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Abstract

We propose a Leibniz algebra, to be called DD*, which is a generalization of the Drin-
fel’d double. We find that there is a one-to-one correspondence between a DD* and a
Jacobi-Lie bialgebra, extending the known correspondence between a Lie bialgebra and
a Drinfel’d double. We then construct generalized frame fields E,M € O(D, D) x R* satis-
fying the algebra £ Ep=—X 48° Ec , where X,5€ are the structure constants of the DD*
and £ is the generalized Lie derivative in double field theory. Using the generalized frame
fields, we propose the Jacobi-Lie T-plurality and show that it is a symmetry of double
field theory. We present several examples of the Jacobi-Lie T-plurality with or without

Ramond-Ramond fields and the spectator fields.
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1 Introduction

Recently the Poisson-Lie T-duality [1, 2] or T-plurality [3] and their U-duality extensions
[4-11] have been studied and developed by using the duality-covariant formulations, such as
double field theory (DFT) [12-15] and its U-duality extensions. The Poisson-Lie T-duality
is based on a Lie algebra called the Drinfel’d double while the U-duality variant is based on
the exceptional Drinfel’d algebra (EDA) [4-7, 9, 16], which is an extension of the Drinfel’d
double. Unlike the Drinfel'd double, the structure constants X ;¢ of EDA do not necessarily
have the antisymmetry, X5 # —X34, and it is a Leibniz algebra rather than a Lie algebra.
In this paper, we study a minimal extension of the Drinfel’d double by allowing the structure
constants to admit the symmetric part X(AB)C # 0. Using this new Leibniz algebra, we study
an extension of the Poisson-Lie T-duality, which we call the Jacobi-Lie T-plurality.*
The proposed Leibniz algebra has the form

TaoTb:fabCTc: TaoTb:fcabTC)
T, 0T =(f,>+2802°—26°2°)T. — f, > T°+22,T?, (1.1)
T 0Ty =—f, T, +2Z° Ty + (fp." +26¢ 2. —26%Z,) T,

where a =1,...,D, and f,;,° (= —f3,°) and f.%? (= —£.%%) are the structure constants of two

Lie subalgebras g (generated by T,) and § (generated by T¢), respectively. This Leibniz algebra
admits a symmetric bilinear form

(T, T?) =62, (T,, T,) = (T4 T®) =0, (1.2)

and two subalgebras g and § are maximally isotropic with respect to this. If Z, = Z = 0,
this algebra reduces to the Lie algebra of the Drinfel’d double, but otherwise the “adjoint-
invariance” is relaxed as follows by allowing for a scale transformation:

O4(Tg, Tc) =(Tyo0 Tp, Tc) +(Tp, Tao Tc) =2Z,(Tp, T¢), (1.3)

where T, = (T,, T*) (A= 1,...,2D) and Z, = (Z,, Z*). Since this Leibniz algebra is an
extension of the Drinfel'd double by admitting the scale symmetry R*, we call this an extended

!The Jacobi-Lie T-duality studied in [17,18] is very similar to our proposal, and this paper is strongly inspired
by these papers. However, our identification of the supergravity fields is different from the one given in [17,18].
The details are explained in sections 3 and 4.
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Drinfel'd algebra DD* . It turns out that this RT symmetry provides a scale factor similar to
the trombone symmetry in supergravity [19].

In this paper, we show that the DD* provides an alternative way to define the Jacobi-Lie
algebra, and explain how to construct geometric objects such as the Jacobi-Lie structures from
a given DD*. We also show that we can systematically construct the generalized frame fields
E M satisfying the frame algebra

zEAEB :_XABCECJ (1.4)

where £ denotes the generalized Lie derivative in DFT and X3¢ are the structure constants of
the DD". Similar to the recent studies on the Poisson-Lie T-duality/T-plurality in the context
of DFT [20-22], exploiting the relation (1.4), we show that the Jacobi-Lie T-plurality is a
symmetry of type II DFT.

At the level of the supergravity (or more precisely, DFT), the proposed Jacobi-Lie T-duality
is indeed a symmetry of the equations of motion even if the Ramond-Ramond (R-R) fields
or spectator fields are present. However, at the level of the string sigma model, due to the
presence of the scale factor, we find difficulty in showing the covariance of the equations of
motion under the Jacobi-Lie T-plurality. We discuss this issue from several approaches and
also discuss the relation to the Jacobi-Lie T-duality proposed in [17].

This paper is organized as follows. In section 2, after introducing the Leibniz algebra DD*,
we explain how to construct the Jacobi-Lie structures and the generalized frame fields from
the DD". We find that the generalized frame fields E,™ have a dependence on the dual coordi-
nates X, of the doubled space (although the section condition of DFT is not broken). We also
consider several examples of DD* and explicitly construct the Jacobi-Lie structures and the
generalized frame fields E,™ . A relation between the DD' and embedding tensors in gauged
supergravities is also briefly discussed. In section 3, we provide a definition of the Jacobi-Lie
symmetric backgrounds and show that the equations of motion of DFT have a manifest symme-
try under the Jacobi-Lie T-plurality. For convenience, we provide several concrete examples
of the Jacobi-Lie T-plurality with and without the R-R fields or the spectator fields. In section
4, we discuss the issue of the Jacobi-Lie T-plurality in the string sigma model. Section 5 is
devoted to conclusion and discussion.

2 Jacobi-Lie structures

In this section, we propose a Leibniz algebra DD* and construct several quantities, such as
the Jacobi-Lie structure, which play an important role in the Jacobi-Lie T-plurality. In section
2.3, we clarify the relation between the DD and the Jacobi-Lie bialgebra studied in [23-26].
Several examples are given in section 2.4. In section 2.5, we comment on a relation between
DD and embedding tensors in half-maximal 7D gauged supergravity.

2.1 Algebra

A (classical) Drinfel’d double can be defined as a 2D-dimensional Lie algebra d which admits
an adjoint-invariant metric (-, -) and allows a decomposition 0 = g @ §, where g and § form
Lie subalgebras that are maximally isotropic with respect to (-, -) . We choose the basis T, € g
and T® € § such that the metric becomes (T,, T?) = 63 , and denote the subalgebras as
[T,, Ty]= fup¢ T. and [T, T?] = f.%% T¢. Then, from the adjoint invariance

<[TA’ TB]’ TC) + (TB: [TA’ TC]) = 0’ (21)
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we can determine the mixed-commutator as

[T, T°1=f,2°T.—f, . TC. (2.2)

The adjoint-invariant metric can be expressed as

0 &°
(Ta> Tg) = Mag» NaB =\ <a ) (2.3)
6, O
and we raise or lower the indices A, B by using 1,5 and its inverse 18 .
Now, let us introduce the Leibniz algebra DD,
TAOTB :XABC Tc. (24)

We keep assuming that g and § are maximally-isotropic Lie subalgebras but relax the adjoint-
invariance as in Eq. (1.3). We then find that the structure constants should have the form

Xap© =FppC + 2465 — 265 +nap Z©, (2.5)

where Fyz€ = FappnPC, Fapge = Fiapc)> and Fupe has the only non-vanishing components
F,,¢ and F,%¢ . Defining f,,¢ and £,?? through T, o T} = f,;,° T. and T®o T? = .2 T¢  we can
parameterize Fygc as

Fape =0, Fopt = fup — 2,85+ 2y 85, F,=f—50z°+2%65, F'™=0, (26)

where Z, = (Z,, Z%) . By substituting these into Eq. (2.4), we obtain the algebra (1.1).
The closure conditions, or the Leibniz identities,

Tpo(TgoTg)=(TyoTg)oTc+Tgo(TyoTc), 2.7)

require the following identities for the structure constants:

frap* fet =0, fl k=0, (2.8)
4f[ae[c fb]ed:| _fabefeCd + 4f[aCd Zb] + 4’fab[c Zd] + Sfe[a[C 5;,1} Z¢— 16Z[a 55:] Zd] =0, (29)
fabczczo: fabCZc:facbZC» Zcfcab:O) ZaZa:O' (2.10)

2.2 Generalized frame fields

Here we construct the generalized frame fields E,™ . We introduce a group element g = e*" Ta

and define the left-/right-invariant 1-forms as
¢=¢%dx"T, =g 'dg, r=ridx"T,=dgg . (2.11)

Their inverse matrices are denoted as v, and e’ (v' Zf; =6 3 =ey rfT’l). We then consider the
adjoint-like action as

grTa=eX T, = Ty+xP Tyo Ty+ 5 xP Tyo (X T.oT) +---, (2.12)
and define
g s T =MB(Q)Ty. (2.13)

It turns out that this matrix M,? can be parameterized as

B — aab 0
MA = _,n.acacb e—ZA(a—l)ba ) (2.14)
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b

where 7%? is an antisymmetric field: 7% = —xb®.

Similar to the case of the Drinfel’d double [27] (see also [9] for a general discussion), we
find that a,?, 7%, and A satisfy the algebraic identities

fabC =aad abe (a_l)fcfdefﬂ (2.15)
flab peld 4 g, Ta gbldl el o plab geld 7. 4 g plab zel =g (2.16)
f =2 a, (@) (@ fu +2fog P n I+ 66 me zy, (2.17)
a’Zy=2,, Z°+n®Zy=e2a"),*2" (& MSPZz=2,), (2.18)

and the differential identities

D,A=2Z,, Dua,*=—f;%a,°, (2.19)
Do’ = fPe + 2 f P nldll —2 7 mbe —4 710 5¢1 (2.20)

where D, = e;' 3,, . Combining these identities, we also find

£,0=Z,, £, =-a;" fo", 2.21)
£, m" = (f,b+280 2 —285 2 ) v VI +2Z, T (2.22)

Here we have defined
7N = e2A ab eq €p > (2.23)

which turns out to be a Jacobi-Lie structure.
Now we define the generalized frame fields as

M—_ By M mM_([ve O
E," =M,° Vg™, W=l ¢ a s (2.249)
o £
and obtain
em 0
EAM = (_naab e;n e_ZA r:;l) . (2.25)

If Z¢ =0, these generalized frame fields satisfy the relation
£p EgM ==X EcM, (2.26)
by means of the generalized Lie derivative in DFT,
E,WwM =N gowM — (5, VM — My )WV, (2.27)

where 8y, = (8,,d™) are partial derivatives with respect to the doubled coordinates
xM = (x™, %,,) and the indices M, N are raised or lowered with the metric 1,y (which is
the same matrix as 71,5). In the presence of Z%, we need to modify the generalized frame
fields as

m O B
EM = (_ Ca a), e 20 =e 285, (2.28)

where & is supposed to be positive. If this & satisfies

8,6 =0, dMg=-—27"=-27%" (2.29)

[9)]
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we find that the new generalized frame fields satisfy the desired relation (2.26).

Since the modified generalized frame fields depend on the dual coordinates X,, , one may
be concerned about the section condition (i.e., a consistency condition in DFT). However, we
can easily show that the section condition is not broken. As we discuss later, the supergravity
fields are constructed from E,™ which is composed of the fields {A, &, ent, "} .2 Using
£, =2%£, , the differential identities, and the Leibniz identities, we find

£ZA=2Z,=0, £zeM=2Z"£,¢eT=0, 2.30)
£, =2 (f, " +2602¢— 265 Z°) vy +229Z, 1™ =0. '
Therefore, Z is a Killing vector field and we can choose the coordinate system such that Z = g,
is realized. Then all of the fields ¢ are independent of the coordinate w. In this coordinate
system, we can explicitly find & = —2W + const., and then the section condition reduces to

0=nMN3g,60y¢p=—23,¢. (2.31)

This is indeed satisfied because fields ¢ are independent of w due to the Killing equation.
Let us also show several properties of the bi-vector field 7w = % ™" 3, A 8, . By using the
differential and algebraic identities, we can show

[n, t]ls=2EAT, [E, t]s =0, (2.32)

where E = —2 Z%¢, and we have defined the Schouten—Nijenhuis bracket for a p-vector v and
a g-vector w as

[V: W]?lmqu_l = % plmymp—y amelf""mpﬂzfl]
(L ptq=1)! | plmymy_y 3 g pq-i] (2.33)
G bV ,
or more explicitly,
[, ﬂ]SETEQ[m 3qﬂ.np] am/\é‘n/\ap, [E, ] E%fETEmn 3, A3, . (2.34)

The first property is equivalent to the absence of the non-geometric R-flux
xw¢ =3 pdlap, el y 37, [apbldl pele g plab peld p. A — 3 q4le prbel rgl dm& =0, (2.35)
and the second one follows from
£, mm =e?A(f b —4zP 5)emer. (2.36)
If we define a bracket
{f) g}ETCmn mf ang'i_fEmamg_gEmamfa (2.37)
for any functions f and g, the Jacobi identity
{f. {g, B3} +{g, {h, F}}+{h, {f, g}} =0, (2.38)
becomes

(3 ﬁ[mlql aqnnp] + 3E[m nnp]) amf ang aph

(2.39)
+(f g Buh + g Bh Of +h8yf 8,8) ™ =0.

2In the presence of the dilaton and the Ramond-Ramond fields, there are additional fields which should be
chosen such that the section condition is not broken.


https://scipost.org
https://scipost.org/SciPostPhys.11.2.038

Scil SciPost Phys. 11, 038 (2021)

In particular, by choosing a constant function f = const. , the Jacobi identity requires £; 7™ =0,
and then the Jacobi identity is equivalent to the conditions (2.32). The bracket (2.37) is known
as the Jacobi bracket and accordingly, the pair of the bi-vector field ™" and the vector field
E satisfying Eq. (2.32) is called the Jacobi structure. In particular, when E = 0, the Jacobi
bracket/structure reduces to the usual Poisson bracket/structure. To consistently define the
Jacobi structure on a group manifold G = expg, properties (2.22), called the multiplicativ-
ity [24], need to be satisfied. In our construction, the multiplicativity is automatically satisfied,
and then this kind of Jacobi structure is called the Jacobi-Lie structure.

As it has been studied in [23,24,26], the Leibniz identity (2.9) can be regarded as a cocycle
condition, and it is automatically satisfied if we consider the coboundary ansatz

fohe=2rDllp oz rbeyaz0b5 (2.40)

where r? is a skew-symmetric constant matrix. The other Leibniz identities (under

f[abefc]ed =0and f,,° Z, = 0) are equivalent to°
ribz, =z z¢flrPd =0, CYBEWC =35, lapbldlpcle _gzlapbel =g (2.41)

which are known as the generalized classical Yang-Baxter equations [24]. For this type of
algebra, we can find the solution of the differential equation (2.22) as

mn _ .ab(,,m.n__ . 2A m n
™ =r (va vy —e“Tey eb). (2.42)

We note that this type of Jacobi-Lie structures (associated with coboundary-type algebras) has
been studied in [24] (see also [17,26]).

2.3 Jacobi-Lie bialgebra

Let us explain the relation between DD* and the Jacobi-Lie bialgebra studied in [23-26]. We
begin with a Lie algebra g with commutation relation [T,, T,] = f;3° T.. We introduce the
dual space g* spanned by {T%} and suppose that they form a Lie algebra [T¢, T?] = f£,2 T¢.
We introduce the differentials d and d, which acts on g* and g as

dTe=—-1£, 0T AT, AT, =—3f " TAT,, (2.43)
and 1-cocycles X, € g and ¢ € g* satisfying d, Xy, = 0 and d¢p, = 0. We then define
d.x, =d, +XoA, (2.44)
and a bracket [, -], for x € APgand y € Alg as
[x, y1p, =[x, ¥1+ )P Y p—-1)xA gy —(@— Dy, x Ay, (2.45)

where [+, -] is the algebraic Schouten bracket and ¢, denotes the contraction. Using these, we
can define a Jacobi-Lie bialgebra as a pair ((g, ¢g), (g, X)) which satisfies

d*XO[x: y1=1Ix, d*Xo.y]d)o -y, d*Xox]qSO >

(2.46)
(¢0) XO> :0’ L¢0(d*x)+[X07 X] :0;
for any elements x, y € g. If we expand X, and ¢ as
XO =a’ Ta > 4)0 = ﬂa T¢ > (247)

3The first equation is implied by (f,." —2Z2,8)(2° —r*“Z;) = 0. The last equation can be relaxed as
£4.[¢ CYBEFI*] = 0 if Z, = 0. Indeed, in the case of six-dimensional Jacobi-Lie bialgebras [26], an algebra satisfy-
ing CYBE®** # 0 (i.e., a quasitriangular coboundary Jacobi-Lie bialgebra) is realized only when Z, = 0.
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the 1-cocycle conditions d, X, = 0 and d¢y = O are equivalent to

aafabc =Y, ﬁafbca =0, (2.48)

and the conditions (2.46) can be expressed as

d
4 £ 1o = fap® ol 201" By 2 fap 0 + 4 £ 5y} @ — 4 b 53 0 =0,

a c b cb (249)
a ﬁazoa a fca _ﬂcfa =0.

They are exactly the same as the Leibniz identities of the DD* under the identification
a®=22% B, =22Z,. (2.50)

This shows that there is a one-to-one correspondence between a Leibniz algebra DD* and a
Jacobi-Lie bialgebra. In [25], by using a generalized Courant bracket, commutation relations

[Ta’ Tb]:fabc Tc’ [Ta: Tb]:fcab TC;

(2.51)
[T, T°1=(f"+3a°62—a’6) T, + (fii" — 5 B. 65 + B, 6°) T°,
are introduced, but in general, the Jacobi identities are not satisfied and this bracket does not
define a Lie algebra. Rather, this can be regarded as the antisymmetric part of the Leibniz

algebra DD,
[Ty, Tl =3 (TaoTg—T0Ty). (2.52)

As we discussed in section 2.2, a DD* allows us to systematically construct the Jacobi-
Lie structure ™" for a general Jacobi-Lie bialgebra. In [17], a similar construction has been
attempted by using the commutation relations (2.51). However, due to the absence of the sym-
metric part X(AB)C of the structure constants, it was not successful, and only the coboundary-
type algebras have been studied, where ©™" has the simple expression (2.42). A DD* also
allows us to obtain the scale factor A from a straightforward computation of the matrix M,? |
and these are the advantage of our approach based on the Leibniz algebra. In the next subsec-
tion, as a demonstration, we explicitly compute the Jacobi-Lie structures for several concrete
examples.

2.4 Examples of Jacobi-Lie structures

The low-dimensional Jacobi-Lie groups have been classified in [25], and in particular, classifi-
cations of the coboundary-type Jacobi-Lie groups have been given in [26]. For the coboundary-
type algebras, there is a general formula (2.42) for the Jacobi-Lie structures, and here we
consider two examples of Leibniz algebras that are not of the coboundary type.

M ((1v, —eX), (IVi, —eaX3))
Let us consider ((IV,—eX1'), (IVi,—eaX3)) (a > 0) in Table 6 of [25], which corresponds to

fit=—fl=ft=—-1, AP=£P=a, A[¥=1, Z’=-5, Z;=-5. (2.53)

The Leibniz identities require € = 1 or € = 2. While € = 1 gives a coboundary algebra, here
we consider the non-coboundary case e = 2.
Using g = e 71 ¥ 2% 5, the left-/right-invariant vectors are found as
Vlzax+yay+(z_y)az: szay:
€1=3x, 62=ex(3y—xaz), 63=exaz,

=2,
3T % (2.54)
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and by computing the matrix M,? , we find

7r=[a(e_"—l)@x+(x—ay)3y]Aé’z, e 28 =2 (2.55)
From 8" = —22¢ v we can easily find
0 =2a3z+ const., (2.56)

and then we find that the generalized frame fields enjoy the algebra £ Ep=—X 8C Ec.

(I ((111, —2X 1), (ILii, —(X,, + X3)))
Another example is ((III, —2X1), (IILii, —(X, + X3))) of [25], which corresponds to

ft=fl=f?=f=-1, ARZ=AR=1, Z2*=2=—}, Z,=-1. (257)
Using g = e¥ 1Y 12213 the left-/right-invariant vectors are found as

v =0, +(y+2)(0,+3,), vy =0y, vy =G, 2.58)
e; =0y, ey=e"(coshxd, +sinhxd,), e;=e"(sinhxd, +coshx?d,). '

From the matrix M,® and 0™& = —22¢ vy, we find

n=(z—Yy)d,AG,, e 28 = 2X | & =¥ +Z + const., (2.59)

and then the generalized frame fields satisfy the algebra £ g Ep=—X 5° Ec .

In this way, for a given Leibniz algebra, we can easily compute the Jacobi-Lie structure
and the generalized frame fields.

2.5 Embedding tensor in half-maximal 7D gauged supergravity

As a side remark, we here clarify the relation between six-dimensional DD*s and the em-
bedding tensors in half-maximal 7D gauged supergravity. In [28], embedding tensors in half-
maximal 7D gauged supergravity have been classified, where the duality group is O(3,3) xR™* .
In our convention, their embedding tensor can be expressed as

XABC EFABC+ZA51§_ZB 5£+'YIABZC,
Fabc =HabCJ Fabc =fabC_Za 6; +Zb 52: (2-60)
Fabc :fabc_(ss 7€ +Zb 52, Fabc :Rabc,

where the non-vanishing components are

Hi53=Q11, fi®=Qun, £ =—Qs, f3'2=Qu, Z;=-&,,

N ~ N . (2.61)
RZP=Q", fu'=0Q", fi?=-Q", fi.’=Q", fi.’=/f1i5’=—&.

The possible values of Q;j, QY, and &, have been classified in Table 2 of [28] and there are 13
inequivalent solutions, which are called orbits (see Appendix A).

Using Eq. (2.60). we can define a Leibniz algebra T, o Ty = X453 T, that admits the usual
bilinear form (T, Tg) = 145 . Due to the presence of F,,. and F2%¢ | this is not an algebra of
a DD*. However, as we explain in Appendix A, by performing an O(3, 3) redefinition of the
generators, most of the 13 orbits can be mapped to some DD"s. As a demonstration, let us
take orbit 10, where Q;; and Q! are given by

i —(1,-1,0,0), £-=(0,0,1,-1) (-1<&<1,—

cosa sina —

<a<Z). (262

»A
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Performing a redefinition of the generators T, — C,? T with

1

_COSll ? 01 O 0 O
0o & —= 0 0 0
cE=| © 0 0 0 % Zl_gas3 2.63
A 0 0 0 —cosa O 0 (3,3), (2.63)
1 1
I R
0 7 Wi 0 0 0
we find that the structure constants become
3 9 9 3_Eo—sirlot _ &o
fi2?=-1, fis®=-1, fp'=fiss=—"7", Z;= (2.64)
cosa cosa
For example, if £, = sina or 50;% = —1 is realized, this is equivalent to a Jacobi-Lie bialge-

bra ((VIy, bX3),(1,0)) or ((IIL, b X, ), (I,0)) given in Table 7 of [25], respectively. By choosing
another matrix C,% , we may also find another Jacobi-Lie bialgebra classified in [25]. In this
sense, the flux algebra given in Egs. (2.60) and (2.61) can be mapped to a DD" . Then, as we
discussed in the previous section, we can systematically construct the generalized frame fields
(or twist matrix) by using the Jacobi-Lie structure.

A similar analysis can be carried out for any (half-)maximal d-dimensional supergravities,
because the T-duality-covariant flux F,p is always contained in the embedding tensor and the
role of Z, can be played by the trombone gauging [29-31] or the dilaton flux. In particular,
the half-maximal d = 6, 5,4 supergravities explicitly contain an O(10 —d, 10 —d) vector &,
(or &, 4) which potentially plays the role of Z, . There, the Leibniz identities Eqs. (2.8)—(2.10)
appear as some components of the quadratic constraints studied in [28,32,33].

3 Jacobi-Lie T-duality

In [20-22], the Poisson-Lie T-duality/T-plurality has been proven to be a symmetry of DFT.
As a natural extension, non-Abelian U-duality associated with EDA has been discussed in [4-
10, 16], and several examples of the non-Abelian U-duality have been found in [11]. Here,
we show that the non-Abelian duality based on a DD, i.e., the Jacobi-Lie T-plurality, is a
symmetry of the DFT equations of motion.

3.1 Generalized fluxes

In type II DFT, the bosonic fields in the NS-NS sector are the generalized metric and the DFT
dilaton

—B Pq B B pn _ _
Hyy = (gm” _gn%pBg n "épm% ) e 24 = /|detg,,,|e %2, (3.1
pn

and the R-R fields can be described as an O(D, D) spinor |F) . By making a certain ansatz for
these bosonic fields, we show the covariance of the equations of motion under the Jacobi-Lie
T-plurality, which is an O(D, D) rotation discussed below.

Let us begin with a simple case where the R-R fields and the spectator fields y* (which
do not transform under the O(D, D) rotation) are not present. We consider an ansatz for the
NS-NS sector fields,

Hun () = Ey () EP () Hpp, € 240) =202 6075 |dett? (x)],  (3.2)
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where H 5 is constant, ¢(x) is a certain function, and we have defined

em 0
EM = e EM(x)=e® (_ a r“) € 0(D, D). (3.3)

mwe, € m

When the target space is of this form, this background is called Jacobi-Lie symmetric.
If we parameterize the constant matrix H,z as

v [ &ab —(& )" )
= F o A , (3.4)
P ((/5 &) (1 —-pgp)t
by comparing the parameterization (3.1) with (3.2), the metric and the B-field can be ex-

pressed as g, + Bn = Eqn Where &, is the inverse matrix of

g =e2(g+f+m) " emel. (3.5)
They can be also expressed as
Gmn+Bmn =€ Raprary,  (Rap) = (87 + B0 + 7)™, (3.6)

The standard dilaton & can be found as
e 2% = /|det g,,| e 2¢() (P12 Gz |det(8°° + P + n®)det(a,?)|. 3.7)

The structure constants Z,, which are not present in the Poisson-Lie T-duality, produce the
overall factor e 2¢ both in the metric and the B-field. We find that &, satisfies

£y Emn+ 22y Emn=—6"(f," +2602° =265 Z°) €, VI VIE,,. (3.8)

Here, let us comment on the difference between our proposal and the one studied in [17].
In [17], the metric and the B-field are identified as

gmn+Bun=Emn>  Emn=Rap i1l (=€ &), (3.9)
for which we have
£y Epn=—e22(f,b+2650 2 =265 Z°) E,pp vE VIE,,. (3.10)

The difference is only in the overall factor e2©. Below, we show the covariance of the equations
of motion under the Jacobi-Lie T-plurality by adopting the former choice g,,, + Bjin = Emn
and using the dilaton (3.7).

The generalized fluxes associated with £, are defined as

Fapc =3Wiasc],  Fa=WPap+2D4d,
WABC = —DAgBM EMC 5 DA = gAM aM .
Using the algebraic and the differential identities, we find

Fapc =€ Fapc, Fa=EMFy,

F 08 d+ O In|det(? | —3,,A 28 0+ 0 (3.12)
= ~ = ba ,,m
M= EMET g1 fybaym g Gmin D3 MP T\ A )

(3.11)

G
where Fp is the one given in (2.6) and we have used Eq. (3.2). When f,?? does not vanish,
we can remove the last term by making a replacement [21]

Oyd = oyd +Xy, Xy =(0, 5= f,2v™), (3.13)
and then the single-index flux becomes
FA:ewFA, FAEEAMFM, FM523M(,0. (3.14)

In the following, we suppose that F4 is constant.
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3.2 Covariance of the equations of motion

In general, the equations of motion of DFT are given by
R=0, G¥=o0. (3.15)

Here, R and G2, under the section condition, can be expressed as

R= 7:ZAB (ZDA.FB _'/—..AFB) + %;QAD (3 T]BE nCF —7:\[BE ﬁCF)]:ABC ]:DEF, (316)
G = 2 {PA DB F, — AIPE (nAF BC — A ABCY (Fp — D) Firg
_7:‘[E[A (J—_-D —DD)fB]DE + % (nCE nDF _7:ZCE ﬁDF)f}:ZG[AJ—_-CDB] -FEFG . (3.17)

In our setup, we find important relations
DpFapc =€ ZpFapc,  DpFa=e*°ZpFy, (3.18)
and we obtain
R=e*R, ¥ =e*G", (3.19)

where R and G*? are constants of the form

R=H"B (22, Fy — F4Fp) + 5 HAP B3nPE nF —HBE AT Fype Fppp (3.20)
G = ZﬁD[AFB] Fp— % #HPE (TIAF nBG — A ﬁBG) (Fp—Zp) Fgrg
_;QE[A (Fp _ZD)FB]DE 4 % (nCE nDF _ 4)CE ﬁDF)?:[G[AFCDB] Frre - (3.21)

Then the equations of motion simply become R = 0 and G*® = 0, which are manifestly covari-
ant under the O(D, D) rotation

Fapc = Ca” Cp" CcF Fppp,  Za— Ci° Zg, (3.22)
Hap = Ca° C° Hep Fp— C,° F. .
The transformations in the first line are equivalent to a redefinition of generators
Ty— Ca" T, (3.23)

while those in the second line determine the transformation rules of %,z and ¢ . This O(D, D)
symmetry is the Jacobi-Lie T-plurality and is a manifest symmetry of DFT.

For later convenience, let us also find the transformation rule of the generalized Ricci tensor
Sun - We define the (constant) double vielbein V48 = (V,2, V;2) € O(D, D) and its inverse
VB through

Hap =Vt VBBﬁAB: Nas = Vot VP NAB> VeveP = 55; , (3.24)
where
" —_ [ Nab 0 — [ Nab 0
H = , = , (3.25)
(Hap) ( 0 ndE) (M.45) ( 0 _nd_b)

and 74, = n,; = diag(—1,1,...,1). We suppose that the double vielbein is transformed as

VB - OV, (3.26)
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under the Jacobi-Lie T-duality, and then the transformation rule for

g8 =v, A8, (3.27)
is found as

o2’ GAB — o200 GAB (3.28)

We find that the only non-vanishing components of G are G | and using these, we can
express the generalized Ricci tensor as

SMN - (SMAgNB +€NA(€MB)VCAV&B ng . (3.29)
Then, using (3.28), we find the transformation rule of the generalized Ricci tensor Sy, as
e 2 gMeIN G =e729C,C CuP EM ERN Sy - (3.30)

Namely, under the Jacobi-Lie T-plurality, or a local O(D, D) rotation of the generalized metric,

Hyn () = Hyyy () = [h ’H(x)ht]MN , hy' = 51/\4A(X/) Cs° &N (x), (3.31)
the generalized Ricci tensor transforms as
Sun(x) = Sy () =2 nS()h],,, - (3.32)

Unlike the case of the Poisson-Lie T-duality, the generalized Ricci tensor is transformed by a
local O(D, D) x R* rotation. As we discuss later, this additional R* transformation makes the
transformation rule of the R-R fields slightly non-trivial.

Comments on a subtle issue

Here, we comment on an issue that may arise in the presence of Z% and f,??.

Firstly, we consider the case where two vectors [ = % fpP%v, and Z = Z%v, are proportional
to each other (which includes the case where I =0 or Z = 0). Since Z is a Killing vector field,
we can choose a coordinate system such that Z = ¢; 9,, and I = ¢; J,, (where c; and c; are
constants). In such a coordinate system, recalling d™& = —22Z™ , we find

G=cy—2cy W, (3.33)
where ¢ is a constant. Now we consider the following three cases.

l. ¢g=0andc; =0
In this case, the shift (3.13) is not necessary, and we can choose & = 1 by a redefinition of
@(x). Then the metric and the B-field are independent of the dual coordinates. The sec-
tion condition is satisfied if Y satisfies
oMe = o9 My = 39 Md = 3yp 8MHpg = 0. By recalling Eq. (3.14), they
are equivalent to

FaFA=FADyd = FAD,Hyy =0. (3.34)

In particular, if ¢ is independent of the dual coordinates, the DFT solution corresponds
to a solution of the usual supergravity.
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2. ¢;#0andc; =0
Again we can choose & = 1, and then the metric and the B-field are independent of
the dual coordinates. The shift (3.13) corresponds to introducing the dual-coordinate
dependence into the dilaton [34,35] d — d + ¢; w. Namely, the dilaton becomes

e—2d(x) — o—2¢(x) e—A(x)—261v*v|detg;lq| . (3.35)

The section condition is satisfied if £ I(e_z*"(x)ldetﬂnt) = 0 and Eq. (3.34) are satisfied.
In this case, for example if ¢ is independent of the dual coordinates, the DFT solution
corresponds to a solution of the generalized supergravity equations of motion [35-37].

3. ¢c; #0
We find % fpb%v, = —L_ 3, and then the shift (3.13) corresponds to the shift

co—2¢cz; W

d —>d—2C—’Z In(cg—2c; w). (3.36)

C

Then, the dilaton becomes

3.9
e 2d() = e72¢() o= A (¢ —2¢, v"v)D 27 |det£? |. (3.37)

Here, the Leibniz identities ensures £;|det {7 | = 0, and the section condition is satisfied
if £,0 =0 (& Z9F, = 0 = n°° Z_F,) and Eq. (3.34) are satisfied. Even if this is a
solution of DFT, this does not correspond to a solution of the usual (or the generalized)
supergravity because the metric and the B-field depend on the dual coordinates.

If F4 =0 (or ¢ = 0), we do not need to care about the section condition: only the second case
requires a non-trivial relation £, f,.° =0 (& £ rldet£ | = 0). When F, # 0, a non-trivial
issue can arise. Even if F, = 2E,™ 3,,¢ is satisfied in the original frame, after the Jacobi-Lie
T-plurality (Fy — F; = C,B Fp), it may be possible that there is no function ¢’ that satisfies
F,=2 Ef"M o’ .4 In such a case, we cannot find the DFT dilaton, and it does not correspond
to a solution of the usual DFT.

Secondly, let us consider the problematic case where two vector fields I and Z are linearly
dependent. Using the Leibniz identities (2.8)—(2.10), we can show that they commute with
each other [I, Z] = 0. Since Z is a Killing vector field, if we suppose that I is also a Killing vec-
tor field, we can choose a coordinate system such that Z = ,, and I = &, . In such a coordinate
system, we find & = ¢, —2W (cy: arbitrary constant) and we also find % fpbav, = %_ﬁ o, -
After the sift (3.13), the derivative of the dilaton becomes

0
oud =Yy, JYu= %EM[A—ln(éD_% det ¢ )]+ 3 Fy + ( 1 5m), (3.38)
Co—2W 'z

where F); is defined in (3.14). If there exists a function { that satisfies ), = 9y, , we can
obtain the DFT dilaton as d = . However, in general, the vector field ), satisfies J;); V] # 0
and then there is no solution for ), = d,,¢ . In particular, when F, = 0, due to the existence
of the last term of ), , we find dlwysl = —(co—2W) "2 # 0. Therefore, only when a flux F,
is introduced such that the last term of ), is canceled out, we can obtain the DFT dilaton.
Moreover, the section condition, such as 8 d,,d = 9,,d aM Hpq = 0, are also not ensured.
When I is not a Killing vector field, the situation will be worse. From the above consideration,
we conclude that it is difficult to construct a DFT solution when f,?® and Z¢ are linearly
independent. In section 3.4.1, we show a concrete example of this type, where the DFT dilaton
d cannot be determined and the section condition is broken by J,d .

“In the Poisson-Lie T-plurality, there is a prescription to find ¢’(x’), which is based on a coordinate transfor-
mation on the Drinfel’d double [3]. However, unlike a Lie algebra which can be exponentiated to a Lie group, it
is not clear how to globally extend the Leibniz algebra DD to a group-like space. Then the procedure of [3] does
not work and the function ¢’ needs to be found by solving the differential equation F; = 2 E,™ 9, ¢’.
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3.3 An example without Ramond-Ramond flux

Let us consider an eight-dimensional Leibniz algebra with
fit=-1, fi.’=1, fi’=-1, Z,=-2, (3.39)

which is a direct sum of the six-dimensional Leibniz algebra ((IV,—4X!), (I,0)) of [25] and a
two-dimensional Abelian algebra. Using a parameterization g = e* 1 e¥ 2e*T3 " T4 we find

V1=8x+yay+(z_y)az> V2=a

yo V3=az: V4=aw:

ey =0,, e;=e"(8,—x3,), e3=e3,, e;=20,. (3.40)
Computing the matrix M,? , we find
=0, A=-2x. (3.41)
Then, using the constant matrices
0 010
=1 o 0 ol =0 (3.42)
0 0 01
we obtain a 4D metric
ds? =2 dx (dz + xdy) + e>* dy? + e*™* dw?. (3.43)
In order to find a solution of DFT, we choose the function ¢ as
Y= —% x, (3.44)
which yields
F,=(-%,0,0,0,0,0,0,0). (3.45)
Then the DFT dilaton and the standard dilaton become
e 2d = e% s e 2% = e_%x . (3.46)

We can check that this dilaton and the metric (3.43) satisfy the equations of motion. In the
following, we consider the Jacobi-Lie T-pluralities of this solution.

3.3.1 Generalized Yang-Baxter deformation

Let us perform an O(4, 4) rotation T, — C,® T with

, 0 0 0 0
o 0 0 0 ¢ O

CAB = (raab 5a) B rab = 0 — 0 0 (347)
b 0 0 0 0

The original algebra (3.39) has vanishing f,?¢, but this O(4,4) rotation produces the dual
structure constants of the coboundary type (2.40). In the presence of Z,, this type of O(D, D)
rotation characterized by an antisymmetric matrix r®® may be called the generalized Yang—
Baxter deformation because the matrix r® is a solution of the generalized classical Yang—
Baxter equations (2.41). After this O(4, 4) rotation, the structure constants becomes

fit=-1, fi,°=1, fis’=-1, AP =2c, Z;=-2, (3.48)
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and this corresponds ((IV,—4X1), (I, 0)) or ((IViii, 4X '), (II,0)) of [25] (accompanied by the
two-dimensional Abelian algebra), for ¢ = 1/2 or ¢ = —1/2, respectively.®

Again we employ the same parametrization of the group element and the left-/right-
invariant vector fields (3.40). Here, we find the Jacobi-Lie structure as

n:c(1—e—ZX)ay/\az, (3.49)

and ¢ is not changed because F, is not deformed under this O(4, 4) rotation: F, = C,% 7.
Then, we find the deformed supergravity fields as

ds? =2e3 dx (dz + xdy) +e** dy? + e™ dw? + ¥ c? dz?,
4x (3~50)

B, =cedx Ady, e 2 =e3.

This is again a supergravity solution for an arbitrary value of c.

3.3.2 Another Jacobi-Lie T-plurality

Here we consider another O(4,4) transformation

10 0 00 0 0 O

00 -1 001 0 O

00 1 001 0 O

B_|0 0o o 10 0 0 o0
C&=lo o 0o 010 0 o0 (3.51)

01 0 00 0 —3 O

01 0 00O 3 O

00 0 00 O0 0 1

We then obtain the algebra with

2 3 2 3 23

fr'=-2, fu’=-1, fis*=-1, fis"=-2, (T =1, Z;=-2. (3.52)

The six-dimensional part of this algebra is known as ((VI,,—4X"'), (II,0)) . Using the parame-
terization, g = e* 11 e¥ T2e?Ts ¥ T4 we obtain

vy =0, +(2y+2)(0,+3,), v,=0

'y v3=32, V4:e4:a

w

e1=0,, e=5[(e®+1)3, +(e*-1)3,], e3=%[(e*—1)3, +(e*+1)3,]. (3:23)
We can compute several quantities as
T =x0y, A0, A=-2x, (p=—§x. (3.54)
The associated supergravity fields are found as
ds? = e™(dw? — x2dx?) —2e3* dx (dy —dz) + }‘ e 2X(dy + dz)?,
By = %exxdx/\(dy+dz), e 2? =e2?x, (355

and this is a solution of the supergravity.

>The algebra with ¢ > 0 or ¢ < 0 can be mapped to to the one with ¢ = 1/2 or ¢ = —1/2, respectively.
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3.3.3 Jacobi-Lie T-duality

To provide an example with Z¢ # 0, let us consider the T-dual of the previous example. The
non-vanishing structure constants are

f231 = 1, f212:_2, f312:—1, f213 :_1, f313 :_2, Zl :_2, (3.56)

and the constant metric 45 and the flux F, become

o -1 1 0o 0o o0 o 0\ 0

-2 1 1.0 0 0 0 O 0

3 1 10 0 0 00 0

n 0 0 01 0 0 00 0
Has=19 0 00 0o -1 1 0f Fa=|_s (3.57)

0o 0 00 -1 ; 3 O 0

o 0o o0o0 1 2 2 O 0

\ 0 0 00 0O 0 O 1} 0

Since we find % fpb4 = —Z% | this example corresponds to the third case discussed around
Eq. (3.37). By using a parameterization g = e*1e¥ 2 Ts " T4 we find

e1=0,, ey;=20 e3=0,—Yy0x, e4=20,,

y’
3.58
Vi =0y, V9=0,—20,, V3=0,, V4=9,, ( )
7I=ﬁx/\[(Zy—z)ﬁy—(y—Zz)az+4w8w], G =cy+4x. (3.59)

Then, we can easily compute the generalized frame fields E,™ and £,™ . The resulting gener-
alized metric shows that the metric and the B-fields are

2 2
== ~ 9574 0
44w +y —4yz+422—1)  2(—8w+4y>—10yz+y+4z2—2)  12w(z—y)
g =0 y—=2)2—4 9(y—=)2—4 9(y—=)2—4
mn 44w —4yz+y(4y—1)+2%—1) 12w(y—z) |’
\ 9(y—=)*—4 9(y—z)*—4
1
3.60
( 0 3z—3y 3(y—=z) 0 ( )
(y—2)2—4 (y—z)*—4
0 y(By—3z—4)—4z 8w
B, =06 (y—=z)2—4 9(y—z)2—4
0 8w
I(y—=2)*—4
\ 0

The flux F, shows that ¢(x) = —% In&, and by using the formula (3.37), the DFT dilaton is
found as

d=—Ens. (3.61)

This dilaton together with the generalized metric (3.60) satisfies the DFT equations of motion.
Since the metric and the B-field have the dual-coordinate dependence through the overall
factor &, this is not a solution of the usual (or the generalized) supergravity. However, the
section condition is not broken and can be mapped to a DFT solution that does not depend on
dual coordinates.

3.4 Another example without Ramond-Ramond flux

To provide a problematic example, let us consider

1
fit=-1, fiu>’=-1, fis®=-1, fii’=-1, Zy=—2, ZB:E’ (3.62)
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which corresponds to the T-dual of ((I,0),(III, —-(X? — X3))). Using a parameterization,
g —_ ex Tl e(.y+z) TZ e(.y_z) TS we ﬁnd

1 0 0 1 2y O
eamzo%%’vamzoé%’
0 & _% 0 % _% (3.63)
e—2A — eZz’ o = 0,
and then by introducing
-2 0 0
gap={0 3 0], pU=0, (3.64)
0 0 g3
we obtain a 3D metric
1
ds? = 3 e®(e™™dy? +dz* —4dx?). (3.65)

This is a flat Minkowski space and is a trivial solution of supergravity. In order to realize ® =0,
we introduce ¢(x) = x —z. We then find

F,=(2,-1,1,0,0,0). (3.66)

3.4.1 A problematic example

ow we perform the Jacobi—Lie I -duality, > . e resultin as the structure
N perf he Jacobi-Lie T-duality, T¢ T,. Th Iting DD" has th
constants
1 1
f?=-1, f;*=-1, f£,P=-1, f¥=-1, z?= —5 VARS 2 (3.67)
and the flux F, becomes

F,=(0,0,0,2,—1,1). (3.68)

In this case, % f,%¢ and Z9 are linearly independent, which is problematic as we have dis-
cussed. Using a parameterization g = e*T1e’2e*T3, we can straightforwardly compute the
generalized metric as

-2 0 o0 0 —xhyr xy
46 0 —A4Alx+y+z) 0 —4(y +2)
46 4(x—y—=2) 4(y +2) 0
HMN = 8x2+8()~/+z)2—2 4(y+z)(~x—y—z) 4(y+z)(3r+y+z) , (3,69)
7 —2x2—4x(y+7f7)+14(y+z)2+1 (x—y—zix+y+z)
4(co+y—%) 6

26
=22 +4x(y +2)+14(y +2)*+1
46

where & = ¢y + 7 —#. One can check that this satisfies the section condition, ¥ 8pH;y = 0
and 0%H O0rHpq = 0, and there is no problem at this stage.

The problem is related to the dilaton. By using A(x) =0, 6 =cy+y—%, and |det{] | =1,
the general formula (3.2) gives

Njw

e—2d(x) _ e_z*"(")(co +y—2)2. (3.70)

By considering the shift (3.13) and using v;' = 6, the derivative of the DFT dilaton becomes

2 C0+_)7—52
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We can easily compute %FM = %EMAFA = m(o, 0,0,2,—1,1), and then, substituting
the generalized metric H,;y and

aMd = yM = (;04_—‘1)7_5(05 O) 0: 2)_%J% > (3~72)

into the equations of motion, we find that the DFT equations of motion are indeed satisfied.
A problem is that the section condition is broken by the DFT dilaton,

dpd 3P Hyyy #0. (3.73)

Another problem is that we cannot find the DFT dilaton d that solves the differential equation
(3.72). Consequently, this configuration cannot be regarded as a solution of DFT.

3.5 Ramond-Ramond fields

We here introduce the R-R fields by considering the case D = 10. In the presence of the R-R
fields, the equations of motion for the generalized metric and the DFT dilaton become

RZO, SMN :gMN’ (374)

where £,y denotes the energy-momentum tensor of the R-R fields. Obviously, if we transform
the energy-momentum tensor as

e2egMeNey=e2eMegNe (3.75)
the equations of motion for the generalized metric transform covariantly as
e 20 EM N (Syy —Enn ) = €2 EMEN (SL i —Enn) - (3.76)

By using the results of the Poisson-Lie T-duality [20-22], we can easily see that the transfor-
mation rule (3.75) can be realized by using the ansatz

|F) = 4/det(e® e;“)e_d(x) e® Syl F), (3.77)

where U = (£,,4) and Sy, is a matrix representation of U in the spinor representation (see [22]
for our convention). The presence of e® is the only difference from the Poisson-Lie T-duality.
The O(10, 10) spinor |F) is constant, and in type IIA/IIB theory, it can be expanded as

A, 1 .
Fy= D0~ Faq, TI0), (3.78)
p:even/odd ©

where |0) is the Clifford vacuum satisfying I;;|0) = 0. Under the ansatz (3.77), the equations
of motion of the R-R fields become the algebraic relation

(3, T48€ Fpge — 3 TAE, + T4 2,) | F) =0. (3.79)
When we consider an O(D, D) rotation (3.22), by rotating the constant spinor |F) also as
|F) > Sc 1) (MBegt=s.1s1), (3.80)

the equations of motion are manifestly covariant. This shows that the whole DFT equations of
motion are covariant under the Jacobi-Lie T-plurality. When the supergravity fields have the
form (3.2) and (3.77), we call the background the Jacobi-Lie symmetric.
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For convenience, let us also express (3.77) in terms of the differential form. By using a
polyform

=
I

1
>, = Fppyeomy AX™ Ao AdX™ (3.81)
p : even/odd p:

in type IIA/IIB theory, we have

D+2p—5 1 1 _ab A
a— |deta,?|2 2™ et > %}—almap rUA-- AT | (3.82)
p : even/odd

F = e v o= (-51)A 5
Note that here we are using the field strength in the A-basis (which satisfies dF = 0) and this
is related to the one in C-basis as

G=e P F, (3.83)
that satisfies the standard Bianchi identity
dG+H;AG=0, (3.84)

when G is independent of the dual coordinates X, .

3.6 An example with Ramond-Ramond fluxes

Let us consider a 20-dimensional DD* with the structure constants
fit=-1, fi,’=-1, fis®=-1, fiz’=-1, Z;=-2. (3.85)

The non-trivial subalgebra generated by {T;, T,, T3} are known as ((II[, —4X1!), (I,0)). Using
the parameterization g = e* 1 e’ 2e*Ts e+ 74... 10110, the non-trivial part of v"" and e are
found as (the other components are just v, = e, = ,)

v1=3x+(y+z)(ay+az): v2=aya
e1=0,, e=3[(e*+1)3,+(e*-1)3,], es=3[(e¥—1)3,+(e*+1)3,].

V3 = az 5
(3.86)

We introduce constants

1 1 0 O 0
1 1 1 0 0
0110 0 aab .
gav=1]0 0 0 1 o, B®=o0, |F)=6v2r'[(r*+r*)r+1°—1]jo), (3.87)
0O 0 0 O 1

and then, by using A = —2x and supposing ¢ = 0, the supergravity fields are found as

ds? = e4x|:cbc2 +dx(dy —dz)+ ds%] + e dx (dy + dz) + (dy + dz)?,

(3.88)
B, =0, e 2% =g 16x F; =—6v2e 8% dx,

where ds%7 = dwf1 +- 4 dw%0 is a seven-dimensional flat metric. This is a solution of type
IIB* supergravity.

Now we consider a generalized Yang-Baxter deformation with

=—. (3.89)
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The resulting DD* has the structure constants

fl=-1, fi’=-1, fis®=-1, fil’=-1, A¥=n, Z;=-2. (3.90)

The structure constants f;** produces the Jacobi-Lie structure 7w = 7 (1 —e™2¥) dy A J, and
the supergravity fields are

ds? = e4"|:dx2 +dx (dy —dz) + ds%] +e* dx (dy +dz) + (dy +dz)> — "TZ e dx?,

(3.91)
By =—1e*dx A(dy +d2), e 2% =g716%, F; =—6v2e 8% dx.

This is again a solution of type IIB* supergravity and the Jacobi-Lie T-duality indeed works as
a solution generating technique.

3.7 Jacobi-Lie T-plurality with spectator fields

The inclusion of the spectator fields is straightforward similar to the case of the Poisson-Lie
T-duality/ T-plurality (see Appendix B of [22]). Here, instead of repeating the presentation of
[22], we only comment on some non-trivialities that are specific to the Jacobi-Lie T-plurality.

We consider a ten-dimensional spacetime with the “internal coordinates” x™ (m =1,...,D)
and the “external coordinates” y* (u = D + 1,...,10). In the string sigma model, the scalar
fields y*(o) are called the spectator fields because they are invariant under the non-Abelian
duality. We formally double all of the directions, and the generalized coordinates are given by
M= (x™, %, YH, Yu)- The “flat” indices A, B and A, B also run over the 20 directions. The
underlying algebra DD is associated with the 2D-dimensional doubled coordinates {x™, %,,,},
and for example, the generalized frame fields constructed in the previous sections are embed-
ded into the first 2D x 2D-block of the 20 x 20 matrix £, . We assume that £, and the double
vielbein V,? have block-diagonal forms, i.e., they are given by direct sums of the 2D x 2D-block
associated with the internal directions and (20 — 2D) x (20 — 2D)-blocks associated with the
external directions. In particular, we suppose that the external block of £ is an identity
matrix. With such understanding, the conditions for the Jacobi-Lie symmetry in the presence
of the spectator fields, but without the R-R fields, are given by

Hyn = En () EnB) Hap(y), Hap(y) = VAA(}’) VsB(y) 73[,43 ) (3.92)

e 2d = e—z&(y) e 2d(x), e240) = =2¢(x) g=A 5D—3 |det? |. (3.93)

The difference is that V,*4(y) is no longer constant and that the dilaton also acquires the y-
dependence &(y). By following the same discussion as [22], we can show that the O(D, D)
transformation which rotates the internal indices is a symmetry of the equation of motion.

When the R-R fields are also present, the symmetry becomes slightly subtle. In the pres-
ence of the spectator fields, the tensor G*Z becomes

gAB = 27_“[(,’[./4 DB]]_-C _ %7_“[61? (nAg nB]-' _ 7_“[,45 7_“{8]-') (-/—:C _ DC) fpg]:

~ Ne n . (3.94)
_ HD[A (’FC _ DC) fB]CD + % (,ncg ,',"D]: _ HCE H’D}—) Hg[.A ‘FCDB] ]:5]-'9 ,
where D 4 = V48 £ 3, and the fluxes contain both the external and internal parts:
Fa=Fy)+e DV () F, (3.95)
Fase = Fapey) +e*O VL) Vs () Ve" () Fper - (3.96)

The internal/external parts contribute to the internal/external components of the matrix G5,
respectively. Then, the internal components of G2 (or Sy;y) scale as e2* while the external
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components are independent of w . In order to realize the equations of motion Sy;y = Eyn >
the energy-momentum tensor &,;y also should scale in the same way, but it is non-trivial.

Then we can consider two possibilities: (i) the external components of Sy vanish, or (ii)
the internal components of S,y vanish by themselves. The former is the case studied in the
previous sections. In that case, we choose the R-R fields as

IF) = {/det(ew em)e 9 @) 5| F(y)), (3.97)

which is a natural extension of (3.77) including the y-dependence into | F). In the latter case,
the scale factor e“™) is not necessary and we consider

|F) = 4/det(e® e(’l")e_d(x)Sul]:"(y)). (3.98)

In terms of the differential form, this can be expressed as

D—1

— D—3
F=e ¥We7 A5

1 1,_ab N . R
|deta,b|z e2a™ ta > pl! ay-a,(Y)ET N NED |, (3.99)
p:even/odd

where we have defined £% = £4,;, dx™ with x™ = (x™, y*) and {&} = {a, (1} . Here, the dotted
indices {{1} denote the “flat” indices associated with {u} and £%, is a component of £,M .

The existence of the two options are specific to the Jacobi-Lie T-plurality, and these two
are degenerate in the case of the Poisson-Lie T-duality (where w = 0). In the next subsection,
we present an example using the latter option (3.98).

3.8 An example with spectator fields

We consider an eight-dimensional DD* (D = 4) with the structure constants given in Eq. (3.85).
We introduce the ten-dimensional coordinates

{xm; }’M}:{X,y,U,V§Z,r,§,¢1,¢2, ¢3}: (3100)

and y* are the spectator fields. Using the parameterization g = e 71 e¥ T2 4T3 " T4, we obtain

the left-/right-invariant vector fields as given in Eq. (3.86). We choose the metric g,,(y),
dilaton d(y), the R-R field | F(y)), and ¢(x) as

Z% % 01 0 0
Zz = —= 00
o -1 1 o9 olo A 5 cosrcosEsin®rsin&
é — 2 ) ; 5%5 ﬁab =0 e—2d —
ab 0 0 0 5 0 ’ ’ 25 " (3.101
0 0 o o0 % (3.101)
05><5 | &8ss

|F) = 4(—=>T""Y* +sin®r cos r sin € cos Ff€‘¢;1¢2¢;3) , p=—2x,
where the metric ggs on S° corresponds to the line element
dsg5 =dr? +sin?r (d§2 +cos? & dqbf +sin?& d¢§) + cos?r d(;b§ . (3.102)

Using 7%° = 0 and A = —2x, the generalized frame fields become

em2x 0 0 0 0 0 0 0
0 e *coshx e ¥sinhx 0 0 0 0 0
0 e “sinhx e ¥ coshx 0 0 0 0 0

M 0 0 0 e 0 0 0 0 0
EM(x) = 0 0 0 0 e 0 0 0 (3.103)
0 0 0 0 0 e¥ coshx —e* sinhx 0
0 0 0 0 0 —e¥ sinhx e¥ coshx 0
0 0 0 0 0 0 0 e
0 [ Tix12
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By acting the twist, we find that this is the AdSsxS> solution of type IIB supergravity,

dsjzxdssxss =572 (dSAZfD + dzz) + dsgs 5 B, =0, $=0,
dsip, = e™[dx? + dxdy +dy* +du® —du(dx +2dy) + dv?] + € dx (du+dy), (3.104)
dx Ady AduAdvAd
F:4[_e X A y/\5 uAdv A Z+sin3rcosrsin§cos€dr/\dE/\dqbl/\d¢2/\d¢3],
Z

Here we have used %) ez @(¥)|det aab|% =1 (where D = 4), and
EVAN-ANENEF =D dx Ady AduAdv Adz. (3.105)

Again we perform a generalized Yang—Baxter deformation (3.89) and obtain the DD* given
in Eq. (3.90). The w is not changed and the Jacobi-Lie structure is = = g(l —e 2%) Oy N0,
The deformed geometry is

2 L4x 2x 21,2 6x _ 1 4x

2 19 n-e*™(2e** —1)*dx _7)(6 5€ )

ds _dsAdsssz_ s , Bz—z—4dx/\(dy—du),

s=0, G3:Znesx(coshx+3351nhx)dx/\dv/\dz’ (3.106)
z
o dx Ady Adundv Ad
Gy =4[ - TRV R 4 sin® r cosrsing cosEdr AdE Ady Adeby Adgps .
Z

This also satisfies the type IIB supergravity equations of motion.

In order to perform more interesting Jacobi-Lie T-plurality, the classification of the six-
dimensional DD* will be useful. The classification of the Jacobi-Lie bialgebra has been done
in [25] but which bialgebras are in the same orbit O(D, D) rotations have not been studied.
If such a classification is worked out, we may find more dual geometries from the AdSsxS®
solution (3.104).

4 Jacobi-Lie T-plurality in string theory

In the string sigma model, we can clearly see the symmetry of the Poisson-Lie T-duality by
using a formulation called the £-model [38]. The £-model is defined by a Hamiltonian

H

=— J do HE ju(0) jg(o), (4.1)
4Tt

and the current algebra
{ja(0), ja(0)} = Eng© jc(0) + s §'(0 — 07, (4.2)

where 74® is a constant O(D, D) matrix and F 5* are certain structure constants. The dynamics
is governed by the O(D, D)-manifest equations (4.1) and (4.2), and the time evolution of the
currents can be determined by

Ocja={ja H}. (4.3)

In fact, Eq. (4.3) is exactly the equations of motion of string theory defined on a target space
with the generalized metric

Hyn = Ey* Ex® Tlag (4.4)
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where E,™ are the generalized frame fields satisfying £5, Ez = —F,3 E¢ with F3€ the struc-
ture constants of a Drinfel’d double. Here, the currents have been identified as

W)= BN Nz, zu@)=( ST ).

(4.5)

where p,, are the canonical momenta associated with x™ . The current algebra (4.2) is simply
a rewriting of the canonical commutation relation

{Zu(0),Zy(0")} =nyy 6'(0 — o), (4.6)
by using £ g Ep =—F 8% Ec . Under the Poisson-Lie T-duality/ T-plurality T, — C,& T, we get
a new generalized frame fields E;\M satisfying
ﬁEAEé = —F,;C E/. (where F;,¢ = C, C3# (C™1)p" Fpg") and we define the dual currents

as jy(0) = E{M(x(0)) Z;,(0) where Z;, satisfies the canonical commutation relation (4.6).
The Hamiltonian for string theory on the dual geometry can be expressed as

H/

4ra’

J do {2 ji (o) js(o), 4.7)

where 78 = (C™1)A(C™1)p? AP and the dual currents satisfies the algebra
{74(0),jz(0V} =F3;C jc(0) + nap 6’ (0 —0’). (4.8)

Then the currents j, follow the same time evolution as C4B jz, and we can clearly see the
covariance of the string equations of motion. In [27], the currents j, was regarded as the
phase-space variables and the Poisson-Lie T-duality/T-plurality j, — j, that preserves the
Hamiltonian was regarded as a canonical transformation.

Now let us consider the case of the Jacobi-Lie T-plurality. Again the generalized metric is
expressed as

Huw = En™ En® Hap, (4.9)
where &,,* satisfies
£, &M = —e(Xap® =22 65 —map 2€) EM = —e® Fp® EM, (4.10)

and F ABC is the one given in (2.5). Then introducing the currents
Ta(0) = EM(x(0)) Zy (o), (4.11)

we obtain the Hamiltonian and the current algebra as

H=
4na’

{Tu(0), Tp(0")} = XD F, € To(0) +mpp 8(0 — o). (4.13)

J do FB 7,() Tp(0), 4.12)

Due to the appearance of the explicit x-dependence in e“*(?)) we cannot treat the currents
as the phase-space variables, but as complicated functions of x(o) and their canonical con-
jugate momenta. Then the Hamiltonian also needs to be regarded as a non-linear function.
Consequently, the covariance under the Jacobi-Lie T-plurality is not manifest.

Let us also discuss the covariance from another perspective. If we start with the action

1
4o’

S=—

f d%o /=y (y“ﬁ —saﬂ)(gmn+an) O x™ Fpx", (4.14)
p)

24


https://scipost.org
https://scipost.org/SciPostPhys.11.2.038

Scil SciPost Phys. 11, 038 (2021)

the equations of motion can be expressed as

dJy = = (£4, 8 dX™ Asdx” + £, By dx™ A dx"), (4.15)

N[+~

where
Jo = V™ (gmn *dx"™ + By, dx™). (4.16)

If we identify the metric and the B-field as g,,,, + B;un = Emn » Dy using Eq. (3.10), the equations
of motion can be rewritten in a suggestive form [17]

dJ, = 5e 28(f > +265 2 =255 Z0) g, A, (4.17)

However we cannot say anything more from this relation.

In the case of the Poisson-Lie T-duality, where A = 0 and Z¢ = 0, we can regard the
relation (4.17) as a Maurer—Cartan equation and identify the current J, as the right-invariant
1-form

dgg'=J,T%, g=e%l, (4.18)

Then, we can rewrite the equations of motion in a manifestly O(D, D)-covariant form as (see
section 6.1 of [22] for the details)

PA =114 PP, (4.19)
where P4 is constructed by using an element of the Drinfel'd double [ = g § as
P=PAT,=dll™. (4.20)

The equations of motion can be also expressed as the O(D, D) covariant Maurer—Cartan equa-
tion for the Drinfel’d double

N 1 A A
dP* + 3 Fg*PEAPC =0. (4.21)

In the case of the Jacobi-Lie T-duality of [17], due to the presence of A in Eq. (4.17), J,
cannot be expressed by using g and it is not clear how to construct a covariant or geometric
object similar to P4. If we instead identify the metric and the B-field as g,,;, + By = Enn aS
in the case of the Jacobi-Lie T-plurality, Eq. (3.8) leads to

Al = =9 (£, +2680 7€ =265 2°) Iy AT — 22, P AU, (4.22)

In this case, there is no scale factor, but due to the presence of the last term, this again cannot
be regarded as a Maurer—Cartan equation. According to the above considerations, we suspect
that the Jacobi-Lie T-plurality is not a symmetry of the string sigma model.

One of the reasons for the issue may be that the DD is a Leibniz algebra instead of a Lie
algebra. In the case of the Poisson-Lie T-duality, a string is fluctuating on the Drinfel’d double
and the position of the string is described by a map, [ : ¥ — D, from the worldsheet to a
Drinfel’d double D . However, in the case of the Leibniz algebra, a group-like global structure
is complicated and it is not clear how to describe the position of the string on the doubled
geometry similar to the case of the Drinfel’d double. A recent study [39] may be useful in
clarifying this point.
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5 Conclusions

In this paper, we proposed a Leibniz algebra DD and showed that this provides an alternative
description of the Jacobi-Lie bialgebra. Extending the standard procedure developed in the
Poisson—Lie T-duality, we showed that a DD systematically constructs a Jacobi-Lie structures
and the generalized frame fields satisfying # g Ep = —X 5° Ec . Using the generalized frame
fields, we proposed a natural extension of the Poisson-Lie T-duality, which we call the Jacobi-
Lie T-plurality. We then showed that the Jacobi-Lie T-plurality (with the R-R fields and the
spectator fields) is a symmetry of the equations of motion of DFT. As a demonstration, we
provided several examples of the Jacobi-Lie T-plurality. At the level of the string sigma model,
we were faced with a difficulty in the realization of the Jacobi-Lie T-plurality, and this may
indicate that the scale symmetry R* is not a (classical) symmetry of string theory. To clarify
the status of this scale symmetry, it is important to check whether the Jacobi-Lie T-plurality
remains as a symmetry of a’-corrected supergravity by extending recent works on the Poisson—
Lie T-duality [40-42].

In M-theory, the exceptional Drinfel’d algebra (associated with the SL(5) duality group)
has been found as

T,oTy = fabc T., T4 o Thibz — —ZfCalaz[bl sz]C ,
Too Th = f P T4 2 £, [0 TP 432, 002, (5.1)
T9% 0 Ty = —fy 1% T, +3 fi, o, [ 672 T2 —9 7, 61 %),

If we decompose the index as a = {a,f} and assume fabn = 0, we find that the generators
{T,, T% = T%} satisfy the subalgebra

TyoTy=fuT:,  TloTP=—fab0T¢
Tyo TP = —f, b Te—faebTé+(3Za—fauﬁ)Tb, (5.2)
T o Ty = fi*F T + f3,2 TC = (32, — fi ) T + (32 — f") 6] T°.

This is noting but the DD* under the identifications, f;*¢ = —f,*% Zz¢ = 0, and
27,=3Z;,— fdnTi . Similarly, the extended Drinfel’d algebra in the type IIB picture also contains
the DD as a subalgebra. Thus, the Jacobi-Lie T-plurality is a subset of the proposed Nambu-—
Lie U-duality.® An issue in the Nambu-Lie U-duality is that the equations of motion of the
exceptional field theory are complicated and the covariance under the Nambu-Lie U-duality
cannot be easily proven. The results of this paper show that the non-Abelian duality works as
a solution generating transformation even when the Z, is present. Further steps towards the
proof of Nambu-Lie U-duality will be taken in future work.

Another future direction is to study a U-duality extension of the Jacobi-Lie structure. For
this purpose, we need to study the Nambu—Jacobi structure [45] on a group manifold. In
this paper, we have constructed the Jacobi-Lie structure 7 and E from a DD", and the vector
field E o< Z%e, is associated with the vector Z, = (Z,, Z%). In the case of the EDA (in the
M-theory picture), « is replaced by a tri-vector 7(® and E will be replaced by a bi-vector
E® oc 7% ¢, e, because Z, is replaced by Z, = (Z,, %). In the literature, the non-Abelian
U-duality is studied by assuming Z*“2 = 0, but this assﬁmption may not be necessary. It will
be an interesting future work to keep Z“1%2 to find a generalized non-Abelian U-duality. It is
also interesting to study the associated generalized Yang-Baxter deformation.

5We note that some DD™ cannot be embedded into the extended Drinfel'd algebra (see [4,6]), and accordingly,
some Jacobi-Lie T -plurality cannot be realized as a Nambu-Lie U-duality.
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A Embedding tensors in half-maximal 7D SUGRA and DD*

In this appendix, we conduct a detailed study of the relationship between the embedding
tensors in half-maximal 7D gauged supergravity and the DD*. Among the 13 inequivalent
orbits classified in [28], we show that orbits 2, 3, 5, 7,...,13 can be mapped to some DD%s
by performing O(3, 3) redefinitions of generators T, — C,5 T . For each orbit, the matrix C,5
(which is not unique) is found by trial and error. For orbit 4 or 6, only when a = 0, we find
such a matrix C42 but failed to find such matrix for a # 0. For orbit 1, as we explain below,
we conclude that this is not related to any DD™.
In the following, we use a short-hand notation,

c=cosa, s=sina, t=tana. (A.1)

Because of—% <a< %, we have —% <s<cX< % and 1 < t < 1. In addition, as
was classified in [43, 44], there are 22 six-dimensional Drinfel’d doubles, which are called
DD1,...,DD22, and we use the notation in the following. As we show in the following, all
of these are related to some embedding tensors with £, = 0 (recall that a DD* reduces to a
Drinfel’d double when &, = 0).

Orbit 1
Orbit 1 contains the non-vanishing fluxes

2 1 12
Hyp3 =c, flszc’ f23=—C: fs“=c,

(A.2)
R123=5> f231=8, f132=—5: f123=5-

The 6D Lie algebra [Ty, Tz] = X5 Tc has been identified as SO(4) for a # 7 or SO(3)
(times three-dimensional Abelian algebra) for a = 7. According to the classification of six-
dimensional Drinfel’d double [43], there is no Drinfel’d double whose Lie algebra is SO(4) or
SO(3), and thus orbit 1 is not related to any Drinfel’d double.
Orbit 2
Orbit 2 contains the non-vanishing fluxes

Hyyz=c¢, fi®=c, fP=—, f*=—c,

(A.3)
R123=S, f231=5: f132=—5; f123:—5-

Let us classify the range of parameter a into three categories.
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1. a=0 In this case, performing an O(3, 3) transformation with

0 1.0 1 00

-1 0 0 0 1 0

g_|l 0o o o0 o 01
Ca” = 3 00 0 3 0F (A4)

0 3 0 -3 00

0 01 0 0 0

we get a Drinfel’d double with

fit=-1, fx'=1, =1, f£¥=1. (A.5)

According to [43], this corresponds to a Manin triple (74|5.ii|b) with b = 1, which
corresponds to the Drinfel’d double

DD1: (915]b) = (8]5.ii|b) = (7,|5.ii|b) (b>0). (A.6)

2. 0 <a Here, performing an O(3, 3) transformation with

0 0 - 0 0 O
0 2 0 -3 0 O
1 1
s_| ¥ o o o L o
CA"=146 0o 0o o0 0 —| (A7)
-1 0 O 0O 1 0
0O 1 O 1 0 O
we get a Drinfel’d double with
1 1
2 3 2 3
=—, :1, :—1, =—,
f12 : fi2 fi3 fi3 : (A.8)
f212:_525 f213:—CS, f312:CS: f313=_52'
This corresponds to a Manin triple (7,|7;/,|b) with a = fand b =cs = 1oz - This
corresponds to the Drinfel’d double
DD3:  (7,171/alb) = (74/4l7a16)  (a>1, b#0). (A.9)

3. a <0 This case is related to the previous case through T; — —T; and T, <= T5.

As one can see from this example, each orbit of [28] corresponds to several different
Drinfel’d doubles, each of which has several different decompositions into Manin triples. We
also note that the Lie algebra of the two Drinfel’d doubles, DD1 and DD3, are isomorphic to
SO(3,1) = SL(2) x SL(2) (see the first paragraph of section 4.1 in [43] for more details). The
difference between DD1 and DD3 is in the definition of the bilinear form (T,, Tz) on the Lie
algebra of SO(3,1).

Orbit 3

Orbit 3 contains the non-vanishing fluxes

23 13 12
Hiyy3=c¢, fi”"=c, fi°’=c, f3y“=—c,

123 1 2 3
R =s, fa3 =5, fiz3°=s, fi2°=-s.

Again we consider three cases.

(A.10)
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1. a=0 Performing an O(3, 3) transformation with

o -1 0 -1 0 O

1 O 0 0 -1 o0

B_| o o o o o 1
=1 0 0 0 - ol (A.11)

0 -3 0 3 0 O

0 0o 1 O 0O O

we get a Drinfel’d double with

fis?=1, fu'=1, AP=-1, f£¥=-1. (A.12)

This corresponds to a Manin triple (64|5.iii|b) with b = 1, which is contained in
DD2: (8]5.i|b) = (64]5.iii| b) (b>0). (A.13)
The Lie algebra of this Drinfel’d double is isomorphic to SO(2,2).

2. 0<|a| < % Performing an O(3, 3) transformation with

o 0o - o o o
0 : 0 -3 0o 0
B_|- o o o -1 o
C=l0¢ o 0o o o =/ (A.14)
-1 0 0 0 1 0
o -1 0 -1 O 0
we get a Drinfel’d double with
1 1
2 3 2 3
=——, :—1’ :—1, =——,
f12 " fi2 fi3 fi3 " (A.15)
f212:_521 f213:—CS, f312:_CS, f313=_52'
This is a Manin triple (6,[64/,.i|b) with a = % and b=cs = 14% . This corresponds to
the Drinfel’d double
DD4: (64161/a-i|b) = (61/,.i16,|b) (a>1, b#0). (A.16)

The Lie algebra of this Drinfel’d double is also isomorphic to SO(2,2) although the bi-
linear form is defined differently from DD2.

T 1

3. a=7 Substituting a = % to (A.15), we obtain a Manin triple (3|3.i|b) with b = 3

This corresponds to the Drinfel’d double
DDS8: (3]3.ilb) (b #0), (A.17)

whose Lie algebra is isomorphic to SO(2,1).

Orbit 4

Orbit 4 contains the non-vanishing fluxes

Hys=c, fi’=s, fi¥=c, fL,¥=—c. (A.18)
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Performing an O(3, 3) transformation with

100000
0O 1 0 0 0 O
B_|l0 0 0 o0 0 1
Ca” = 0 00 c 0 O} (A.19)
0O 0 0 0 1 0O
0O 01 0 0 O
this is mapped to a flux configuration
3 1 2 2
fi2> =1, fa3 =c", fis"=—1, Hpp=t. (A.20)

For a general a, due to the presence of Hy,3, this does not correspond to a Lie algebra of a
Drinfel’d double. Let us consider two cases: a = 0 and a # 0.

1. a=0 Only in this case, we get the Manin triple (9|1), which corresponds to the Drin-
fel’d double

DD5:  (9]1). (A.21)
The Lie algebra of DD5 is isomorphic to ISO(3) = CSO(3,0,1) [28].

2. a#0 Here we considered a general O(3,3) matrix of the form ( (a91)t ) /f)(}(l)

with deta # 0, Bt =—p, and y' = —y, and tried to realize F,;, = F?*° = 0. However,
there is no real solution. If instead we perform a redefinition with

100 -5 0 0
1
0.t 0 0 —f o0
m_|lo ol o o -t
CP=l0o 0 6 1 o o |#06.3), (A.22)
000 0 ¢ 0
000 0 0 ¢

Eq. (A.20) becomes the same algebra as & = 0 (i.e., fio° = 1, fo3' = 1, f3;2 = 1).
Therefore, the 6D Lie algebra is isomorphic to ISO(3) for any value of a as discussed
in [28]. However, since the matrix (A.22) is not an element of O(3,3), the redefined
generators T, do not have the canonical bilinear form: (T,, T;) # 74p . According to
[43], the only Drinfel’d double whose Lie algebra is isomorphic to ISO(3) is DD5. We
have tried to find an O(3,3) transformation which maps the algebra (A.20) to the Lie
algebra of (9|1) but we could not find such an O(3, 3) . We thus conclude that orbit 4 is
related to a Drinfel’d double only when a =0.

Orbit 5
Orbit 5 contains the non-vanishing fluxes

Hipz=c¢, fi)’=s, A%®=c, fLP=c. (A.23)
Here we consider two cases.

1. a=0 In this case, performing an O(3, 3) transformation with

o o o o0 o0 -2
0 0 0 —% - 0
1 1
= = 0 0 0 O
B_| 2 ¥
Ca 0 0 — 0 0 o0} (A.24)
1 1
FEoL L
0 0 o0 - 5 0

w
o
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we get a Drinfel’d double with

fi3® =—t, fia? =-1, fis® =1, fyt?=c2. (A.25)
This is a Manin triple (5|2.ii), which is in the orbit

DD6: (8]1) = (8]5.iii) = (74]5.i) = (6¢|5.1) = (52.ii). (A.26)

2. a#0 In this case, performing an O(3, 3) transformation with

0 0 0 0 o -1
% —7 0 01 (1) 0
B_| o 0 0 —% % O
Cai=1 o 0 — 0 0 ol (A.27)
0 0 0 —% —% 0
-5 7 0 0 0 0
we get a Manin triple (4/2.iii|b) with
2
ft=-1, =1, f=-1, fP=-b (b=%) (A.28)
This corresponds to the Drinfel’d double
DD7: (70|4|b) = (4/2.iii|b) = (64|4.i| — b) (b#0). (A.29)

According to [28], the Lie algebras of both Drinfel’ld doubles are isomorphic to
CsO(2,1,1).

Orbit 6

Orbit 6 contains the non-vanishing fluxes

Hips=c, fia®==s, fio°=s, fil=fis’==&, fZ®=c, Z;=-&,. (A30)

This and the subsequent orbit contain non-vanishing Z, and the structure constants X,z have
the symmetric part: X(AB)C # 0. If a = 0, the flux configuration coincides with that of orbit
8 with @ = 0, which can be mapped to a DD* (which reduces to DD15 when &, = 0). When
a # 0, we fail to find an O(3, 3) transformation which maps this fluxes into any DD*.”

To be a little more specific, let us consider the case £, = 0. By considering the eigenvalues
of the Killing form, the only possible Drinfel’d doubles that may be related to orbit 6 are
DD14-DD17. However, we could not find any O(3,3) transformation which maps the flux
configuration (A.30) with £, = 0 to any of these Drinfel’d double.® As we see below, DD14—
DD17 rather correspond to orbit 7 or 8. We thus conclude that orbit 6 with £, = 0 can be
related to a Drinfel’d double only when a =0.

"We considered a general O(3,3) matrix C = (‘g (aPl)t )((1) /f) ; ?) with deta # 0, ' =—f, and y* = —y, and
tried to remove the flux components F,,, = F2% = 0, but we could not find a real solution.
8A non-trivial solution we found is an O(3, 3 ; C) matrix

0

[=l=)
Dol

C)l =

cooo oo
Loocov~o

o ~ OoNnI= O O

O = O~
cono o o o

0
0 b

0

1

which gives a Manin triple (7,|1) with a = —i t pure imaginary: f;,°> =1, fi32 =—1, f1,°> = fi;°> = —a.
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Orbit 7

Orbit 7 contains the non-vanishing fluxes
Hipz=c¢, fis’==s, fi’=-s, fi’=fi"=—8&, fi=c, Z1=—&. (A3D)

If we perform an O(3, 3) transformation with

10 o o0 o0 o
00 0 0 % —%
o L L o0 o 0
B _ 7z
Ca = 0 0 0 ¢ 0 o |’ (A.32)
1 1
I
o0 0 0 & =+
we get a DD' with
3 _ 2 _ 2, 3_ €o &
fi2” =1, fism=-1, fi12" = fi3 ——t—T, Zl—_?' (A.33)

If we consider £, = 0, the DD" reduces to a Drinfel'd double, which can be classified as
follows depending on the value of a.

1. 0<a< 7 This algebra is the Manin triple (7,|1) with a = t , which corresponds to
DD14: (7411) = (7,]2.0) =(7,]2.i) (0<a<1). (A.34)
The Lie algebra of this Drinfel’d double is CSO(2,0,2) [28].

2. =7 <a<0 In this case, the algebra can be mapped to the previous one through
Tl — —T]_ and Tz Nnd T3 .

3. a=7% Inthis case, the Killing form becomes the zero matrix and the Drinfel'd double

has another name,
DD18:  (7,]1) = (7,12.i) = (7,]2.ii). (A.35)
In [28], the Lie algebra of this Drinfel’d double is denoted as g, .

4. a=0 In this case, the embedding tensor is the same as that of orbit 8 with a =0,

which is studied below.

Orbit 8
Orbit 8 contains the non-vanishing fluxes
Hiz=c¢, fi’=s, fi’=fs’=-&, HP=c, Z;=-&. (A.36)

Performing an O(3, 3) transformation with

000 0 1 0
001 00 0
1

B_|X 000 0 o0

CA =160 100 0 ol (A.37)
000 00 1
00 0 c 00

we get a DD' with
fas'=1, fig*=-1, f131=f232:%: 2 =t, Zsz—%~ (A.38)

Again, let us consider the reduction to the Drinfel’d double £, = 0, which can be decom-
posed into the following three cases.
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1. a =0 In this case, we have

DD15: (70l1). (A.39)
2. 0<a< % Through a rescaling of T; and T, , we obtain
DD16:  (7,]2.0). (A.40)
3. =5 <a <0 Through a rescaling of T; and T,, we have
DD17:  (7,]2.ii). (A.41)
In any of these cases, the Lie algebra of the Drinfel’d double is isomorphic to h; of [28].

Orbit 9
Orbit 9 contains the non-vanishing fluxes
Hips=c¢, fis’==s, fi’=s, fii’=f3’=—C, AP =—c, Z1=-&. (A42)
This can be mapped to the following three DD"s.

1. a=0 In this case, the embedding tensor is the same as that of orbit 11 with a =0.

2. a#0 Performing an O(3, 3) transformation with
-0 0o o0 o0 O
0o = 0 0 0 -
B_| 0 o —% 0 % 0
C“=lo 0o ¢ = 0 o (A.43)
0 0 0 0 vt o0
0 0 0 0 0 —4t
we get a DD' with
1 & €o
[’ =1, fis?=-1, fio’=fis° =— t AP=-1, 2= 5 (A.44)

Now, let us consider the case £ = 0. If 0 < a < 7, this is a Manin triple (7,|2.ii) with
a= % , which corresponds to

DD9:  (7,]1) = (7,]2.0) = (7,2.i) (a>1). (A.45)

When a is negative, we can consider a redefinition, such as T; — —T; and Ty — —T,,
which flips the sign of t, and the Drinfel’d double is always DD9.

3. a=7% This case is the same as the previous case by choosing a = 7.

When &, = 0, the Drinfel’d double has another name
DD18:  (74]1) = (74]2.0) = (7,2.ii), (A.46)

because the number of the null eigenvalues of the Killing form is increased.
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Orbit 10

Orbit 10 contains the non-vanishing fluxes
Hipz=c, fis’=f’=-s, fi’=f=-&, A®=—c, Z1=-&. (A.47)

Performing an O(3, 3) transformation with

10 0o o0 o0 o0
1 1
SRR
B _ vz V2
CA —lo 0 02 s 02 0 ) (A48)
1 1
R
0 0 0 0 =%
we get a DD with
1 & €o
f12® = fis? =-1, f122=f133=_?—?, le_?- (A.49)
If we consider the case £, = 0, we obtain the following Drinfel’d doubles.
1. a=0 Again, the embedding tensor is the same as that of orbit 11 with a = 0.
2. 0<a <7 Thisis the Manin triple (6,|1) with a = %, which corresponds to’
DD10: (64]1) = (6,]2) = (6,61 /5.11) = (6,]67/,.ii)) (a>1). (A.50)

3. =7 <a <0 This can be mapped to the previous case through T} — —T;, T, — Tj,
and T3 — —Tz .

4. a=%(t=1)
DD13:  (3|1) = (3|2) X (3]3.ii) = (33.iii). (A.51)
When a # 0, the Lie algebras of the Drinfel’d doubles are isomorphic to CSO(1,1,2) [28].

Orbit 11

Orbit 11 contains the non-vanishing fluxes
Hipz=c, fio°=s, fil’=fis’=—&, fHZ=—c, Z1=-&. (A.52)

Under an O(3, 3) transformation

0 0 0 0 1 0O
0 0 -1 0 0 O
1
B_|-2 0 0o o0 0 o0
Ca” = 0O 1 0 0 0 o0 (A.53)
0 0 0 0 0 -1
0 0 0 — 0 O

“We note that the Manin triple (6,|1) can be mapped to (6, /al1), for example, through

Bl
I
1=
o
ON == O

Cl =

o
Nl= SNl ©
ol

o ooco o
o
|
ol
.

ol omI Ni= O
Nl orim | o
N
[
®

Thus the parameter a of (6,|1) can be restricted toa> 1.
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we get a DD' with

As?=1, fu'=1, fisl=fu’=-2, fi?=t, Z3=—_- (A.54)

For the case of the Drinfel’d double (§, = 0), this can be classified into two Drinfel’d
doubles.

1. a=0 The Manin triple is (64|1), which is contained in

DD11:  (6|1) = (6o5.ii) = (5|1) = (5/2.i). (A.55)

2. a#0 Performing a rescaling of T; and T,, we get the Manin triple (6¢|2), which is
contained in

DD12: (6012) = (6¢4.ii) = (4]1) = (4/2.1) = (4]2.ii). (A.56)
The Lie algebras of both Drinfel’d doubles are called b, [28].

Orbit 12

Orbit 12 contains the non-vanishing fluxes

Higs=c, fi2’=s, fi®=fs"=-&, Z;=—%&,. (A.57)

Under an O(3, 3) transformation with

0 0 0 0 ¢ O
0 01 0 0 O
co-|b 2o s el s
0 0 0 0 0 1
0 0 01 0 O
we get a DD with
fa' =1, fis'=fn’=8&, fi'P=t, Zy=-&,. (A.59)
When &, = 0, the Drinfel’d double can be classified as follows.
1. a=0
DD19:  (2/1). (A.60)
2. 0<a <7 Through arescaling of T; and T, , we get
DD20:  (2]2.). (A.61)
3. =% <a<0 Through a rescaling of T; and T,, we get
DD21:  (2/2.ii). (A.62)

The Lie algebras of these Drinfel’d double are isomorphic to CSO(1,0,3) [28].
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Table A.1: Correspondence between 13 orbits of [28] and 22 Drinfel’d doubles clas-
sified in [43]. DD1, 2, 3, 4, and 8 contain a parameter b whose range is shown in
round brackets. Only a specific value is realized if we construct the Drinfel’d double
from the flux algebras of [28].

DD DD1 | DD2 | DD3 DD4 | DD5 | DD6 | DD7 | DD8 | DD9 | DD10 | DD11
b=1 b=l | b= | b=rp b=%
(b>0) (b>0) (b£0) (b#£0) (b#0)
Orbit 2 3 2 3 4 5 5 3 9 10 9,10,11
DD [ DD12 [ DD13 | DD14 | DD15 | DD16 | DD17 | DD18 | DD19 | DD20 | DD21 | DD22
Orbit 11 10 7 6,7,8 8 8 7,9 12 12 12 13
Orbit 13
Orbit 13 contains only Z; = —&,. Without any redefinition of generators, this corresponds to

the Jacobi-Lie bialgebra ((I,—2X!),(I,0)). In the case &,, we get an Abelian double, called
DD22.

Summary

We can summarize the result as in Table A.1. We found that all of the 22 Drinfel’d doubles
are reproduced from the 13 orbits of the embedding tensors in 7D supergravity by choosing
&o = 0. The parameter b contained in the Lie algebra of several Drinfel’d doubles takes the
specific value listed in Table A.1. This is natural because the Lie algebra of the Drinfel’d double
does not depend on the parameter b, and the classification made in [28] is the classification
of the Lie algebra without considering the bilinear form (-, -) . In order to realize a Drinfel’d
double with a different value of b, we need to change the bilinear form (-, -), which corresponds
to performing a non-O(3, 3) redefinition of generators. For DD1 and DD2, we can perform a
non-0(3, 3) redefinition of generators, Té =T, and T'* = bT?, to convert the value of the
parameter b from the special value of 1 to the general value of b. Similarly, for DD3, DD4,
and DD8, the redefinition T, = T, and T"* = % T? change the value of b. This way, all of the
Drinfel’d doubles classified in [43] can be reproduced from the orbits classified in [28].
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