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Abstract

We investigate the properties of foliated gauge fields and construct several foliated field
theories in 3+1d that describe foliated fracton orders both with and without matter, in-
cluding the recent hybrid fracton models. These field theories describe Abelian or non-
Abelian gauge theories coupled to foliated gauge fields, and they fall into two classes
of models that we call the electric models and the magnetic models. We show that
these two classes of foliated field theories enjoy a duality. We also construct a model
(using foliated gauge fields and an exactly solvable lattice Hamiltonian model) for a
subsystem-symmetry protected topological (SSPT) phase, which is analogous to a one-
form symmetry protected topological phase, with the subsystem symmetry acting on
codimension-two subregions. We construct the corresponding gauged SSPT phase as a
foliated two-form gauge theory. Some instances of the gauged SSPT phase are a variant
of the X-cube model with the same ground state degeneracy and the same fusion, but
different particle statistics.
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1 Introduction

The objective of a low-energy effective field theory is to describe the low-energy physics of
a physical system while ignoring physics that occurs at higher energies, the details of which
are viewed as unimportant. Restricting to low energies then reveals the universal spacetime
structure that is coupled to the physics. A celebrated example of effective theory is a Fermi
liquid (e.g. a metal) [1],which describes the low energy modes with momenta near the Fermi
surface. Another example of effective theory is topological quantum field theory (TQFT),
which describes the low energy physics of many gapped microscopic quantum systems and
only depends on the topology of the spacetime manifold (possibly equipped with extra struc-
ture such as a spin structure if the system has neutral fermions [2]). The topological nature,
such as the braiding and fusion of the excitations, has application in fault-tolerant quantum
computation [3]. Effective field theories are useful in describing the low energy (IR) physics
that typically occurs at large length scales, independent of many microscopic (UV) details.
In particular, different microscopic models can have the same low energy physics, while the
microscopic differences are washed out in the renormalization group (RG) flow. Only the
universal features are captured by effective field theories.

Recently, a new kind physics exhibited by so-called fracton models [4,5]" necessitate a
new kind of effective field theory description. The excitations in this class of models are clas-
sified by their sub-dimensional mobility: planons and lineons are restricted to move along
2D planes and 1D lines, respectively, while fractons are immobile. These excitations have
spatially-dependant fusion rules, which can be formalized using a module [10]. For instance,
two lineons that are constrained to move in two different directions could fuse into the vac-
uum when met at a point, or two neighboring fractons could fuse into a planon.? A gapped
D-dimensional fracton model of length L can have up to O(L?72) [11, 13, 14] robust zero-
energy non-local degrees of freedom. This is a phenomenon of UV/IR mixing: the low energy
physics depends on some microscopic details such as the total length measured in lattice spac-
ing. This UV/IR mixing is captured in the recent generalization of the usual effective field
theories [15-17]° by certain singularities and discontinuities in the effective field variables,
but the fields are more continuous than the variables in lattice models.

In this note we will study a related class of effective field theories called foliated quan-
tum field theory (FQFT) (see e.g. [19]) that also exhibit UV/IR mixing: the fields can have
discontinuities or delta function singularities on “stacks of leaves” in spacetime. The different
foliations (e.g. k = 1,2, 3 for three foliations) are described using a 1-form ek for each folia-
tion k, which must satisfy e* A deX = 0, and in this note we will assume de* = 0 for simplicity.
The fields are allowed to have certain kinds of singularities (detailed in Section 2.1), which
are not allowed in ordinary effective field theories. These singularities embody the foliated
spacetime structure [20,21]. We will discuss examples of gapped and gapless foliated field
theories. In many examples, the FQFT has the structure of coupling an ordinary gauge theory
to a Zy foliated gauge field, which can be thought of as a stack of BF type theories in one
dimension lower.

While similar kinds of foliated fracton models are investigated using other field theories

1Fracton models were initially motivated by the glassy (i.e. slow) dynamics resulting from these mobility con-
straints. [6, 7] It was later discovered that the slow dynamics of the type-II models yields a more robust quantum
memory. That is, the dynamics of the non-local degrees of freedom (which are used for the quantum memory) in
Haah'’s code with generic time-dependant perturbations at finite (but low) temperature is asymptotically slower
than for toric code. [8,9]

2The latter process is the origin of the term “fracton” because in many examples a fracton is a fraction of a
mobile particle. However, this is not always the case; for example, type-II [11] fracton models such as Haah’s
code [12] do not have any mobile particles (by definition).

3See also a recent field theory construction for type II fracton models in [18].
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[17,22-26] that implicitly depends on a foliation, our description using foliated field theory
makes the dependence on the foliation more explicit, and it utilizes the foliation structure to
constrain the effective action.

We remark that the mobility constraints of fracton models can be understood from gauging
subsystem symmetries that only act on a subregion such on a plane. [11,27] The gauge field
of the subsystem symmetry can naturally be described using a foliated gauge field, where the
symmetry acts on the leaves of the foliation [28]. The background foliated gauge field can also
describe subsystem-symmetry protected topological (SSPT) phases [29,30] using the effective
action of the background foliated gauge field. We will give examples of such phases.

The note is organized as follows. In Section 2 we discuss the properties of U(1) and Zy
foliated n-form gauge fields. In Section 3 we discuss a twisted foliated Z, two-form gauge
theory and its lattice model. In Section 4 and Section 5 we discuss two classes of models,
which we call the electric and magnetic models, where we couple non-Abelian or Abelian gauge
theory to foliated gauge fields, which encompass many examples of models in the literature
e.g. [11, 31, 32] with excitations of restricted mobility. In Section 6 we discuss methods of
coupling matter fields to foliated gauge fields. In Section 7 we discuss dualities between the
electric and magnetic models.

There are several appendices. In Appendix A we provide an interpretation of foliated gauge
theory as ordinary gauge theory but with a sum over defect insertions. In Appendix B we give
a description of a foliated stack of scalars or fermions. In Appendix C we discuss an exactly
solvable lattice model for an example of the model in Section 4.

1.1 Summary of examples

Twisted foliated two-form gauge theory as gauged SSPT phase Many physical systems
are protected by global symmetry, and there are invertible phases that are non-trivial only in
the presence of global symmetry, known as symmetry protected topological (SPT) phases. In
Section 3, we present examples of SPT phases protected by subsystem symmetry, known as
subsystem SPT (SSPT) phases [29,30]. For instance, the Zj, x Z?V' X Zy, subsystem symmetry
in 3+1d whose generators are supported on two-dimensional surfaces on yz,xz,xy planes
has an SSPT phase described by the effective action

N N
> =Pl pkpl= = (p1,B'B? + p13B B + pysBB) | (1.1)
Y, 4r 27

where B¥ are background two-form Zy, foliated gauge field that has components d x*dx" with
u=0,1,2,3, u # k. The coefficients p;; are integers mod N [33-36]. We construct a local
commuting projector Hamiltonian model [Figure 2] for the SSPT phase.

Then we gauge the subsystem symmetries to obtain a foliated Zy two-form gauge theory
[(3.1)], where the gauge field B¥ is dynamical.* We also construct a lattice Hamiltonian for
the gauged SPT phase [Figure 3]. We investigate the properties of the resulting two-form Zy
foliated gauge theory, and we find that certain examples of the theory reproduces the particle
content of the Zy X-cube model. The ground state degeneracy (GSD) of the foliated two-form
gauge theory on a T2 space with lengths L,, Ly, L, along the three space directions measured

“The theory with the foliated gauge fields replaced by ordinary non-foliated gauge fields is discussed in [33-35,
37,38], which is effectively an untwisted Abelian one-form gauge theory. The version with foliated gauge fields
that we consider is much richer.
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in the unit of a lattice cutoff is given by (3.23):
GSD — l_[ qi2ri(Lx+Ly+Lz)_Ci (1.2)
i

(D 10
12> D235

bgg) + median(b(i) p®

C; =2max(b 12> zgjbglg))

b =r, —log, ged(q)', pir) ,

where N =[] qiri is the prime factorization of N. For N = 2,p,; = 1, the ground state
degeneracy equals 225x 2Ly +2L:=3 which equals the ground state degeneracy of the Z,, X-cube
model [39]. The theory with N = 2, p;; = 1 also has the same fusion module as the Z, X-cube
model. However, we show that these two theories are not the same by showing that their
excitations are different.

Coupling ordinary gauge theory to foliated two-form gauge field In Section 4, we con-
sider a class of model called the electric model, with the action

Sp = L dABF + oy (0B +1(a, ), (1.3)
. 21 21

where a is a G gauge field for some finite or continuous group G, and 7, € H%(G,Zy), B is
a foliated two-form gauge field satisfying BXeX = 0, and A* is a one-form gauge field. I(a, ¢)
describes the gauge theory of a, which can contain matter fields collectively denoted by ¢.
The theory can be interpreted as coupling a G gauge theory to the foliated Zy two-form gauge
field B¥ (which has a Zy holonomy imposed by a Lagrangian multiplier A%), using the one-form
symmetry generated by 35 N (a).

In Section 5, we study another class of model called the magnetic model, with the action

N Ngk N
Sw =5 dAB + ~LpBk+ (da—n(a)b+I(d,¢"), (1.4)
2n p 27 27

where a’ is a G’ = G/Zy gauge field, a is a Zy gauge field, and 1 € H2(G’, Zy) specifies the
extension G of G’ by Zy. q; is an integer. The part I(a’, ¢’) describes a G’ gauge theory of
a’, and it can contain matter fields collectively denoted by ¢’. The theory can be interpreted
as coupling a G gauge theory to the foliated Zy two-form gauge field BX (which has a Zy
holonomy imposed by a Lagrangian multiplier A*) using the one-form symmetry corresponding
to the Zy center of the extension G (if the extension of G’ by Zy is a central extension). The
electric and magnetic models provide the effective field theory description for the models in
e.g. [11,31,32].

Duality In Section 7, we show that there is an exact duality between the electric and mag-
netic models,

N N
Electric: ——dAB— —Bn(a’) +S,pp(a’) +1[d’, ¢]
27 27
. N —~ N~~~ N___ ~IN\T ~ ~ 7
Magnetic: —dAB+ —bB+ —(da—n(a’))b+ Sp(a’)+1I[a’,¢], (1.5)
27 27 2r

where (A, B), (A, B) describe Zy, foliated two-form gauge field on a single foliation with A, A be-
ing Lagrangian multipliers that constrain B, B to have Zy holonomy. The ordinary gauge theory
of @’ in the electric model and @,a’ in the magnetic model has gauge group Gejectric> Gmagnetics
respectively, related by Geectric = Gmagnetic/ Zn- ¢ d; collectively denote the matter fields that
couple to the Gejectrics Gmagnetic gauge theories.
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We remark that it is important that (4, B) and (A, B) are foliated gauge fields in order for
the duality to be valid. If (4, B) and (A, B) were replaced by non-foliated gauge fields, then
the electric model would become a Gpagneric gauge theory, while the magnetic model would
become a Gagnetic/Zn = Gelectric 8aUge theory, and since the gauge groups are different, the
duality (1.5) would no longer hold in general.®

2 Abelian foliated gauge fields

Notation and foliation To describe each foliation, we use foliation a closed (i.e. dek = 0)
one-form eX where k labels the different foliations. For example, eX = dx, dy, dz for spacetime
coordinates (¢, x, y,z). We use a subscript to indicates the degree of gauge fields; i.e. u, is a
p-form gauge field. We sometimes omit the subscript to simplify the notation. We use £; to
denote a leaf of foliation k, which has codimension one. For instance, if ek = dz, then Ly isa
three-dimensional spacetime (x, y, t) at some fixed 2z = 2.

In the following discussion, 5(£)* is a delta function one-form that has a singularity on
codimension-one leaf £ ; in other words, it is the Poincaré dual of leaf [,k.6 If we take ek = dz,
then for the leaf of foliation k at z = z, it is 6(£;)* = 6(z — 29)dz. Denote V to be a
codimension-0 manifold with boundary given by a leaf of foliation k, 3V, = L. Then §(V,)*
is a zero-form i.e. a function, which has the property d5(V;)* = 6(L;)*.” For instance, if
ek = dz, then V; : 2 < 2o, and §(V)* = h(z — %) is a multiple of the step function. We
will illustrate the properties of the foliated gauge fields using U(1) and Zy n-form foliated
gauge theories. We also discuss the relation between the foliated gauge field and the rank-two
symmetric tensor gauge field.

2.1 Bundles, fluxes and singularities

We will use the notation B* to denote two-forms that satisfy Bkek = 0 (for each k), and AF
to denote gauge field with the gauge transformation AK — AK + dA* + ok where akek = 0.
Intuitively, the gauge field A* only has components in the directions parallel to each leaf of
foliation k, while the gauge field BX has at least one component orthogonal to the leaf of
foliation k. Related to this, BS can be intuitively understood as a gauge field b;_l of one
lower degree (p — 1) multiplied by e, BX = b;_lek, where b;—1 has mass dimension p and
thus it contains a degree-one delta function singularity. In the following we will describe the
continuity property of the gauge parameters and the gauge fields in more details. In Appendix
A we provide an interpretation of the singularities in the foliated field theories as summing
over defect insertions in ordinary field theories. We remark that if an ordinary non-foliated
gauge field couples to foliated gauge field, the new gauge field can have a different bundle
that has similar singularity structure, as illustrated by an example in Section 5.1.1.%

>For instance, the Gragnetic/ Zy = Geleerric Ordinary gauge theory only has a subset of Wilson lines compared to
Gmagnetic Ordinary gauge theory.

®For general manifold %, it can be defined as fz w= f w&(X)* for any w.

’This can be proven from the definition: for manifold X that satisfies © = &Y', for any w we have
[yo=[ws@)} =, do=[dws(@) = [ wds(Z)*. Thus 5()* =ds(z)*.

8This is similar to the phenomenon that if an SU(2) gauge field couples to a two-form gauge field by the Z,
center one-form symmetry, the gauge bundle changes to SO(3) bundle, that is in general no longer an SU(2)
bundle.


https://scipost.org
https://scipost.org/SciPostPhys.11.2.032

Scil SciPost Phys. 11, 032 (2021)

Foliated n-form gauge field BZ; The gauge field satisfies Br’;ek = 0, and it can have delta
function one-form singularities 5(£;)*. It has gauge transformation

B — BF +dAk

n—1°

A’r‘l_lek =0, (2.1)

where the condition Ak 1e = 0 is replaced by d)tk k = 0 when n = 1. The gauge pa-
rameter A’;_ has gauge transformation l’;_ - Ak 1+ d?tﬁ 5, and similarly for A’;_ until
JLS - A’é +27f* with f* locally an integer. The gauge parameter Alfl_l can have delta function
one-form singularities §(£;)*, while the other gauge parameters of lower degree (but greater
or equal to one) can also have discontinuities §(V,)*, while the 0-form gauge parameter f*
can only have discontinuities 5(V;)*.

The field strength Fr’f 1= dBﬁ satisfies Fr’f +1ek = 0. It is gauge invariant, and it can have
singularities §(£;)*. (Note d5(L;)" = 0). The flux 36 dB,’i is quantized to be a multiple of 27

from the transition function f*, and the flux can have discontinuities 5(V,)*.

Foliated n-form gauge field A’fl The gauge field A’r‘l can have discontinuities 5(V;)*. For
instance, if e = dz, then it can contain a step function h(z —z,). The gauge transformation is

AL Ak dak  +ak, akek=0), (2.2)

where for n = 0 there is no gauge parameter aO 0. The gauge parameters also have gauge
transformatlons such as kﬁ 1 7Lk +d7tk , until Ak - Ak + 27t f* for f* locally an integer,
and a — a +da _, with an 1ek =0 for n>1 and ch0 = 0, until a’é - a’é + 2msk

with sk locally an integer. The gauge parameters AKX ,ak . can have singularities 5(£;)*

i>1° 1>1
and discontinuities & (Vk)L while Ak fk ao,s can only have discontinuities 5(V;)*. Note in
the combination d)kk +ak ., the singularlty 5(Ly)t in dlf can be compensated by the same
singularity in af‘H

The field strength F,]f 1= dAI:z has delta function singularities §(£; )" and discontinuities
5(V,)*. However, it is not invariant under the gauge transformation aﬁ, while ekF k 41 is gauge
invariant. The gauge invariant quantity ekFr’l‘ 1 only has 6 (V,)* discontinuities, but not the
singularity §(£;)"%, since eX6(£;)*" = 0. The flux 9§ dA]fl is defined on n+ 1-dimensional closed
surfaces on leaf k for the flux to be gauge invariant. It is quantized to be a multiple of 27 from
the transition function f*, k which can contain discontinuities § (Vk)l. We note that due to the
discontinuities in Ak Fr’f = dA’f1 may not be closed dF,’f .1 7 0 in the absence of operator
insertion, but it has delta function one-form singularities 5(£;)*. On the other hand, the

gauge invariant quantity e*F* 1 is closed, since eks (L)t =0

i+1°

2.2 U(1) foliated n-form gauge theory I

We begin by studying the simplest examples of foliated gauge theories. Consider a foliated
n-form gauge field Bk in d spacetime dimension, which satisfies Bﬁek = 0, with the gauge
transformation Bk - Bk + dk’:l 1» where Aﬁ_lek =0 forn>1 and dk’éek = 0. The action is
given by the klnetlc term for the foliated gauge field:

S = %g2|dB,’j|2 2 dek «dBk (2.3)
where « is the Hodge dual, and k labels the foliation. We will focus on a single foliation,
while the case with multiple foliations is given by copies of the theory with different k. We
will promote the gauge coupling g to be position-dependent, since the coupling on different
leaves can have different values. Let us analyze the symmetry and observables in the free U(1)
foliated n-form gauge theory.
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2.2.1 Global symmetry

U(1) electric symmetry The electric symmetry is a shift symmetry for Br’;. If we turn on a
background (n + 1)-form C ]’5‘ (where the subscript stands for “electric” instead of the degree
of the form), we need to replace dBrlj with dBﬁ +C ]’5‘ To be consistent with Brljek =0,C é also
satisfies C’E‘ek = 0 and is therefore a foliated background gauge field. The background gauge
transformation is

BN BR+ A, cEkock+dak, cfef=0, Akek=0. (2.4)

U(1) magnetic symmetry The magnetic symmetry is generated by ei0 $ 4By with parameter
6 € R/Z. 1If we turn on a background (d —n—1)-form C 1]\31 for the magnetic symmetry (where
the subscript stands for “magnetic” instead of the degree of the form), the action is modified
via the coupling

dBk
—ck . 2.5
o M (2.5)
The background gauge transformation is
ck —ck +dak +dk, (2.6)

where af is a (d —n—1)-form gauge field that satisfies a¥eX = 0. The latter condition ensures
that the coupling to BZ; is invariant under that gauge transformation a*, using B,’;ek =0.

Mixed anomaly If we turn on background C¥, the coupling to C}\} is modified to be

dB* + ck
n E ~k
—_—C,,, 2.7

which is not invariant under C 1’\‘4 - C}f,l + d?L]’f/[. Thus the electric and magnetic symmetries
have a mixed anomaly. The anomaly can be compensated by inflow from a subsystem SPT
phase in one dimension higher, with effective action

1 k ~k
Sinom = ﬂj dckck . (2.8)

2.2.2 Observables

Wilson n-surface The Wilson n-surface, eifYB'I:, has nonzero support along the n-surface
swiped by integral curves of eX.° Suppose eX = dz. Since Bﬁek = 0, the gauge field only has
components that contain dz; thus the Wilson operator extends along the z direction. ' The
Wilson operator transforms under the electric symmetry.

The Wilson operator can end on leaves of foliation k. To see this, we note for n > 1, an
open Wilson n-surface is gauge invariant under l’;_l if the boundary lies on leaves of foliation
k, since Aﬁ_lek = 0. For n = 1, we can parameterize B’l‘ = fé(ﬁk)L for some leaf £; of
foliation k and function f ~ f + 2m; then f},Blf = f|, where p is the intersection points of

i [ B i .
Ly and v, and e/ BI = ¢ifs is invariant under f — f +2m. We remark that the boundary of
the Wilson operator does not break the electric symmetry since the generator of the symmetry,

°For instance, if e = dx', then the operator can only be supported on x*, x%2, x’3 - - - x)» directions, while it does
not receive a contribution from the part of surfaces lying on leaves of foliation k.

101f we take ek = dt, then for n = 1, the gauge field B’rf only has the time component, and the Wilson line f B.dt
describes a static heavy charge with the mobility class of a fracton.

8
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which couples to C]’:f, has gauge redundancy of shift by a* with aXe* = 0 and thus it is restricted
to lie on a leaf of foliation k. This implies that the generator of the electric symmetry that links
with the Wilson operator cannot be unlinked by moving the generator passing through the
boundary of the Wilson operator.

’t Hooft (d —n —2)-surface The 't Hooft (d —n — 2)-surface operator is defined by unit flux
on the surrounding (n + 1)-sphere, 35 dB’; /2m = 1. If we parametrize Bs = Zi fni_lé(ﬁ}'(_)L
for some collection of leaves £, of foliation k indexed by i and (n —1)-form gauge fields f,_,
(for n =1 they are periodic scalars foi ~ foi + 2m),then the flux is §sn + dBrli =D 3€ d fni_1 with
integral over the intersection of S"*! and E;{, which is generally a S" intersection. The flux
is the sum of the flux of d frf_l over S" on the leaf around the ’t Hooft operator, which lies on
the leaf. For n = 1 and d = 4 spacetime dimension, the ’t Hooft operator describes a planon
on the leaf of foliation k, while for n = 2 the 't Hooft operator is a monopole operator. The 't
Hooft operator transforms under the magnetic symmetry.

2.3 U(1) foliated n-form gauge theory II

Consider an n-form gauge field Alfl with the gauge transformation A’fl — A’fl + dkﬁ_l + aﬁ,
a’r‘lek = 0. For instance, if e = dz and n = 1, then the gauge transformation eats the A,
component; thus we are left with only A,,A,,A, components. If the gauge field has vanishing
local field strengths F,,, F,,, F,;, then the theory is equivalent to a U(1) gauge field in 2+1d
(x,y,t). Here, we will not assume this to be the case, and thus the gauge field can have z

dependence. The action is given by the kinetic term for the foliated gauge field:
1 1
S= ng|e’<dA’,§|2 = rgz(ede’;) * (ekdAr), (2.9)

where * is the Hodge dual. Thus the kinetic term has contribution from the gauge field com-
ponents parallel to the leaves. The index k labels the foliation, and we will focus on a single
foliation here, while multiple foliations are multiple copies with different k. We will promote
the gauge coupling g to be position-dependent, since the coupling on different leaves can have
different values. For e = dx?, the kinetic term is proportional to

Z (3uA, ...y, + anti-symmetrization)(d"A™ """ + anti-symmetrization) . (2.10)
u,v#1

Let us analyze the symmetry and observables of free foliated n-form foliated gauge theory.

2.3.1 Global symmetry

U(1) electric symmetry The electric symmetry acts as a shift symmetry for gauge field A]fl.
If we turn on a background (n + 1)-form gauge field CX, this replaces dA]f1 by dA’fl — Cfg. The
background gauge transformation is

Ck—Ch+dAf +dak, AK>AF+2F+ak, (2.11)

where A’;ek can be nonzero.

U(1) magnetic symmetry The magnetic symmetry is generated by el0§ 44T with 0 € R/Z,
which is only well-defined on a leaf of foliation k. The background (d — n — 1)-form gauge
field C 1’\} for magnetic symmetry couples to the theory as

dAk

—1c

k
) 2.12
77 M (2.12)
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where the invariance under A’T‘l — A’fl + afl implies C 1]\31 is a foliated (d —n—1)-form gauge field
that satisfies

Ckek=0. (2.13)

i e ok k k k k _
The background gauge transformation is C; — C,; +dA;_ _,, where A;__,e* =0.
Mixed anomaly By a similar discussion as in the previous example, the electric and magnetic
symmetries have a mixed anomaly described by the subsystem SPT phase in one dimension

higher

1 k ~k
ﬂJchcM : (2.14)

2.3.2 Observables

. k
Wilson n-surface The Wilson operator elfﬁYA is gauge invariant under A’fl - Aﬁ + aﬁ only
when the n-surface y is on leaf of foliation k. Thus for n = 1 it describes a planon. The Wilson
operator transforms under the electric symmetry.

’t Hooft (d —n—2)-surface The 't Hooft operator with flux 9§ dA’fl /21 = 1 on the surrounding
n+ 1-sphere is gauge invariant when the n + 1-sphere lies entirely on a leaf of foliation k, i.e.
when the ’t Hooft operator is transverse to a leaf of foliation k. In other words, the 't Hooft
operator is a (d —n—3)-dimensional locus on the leaf of foliation k surrounded by the (n+1)-
sphere, and extending along the remaining kth direction. Since 36 dA’fl, which measures the
magnetic charge, cannot move out of the leaf of foliation k, the ’t Hooft operator can be an
open ribbon operator with boundary on some leaves of foliation k.'! For n = d —3, it describes
a point operator on a leaf of foliation k at some fixed time, and it can be moved along the kth
direction.

2.3.3 Chern-Simons coupling and theta term

Let us discuss a deformation of the theory that does not change the local dynamics. We will
focus on d = 4 spacetime dimensions and n = 1.

Mixed theta term The ordinary theta angle dAli dA’i is not invariant under the gauge trans-
formation A’{ - A’i + a’f. On the other hand, the theory of gauge fields A, B’f can have a mixed
theta term. Consider the theory
0 ok apk

22 A dBY (2.15)
The theta term leads to an analogue of Witten effect: the 't Hooft line of A’; becomes a dyon
with electric charge 6 /27 of BX, and the ’t Hooft line of B’l‘ becomes a dyon with electric charge
0/2m of A’;.

Chern-Simons term Another coupling is a Chern-Simons term on each leaf. A naive guess
for such a term is > n
Les = 4—’<A’;dA’; Bk, (2.16)
v

This is similar to the Wilson (d — n — 2)-surface of §Bd_n_2, which can also end on leaves of foliation k, as
discussion in Section 2.2.2. As we will show in Section 2.4, the two foliated U(1) gauge theories of fields A’T‘l and

k . . . .
B;_,_, are in fact related by electric-magnetic duality.
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where XeX = 0 and it is closed and has unit period. For instance, if e* = dz, we can take
B* = dz/l, if z ~ z + 1, is compact. However, such term is not gauge invariant due to the
discontinuity of [3de’§. To see this, we note that it can be written as

JA’L v = PD(ni dA% B* /4m), (2.17)
Y

where PD denotes the Poincaré dual. Thus it would be well-defined if and only if y is an integral
cycle and lies on a leaf of foliation k. The last condition is satisfied since dAX /3 /4mek =0, and
it is closed since dF** = 0 where FX is the field strength, dF¥ can be nonzero with & (Ek)L
singularity, but 5(£;)* 8% = 0. So the question is whether fﬁv ndeliﬁ /4m is an integer. This
is in general not the case since it can be written as

ny

5 Bk, v =pDy(dAk/2m), (2.18)

Y'ny
where ¥’ has boundary on a leaf of foliation k, since dA’; is not closed due to the discontinuity.
Thus for general B¥ that is not a delta function, the integral can be any real number. As a
consequence, the coupling cannot be gauge invariant for n; # 0.

On the other hand, we can consider the following well-defined Chern-Simons term

L
“Epkdaks(Lt, (2.19)
4

for some leaves £; = J; Eg). This is a Chern-Simons term at level L, on the chosen leaves.

2.4 Electric-magnetic duality for foliated U(1) gauge theory

The observables and global symmetry of the n-form foliated U(1) Maxwell theories in Section
2.2 and (d — n— 2)-form foliated U(1) Maxwell theory in Section 2.3 can be mapped to each
other, with the electric Wilson operator mapped to the magnetic 't Hooft operator and vice
versa. We will show that the two theories are in fact dual to each other, similar to the S-duality
in ordinary U(1) gauge theory [40,41]. We will only sketch a derivation here.

For simplicity, let us take the spacetime manifold to have trivial topology, and e* = dx*.
We begin with the foliated gauge theory I, with the action

Z;ZFk «Fy + i(F]’; —dBMcy, | (2.20)

where Fy K is a foliated (n + 1)-form that satisﬁes Fg kek — O and the Lagrangian multiplier Cy k
has the gauge transformation Cy, ko Cy k 4 aM w1th ak ek = 0. Integrating out CX  recovers the
Maxwell term for the foliated gauge ﬁeld B,, with Fy £/I dBk

Alternatively, we can integrate out FX, which 1mposes12

1
k(= *Fk-i-—Ck)— (2.21)
g2
Then we find the following Lagrangian
1 1 4r?
—lekck |2 — —dBka , Pr=——1". (2.22)
2g2 M M g2

Then integrating out BX imposes Ck = dAS _,_o» and we recover the Maxwell theory for foli-

ated (d —n— 2)-form gauge field A’;_n_z, with the gauge coupling

~ 4m?
gP=—. (2.23)
g
'2This equation of motion also relates the gauge invariant field strengths e*dA%_ ,, F * dB¥, where their sin-
gularity structures are related through the position-dependent gauge coupling.
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2.5 Z, foliated n-form gauge theory

Consider the following theory in d spacetime dimensions

N . kpk
%dAan—n—l > (2.24)

where BX ek = 0. The gauge transformation are

d—n—1

k k k k k k k
AL — A+ d?tn_l +a,, By, ,—Bj, 1+ dA

ko, (2.25)

’flek =0, )\s_n_zek =0 (for n = d — 2, it is replaced by dléek = 0). The equations of
motion for A’f1 and Bs_n_l implies that these gauge fields have Zy holonomy. They describe

k
d—n—1"

where a
Zy; foliated n-form gauge theory of A]fl or (d —n— 1)-form gauge theory of B

2.5.1 Global symmetry

Zy electric symmetry The electric symmetry is generated by the operator el$Bi1. The
background (n + 1)-form gauge field C If:‘ couples to the theory by

N . kpk N ok k
%dAan—n—l + %Bd—n—l Cg . (2.26)
The gauge transformation is
k k k k k k k k k k k k
Cp—Cpt+dAp+a, ., A DA +dA, —Ag+a,, By _,—B;  _,+dA; ., (2.27)

k ok :
where Ap, a; , are background gauge transformations.

Z, magnetic symmetry The magnetic symmetry is generated by eif 4. The background
(d —n)-form gauge field C]’\j[ satisfies CI\k/I k =0, and it couples as

N - kpk N kK

gdAnB a1t %AHCM : (2.28)

The gauge transformation is

k k k k
Ck —ck +dak, B

o —B Ak +dak ) A A AR ek, (229

where A’;/I is a background gauge transformation that satisfies A]’f,[ k=o.

Mixed anomaly The electric and magnetic symmetries have a mixed anomaly, described by
the SPT phase in one dimension higher

N
o J ckek . (2.30)
2.5.2 Observables
The theory has operators
W=elfh, U=efBin, (2.31)

The operator W is restricted to lie on a leaf of foliation k in order to be invariant under the
gauge transformation afl. For n =1, W describes a planon. The operator W is charged under
the electric symmetry.

The operator U has Zy braiding with operator W, and it is charged under the magnetic
symmetry generated by W. U can have boundaries if each connected component of the bound-
ary lies on a leaf of the foliation k. The boundary of U does not break the magnetic symmetry,
since the generator W of the magnetic symmetry is constrained on a leaf and cannot move out
of the leaf.

12


https://scipost.org
https://scipost.org/SciPostPhys.11.2.032

Scil SciPost Phys. 11, 032 (2021)

2.5.3 Ground state degeneracy

Consider a single foliation with e! = dx! on a spatial (d—1)-torus, with lengths [; fori = 1,---d—1

in the x' directions. To reduce the notation, we will drop the superscript k in A’fl,BS_n_l. Let
us fix the gauge such that the time components in A,,, Bj_,_; vanish. The equation of motion
from integrating out the time-component gauge fields Ay ;, ..; , and B j, ..;, . can be solved
up to a gauge transformation by
dx! dx! dx’
— 1 = — L Ykl kil
A= 2, a5 Beaa= 20 e [
I:{ll’IZ'"ln}:l¢I I J:{JI’JZ"']d7n72}11¢J J J
(2.32)
le{il,i2~--in}:1¢1 sums over all subsets I of 2,3,--- ,n. The effective action is then
N dx!
§ =D (D= | de=—aa(x! Ops (e ), (2.33)
17 21 61
where s(I,J) = 0,1, depending on the index sets I,J. There are m, 4 = CS_Z = %

terms in the summation.

To obtain a finite ground state degeneracy, we can regularize the x' direction by a lattice
with equal spacing A!, and denote L' = {¢;/Al. This amounts to substituting
pr(t,x) = Zr=0,---L1—1 615(x1—rA1)pIr(t).13 Denote q;(t,rA}) = q;(t). Then the regularized
effective action is

N
s= D, Z(—1)S(“)§f dtoq; (£)pj(t) - (2.34)
r=0,-(L1-1) IJ
For each x! there is Myd = G2yl dii_—zz))!!n! pairs of conjugating Zy degrees of freedom, and thus

the ground state degeneracy is

(d—2)! 1

GSD = N™nal' = N@woml (2.35)

Topological nature of ground state degeneracy Another way to understand the ground
state degeneracy is using the operators W = eif4n and U = ei$Ban1. Consider a single
leaf. The operator W is supported on T" for coordinates {x' : i € I}. On each leaf there
are C,‘f_z = m, 4 such operators, labelled by W; with s = 0,---m, 4. The “ribbon” operator
U is supported on an interval in the x* direction, [x],x;], and extending along {x’ : j € J}
directions. We can fix x}, then the interval is labelled by the “ending-leaf” at xé. For each
ending-leaf there are also m,, 4 such operators, labelled by U; with s =0, ---m,, 4. Denote the
ground state without operator insertions by |0). Then a basis of the new ground states on each

leaf can be obtained by acting on |0) with a product of W wrapped on n cycles in T4 !:

mpq

nh) =] [wl0), (2.36)

s=1
. 1
where n, = 0,--- ,N — 1. Thus there are N™ ground states for each leaf, and in total N™ndt
ground states. Alternatively, we can describe the ground states using the basis

my 4

1w =] JuFlo), 2.37)
s=1

3Note this is an allowed delta function singularity of the foliated gauge field B,_,_;.
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1
9

where 7, = 0,--- ,N —1, and they span the N™¢ ground states for the ending leaf at x* = x

Thus again we find N Mp,aL! ground states in total.

Since the operators W and U are charged under the electric and magnetic symmetries,
and the ground states transform as different eigenvalues of the symmetry, we conclude that
the electric and magnetic symmetries are spontaneously broken.

2.6 Zy x Zy foliated gauge theory and three-loop braiding

Consider the Zy x Zy foliated two-form gauge theory theory in d = 4 spacetime dimension

N kpk o N ok

- GAIBy + S—dAYBY", (2.38)
where the theory describes lev gauge fields A’; and Bik after integrating out the Lagrangian
multipliers B’Z‘ and A’Zk. It has a surface operator corresponding to the projective representation

H*(Zy % Zy:, U(1)) = Zgeqn n)> Which can be denoted by S = el "5 $ 4B with lem(N, N”)
the least common multiple of N, N’. For simplicity, we only consider a single foliation k.

Let us consider the correlation function of U(Z) = elfnBs W =) = eld 4 and s(=.
Inserting U(X) and W/(X') implies

2 2
da) = —%5(2)% dBy = —%5(2’)l : (2.39)

which can be solved as A’{ = —21\,—"5())){ Bik = —%5(1}')L with 0V =%, 0V’ = ¥’. Then the
correlation function is given by

(UEW/(2)S(2")) = e KEZED (2.40)
where TIk(Z, 3, %) = [6(V)*6(V) 6(=")F with 8V = %, 3V’ = % is the triple link-
ing number of the three surfaces [42]. Thus the correlation function describes a three-loop
braiding process [43] between the operator S and the magnetic surface operators U = elf B’2<,
W’ = el $45 by a similar computation as in [44] (see also [45] for a discussion using lattice
model).'* In terms of the gauge fields on the leaves, the operators U, V, S have the following in-
terpretation (see Figure 1). The operator U corresponds to a string consisting of the magnetic
particle excitation in the Zy one-form gauge theories on a collection of leaves. The operator
V corresponds to the domain wall operator in the Zy, two-form gauge theory on the leaves.
The operator S intersects the leaves by the Zy Wilson line operator of charge lem(N,N’)k/N’
for the Z, one-form gauge field on the leaves, in the kth vacuum of the Zy, two-form gauge
theory on the leaves.

We remark that one can also consider Zy x Zy % Zy Dijkgraaf-Witten theory

N

NPk s arkpk
py ——SAJdATBY , (2.41)

N N

k pk k pk Tk prk
dAlB2 + %dAZB1 + EdAl B2 + (27_[)2 1
where the first three terms describe ZI%, gauge fields Ak,B’f,A’lk after integrating out the La-
grangian multipliers Bk,AS,A’Zk. For simplicity, we take a single foliation k. By a similar com-
putation as in e.g. [47], there is three-loop braiding between the magnetic surface operators
for Z, gauge fields.

4One can show by a similar computation as in [44] that in any spacetime dimension (including 2+1d), de-
coupled untwisted Zy n-form gauge theory and m-form gauge theory has a similar correlation function involving
three operators: the magnetic operators for the n, m-form gauge theory, and the electric operator fana:n with
a,,a, being the n-form and m-form Z, gauge fields [46].

14


https://scipost.org
https://scipost.org/SciPostPhys.11.2.032

Scil SciPost Phys. 11, 032 (2021)

leaf

Figure 1: The three loop braiding process described by the correlation function
(2.40), for N = N’ = 2. ¢ = 0,1 (white and light green) label the two vacua on
the leaves of the Z, two-form gauge theory on the leaves, separated by a domain
wall excitation (green string) which is confined to the leaves. The particles e, m are
the electric and magnetic particles of the Z, one-form gauge theory on the leaves.
The blue string consists of an m particle everywhere it intersects a leaf. The red string
is a string that consists of an e particle excitation in the region ¢ = 1 and trivial parti-
cles along the rest of the loop where ¢ = 0 (if the domain wall is only on a single leaf
as drawn in the figure). The three-loop braiding comes from the braiding between
e,m in the region ¢ = 1.

2.7 Relation with higher-rank tensor gauge field

Let us relate foliated gauge fields discussed here to hollow (i.e. off-diagonal) symmetric rank
two gauge field, which is used in the several effective field theories in the literature, e.g. [17,
22,48,49]' for models with excitations of restricted mobility. The discussion is similar but
different from that in [54].

Consider a hollow (i.e. off-diagonal) symmetric rank-two tensor gauge field in d > 4
spacetime dimensions

(ap, a;j), a; =0, (2.42)
with the gauge transformation
ap—ag+ A, a;j—a;;+0A, A~A+2m. (2.43)
We now repackage it into
AIS = Oy, -Af = Qg (2.44)

with the ordinary gauge transformation
A5 AR dak, Ak=g . (2.45)

Note that the gauge parameter A can have a delta function in the kth direction.
The gauge field A* has dimension two instead of one. Thus we can define the two-form
gauge field
By = Ake*, (2.46)

which has the gauge transformation
BY — BE+dak, Ak =2kek. (2.47)

Note the possible singularity in A’{ from AX is consistent with the discussion in Section 2.1.
The two-form gauge field B;‘ is a foliated two-form gauge field, which satisfies the constraint
B’gek = 0. For simplicity, we can take the foliation one-forms to be e = dx* with spatial
indicesk=1,---d —1.

SExamples of field theories with non-hollow symmetric tensor gauge fields are discussed in e.g. [50-53].

15


https://scipost.org
https://scipost.org/SciPostPhys.11.2.032

Scil SciPost Phys. 11, 032 (2021)

Let us verify the Dirac quantization condition of BX, i.e. 95 dB’Z< € 271Z on three-spheres.
Since the integral can be obtained by gluing two three-disks along the equator two-sphere,
we only need to examine whether f d/llf is a multiple of 27t on two-sphere. The integral can
be obtained by gluing two hemispheres, and thus it amounts to computing an integral on the
equator of the two-sphere

jg ek o M . (2.48)

The loop integral can again be obtained by gluing two coordinate patches, across which A can
jump by a multiple of 2. Thus we find § d/llf € 27 (with potential discontinuities), and B*
satisfies the Dirac quantization condition.

Note that the symmetric tensor gauge field (ay, a;;) does not correspond to the most general
field configuration of B’2‘. For instance, if the gauge fields are dynamical with kinetic terms
included in the action, the two theories have different dispersion relations. More precisely, the
symmetric tensor gauge fields corresponds to foliated two-form gauge field with flat two-form
gauge field

b= 308 = 3 el = 5 37 (5 ) ax'a @49

where we choose the (d — 1) foliation one-forms to be e* = dx* with k = 1,2,---d — 1 for
the spatial directions, and Bf = ", B,’jidxkdxi. Thus locally B = d A where we can choose the
gauge A, = 0, then Ay = a, (for ek = dx¥), B’]zi = Bfk i.e. a;; = ay;. This shows that the two
kinds of fields will result in different physics for gapless free field models, but the same physics
for certain gapped models.

3 Twisted Zy foliated two-form gauge theory in 3+1d

Consider the theory
NP ok i N kpk
> =Bl + > —dakB (3.1)
252 192>

PR, 4 - 27

where B’Z< k = 0. The gauge transformations are
B - BE+dak, Af oAk +dak+ ok =D pyal, (3.2)
l

where akek =0, A’fek =0 and dl’éek = 0. Since B’z‘B’g = 0, we set pir = 0. The equation of
motion gives N Y, pi;B' + NdAk =0, NdBk = 0.

We remark that the version of the theory with ordinary (i.e. not foliated) one-form and
two-form gauge fields is studied in e.g. [33-35,55], and it describes the low energy theory of
suitable Walker-Wang model with boundary Abelian anyons [38,56]. Here we will focus on the
bulk property of the foliated model. The boundary properties will be investigated elsewhere.

One way to understand the theory to take e = dx*, and express Blg = u]{dxk. Then the
action Zk’l %BkBl = Dkl %u’l‘ulldxkdxl modifies the theory by inserting layers of surface

operators Sg %u’full .

3.1 Global symmetry

Let us couple the theory to a two-form background gauge field C]’:f and a three-form background
gauge field C]’\j[

N kok , N k ~k

5;32% + E;Ach. (3.3)

16


https://scipost.org
https://scipost.org/SciPostPhys.11.2.032

Scil SciPost Phys. 11, 032 (2021)

The gauge field C}f,l satisfies Cl’f/[ek = 0, and they have the background gauge transformation
CLS - CLS + dk’f + ag, C}\} — CI'\‘,[ + dlg with agek =0 and Agek =0.

In particular, the magnetic symmetry transforms B;‘ - Blz< — A’;. Due to the coupling
> (Npr/ 4TE)B’2‘BZZ, part of the magnetic symmetry is broken explicitly, and the corresponding
background is forced to be trivial. To see this, we use the equations of motion
> NpiBL + NdAk + Nck = 0, NdBK + NCK, = 0, which implies dCX = >, py;C,. For in-
stance, if p,, = 1, this implies that the gauge field C}\‘/I is forced to be trivial and that the
corresponding symmetry is broken by the topological term p;;. In general, the symmetry cor-
responding to Cy; is Z, with ri = ged;(p,N) = ged(pas -+ » Phj—1> Phjes1s """ » Phomes N s
where the gcd is taken over all [.

3.2 Observables

The theory has operators
U = eiszlz(, Vi = eij;azAli"'ilekl szé . (3.4)

Both Uy and V,, are surface operators with boundary 93, where each connected component of
2% must lie on a leaf of the foliation k. The operators Uy, V, have e*™/N statistics.

The operator V; is not a genuine line operator for p;; # 0. The genuine line operators that
describe a planons are integer powers of

. ko : ]
VkKk — eleaZAlﬂKk > Pkl szz i (3.5)

where K = N/L; with L, = gcd(py;, N), where the greatest common divisor is respect to all [.
The part Y, Kipy fz Bé is trivial since it is a multiple of N f B!, and thus the operator VX only
depends on the line d%, and it is a genuine line operator on the leaf i.e. describing a planon.
The genuine line operators V,f and U, have braiding e>™/L«,

Let us consider the line operator

W, = e § Zeaid] | (3.6)

Invariance under the gauge transformation A’i - Ali — Zl pkllll constrains the line operator
to lie on the intersection of a leaf from each foliation [ that satisfies ), qzpx; # 0 mod N. If
three or more foliations satisfy that constraint, then the line operator describes a fracton. Else
if only one or two foliations satisfy ", qxpy; # 0 mod N, then the line operator describes a
planon or lineon, respectively.

In summary;, el 2k a4 describes a particle with the mobility class of

* Aplanon, if only one of g, is not a multiple of N, denoted by k = k,, and q; _px ; € NZ
for I # k,y,.

Thus q; is a multiple of where ged; . (P, 1, N) is the greatest common

N
gedizp, (PrytsN)?
divisor of N and py ; with all [ # k,,,. There are ged, . (P, N) planons.

* A lineon, if at least one of g; is a multiple of N, denote such k by k = k,, and
>k WPkk, €NZ.
If there are two k,, k’ such that dk.,qr are a multiple of N, then for k,, # k,, k., either
(1) qx, Pk, € NZ and g pi, x € NZ, or (2) qk, Pk,k % NZ and qi py, «, € NZ.
Suppose only one of q;, is a multiple of N. Then g ,q;, must be a multiple of

N
Tk There are thus ged(N, py,k,, Pk,k, ) —2 of them. Suppose q; ,q; are both
multiples of N. In case (1) this means q; ¢

Zand q, € yZ. Denote

N N
gcd(N,pkk, ) ged(N.py i/
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9k, = mgcdm+kmki) with m ~ m + ged(N, py_ /), then mged(N, py ) & gcd(N, py, 1/ )Z,

ng(N’pkmki)
ng(N,pkmk* ’pkmki)
Case (2) is obtained by exchanging k, with k’. Some of them can be obtained by fusing
planons.

ie. m¢ Z. Thus there are ged(N, i ) — 8cd(N, py, k. Pk, k) of them.

* Afracton, if ), qxpy & NZ for all three [ in 3+1d.
This requires at least one g satisfies q; & Z for all [ # k. Then such k con-

tributes N — >3, ged; (N, py) fractons.

L
gcd;(N,pi)

3.3 Correlation function

The correlation function of the non-foliation version of the theory is computed in Section 7
of [47]. The discussion of the foliation version is essentially the same, except that there are
more gauge invariant operators when the support of the operator is suitably chosen, such as
on the intersection of leaves of foliations. - )

For instance, let us compute the correlation function for the planon e' &@@w™ f n , where
we insert the operator at closed loop y; on a leaf foliation k. This amounts to deforming the
action with

N (p12B'B2 + p13B'B% + pp3B?B%) + > | Noprgaer — N w500, 39
27 — 21 ged; (pri> N)

where §(y;)* is the delta function three-form that restricts the spacetime integral to y;. Inte-

grating out A* gives
2m

_ngz(sz, N)

On R* it can be solved using surface % with boundary vy as

dB* = Syt . (3.8)

Kk 2n

=—§6(2 J‘. 3.9
ged;(pi, N) (%) (3:9)

Then substituting into the remaining action gives a trivial correlation function for these planons;
i.e. they have trivial self statistics and mutual statistics,

o S Ay = 27iNps, n L)
(l;[eg ) exp(8Cd(P12:P13,N)8Cd(P12:P23,N)5(21) o(%2)
( 2miNpq3
ged(p12, P13, N) ged(py3, P23, N)
- ex ( 2niNpys
ged(pi2, P23, N) ged(pis, pas, N)

6(21%5(23%)

5() 5(85)" ) =1.

(3.10)

. . . i f Ak+zl f plel
We can also consider the correlation function of the planon e 77« T , where %y,
has boundary y,. Repeating the above steps, we find these planons have mutual statistics:

.
exp = (P128(Z1) 6(Z5)" + p13d(E1) 6(Ze) +psB(E) 6(Z)) . (311)

In other words, for the basic planons on the leaves of foliation i, j, they have mutual statistics
—2mip;i/N
e yl,
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. . S0 31413242 . . .
Consider the lineon ' § 7"'A'=1"A , where 7, k are given in Figure 5,

— _ K;
d;j = ged(pij,N),  pjjpij =d;; mod N, nij:pijj,
ij

k; = lem(d;;, d;;) for distinct i, j, k . (3.12)

j>
The correlation function of the lineon can be computed in a similar way'®

122_ 1343

n n

Y13

] 3141 3242 - 2141 2343 -
AT —nA AT —n“ A
(elﬁgylzn LSS T2 o Pras

2mi ~ ~
= exp —— (P12M31M328(212)76(Z12)" + P13n21M236(T13) - 6(E13)*
+P237)1271135(223)J'5(523)J')
2mi
-exp —— (p121*') (3.14)
N
where %;;, 5 ; are surfaces with boundary y;;, and they can be thought of as related by pushoff
along some framing direction.

3.4 Exactly solvable Hamiltonian model

Let us construct a Hamiltonian model using a similar method as in [36] to construct a lattice
Hamiltonian model for the one-form symmetry SPT phase. The model for the two-form gauge
theory then follows from gauging the symmetry.

3.4.1 SPT phase with subsystem symmetry

Let us consider a cubic lattice and choose e! = dx,e? = dy,e® = dz. After integrating out
A’;, which forces B’g to be Zy two-form foliated gauge field, the action can be expressed in the

discrete notation as 2 ¢,(B!, B2, B®) with (we normalize B¥ =0,1,-- ,N — 1 mod N):!7

¢4(BY,B%,B®) =p1,B' UB%2 + p13B ' UB> + py3B2UB3 . (3.15)
We have
Pa(dAY,dA%,dA%) = dps(A1, A%, 13), (3.16)
where
¢3()Ll, Az, Ag) = plzll U dlz +p1311 U dlg +p2312 U dk?’ . (317)

A Hamiltonian model for the SPT phase with symmetry A' — A'+s' is given by conjugating
the Ising paramagnet HO = —>""__ (Zex X} + ZX:y + ZXZ) by e@m/N) [ ¢3 where Z, X are
the Zy clock and shift Pauli matrices satisfying X:ZEX , =e2TiNZ .

N-1

Hgpr = — Z (Z X:x o W [ B3O8 A1 A%) =5 (A A20°)
n=0

+ an o T [ 3 (AN A%+, ,27)~¢3(11,22,1%)
e
Yy

+ Z xnew | %(Al,az,ﬁ+né‘z)—¢3(x1,x2,x3)) ’ (3.18)

16The equation of motion gives
B'= M310(Z12) +1216(Z13), B*= _77325(%12) + 1120 (Z23), B’ = _77235(i13) - 77135({:23) . (3.13)

7For a review of cup product, see e.g. [36,57-59]
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—p23
Zs

7 P13
Zi

P23
2

Figure 2: The Hamiltonian model (3.19) for the subsystem SPT phase, where there
are x*-type Zy degrees of freedom on the edges in the x* direction, acted upon by
Pauli matrices Xy, Yy, Z,. One subsystem symmetry is a product of X operators over
edges in the x direction that intersect a yz plane on the dual lattice. Subsystem
symmetries for xz and xy planes are similar.

where ¢, is the one-cochain that takes value 1 on the edge e, in the x direction and 0 otherwise,
and similarly for €),¢,. Explicitly,

Zmn
HSPT —- Z (an fplzexudl +p138,UdA®

+ZXn fpudl Uey+p23eyudk

+ZX£‘eTmfplsd”UEﬁPB“ZUEz) . (3.19)

The Hamiltonian model is in Figure 2.

3.4.2 Gauged SSPT phase: two-form gauge theory

Next, we gauge the symmetry by introducing a gauge field described by Zy degrees of freedom
on each face, and impose the Gauss constraint

X, l_[X}) =1, (3.20)

where the product is over the faces adjacent to the edge e, and o = 1 depends on the ori-
entation of f relative to e. We can choose a branching structure such that on the 2d plane
orthogonal to e with e pointing into the plane, the product is over two Xf_1 on the upper and
left faces and two X on the lower and right faces. For the face that shares an edge in the k
direction, we associate a two-form gauge field B = 0,1,---N — 1, where Z* has eigenvalue
e(m/N)B"  For the Hamiltonian to commute with the gauge constraint, we couple each term
to gauge field BX and replace dAX with dA* + BX. We also include a flux term to impose the
condition dB¥ = 0 mod N on the ground state. Then we use the Gauss constraint to gauge-fix
A¥ = 0. We obtain a Hamiltonian for the theory after gauging the symmetry:

N—-1
n 2mn
_ o] ¢, UB%+ ey uB®
Hyugea == 2 (25 ([ [, ) % T patecstons
n=0

+ Z (l IXO )n 2nin fplzB UE, +pa3e, UB®
+ E (l | )n 2manmB Ue,+pa3B2UE,

+Z (T 122) ) (3.21)
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Z{Pl 2 Z:;pZK
x{ X3 7575
xj )
< X} X3 X3
X 2
% % X
Xl qu
Zé’ls Zgﬁ

—

: Z " Zy :
A Zy Z3

el z '

Figure 3: Hamiltonian model for the twisted foliated Zy gauge theory. We label the
top row of excitations as e¥%,eX?,eXY | and the bottom row as f!, f2, f2 (from left
to right). Each face has two Zy degrees of freedom: a x* — x! planar face has an
x*-type and x!-type Zy degree of freedom.

The edge and flux terms are given by summing over n = 0,---N — 1 powers of the terms in
Figure 3.!8

Consider general N with prime factorization N = ]_[iqiri where each g; is prime. The
ground state degeneracy can be obtained by the method of [60,61]:?

21 (L e+, +1,)—¢;
Gsp=| [q; """ (3.23)
i

@ b(l)

12> “23> b(l)) +median(b'?, b1 b(’))

¢; = 2max(b 195 D535

bl((ll) =r;— lOgQi gcd(ql )pkl) °

When p;; = 0 for all k, [, this reproduces the ground state degeneracy of the theory in Section
2.5.

As a consistency check, we note that if N = mn for m, n coprime, a foliated Z, two-form
gauge field can be decomposed uniquely into foliated Z,, and Z, two-form gauge fields as
Bk = mBZI + ntm, where the normalization is B = 0,1---N —1, B;n =0,1---,n—1 and
B;m = 0,1---,m—1. Then the action e of the Z, foliated two-form gauge field is (after
integrating out gauge field A’;)

i kpl | — k pl
exp (ﬁ %:ple B ) = exp ( Z mpj,BE B, )exp( ;: npleZmBZm) . (3.24)
Thus the theory of (N, py;) factorizes into the product of the theory of (n, mp;;) and (m, npy;).

This is consistent with the ground state degeneracy in (3.23).

Excitations We tabulate the kinds of excitations of Figure 3 in Table 1. An excitation of the
top row is a planon, which we label e¥?,eX% XY (from left to right). These planons can be

8The model has a Z, rotation symmetry about the (1,1,1) direction given by:
X—>y—o2—-X
X=X, > X;—-X;
Z,—>Zy,—> 72y 7. (3.22)

1°See also Appendix B of [62] for a brief review. We used the computer code in [63].
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Table 1: Excitations of Figure 3 for p;; Z 0 (mod N).

Excitations Mobility
e¥Z YZ-planon
eXZ XZ-planon
XY XY-planon

florf2orf3 fracton

fo D! YZ-planon
fo2 ( fy2 )t XZ-planon
fo3 (F£H)! XY-planon
( f;)"h2 (f$)Mms | X-lineon
( f;)”l3 (f$)™1 | Ylineon
( fg1 )11 (f2)12 | Z-lineon

moved via the unitary action of Z operators. When p;; #Z 0 (mod N), which we will assume
for the remainder of this section?®, any excitation of the bottom row is a fracton, which we
label f1, 2, £2 (from left to right). A dipole of f! fractons displaced in the x-direction is a YZ-
planon; it can move along a YZ plane using the operators shown in Figure 4.2! We denote this
dipole as fo1 ( ff1 )1, where the subscript denotes the lattice position of the excited operator.
Combinations of fractons can also result in a lineon. For example, an X-lineon results from
11,3 many f 3 fractons along with 71,2 many f 2 fractons displaced in the x-direction, where

M,jPi,j = MikPik Mod N , (3.25)

for any three distinct indices i, j, k € {1,2,3}. We denote this composite as ( f;)”lx2 ( f03)m,3 in
the table. These lineons can be moved via the operators shown in Figure 5.

Fusion rules We can determine a basis of fusion rules (which can be formalized using a
module [10]) for the excitations by asking which combination of excitations can fuse to the
vacuum. In other words, we ask what excitations can be created or annihilated by local opera-
tors, such as a single X or Z operator, when acting on the ground state.?? The resulting fusion
rules are shown in Table 2. These fusion rules (along with the other two sets generated by
symmetry (3.22)) are a basis that generates all possible fusion rules. From the first two rows
in Table 2, we see the fractonic behavior of f,, as moving it requires creating a planon e N,
In contrast, the last two rows show that e®¥%) can move along a YZ plane.

3.4.3 Two-form gauge theory with N =2, p = 1: variant of X-cube model

Consider the example N = 2, pyy = py; = pa3 = P3z = p13 = p3; = 1. The Hamiltonian is
given in Figure 6. The ground state degeneracy on a three-torus with lengths [,,1,,[, is the

2Let (f*) denote the fusion of n many f*, with n Z 0 (mod N). If np,, = np,; = np,;3 = 0 (mod N), then the
three (f*)" for k = 1,2,3 are all planons. If np,, Z 0 while np,; = np;; = 0 (mod N), then (f!)" and (f2)" are
lineons while (f3)" is a planon. If np;, Z 0 and np,; # 0 while p;; = 0 (mod N), then (f!)" and (f*)" are lineons
while (f2)" is a fracton. Thus, we see that each np,; Z 0 (mod N) restricts the mobility of (f¥)" and (f')" by one
dimension each.

21Strings of the operators in Figure 4 can be used to move the planons anywhere within their plane, analogous
to how string operators move the toric code excitations around.

22The superselection sectors are obtained by modding out the set of all possible excitations by the set of trivial
excitations (i.e. excitations created or annihilated by local operators) which fuse to the vacuum.
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Table 2: Excitations of Figure 3 that can be fused to the vacuum. We only list the
excitations annihilated by acting with X; or Z;, since the others can be obtained by
symmetry (3.22). In the second column, X gxy) is an X; operator acting on a XY-

plaquette, and similar for the other operators.

Excitations that fuse to vacuum | Annihilated by
—Pi3
XY XY
D78 ) = x5
Y 32% v
1 x2) 12 (x2)
fO (fA) 1554_%}74_%2) —1 Xl
(YZ) (e(YZ))_ -1 ngy)
(YZ)(e(YZ))—l_)l Z§XZ)
Z
: y X}
X
2523 X3
) Z3—1023
Xy - X] X3
’ —
Z§13 Zl—}?13
x{
2z - X
3 X, | " X
X1 i X ‘
| it

Figure 4: Operators creating planons (as dipoles of f! excitations) that commute

with the edge terms. They have non-trivial mutual commutation relations.

same as the X-cube model:

(3.26)

Our model also has the same fusion module [10] as the X-cube model. That is, the excita-
tions can be mapped to X-cube excitations with the same fusion. Our fractons f' are mapped

as follows:
fol F’\ L 1
foz — F" LZ

3
fO —

(3.27)

where F, is an X-cube fracton centered at r, while Li is an x'-axis X-cube lineon centered at
r. Our planons e can be mapped to X-cube particles by first mapping them a pair of fractons
via the first two fusion rules in Table 2, and then applying the above mapping.
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K1 n99
7 1 Xé/z(,) X]U'“

Z5?
M1 2 K,
XQ“Z 23 3

I K3
X / ' Z3
Z X2

di2 = ged(pi2, N), dig = QCd(plzs, N), dog = ged(paz, N)
Pi2pi2 = digmod N, piapiz = digmod N, pagpaz = dag mod N

3
X3

k1 = lem(dig, diz), ko = lem(dia, dos), kg = lem(dis, das)

K9 — K¢
7%, 13 = D3>,

P P A
T2 = Piag;: M3 = Pi3g;» 21 = Pizg o

— pata — Poali3
31 = P13y, 32 = P23y,

Figure 5: Operators creating lineons that commute with the edge terms. They sat-
isfy non-trivial commutation relations. x; = b;;p;; [see (3.25)] for any j # i with
j €1{1,2,3}. An explicit solution for 7 is given below the figure.

Inequivalence to X cube model Although the ground state degeneracy and the fusion mod-
ule of the model with N = 2, p;; = 1 is the same as the X-cube model, this model is not local
unitary equivalent to the X-cube model.

This is consistent with the fact that in the mapping of fusion module (3.27), although our
planons e all commute with each other, this commutation relation is not preserved under the
mapping.

To show that the two theories are inequivalent, suppose (for contradiction) that the ground
states are equivalent to X-cube up to a local unitary transformation (and possible addition of
decoupled qubits). Then the lineon excitations (bottom three rows of Table 1) must have the
same quotient superselection sectors (QSS)?® as the X-cube lineon excitations. In order for the
QSS fusion to be consistent (i.e. pairs of fractons must fuse into lineons as in the last three rows
of Table 1), the f! fractons must have the same QSS as an X-cube fracton fused with an X-cube
x'-axis lineon. Now note that if we act with e.g. a X5 operator on a YZ-plane plaquette, then
we create fO fs 36‘{{ 1 from the vacuum; i.e. these particles fuse to the vacuum. This fusion

implies that the e planons must consist of at least two X-cube fractons®*. Since the e planons
all commute with each other, this implies that the e planons must not consist of any X-cube
lineons. But that is impossible since fo3 has a QSS that contains an X-cube z-axis lineon, which
implies that fo3 fA must consist of some X-cube lineons, even though f03 fA must fuse to e¥Z,
which doesn’t contain any X-cube lineons.

The possible equivalence to twisted X-cube models, such as the semionic X-cube model
[65], is left as an open question.

BThe quotient superselection sector (QSS) [64] is the superselection sector that results from modding out by
all planon superselection sectors. The X-cube model has 22 = 8 different QSS, which are generated by the fracton,
x-axis lineon, and y-axis lineon.

24In the X-cube model, the fracton charge is conserved mod 2 on each plane. Since f* consists of an odd number
of X-cube fractons, f* must also have an odd charge on at least one YZ plane. Thus f03 f; must have an odd charge

on at least two YZ planes. e?% L1, Must also have an odd charge on the same two planes.
3Y+3%
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X1 72 73

X1
X3
X3

X2 X2 X3
X1
X2 X3
X1 71
73 72,

3 ‘ZQ 73 ‘

73
71 72

72 r
- 71 zz' ' 73

Figure 6: The edge and flux terms for the Hamiltonian model of twisted foliated Z,

two-form gauge theory. Each face in a x* — x! plane has two qubits of types x*, x!.

We label the top row of excitations as e¥%,eX?,eXY | and the bottom row as f!, f2, f3
(from left to right).

Twisted foliated two-form gauge theory Let us compare the lattice model with the twisted
foliated two-form gauge theory,

2 2
— (B'B2+B'B® +B?B®) + — (B'dA! + B?dA®> + B3dA®) . (3.28)
27 27

The gauge transformation is

B — B* +dak

Al S A A2 AT +dAg+a), AP A=A AT +dAS+ad

Ao A=A AT +dAS+af (3.29)
The spectrum of operators is

 § A . . . _
« Fracton e! #4° where the curve is supported on the intersection of a leaf for each foliation.

« Lineon e!$4 4" with k # 1.

. 1,5 2 3 . . . .
e Planon et $4' /BB’ that describes a dipole of fractons, where the surface is a thin

ribbon.

The spectrum of particles is similar to the X-cube model, but this fracton can fuse into lineons.
Let us compute the correlation function of lineons. We insert the operators

f (A —A%)+ f (A2-4%) . (3.30)
Y Y’

Then integrating out A* gives B! = n6(2)*, B2 = —n8(2)* + n6(E)*L, B® = —ns(2)* with
0x.=0%x=1v,0% =090% =y’. The surfaces %, >’ have the same boundary as %, %, and they
can be thought of as related by pushoff along some framing direction. Evaluating the rest of
the action produces

<ei §YA1—Azei §Y,A2—A3> = (=1) [ s(E)+6(2) 65 (1) [s()s)+6(E) 6 ) +8(2) 6 (E)* )

(3.31)
Thus the lineons have 7 self statistics and 7w mutual statistics.
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4 Electric model

Consider the theory
_N E: kpk . NV E: k k
SE = % 4 dA*B"* + % - nk(a)B +St0p(A ,Cl) , (4.1)

where a is a G gauge field for some finite or continuous group G, 1, € H2(G, Zy), which can
be ordinary or twisted cohomology if G has permutation action on Zy, B¥ is a foliated two-
form gauge field satisfying BXeX = 0, and A* is a one-form gauge field. The last term is the
“symmetry twist”

N
Stop(d,0) = w(@) + ;A" ve(@)5(L)* (4.2)

where the first term only depends on the G gauge field by w € H*(G, U(1)) or some cobordism
group generalization, v, € H%(G,Zy), and §(L;)" is the Poincaré dual of some leaf £ of
foliation k, which is included to make this term invariant under A* — A* + ¥ with akek = 0.
In other words, it is a topological term supported on a single leaf.

The model has the property that the equation of motion for BX imposes dA* + n,(a) = 0
on the leaf of foliation k, which relates the gauge fields A* and a, and thus the name “electric
model”. Later in Section 5 we will consider another set of models that relate BX, a, which we
call “magnetic models”. More general models are a mixture of the two kinds.

Symmetry fractionalization Let us first explore some kinematic conditions. Integrating out
Bk oives25
gives

dAk + Ni(a) = 0 on a leaf of foliation k , (4.3)
which implies (A¥, a) describes a H, gauge field on a leaf of foliation k given by the extension
1-2Zy—>H,—>G—1, 4.4)

specified by 1, € H?(G, Zy). This implies that the operator
el | (4.5)

carries a projective representation specified by n; under G.
Similarly, suppose L, = 0. Then integrating out A* implies that the operator

ol B* (4.6)

carries G symmetry fractionalization, i.e. a G symmetry anomaly on the world volume de-
scribed by v.5(L;)*. One way to interpret v is that if we slice the loop created on the
boundary of el B by the leaf, then we will find a particle carrying a projective representation
described by v.

Anomaly and symmetry response The coupling for general ) and v implies that the G

symmetry is anomalous. The anomaly is described by the SPT phase in one dimension higher
with subsystem symmetry, whose effective action is

zﬁ f Z N vi(@)8(L)* . (4.7)
TJ) %

%5gince B* satisfies the constraint BXek = 0, the equation of motion holds up to fields vanishing on a leaf of
foliation k.
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In some cases, it can be cancelled by a local term, in which case there is no anomaly. For
instance, this is the case when G = U(1), n(a) = qda/N, vi(a) = q’da/N for integers q,q’,
and the anomaly can be cancelled by %adaé (£)*. This implies that the leaf £, of foliation

k has Hall conductance o = qq’/N.?°
For simplicity, in the following discussion we will assume

MV =0€ HY(G, Zy), (4.8)

and thus there is no anomaly.

Gauge transformation The gauge transformation is the following. The group cocycle 7
satisfies

(g ag + g dg) —ni(a) = dli(a,8), (4.9)
and similarly for v with & replacing ;. The gauge transformation is
AR AF +dk’8 +ak—(a,g)
B — B* +d2} — &y (a, g)B"
a—g lag+g dg, (4.10)

where akek = 0. We omit an anomalous transformation of a, which can be cancelled if the

anomaly free condition is imposed.

Observables If G is a global symmetry, then the gauge invariant operators are
Uy =el$4, v, =el$B" (4.11)

Uy is a planon in order to be invariant under a¥, and it carries a projective representation
under G. Vj does not have a constraint, although it vanishes when it is supported only on a
leaf of foliation k.

If G is a gauge group, then on each leaf of foliation k there is gauge field with gauge group
H; given by the extension of G by Zy, specified by 7,

1->Zy—>H—>G—1. (4.12)

The gauge field has action «w’ € H*(H,, U(1)) given by the pullback from «w € H*(G, U(1)) by
the map H;, — G. The operator U, is decorated by a projective representation of G to form a
representation of Hy, and in general it obeys non-Abelian fusion, which results in non-Abelian
planon. By taking a combination of U* we can obtain non-Abelian lineons and fractons.

4.1 Example: G =Zy

Consider for instance G = Zy, and n(a) = da/N, v, =0:
N 1 N
— > dA*BK+ — daB*+ —dab, 4.13
2n Zk: 27 Zk: 2 ( )

where in the last term we include a Lagrangian multiplier b, which enforces a to be a Zy gauge
field. The equations of motion are NdAK + da = 0, NdB* = 0, > dB* + Ndb = 0, Nda = 0.

26 A similar discussion for Hall conductance is in Appendix E of [58]
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The gauge transformations are

AR — AR+ dAE + o

B¥ — B* +dAk

a—a+d

b— b+dA,. (4.14)

A lattice model is derived in Appendix C.

The theory has a gauge invariant operator et/ 4 that lives on a leaf of foliation k so that
it is invariant under A* — A 4+ a. It describes planons. The equation of motion implies that
if we take N powers of the planon elf Ak, we will find a fully mobile particle el Similarly, if

; a1 ; k .
we take N power of elf b we will find the sum el 28", Explicitly,
N1 [ biedxdetbydxidx) _ i [ 3, By dx*de+Bdx*dx’ ’ (4.15)

where if the surface is on t, z plane, then the excitation is along z direction, whose intersection

with x, y plane can move on the plane by fo,Bg’y and therefore describes a planon.

Let us compute the correlation function on R*,?”

(e fbe Fu Ay | (4.16)

The operator insertion can be expressed using Poincaré duality as
f b6(Z): +AS(r)*, (4.17)

where §(%)* is the Poincaré dual of %, given by a delta function two-form that restricts the
integration over spacetime to the surface ¥, and similarly §(y, )" is a delta function three-form.
Then integrating out AX and b gives

2 2
dB* = —W”é(m% da = —%55(2)L , (4.18)

where the first equation can be solved on R* as BX = —2N—"5 (=)* with y, = 8%, and we used
d&(,)t = 8(yx)*. The remaining action evaluates to

1 k2T n 1 2m .
%J daB" = Nz o(X)o(Z) = ﬁLlnk(Z, k) (4.19)

where Link denotes the linking number. Thus the correlation function is

(ei§2 beiﬁYkAk> = ei]_ﬂg]“ink(zﬂk) . (420)

In particular, this implies that eV 9% and eN 94" are non-trivial and satisfy the Z, valued
correlation function

(eNifiubel Ay = (i bV B Ay — o FLink(Er) (4.21)

In the case N = 2, the theory describes the low energy theory of the hybrid toric code
layer model in [31]. We will later see that the hybrid toric code model is also described by our
magnetic theory (5.22), which we show is dual to this theory in Section 7.1.

27The computation is similar to that in [47] for non-foliated gauge fields.
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We remark that the theory with A and B replaced by ordinary one-form and two-form gauge
fields is equivalent to ordinary Zy. gauge theory. To see this, note that integrating out A, b
allows us to rewrite the action in the discrete notation, with B, @ being Z, two-cocycle and
one-cocycle: (roughly, B = év—an and a = %a)

3\]—” f BUBock(a) (4.22)

where Bock 1is the Bockstein homomorphism for the short exact sequence
1 — Zy — Zy2 — Zy — 1. Then integrating out B enforces Bock(a) to be trivial, which
implies that a can be lifted to a Zy2 one-cocycle, and the theory describes an ordinary Zy-
gauge theory. In comparison, here with A and B replaced by constrained fields, the extra par-
ticle in the Zy2 gauge theory is no longer fully mobile but instead constrained to move along
a plane.

4.2 Example: G =7Z, X Z,

Consider G = Z, x Z, and N = 2, and n;(a;a,) = a;a,, v, = 0. Then H; = Dg. The action is
given by
2 2 2 2

=% dA*BK+ == ‘aya,B* + —da;b; + —dayb, . 4.23

ank: 2nzzk:12 2 Dl og 22 ( )
The equation of motion gives 2dB* = 0, 2dA* = 2a,ay,2db; =—2 3, a,BX, 2dby = 23, a; Bk,
2da1 = 0, 2da2 =0.

The gauge transformations are

1 1
AR — Ak dl’é +ak+ Eallg — Eloaz
Bk — BF +dAk
a; = a;+dAg

a; — ay +dA;

1 1
by — by +dA, + Ezk:azx’;—#gzk:m

1 1
by — by +dA, — ;Zalk’{ + ;AOZBZ‘ . (4.24)
k k

i §akyl . . . . . .
The operator e' $4+% [ 0192 describes the Wilson line in the two-dimensional representation

of H; = Dg, and it transforms under the center. The Wilson lines e $ a el $ % and e $ataz gre
the sign representations of Dg, and they describe fully mobile particles. Thus two fractons can
fuse into multiple fully mobile particles, following from the fusion rule of Dg representations.?®
The invariance under A — A* + a* with aXek = 0 implies 9§ A is a planon. Taking nonzero
linear combination of f Al ff A2 then produces a lineon § A'—A? which obeys Abelian fusion
since 7 has order 2. Taking a nonzero linear combination of 56 Al fﬁ A2, 56 A%s then produces
a fracton, which obeys non-Abelian fusion.

5 Magnetic model

Consider G gauge theory for some finite or continuous group G. We can express the G gauge
field as a G/ A gauge field extended by some finite Abelian normal subgroup A C G gauge

. gkl Akl . . .
2 Another way to see this is that fusing e!f 4 +# [ 1102 i A+ 7 [(ar+dé1)(a2+dd2) can produce e'f 41, el a2, ¢if a1taz
depending on the gauge parameters ¢, ¢, =0, 7.
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field using the group extension:

1A->5G—>G/A—>1. (5.1)

The G gauge field can be expressed by the pair (a,a’) with a being the A gauge field and a’
being the G/.A gauge field, which are constrained to satisfy da = n(a’) for n € H%(G/ A, A)
specifying the extension G. In general, there can be a non-trivial permutation action of G/ A
on A in the group extension, and the cohomology group is understood as generally a twisted
cohomology group. In the following we will still use d to denote the corresponding twisted
coboundary operator. Since 4 is a product of finite cyclic groups, without loss of generality
suppose A = Zy. Then the condition on the gauge fields can be imposed by a Lagrangian
multiplier b:

N
Z—(da—n(a’))b . (5.2)
TT

A general Wilson line of G is described by a Wilson line of A and a projective representation
of G/ A from the Mackey theory.
Next, we couple the theory to (A¥, BX) gauge fields as

N Ngk N
Sy =— > dA'BX*+> —LbB*+ —(da—n(a"))b +S,,(a’,BY), 5.3
=55 2 I S S COLES OIS (5.3)
where we include a “symmetry twist”

N
Sup(@’,B) = (@) + D, BB, (5.4)
ki

with w € H*(G/.A, U(1)), and integer py;. We call S, the magnetic model.
Integrating out b now imposes

da= n(a’)—quBk ) (5.5)
k

Gauge transformation Denote
n(g 'a'g+ g7 dg)—n(a) =di(d’,g). (5.6)

The gauge transformation is

Ak - AR 4 dk’é +ak —qkkl — Zpklkll

1
Bk — BF +dak
a—a+diy+(d,g)— quﬂl‘, a—gldg+gldg
k
b—b+dA,. (5.7)

Observables For simplicity, we will assume A is in the center of G. From (5.5) and (5.7), the
G Wilson line that transforms under the center (projective representation of G/.A) transforms
by qkl’f. Thus the gauge invariant operators include the fracton (for all three g* nonzero)

eifa (5.8)
which is generally non-Abelian for non-Abelian G, as well as a lineon such as

eiffAl—Azﬂsz(Pu—le)Bl , (5.9)

which creates a deconfined lineon if p;; = p,;, otherwise we would need to take a power of
the above operator.
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5.1 Example: Z, X-cube model

When G = A =Zy, =1, w=0, Pr1 = 0, the magnetic model describes the foliated QFT of
the Zy X-cube model in [19],%°

N N N
— ) dABF+ — > bB*+ —bda. 5.10
27 Zk: 2T Zk: 2T a ( )

The theory is studied in [19].

The magnetic model for general group (5.3) with p;; = 0 is equivalent to coupling
G = G/Zy gauge theory, with gauge fields a’, to the theory for the X-cube model, with fields
Af BX a,b.

Sy = So(a)— év—nfr)(a’)b + 8,45 BEab), Sg(d) = w(d)

N Ngk N
Sy(A,BX a,b)= — ) dABF+ > —pB*+ —dab. 5.11
x( ,a,b) 2nzk: Zk: 21 21 a ( )

5.1.1 Singularity structure in “bulk field”

Let us use this example to illustrate that the singularity of the original “bulk fields” a and b
can change due to coupling to the foliated gauge fields (A%, B¥).3°

The equation of motion for b implies da + BX = 0. Since B¥ can have singularity 5(£;)*
for some leaf £ of foliation k, the same holds for da after coupling to AX, BX. After coupling
to the foliated gauge field, there these “bulk fields” now develop singularities on the leaves are
no longer the original bulk bundle. In other words, the bulk bundle changes into a new bundle
with a singularity structure specified by the coupling to the foliated gauge fields (A¥, BX), and
there is no longer a well-defined bulk field without the novel singularity structure.

We remark that this is similar to SU(2) gauge field, when coupled to two-form gauge field
by the center one-form symmetry, becomes an SO(3) gauge field, and there is no longer a
well-defined SU(2) bundle.

5.1.2 Ground State Degeneracy

Let us calculate the ground state degeneracy of the field theory (5.10) which describes the
X-cube model. Take the foliation one-forms to be e! = dz, e> = dy, and e®> = dz on a T*
spacetime with lengths 1y, 11, [y, [5 in the four directions.?! Then up to gauge transformations,
the equations of motion from integrating out A’(‘), B’gk, ay, and by; for k =1,2,3 are

9By =0, 9AS+b[;=0, By —B +da=0, € b, =0. (5.12)

2Here we use a different notation from [19] and call B¥ the foliated two-form gauge field B¥ek = 0.
30We thank Nathan Seiberg and Shu-Heng Shao for bringing up this point.
31See also [17,22,32] for other field theory calculations of the X-cube degeneracy.
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They can be solved by

gk, x)
A= S ikd :
A

j=1,2,3
k k i i
1p; (t,x%) + pi (£, x")
Bt =12 i (5.13)
2 Ll
a; = 0
b, =0
de qk(t xk)—de pk(t x¥)=0when k—i=1mod 3, (5.14)
wherei,j=1,2,3.
Plugging the above solution into the action yields
lo I dx k
S = f dtf pk(t xk)c?oq;.‘(t,xk). (5.15)
) k=1,2 BJ#k

The partition function and ground state degeneracy of the above action is divergent. In
order to obtain a finite result, we can impose a lattice regularizations in the x* direction for
each foliation with a lattice spacing A, = [;./ Ly, where Ly is the lattice length in the k direction.
This amounts to substituting

pE(e,x¥) =D 50" —rAdpf,(0). (5.16)

k

We also denote q;.‘r(t) = q;.‘(t, rA;). Then the integral over x“ is replaced by a sum in the

effective action:

lo
_ k k
S = oy J dt pj,r(t)aoqj,r(t) . (5.17)
j,k= 1 2,3:j#kJ 0  r=0,1,.., (L;< 1)

This theory has a ground state degeneracy equal to N2t1+2L2+2L5=3

5.1.3 Comparison with twisted foliated two-form gauge theory

Let us compare the set of operators for the N = 2 theory of (5.10) describing the Z, X-cube
model with the twisted Z, foliated two-form gauge theory (3.1) for N = 2,p;; = 1. We will
denote the fields in (5.10) that describes the X-cube model with a tilde:

Fracton el$A A+ (o ,ifa
Fracton-lineon e'$4' vs. ol @A A
Lineon e $AA yg oA~
Fracton dipole e B ys. elJE 5.18)

where in the last line the field is integrated over a ribbon whose boundary is the worldline of
a pair of fractons. Each pair satisfies the same fusion algebra (up to trivial surfaces such as
2 f Bk, 2 f Bk 2 f b that we ignore here). This is the field theory counterpart for the mapping
of fusion module in (3.27). However, the pairs have different statistics, and thus the two
theories are not equivalent.
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5.2 Example: G =Zy»

Consider Zy: described by the extension of G/ A = Zy by Zy. Denote the gauge field of A by
a, and G/ A by a’ as before. For S, = 0, the magnetic model is

N N N 1 N
Sy =— > dA"BK + — bBX + —dab— —da’b+ —da’b’ 5.1
M ZTer: ank:qk 27 a 27 a 27 an (5.19)

where we include a Lagrangian multiplier b’ to enforce a’ to be Zy valued. The equation
of motion gives NdB* = 0, NdA* + qyNb = 0, Nq;BX + Nda — da’ = 0, —db + Ndb’ = 0,
Nda’ =0.

We can also integrate out a’ as a Lagrangian multiplier, which imposes b = Nb’ up to a
gauge transformation, and we find the following equivalent theory

N N2q, N?
S =— dA*BF+ > —2p'Bk+ —dab’, 5.20
M on Zk: Zk: 21 27 ( )

with the gauge transformation
AF = AR+ dAK + ok —NgA
B — B* + dak
a— a+dko—2qkﬂf
k

b'— b’ +dA; . (5.21)

The equations of motion are NdB* = 0, NdA + N2q,b’ = 0, N2db’ = 0, N®da + N%q;B* = 0.
This theory is a special case of (3) in [19] with the substitutions M;; - N, N —» N 2 and
n; — Ngi. A string-membrane-net lattice model for (5.20) is given in Appendix A of [32]
with similar substitutions.

Let us study the examples g; = (0,0, 1), g, =(0,1,1) and g, = (1, 1, 1), where we consider
a single foliation, two foliations and three foliations for the foliations k with nonzero g.

Example 1: single foliation Let us omit A', B}, A%, B2. The theory is

N N2 N2
—dA’B®* + —B>b + —b'da . (5.22)
27 27 27

The theory has a planon particle e described by ei$9 and a loop excitation m described

by et The Nth power of the planon, eV, is described by eV if ¢, which can be made gauge
invariant by

eNi55a+NifB3 _ (5.23)
Since N f B3 is trivial, this is a genuine line operator that creates a fully mobile particle. The
Nth power of the loop excitation eV i$? can end

ei§A3+Nifb’ ) (5.24)

where the ending f A% lives on a leaf to be invariant under the gauge transformation
A% — A3 + a3, If we take e = dz, this means it lives on the x, y,t space. Thus the opera-
tor describes a planon, denoted by m", that moves on a leaf.

The ground state degeneracy on a three-torus can be computed similarly to Section 5.1.2,
and it can also be computed from a string-membrane-net lattice model for the foliated gauge
theory in [32] with the method of [60,61]. For a spacial three-torus with length L, in the 2z
direction measured in some lattice cutoff unit, the ground state degeneracy equals N2 *3,

For N = 2, the theory describes the low energy theory of the hybrid toric code layer model
in [31], and we find that the ground state degeneracy of the two theories agree.
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Example 2: two foliations We will omit A%, B3. The theory is

N N2 N?
—dA'B + dA’B? + — (B +B*)b' + —b'da . (5.25)
21 21 21

The theory has a lineon, denoted by e and described by elf ¢, which moves along the
intersection of two leaves of foliation 1 and foliation 2. The theory also has a loop excitation
m described by ei$ b The theory has another lineon L described by el f A A

The Nth power of e (i.e. eV) is described by eV 9 and is fully mobile since the operator

eiN5£a+iNj(Bl+Bz) (5.26)

can be defined on any curve, where the surface operator N f B! + B2 is trivial. Thus it is a
genuine line operator that describes a deconfined fully mobile particle.

The Nth power of the loop, described by eV v
the gauge invariant operator

, can end on a leaf of either foliation using

ei§A1+Nifb” Pl §AHNI[ b (5.27)

In general, the boundary of the surface e’V 't can be patches that are locally on leaf of either
foliation, and at the intersection there is lineon et$4' =4 In other words, the Nth power of
loop m has a lineon L at the corner when turning from the x direction to the y direction. We
denote L = m".

The ground state degeneracy on a three-torus can be computed similarly to Section 5.1.2,
and it can also be computed from a string-membrane-net lattice model for the foliated gauge
theory in [32] with the method of [60,61]. For a spatial three-torus with lengths L,,L, in

the x, y directions measured in some lattice cutoff unit, the ground state degeneracy equals
N2Lxt2Ly+1

Example 3: three foliations Consider the theory

N N2 N2
Z (—dAkBk n —b’Bk) +—bda. (5.28)
T 27T 21 27

The gauge invariant operators are
* The operator e'$ @ describes a fracton.

* The Nth power of fracton
eiN§a+Nka ) (5.29)

is fully mobile, where it describes a deconfined particle since the surface N f BX is triv-
ial 32

* Lineon described by elfA A

* Fully mobile particle described by the operator eV’ corresponds to magnetic a flux

loop, while from the equation of motion of BX, the Nth power eV J¥ = ei[dA" can live
on open surface with boundary, where the boundary can be piecewise smooth where
each segment lies on some leaf of foliation k. At the intersection point for different

. . : k__al
leaves k, I there is lineon ! $44",

32We remark that in the model (3) of [19], a similar consideration implies that the rth power of the basic fracton
is fully mobile, with r = N/ ged(n,, n,, n;, N). When r # N it is a non-trivial fully mobile particle. This corrects an
imprecise statement in [19].
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Let us study the correlation function of the theory on R*:

<ei§2 b Jiya) _ e(—zm/NZ)Link(Y,Z), (ei A ei§23’<> — o(—2mi/N)Link(y,E)
(ei5EYkAkei5€E b/) =1, (ei5€2k3kei5§2 bl) =1, <€i§zk3kei5€7a> =1
(eiﬁ’kAkeij;Ya) _ e(ZTEi/N)#(Z,Zk), oy = Y, azk =7 . (5.30)

Let us compute the last correlation function in detail. The insertion of operator can be ex-
pressed using Poincaré duality as

JAka(yk)i +as(y)*t. (5.31)
Integrating out a, A gives
dBk = —%5(yk)l, db’ = —%5@} . (5.32)
They can be solved on R* by
Bk = —%”5(2,(){ b = —%5(2% , (5.33)

where 0% = y,d%; = 7. Then evaluating the remaining action produces the correlation
function o
(e A eifya> — o2mi/N) [ 5(2YM6(2)" _ ,ri/NI#(ELY) (5.34)

The ground state degeneracy on a three-torus can be computed similarly to Section 5.1.2,
and it can also be computed from a string-membrane-net lattice model for the foliated gauge
theory in [32] with the method of [60, 61]. For space three-torus with lengths L,,L, in

the x, y directions measured in some lattice cutoff unit, the ground state degeneracy equals
N2Lxt2Ly+2L;

In the case N = 2, the theory describes the low energy theory of the fractonic hybrid X-cube
model in [31], and indeed the ground state degeneracy agrees.

5.3 Example: G =Zy. X Zy
Consider the theory

2
> (ﬂd kBk) LN (Nb(B'+B?)+b'(B2+B%)) + N pda+ Ypaa . (5.35)
- 2n 27 2n 2n

The equations of motion are NdB* = 0, NdA'+N?b = 0, NdA>4+N?b+Nb’ =0, NdA*+Nb' =0,
N?(B' +B?)+N?da =0, N(B*+B®)+ Nda’ = 0, N?db = 0, Ndb’ = 0. The gauge transfor-
mations are

Al 5 Al +dAj+al =N,

A5 A2 +dAZ+a*—NA — A

A oA +drg+a® -1

BX —» B* +dAk

a—>a+dko—7t%—7tf

ad—a+driyg—A2-23

b—b+dA,

b= b +dAa] . (5.36)
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The theory has a lineon, denoted by e, which corresponds to the operators
elf a,eifﬁ a/,eiff ata’  The Nth power can be made gauge invariant by attaching to a trivial
surface operator N f(Bl — Bz),Nf(B2 —B3),N f(B1 — B3), which makes it a fully mobile.
Thus, eV is a fully mobile particle.

The theory has a loop excitation described by et$? of order N2. The Nth power can be
defined on an open surface

ei§A1+iNfb’ ei§A2—A3+iNfb ) (5.37)

In particular, the fracton described by
eig?Al—A2+A3 (5.38)
can cut in the middle of the surface !N $?, 33

Take e! = dx,e? = dy,e® = dz. The ground state degeneracy on a torus of lengths

Ly,L,,L, along the three directions measured in some lattice cutoff lengths equals N 2Lyt2ly 2L,

The theory with N = 2 describes the low energy theory of the lineonic hybrid X-cube model
in [31]. Indeed, the ground state degeneracy of the two theories can be found to agree.

5.3.1 An exactly solvable lattice model
Let us give an exactly solvable lattice model for the foliated gauge theory (5.35). Integrating
out A, a,a’ gives Zy gauge fields BX, b’, and Zy gauge field b, with the action %V—”qb4: (where
we normalize the gauge fields to be B b"=0,1,---N—1mod N and b=0,1,---N%—1 mod
N?)
$4(B*,b,b)=buU (B +B%)+b'U(B%+B%). (5.39)
It satisfies
Ga(dAR dA, A =dds, P3(A, A, 1) =AU (A +dA2) + A/ U(dA% +dA%) . (5.40)
A Hamiltonian for the SPT phase with shift symmetry of AK 2,0 s given by conjugating
N1 O & N—1 2mi
Ho ==Xy XX =305 (Zx0+ 250 ) by ¥ [ #o:
2mi 1 = 29375 97 11929375 47
Hepr = — xMp R [ P31 4mE,22,23 2,0 )3 (A,A%,2% A1)
HRG
— Z Z X, e [ s 22 +mEy 22 A0 =5 (W22 4520
p Y
- Z Z X o [ 95012227 4mE, 22 )~¢5 (M1 2223 A1)
eZ
m

_ Z Z £, [ #0512 9,520 _ Z Z X/ [ AN tmD-9525 008 41)
n

m
Explicitly,
= i e Tim Y AN Tim N
Hopr = — Z (szqez%m [dre, | ZXg"eZN [(d2+da")ue, +ZX<T€2” [ da uez)
X y 4
m=0
N2-1 4 N-1 .
_ Z ngezfﬁnfeu(dal+d)@) _ Z ZXémezj}\; feu(dlz+d7t3) ' (5.42)
n=0 e m=0 e

. i ) (A3 .
33There is also operator e'$?" that can be defined on open surface e 4+ Y 5o it does not correspond to non-
trivial loop.
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Figure 7: Hamiltonian model for the Zy x Zy2 magnetic model. The row with the Zy
in the front means summing over m = 0, 1, - - - N—1 powers of such term, and similarly
the row with Zy: in the front means summing over n =0, 1, - -- N2—1 powers of such
terms. The variables X , 7 are the Zy2 analogue of Pauli X, Z matrices, while the other
variables are the Zy analogue of Pauli matrices.

After gauging the shift symmetries, the Hamiltonian model is

N—1

Hgauged =- Z Z (l_[Xfx)m ez%m f bUe, + Z (l_[Xfy)m e% f(b+b’)u€y
€y

m=0 \_ ex

S )
Nezz—l

ST e e 3 S ([ e
n=0 e

m=0 e

—gl_lsz—Zl_lff—Zl_[z;- (5.43)

The faces on x'—x/ plane has Zy degrees of freedom associated with B!, B/, b’ and Zy degrees
of freedom associated with b’. The terms in the Hamiltonian model are shown in Figure 7.

The ground state degeneracy on a torus of lengths L,,L,, L, along the three directions
measured in the unit of lattice spacing can be computed using the method of [60,61] and it
equals N2Le+2Ly+2L:
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5.4 Example: G =Dy

Consider G as the extension of Z, x Z, by A =Z,
1>5Zy—>G—>ZyXZy—1. (5.44)

The extension corresponds to n(a’) = aya, for Z, x Z, gauge field a;, a,. The magnetic model
is described by the action

2 2 2 1 2 2
= dA B + > ZpBk+ = (da—= b+ —da,b; + —da,b, , 5.45
Zk:Zn Zk:zn 275( a nalaZ) 21 “h 21 4292 ( )

where we include Lagrangian multipliers b; and b, to enforce a; and a, to be Z, gauge fields.
The equation of motion for b gives

2 L2 1 B
%Zk:B +5-(da——aya,)=0. (5.46)

Thus under the gauge transformation: BX — BX + dkg, a — a— A*3* The theory has a
non-Abelian fracton, described by

iz lzma (5.48)

where 7 is the boundary of %, and it lies on the intersection of the leaves for all three foliations.
It is the Wilson line in the two-dimensional representation of Dg. On the other hand, the Wilson
lines e!$ 91, ei$ @ and e!$ 1% are the sign representations of Dg, and they are fully mobile.
Thus two fractons can fuse into multiple fully mobile particles. The theory also has lineons,
described by e!$4 4" for k # 1.5

The theory has the same spectrum as the electric model discussed in Section 4.2. In fact,
as we will discuss in Section 7, the electric and magnetic models are in fact dual to each other.

The theory also appears to have the same kind of planon, lineon, and non-abelian fracton
excitations (and no abelian fractons) as the non-abelian D, model in [66] (see also [67]). (D,
in [66] and Dg in our work both denote the dihedral group with 8 elements.) For example,
both theories have Z, gauge theory planons and lineons that have a 7 statistic with the fracton.
We therefore conjecture that the two models describe the same physics.

We can also replace A = Z, by other Abelian normal subgroups in Dg, which produce
different theories. For each normal subgroup .4, we can also include topological action for the
G/ A gauge field. The discussion is straightforward, and we do not work out the details here.

34The other gauge transformations are
A - A+ dAS + k-4,
b—b+da,

1
B"—»Bk+dk§+Eék’l(dlalaz—i-aldlaz)
1
k
a—a— Ek JLB—i-;?Lald?Laz

1 1
bl d bl + dlbl - ;azkb, b2 i b2 +d}‘b2 + ;alkb

a; > a;+di,, a—>ay+dAi,, . (5.47)

35The lineon has 7 statistics with the fracton: consider the correlation function of 56712 A'—A?% and fy a—% f - 103,
integrating out the fields gives the correlation function

exp i J (6(B)t —6(E)H8(2)* (5.49)

where 8%, = 9%, = 715.
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6 Couple foliated gauge field to matter

6.1 Couple matter to foliated gauge field by one-form symmetry

Consider a theory with Zy one-form symmetry, with background denoted by B. We can couple
the theory to a Zy theory (AX, BX) by

B=) cB", (6.1)
k

where ¢, are integers mod N. This is consistent since the theory can be coupled to a general
Zy two-form gauge field B, and thus can be coupled to BX, which is a special two-form gauge
field.

In the electric model Sg, the one-form symmetry is generated by e | (@) which we cou-
pled to the gauge field BX. In the magnetic model S,, for central extension, the one-form
symmetry is the center one-form symmetry of G gauge theory.

Example: O(3) sigma model Consider a sigma model with target space M. The sigma
model can have strings, given by 1,(M), which describe the one-form symmetry of the model.>®
For instance, all CP"~! models have Z strings, i.e. U(1) one-form symmetry. We can then cou-
ple the model to (A¥, BX). Consider the simplest case n = 2, M = S2. It is described by a unit
vector n(x) = (ny,ny,n3) € R3, n;n! = 1. Denote the skyrmion density by Q[n], which is an
integral class of degree two,

Q[n]= inl -dny X dns . (6.2)
87

The operator exp(ia § Q[n]) generates the U(1) one-form symmetry, with parameter
a € R/2nZ. Then one can couple the theory to (A¥, B¥) as

N Ngk 1
S=-— > dABF —BF —(3n)*. 6.3
2 2B+ ) B+ (0m) (6.3)

The gauging transformation BX — B¥ + dA* changes the coupling A;—?:BkQ[n] by I\;—?:dka[n],

which implies that the skyrmions, defined by 55 Q[n] = 1 on the transverse surrounding sphere,

transforms by el\%kf * Thus the gauge invariance implies that skyrmions live on a leaf of
foliation k if g* # 0, and if g¥ # 0 for all k then the skyrmion in this model becomes a fracton.
One the other hand, it can be made gauge invariant by attaching it to el J Bk, and using the
property that N ka is trivial, we conclude that the skyrmion is fully mobile if Q equals a
multiple of N/ gcd(qy,q5,93,N).

Example: SU(N) and PSU(N) Yang-Mills theory The SU(N) Yang-Mills theory with 8 = 0
is believed to have monopole condensation and confinement. It follows that by gauging the
center one-form symmetry, PSU(N) gauge theory has deconfined 't Hooft lines, described by
a Z, two-form gauge theory at low energy (which is also equivalent to Z, one-form gauge
theory). It has a new magnetic Zy one-form symmetry that transforms the ’t Hooft lines, and
gauging this one-form symmetry with suitable local counterterm recovers the confined SU(N)
gauge theory.

Let us replace the two-form gauge field by a foliated two-form gauge field. For instance, we
can define a new version of SU(N) gauge theory by coupling the PSU(N) gauge theory to the

36The non-trivial element of 7t,(M) gives an operator on S? whose eigenvalue measures the charge of the lines
surround by S2. For general spacetime dimension D, the one-form symmetry is described by mp_,(M).
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foliated two-form gauge theory év—ﬂ Dk dAFBF using the magnetic one-form symmetry, instead
of coupling to an ordinary two-form gauge field that would give the ordinary SU(N) gauge
theory. At low energy, the theory becomes equivalent to the low energy of the X-cube model,
where the 't Hooft line becomes a fracton, and the new Wilson line is a lineon. Thus the theory
becomes deconfined, in contrary to the ordinary SU(N) gauge theory where all particles are
fully mobile but confined. Similarly, we can consider a new PSU(N) gauge theory by coupling
the SU(N) gauge theory to the foliated two-form gauge theory instead of ordinary two-form
gauge field, then the ’t Hooft line becomes a planon etf Ak, while the Wilson line can end on
the surface e'J 25" and it is a confined fracton. The discussion can be generalized to include
0 angles.

6.2 Couple matter to foliated gauge field by ordinary or planar symmetry

Let us discuss some examples of coupling the foliated gauge field to matter using a symmetry
that acts on the leaves of foliation.

6.2.1 Example: magnetic model with matter

Let us discuss foliated gauge theory with a minimal coupling to matter fields:

L :Zk:%(d/mnkb)sk + %bda

g YOk —mp A0+ g3 D (o — B (6.4
k k

2
+g31 > (d@ = > mek —a) +g7(dp — b)%.
k

k

©F and 6 are 0-form matter fields while ® and ¢ are 1-form matter fields. The last two lines
are obtained by considering gauge transformations for each gauge field, and then replacing
each gauge parameter with a matter field that transforms the replaced gauge parameter:

Ak—>Ak+d7L’(§—nk7L1+ak @k—>®k+7tl(§
BX > B* +dAk ok — ¢F 4+ 2k (6.5)
a—a+dig— » mAk 0 — 0+,
k
b—b+di, ¢ —P+A.

When any of the gi_1 are sufficiently large, some of the gauge fields will be Higgsed by the
matter field.

6.3 Faithful symmetry on leaves

Consider independent degrees of freedom living on different foliation, acted by K x G symme-
try. Moreover, the symmetry action on foliation k has Zy,_identification: the faithful symmetry
for foliation k is

KxG

(6.6)
Zy,

Now, let us gauge the K symmetry, which turns the theory into a K gauge theory. Then the

faithful symmetry for foliation k is
G = G/Zy, - (6.7)
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While the G action leaves the theory invariant, it is important to consider the faithful symmetry
G’. For instance, by turning on a G’ background gauge field we can use discrete anomalies to
study the theory, such as in [68, 69].

To describe the G’ gauge field, we can use the magnetic model. It is a G gauge field and
Zy;, foliated two-form gauge field described by (Ak, BX). For instance, if N, = N, then the G’
gauge field is described by

N N N
—dA*B*+ — > bB*+ —(da—n(a))b 6.8
;M 27[; o (da—n(a)b, (6.8)

which is the magnetic model for A = Zy, and n € H%(G/Zy, Zy) is specified by the extension
G. A G’ background gauge field is described by classical fields B, a,a’ constrained to satisfy

da=n(d)— > Bk, (6.9)
k

which is enforced by integrating out A¥, b.%7

For instance, consider a K = U(1) foliated gauge field A coupled to Ny scalars of charge
one on a leaf. The theory has G’ = PSU (N¢) x U(1) planar symmetry. The G’ symmetry has
an anomaly from a mixed anomaly between the SPU(Ny ) symmetry and U(1) symmetry [68].

7 Dualities for foliated gauge theories

7.1 Example: Z, and Z,. model
Let us begin with a simple example of duality between the electric model and magnetic model,
Electric: idAB + ina + ﬂbda
2n 2n 2n
2 2

N . N?- N2. _
Magnetic: —dAB+ —Bb——bda. (7.1)
21 27 21

Here, we only consider a single foliation. However, the duality generalizes naturally to addi-
tional foliations.

Let us start with the electric model. First, redefine a’ = a + NA. It has the gauge transfor-
mation

a—a+dl, A—-A+dAy+a

a —a+d(l+Niy)+Na. (7.2)
The action becomes X
1 N N ~
—Bda’ + —bda’— —bda , (7.3)
21 21 21
where @ = A. We can trade a’ by the Zy two-form
~ dd ~ ~
8=2% B_B+da. 7.4)
N
The action can be written as
N - N2 - 2
—BB+ —bB——>bda . (7.5)
21 21 21

371f B were ordinary two-form gauge field, then a can be removed by a background gauge transformation of BX,
and the equation would imply that n(a) (the obstruction to lifting the G/Zy bundle to a G bundle) equals . B*.
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So far it is a rewriting using B satisfying the constraint (7.4). We can relax the constraint by
introducing a Lagrangian multiplier A, and integrating out B, which imposes Be = 0. We end
up with the action

2 2

N -~ N° - N ~
—dAB+ —bB— —bdda, Be=0. (7.6)
2r 27 2r
Thus we recover the magnetic model,
N 1 N N . N2?.- N2. _
—dAB+ —Bda+ —bda <+— —dAB+ —Bb——bda. (7.7)
27 27 27 27 21 27

The operators map as
eifA eifd
eifa oiN §a—iN [B
eifb eifb
el /B el Pax ATNi§y b ) (7.8)
where in the last line % is on the leaf. One can verify that the corresponding correlation
functions agree.

7.2 Duality for general group

We will show the duality can be generalized to
N N
Electric: ——dAB— —Bn(a’) +S,p(a’) +1[d’, ¢]
2m 2n

N ~ N~~ N ~ ~
Magnetic: —dAB + —bB + —(da—n(a’))b + smp(a’) +I1[d,¢]. (7.9)
27 27 27

For simplicity, we focus on single foliation, and omit the superscript k in the foliated gauge
fields (A*, BX), (AF, BX). The gauge groups in the electric and magnetic models that couple
to (A%, B), (A, B¥) are related by Gejecrric = Gmagnetic/ Zy, With gauge field denoted by a’ in
the electric model and @’ in the magnetic model. In the duality (7.7), Gmagnetic = Zy2 and
Gelectric = Zy - In general, the groups can be both non-Abelian, or the electric group Gejectric 15
Abelian and the magnetic group Gp,gnetic i non-Abelian. In the above duality, I is a coupling
of a’ to other fields that can be gauge fields or matter fields, collectively denoted by ¢, which
do not participate in the duality: a’ < @’, ¢ < ¢. For simplicity we will drop the I term in
the following derivation of the duality.

7.2.1 A derivation of the duality

Let us start with the magnetic model

Syt = L dAB + AL BB + 2 (dd— (@ )b + Seop(@) . (7.10)
27 27 27
The gauge transformation B — B + d A, also transforms @ — @ — A; with A;e = 0.
Reversing the previous steps, integrating out A imposes B = du’/N for some 1’ = u—Nad,>®
and we include another foliated two-form B to impose the condition Be = 0. Denote A = @,
a’ = d’; the action becomes

1 1~ N ~
———B(du—NdA) + —b(du—NdA) + —(dA—n(a"))b + S,p(a’)
21 27 21

_ N L A 5au— N /
= andA andu + o bdu 2ﬁn(a )b+ Sip(a’) . (7.11)

38We include @ such that v’ thus defined does not transform under 2,.
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After integrating out b, which imposes du = Nn(a’), we find the dual electric model for

Gelectric = Gmagnetic/ ZN
N

S, =
E™ on

N
dAB — —Bn(a’) + Syyp(a’) . (7.12)
21

In other words,
N N N ~ N~~~ N ~
—dAB——Bn(a')+Sp(a’) ¢— —=dAB+_—bB+—(da—n(@))b+S,,(@). (7.13)
27 27 27 27 21

The example (7.7) corresponds to Gpagnetic = Zy2, Which gives n(a’) =da’/N, Stop = 0, and
include a Lagrangian multipliers b’, b’ to enforce a’,@ to be Zy gauge fields by L b'da’ on
the left hand side and %E’ dd’ on the right hand side, respectively. Then on the right hand
side, integrating out @’ then imposes b = Nb’, and this recovers the right hand side of (7.7).

The duality can be interpreted as follows. In the magnetic model, the gauge field (A%, B¥)
couples to the center Zy one-form symmetry for Gpagneic associated with
Gmagnetic/ Zn = Gelectric- Gauging the one-form symmetry using ordinary Zy two-form gauge
fields would result in confined Wilson lines transformed under the center; instead, here we use
a constrained gauge field, thus the Wilson lines transformed under the center are deconfined
but have restricted mobility. These lines are e $_ In the electric model, the gauge group is the
quotient Gpagnetic/Zn = Gelectric, and gauging the Zy one-form symmetry associated with the
quotient extends the gauge group to be Gpagnetic, Which introduces new Wilson lines; here, we
couple the constrained gauge fields (AX, BX) to the one-form symmetry, thus the new Wilson
lines have restricted mobility. These lines are e!$A. The Wilson lines with full mobility are
those of Giagnetic/Zn = Gelectric and are the same in the two models, namely elf@ and el
The “remaining” Wilson lines have restricted mobility in both models, and correspond to each
other under the duality map A «— d.

We remark that if we replace the foliated gauge fields by ordinary one-form and two-form
gauge fields, then the duality would not hold: the electric model would be equivalent to a
Gmagnetic 8auge theory, while the magnetic model would be equivalent to Gagneric/Zy gauge
theory. They are in general inequivalent.

7.3 Duality for U(1) gauge theory

From the above reasoning, we can consider the following duality for foliated U(1) gauge the-
ory. The electric model is given by gauging a Z, subgroup magnetic symmetry in the foliated
U(1)/Zy gauge theory, while the magnetic model is given by gauging a Zy subgroup electric
symmetry in the foliated U(1) gauge theory. The two theories are dual. In the magnetic model,
the basic Wilson line with charge g, ¢ NZ becomes a planon, while Wilson line with charge
equals a multiple of N is fully mobile. In the electric model, before gauging the symmetry the
Wilson lines have charge equals a multiple of N, and they remain fully mobile after gauging the
symmetry; after gauging the Zy magnetic symmetry, there are new Wilson lines with charge
q € NZ, and they are planons.

We can also consider duality between ordinary U(1) gauge theories with matter coupled
to a foliated gauge field. For instance, take the electric model to be quantum electrody-
namics (QED) with even number N of charge-one fermions coupled to a Z, foliated gauge
field (described by %dAle) by the Z, c U(1) subgroup magnetic one-form symmetry [34]
n € H>(U (1),Z4) = Z. This implies that the Wilson line has 1/q charge under A;. The dual
magnetic model is given by QED with charge g fermion, coupled to a Z, foliated gauge field
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by the Z, electric one-form symmetry [34]. Denoting the U(1) gauge field by u, the duality is

Electric model: U(1), with N ¢ of charge 1 + ziduB + zidAB
i i

~ 2 ~ —
Magnetic model: U(1), with Ny ¢ of charge q + —;1 xduB + zidAB , (7.14)
e i

where e is the gauge coupling.
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A Foliated field with singularity as defect insertion

In this note we discuss fields where the path integral sums over certain type of singularities
or discontinuities in the fields. The following is a remark on such fields. We will not make
further use of this interpretation in the rest of the note.

The path integral of such fields with singularities or discontinuities can be interpreted in
two steps. First, we sum over a field with fixed singularity. This is equivalent to the path inte-
gral over a continuous field configuration, but with a fixed defect inserted at the singularity:

Z[2]= J DbelShlyy, | (A1)

Next, we sum over all the possible insertions of a certain class of defects; this amounts to
summing over fields with this class of singularities. If the defect generates a symmetry, then
the defect insertion is equivalent to turning on a background B = PD(X) where PD denotes
the Poincaré dual, and we will denote Z[>] = Z[B]. Then summing over the defect insertions
is equivalent to gauging the symmetry, since additional insertion of the symmetry defect does
not change the new path integral:

z=> Z[B]. (A.2)
B

Let us give an example. Take the original field is a compact scalar ¢ (x, y) with x ~ x +1,,
Y ~ ¥ +1,. It has shift symmetry. Then consider the discontinuous configuration

Xy

L,

b(x,y) = 2nh(x—xo)ll + 27rh(y—yo)l£ —2n (A.3)

y X

where x,, yo — 0". h(x) is the step function, h(x) = 1 for x > 0 and h(x) =0 for x < 0. It
has a transition function at x =, and y =1,:

(L, y) = ¢(0,y) +2rh(y —yo),  ¢(x,1)) = ¢(x,0) + 21h(x —xo) . (A4

Note for an ordinary compact scalar the transition function is a constant multiple of 27t. It can
be interpreted as an ordinary compact scalar coupled to a background B for the shift symmetry,
given by

d
B =2mh(y _yo)c;_x + 2mh(x —xo)l—y s (A.5)
x y
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such thatsﬁdqﬁ = ffBl.

B Scalar or fermion on a leaf

B.1 Scalar on a leaf

Consider complex scalar field ¢* coupled to a foliated U(1) one-form gauge field AX, with the
kinetic term

skineﬁczjdtdxdydzZ|e’<(d—iA’;)¢k|2 :=fZek(d+m’;)$k/\*(ek(d—iA’;)(pk). (B.1)
k k

Note the kinetic term is invariant under the gauge transformation A]{ — A’i + a’{ with a]{ek =0.
The gauge field A’; thus couples to the current

—k
«jk =iekp Ax(eFdpF)+c.c. . (B.2)
The current satisfies ek x j* = 0. For e = dz on a flat spacetime, the current is
. —k . —k . —k .
]f =i¢p 9,6 +cc, ]fz—lqb 3. ¢F +c.c, ]§ =—i¢ 8y¢k+c.c, ]é‘ =0. (B.3)

The corresponding symmetry in the free scalar theory is the subsystem planar symmetry
$F — ¢p*e*@ or more generally ekd A = 0.

More generally, we can include a potential V(¢*) for the scalar field. The potential that
respects the symmetry takes the form V(¢*) = f ($k¢k).

The discussion can be generalized to a real scalar ¢, where A]{ is replaced by a foliated Z,
gauge field (which can be expressed as a U(1) foliated gauge field with holonomy constrained
to be 0 or ™ mod 27).

Discontinuity Since A’i contributes the discontinuity §(V;)* in the kinetic term, for the ki-
netic energy to be finite, e*d¢* can at most have discontinuities. Thus the scalar field ¢* can
have discontinuity §(V,)*.

Scalar of charge q> 1 If the scalar field has charge g, we replace A’i by qA’i. The aU(1)
foliated gauge theory with scalar of charge g has Z, electric symmetry that shifts the gauge
field by a flat Z,; connection A’i - Ali + A’l‘, A]f = dk’é /q. We can couple the theory to back-

ground Z, two-form gauge field CLS using the electric symmetry. C]E‘ has the background gauge
transformation
Ck—cr+dak+af, AX A +2E, akek=0. (B.4)

We can also give the charge-q scalar a potential V(¢). If the potential is chosen such that
the scalar condenses, then the U(1) foliated gauge field A’i is Higgsed to Z,. Then the low
energy theory is described by the foliated Z, gauge theory

q k pk
7 Zk: dAKBE . (B.5)

The Higgs phase still has the Z, electric symmetry, with the background C}; coupled as
q k ~k
ﬁZk ByCy -
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B.2 Fermion on a leaf

Consider a Dirac fermion 1* coupled to foliated U(1) one-form gauge field A%, with the kinetic
term

J Z i@k)/ek A *(ek(d — iA’i)wk) , (B.6)
k

where y = y#dx". Note the kinetic term is invariant under Ali — Ali + a’f with alfek =0. The
gauge field A’{ couples to the current

xjk = Ek x (yek)ekyk | (B.7)

The current satisfies e x jk = 0. For instance, if ek = dz, the current is

. —k ,
k=t foru=0,1,2, j5=0. (B.8)

The corresponding symmetry in the free fermion theory is the subsystem planar symmetry
Yk — 1pke*2) or more generally e*dA = 0.

More generally, we can include a mass term and four-fermion interactions. If the theory
has a real scalar X, then we can include the Yukawa coupling

ST m Wk @ YR 7, ) + @Y + g (B.9)
k

Discontinuity Since A’; can have discontinuity 5(V,)*, for the kinetic energy to be finite,
ekda* can at most have discontinuity 5(V). Thus v* can have discontinuity §(V})*.

C Exactly solvable Hamiltonian model for Z, electric model

In this appendix, we construct an exactly solvable Hamiltonian model for the Z, electric model
in (4.13). Consider a single foliation with ek = dx, and N = 2. An exactly solvable model for
the Hamiltonian can be constructed as follows. Integrating out AX, b in (4.13) gives Z, gauge
fields B, a coupled as

¢4(a,B)=BUaUa, (C.1D)

where B only has nonzero components xy, xz but By, =0, and we use aUa = Sq'a, which is
da/2 for da = 0 mod 2. We have

¢4(d¢p,dA) =dPs3(¢, ), ¢3(P,A)=Ad¢p Ud¢ . (C.2)
An exactly solvable model for the SPT phase for the symmetry that shifts ¢, A is
Hopr=— X, (1)) 9206+ 0-b5(0.0) _ N7 (_1)f ¢s(@2+0—b5(#.2) (C.3)

where V is the 0-cochain that equals 1 on the vertex v and zero otherwise, and similarly ¢ is
the one-cochain that equals 1 on edge e and 0 otherwise. Explicitly,

Hgpp = _ZXV(_D] dAU(TUd p+dpUT+TUdY) ZXe(—l)f eudpudd (C.4)
v e

Next, we gauge the shift symmetry of ¢, A to obtain the gauge theory for the gauge fields
a,B. We introduce new qubits on edge and faces, acted on by Pauli matrices with a hat. We
impose the Gauss law

x| ]%.=1 x]]%=1, (C.5)
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CZ(1,4)CZ(2,3) X1 Xo X Xy

CZ(1,1)CZ(2,2)CZ(3,3)CZ(4,4) X1 X5 X5 X4 X5 X6 Z1: Zor

V

P

Figure 8: Hamiltonian model for the Z, electric model. In the top row, the edges are
labelled by numbers without a prime, while the faces are labelled by numbers with
a prime. The operators in the top row only commute in the zero flux sector, which is
the ground state subspace of the bottom-right plaquette operators.

where the product is over the adjacent edges and the adjacent faces. For the Hamiltonian to

commute with the Gauss law, we replace d¢ with d¢ + a, and dA with dA + B. Then we can

use the Gauss law to gauge fix ¢, A = 0. We also include the flux term of the gauge fields.
The resulting Hamiltonian after gauging the symmetry is

Hyouged = — Z (l_[ge) (—1)J BUGUa+auT+7udy) _ Z (l_[)?f) (—1)/ eaua

e

—Zﬂff—;]—[z. (C.6)

The vertex, edge and the flux terms of the Hamiltonian are shown in Figure 8. The operators
in the first line (top row in Figure 8) only commute in the zero flux sector, which is the ground
state subspace of the bottom-right plaquette operators (Z f ]_[Ze) Nevertheless, the ground
state is exactly solvable and is the simultaneous ground state of all terms in the Hamiltonian.
The Hamiltonian can be turned into a local commuting projector model by conjugating the
first term (top-left in Figure 8) by ground state projectors of the last term (bottom-right in
Figure 8).
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