry for fishnet Feynman graphs, Phys. Rev. D 96, 121901 (2017),
doi:10.1103/PhysRevD.96.121901.

[12] D. Bernard, An introduction to Yangian symmetries, Int. J. Mod. Phys. B 07, 3517 (1993),
doi:10.1142/50217979293003371.

[13] N. J. MacKay, Introduction to Yangian symmetry in integrable field theory, Int. J. Mod.
Phys. A 20, 7189 (2005), doi:10.1142/S0217751X05022317.

[14] A. Torrielli, Yangians,S-matrices and AdS/CFT, J. Phys. A: Math. Theor. 44, 263001
(2011), doi:10.1088/1751-8113/44/26/263001.

[15] E Loebbert, Lectures on Yangian symmetry, J. Phys. A: Math. Theor. 49, 323002 (2016),
doi:10.1088/1751-8113/49/32/323002.

[16] E Loebbert and A. Spiering, Nonlocal symmetries and factorized scattering, J. Phys. A:
Math. Theor. 51, 485202 (2018), doi:10.1088/1751-8121/aae7ff.

[17] O. Giirdogan and V. Kazakov, New integrable 4D quantum field theories from strongly de-
formed planar N = 4 supersymmetric Yang-Mills theory, Phys. Rev. Lett. 117, 201602
(2016), doi:10.1103/PhysRevLett.117.201602.

[18] E Loebbert and J. Miczajka, Massive fishnets, J. High Energ. Phys. 12, 197 (2020),
doi:10.1007/JHEP12(2020)197.

[19] F Loebbert, D. Miiller and H. Miinkler, Yangian bootstrap for conformal Feynman integrals,
Phys. Rev. D 101, 066006 (2020), doi:10.1103/PhysRevD.101.066006.

[20] B. Ananthanarayan, S. Banik, S. Friot and S. Ghosh, Double box and
hexagon conformal Feynman integrals, Phys. Rev. D 102, 091901 (2020),
doi:10.1103/PhysRevD.102.091901.

[21] O. Zhdanov and A. Tsikh, Studying the multiple Mellin-Barnes integrals by means of mul-
tidimensional residues, Siberian Math. J. 39, 245 (1998), doi:10.1007/BF02677509.

[22] S. Friot and D. Greynat, On convergent series representations of Mellin-Barnes integrals, J.
Math. Phys. 53, 023508 (2012), doi:10.1063/1.3679686.

55


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010
https://doi.org/10.1016/0370-2693(93)90202-S
https://doi.org/10.1016/S0550-3213(03)00393-6
https://doi.org/10.1088/1126-6708/2007/01/064
https://doi.org/10.1088/1126-6708/2007/01/064
https://doi.org/10.1007/JHEP01(2010)077
https://doi.org/10.1103/PhysRevLett.113.161601
https://doi.org/10.1103/PhysRevD.96.121901
https://doi.org/10.1142/S0217979293003371
https://doi.org/10.1142/S0217751X05022317
https://doi.org/10.1088/1751-8113/44/26/263001
https://doi.org/10.1088/1751-8113/49/32/323002
https://doi.org/10.1088/1751-8121/aae7ff
https://doi.org/10.1103/PhysRevLett.117.201602
https://doi.org/10.1007/JHEP12(2020)197
https://doi.org/10.1103/PhysRevD.101.066006
https://doi.org/10.1103/PhysRevD.102.091901
https://doi.org/10.1007/BF02677509
https://doi.org/10.1063/1.3679686

Scil SciPost Phys. 11, 010 (2021)

[23] C. Coriano, L. Delle Rose, E. Mottola and M. Serino, Graviton vertices and the mapping
of anomalous correlators to momentum space for a general conformal field theory, J. High
Energ. Phys. 08, 147 (2012), doi:10.1007/JHEP08(2012)147.

[24] C. Coriano, L. Delle Rose, E. Mottola and M. Serino, Solving the conformal constraints for
scalar operators in momentum space and the evaluation of Feynman’s master integrals, J.
High Energ. Phys. 07, 011 (2013), doi:10.1007/JHEP07(2013)011.

[25] A. Bzowski, P McFadden and K. Skenderis, Implications of conformal invariance in mo-
mentum space, J. High Energ. Phys. 03, 111 (2014), doi:10.1007/JHEP03(2014)111.

[26] M. Gillioz, Momentum-space conformal blocks on the light cone, J. High Energ. Phys. 10,
125 (2018), doi:10.1007/JHEP10(2018)125.

[27] J. A. Farrow, A. E. Lipstein and P McFadden, Double copy structure of CFT correlators, J.
High Energ. Phys. 02, 130 (2019), doi:10.1007/JHEP02(2019)130.

[28] H. Isono, T. Noumi and T. Takeuchi, Momentum space conformal three-point functions of
conserved currents and a general spinning operator, J. High Energ. Phys. 05, 057 (2019),
doi:10.1007/JHEP05(2019)057.

[29] C. Coriano and M. M. Maglio, On some hypergeometric solutions of the conformal Ward
identities of scalar 4-point functions in momentum space, J. High Energ. Phys. 09, 107
(2019), doi:10.1007/JHEP09(2019)107.

[30] T Bautista and H. Godazgar, Lorentzian CFT 3-point functions in momentum space, J. High
Energ. Phys. 01, 142 (2020), doi:10.1007/JHEP01(2020)142.

[31] A. Bzowski, P McFadden and K. Skenderis, Conformal n-point functions in momentum
space, Phys. Rev. Lett. 124, 131602 (2020), doi:10.1103/PhysRevLett.124.131602.

[32] C. Coriano and M. M. Maglio, Conformal field theory in momentum space and anomaly
actions in gravity: The analysis of 3- and 4-point functions, (2020), arXiv:2005.06873.

[33] A. Bzowski, P McFadden and K. Skenderis, Conformal correlators as simplex integrals in
momentum space, J. High Energ. Phys. 01, 192 (2021), doi:10.1007/JHEP01(2021)192.

[34] K. Aomoto, Analytic structure of Schldfli function, Nagoya Math. J. 68, 1 (1977),
https://projecteuclid.org:443/euclid.nmj/1118796538.

[35] J. L. Bourjaily, E. Gardi, A. J. McLeod and C. Vergu, All-mass n-gon integrals in n dimen-
sions, J. High Energ. Phys. 08, 029 (2020), doi:10.1007/JHEP08(2020)029.

[36] A. I Davydychev and R. Delbourgo, A geometrical angle on Feynman integrals, J. Math.
Phys. 39, 4299 (1998), doi:10.1063/1.532513.

[37] O. Schnetz, The geometry of one-loop amplitudes, (2010), arXiv:1010.5334.

[38] M. E Paulos, Loops, polytopes and splines, J. High Energ. Phys. 06, 007 (2013),
doi:10.1007/JHEP06(2013)007.

[39] E.Herrmann and J. Parra-Martinez, Logarithmic forms and differential equations for Feyn-
man integrals, J. High Energ. Phys. 02, 099 (2020), doi:10.1007/JHEP02(2020)099.

[40] J. Chen, X. Jiang, X. Xu and L. Lin Yang, Constructing canonical Feyn-
man integrals with intersection theory, Phys. Lett. B 814, 136085 (2021),
doi:10.1016/j.physletb.2021.136085.

56


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010
https://doi.org/10.1007/JHEP08(2012)147
https://doi.org/10.1007/JHEP07(2013)011
https://doi.org/10.1007/JHEP03(2014)111
https://doi.org/10.1007/JHEP10(2018)125
https://doi.org/10.1007/JHEP02(2019)130
https://doi.org/10.1007/JHEP05(2019)057
https://doi.org/10.1007/JHEP09(2019)107
https://doi.org/10.1007/JHEP01(2020)142
https://doi.org/10.1103/PhysRevLett.124.131602
https://arxiv.org/abs/2005.06873
https://doi.org/10.1007/JHEP01(2021)192
https://projecteuclid.org:443/euclid.nmj/1118796538
https://doi.org/10.1007/JHEP08(2020)029
https://doi.org/10.1063/1.532513
https://arxiv.org/abs/1010.5334
https://doi.org/10.1007/JHEP06(2013)007
https://doi.org/10.1007/JHEP02(2020)099
https://doi.org/10.1016/j.physletb.2021.136085

Scil SciPost Phys. 11, 010 (2021)

[41] D. 1. Kazakov, The method of uniqueness, a new powerful technique for multiloop calcula-
tions, Phys. Lett. B 133, 406 (1983), do0i:10.1016/0370-2693(83)90816-X.

[42] A. 1. Davydychev, General results for massive N-point Feynman diagrams with different
masses, J. Math. Phys. 33, 358 (1992), doi:10.1063/1.529914.

[43] P A. M. Dirac, Wave equations in conformal space, Ann. Math. 37, 429 (1936),
doi:10.2307/1968455.

[44] J. Miczajka, The Yangian bootstrap for massive Feynman diagrams, PhD thesis, Humboldt
University Berlin (2021), in preparation.

[45] A. V. Kotikov, Differential equations method. New technique for massive Feynman diagram
calculation, Phys. Lett. B 254, 158 (1991), do0i:10.1016/0370-2693(91)90413-K.

[46] O. V. Tarasov, Connection between Feynman integrals having different values of the space-
time dimension, Phys. Rev. D 54, 6479 (1996), doi:10.1103/PhysRevD.54.6479.

[47] E.E.Boos and A. I. Davydychev, A method of calculating massive Feynman integrals, Theor.
Math. Phys. 89, 1052 (1991), doi:10.1007/BF01016805.

[48] D. Chicherin, S. Derkachov and A. P Isaev, Conformal algebra: R-matrix and star-triangle
relation, J. High Energ. Phys. 04, 020 (2013), doi:10.1007/JHEP04(2013)020.

[49] A. P Isaev, Operator approach to analytical evaluation of Feynman diagrams, Phys. Atom.
Nuclei 71, 914 (2008), doi:10.1134/S1063778808050219.

[50] B. A. Kniehl and O. V. Tarasov, Finding new relationships between hypergeomet-
ric functions by evaluating Feynman integrals, Nucl. Phys. B 854, 841 (2012),
doi:10.1016/j.nuclphysb.2011.09.015.

[51] Hypergeometric Functions, Wolfram Documentation, Accessed 15 October 2020,
https://functions.wolfram.com/HypergeometricFunctions.

[52] B. A.Kniehl and A. V. Kotikov, Calculating four-loop tadpoles with one non-zero mass, Phys.
Lett. B 638, 531 (2006), doi:10.1016/j.physletb.2006.04.057.

[53] J. Choi, A. Hasanov, H. M. Srivastava and M. Turaev, Integral representations for
Srivastava’s triple hypergeometric functions, Taiwanese J. Math. 15, 2751 (2011),
doi:10.11650/twjm/1500406495.

[54] P Srivastava and P Gupta, A note on triple hypergeometric series Hg and H., Proc. Natl.
Acad. Sci., India, Sect. A Phys. Sci. 85, 63 (2015), do0i:10.1007/s40010-014-0171-3.

[55] B. G. Nickel, Evaluation of simple Feynman graphs, J. Math. Phys. 19, 542 (1978),
doi:10.1063/1.523697.

[56] A. 1. Davydychev, Four-point function in general kinematics through geometrical split-
ting and reduction, J. Phys.: Conf. Ser. 1085, 052016 (2018), doi:10.1088/1742-
6596/1085/5/052016.

[57] J. Murakami and M. Yano, On the volume of a hyberbolic and spherical tertrahedron, Com-
mun. Anal. Geom. 13, 379 (2005).

[58] J. Murakami, Volume formulas for a spherical tetrahedron, Proc. Amer. Math. Soc. 140,
3289 (2012).

57


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010
https://doi.org/10.1016/0370-2693(83)90816-X
https://doi.org/10.1063/1.529914
https://doi.org/10.2307/1968455
https://doi.org/10.1016/0370-2693(91)90413-K
https://doi.org/10.1103/PhysRevD.54.6479
https://doi.org/10.1007/BF01016805
https://doi.org/10.1007/JHEP04(2013)020
https://doi.org/10.1134/S1063778808050219
https://doi.org/10.1016/j.nuclphysb.2011.09.015
https://functions.wolfram.com/HypergeometricFunctions
https://doi.org/10.1016/j.physletb.2006.04.057
https://doi.org/10.11650/twjm/1500406495
https://doi.org/10.1007/s40010-014-0171-3
https://doi.org/10.1063/1.523697
https://doi.org/10.1088/1742-6596/1085/5/052016
https://doi.org/10.1088/1742-6596/1085/5/052016

Scil SciPost Phys. 11, 010 (2021)

[59] T. Bargheer, N. Beisert, W. Galleas, E Loebbert and T. McLoughlin, Exacting N' = 4
superconformal symmetry, J. High Energ. Phys. 11, 056 (2009), do0i:10.1088/1126-
6708/2009/11/056.

[60] A. Sever and P, Vieira, Symmetries of the N' = 4 SYM S-matrix, (2009), arXiv:0908.2437.

[61] T. Bargheer, N. Beisert and E Loebbert, Exact superconformal and Yangian symmetry of
scattering amplitudes, J. Phys. A: Math. Theor. 44, 454012 (2011), doi:10.1088/1751-
8113/44/45/454012.

[62] T. Bargheer, N. Beisert, E Loebbert and T. McLoughlin, Conformal anomaly for amplitudes
in N' = 6 superconformal Chern-Simons theory, J. Phys. A: Math. Theor. 45, 475402
(2012), doi:10.1088/1751-8113/45/47/475402.

[63] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati and A. Santambrogio, One loop amplitudes
in ABJM, J. High Energ. Phys. 07, 029 (2012), doi:10.1007/JHEP07(2012)029.

[64] D. Chicherin and E. Sokatchev, Conformal anomaly of generalized form factors and finite
loop integrals, J. High Energ. Phys. 04, 082 (2018), doi:10.1007/JHEP04(2018)082.

[65] J. Caetano, O. Giirdogan and V. Kazakov, Chiral limit of N' = 4 SYM and
ABJM and integrable Feynman graphs, J. High Energ. Phys. 03, 077 (2018),
doi:10.1007/JHEP03(2018)077.

[66] V. Kazakov, E. Olivucci and M. Preti, Generalized fishnets and exact four-point correlators
in chiral CFT,, J. High Energ. Phys. 06, 078 (2019), doi:10.1007/JHEP06(2019)078.

[67] A. Pittelli and M. Preti, Integrable fishnet from y-deformed N' = 2 quivers, Phys. Lett. B
798, 134971 (2019), doi:10.1016/j.physletb.2019.134971.

[68] L. Corcoran and M. Staudacher, The dual conformal box integral in Minkowski space, Nucl.
Phys. B 964, 115310 (2021), doi:10.1016/j.nuclphysb.2021.115310.

[69] B. Basso and L. J. Dixon, Gluing ladder Feynman diagrams into fishnets, Phys. Rev. Lett.
119, 071601 (2017), doi:10.1103/PhysRevLett.119.071601.

[70] S. Derkachov, V. Kazakov and E. Olivucci, Basso-Dixon correlators in two-dimensional fish-
net CFT, J. High Energ. Phys. 04, 032 (2019), doi:10.1007/JHEP04(2019)032.

[71] S. Derkachov and E. Olivucci, Exactly solvable magnet of conformal spins in four dimen-
sions, Phys. Rev. Lett. 125, 031603 (2020), doi:10.1103/PhysRevlLett.125.031603.

[72] S. Derkachov and E. Olivucci, Exactly solvable single-trace four point correlators in y CFT,
J. High Energ. Phys. 02, 146 (2021), doi:10.1007/JHEP02(2021)146.

58


https://scipost.org
https://scipost.org/SciPostPhys.11.1.010
https://doi.org/10.1088/1126-6708/2009/11/056
https://doi.org/10.1088/1126-6708/2009/11/056
https://arxiv.org/abs/0908.2437
https://doi.org/10.1088/1751-8113/44/45/454012
https://doi.org/10.1088/1751-8113/44/45/454012
https://doi.org/10.1088/1751-8113/45/47/475402
https://doi.org/10.1007/JHEP07(2012)029
https://doi.org/10.1007/JHEP04(2018)082
https://doi.org/10.1007/JHEP03(2018)077
https://doi.org/10.1007/JHEP06(2019)078
https://doi.org/10.1016/j.physletb.2019.134971
https://doi.org/10.1016/j.nuclphysb.2021.115310
https://doi.org/10.1103/PhysRevLett.119.071601
https://doi.org/10.1007/JHEP04(2019)032
https://doi.org/10.1103/PhysRevLett.125.031603
https://doi.org/10.1007/JHEP02(2021)146

