Scil SciPost Phys. 11, 023 (2021)

Multi-centered black holes, scaling solutions
and pure-Higgs indices from localization

Guillaume Beaujard!*, Swapnamay Mondal®3" and Boris Pioline!*

1 Laboratoire de Physique Théorique et Hautes Energies (LPTHE), UMR 7589
CNRS-Sorbonne Université, Campus Pierre et Marie Curie,
4 place Jussieu, F-75005 Paris, France
2 School of Mathematics, Trinity College, Dublin 2, Ireland
3 Hamilton Mathematical Institute, Trinity College, Dublin 2, Ireland

* beaujard@Ipthe.jussieu.fr, T swapno@maths.tcd.ie, & pioline@Ipthe.jussieu.fr

Abstract

The Coulomb Branch Formula conjecturally expresses the refined Witten index for ' = 4
Quiver Quantum Mechanics as a sum over multi-centered collinear black hole solutions,
weighted by so-called ‘single-centered’ or ‘pure-Higgs’ indices, and suitably modified
when the quiver has oriented cycles. On the other hand, localization expresses the same
index as an integral over the complexified Cartan torus and auxiliary fields, which by
Stokes’ theorem leads to the famous Jeffrey-Kirwan residue formula. Here, by evaluating
the same integral using steepest descent methods, we show the index is in fact given by a
sum over deformed multi-centered collinear solutions, which encompasses both regular
and scaling collinear solutions. As a result, we confirm the Coulomb Branch Formula for
Abelian quivers in the presence of oriented cycles, and identify the origin of the pure-
Higgs and minimal modification terms as coming from collinear scaling solutions. For
cyclic Abelian quivers, we observe that part of the scaling contributions reproduce the
stacky invariants for trivial stability, a mathematically well-defined notion whose physics
significance had remained obscure.
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1 Introduction

For the purpose of determining the BPS spectrum in supersymmetric field theories or string
vacua with N = 2 supersymmetry in four dimensions, a special class of supersymmetric quan-
tum mechanics known as A/ = 4 Quiver Quantum Mechanics (QQM) provides an essential
tool. Indeed, it describes the low energy dynamics of a set of K dyons with general, mutu-
ally non-local electromagnetic charges y;, each of them separately saturating the BPS bound,
and interacting through the usual Coulomb, Lorentz, scalar exchange and (when coupled to
gravity) Newton forces. When the dyons have distinct charges y;, QQM is an 0+1 dimen-
sional U(1)¥ gauge theory with charged matter determined by the Dirac-Schwinger-Zwanziger
pairing x;; = (i )/j) between the charges of the constituents, encoded in a quiver Q. More
generally, it is a non-Abelian gauge theory with gauge group ]_[iK=1 U(N;) and bifundamental
matter, whose Lagrangian follows from the usual rules of string theory whenever the dyons
can be viewed as wrapped D-branes [1,2]. Semi-classically, its moduli space consists of a
Coulomb branch, where the gauge group is broken to the Cartan torus and the scalars X; in
the vector multiplet satisfy the same equations as multi-centered BPS black holes in N = 2
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supergravity [2, 3],

vi, S0 =ag, (LD

j#i |xi - x]l

and a Higgs branch where the X;’s are coincident and non-Abelian degrees of freedom be-
come important. Both branches carry an action of the R-symmetry subgroup SO(3)g, which
corresponds to rotations in spatial directions.

While the quantum dynamics of QQM is complicated, the refined Witten index Q(y, y, {)
counting supersymmetric ground states weighted by their angular momentum y2’s (and there-
fore BPS bound states of the K dyons with total charge y = >, y;), can be evaluated using
localization [4] (see also [5-7]). Crucially, the index depends on the Fayet-Iliopoulos param-
eters { and superpotential W, with jumps in real codimension one or two, respectively, when
these data are varied. The former corresponds to the familiar wall-crossing phenomena in
four-dimensional theories with N' = 2 supersymmetry (see e.g. [8] and references therein),
while the latter will be irrelevant in this work, where we shall assume W to be generic.

Mathematically, the refined Witten index (also known as refined Donaldson-Thomas invari-
ant) is given by the y,.-genus of the moduli space M(y, {) of stable quiver representations
with dimension vector ¥ = (Ny,...,Ng). The localization computation of [4] (closely related
to the elliptic genus computation in two-dimensional gauged linear sigma models [9]) ex-
presses Q(v, y, {) as a Jeffrey-Kirwan residue formula, with a contour prescription depending
on the stability parameters {. For generic values of { away from the walls, Q(y, y, {) evaluates
to a symmetric Laurent polynomial in y, corresponding to the character of the action of the
rotation y2/3 on BPS ground states, and reduces to the usual Witten index Q(y,¢) as y — 1,
equal (up to sign) to the Euler number of the moduli space of stable quiver representations.

In a series of works by J. Manschot, A. Sen and the third named author [10-14], an alter-
native, heuristic description of the supersymmetric ground states of QQM was proposed, by
localizing the effective supersymmetric quantum mechanics on the Coulomb branch to fixed
points of the rotation J;. Not surprisingly, fixed points of J; are collinear configurations of
K dyons localized along the z axis, whose relative distances are fixed by a one-dimensional

version of (1.1),
KA.
Vi, E =2, (1.2)
— |Zi _Z'|
J# J

Summing over all possible orderings with a suitable sign, and assigning unit degeneracy
Q(v;,¥) = 1 to each constituent, this prescription produces the correct refined Witten index
for Abelian quivers without oriented cycles. This prescription also extends to non-Abelian
quivers without oriented cycles, provided the dyons are treated as Boltzmannian particles
(i.e. distinguishable) and weighted by an effective rational index Q(y;, y). In contrast, when
the quiver has oriented cycles, this prescription fails to produce a bona-fide character of the
rotation group, rather it produces a rational function of y with a pole at y = 1. This issue
can be traced to the existence of fixed points of J3 which do not correspond to any collinear
configuration, but rather to ‘scaling solutions’, where the centers become arbitrarily close to
each other, with almost vanishing angular momentum [15-17].

In[11], an ad hoc prescription was proposed to rectify this problem, by modifying the naive
count of collinear solutions and introducing new, so called ‘single-centered indices’ Qg(y,y)
(also known as ‘pure-Higgs’ or ‘intrinsic Higgs”) counting pointlike configurations with total
charge y = Y. N;v;, whenever the dimension vector y is supported on a subquiver which
contains an oriented cycle. Unlike the Witten index Q(y,y, ), the indices Qg(y,y) are in-
dependent of the stability parameters {. This property also holds for the attractor indices
Q,(y,y) introduced in [18], but contrary to attractor indices', single-centered indices do not

I The attractor indices €, (v, y) are instances of the Witten index in a particular chamber known as the attractor
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yet have a first principle definition, nor a representation theoretic underpinning.? The general
prescription for recovering Q(y, y, {) in terms of the single-centered indices Qg(y, y) has been
called the Coulomb branch formula (see [14] for a concise review) and was tested in many
examples [12,17,23], but it has remained conjectural in general. A notable exception is the
case of quivers without oriented cycles, where all 2g’s vanish except those associated to the
basis vectors v; [13].

Our aim in this work is to revisit this heuristic prescription, and derive the sum over
collinear configurations and its modifications from the rigorous localization analysis of [4] in
the full QQM. While the the Jeffrey-Kirwan residue prescription in this reference was obtained
by applying Stokes’ theorem to an integral over the complexified Cartan torus and auxiliary
fields, we shall instead evaluate this integral by steepest descent,®. In the absence of oriented
cycles, we show that this yields a sum over collinear fixed points, exactly as specified in [10].
In the presence of oriented cycles, we shall show that there are additional saddle points, which
are solutions to a deformed version of (1.2),

. Kij
Vi, le_z'_mR“ =2¢;, (1.3)
JELITU T B

where R;; is the R-charge of the x;; chiral fields charged under U(1); x U(1); (chosen such
that oriented cycles have R-charge 2, and defined for all i, j such that Rj; = —R;;), B is the
inverse temperature and z (not to be confused with positions of the centers) is related to the
angular momentum fugacity by y = e/™. Among these solutions, some (dubbed as regular
collinear solutions) smoothly merge on solutions to (1.2) as f — oo, while others (dubbed
as collinear scaling solutions) have no counterpart in (1.2), but persist for any value the FI
parameters. In particular, they are the only ones remaining in the ‘deep scaling regime’ {; — 0
considered in [25,26]. We show that these collinear scaling solution complement the regular
ones exactly as specified by the ‘minimal modification hypothesis’ of [11], and in addition
provide the missing single-centered (or pure-Higgs) contribution. We demonstrate this in the
case of Abelian cyclic quivers, where the equations (1.3) for {; = 0 can be solved explicitly. In
that case, we further observe that the so-called ‘same sign’ scaling solutions exactly reproduce
the stacky invariants with trivial stability condition — a mathematically well-defined notion (see
e.g. [27]), but whose physics significance had remained obscure. Unfortunately, we do not yet
understand the mathematical significance of the remaining ‘unequal sign’ scaling solutions.

The remainder of this article is organized as follows. In §2, we give a brief review of N = 4
quiver quantum mechanics, discuss the conditions for existence of scaling solutions, and recall
the Coulomb Branch Formula in this context. In §3, we recall the localization computation of
the refined Witten index, assemble some useful formulae for dealing with infinite products ap-
pearing in this computation, and evaluate the Witten index for quivers using steepest descent,
both in the absence (§3.3) and presence (§3.4) of oriented cycles. The case of a 3-node quiver
isdiscussed in §3.4.1. In §4, we consider Abelian cyclic quivers with arbitrary number of nodes,
and obtain generating series for a variety of indices including single-centered indices, attrac-
tor indices, trivial stability indices and scaling indices. Some further computational details are
relegated to appendices.

or self-stability chamber. The Witten index in any chamber can be recovered from those by using attractor flow
tree formulae [18-22].

2It is expected that single-centered indices count harmonic forms in the middle cohomology of the Higgs branch,
but their precise characterization has been elusive.

3This is similar in spirit to the approach developped in [24] in the simplest case of the Kronecker quiver with
rank (1,N), but the details are different, and our method also applies to quivers with oriented loops.


https://scipost.org
https://scipost.org/SciPostPhys.11.2.023

Scil SciPost Phys. 11, 023 (2021)

2 Review of the Coulomb branch formula for quivers

In this section, we briefly review the quiver quantum mechanics (QQM) describing interactions
of half-BPS dyons in supersymmetric field theories or string vacua with A/ = 2 supersymmetry
in 341 dimensions, and the Coulomb branch formula prescription for computing its index.

2.1 N =4 quiver quantum mechanics

QQM is a 0+1-dimensional gauge theory with V' = 4 supercharges [2], gauge group G = l_[ff:l
U(N,) and K, chiral multiplets in the bifundamental representation of U(N,) x U(N,). Here
N, are the number of constituents with distinct electromagnetic charges v,, and «,; is the
integer-valued Dirac-Schwinger-Zwanziger pairing.

It is convenient to view QQM as a special supersymmetric gauge theory with N' = 2 su-
percharges, where the couplings are tuned such as to enhance the supersymmetry to N' = 4.
Recall that a N = 4 vector multiplet decompose into A/ = 2 vector multiplets and A = 2 chiral
multiplets:

(v, X3,A_,D) ® (0 = x1 +1x,,iA,). 2.1

We shall attach an index ass’ to the components of the multiplet in the U(N,) factor, with
s,s’=1...N,. Under the Cartan torus U(1)" C G with r = 25:1 N,, the off-diagonal compo-

nents of the complex scalar field afl’sl carry charge vector V;’Sl = e, — e, Where the vector
eq s has component +1 along the direction a = (a,s) inside U(1)", and 0 along the other direc-
tions. The N = 4 chiral multiplets decompose into A/ = 2 chiral multiplets and N = 2 Fermi
multiplets in the same representation,

(¢, )@@, F). (2.2)

Since they transform in the bifundamental representation of U(N,) x U(N} ), we shall attach an
index abss’ to the components of the multiplet in the U(N, ) factor, withs =1...N,,s' =1...N;.

Under the Cartan torus U(1)", the complex scalar fields qﬁi’zsl carry charge vector V;sb/ =eg—Cp
Note that the diagonal U(1) C G acts trivially, so the rank of the effective gauge group is
¢ =r—1, and we can omit one component (say the last) in the charge vectors V and V, such
that the a index runs only from 1to { =r —1.

The Lagrangian of the A/ = 2 gauge theory depends on the coefficients for the standard
kinetic terms of the vector and chiral multiplets, on the Fayet-Iliopoulos parameters ¢, subject
to the condition ), N,{, = 0, as well as on a choice of superpotentials E and J, which are
vector-valued holomorphic functions of the complex scalar fields o, ¢ in the A/ = 2 chiral mul-
tiplets, subject to the condition that Tr(J - E) = 0 . In order to enforce N = 4 supersymmetry,
we choose equal coefficients for the kinetic terms of the components (2.1) and (2.2) inside the
N =4 vector and chiral multiplets, and take

E(o,9)=0¢, J(o,¢)=—dW(e), (2.3)

where W is a gauge invariant, holomorphic function of the scalars in the N' = 4 chiral mul-
tiplets only. We shall assume that W is a linear combination of traces of products of these
scalars along oriented cycles of the loop, with generic coefficients such that the F-term equa-
tions 9, W = 0 are independent away from the locus where all ¢’s vanish.

With this matter content, the QQM has SU(2), x SU(2)_ global R-symmetry, with Cartan
torus U(1), x U(1)_ acting with the following charge assignments

Ve X3 A_ D|o A, | YT | Y~ F
" J—

7 R RN RSl N

Jfo o o o|-1 —1||¥ "B |RB_q R_4
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where R stands for the charges R,; of the chiral fields ¢,;, under the U(1)z generator J, +.J_
(for convenience, we define R, = —R,;). These symmetries hold provided W(¢) transforms
homogeneously with R-charge 2 (in particular, this ensures that the coupling Fd, W in the
Lagrangian is invariant). The U(1)_ € SU(2)_ factor corresponds to spatial rotations of the
system of interacting dyons; it is an R-symmetry for the full N' = 4 supersymmetry, but an
ordinary global symmetry with respect to the N' = 2 subalgebra. In addition, by dimensional
analysis the model is invariant under rescaling

1 1
t—>t/s, X—osX, A—s320, D—s3D, {—/s, —2—>—2/53, B —B/s. (2.4)
e e

If one instead keeps fixed the dimensionful parameters ¢ and 1/e? while scaling the fields in-
verse temperature as in (2.4) and taking the limit s — 0, one expects the N = 4 supersymmetry
to be enhanced to the superconformal algebra D(2,1;0) [25, 26].

2.2 Semi-classical vacua and BPS states

Semiclassically, the quiver quantum mechanics admits two branches of supersymmetric vacua

[2]:

* On the Higgs branch, the gauge symmetry is broken to the U(1) center by the vevs of
the chiral multiplet scalars ¢, 4 5/, which are subject to the D and F-term relations,

DD bhas P — D D Phanss Pranse =Labs Va5t

bk >0 s’=1..b bik,, <0 s/=1..b
Kab As:L..K'ab Kab Ail...|;<ab|
w
———=0 Va,b,As,s, (2.5)
0 ¢ab,A,ss’

where 1 < a,b <K,1<s,t <N,1<s" <Np,1 <A< Ky Asa result, the space
of gauge inequivalent classical supersymmetric vacua coincides with the moduli space
Mq(r, {) of stable representations of the quiver Q, with stability conditions determined
by the FI parameters {. Quantum mechanically, BPS states on the Higgs branch are
harmonic forms on M(y, {), or equivalently Dolbeault cohomology classes.

* On the Coulomb branch the gauge symmetry is broken to the diagonal subgroup

U(l)Z{-{:l Na and all chiral multiplets as well as off-diagonal vector multiplets are massive.
After integrating out these degrees of freedom, the diagonal part X; of the scalars in the
vector multiplets must be solutions to Denef’s equations (1.1), with the index i running
over all r = ), N, pairs (a,s) with s = 1...N,, and the corresponding k; j and {; are
equal to k4, and {,, in such a way that Zir:1 {; = 0. The space of solutions modulo
common translations is a phase space M, ({x;;, c;}) of dimension 2n —2, equipped with
a natural symplectic form [28], invariant under SO(3) rotations in R® generated by the

angular momentum
- 1 X;—X j
J== Kii5——=— - 2.6
2 Z VIR —X; (2.6)
1<j
Quantum mechanically, BPS states are harmonic spinors for the natural Dirac operator
on M, ({x;;,{;}), and fit into multiplets of SO(3) [28,29].
For quivers without oriented cycles, the Higgs branch and Coulomb branch give two equiv-
alent descriptions of the same quantum mechanical system, and have isomorphic BPS spectra,
with the action of SO(3) rotations on the Higgs branch side via the Lefschetz action on the
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cohomology of M. In contrast, for quivers with oriented cycles, the Coulomb branch de-
scription is incomplete, due to the fact that there exists loci on the phase space M,,({x;;,{;})
where the vectors X; become arbitrarily close and the chiral fields become almost massless,
such that it is no longer legitimate to integrate them out. These singular solutions are known
as scaling solutions, and they exist under certain conditions on the arrow degeneracies |« |
which we review in the next subsection.

In order to count supersymmetric ground states, keeping track of the angular momentum
of the corresponding BPS bound states in D = 3 + 1, it is convenient to consider the refined
Witten index

T = Tryy(—1)F 2™ ¢=PH 2.7)

where H is the Hamiltonian of QQM, F is the fermion number and the chemical potential z is
related to the usual fugacity by y = /™. When H is gapped (which holds for generic values of
the FI parameters { = ({1,...,{x) and coprime dimension vector y = (Ny, ..., Ng), the index
(2.7) is independent of 3, and computes the y,»-genus of the moduli space M(y, {) of stable
representations,

d
T=0Q(y,y,0) = ) hy (M) (-1)p+a-dy2d, (2.8)
p=0

where d is the complex dimension of M = MQ(I_\7 . E ). Put differently, Z gives a weighted
count of BPS states in the Higgs branch description. It also counts BPS states on the Coulomb
branch whenever the latter is well-defined, i.e. in the absence of scaling solutions.

When the dimension vector ¥ is not primitive, the Witten index (2.7) instead computes the
rational index [7].

y—1/y

d
d(yd_y_d)ﬂ(r/d,y 0D, (2.9)

I=0(r,y,0):=
dly

where Q on the r.h.s. is defined as in (2.8), using L2-cohomology when M is non-compact.

2.3 Scaling solutions

For scaling solutions such that all X; become nearly concident, the FI parameters on the r.h.s.
of (1.1) become irrelevant, and the equations reduce to the ‘conformal Denef equations’,

Vi, > _Mu g, (2.10)

j#i |xi_xj|

If they exist, they occur in one-parameter families where all distances are scaled by a factor
of A > 0. Since the angular momentum (2.6) on solutions to (1.1) evaluates to J=2 Zi g%,
it follows that scaling solutions carry vanishing angular momentum at the classical level. In
particular, collinear solutions to (2.10)* exist only for nongeneric values of the Kl/- ;s such that
Zi <j Ko(i),o() vanishes for some permutation o.

For K = 3 centers, it is clear that solutions to (2.10) exist if and only if k5, k93, k37 have
the same sign (positive, say) and satisfy the triangular inequality

K1+ Ka3 2 K31 (2.11)

and cyclic permutations thereof. These inequalities ensure that r;; = Ak;; correspond to the
distances between an actual configuration of 3 points in R®. We conjecture that a necessary

“We reserve the phrase ‘collinear scaling solutions’ for solutions of the deformed equations (1.3).
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condition for any number of centers K such that the nodes 1, 2,...K form an oriented cycle on
the quiver is that®

Z kij =0 and cyclic perm.. (2.12)
i<j
In the case of a cyclic quiver, with x;; = O unless j =i+1 (with j = K+1 identified with j = 1)
this condition reduces to

0< KK,l < K12+K23+"'+KK_1’K (2.13)

and cyclic permutations thereof, which is again a trivial consequence of the fact that r; ;,; =
AK; ;41 correspond to distances between K points in R3. For a cyclic quiver with one additional
arrow, say k1 ; > O with k # 2 and k # K, one may also demonstrate that (2.12) is a necessary
condition (see Appendix A). We do not know how to show that (2.12) holds in general, but we
observe that this is the most general condition which is linear in the x;;’s, and which reduces
to the known conditions for a cyclic quiver with one additional arrow. For K = 4, using the
results in ( [18, (4.15)], we can prove by a case-by-case analysis that (2.12) is a necessary
condition for the non-vanishing of the difference Q,(y) — Qg(y), see below).

Quantum mechanically, we conjecture that the condition for existence of scaling bound
states is strengthened to

Z kijj=K—1 and cyclic perm., (2.14)

i<j

generalizing the known condition for cyclic quivers [12]. This condition is consistent with the
positivity of the expected dimension of the Higgs branch in a chamber where all chiral fields
<I>f;. with i > j vanish.

2.4 The Coulomb branch formula

For quivers without oriented cycles, the Coulomb branch formula expresses the rational in-
dex Q(y,y, ) defined in (2.9) as a sum over all possible unordered decompositions of the
dimension vector y into a sum of positive dimension vectors a;,

_ {aipcihy)
0= 3 e [ Tostan. (2.15)
Y:Z?=1l

Here the rational indices Qg(a;, y) are zero except when the dimension vector a; has support
on only one node of the quiver, in which case Qg(a;,y) = (¥ —1/y)/IN(y" —y™)] where
N is the value of a on that node. Said differently, the integer indices Qg(a;, y) defined as in
(2.9) are equal to one if a; is the unit dimension vector on one node of the quiver, or zero
otherwise. The factor |Aut{a;}| is the usual Boltzmann symmetry factor, i.e. the order of the
subgroup of permutations of n elements which preserve the ordered list {a;,i =1...n}.

The coefficient gc({a;,c;},y), known as the Coulomb index, is the equivariant index of
the Dirac operator on the phase space M,({a;j,c;}), where a;; = (a;,a;) and ¢; = ({,a;)
are the FI parameters associated to the constituents. The index was computed by localization
with respect to rotations around a fixed axis in [10,11,13]. The fixed points of the action of

5In case there are several oriented cycles passing through all the nodes, these conditions are to be imposed for
each such cycle. In case there is no oriented cycle passing through all the nodes, one should perturb the matrix «;;
such that such a cycle is created.
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J3 on M, ({a;j,c;}) are collinear black hole solutions, with coordinates z; satisfying the one-
dimensional Denef equations (1.2) (with x;;, {; replaced by a;j,¢;). Denoting by S the set of
such solutions, up to overall translations, one has

ij» €

(_1)n_1+2i<j Yij

gcllrochy) = > sgn(det' 39W) y X w00, (2.16)
where J;0;)V denotes the Hessian of the function
1
W({z}) = ) ; sgn(z; —z;) a;; log|z; —z;| — Zl: Ci%; - (2.17)

When the phase space M, ({a;;, c;}) is compact, which is the case for quivers without oriented
cycles, the sum over fixed points produces a symmetric Laurent polynomial in y, which is the
character of the SO(3) representation spanned by harmonic spinors.

While the formula (2.15) for quivers without oriented cycles is transparent and well es-
tablished [13], its generalization to quivers with oriented cycles is conjectural and more in-
volved [11,13,14]:

_ (aij, it ¥) =
20,y.0= > gC|AitJ{;}|y ]_[QT(al,y) (2.18)
Y:Z?:l Qi

where Qp(a;, y) is constructed in terms of Qr(a;, y) by a relation similar to (2.9). The factor
gc({aij,{i}, y) is defined by (2.16) just as in the previous case, however it is in general not a
symmetric Laurent polynomial in y, due to the fact that the phase space M, ({a;j,c;}) is not
compact. Indeed, it misses the scaling solutions, which carry zero angular momentum and
should therefore contribute to the sum over fixed points.

As for the ‘total’ invariant Qr(a, y), it is in turn determined in terms of the single-centered
indices Q5(f;, y) via

m
(e, ) =0s(@y)+ >, H{Bmby) ] [2s(Bny™), 2.19)

a=y, mif; =1
where the sums run over unordered decompositions of a into sums of vectors m;3; with m; > 1
and f3; a linear combination of the a,’s with positive integer coefficients®. Unlike in the ab-
sence of oriented cycles, the single-centered indices Qg(a, y) may be non-vanishing on any
dimension vector a whose support spans oriented cycles — in addition to the basic dimension

vectors associated to each node, for which Qg(a, y) = 1.

The functions H({f3;, m;}, y) are supposed to incorporate the missing contributions of scal-
ing fixed points to the equivariant index of M, ({a;j,c;}). While it is not known yet how to
compute them from first principles, an ad hoc prescription, called ‘minimal modification hy-
pothesis, was put forward in [13, 14]. This prescription amounts to replacing the coefficient
f(y)of ]_[:":1 Qg(B;, y™), which is in general a rational function, by its image under the pro-
jection operator [12, (2.9)],

_fodu (Q/u—u)f(u)
M[f](y)_ﬁ27'ci(1—uy)(1—u/y)’ (2.20)

which turns a rational function into a symmetric Laurent polynomial with the same polar terms
in the Laurent expansion at y =0 or y = 00,

FO)= D LY o MIFIN = D0 fuly"+y ™+ fo. 2.21)

n>—N —N<n<0

SIf one of the constituents f3; is not primitive, all choices (dm;, 3;/d) are counted as distinct contributions.
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Note that the dependence on FI parameters is entirely contained in the Coulomb indices (2.16).

We note that the relations (2.9), (2.18), (2.19) are consistent with assigning a charge my
to the indices Q(y, y%), Qs(y, y?) and their rational counterparts. Therefore, the index can be
written in either of the two forms

raY _ §C({aiimi’Ci})y) . = m;
Ar.y,0) = Z At ] Uﬂs(ai,y ), (2.22)
Y:Zi=1 m;a; i=1
_ gc({ay,m;, i}, y) . m;
Q(Y} Y, C) - Y:Z?Zm.a. |Aut{ai, ml}l !:1[ QS(ai) Yy )’ (223)

where the sum runs over unordered decompositions y = Z?:l m;y; with m; > 1, and Aut{y;,
m;} denotes the subgroup of S, which preserves the pairs (y;, rﬁi). We recall that the single
centered indices Qg(y, y) can be related to the attractor indices Q2,(y, y) by evaluating (2.22)

at the attractor point {7 = —Zj x;;N; [18].

2.4.1 Abelian quivers

Assuming that y is a linear combination of the basis vectors vy, with coefficients at most 1, the
Coulomb branch formula (2.18) simplifies to

Ar.y.0= >, &Uan by | [2stany), (2.24)
=3 a i=1
where
lrnthy) = ) sclan th ] [HWB - Bim b ), (225)
Z;;l Yi=Z,m:1 aj i=1
ai:Z;-n:ilﬁi,j

with the understanding that H({;},y) = 1 and H({;, B>}, y) = 0. The term H(a,,...,a,,Y)
with the largest number of arguments is fixed by the minimal modification hypothesis, and is
independent of the moduli.

3 Coulomb branch localisation

After reviewing the result of the localization computation in [4], we evaluate the integral using
steepest descent, and recover the Coulomb branch prescription for Abelian quivers, both in the
absence (§3.3) and presence (§3.4) of oriented cycles. The case of a 3-node quiver is discussed
in §3.4.1.

3.1 Witten index from localisation

As explained in [5-7] and especially in [4], the Witten index (2.7) can be computed by lo-
calization, similar to the case of two-dimensional supersymmetric gauge theories analyzed
in [9,30,31]. This procedure relies on the fact that the kinetic terms for the N/ = 2 multiplets
are Q-exact, and therefore the functional integral is independent of the values of the kinetic
couplings e and g. In the limit e — 0, the integral localizes on configurations where the x3’s
are restricted to a common Cartan subalgebra, x?,f; = 555/x3’a, and moreover x; , is covariantly
constant,

V.x3=0, (3.1)

10
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where V, = J,+iv, is the gauge covariant derivative. In this limit, the one-loop approximation

of the functional integral around configurations with constant u := f—n(vt —ix3) becomes exact,
and (2.7) reduces to a finite dimensional integral

/32 dzlude s
T= D) deth(u, D) e P5(:0) 3.2
(477:2 (2n)€|W|g(”’ ) deth(u,D)e , (3.2)
where 1
S(D,0) == ;=i D oDy (3.3)
26 a=1..K a=1..K
s=1..Nq s=1..Ngq

and |[W|= l_[a N,! stands for the order of the Weyl group. In (3.2), the integral runs over the
complex variables u, = u, ; and real variables” D, = D, with a =1...{. while the last entry
is fixed by the conditions Z;Zl U, = Z;Zl D, = 0. The factor g(u, D) is a product of one-loop
determinants,

a NmN Kab
g(, D)—smnz]_[gvea{,r(ua,D) [T [ehetP e up. D D], B.4)

a,b=1..K
Kqp>0

where gyector 1S the contribution of a N' = 4 vector multiplet transforming in the adjoint rep-
resentation of U(N),

) WD)= —+ l_[ (m+u,—uy)(m+iy —i, +2)

8vector N iB2
(smrcz) /=1, Nmez|m+u/—u5+z|2——‘1£r2(Ds—Ds/)
s#s’

(3.5)

while giﬁ’r];’l/) is the one-loop determinant for a N’ = 4 chiral multiplet transforming in the

bifundamental representation of U(N) x U(N’),

N N’

(NN)(uu DD)—l_“_[l_[ m+u,— Rz)(m+u u;,+(%R—1)z)' 5.6

chlral B2
s=1 s'=1 meZ |m+u —u;— 2Rz|2 — Z(DS—DS’,)

The factor sin 7tz in (3.4) comes as a result of removing the diagonal U(1) factor in G. Finally,
his a £ x £ symmetric matrix coming from saturating the gaugino fermionic zero-modes,

Vs yss
a,a ‘a ﬁ
hap@D)= D, D, -
a=1.K meZ (m gy —Ugs+ z) [Im FUg —Ugs +212— 35 (Dgs— Da,sl)]
s,s'=1..N,
s#s’

Vs,s/ Vs,s/

a,b,a “a,b,
+ :

1 1 if2 ?
..KmeZ (m + Up g —Ugs— §Rabz) [|m + Up g —Ups— ERabzl2 - jW(Da,s - Db,s’)]

3.7

where VS " and V;Z ., are the components of the charge vectors for N = 2 chiral multiplets
defined in the previous subsection. An important property of (3.4) is

‘R2
0;,8(,D) = —% hap(u,D)DP g(u, D). (3.8)

"The variable D is related to the auxiliary field D by a factor 32/(472), which accounts for the prefactor.
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As explained in [4, 9], using the identity (3.8) the integral over u,ii can be cast into a
contour integral in the u-plane, and the integral over D evaluated by computing the residue
at D = 0. The remaining contour integral over u leads to a sum over residues, with a precise
prescription for determining which of them contribute for given value of the FI parameters
{, known as the Jeffrey-Kirwan residue. Instead, in order to make contact with the heuristic
localization on the Coulomb branch, we shall evaluate the integral over u,ii, D by directly
saddle point methods.

3.2 Evaluating infinite products and sums

Before proceeding, we shall evaluate the infinite products in (3.6) using trigonometric func-
tions. At D = 0, the infinite product in (3.6) can be computed using the identity

Sln’/TX _ _ X
m#0(1 ) (3.9)

leading to the well-known expression [4,9],

v, +(AR—-1
¢, u,0,0) = ]_[]_[ sin ( v )Z). (3.10)

hiral
Schira o1yl smrc(u/—u — 3Rz)

Similarly, the product (3.5) reduces to

) sin[ w(uy —uy)]

u,0)= - . 3.11

Suector(t,0) = (sin t2)V nz)N ,1_1[ sin[ 7w(ug —uy —2)] (3.11)
s#s’
For D # 0, the infinite product can be computed similarly using the identity
cos2mx —cos2Tma

= 3.12

1—cos2ma Tl;;( (m+a)2) (3.12)

which holds since both sides vanish whenever x = +a + m with m € Z. More generally,

2_b2
l_[ (1 x2 ) _ l_[ 1= ()rcn+a)2 _ cosh2mv' b2 —x2—cos2ma , 3.13)

_(m+a)2+b2 _mEZ]-+b—2 N cosh2mb —cos2ma

meZ (m+a)?

which reduces to the previous formula when b — 0. Applying this identity to the ratio between
the values at D # 0 and D = 0, we get we get

/

(NN) N N 1
Setival (u,,u’,D,D") =l_[ |m—|—us—u§,+—Rz|2
8eniral(,1,0,0) {10 107 Im+u—u/, + 1Rz12— L (D, - D)

Z

cosh(2m ImUSS/) —cos(2m ReUyy/)
1 cosh(2m \/Imz(Uss )—

S

S/

DSS/) cos(2nReUsy)

4712

cosh 8%, — cos BV,

1 cosh(f4/£2, —iDyy) —cos ﬂVSS/

R B .
L+ 5% = ﬁ(vﬁ, —i%y), Dy =D;—D,. (3.14)

I :2\

where

Uy =u,—u
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The infinite sums in (3.7) can similarly be evaluated in terms of trigonometric functions by
using the identity

1 im?
Z (ntarib)(mia iy =— bl n(a—10) P 4b2 [cott(a—ib)—cotm(a +ib)].

meZ

(3.15)

3.3 Abelian quivers without oriented cycles

In this section, we establish the Coulomb branch formula for quivers without oriented cycles.
We note that the Coulomb branch formula for such quivers has been established previously
in [13,32], by showing its equivalence with Reineke’s formula. Our aim however is to explain
physically the origin of the sum over collinear configurations. For simplicity, we start with
Abelian quivers, before generalizing the argument to the non-Abelian case.

For ranks N = N’ =1, (3.5) and (3.6) reduce to

1
sinmz’
I (m+ﬂ—ﬁ’+%Ri)(m+u—u’+(%R—1)z)'
mez. Im+u—u + %RZIZ—TTZZ(D—D’)

gvector(ua D) =

gchiral(u_u/:D_D/) = (316)

The infinite product in (3.16) can be evaluated using the identity (3.14). In the regime where
B1%] > 1 and D is of order || or less, the hyperbolic cosine in (3.14) dominates over the
trigonometric cosine, so that we can approximate

—B./32
gchiral(ua_ub:Da_Db)Ne PVZa 1Daw—fjlzablgchiral(ua_ubno): (3-17)

where following (3.14), we have set

nlmz

B

The integral (3.2) therefore reduces to

2 \! 20, At
B (ﬁ_) o ( l_[ [gchlral(u — Up, O)JKGb) deth(u’D)e_ﬁS(D’Z), (3.19)

2 (977 ain o)\
4r (2msin7z) ~50

27
Zab :Za—zb— Rab , Za z—ﬁlmu, Dab :Da_Db' (318)

where

1 : ,
S(D, %) = Z_eZZDj +1D> CDa— Y. Kap (|2ab| —=2, —1Dab) . (3.20)
a a

Kqp>0

The action (3.20) is recognized as the one-loop effective action obtained in [2, (4.2)] after
integrating out massive chiral multiplets, assuming that the transverse scalars o = x{ +ix3
in the vector multiplets have vanishing expectation value.

We shall now carry out the integral over D using the saddle point method, which is valid
in the limit 3 — co. We make the self-consistent assumption that |Z,;|? > | D, | at the saddle
point, so that the square root can be expanded:

1 . i D
S(D,E)~ = > D24i» L Dy—7 D Kapreit. (3.21)
2e 2 2 2 |2ab|

Kqp>0
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Moreover, the prefactor deth(u, D) is polynomially bounded in this regime. Indeed, using
(3.15) we find (identifying the indices a3 and ab)

2im3 K K
hyp =— 57 (5ab Z Z;C sgn¥,. — E—Zb sgnZ}ab> . (3.22)

c#a —ac ab

As B — o0, the integral over D, is therefore dominated by a saddle point at

K
Dr=—ie2| ¢, — > — | 3.23
¢ (5‘1 Zzlzabl) (5:23)

b#a

where ¥, was defined in (3.18). Integrating out D in this manner, and neglecting higher loop
corrections which are suppressed as § — oo, the integral (3.19) reduces to an integral over

u,
_ (B2 (2ne2\7? d*u .
1 = (m)( ﬁ ) J(Znisinnz)e l_[ [gchiral(ua_ub’o)]

Kqp>0

B *
x  det[ih(u, D*)] 2 2 (3.24)

Let us now perform the integral over %, = —%”Imua. Assuming that g.pi(u, —up) varies
slowly as a function of 3i,, the integral is again dominated for large 3 by saddle points where
D*(%) = 0. For quivers without oriented cycles, the solutions to these equations are inde-
pendent of B in the limit § — oo, with x,;/|X,p| and |, — {}| of the same order. We may
approximate X, = X, — X, such that (3.23) becomes

K
D =—ie?| ¢, — > —ab |, 3.25
a7 (g“ Zzlza—zbl) (5:25)

b#a

The conditions B|Zg,| > 1 and |%,,|> > |Dgy| require that both 8 and 1/e?/® are much
greater than |{, — {;|, consistently with the scaling symmetry (2.4). In contrast, for quivers
with oriented cycles, there exists another branch of solutions where |3 | scales like Imz/f as
B — 00, and Z;; can no longer be identified with X, —X;. We postpone this issue to §3.4.

Assuming that the approximate version (3.25) of (3.23) is valid, the saddle points for the
integral over X, must then satisfy

Kab
— =2{, . 3.26
Va, bE;éa 5 %] Ca (3.26)

This is recognized as the one-dimensional reduction of Denef’s equations (1.1), which con-
strain the relative distances of multi-centered BPS black holes in 3+1 dimensions. Here, the
centers are constrained to the z-axis where xf = xé’ = 0, and the solutions to (3.26) are dis-
crete (except for overal translations ¢ — X% + §). We denote by S the set of such collinear
solutions, indexed by the allowed orderings s €C S, ; of the centers along the z-axis [10].

Since the solutions to (3.26) satisfy §|%,;| > Imz, the bracketed factor in (3.24) becomes
independent of u in the limit § — o0, justifying a posteriori our assumption that g, varies
slowly:

Sin(ﬂ:(Ua_Ub_Z))}Kab 1) a<h Kab o172 Xogep Kap SENT,
l_[ [ sin(n(Up —U,)) 1) e b - 327

Kqp>0
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2J5(s)

This is recognized as the angular momentum factor y
tions in [10], where

weighting the collinear configura-

1 1
Jg(S) = 5 Z Kab sgnZab = E Z Kab SgnZ}ab (328)

a<b Kqp>0

is the classical angular momentum carried by the configuration. The integral over Re(u) € [0, 1]
is then trivial.

In order to carry out the integral around the saddle point at D*(X) = 0, we observe that
the matrix haﬁ can be reexpressed using (3.22) as

4m3 43

ihab(u ,O) ~ W ZaiDb == —F

05, O, WV, (3.29)
where W is the ‘superpotential” introduced in [10]

1
W:—Engn(Zb—Za)Kab 1og|2a—zb|—za:§aza. (3.30)

a<b

Thus, the factor det(ih) on the locus D* = 0 is proportional to the Jacobian of the change of
variables ¥ — iD*(X). Since the integral is Gaussian in terms of the variables iD*, we obtain

. (—1)Za<bKab /j 3¢ 27'[62 £/2 47.53 1/
1= (2im sin z)¢ (ﬂ) (T) (ezﬁz)

. B 2
X J Al ™% Lirgy=0 Kab 581 Vab G (3EaiDl:) ¢~ 2 2.aliD)

14 14
(—1)Zu<b’<ab ( ﬁ )3[ 27T€2 47[2 o JS(S) ‘
= _ - — —_ 1z d a D*
(2isinmz)t \ 27 B e2f32 Ze sgn(det dy, iDy)

seS

— e+za< Kab
= ((}1/)_—1/};2}/%(5) sgn(detd,a, W), (3.31)
SES

where s runs over collinear solutions to Denef’s equations (3.26). The last line reproduces the
prescription of [10] for computing the ‘Coulomb index’ g-({y4, {4}, y) for K distinguishable
black holes carrying charges y, such that k,;, = (Y4, ¥)- Since each center carries unit degen-
eracy Qg(y,) = 1, this proves the simplest example of the Coulomb branch formula (2.15) for
an Abelian quiver without oriented loops. In §3.4, we shall extend this analysis to the case of
Abelian quivers with oriented cycles.

3.4 Abelian quivers with oriented cycles

As explained in §2.3, in the presence of oriented cycles and subject (conjecturally) to the
inequalities (2.12), there exists non-compact regions where some of the centers can come ar-
bitrarily close. In these regions, the previous analysis must be revisited, since the contribution
proportional to R,;, in (3.18) can no longer be ignored and the integrand is no longer inde-
pendent of Re(u). We shall see that the first effect leads to a deformation of the saddle point
equations (3.26), while the integral over Re(u) can, nonetheless, be evaluated exactly in the
case of Abelian cyclic quivers.

For simplicity, we restrict to Abelian quivers with oriented cycles, although we do not yet
impose that the conditions (2.12) for existence of classical scaling solutions are obeyed. Under
the assumption that $|X| > 1, the analysis of §3.3 carries through up until (3.24). However,
on performing the integral over %, in the saddle point approximation, we have to rely on the
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full expression for D} in (3.23), rather than its simplified version (3.25), since the former has
additional solutions. As a result, we must look for solutions to the ‘deformed Denef equations’

Kab
a, =2{,. 3.32
v ; |2 —Zp — FImzRy | a (3.32)

In general, these equations admit two branches of solutions, distinguished by their behavior
as 3 — oo: ‘regular collinear solutions’ where |X, — 2| ~ 1/[{, — 3| > |Imz|/B, which
are described by the usual Denef equations (3.25), and ‘scaling collinear solutions’, are such
that || scales like® |R,,Imz|/f as B — oo; for the latter, the Imz dependent term in the
denominator can no longer be neglected. In §3.4.1, we demonstrate the existence of these
two branches in the case of a cyclic three-node quiver.

The first class of solutions can be treated exactly as in §3.3 and leads to the same result
(3.31),

(_1)e+2a<b Kab 2J3(S)
g = sgn(det 3,0, W), (3.33)
& (y—l/.)’)[ sgregy i o

where s runs over collinear solutions to Denef’s equations (3.26) and WV was defined in (3.30).

For the second class of solutions, we can effectively set {, = 0 in (3.32),for a in a subset of
nodes, which amounts to taking the ‘deep scaling regime limit’ introduced in [26]. Due to the
non-vanishing value of R, the solutions still form a discrete set which we denote by S,.. The
integral over X, can still be performed in the saddle point approximation, but contrary to the
previous case, the integral over Re(u) is no longer trivial due to the factors gu,;q in (3.24). As
a result, we get

(—1)!d‘Re(u) o ~
T, = SEZSJ[O’HZW(K!;[O[gchiral(ua(s)—ub(s),ona)sgnmetaaawa

where W is the deformed version of (3.30),

— 1
W=— > sgn(Zy — T, — FImzRy,) K gp 10g |5, — T — ZImzR | —Za: (2., (3.34)

a<b

The integral over Re(u) (for fixed value of Imu determined by the solution s € S,.) can be
computed by Cauchy’s theorem, or (as we do for cyclic quivers in §4.5) by Taylor expanding
the various factors of gu,;.1- Note that (3.33) and (3.34) can be combined by summing over
all (regular and scaling) collinear solutions in (3.34).

We claim that the sum of the two branches of collinear solutions reproduces the result
predicted by the Coulomb branch formula:

K K
Treg + Toe = (8¢ ({ra Ll ) +HUra b ) | [9s(ray) + 9 (Z Ta> y) : (3.35)

a=1 a=1

In the next subsection §3.4.1 we shall demonstrate this agreement in the case of a 3-node cyclic
quiver, postponing the case of a general cyclic quiver with K nodes to §4.5. In §3.4.2 we analyze
the deep scaling contribution for general Abelian quivers with multiple oriented cycles We
have also implemented a Mathematica code (included in the package CoulombHiggs.m [33]
which numerically solves the deformed Denef equations (3.32) and then computes the integral
(3.34) (with the sum extended to all collinear solutions) by residue calculus. We have checked
this algorithm correctly reproduces the index computed by the Jeffrey-Kirwan residue formula

8We note that this requires |Imz| to be large, but smaller than 8/|{, — ;|-
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in a variety of 4-node and 5 node quivers with more than one cycle (see the Mathematica
notebook available from [33]). Unfortunately, the numerical search of solutions to (3.32)
becomes impractical for K > 5, and it would be desirable to develop a recursive algorithm
similar to [13] for assessing the existence of such solutions.

3.4.1 Three-node cyclic quiver

For a 3-node cyclic quiver with a = k15, b = K93,¢c = k37 witha, b,c > 0andR5, =Ry3 =R3; =
2/3, the equations (3.32) become

a c

. = 20,

= =% —r| [Z3—%,—r !
b a

— = 2¢,, (3.36)

[ —33—r] [B—2y—7] 2
c b

= 2§3)

23— —r] [Ey—23—r]

where we have set r = g—glmz. Without loss of generality, we work in the chamber {; > 0,3 <0
and assume r < 0. Let us define

o,=sgn(X] —Xy—r), Oy=sgn(Xy—23—r), 03=sgn(X3—x;—r). (3.37)

For r strictly zero and fixed signs o;, it was shown in [12, §3.1] that a solution s, exists
whenever the sign of o5 is opposite to the sign of ac; + bo,y + co;. For this solution, the
distances |X,—X,| are of order 1/|{,— ¢} |. We claim that for r # 0, there exists two branches
of solutions:

* the ‘regular’ branch s, (), which exists under the same condition o3(ac +boy+co3)
< 0 and which reduces smoothly to s, as r — 0,

* the ‘scaling’ branch s,.(r), which exists whenever the sign of r(ac; + bo, +co3) <0,
and is such that the distances |X, — X, | are of order r as r — 0.

To establish this claim, we may proceed as in [12, §3.1]. Let us define

a b c
s 12—y —r]’ 2= 2y =3 —r|’ B B3 =% —rl’ (3:38)
One may eliminate 2, 2, in favor of z; using (3.36) to in terms of 23, and fix the latter through
the requirement (X; — Xy —r) + (X5 — 33 —r) + (X3 — 27 —r) = —3r. Thus, solutions to
(3.36) are equivalent to solutions of f(z3) = —3r for z; € R™, where f is the function defined
in[12, 3.7)].
ao, bo, oo

= + +—. 3.39
f(zs) 23+20, 23—203 23 (3:39)
For {1 > 0,{3 <0, f is regular in ]0,+oo[, blows up at 0 and decays at oo according to
co ac,+bo,+co
fl)~ 2 (=07, fla)~ — = (s3> +09). (3.40)
3 3

For small (negative) r and ao; + bo,+co3 > 0, there is always a solution to f(z3) = —3r
at large z3, given by 23 = —(ao; + bo, + co3)/r. This corresponds to the scaling branch,
obtained by £, = 0 in (3.32),

3ao;

Y=Yy —r= r+0(%), (3.41)

ac;+boy+co,
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and cyclic permutations thereof, where the corrections can be computed systematically as a
Taylor series in 1.

On the other hand, when the signs of o3 and ac, + bo, + co; are opposite, it is clear
that for small enough r, there must exist at least one solution in the range ]0,+oo[. In the
r = 0 case discussed in [12], it was argued that multiple regular solutions cancel in pair in
(3.33), since sgn(det d,d, V) will be opposite. This no longer true in the present case, since
they may lead to different contour integrals in (3.34). In particular, when r is small (and
negative), aoc; + boy + co; > 0 and 03 < 0O, there are two solutions, the scaling solution
23 =—(ao; + boy + co3)/r and one of which reduces to the usual solution s; as r — 0.

After considering the various sign choices, we find that when a, b, ¢ satisfy the triangular
inequalities, there are two regular solutions (with signs 0, 53 = + + — and ——+) and four
scaling solutions (with signs + + +, + —+, —++, + + —). In contrast, if one of the triangular
inequalities is violated, say ¢ > a+ b, then there are four scaling solutions, with the same signs
4, =+, ——

In Appendix C, we compute the contour integral (3.34) using residue calculus. After com-
bining the contributions from the 4 possible sign choices, we find that

ISC = QS(Y}}/) +H({Yl) Y2, YB}’ J’) > (342)

such that the total index reproduces the standard result from the Coulomb branch formula,

IT=[gc({riv2 73D +H{r1, 1273} ¥)1Qr1, ¥) v, y) Qrs, )+ Qs(y,¥).  (3.43)

It is worth noting that 7 vanishes in the case where one of the triangle inequalities a < b + ¢,
b < c+a, c <a+b is violated, even though the contributions of the four collinear scaling
scolutions are separately non-zero. In fact, Z vanishes unless the quantum version (2.14) of
these inequalities holds.” In §4.5, we extend these results to arbitrary Abelian cyclic quivers,

using a more efficient method for evaluating the the contour integral (3.34).

3.4.2 Abelian quiver with multiple oriented cycles

In the presence of multiple oriented cycles, in addition to the regular collinear solutions there
can exist different types of scaling solutions where a subset C C Q of the centers (which we
call a cluster) can become arbitrarily close. As observed in [34], a necessary condition is that
the subquiver Q’ corresponding to this cluster cannot be decomposed into a disjoint union
Q, UQj where arrows go only from A to B or B to A. This condition is equivalent to requiring
that Q' is strongly connected.'® In particular, Q" must itself have oriented loops.

The distinct scaling regimes therefore correspond to lists of clusters {C(i),i =1...Mp}

such that the associated quivers Qg) are strongly connected, and P € S labels the possible such
configurations. Upon collapsing all the nodes in each cluster into a single node, we obtain an
. . ) . . . _ .

Abelian quiver Q,,” with Mp nodes and adjacency matrix a;; = Za ec® > becl) Kabs which need
not be strongly connected. Accordingly, the total Witten index decompose as Z = Zpes Ip.
Note that the trivial configuration P, where all clusters contain a single element corresponds
to the contribution of regular collinear solutions, Zp, = Z,,-

Now, for each node a in the cluster CI(,I), we separate both u, and D, into a ‘center of
motion’ and a ‘fluctuation’ part

uazug)+ea, DazD(()i)-f-(Sa, with Z €= Z 6,=0. (3.44)

aeC}(,i) aeCI(,i)

°From the Higgs branch point of view, these conditions are obvious since the expected dimension of the Higgs
branch is a + b —c — 2, or permutations thereof depending on the chamber. From the Coulomb branch point of
view, Qg vanishes and g. is cancelled by H.

10Recall that a graph is strongly connected if every vertex is reachable from every other vertex.
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In the limit 3 — 00, €, is much smaller than differences between ug)’s, and similarly for 6,
it is then straightforward to show that the product of determinants (3.4) factorizes into

Mp .
g(,D) = g (uo, Do) [ e (e, 6), (3.45)
i=1

where gl(f)(ui, D;) is the one-loop determinant associated to Qg). Similarly, the ‘classical action’
(3.20) decomposes into

Mp )
S(D,0) =5 (Do, ¢p) + . 55(5,0), (3.46)
i=1

where Sl(f)(D, ) is the action (3.20) for the quiver Qg) and the FI parameters {p are equal to
Za <c® Cq - Finally, the measure decomposes as
b

Mp
deth(u, D)dudii = deth®(uq, Dy) duy g ]_[ deth{V(e, 5)dedé, (3.47)

i=1
where hg) the matrix (3.7) for the quiver QS). We conclude that the integral Z, factorizes into

Mp

Tp = Treg(QY, oo y) x | |22, (3.48)
i=1

where Zreg(Q;O), {p,y) is the regular part of the Witten index of the quiver QS,O) with FI param-

eters {p and I;‘ax(Qg)) is the contribution to the index of the sub-quiver Qg) from ‘maximally
scaling solutions’ where all centers collide (note that the index of Qg,i) may also receive con-
tributions from scaling solutions where only a subset of the centers collide). This is indeed
of the form predicted by the Coulomb branch formula (2.18), upon identifying I(QSJO), Cp,Y)

with the Coulomb index g¢({a;j,¢;},y) and I;gaX(Qg)) with the ‘total invariant’ Qp(a;). The
relation (2.19) can be viewed as a recursive definition of the single-centered invariants, which
unlike Qr(a;) are bona fide symmetric Laurent polynomials.

3.5 Non-Abelian quivers

In this section, we briefly discuss the case of a general dimension vector y = (Ny,...,Ng),
restricting to quivers without oriented cycles for simplicity. The fact that N, > 1 leads to two
complications: first, the vector multiplet determinant (3.5) is no longer independent of the
Cartan variables, due to the contributions of roots of U(N) with s # s’; and second, we can
no longer assume that || > 1 in the chiral multiplet determinant (3.14), since there is
no potential preventing the Cartan variables within one U(N) factor to coincide. Nonetheless,
we shall argue that the problem separates into a product of SU(m) non-Abelian dynamics as-
sociated to m nearly coincident Cartan variables, which can be treated using the usual Jeffrey-
Kirwan residue prescription, and the Abelian dynamics of the center of motion in each SU(m)
factor, which can be treated as in the previous section. One way of separating these variables
is to apply the Cauchy-Bose identity for each of the U(N,) vector multiplet determinants, as
explained in [35], and then recombine the corresponding sum over permutations into a prod-
uct of U(m) determinants. However, it is more economical to proceed as follows, similarly to
the case of of Abelian quivers with multiple cycles in §3.4.2.

Consider all possible partitions P of N, = Zfzal mlg for each a = 1,...,K. The partition
P splits the Cartan variables {u,,a = 1...r} = {u,} into clusters {u,,a € P} of size mk

a*
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We shall decompose the domain of integration in (2.7) into regions M where the differences
|2y — Xy with 2, = —2/5—“Imua are greater than 1/ whenever a and a’ belong to different
clusters, and smaller than 1/ when they are in the same cluster. Thus the integral (3.2)
decomposes as Z = ., Zp.

Now, for a given partition P, in each cluster we separate both ug and Dy into a ‘center of
motion’ and ‘fluctuation’ part

ua=uga’k)+ea, Da=D(()a’k)+5a, with Z €q = Z 5,=0. (3.49)

a€P, a€P,

In the limit f§ — 00, €, is much smaller than differences between uga’k)’s, and similarly for

Dg. It is then straightforward to show that the product of determinants (3.4) factorizes into

M,

K
~(mK)
g(u’D) = gabelian(uo:DO)l_[ gvector(eﬁ 5)’ (3'50)
a=1 k=1

where g.perian(Uo, Dg) is the one-loop determinant associated to an Abelian quiver Qp with
/ ~ .
K M, nodes and adjacency matrix kg sy = Mk mk xop, while g™ is equal to g™ .

in (3.5) multiplied by sin 7tz). Similarly, the ‘classical action’ (3.20) decomposes into

K M,
1
S(D: C) = Sabelian(DO: CP) + ﬁ Z Z Z ei ) (351)

a=1k=1a€P,

where the FI parameters { are equal to m’;{ «» and the measure as

K M,
deth(u, D) dudit = det hypeiian(to, Do) dutg diig | [[ | dethsyqme(e, 5)dedé, (3.52)
a=1k=1

where the (m — 1) x (m — 1) matrix hgy,, is defined similarly to the first term of (3.7). We
conclude that the integral 7, factorizes into

a

[Toz [T, mE! T
T, === )T T [Qsuemsy» (3.53)
l_[a=1 Na! a=1 k=1

where 7, is the index of the quiver Qp with FI parameters {p, Qsp(m) is the index of QQM
with a single node of rank m, and the prefactor in (3.53) comes from the factors of 1/|W|
in the integral representations of Zp and ﬁSU(m)' The latter was first computed in [36], and
rederived in the Jeffrey-Kirwan formalism in [37]

y—1/y

- 7 3.54
m(ym—y-m) (3-54)

Qsy(m) =
This is recognized as the rational index Qg(a;) for a dimension vector a; to equal m times

a basic dimension vector (0,...,1,0,...) associated to the i-th node of Qp (for any i). After
collecting all partitions with the same shape, the total index can therefore be written as

Q n
Q({a;}) =
7= _ Q ), 3.55
Zn Auc(ogy] L 1 (@) (3.5
Y:Zizlai i=1

where Q({a;}) is the Abelian quiver Qp defined above, |Aut{a;}| is the order of the subgroup
of permutations of n elements which preserve the ordered list {N;,i = 1...n} and Q(a;) equals
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to (3.54) whenever a; is m times a basic vector, or 0 otherwise. Thus, we have reproduced the
Coulomb formula (2.15). for non-Abelian quivers without oriented cycles.

Unfortunately, the derivation above remains heuristic, since we have not justified the im-
plicit assumption that all contributions originate from a region where €, < uy. It would
also be interesting to extend these arguments to non-Abelian quivers with oriented cycles,
and elucidate the origin of the ‘partial’ single-centered invariants’ introduced in our previous
work [35, §5.4].

4 Cyclic quivers with generic superpotential

Our goal in this section is to compute the scaling index (3.34) for cyclic quivers with an arbi-
trary number K of nodes, and a, > 1 arrows from ¢ to £ + 1 with the node K + 1 identified
with the first node. Before doing so however, we shall expand on some known results for the
single-centered and attractor invariants for such quivers, derive the so-called stacky invariants
for trivial stability (which turn out to have an interesting connection to the scaling invariant),
and also comment on an intriguing connection to the combinatorics of derangements. The
hurried reader only interested in the scaling index may skip ahead to §4.5.

In order to state the indices associated to all such quivers at once, it is useful to define the
generating series, e.g. for single-centered indices

(o) (e0)

Zs({xn,-.oxichy) =D > sy, ach y) X xgE. 4.1)
a=1 ag=1

Moreover, we denote by 7, the elementary symmetric functions in the x,’s, namely 7, = >’ x,

Ty = Dopem Xt Xms €LC.

4.1 Single-centered indices

The generating functions of single-centered indices Qg({a,},1) was computed in [12, Eq.
(4.29)]:

Zs({ — l(y—l/y) [y 1_[?:1 1+x3fx@ +y_1 l_[?:l 1+§i/y]
S xﬁ}ay) L K — K (42)
2y 4 /y) =y T T (T + yxg)

Mol | Reeorre.
2 1+ yx)(L+x/y) L% (L= x/x )1 —xpxi) |

=1..K

£k
While this formula is manifestly invariant under y — 1/y and under permutations of the x;’s,
it is rather unwieldy, since it appears to have poles at x, = y and x, = 1/y, while the single-
centered indices must be Laurent polynomials in y. In Appendix B, we show that this formula
can be rewritten as

K
. X 1 Pe(ix},—1/) ]
Zllaehy) = !:!(Hx@/y)[yAK({xz},y)+nlgk<zg(1—xm) @3

where Ay is the symmetric polynomial

K q v 171X (1 k-1
Yo+ xe/y) =y T T ( +yxe):1—ZK(€)w+1, (4.4

Allx)y) = =
=1
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t_,—t
where x({) = }}//_ly/ 2 while Py is a symmetric polynomial satisfying the recursion
w
PK({xla""xK}:W): (45)
W — Xk

K-1 K-1
X|:PK—1({x1>-'~:xK—1}:W)l_[(1_xlxK)_PK—l({xb-'~:xK—1}:xK)l_[(1_Wx£) >

(=1 (=1
with Py({x;, x5}, w) = w. Just like Ag, the polynomial Py is independent of K, given by
Pr({x,},w) = W[l —wTy + T,(W? —1+wt, —w?ty,)
+T5( —w+(1—w?)1,— WT% +WTy + W2 T3 +ww? —1)T4 + W2t Ty
+T5(—1+W(1—W2)T1—WZ’L'2+W2T5))+...] , (4.6)

where the dots vanish when K < 5.
While the two terms in (4.3) separately have poles at x, = —y, their sum does not, thanks
to the property

aPefxeh1/x)= [ ] Q=xuxo). (4.7)

m#k (#K

Moreover, the sum is in fact invariant under y — 1/y, due to the identity

K K
Pe({xr, - oxhw) [ [ —xe/w) = Pe(fers - oxich 1/w) [ [ —xw)
(=1 (=1

=w-1w) [] @=x.xp, (4.8)

1<m<(<K

which follows from (4.7) after setting w = 1/xg. In fact, one can rewrite (4.3) in a form that
makes both properties manifest:

Ne({x 1, ) TTh X

ZS({XZ}> y) = > (49)
Ag({x}, Y)l_[k<e(1 — XpXxq)
where Ny is again a universal symmetric polynomial, given for K < 5 by
Ne{xeh,y) = 73— 7174+ 75(15—Ta+14) — 7172
+(y+1/y) (7:4 — Tﬁ —T1T5+ T3Ts+ T1T4T5— TzTg)
+(y2+1+1/y%) (TS—T4T5+’L'1T§—T3)+.... (4.10)

The leading asymptotic growth of Q({a,}, y) as a, — oo is governed by the factor Ay in the
denominator. In the special case where all a, are all equal to a, the unrefined single-centered
index can be shown to grow as [12].

Qs({ag}, 1) ~ a7 (K—1)ke. 4.11)

4.2 Attractor indices

The attractor indices €2,(y, y) are defined as the Witten index Q(y, y, {*) for special value of
the FI parameters {” = —k,;N},, where K, is the skew-symmetric adjacency matrix and N, is
the dimension vector [18,34]; in particular, they satisfy >, N, ¢ ~ = 0. They differ from single-
centered indices Qg(y) precisely due to multicentered solutions which have scaling regions.
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For cyclic quivers, the refined index Q(y, ¥, {) was computed in [12, (4.21)] in a particular
chamber C where {; > 0 fori=1...K —1, {y < 0. After subtracting the contributions with
ax = 0, one obtains!!

P [yl_[f;l(l+xe/y)—y‘1l_[f;1(1+yw) ]Kl
¢ y]_[le(l +x/y)—y ! nle(l + yx;) =1 (1 +Xlz)’)(1 +x¢/Y)

S k(07 } K X,
- N 4,12
[1—25;11K(em+1 K Lll AL+ x0/y) (4.12)

where we used the same notation x(¢) as in (4.4). In the unrefined limit, this reduces to

K-1 K -1 g
XK X¢ X¢ Xy
Zo(1)=— +|(1— _— 4.13
e 1+xKl_[(1+x,Z)2 ( ;1"'3(12) !:!(1+x€)2 ( )

(=1

The chamber C coincides with the attractor chamber when ay is the largest of all a,’s Other
cases can of course be gotten by permuting the x,’s. It is thus straightforward in principle to
construct the generating series of attractor indices Z,. In practice however, it is complicated
and we have computed it only for K = 3 and 4. For K = 3, we find

xzxgx3 (2 X1X9 — X9X3— X3X1 + X x%xg)

(1= 2x729) (1 = x3x3)(1 = 23207 )(1 + x73x5x3)2(1 =T — (¥ + 1/¥)73)

= (4.14)
The result for K = 4 can be found in Appendix B.3. The main point is that the generating series
is symmetric under permutations of the x,’s, and has a factor of Ag(y) in the denominator,
which implies the same exponential growth as (4.11) when a, — ©0. The difference between
Z, and Z; is free from this factor, in agreement with the fact that it stems from scaling solutions,

whose index grows only polynomially, e.g. for K =3
2
T3

(1= x7209)(1 = x3x3)(1 — x5 ) (1 + y73)(1 + 73/y)

Z* _— ZS == (4.15)
It is easy to check that the Taylor coefficients are non-vanishing only when a, b, ¢ satisfy the
triangular inequalities.

4.3 Invariants for trivial stability

For later purposes, it will be useful to compute yet a different set of chamber-independent
indices associated to cyclic quivers: namely the stacky invariants for trivial stability condition
¢ = 0. While their physical meaning is a priori obscure (see however the next section), they
are mathematically well defined, and computable from the DT invariants in any given chamber
by the Reineke formula (see Appendix B).

Recall that stacky invariants are related to the rational DT invariants by [27]

Apiw)= > ‘]_[(Q(;‘“:V”_’l )), (4.16)

Z{( 1%i=7
wla;)=u(y)

HFor K = 2, this reduces to Z, = xfxz/[(l +x,¥)( + x;/y)(1 — x1x,)], whose Taylor coefficients vanish for
a, < b, and are given by the Poincaré-Laurent polynomial of the projective space P“ %! for a, > b,. This is in
agreement with the fact the Higgs branch is the intersection of a, hyperplanes inside P, In contrast, the series
Zg for K = 2 vanishes since 7, = 0 for k > 2.
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where p(f) is the ‘slope’ of the dimension vector = Y. n,¥,, defined by
Za C’a na
2

Recall that the parameters {, are chosen to satisfy ». N, = 0, hence u(y) = 0. For generic
stability parameters and dimension vector such that N, <1, Eq. (4.16) reduces to

u(p) = (4.17)

Q ;—W_1
Aly;w) = 2w ) - ), (4.18)
w—w
hence A(y;w) contains the same information as Q(y, y,{) with w = —1/y. For vanishing

superpotential, the stacky invariant at trivial stability is easily calculated, e.g. by counting
representations over finite fields,

WZa:f—'k NeNk_Zf NIZ
K N, Y
l_[zzl l_[jil(l—w 2))

In our case however, the superpotential is non-trivial and (4.19) does not apply. Instead, by
using Reineke’s formula we show in Appendix B that the generating series of stacky invariants
Ay (y; w) for trivial stability condition is given by

AV = (y;w) = (4.19)

K

w Xy
T =7 weo— , (4.20)
AT AT (w—1/w)Ag(—1/w) Q (1—wxy)
where Z AY=0 is the generating series of the invariants (4.19),
w KK Xy
Z qw=0 = . 4.21
Ay (W—l/w) l_[(l—wxe) ( )

=1

As for the generating series of single-centered indices and attractor indices, (4.20) is symmetric
under permutations of x;’s and exhibits the conspicuous factor 1/Ag(y) which is responsible
for the exponential growth as a; — oo. In contrast to the previous ones however, Z 4 is not
invariant under y — 1/y. Defining the generating series of ‘trivial stability indices’

Zai(Y) =y —1/y)Z4,(-1/y), (4.22)

we find that the difference between trivial stability and single-centered indices is given by

Zs—Zyy = ﬁ - [ y_K + Pe(fxedi=1/y)

- . 4.23
=1 (1+x4/y) (y—l/J’)K_l n13k<g§[{(1_xkx€)i| ( )

4.4 Connections to derangements

A common in all generating series discussed above is the factor Ag({x;}, y) in the denominator,
where Ay is the symmetric polynomial in (4.4). As noted in [15, §3.5] in the case K = 3, and
in [12, §4.3] for any K, the inverse of this factor 1/Ag({x,},1) in the unrefined limit has
a simple combinatorial meaning: it is the generating series of the number of derangements
D({a,}) of a set of N = ), a, objects consisting of a; objects of color 1, a, objects of color 2,
etc. Here, we generalize this observation to the refined case.

Recall that derangements of a set are permutations o € Sy such that no object of color
c(i) ends up in a slot formerly occupied by an object of the same color: c(o((i)) # c(i) for
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alli =1...N. To see that 1/Ag(1) is the generating series of the number of derangements
D({a,}) [38,39],'2 notice that Ag({x,},1) can be written as a K x K determinant

Ag({xe}, 1) = det[6; —a;x;], (4.24)

where a;; = 1ifi # j or 0if i = j. On the other hand, MacMahon’s ‘master formula’ states that
the coefficient of x;ll .. .x;’( in the Taylor expansion of the inverse of the above determinant is
equal to the coefficient of the same term in the expansion of

(appxy + - +agexg)™ (agrxy + -+ agxg) ™ .. (agy Xy + -+ + aggexg) ™ (4.25)

Equivalently, the inverse determinant can be interpreted as the generating series of (possibly
disconnected) closed circuits on a quiver with K nodes and arrows between each pair of nodes,
where each edge i — j in the circuit is weighted by a;;x;. For a;; = 0 when i = j, circuits with
fixed points cancel out and thus correspond to derangements, counted with unit weight when
a;; = 1 for i # j. This combinatorial interpretation makes it clear that the Taylor coefficients
of the generating series of single-centered and attractor indices vanish unless the a,’s satisfy
the polygonal inequalities (2.13).13

In order to interpret the factor 1/Ag({x,}, y) appearing in the generating series of refined
single-centered indices, it suffices to note that it can be rewritten in the same form as (4.24),
where a;; =y ifi>j, 1/y ifi <jor0ifi=j[38]. It follows that the Taylor coefficients of
1/Ag(y) are given by

D({as},y) =D ymorm), (4.26)

where o runs over derangements of N = Z?Zl a, colored objects, n_ (o) is the number of i
such that c(o(i)) > c(i) and n_(o) is the number of i such that c(o(i)) < c(i) (note that
c(o(i)) # c(i) by the derangement condition). Here we use the standard coloring, with
ci)=1fori=1...a;,c(i)=2fori=a;+1...a; +ay, etc, up to c(N) = K. For example,
when all a;’s are set to 1, corresponding to derangements of distinct objects, one finds

Dy = 0, Dy,=1, D3=x(2)=y+1/y,

D, = k(3)+6Kk(1)?=y>+7+1/y>

Ds = x(4)+20x(x(2)=y>+21y+21/y+1/y3,...

D = «(5)+30x(1)x(3)+20x(2)* +90x(1)® = y* +51y2 +161+51/y% +1/y*

(4.27)

where kx(m) = (y"—y ™) /(y—1/y) =y™  +y™ 3 +...4 y™™ Note this refinement of the
number of derangements differs from the one considered in [40], which (unlike the present
one, to our knowledge) admits a simple g-deformed version of the classic recursion formulae

DK = (K - 1) (DK—l + DK—Z) = DK = KDK—l + (—1)K . (4.28)

4.5 Scaling solutions for Abelian cyclic quivers

Let us consider the case of a cyclic quiver with K nodes and .., = a;, > 0 arrows from vertex
¢ to vertex £ + 1, with £ € Z/KZ. The equations (3.32) reduce to

A o B
[Ze o1l [Zp—1l

200, L=1,... K. (4.29)

12We are grateful to P di Francesco and J-B. Zuber for discussions on derangements, and to M. Ismail for bringing
the important reference [38] to our attention after the first release of this work.

13Just as in the K = 3 case [15], the additional factors of (1 — x;.x,) appearing in (4.9) imply that they in fact
vanish unless the strong constraints (2.14) are satisfied.
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The existence of solutions can be analyzed using the same method as in §3.4.1, and amounts
to deforming the equation f(zx) = 0 in [12, §4.1] into f(zx) = —2/3—"Imz. We focus on the
scaling branch in the deep scaling regime {, = 0. The solution is then given by

2ntlmz ay
K >
ﬂ Zezl Opay

Since the left hand side of (4.30) is positive, the signs o; must be cho-

)0l == (4.30)

*

00+1°
sen such that sgn(},_, 0ya,) = —sgnImz, which selects 2"~ out of total 2" possible choices
of sign contribute. For definiteness, we shall choose Imz < 0 , such that only solutions with
Zle oya, > 0 contribute.

The next task is to perform the integral over Re(u). It is useful to define the complex
variables

with!* o, = sgn¥

. BV, yr it
Vg1 = e2imUs e — elﬁ( ee+171 E,EH)’ (4.31)

with fixed modulus |v; ¢41| = ePFie | The product of these variables satisfies

K

l_[ Vio+1 = }’2 > (4.32)

=1

in view of the definition of U in (3.14) and the fact that R-charges of chiral fields in an oriented
cycle sum up to R = 2. In terms of the variables (4.31), for a cyclic quiver with K nodes, (3.34)
becomes

T ( —1 )K_IZ (det 8,8, ) T dvy g4 K [ ( O)]cuz
sc Yy —1/y sgn(detd, oy z|=1| 2mivy o1 | | &chiral\Ve,0+1> )

s€S (=1
(4.33)
where the integral runs over the product of the circles |vy¢41| = eP i641, and Zchiral 1S the
meromorphic function

2
V1Y

gchiral(vﬁ,l-H: O) =Y (4.34)

Viesr— 1
The variable v, ; is understood to be substituted in terms of the remaining v, s’s using (4.32).
The sign appearing in (4.33) can be evaluated using (3.22) leading to

K K
sgn(det 8,8,W) = (—1)X"!sgn (Z aioi) l_[ae. (4.35)
i=1 (=1
Since the integrand in (4.33) is holomorphic in v, .4, the integral may be evaluated by
residues, with the modulus of |v; ¢, | dictating which poles contribute. We carry out this com-
putation for K = 3 in Appendix C. Here we adopt a different approach, which easily extends
to any K.
In order to evaluate the integral over the phase of v, ,,,, we simply expand each of the
factors, in the limit v; ,,; — 00 whenever %, > 0 or vy g41 — 0 whenever Zz,e +1 <0. Both
cases are covered by the formula

*

£,0+1

- —oy(m+13¢
gchiral(V€,€+1: 0) = Z Y e V[’Zﬁgm > (436)

a==1
m=0

“We assume that );,_, 0,a, never vanishes. Non-generic cases where >,_ o,a, vanishes for some choices of
signs can be treated by perturbing the a,’s. We expect that the index is a continuous function of the a,’s such that
the result is independent of the choice of perturbation.

26


https://scipost.org
https://scipost.org/SciPostPhys.11.2.023

Scil SciPost Phys. 11, 023 (2021)

Performing this expansion for each factor in (4.33), the integrand becomes

(CDTaa ST ()Tt T o 2ok(Mer 25

rﬁl,...,ﬁlKGN
ay,...age{x1}

K-1
X
(=1

ag —Ag _ ap—Ayp
el S et (4.37)

where the notations are as follows: each m, is a a,-dimensional vector with entries in non-
negative integers, while each d, is a a,-dimensional vector with entries in 1. Moreover, M,
and A, are the sums of the components of m, and @,, respectively. The integral over phases
picks up terms with vanishing powers of all v, y.1’s, i.e. such that

—A —A
oe(Mﬁafz Z):(TK(MK+CIKTK) Ve=1,...,K—1. (4.38)

To proceed, we distinguish two different types of contributions, whether all signs o; are equal
or not. Correspondingly,
ISC = Isame + Iuneq > (4'39)

where Zg;me and 7,4 are as follows.

* If the signs o; are not all equal, the expressions inside parentheses in (4.38) are non-
negative, and therefore (4.38) is satisfied if and only if the expressions inside parentheses
vanish individually. Since M, and a, —A, are non-negative, we see that all the entries of
the vectors iy and @, are 0 and 1, respectively. For these solutions,

—1 Zf:1a€ K
Iuneq({af}’y) = (.)(/_iw Z (l_lo'f) .y_zhlaea[, (4.40)

op=%1
Zf—l agop>0

where the prime indicates that the term with equal signs o, is excluded.

* If all signs o, are equal, then the constraints (4.38) are less stringent, and simply require
that M, + 5= a[ At is the same for all £ = 1,...K. We denote by M this common value,

_Af

M+ oy Ye=1,... K. (4.41)

Introducing p, =

K
K K K
(_1)Zz=1 A Z (_1)Ze=1 Pey—2z=1(al—2Pe )—2M l_[ 5Me M—p,

M1, EN /=1

ap,...dg€{£1}

=(—y)y T Ty ]_[( —Y 2P Sty Mp - (4.42)
ml ,,,,, mKEN

aq,..,dg €{£1}

The sum over my,,d, can be traded for a sum over M > 0 and p, > 0, at the cost of
introducing a measure factor (;) M_fjf_l
d, and my, respectively. For (0,....,0¢) = (1,...,1) (the appropriate choice when
Imz < 0), we get

Z 14
Zsame = Cn) = [(sz‘mﬂ (M;y)), (4.43)

), coming from the number of choices of

(y —1/y)k-1
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where

a

No(M;y)=>"

p=0

alM+a—p—1)!
p!(a—p)(M—p)!

(=y?)P. (4.44)

Given that the object (4.44) governs the dominant contribution to the index for large a;’s,
it is worth commenting on its properties. By relaxing the constraint p < a in the sum, it can
be expressed as a hypergeometric series and in turn recognized as a Jacobi polynomial,

a(M+a—1)!
N,(M,y) = TzFl(—a,—M;l—a—M;yz)
—1)
= %Pg—“—M’—Uu—zyz). (4.45)

This expression holds only for M > 0, whereas for M = 0 one has N,(0,y) = 1 for any a.
Another useful representation is

N,(M,y)=a(l—y* )M, (M —1,2,1/y?), (4.46)

where M, (x,f,c) =5 F;(—n,—x;B;1—1/c) are the Meixner polynomials [38], which are
discrete analogues of the generalized Laguerre polynomials L} (x). Thus, the infinite sum in
(4.43) can be viewed as the refined counterpart of the integral representation of the unrefined
index for cyclic quivers in chamber C,

K—1 ) K
Q{a,},1) = (—1)1+Zf:1 a [l_[ a, —f dse™ l_[ Ltllé_l(s) . (4.47)
=1 0 (=1

This formula generalizes [41, (E.2)] to the case of cyclic quivers with an arbitrary number of
nodes, and can be derived from (4.13) by representing the second term as an integral,

K-1 [es} K
Xg Xy _ Xy R A
Z (1) = — + dse™ R S— (=1 THx; (4.48)
¢ 1+xK!:!(1+xg)2 L !;I(ng)z

SX

and Taylor expanding the exponential using % = Z:Z o La(s)x".

4.6 Generating series for scaling invariants

While the formulae above are easily evaluated for specific choices of a,’s, it will be useful to
obtain generating series of the above contributions, similar to §3.4. For this purpose we need
the generating series of (4.44). For M > 0 this is easily obtained by exchanging the sums,

- . = (p+m)(M +m—1)! .
;NG(M,y)x = PZO];) i —pyr Y X

) _ 2\M
x(1—y*) (1 xy) (4.49)

1-—x)(1—xy2)\ 1—x

For M = 0 the r.h.s. should be replaced by x/(1 —x).
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From (4.43) we can compute the generating function

1 (—x¢/y) _om x(y—1/y) 1T+xy \M
VA =
e (y—l/y)K—lu_[er/y P l_[(1+xlz/J’)(1+XeJ’)(1+X:z/y)}
_ ﬁ( wly) (1] —xs =1 YT iy
(y—l/y)K1 Ttxp/y  \ oy Q4 /y)A+x0y) 1z 211 1
= {(—1/y)f<+ ot }K .
O —1/y)yt YT 42/ =1y Tl +xe) gy L+ Xe/y
(4.50)

It is worth remarking that this is precisely the generating function (4.22) of trivial stability
indices. We shall return to this observation below.

We now turn to the contribution (4.40) from unequal signs. While it is possible to compute
the generating function for low values of K (see appendix §D), it seems hard to construct it
for any K. Instead, a more efficient strategy is to combine Z,;., with the generating series Z.,
for regular collinear solutions. The contribution from regular collinear solutions at finite ¢, in
the chamber C where {4,...,{x_1 > 0,{x <0, is given by [12, (4.13)]:

(_1)K—1+Z§:1 ap (K_l ) ZK
Lieg({ar},y) = ———— oy | y2e=1%%  (4.51)
s (y—1/y)1 2, !:!

op=%1
san(SK_, agog)=—sgn(og)

where the contribution from equal signs trivially vanishes. Rewriting (4.40) as

(=K 1+2 @ o
Iuneq({ai}:y):_W Z (1_10) i=1 5% (4.52)

oj=%1
2171 a;0;<0

we see that the contributions with oy = +1 cancel in the sum of unequal sign and regular
contributions. This leaves only the contribution from oy = —1, and o, not all equal to —1,
with no condition on the sign of 2?21 a,oy:

(_1)K_1+Za€ K=l _ K—1
Treg{aeh,y) + Zineach,¥) = G —1/y)1 Z l_[ Oe Y U2 %
Y Y o=+l (=1
(01,00 g—1)#(=1,...,—1)
_1 K—1+Za5 _ K-1 _ - _ »
T [W —y )= (R Tyt 458)
(=1

The generating series of Z ., + Zypeq is €asily constructed,

K—1
[(1+x1<y)— - 13))1(. 11_[(1+XeJ’)i|

K

YA A =
reg " “uneq ﬂ TR ey

(4.54)

Collecting all contributions and after some algebra, we finally arrive at

— K—-1 K-1
_ K X l_[£:1 (1+XE/J’)_1_[£:1 (1+XEJ’))

Zreg + Zuneq+Zsame__XK| |(1+X/ )(1+X ) K K
I=1 1y )y [T U+ /y)=1/y [T, (T + xy)

_ [yI& @+ xe/y) -y ' TS +yXe)_1]ﬁ X 455
ynf:1(1+x[/y)—y—1 ]_[le(l + yx;) =1 A +x)A+x¢/y)’ .
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which precisely matches (4.12). We conclude that that the sum of the deep scaling and regular
contributions produces the correct total index, including contributions from single-centered
and scaling solutions.

In fact, we claim that the deep scaling region alone produces the single-centered index, up
to a contribution from the minimal modification hypothesis,

Isame + Zuneq = QS +H, (4.56)

where H is defined as the minimal modification of the Coulomb index g-({y1,...vk}), or
equivalently as the minimal modification of the regular part Z,.,. Since Z,. coincides with
the stacky invariant for trivial stability A, (after dividing by y—1/y and changing y — —1/w),
this is equivalent upon using (B.14) to

K K
. X Yy Pr({x;};—1/y) ]
Zuneq — Zu !:!(me,)[ (y_l/y)K_l+n1§k<£§K(1_xkx€) . (4.57)

In §D we verify this identity explicitly for K = 3 and K = 4.

We conclude with a remark for the mathematically minded reader. Since H is in the ker-
nel of the projection operator (2.20) and since Qg is a symmetric Laurent polynomial, hence
unaffected by this projection, it follows from Eq. (4.56) that

Qs =M [Zsme] + M [Iuneq] . (4.58)

Now, recall that our observation below (4.50) that Z,.. is equal (up to redefinition y — 1/w
and a factor (y —1/y) ) to the stacky invariant with trivial stability .A,, which is a well-defined
mathematically. Hence, in order to put Qg on solid mathematical footing, it would suffice to
establish the mathematical meaning of the still mysterious part Z,,e,-
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A Geometric condition on existence of scaling solutions

In this section, we show that the condition (2.12) for existence of scaling solutions holds in
the case of a cyclic quiver with one additional arrow, say x; ; > 0 with k # 2 and k # K. In
that case, it is straightforward to show that scaling solutions exist if and only if

Vj<k, Z Kii+1 > Kjjr1 T K1k,
i=1...K
i#]
V] = k, Z Kiit+1 > Kj,j-‘rl —Kik-

i=1..K
i#j

(A1)

To establish this, we note that the equations (2.10) imply that the ratios A; = ':Lill with
rij + |X; — X;| can take only two values, namely 4; = A; for 1 < i < k and A; = Ay for
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k < i < K. Moreover A, —A; = Kyi/r1x > 0. The existence of the k-sided polygon with
vertices X1, X, ..., X} requires

k—1 k-1
Iiie > ik and V] < k, Z Tiig1 Tk > erjﬂ 5 (AZ)
i=1 i=1

and similarly the existence of the (n+2—k)-sided polygon going through the points X1, X, X415
..., Xg requires

=~

K

Z Tii+1 > ik and V] > k, Z Tiig1 Tk > 2rjj+1 . (AB)
i=k i=k

Expressing the distances in terms of A, A;, these constraints become

k=1 k=1
Vj<k ZKii+1+K1k2aK1k22ij+1—2’<ii+1+’<1k,
i=1 i=1 (A.4)

K
Vji>k

K

Kii+1 = QK1 2 2Kjj4q _ZKii-H ;

i=k i=k

where a = —%— > 1. The existence of a number axk, satisfying both inequalities implies the
A=A

two conditions in (A.1). QED.

B Computing indices for cyclic quivers

B.1 Trivial stability invariants

The Reineke formula expresses the stacky invariants A(y; w) for stability ¢ (defined in (4.16))
in terms of the stacky invariants .A,(y; w) for trivial stability condition as follows [27]:

k
Aly;w) = > Rt Eelwn) [ Ag(ag,w). (B.1)

aj+-+ap=y,k=1 j=1
M(Z;-ll aj)>p(y), m=1,...k—1

Conversely, if we know the invariants A(y;w) for a given stability condition {, we can use it
to compute the stacky invariants for trivial stability.

To perform this computation for a cyclic quiver with dimension vector y = (1,1,...,1), we
use the following observation from [12]: for vanishing superpotential, the stacky invariants
in the chamber C are given by

waK l_ﬁf:_ll (W —w™%)

(w—1/w)¥ ’

Aolyr+---+711) = (B.2)
corresponding to the fact that the quiver moduli space is a product of projective and affine
spaces ]_[f:_l1 P%~1 x C% . This result follows by applying (B.1) with h(a;, w) substituted by
AY=%(a;; w) given by (4.19),

K
WZ[:l a

Agvzo(}’l'*‘"“"YK):m-

(B.3)
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Since Agv =Oa, j,w) = Ap(aj,w) for vectors which are not supported on all nodes (as the
superpotential constraint become trivial in such cases), it follows that

Alri+-+r)— A+ 1) = A" (1 + -+ 1) =AY (1 + - +71k) . (B4

Since we already know the generating series of A from (4.12), it suffices to compute the
generating series of AA := AV=0 — Agv:o. The latter is given by

1_[521 WXy w 1_[?:1 Xy
ZA,A(xi,W) = K - K—1
w—1/wXTT,_,(1—wxy) (A—wxp)w—1/w)[],—; (1 —wx,)(1—x,/w)
K _
_ wnz;1 Xx¢ [ wk=1 I 1 } B5)
(w—1/w)[ T, (1 —wx,) [ (Ww—1/w) oy (L=x¢/w)

Now, from (4.12) it follows that

K—1
=1 X¢

(w—1/w) [T (1 — xw)(1 — x¢/w)

ZA(xi:W) =

K—1 K—1
><[l/wl_[ezl(1—xew)—w]_[£:1(l—xg/w)_1] 5.6
1/w ]_[521(1 —Xyw) —wnle(l —Xx¢/w)
We therefore deduce the stacky invariants for generic superpotential and trivial stability,
Za,(xjw) = Z(xi, W)+ Zpalxi,w) (B.7)

l_[?:1xl |: WK i w :|
]_[le(l—wxl) (w—1/w)K 1/wnf:1(1—wx[)—wl_[f:1(1—x[/w) ’

which is manifestly symmetric under permutations. Using the identities

K K
l_[(l —wxy) = Z(—W)e Ty, (B.8)
(=1 (=0
wlTi (L —x /W)= 1wl (l—wx) & (w)f —(—w)™
— = 1+; =y Tis1,  (B.9)

where 7, are the symmetric functions of x; (with 7, = 1), we finally obtain

K K
Xy w w 1
Zy (x;,w) = ( ) - — -
o\ Xi g(l—wxe) w—1/w (w—1/w)1+2:§:11%,%rl

(B.10)

Since the first term is Z A=, this establishes (4.20).

B.2 Comparison to single-centered indices

Let us now compare Z 4 with the generating series of single-centered indices given in (4.2).
Setting Z 4 (x;, w) = Zs(x;,—1/w)/(w—1/w) we find

K

Z4—Z4 = —(L)KHLJJIEI al (B.11)
As A T w—1/w z:1(1_fo) 2£:1(1—Wx[)(1—x€/w) '

K

1 1_x]% Xy
Taw—1/w) ; (1 —wx) (1 —x/w) [1_[ (1= e/ —xpx0)

=1..K
0k
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One can check that the poles at w = 1/x, cancel between the second and third terms, and
so do the poles at x; = x, in the third term. Indeed, the third term can be viewed as the
contribution of the poles at u = x; in the contour integral ffc h(u)du with

K

_ (u—1/u)* Xy
h(w) = 2w —1/w)(1—uw)(1—u/w) !:! (1 —ux)(1—x;/u)’ (B.12)

This function satisfies h(1/u) = u?h(u), is regular at u = 0 and u = oo for K > 2 and has
simple poles at u = x;, u = 1/x;, u = w, u = 1/w, with opposite residues at x and 1/x, or w
and 1/w. Singularities as x, and w vary can only arise when the contour is pinched. Since the
contour C surrounds all x,’s, there can be non singularities at x; = x,. Moreover, the second
term in (B.11) arises by extending the contour such that it includes the pole at u = w, so the
sum of the second and third terms must be regular as x, = w. Let us define

nlskdsK(l — XpX¢)
[Ti_ (1 —x/w)
K
+EZ 1/Xk_Xk 1—XZW l—[ (1_xem)’ (B]_B)

2 k=1 1= Xk/W (=1..K 1 _xe/xk 1<l<m<K
t#k Uk, m#k

Pellehw) = Sow—1/w)

so that

X K
— Xy _ w PK({XZ},W) ]
T !:! (1 —wx) [ (W_l/w) " (w—1/w) l_hsz<<eg<(1—kae) - B9

We shall now prove that Py satisfies the same recursion and initial value as (4.5). and is
therefore the polynomial introduced in that equation.
To show this, let us define

Zp,—Z4

-1 Xy
e = 21—[(1—Wx[)(1—xg/w) (B.15)

2(W 1/W)Z(1 ka)(l Xk/W)l—[(l xz/xk)(l Xexg)

{=1..K

(#k
It is straightforward to show that
Xg+14k
A (B.16)
hhS (T =wxg1)(1—xgy1 /W)
+ 1 Z 1—x; XK+1 Xy
2w—=1/w), = (A=wxg))A =X /W) X (T=2x0/3)(1 = xpx)

{#k

Expressing Py in terms of Ag, this implies that

K
[T (d—xpxg4q)
Priq Py
1—xg1/w
l_[1<l<m<1<+1 (1 ngm)

K

Ser | Ly (@ = w) 2 Tk mtk

T2 /) Z (1-1/x;) I e
K+l k=1..K+1 1:1Z¥Ik<+1 o/ Xk

(B.17)
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Let us define the symmetric function

l_[ 1<t<m<K (1 - ngm)

1—1/x2) =2kt (B.18)
( k) l—[

J
K ﬁ;g(l—xe/xk)

Selbed) = 5
k=1

such that

Py =

K K
Pr ] [ (X = xyxi1) = xgi1 S [ [-1 (T —wxp)

(B.19)
1—xgq1/w

Remarkably, the two terms coming from (1—1/ xlf) in (B.18) produce the same result,

l_[ 1<t<msk (1 — X0 Xp)

Scfxh= Y. === (B.20)

k=1..K n”j;if (1 —x¢/x)

Moreover, one can show that Sy is regular at x, = x;, hence is symmetric polynomial in
variables x,...,xg. For K < 8, we find

SK = 1—T4+T5(71—T5)+T6(1—T%+Tz+T4+T1T5+T6(—1—T2+T6))
+T5 (’L’l + T:;’ —2T1T9+T3—T1T4— T%TS +27T9T5+2T1Tg +T1T2Tg— T3Tg
—2T5Tg— Tl’l.'é) + T% (—2— T% — T% +T1T3+ T4+ 7T1T5+Tg+ 7276)
+73 (=71 =73+ 77)) + O(7s). (B.21)

Furthermore, comparing to (B.13), we see that

Pe({x1,.. ., xg},w) =wSg i ({xq,..., xg, W}). (B.22)

Thus, (B.19) is in fact a recursion for Py, identical to (4.5). Using (B.21) and (B.22), we see
that the initial data for P, coincide, and therefore the object Py defined in (B.13) is also the
one introduced in (4.3).

B.3 Generating series of attractor indices

The same idea used to compute the stacky invariants for trivial stability can also be applied to
construct the generating series of attractor indices. For vanishing superpotential, the stacky
invariants in the attractor chamber coincide with those in the chamber C given by (B.2), pro-
vided ay is the largest of all a,’s. More generally, they are given by

Wmax(ag) l_[?—l (Wag _ W—a[)

w=0 PP —
ATt ) (w— 1/w)K (wmax(ag) — yy—max(a,)) ~

(B.23)

We can then compute the generating series Z qw-o, and obtain the generating series Z 4 for
generic superpotential from the identity A, —.A, = AY=° —.AgV:O, similar to (B.4). For K = 3,
we find, in absence of superpotential,

wrg(1—T1T3+272 = 27w+ ToTaw — ToW)

Z gw=o (B.24)
* (w—1/w)(1—wt3)(1—13/W) ]_[i(l —wx;) l_[i<j(1 —X;X;)
and therefore, for generic superpotential,
w2(2—1,+ 72
Za (2= 72+ 7)) (B.25)

T w1/ w1 —wa /w1 =Ty + (w1 /W) [T (A —xx)
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We can check that Z 4, —Z 4 has no derangement factor in the denominator as expected, but
the numerator is unilluminating. The difference Z 4. —Z 4, has also no derangement factor in
the denominator but a much simpler numerator, see (4.15).

For K = 4, one finds

7 T4F4(x;,w)
A, —
(W_l/W) l_[ (l_xlxm) l_[ (1_lexmxn)(1_xlxmxn/w)
1<l<m<4 1<l<m<n<4
1
X
(1—71,)Q—7w2)(1—14/W)(1—Ty+(W+1/w)T3— W2+ 1+ 1/w2)Tt,)’

(B.26)

where F, is a complicated symmetric polynomial in x;’s. The result for the difference is some-
what simpler, but still complicated:

7 7 — —Ty4 G4(xi: W)
A 04 T w—=1/w) J] Q—xixn) ] Q@—=wxpxnx,)(1—xx5x,/wW)
1<l<m<4 1<l<m<n<4
y 1
(1—7)A—74w2)(1 —14/W2)’
(B.27)
with
G4(Xi,W) =

T3T4+Ti(1/w+w—271—2(W+1/W)T2—T3(1/W2+W2)+T3(1/W+w)71

+T3T2—(1/W+W)T§—71T§+T§)

+T2(2(1/W+W)+(1+3/W2+3W2)Tl+(W+1/W)3T2+2T1T2—(W+1/W)2T3

—2T2T3—’L'1T§+T§)

4 3 3 4 3,2 2 2
74(4/w +7/w+ 7w+ 4w’ +(w+1/w)'ty +(w+1/w)ry + (1 +2/w* +2w) 117y

+(w+ 1/W)T§ —(7+5/w?+5w) 13— (1/ Wi +5/w+5w+w)T T3
—(2+1/w?*+ WZ)T%TS — (=24 1/W? + w113 — (1/Ww+w)T,T, 73

+2(w+ 1/w)r§ +(w+ 1/W)2*L'1T§ +(w+ 1/w)r2*r§)

+Ti(1/W5 +5/w? +8/w+ 8w+ 5w +w’ + (10 4+ 3/w* + 5/w? + 5w? + 3w*) 1,
+(2/w? +3/w+ 3w+ ZWS)T% —1,(1/W+ 1/ w+w+w)+ 2+ 1/w+ w1 T,
+(w+1/w)tity +2(w+ 1/w)T2 — (2/W* + 7/W* + 9 + 7w? + 2w 74

—(4/w> +6/w+6w+4w3)T T — (W + 1/w)zrff3 +(2+1/w? +w?)T,7,
+(1/w+w)TToT3 + (2/WP +3/w+ 3w+ 2w3)77§ +(2+1/w?+ Wz)Tl’L'g)
—72(2(1/w5 +1/wW +4/w+ 4w +w +w) + (2/wt + 7/w? + 9 + 7w + 2wH) 1,

+2(w + 1/w)7% —T‘;’ +@A/wWi+ 1/ wHw+w)T,— W2 —24+1/w?)T T,
+(w+ 1/W)T% —(10+ 3/w*+5/w? +5w? + 3wH 1, — (1 /Wi +5/w+ 5w+ w)T 75

+13Tg+ (14 2/w? +2w)ToT3 + (W+ 1/w)3T§)
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+TZ(1/W5 +5/w3 +8/w+ 8w+ 5w +w +(7+5/w? + 5w?)t; + T? —2T1Ty

—(w+1/w)try— T%T3 — 2T2’C3)

—T2(4/w3 +7/w+Tw+ 4w + (w4 1/w)1; + (w+ 1/W)T%

—(w+1/w)ty— 1,7, — (1 +3/w? + 3w 1, — (1/w+ W)T1T3)

+TZ(2(W+ 1/w)—W? +1/w?)1; — 2w+ 1/w)T, —273) + (1/W +w+ Tl)TiO.
(B.28)

The Taylor expansion of both Z, and Z 4 starts at order x/, with the first nontrivial terms
corresponding to the following values of {a,;} (up to permutations),

Q,({1,2,2,2}) = 2, Q4{1,2,2,2})=1,
Q*({Z: 2, 2)2}) = 0) QS({Z, 2: 2,2}) = .y + 1/}’,
2,({1,3,3,3})) = 0, 9{1,3,3,3})=y+1/y. (B.29)

C Residue computation for three-node abelian cyclic quiver

We consider the 3-node cyclic quiver with k15, = a;, K93 = @y, k31 = a3. As explained in (3.34),
the contribution of collinear scaling solutions is given by the following residue:

sgn(oqa; + 0ya, + 03a dv dv
I, = Z gn(oiay 222 3d3) _13(_2
010 ai1 (y—1/y) Vi ) V2
o1ai1+ogas+o3zaz<0
— a — az -1 as
X(y vl/y) (y vZ/y) ( V1Va ) ’ .1
vi—1 vy—1 y—vivaly
where the sum runs over the possible signs o, = sgnZZ’e 4, with £ € {1,2,3}. Defining

v3 = y2/(v1v,) so as to expose the symmetry of the integrand, the integral runs over the
two-torus spanned by the phases of v, subject to the constraint v;v,v5 = y2, while the moduli
are fixed to |v,| = 2™ 9¢*m2 with fixed A > 0. In contrast to the body of the paper, here we

shall assume that Imz > 0; the result for Imz < 0 can be obtained by flipping the signs o,.

We shall first perform the integral over v,. There are 4 poles at v, € {0, 1, {_12’ o0o}. The
pole at 0 is always included inside the contour while the pole at oo never is. Whether or not
the other two are inside the contour depends on the modulus of v,:

* if |[vy| > 1 (which occurs when o, = +1) the pole at v, = 1 is included.
e if |vy| > |y2/v;| (which occurs when o3 = —1) the pole at v, = y2/v; is included.

Next we integrate over v;. If the first residue over v, was taken at 0 or oo, the result has only
3 poles at v; € {0,1, co}. If instead the first residue was taken at v, = 1 or y2/v;, then there
is an extra pole at v; = y2. While the pole at v; = 0 is always included inside the contour and
the one at v; = ©0 never is, the remaining ones depend on the modulus of v;:

e If |v;| > 1 (which occurs when o = +1) the pole at v; = 1 is included,
e if |v;| > |y2| (which occurs when o,a, + o3a; < 0) the pole at v; = y? is included.

Moreover, out of the 8 possible choices of sign (o1,0,,03), only 4 contribute, depending
whether the triangular inequalities are obeyed or not. We introduce the notation R, ,, for the
corresponding residue.
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In the triangular inequalities are violated, say a; > a, + as, the following sign choices
contribute (omitting an overall factor of (y —1/y)?) The contribution from equal signs always
contributes, irrespective of the triangular inequalities:

(——--) : RO,O +Ry2/v1,0 +Ry2/v1,y2 5

(_’ +) +) : RO,O + Rl,O >

(—, +, —) . _RO,O _Rl,O _Ryz/vl,O’

(_, - +) . _RO,O . (CZ)
Note that in the third line, there are two additional residues Ry 2> + Rz, ,2 contributing

when a, < as, but their sum vanishes. Summing up these four contributions, only one residue
remains:

I, = Ryz/vl,_yz/(.y_1/.)’)2

1 1 y—vl/y)‘“(y—vZ/y)“z( vivy—1 )“3
= — R _.2Res, _
(y—1/y)? =yt Ty Vlvz( vi—1 vy —1 y—=viny/y

1 1 d %' 1 Y= /¥4 y=va/y )92 ((v1v,—1)%
= (y—1/y)? (ag_l)!Res"l:yz(d_Vz) [E( Vlil ) ( Vrzl ) (—lvlz/y) ]|v2:y2/v1-

(C.3)

=w/y)*
(vo—1)%2

_ aj .
(“V(v;_l—gﬁl)z so we obtain

In this expression the possible pole at v; = y? comes from . The maximum order

possible for this pole arises when all derivatives act on

(y = /y)n _ /y)n? v -1

— a 2 __1)a1—ap,—as+1
O e Ny ey e LT O A I
2= 1

Since a; > a, + a3 , there is no pole and the residue vanishes. Therefore, the scaling index
(C.1) vanishes when triangular inequality are violated.

Let us now turn to the case where the triangular inequality are obeyed, a; < a, + as,
a, < aj +as,as < aj; +a,. In that case, the following sign choices contribute:

(——==) : Roo+Ryzp 0t Ry 2,

(+,—=) © —Roo—Ro1—Ry2p 0= Ry2/y, 2 —Ry2py 1,

(—+—=) : —Roo—Ri0—Ry2y0,

(——+) @ —Rgp- €4

As before, in the third line, there are two additional residues R; ,» + Rz, ,2 contributing
when a, < ag, but their sum vanishes. Summing up these contributions, we get

O =1/y)PZ. = —2R0,0—Ry10—Ro1—Ry2py, 0= Ry2py 1- (C.5)
By deforming the contours adequately, we see that

—Ro0 —R10—Ry2/y,,0 =Roo,0
—Ro1—Ry2/y,1 =Roo,1 TR11 (C.6)
Roo,O +Roo,1 = _Roo,oo

so that only three residues remain,

(y—1/¥)*Z, = Ri1—Roo,co —Rop- (C.7
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Two of them are easily computed as follows:

L (y=vi/y\" (y—va/y\2 [ viva—1 \®
RO,O = ResvlzoReszzo ( ¥y

viva \ vi—1 vy —1 — vy
= (—y)nteTs, (C.8)
1 —_— a1 —_ az _ 1 as
Roo oo = Res, _ooRes, _oo (y Vl/.y) (y VZ/.)’) ( ViVy )
5 1 2 V1V2 Vl_]' V2—1 y_V1V2/y
1 v —1 a 5o—1 a, 1—9.7 a
= Resﬁ :()Resf; e ( 1Y N/}’) (yVZ ~/y) (~ . 175 )
1 2 ViVy 1_V1 1_V2 vlvzy_]_/y
= (_y)—al—a2+a3 ) (C.g)

These two contributions sum up to the Coulomb index

(_ )a1+a2—a3 + (_ )a3—a1—a2
Roo,oo +RO,O = Ireg = 4 4 5 (C].O)

(y—1/y)?
in the chamber C where {; > 0,{; > 0,{3 < 0. The last one, R ; is recognized as the Jeffrey-
Kirwan residue Q, computing the full index in the same chamber. Therefore, the scaling index
is equal to the sum of the single-centered index and the minimal modification part,

Te=T— Ty =Qg+H. (C.11)

D Generating series for scaling indices

In this section, we evaluate the generating series for the scaling part Zy. = Zg,me + Zyneq Of the
Witten index, for cyclic quivers with K = 3 or K = 4 nodes. Since the generating series of
Zsame Was evaluated in §4.6 for arbitrary K, it remains to evaluate the generating series Zpq
in (4.52).

For K = 3, the generating series can be evaluated using

oo o0 o0

X1X9x3(1 4+ X3 —X1X3 —X9X3)
0(a; +a, —ag)x{xy2xy® = " ’ D1
Z Z Z ( 1 2 3) 1 72 73 (1—Xl)(]._Xz)(]-_xl'xB)(]'_szB) ( )

a1=1 (12:1 (13:1

and suitable permutations thereof (where ©(a) = 1 for a = 0 and 0 for a < 0). While the
resulting expression for Z,,q is unilluminating, we find that the sum of equal and unequal
sign contributions nicely combines into

Zsame+Zuneq = ZS+ZH: (D.2)
where
2,.2,.2
X7X5X
Zg 17273 (D.3)

T (1= x)(1—x7x3)(1 — x23)(1 — X x5 — X1 X3 — XgX3 — (¥ + Yy ~1)x1X5X3)

is the generating series of single-centered invariants, a special case of (4.9), while

_ 2 y+y~!
Zy = Ty =y iy Ceven mzodd;
7 _ X1X2X3(X1 +XZ +X3 _2X1X2x:3)
even (1—2x72)(1 = xx3)(1 = x5x3)
X1X9X
Zodd B (D.4)

(1 —x7x)(1 —x7x3)(1 — x9x3)
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Noting that the Taylor coefficients of Z.., (respectively, Z,44) are equal to one for monomials
x‘f1 xglxgl obeying the triangle inequalities with a; + a, + a5 even (respectively odd), we see

that Zj; is the generating series of the minimal modification term for 3-node quivers [11]

H({r1,72, 73 = (D.5)

1 -2, a; +a, +as even
(y=1/y)? \y+1/y, ay+az+azodd

Similarly, for cyclic quivers with 4 nodes, using

(e3¢ 3
X3 X9X3X4
O(ay +as +a,—ay)x...xH= !
Zzl (B2 a2 04 =@ X4 = 3 0 e )1 — ) — 1)
oo
ax aq
Z @(a1+a2_a3_a4)x1 ...x4
aq,...,a4=1

B X1X9X3X4 (1 + xfx2x3x4 —x1X5(x4 + x3(1 —x9x4 — x4)))
(1 —=x1)(1 —x1x3)(1 — xax3)(1 — x14)(1 — x4 )(1 — x3)(1 — x4)

(D.6)

we find that the generating series for Z,,oq nicely combines with Z, . into Zg + Zy, where Zg
is given by (4.9) while

_ Ta(mm T+ 0+ 1/ - 72)
(y—1/y)? l_[1gi<js4(1 —xix;)

H (D.7)

The Taylor coefficients of Zy turn out to reproduce the minimal modification of the Coulomb
index, for 4-node cyclic quivers, given in the chamber C for ay + a3 +a4 > a; > ay, > az > a4
by [12, (4.13)]

(_1)1+a1+~~~+a4

g{ri,-->r4h) = W (D.8)

ay+as+az—a ay+a,—az—a a;+az—as+a ax+az—a;—a
y {yl234_y1234_y1324_y2314_(y_)1/y)

yhtdatasTa _ y y (y—1/y)

ay+as—az—ay __ ,a1+az—ax+as __

where the first and second lines correspond to a, + a3 > a; + a4 and a, + a3 < a; + ay,
respectively. Indeed, applying the projection operator (2.20) we find

(_1)1+a1+~~+a4

H({r1,...,14) = O=ih)7 (D.9)
—a4(y2—1/)’2), a,+as>a;+ay,a;+---+a, even

y :12_21252;_—(141/}/)2, ) as+as>a;+ay,a;+---+ay odd .

—52)(y —1/y°), a,+as<a;+a,,a;+---+a, even

(ay—ay—az—ay)(y—1/y), ay+az3<a;+ay,a;+---+a,odd
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