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Abstract

We compute the one-loop renormalisation group running of the bosonic Standard Model
effective operators to order v*/A*, with v ~ 246 GeV being the electroweak scale and
A the unknown new physics threshold. We concentrate on the effects triggered by pairs
of the leading dimension-six interactions, namely those that can arise at tree level in
weakly-coupled ultraviolet completions of the Standard Model. We highlight some in-
teresting consequences, including the interplay between positivity bounds and the form
of the anomalous dimensions; the non-renormalisation of the S and U parameters; or
the importance of radiative corrections to the Higgs potential for the electroweak phase
transition. As a byproduct of this work, we provide a complete Green basis of operators
involving only the Higgs and derivatives at dimension-eight, comprising 13 redundant
interactions.
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1 Introduction

The Standard Model (SM) extended with effective interactions, also known as SM effective
field theory (SMEFT) [1], is increasingly becoming one of the favourite options for describing
particle physics at currently explored energies. The main reasons are the apparent absence of
new resonances below the TeV scale [2] and the fact that in general the SMEFT explains the
experimental data better than the SM alone [3].

Relatively to the SM, the impact of effective operators of dimension d > 4 on observables
computed at energy ~ E is of order (E/A)?~*, with A > E being the (unknown) new physics
threshold. Thus, the most relevant interactions are those of lowest energy dimension, which,
ignoring lepton number violation (LNV), are the ones of dimension six. These operators have
been experimentally tested from very different angles at all kind of particle physics facilities.
In particular, the knowledge of the corresponding renormalisation group running [4-10] has
allowed the high-energy physics community to probe the SMEFT to order E?/A? combining
experimental information gathered across very different energies; see for example Refs. [11-
14].

However, there is by now convincing evidence that dimension-six operators do not suffice
for making predictions within the SMEFT in a number of situations. For example, dimension-
six interactions do not provide the dominant contribution to some observables [15] or even
they do not arise at tree level in concrete ultraviolet (UV) completions of the SM [16, 17].
It can be also that relatively low values of A are favoured by data in some interactions, and
therefore corrections involving higher powers of E/A are not negligible [16, 18]; or simply
that some observables are so well measured (or constrained) that they are sensitive to higher-
dimensional operators [ 18-20].

In either case, dimension-eight operators must be retained when using the SMEFT.
(Dimension-seven interactions [21, 22] are also LNV.) This has been in fact the approach
adopted in a number of recent theoretical works [16, 18-20, 23-28], but so far mostly at
tree level. Our goal is to make a first step forward towards the renormalisation of the SMEFT
to order E*/A%. We think that, beyond opening the door to using the SMEFT precisely and
consistently across energy scales, there are several motivations to address this challenge. For
example:

1. Several classes of dimension-eight operators (including purely bosonic) that arise only
at one loop in weakly-coupled UV completions of the SM can be renormalised by dimension-
eight terms that can be generated at tree level [29]. (While at dimension six this occurs solely
in one case.) This implies that the running of some operators can provide the leading SMEFT
corrections to SM predictions in observables in which only loop-induced interactions contribute
at tree level.

2. Eight is the lowest dimension at which there exist two co-leading contributions to renor-
malisation within the SMEFT: one involving single insertions of dimension-eight operators, and
another one consisting of pairs of dimension-six interactions. (Pairs of dimension-five oper-
ators renormalise dimension-six ones [30], but they are LNV and therefore sub-leading with
respect to single dimension-six terms.) Non-renormalisation theorems have been established
only in relation to the first contribution [17,29]. Thus, whether tree-level dimension-six oper-
ators renormalise loop-induced dimension-eight interactions is, to the best of our knowledge,
still unknown.

3. Dimension-eight operators are subject to positivity bounds [31-37]. Thus, precisely
because dimension-six interactions mix into dimension-eight ones, it is a priori conceivable that
theoretical constraints on combinations of dimension-six Wilson coefficients can be established
if the corresponding renormalisation group equations (RGEs) are precisely known.

Inspired by these observations, and in particular by 2, in this paper we will focus on
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renormalisation triggered by dimension-six operators. (We will consider the effects of higher-
dimensional operators in loops in subsequent works.) Also, we will concentrate on the running
of the bosonic sector of the SMEFT.

This article is organised as follows. In section 2 we introduce the relevant Lagrangian and
clarify the notation used thorough the rest of the paper. In section 3 we describe the technical
details of the renormalisation programme. In section 4 we unravel the global structure of
the renormalisation group equations (RGEs). We finalise with a discussion of the results in
section 5. We dedicate Appendix A to relations that hold on-shell between different operators.
In Appendix B we write explicitly all RGEs, while in Appendix C we describe briefly a UV model
that accounts for generic tree-level generated dimension-six bosonic operators.

2 Theory and conventions

We denote by e, u and d the right-handed (RH) leptons and quarks; while [ and q refer to
the left-handed (LH) counterparts. The electroweak (EW) gauge bosons and the gluon are
named by W,B and by G, respectively. We represent the Higgs doublet by ¢ = (¢pF, N7,
and ¢ =io,¢* with o; (I = 1,2,3) being the Pauli matrices. Thus, the renormalisable SM
Lagrangian reads:
Loy = 1GA GAMY Lya wanr _1p puv 1
e L @
+q%iPq? + 15PI% + uliPul + dFiPd? + edifel
+(Du9) (D )+l 12— Alp|* — (ysaf dup + yisafddl + ye lEpeh +h.c.) .

We adopt the minus-sign convention for the covariant derivative:

. ool A,
DM:3M—1g1YBH—1g2?WH—1g3?GH, (2)

where g, g, and g5 represent, respectively, the U(1)y, SU(2); and SU(3). gauge couplings,
Y stands for the hypercharge and A are the Gell-Mann matrices.

We use the Warsaw basis [38] for the dimension-six SMEFT Lagrangian £, and the basis
of Ref. [17] for the dimension-eight part £®). (An equivalent basis can be found in Ref. [39].)
While the renormalisation of £(®) has been studied at length [7-9], the running of £® is
largely unknown. Assuming lepton-number conservation, the running of dimension-eight
Wilson coefficients receives contributions from loops involving single insertions of dimension-
eight couplings as well as from pairs of dimension-six operators. Schematically:

, 4o ® . (6.6
16w “H:Yijcj ik - 3)
Although ¢(® (and ¢(®) are in general unknown, fits of the SMEFT to the data favour relatively
large values of some of these coefficients [3]. This implies that the y’ term, which is quadratic
in the dimension-six couplings, can dominate the running of dimension-eight Wilson coeffi-
cients even if the latter are equally large. As such, the computation of this piece of the running
is especially appealing.
Moreover, non-renormalisation theorems [29,40-42] have not been yet established for the
mixing triggered by pairs of dimension-six operators. Consequently, for now the zeros in y’
can be only obtained upon explicit calculation.
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Table 1: Basis of bosonic dimension-eight operators involving the Higgs. We fol-
low the notation from Ref. [17]. All interactions are hermitian. The operators in
grey arise only at one loop in weakly-coupled renormalisable UV completions of the

SM [29].
Operator Notation Operator Notation
% (¢¢)* Oys
.
g (¢"$)*(Du$ D ) o5 (#7$)(¢'0"$)D,$ 0" D ) 0%
3 (D.$'D,d)(D"$ D! ¢) of) (Du$'D,$)(D D" ¢) 0%
< (D"¢'D,$)(D"$'D,) epe}
£ e (g1 pIW LWy Oy e (g1 pIW LWy D
= e (¢Tal$)B W, W O pg €K (@I GIB W) Wi? +BOW] WiP) OF) .
(¢¢)2GH,GM” Oy (¢7¢)2GL,GM” 0y
© (@' p)w) Wi Ol CA RN O
‘§< (@'a'$)(¢'0” W] win O s (@0 $)(¢'0” $IW] Wn O g
G AW o Ofnse (®'$)(¢ 0’ @)W B Ofhse
(67¢)B,,B" Oy (#7¢)B,nB" Ofgs
(DH¢"D )W W,” O e (DH¢"D,$IW] Wi e
(D 9D, W] WP O o2 ie"K(DHgTo D )W WP O s2p
k(DG o D QYW Wy P — Wi WP OF) . ieK(DEGTo DR W W + W Wy P OF) L,
:Q (D¥ ¢~<"U1 D“qb)B],le " 051234)202 (D¥ qs‘ir(jl Duqb)B\’/)W] . ()5523</>2L)3
«3:" i(D" "' D' G)Bup Wi —BooWi?) O 0 (D'¢p oD $)(B,, WiF +B,, WP O ope
i(D"$'0'D* )BT By W) O, (DM DIONB, WS 4B W) O
(DF¢'D"¢$)B,,B," OL,L;Z . (D*¢D,$)B,,B" Of}wm
(D*¢"D L$)B W’E " 05337)@ 2p2
. (6 $)D o DG )W, O, 0 i(¢9)(D 0! D"$IW!, Oy
S P A Al S i€’ (¢7a’$)(D*¢ o' D' $IWE, Ol
= i(¢"$)(D"$"D*$)B,, O, e i(¢"$)(D"$"D*$)B,, 0D e

We therefore focus on this part of the dimension-eight running in what follows. Likewise,
and as a first attack to the problem, we will concentrate on the bosonic sector of the the-
ory. The advantage of this is that bosonic operators are not renormalised by field-redefining
away redundant operators involving fermions (the opposite is not true). Besides, we consider
loops involving only dimension-six operators that can arise at tree level in weakly-coupled UV
completions of the SM. These can be found in Refs. [43-47]. Thus, our starting Lagrangian is:
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Figure 1: Example diagrams for the renormalisation of operators in classes ¢ & (first),
¢6D2 (second), ¢4D2 (third), X 2(,154 (fourth) and X ¢4D2 (fifth). The gray blobs
represent dimension-six interactions.

Lov = Lo+ 15108180 + o896 ') + c4o(9'D"9)'(6/D,9)
+c (¢"iD ) Wrrpr)
+ 6, @ TP 0TY) + gy (91D I o) @

+ [coua(BDu9)Trrde) + cy g (8 9V G + ] |,

with Yp = ug,dg,eg and ¢Y; = q;,[;. Restricting to the bosonic sector of the SMEFT, only
dimension-eight operators involving Higgses can be renormalised at one loop from the La-
grangian above. For clarity, we reproduce them in Table 1 following the notation of Ref. [17].

3 Computation

We use the background field method and work in the Feynman gauge in dimensional reg-
ularisation with space-time dimension d = 4 —2e. We compute the one-loop divergences
generated by Ly using dedicated routines that rely on FeynRules [48], FeynArts [49] and
FormCalc [50]. Most of the calculations have been cross-checked using Match-Maker [51].
All amplitudes of the kind X3¢? and X?¢2D? are finite, hence operators in these classes do
not renormalise within our theory.

The bosonic one-loop divergent Lagrangian, involving Higgses, can be written as:

o® o®
167%€ Loy = Ky (D, $) (DF @)+ p I = Alp|* + & = + &Y =

e RO

where i and j run over elements in the Green bases of operators of dimension-six and dimension-
eight, respectively. The former extends the Warsaw basis with the interactions given in Table 2.
The bosonic Higgs operators expanding the dimension-eight Green basis and which are redun-
dant in the basis of Table 1 are shown in Table 3. To the best of our knowledge, this last result
is completely new. (We do not include other bosonic redundant operators not involving the
Higgs as those are not renormalised by the interactions in Eq. 4.)

We are interested in the unknown O(E*/A*) piece of the renormalisation of bosonic op-
erators. As such, we only provide this new contribution to the aforementioned divergences.
The only exception are the Higgs kinetic term and the dimension-six redundant operators, for
which we also compute E?/A? corrections, as these generate E*/A* terms when moving to the
physical basis by means of field redefinitions. Note also that, since we are dealing with only
bosonic operators, we omit flavour indices. Flavourful couplings are written in matrix form
(keeping the correct order in the matrix multiplication) and a trace over indices is implicit.
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Table 2: Independent dimension-six bosonic operators involving the Higgs which are
redundant with respect to the Warsaw basis. We adopt the notation of Ref. [52].

Operator Notation Operator Notation

¢2D* (D, D*¢")(D,D"¢) Opy

$'D2  ($T)D,P)(DMP) O,  ($TPIDM(ID,9) O,

X¢2D2 D WM ($iDIg) O 3,B" ("D ,¢) O
v w WD¢ v % BD¢

We also use the shorthand notation for matrices A2 = TrA'A, where A is an arbitrary flavour
matrix.
Thus, the divergences of the couplings of dimension d < 4 read:

2

.1 u

K¢ D E(Cqu + 2C¢D)E , (6)
~ 3 ‘u4
AD—E(ciD—4C¢Dc¢D+8ciD)F. )

We use the symbol D to make explicit that corrections irrelevant for the computation of the
E*/A* terms are disregarded. The &® couplings in Eq. (5) read:

w

Eop D —c¢p(5cep _8C¢|:I)A2 , (8)
% L2 2 M
Com :)—Z(C¢D+24C¢DC¢D—48C¢D)E, ()
u? s
&y D —6c4y(3cyp — 10c¢u)ﬁ—127n(c§m —6C4pCon + 12cim)ﬁ, (10)
. 1
C:pD = E[(Sg% — ng —4A)cyp + (84— 6g§)c¢ui|
—|3 ut u.T d .7 dy e T et
(cupy™' +y Cup TV Cqp +Cagpy )+y Copp FCeqY
+ 126((1)3(1)(yuyu'n” + ydyd’r) _ 6(C¢udyd'i‘yu + C;udyuﬁryd) + 46((#)31)}/6)/6'5'
2
u
+(c3p +4C¢DC¢D—8ciD)E, (11)
. i y " ~ . .
Cop= —5[3(6u¢y” — ey, iy, —capy )+ (yeel, —ce¢y”)], (12)
Cppg = —%[%D +Copn—4Cpe — 4c§)11) +8cyy —4Cpa T 4c((;q)] ) (13)
Cwpep = —%[%D + 4C<(1>3}) + 12c§)3q)] ; (14

while for the &®) we get:
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Table 3: Independent dimension-eight bosonic operators involving the Higgs which
are redundant with respect to the basis of Ref. [17]. Redundant operators in the class
X2¢2D? are not shown. The addition of h.c. when needed implies that all operators
are hermitian.

Operator Notation Operator Notation
:,i D*¢'D,D,D*D"¢ Oy
D,¢ D¢ ($'D%p +h.c.) og? D¢ D*¢($iD%p +h.c.) ngj
. (D, $)D?*¢"D,p) +h.c. o (D¢ p)D*¢'iD,p) +he.  OF)
8 (D27 $)(D%p ) +h.c. o (D2¢$)(iD2$T$) +h.c. o)
- . . ) .
(D%¢'D?¢)(¢"9) o} (¢'D%$)(D29"9) Qve
(D¢ ) (D"¢'D2p) +h.c. ?12) (D,¢'$)(D*¢'iD*P) +he.  OLF
2 @er@D*+he)  OF (@'9FD. (81 DHg) O
-
D @D WH (DTG +he) OP,  (9TPIDWHD,pNiol g +he) O,
R K090 )@ D GIWE O (¢79)D,B(D,¢"ig +he)  Of).

3
T [336c + (g7 + g3 +2g7 g5 +1602%)c] |, +2304A%¢;

+512Acyncy — 1920Acypcy — 11527@c¢mc¢]

e.ef

— [ce(py”ced,yeJr + c:¢yec:¢ye + 2ce¢,cz¢y v+ 2cj¢ce¢y”ye]

u . ut

—3[ u¢y cu¢y“'+c¢y c¢y +2¢u¢c oY Y +2cu¢ u¢y y ]

— 3[cd¢yd7cd¢yd"' + c;(i)ydc;(l)yd +2c4¢ c:];d)ydyd"r + 2c2¢cd¢yd7’-yd] , (15)
N((;g = é 11ciD —32¢4pCyn + 16c§)D + 24ciud 24c¢d — 16(c(1))2
+ 16(c(3))2 48(c(1))2 + 48(c(3))2 24c 4)“], (16)
Ngff = é 5c2, +16c4pCop + 16c5, +24c3, +8c2, + 16(c(”)2 + 16(c(3))2 +48(c (”)2
+48(c)? + 24c ¢u]’ (17)
Nf;? - é [—7ci p+16C4pcsn +40c2; —32(c()? —96(c())2 —24c2, . (18)
N((;? = ; [ ciD —2c¢pCen + 24ciu] , (19)
&5 = cgp (cgp = Con) (20)
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Nf‘? = % [c3p —8cgpcsn+32¢,] (21)
00 =25, (22)
6;141) = % [ iD — 8c¢Dc¢D + 3263»:] s (23)
N<(1)142) 1C¢D (cop +2c4n) » 24)
Epi = [24% (cop +8cyn) —2cspcen(987 +3g5 —322) (25)

+cg (=387 —9g; +344) — 4ck (987 +15g; + 112/1)]
—3(cd¢ +c ¢)—ce¢ —(3C(1) + 5c(3))[yec:¢ +ce¢y”]
+9cBl yieT e det _ oo di
Spa| ¥ Cus upy" =y dp ~CdeY
(3)|:.y C + CugbyuT +ydC21¢ + Cd¢yd1':|
- 3[3(C¢u62¢yu + Cu¢C¢uy”T - (3d¢C¢d_')/dJr — C¢dcz¢yd) — ce¢c¢eyeT _ Cd)ecjd)yeil

[2(c(” iy g™ + 2+ ey epay ! |+ AEeS)

(3) (€3] u un d,di G| ,u,,uf d,di|.(3)
€pq© ¢q)[ Yy ]“5% [3’ YAy ]Ccpq
1 1 1 3 1) (3 3) (1
+ o )[ uym+ydydT] W _ [2(C() eyt = () 4 Bl ey eT]
3 3 1 n,3
+5c;l)yeye'cfpl)+BC;l)yeye'c§>l) c¢udc¢udy Tyt +c¢udc¢udy Tyd

+3| 3(cpuy Ty epu + C¢d}’d4")’dc¢d) + C¢e3’ﬁyec¢e]

3) dt ul
c¢q[y cpuay Ty c(;udy“f]

(o))

+3 c¢udcd¢y +cd¢c('pudy“'i‘+cu¢c¢udyd"'+ydc;'ﬁudcl'l¢],

“((;6) =3 [72c¢ cop — 24cyn(cyp + 2c¢D)gf —3cyplCcyp + 16C¢D)g§ (26)

+ 32c¢D(3c¢D — 8c¢D)7Li| — 3|:c¢udc§¢y” + cd¢c:;udy“4" + ydc;udczd) + cu¢c¢udyd.r:|
1 1 1 1 1
) él)yec”r gy el =3yl 4 gy el —Dydct —c, yiel ))}

+2 | CpeC ¢J’ +Ceqbcqbe.yeT_3(C¢ucl¢yu+Cu¢c¢uyuT_c¢dC(;¢yd_Cd¢cqbd.ydT)]

4 fplz)“fz)]y Cey®! 12[(6(1) D)y epuy™ + (D + D)y legqy ]
1) (3 3) (1 1) (1 i
42 ((M) ©) 4 D) 4 e ((pl):|yeyew T 20400503y
el 0@ @0 .0 uur ut u
6| RORRIRY C¢qc¢q}y +6¢guCouy Y
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W6 B, D) d,di df,,d
+6[ pq pa T C9apq T Cpq" ¢q}y Yo+ 664aceay "y

- %[C¢udc;;udy”“y” ¢ uaCoua¥ Ty } +6c) [y Chua T+ Y Cpuay }
=16 |:432c¢ com t (4481 — 12g1 — 12g2)c¢Dc¢,D —48cycyp
—8(3g] +3g; +128A)c;, —(3g; + 121)%]
3(Cd¢ + Cu¢) - —[(C(l) (3))(3’ o T Cep) M) —cge e¢}’ e¢C¢eJ’eT]

1 3
[ ((pl) + c;l)]y Cpey

(1) (3)
Co1Co1

(1) (3)]
1)

OROINONOIINONC) 1 .
+C¢l ol +C¢l by +Cqbl ol :Iyeye'+ic¢ec¢eye,ye

+
[
I_|

6 +Cd¢>’ N+3 [C¢dcd¢y +capCpay” ]

[C( (3)] Cod yd"r

[ (DG, D0 (.0, 6] dd, 3 d
¢q oq T C3q%q T Cpqpq T Cpq© ¢q]y yo+ C¢dc¢dy Ty

[ 1 3
(_ <(1>q) ())(yuCT +Cu¢y )+C¢u ¢y +Cu¢c¢u.y ]

[0 =] epr

(1) (3) €Y} (1) (3) 1 3.3 |, u,,ut E ut,,u
~Cq%q T C6q%q ~ Spqpq T C4q¢ ¢q:|y Y +2C¢“C¢”y Yo

+

le w [\JIOJ [\le w [\JIQJ

+

+c

@, .3

8if + (., ®
_[Cdtb( ¢q+c¢q)y _C¢dcd¢y +capcpay”’ (¢q+c¢q)cd¢y

m_ .3 W 3 "
+ely (cha =) V"~ Coucly Y + cupcouy = (e — i) u¢y”'}

ifs o, .® W, ®
_§[C$¢(¢I+C¢Z)y —Cgecly Y+ cagCpey® = (gl + gl )cepy® }

gz [ —3C4pCon— 12(c(3))2 36(c(3))2 +9c

€D gbud]

g . 1
4§[in 12¢4pCgn — 245 —8c2, —16(c}))? —48(c\)? — 24 +12¢

_ &8
;42[4’

_ & (142 (3)y2 (142
—4—8[3c¢D+24c +8c +16(c ) 48( )+48(c )

144(c(3))2 +24c3 +24c3 d}

&2
6

—144(c))? — 24c

[5C¢D 24C¢DC¢|:| _ 16(C(1))2 48(C(3))2 48(c (1))2
2
¢u+48c¢ud 24C¢d]

—%[24e +3c2, +8(c2, +2(c5))? —6(c))? + 6(c )’

9

¢ud]

27)

(28)

(29)

(30)

—12¢4pCon — 8c3, —16(c\))* — 48(c\)* — 24¢2, +12c4,4 —24c24 |,

(31)

(32)

(33)
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—18(c{N?+3c2,) +24c2, d] 34)

By aps = i—i :SC;D —20c4pCpg +16(ch, —2(c) = 6(c5 ) + 48c¢ud] (35)
NI(,Z;4D2 = %:24c2 —cgp(cep —12c¢D)+8(c¢e +2(c(1))2 +6(c(1))2 +?>c D 12c¢ud]

(36)

61(3:24D2 = % : —3cyp +4cypCon t+ 16(c + 4(c(3))2 + 12(6(3))2) 24c¢ud] (37

All other relevant counterterms ({2, &py, 5555;7’9’13), etc.) vanish at the order of E/A we are

interested in.

4 The structure of the renormalisation group equations

The explicit form of the divergences in the Green basis, shown in the equations above, is of
utmost importance, or else the computation of RGEs at higher orders or involving other light
degrees of freedom could not be built on our results [53]. Subsequently, though, one can
reduce the redundant operators to the physical basis. We do that following the results in
Appendix A.

In the physical basis, the RGEs of the different dimension-eight couplings read:

~(8)

dc® Kl
2 i (8)
1671 'u_d,u = E x;n ]ax (8), (38)

with x running over all couplings, renormalisable or not, and with n representing the corre-
sponding tree-level anomalous dimension, defined as the value required to keep the couplings
dimensionless in 4 — 2e dimensions. The minus sign results from requiring that the countert-
erms cancel the divergences. The complete set of RGEs can be found in Appendix B, including
those of renormalisable and dimension-six terms. In this section, we limit ourselves to dis-
cussing the structure of the y’ matrices defined in Eq. (3).

Since the contribution comes from pairs of dimension-six operators, we provide a (sym-
metric) matrix for each ci(g) in which we represent with a x a non-vanishing entry, with 0 a
trivial zero, for which all contributions in the Green basis vanish (for example in some cases
there are no diagrams contributing to the corresponding amplitude), and with @} a non-trivial
zero, for which several non-vanishing contributions cancel in the physical basis. We find:

/ 1 .3 [CV RN C)]

Ves | €0 oD €60 oy, oy Covn Cpud Cuns g ) €¢ €40 €90 Chu; Coupy Cour Coud Curg
$
o Xx x x 0 x 0 x x s 00 0 0 0O O o0 O
Cop X X X X X x X Cop x x 0 0 0 0 o
o x 0 x 0 x x Con x 0 0 0 0 O
cf;iL x x x 0 x (1% x 0 0 0 O
3) @3
Covs x ox 0x oy, x 000
Coupp x 0 x Coopn x 0 0
Coud X 0 Coud X 0
Cyrg X Cyrg 0
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(3)

(3)

(1) (1)
Yiﬁfﬁ €p €4 Co0 Couyy Copup, Coyr Copud Cung Y“ffi €6 €D €40 Coyy oy, Covr Coud Cyne
Co 00 O O 0 0O 0 O Co 00 O O 0 0O 0 O
Cop x x 0 0 0 0 O Cop x x 0 0 0 0 o0
c(%:l x 0 0 0O O O c(%j x 0 0 0O 0 O
kg BRI T o0
Yy PPy
Con x 0 0 Coun o 0 O
Cgi)ud 0 0 C¢ud X 0
Cyrs 0 Cyrd 0
Y Cy Cop Con €0 ¢® el et Y Cy Cop Con ) ¢ e coac
C;Ié ¢ “¢D o0 “pop; “pp; “PYr “pud “Yro Cf;é ¢ “¢D o0 “pypy “prpy “PYr “Pud “yYre
¢ |0 x x 0 0 0 0 0 ¢ |0 x 0 0 0 0 0 O
Cd)D X X X X X X X C¢D X X X X X X X
C(%: x 0 x 0 x X c(%] x 0 0 0 0 O
2 S Lo
Yy oYy
Coyn x 0 x Copyr x 0 X
Coud X X Coud X X
Cyro x Cyro x
! Cy Cop Com € B e e, e ! Cy Cyp Com D B e e, ¢
Y“%M ¢ Cop Con Cpyp, o, Covr Coud Cye ch(;%w ¢ CoD Co0 Coy, Coypy, Coyr Cpud Cype
Cp 00 0 O 0 0O 0 O Cp 00 O O 0 0O 0 O
Cop x 9 0 0 0 0 0 Cop 0 0 0 0 0 O
Com 00 0 0 0 0 Com 00 0 0 0 0
c% x 0 0 0 0 C‘E"%L g 0 0 0 O
3 3
Comr x 0 0 O Coumy O 0O O o
C¢1»L'R X 0 0 C¢'¢’R @ 0 0
Coud x 0 Coud g o
Cyrd 0 Cyrd 0
! Cy Cop Co €D ¢ ¢ e ¢ ! Cy Cop Cory € B e ¢
Yc$;¢4 ¢ €D Con Coy, Coyy, Covr Coud Cyro chw ¢ ©¢D 8 gy “gypy “Pybr “Pud “yre
Cp 00 O O 0 0O 0 O Co 00 0 O 0 0O 0O O
Con 9 0 0 0 0 O Con x 00 0 0 0 0
C(%D 0O O 0 0O 0 O C(%j 0 O 0 0O 0 O
C%}L 0 0 0O 0 O ?3%“ X 0 0O 0O O
Cop, 0 0O 0 O Coup, X 0O 0 O
Coun @ 0 O Cop x 0 0
Coud ] 0 Coud X 0
Cyrd 0 Cyro 0
[CO I ¢)] @3
7’;% a | 0P 00 S oun Coun Cpud Cung Y'c;;w €6 Cop €40 Coyy Copupy Coyn Coud Cung
Cp 00 0 O 0 0O 0O O Cp 00 0 O 0 0O 0O O
Cop x 9 0 0 0 0 O Cop x 00 0 0 0 0
Con 00 0 0 0 0 Con 00 0 0 0 0
c%jjfL x 0 0 0 0 C%’l‘)fL x 0 0 0 0
3 3
Cou, x 0 0 O Couy x 0 0 O
Coyp x 0 0 [P x 0 O
Coud x 0 Coud x 0
Cyn 0 Cynp 0
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All other y’ matrices vanish identically, with all their zeros being trivial.

Finally, in Table 4 we provide a different view on the global structure of the anomalous
dimensions, by showing, for each pair of dimension-six interactions, the dimension-eight op-
erators that get renormalised by them. Despite being not explicitly shown, contributions pro-
portional to two fermionic operators involve only leptons or quarks, but not both.

5 Discussion and outlook

We conclude this article highlighting several observations that can be made on the basis of the
RGE matrices above:

1. All the dimension-eight operators that are renormalised can arise at tree level in UV
completions of the SM [29]. The reason is simply that those operators that arise only at loop
level involve two Higgs fields (see Table 1), unlike any one-loop diagram containing two in-
sertions of the dimension-six terms. The same holds for dimension-six operators. Thus, we
conclude that within the bosonic sector of the SMEFT, dimension-six tree-level operators do
not mix into loop-level operators to order E*/A*. This extends previous findings at order
E?/A% [41].

2. Several of the y’ matrices above exhibit a number of zeros (denoted by 0) for which
all contributions in the Green basis are vanishing (they can result simply from the absence
of Feynman diagrams or from CP conservation reasons). For example, the first row in y’ W

C

¢4
reflects that there are no one-particle-irreducible diagrams with four Higgses involving the

insertion of one six-Higgs operator and one four-Higgs interaction. Instead, those denoted
by @ ensue from non-trivial cancellations between different counterterms in the Green basis
which, on-shell, add to zero. For example, the (23) entry of ¥’ ,;  vanishes because the terms

W2¢4
5;2 " and 6553#4]32 cancel in Eq. (73). Zeros as this one might be

understood on the basis of the helicity-amplitude formalism [54,55].

proportional to c¢gpcypn in €

3. Related to the previous point, we find the very surprising result that the Peskin-Takeuchi
parameters [56] S and U are not renormalised by tree-level dimension-six operators to order
v*/A%. Indeed, these observables read [17,27]:

1 V2 1) V4 1 V4 3)
ES = E |:C¢WB + CWqu“F s EU = FCWZQS“ 5 (39)

with Oy p = (pTo! ¢)W;£ ,B"". (Note that U arises only at dimension eight.) What we find is

1 3
1(/1/1)3¢>4 and c‘(/vgw

redundant operator O

do not renormalise because the direct contribution cancels that from the

(7
W¢4D2 .
in Refs. [9], shows that both S and U are not triggered by dimension-six tree-level interactions

at one loop.

that ¢

This fact, together with the non-renormalisation of ¢y found

4. The Wilson coefficients c((;} , c((;) and c((;’f are subject to positivity constraints [33]. In

particular, c((;) =0, c((;} + c((;) >0and c((;‘}) + C<(i>24) + c((;)
the corresponding matrices.

> 0. These inequalities should reflect in
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To see how, let us first note that there exist well-behaved UV completions of the SM that
induce, at tree level, the operators cy, cyp and cgn with arbitrary values; see Appendix C
;)14)’ c((;)
at any energy u < M triggered by double insertions of the dimension-six operators scale
dlfferently with the model couplings than the tree-level contribution (which in general can
not be avoided). In particular, within the model of Appendix C, we have ~ k*/M* versus
~k2/M?.

This suggests that both contributions must satisfy the positivity bounds separately. Indeed,
in the limit of scale-invariant dimension-six Wilson coefficients, we can check that:

for a particular example. The values of the dimension-eight Wilson coefficients c and

(3)

1672¢ (2) _(5c¢D +16¢ypCyn + 16C¢D)log ,u 0, (40)
M, .@]_ 16 > 2 M
1672 [ ¢4+C¢4]—?(C¢D—C¢DC¢D+ZC¢D)IOgE>0, 41D
16 [ ., @ (3)] 3(c2 8¢2 V1 M 0 "
T Cpa T Coa T Cha | = (Cqu"' C¢|:1) og;> ; (42)

for arbitrary values of ¢y and cgn. (Fermionic Wilson coefficients do not modify these rela-
tions because they contribute as sums of modulus squared and therefore positively, as a result
also of very fine cancellations between positive and negative terms in Egs. 16-18.) Note that

()

these inequalities hold non-trivially; for example ¢’/ is negative in a neighbourhood of its min-

imum. It should be possible to extend this kind of analysis to other operators (which do not
renormalise within the assumptions we make in this work), thus providing interesting cross-
checks of the anomalous dimensions (or new bounds on Wilson coefficients).

5. Among the non-vanishing entries in the different y’s, we find values that depart signif-
icantly from the naive estimate of O(1). The most notable of these, not suppressed by gauge

or A couplings, are the 126 in v’ 8 and the 96 in y’ (16), see Appendix B. As we discuss below,
¢
these large numbers can have important low-energy implications.

6. Although we do not aim to exhaust all possible phenomenological implications of the
running of the dimension-eight operators, we would like to stress that the T parameter, defined
by [17]

1v2 (2) v2
aT:—EF[Cqu‘FCqsGE , (43)
with a ~ 1/137 being the fine-structure constant, receives contributions from the operator
Ogyq only at order v*/A* (because cyp is not renormalised by one insertion of Og,q; see
Ref. [8]). Using bounds on T from Ref. [57], and assuming that only c4,; is non-vanishing,
we obtain ¢4, < 5.9 for A =1 TeV. This constraint is competitive with the value cy.; < 5.3
reported in Ref. [58].

7. We would also like to emphasize the importance of one-loop v*/A* effects for the EW
phase transition (EWPT) ensuing from modifications of the Higgs potential [16,59-63]. T
this aim, let us assume that c,, is the only non-vanishing Wilson coefficient in the UV and let
us neglect gauge and Yukawa couplings. The Higgs potential in the infrared is then provided
by running Ly down to the EW scale. In the leading-logarithm approximation, this reads:

108 126
gl + A1+ S (1- B+ —log g, ()
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Table 5: State of the art of SMEFT renormalisation. The rows represent the opera-
tors (defined by their dimension d) being renormalised, while the columns show the
operators entering the loops. Note that there are no bosonic interactions at odd di-
mension. Blank entries vanish. A tick v represents that the complete contribution is
known. The v indicates that only (but substantial) partial results have been already
obtained. The X indicates that nothing, or very little, is known. The contribution
made in this paper is marked by .

ds d? dg dd  dsxdg d, di d2xdg d? dsxd, dg
d<4 (bosonic) [7] X
d<4 (fermionic) [7] X X
ds [66-68] [71] [71]
de (bosonic) [30] [7-9] X X X
dg (fermionic) [30] [7-9,69] X X X X
d, [71] v [71] v [22,70]
dg (bosonic) X X X X
dg (fermionic) X X X X X

where cy is evaluated in the UV, and the renormalisable couplings are assumed scale-invariant
for simplicity. (The first logarithm can be read from Ref. [7].) In both |¢|® and |¢|® we have
included only the dominant corrections.

Following Refs. [16,64], we know that the EWPT is first order and strong as required by
EW baryogenesis [65] provided that 500 GeV S A/ /Cer S 750 GeV, where we have defined
Ceff = Cg +3/2 vZ/ A2c¢s. Fixing, as a matter of example, A = 1 TeV, it can be easily checked
that this occurs for:

1.7TeV > Scy $3.7TeV 2 (45)
if the running of c4s is neglected, whereas if we account for it we obtain:
1.5TeV > Sy S 2.6TeV 2. (46)

The 30 % difference in the upper limit evidences the potential importance of both dimension-
eight operators and their running.

To conclude, let us remark that our results comprise one step further towards the one-loop
renormalisation of the SMEFT to order v#/A*. This endeavor was initiated in Refs. [4-9] (see
also Refs. [66-68] for the renormalisation of the Weinbeg operator) and continued in Ref. [69]
(for baryon-number violating interactions), Ref. [30] (which includes the renormalisation of
dimension-six operators by pairs of Weinberg interactions), Refs. [22,70] (which involves the
renormalisation of dimension-seven operators triggered by relevant couplings) and Ref. [71]
(in which neutrino masses are renormalised to order v3 /A3, including arbitrary combinations
of dimension-five, -six and -seven operators). Some partial results of renormalisation within
the dimension-eight sector of the SMEFT can be found in Refs. [19, 72]. See Table 5 for a
summary of the state of the art.

In forecoming works, we plan to extend the results of this paper with the inclusion, in
the UV, of the operators of dimension eight that can be generated at tree level. We will also
consider the renormalisation of non-bosonic operators. The latter can be induced, in particular,
by field redefinitions aimed at removing the operators Oppg, (’); »» Owpe and (’)E;’sz; see
Appendix A. Consequently, our current findings lay the basis for future work in this direction.
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A Removing redundant operators

The redundant operators generated in the process of renormalisation can be removed upon
performing suitable perturbative field redefinitions, for example ¢ — ¢ + =3 L0, where O is
called the perturbation. We are interested in the effect of these field redeﬁn1t1ons to linear
order in the perturbation (because O is loop suppressed and therefore quadratic powers of
this term are formally two-loop corrections), which can be implemeted through the equations
of motion of the SMEFT to order v2/A? [53]. These read [73]:

D! = gt~ 28 80" + 15 {304 (619" + 264090 )

—Cep [(Du¢)i(¢T(3)M¢)+¢iau(¢TD‘u¢)]}+..., 47)
8B =E14iD 1+ 22 EL(979) (911D u9) +- (48)
D'W!, = %qb*i‘ﬁ’f@ + C/‘\Lfgz (970'0) (@1 D uep)+--, (49)

where the ellipses represent fermionc operators, on which we are not interested. The following
relations hold on-shell:

2 815D

OBD¢ - _|:O¢|:| +40¢D+i C¢DO¢] 5 AZ [ ZAO s + 30(1) +20(2)] -, (50)

1
0= ——[ — Ogt+2p’(¢[* —47“%—“— (¢pp —8c4a) O¢]

2A2|:(6C¢ 16AC¢D+2AC¢D)O¢8 +(8C¢)D +C¢,D)O +2C¢DO;)26):| + .-, (51)

u?
Owpg = _gz|: - §O¢D+2H2|¢ |*— 410¢—ﬁ (2C¢D — 8c¢D) (’)¢]
- %[ (6C¢ - 167(,C¢D + 47(,C¢D) O¢8 + (8C¢D - 26¢D) 02516)] +oee (52)
where the ellipses encode again fermionic interactions. The operator O/, gives no contribu-
$D

tions to the bosonic sector.
To arrive at these results, we used the following identities:

97 (9'D,8) (0"919) = 5[ O + 02, (53)

16


https://scipost.org
https://scipost.org/SciPostPhys.11.3.065

Scil SciPost Phys. 11, 065 (2021)

2( 115 V2 _ 2@ @, 1,03
91> (¢7iD'¢) =304) +205) + S04,

l¢l*ol¢ * =205 + 0.
In turn, the redundant dimension-eight operators become, on-shell:
O%) = 21705 — 42045,
og‘j - _uz[ — Oyp+2ulg|*— 4w¢} — 410;13 ,
6 1 2
0%) = 20204 —22[O5) + O],
ij = —2u2[—u2|¢ 14+ 4w¢] +8A%0,s,

0(10) — _Mz _M2|¢) |4 + 4AO¢:| + 47(120(}58 >

O(ll) — —‘LLZ —‘U,2|¢) |4 + 4AO¢:| + 4AZO¢8 >

012 _ —u? 204p + Opp — 2)L(’)¢] +2 [21(’)((1)16) + )LO((;) — 21204,8] ,

o= (B (20 + 00+ 0 T+ 100 800
— 68205 + 82050 + 28,20 } .
05;24132 _ _% [u20¢ + 3(’);16) + 2(9;)26) — 2%04,8] 5

(54)

(55)

(56)
(57)
(58)
(59)
(60)
(61)
(62)

(63)

(64)

(65)

where again the ellipses represent terms on which we are not interested in this work. The

operator 02546) contributes only to fermionic interactions.
Altogether, these equations lead to:

e SRR |

Cp = Cy + 27LC;D—2M—/;[3(C¢D +2c4n)cy — (cpp —8c4n) (C:pD +282Cwpg)
—282C4pCwpg — &1C¢DCBDG — 4c§>36) +4A {—205:? + 4c((ﬁ83 + 2c§5140) + 2c((;41) —C
+ g2c$3¢>4D2 + %CI(/\Z;“DZ + 8101(3?;341)2} ’

2
o1 6) , .(12)
c¢D—>c¢D—2—A4[5(c¢D+2c¢D)c¢D—c¢4+c¢4 ,

1 u? 4 12
Cpm = Con + EC;’D_F[(%D +2¢40)Ch0 _Cfp4) + C<(i>4 o,

where we have already normalised canonically the Higgs kinetic term; as well as
Cps = Cps — §1ACED$Cop — (c;)D + 2g2cWD¢,) (3cy —8Acyn + Acgp)
Pt " Tt ¢4 ¢4

(3
B$4D2’

- 2g27LcWD¢ Cpp — 47Lc((;6) + 47L2[2c(8) + 10 + U _ c(lz)]

(6)
W ¢4D2

(7

+g2)LC W ¢4D2

+ %kc + g, Ac
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/
1 n, 3 (Cqu + ZgZCWW’)
6;6) - C((ps) + EgchDd)CdJD - 5 (chbu + C¢D) +382Cwpg oD

4 6 12 5 6 3 7 3 3
— ZA[ZC;B + 0;4) - 20((1,4 )] — Egzc‘(,v;)wz - Egz%m - §g1C1(3¢34D2 ,

2 2 6 12 82 (7 3
6;6) — cfpg + &1CBD¢CoD —C;)DCd,D —Zk[c;‘? _C<(i>4 ):| + ch(/vzjﬂDz _glcz(aqzﬂﬂ s

1 1 82 (7
C](/ng,z; - C1(/V;¢4 + ECI(/V;“DZ )

¢ W24 8 “W¢*p2’

(1) (1 81 .1
WB¢* > CwBg4 + ZCW¢4D2

c
(1) ORPNC)

H
weip2 — Cweep2 W4D2 *

B Renormalisation group equations

For a given coupling c, we define:
. 5 dc
c=16n"u—.
du

Thus, we have:

4
) 2 2 \ M
Ao (562, —24cpcyn + 242 ) L
: -7 > 26 113
Cp 2 —{ 24 gfcip + gggciD —BSAC(%D + ?cd,ggfc(w - ?Cqug%%p —S5lcgcyp

+320Acyqcyp — 3Tr[cd¢_y‘”]c¢D - Tr[ce¢yeT]c¢D - 3Tr[cu¢y”T]c¢D
—3Tr[(ca) 'y Jegp — Trl(cep) Ty Jegp — 3Trl(cug) Ty Jegn
—6Try" Ty (cpua) Tegp +4Trlcl ¥ egn
+ 12Tr[c§)3q)ydyd1-]c¢p + 12Tr[c§)3‘;y“y“"']c¢D — 6Tr[c¢udyd1-y“]c¢D

2 2 2 ) 8 5
+ gngr[c¢d]c¢D + gngr[C(pe]Cqu + gngr[cél)]%D — gggTr[c;l)]cd)D

2 > (1) 2 (3) 4 5 2
- gngr[c¢q]c¢D - 8g2Tr[c¢q Jepp— gngf[Cqm]%D — 64OAC¢D

20 1
— ?ciugf + ZOCiDgg +222¢4Cpn + 24C¢DTr[cd¢yd "]

+8cynTtlceq ¥+ 24c4nTr{cyg Y+ 24c,qTr[(cqg ) yd]— 12Tr[(cqg )Tcdd,]
+ 8C¢|:|Tr[(ce¢ )T}’e] - 4Tr[(Ce¢)‘i.Ce¢] + 24C¢DTr[(Cu¢ )T.yu] - 12Tr[(cu¢ )Tcud)]
P 2 4 8
2 2 2 (Mt (1) 2 (3)yt .(3)
- zngr[(Cqbd)qubd] - gngr[(Cqbe)'cqbe] - gngr[(Cd,l ) C¢l ] - gngr[(c(pl )'C(;Sl ]
4 oo 3yt .(3) 2 (DY (1) 2t (- (3)y7 .(3) 2t (337 (3)
+ §g2Tr[(C¢l ) Col ]—4g2Tr[(c¢q) c¢q] — 8g1Tr[(c¢q) Cqbq] + 4g2Tr[(c¢q) c¢q]
- zggTr[(Cd)u)TCqbu] + g3 Tr[(cpud )chmd] — g2Tr[(cpud )chmd]
. " ¢! (3 ¢!
+48cyg Tr[ y" yd(c¢ud) - 6Tr[cd¢yd rc((pq)] — 6Tr[cd¢ych§)q)] —2Tr[co ¥ Cfpl)]
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e¢,ye‘ C<(¢>l)] +6Tr[cyg y“Tcgq)] - 6Tr[cu¢y”'rc(3)] + 6Tr[c¢dy‘”cd¢ ]

—2Tr

3) e, et

Coey® ce¢]—2Tr[c(1)ye(ce¢)] 32c¢DTr[c¢lyy ]

y*(ceg) 1= 6TrL )y (e ) 1+ 6THLc) " (cug) 1= 96csTrl )y y 1]
—6Tr c” ¥4 cag) - 96C¢DTr[ Dyt y 1= 6Tr{ )y (ug) 1= 6Trlcpuy " cug]

+48C¢DTr[C¢ud.ydT u]+6T1’[(Cd¢)T}’dC¢d]+2T1’[(Ce¢)TyeC¢e]—6T1’[(Cuq>) Yicgu]

+ 6Tr[c¢dydTydc¢d] +2Tr[cgoy® Ty “Chel + 2Tr[c<(;l)yeye' Cfplz)] + 2Tr[c<(;l)yeye' c((;l)]

—4Tr ((M)yec eye']+2Tr[c((;’l)yeye‘c$l)]+2Tr[c((;’l)yeye'c((:’l)] 4Tr[c((;l)yec el
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— 144Tr[(c(3))"'c(3)] +24Tr[ () ] + 24T (Cgua) e gual + 8T (cpe) e ]

+ 16Tr[(c(”)T (”])

C Ultraviolet completion of the Standard Model

The purpose of this appendix is proving that there exists at least one UV completion of the
SM that induces arbitrary values of cy, c4p and cyq. To this aim, let us extend the SM (for
u? = 0) with three colorless scalars: S ~ (1,1),, Zg ~ (1,3), and Z; ~ (1,3);. The numbers
in parentheses and the subscript indicate the representations of SU(3)., SU(2); and U(1)y,
respectively.

Let us assume that they all have mass M much larger than the EW scale, and that the new
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physics interaction Lagrangian is:

Lyp =ksSP ¢ + 155" ¢ + Kz, "E0 ¢ + (k2,EL 7o ¢ +hec). (92)

(Other triple and quartic terms are allowed, but we just ignored them for simplicity.) Then,
by integrating out the heavy modes at tree level at the scale M, we obtain [46]:

Co _ Ks

FeRE L e
C¢p _ 2 2 2
R (2KEl - KEO), (94)
Coo _ 1 2 2 2

Az oape (ke F ke, T Rs): 9%

Obviously, ¢4 can have arbitrary sign by just tuning As. Likewise, c4p can be made arbitrarily
negative provided kg /kz, < 1, and positive otherwise. Notwithstanding this later choice,
¢y will be positive for small enough x s and negative for large values of this parameter. In
summary, the signs of the three tree-level generated dimension-six operators are arbitrary and
uncorrelated.

In the process of integrating out the fields of mass M, dimension-eight operators arise too.
With the help of MatchingTools [74], we find that (see also Ref. [33]):

&) 2 @ 2 3)
L A I S 96)
A4 M6 AT M6 AT O M6Y S S0’ "

Contrary to the dimension-six Wilson coefficients above, these couplings fullfill the positivity
bounds cf;) >0, céﬂ) + c((;) > 0 and c((;f + c((;‘? + c((;) > 0 obtained in Ref. [33] for arbitrary
values of the ks.
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