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Abstract

In this paper we continue our classification of regular solutions of the Yang-Baxter equa-
tion using the method based on the spin chain boost operator developed in [1]. We pro-

vide details on how to find all non-difference form solutio
chains with local Hilbert space of dimensions two, three

ns and apply our method to spin
and four. We classify all 16 x 16

solutions which exhibit su(2) ® su(2) symmetry, which include the one-dimensional Hub-
bard model and the S-matrix of the AdS5 x S° superstring sigma model. In all cases we
find interesting novel solutions of the Yang-Baxter equation.
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1 Introduction

The Yang-Baxter equation (YBE) appears in many different areas of physics [2-5]. It signals
the presence of integrability which implies the existence of higher conservation laws. The
equation emerges in some form in virtually every area of physics, including condensed matter,
statistical physics, (quantum) field theory, string theory and even quantum information theory
[6]. The Heisenberg spin chain and the Hubbard model [7] are just some of the famous
integrable models and were important for our understanding of low-dimensional statistical and
condensed matter systems and, similarly, over the last few years, exceptional progress has been
made in understanding the AdS/CFT correspondence [8-10] due to the discovery of integrable
structures [11]. Given the clear ubiquity of the Yang-Baxter equation throughout theoretical
physics it is clear that understanding and classifying its solutions is a highly interesting and
non-trivial task.

The presence of quantum integrability in a given physical model with Hilbert space C"
is dictated by the existence of a solution R(u,v) € End(C" ® C"), dubbed R-matrix, of the
Yang-Baxter equation, which reads

Rq5(u, v)R13(u, w)Ry3(v, w) = Rys3(v, w)Rq3(u, w)R15(u, v) (1.1)

on C"®C"®C" and the subscripts denote which of the three spaces R acts on. The parameters
u, v, w are known as spectral parameters with one associated to each of the three spaces. Once
R is known one can construct the so-called transfer matrix t(u, 8) for a spin chain of length L
as

t(u,0) =try(Ryr(u,0)...Rp1(u, 0)), (1.2)

which generates an infinite tower of conserved charges (Q;, i =1, ..., 00) via the expansion

logt(u,0)=0Q(0)+ (u—0)Q,(0) + %(u— 0)2Q5(0) +.... (1.3)

The parameter u is an auxiliary spectral parameter, whereas the parameter 6 is a physical
parameter such as the rapidity of a particle in a scattering process. An immediate property of
the YBE is that the charges Q, commute:

[Qr(9)>Qs(9)]=O> (1.4)

which is the cornerstone of integrability.

A particularly interesting class of R-matrices are the so-called regular solutions which are
those R-matrices R(u, v) which satisfy the regularity condition R,,(u,u) = P;, where P;, de-
notes the permutation operator on the two copies of C". The significance of such solutions
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is that for the corresponding integrable system, momentum is a conserved charge, or more
precisely the tower of conserved charges commutes with the operator of cyclic permutations
which is a prevalent feature of many integrable models such as the Hubbard model. In this
case the conserved charges Q,(6) are a sum of densities of range r, meaning each density acts
on r-adjacent spin chain sites. For example, the Hamiltonian Q,(6) can be written as a sum
of nearest-neighbour (range 2) densities #; j,1(0) as

L
QZ(G):ZH]',]'+1(9) (1.5)

j=1

and periodic boundary conditions are imposed, that is H; ;,1(0) = H 1(60). This density is
itself related to the R-matrix in a very simple way:

H12(0) = P120,R12(w, 0)ly—p - (1.6)

Hence, the moment one knows the R-matrix one knows the Hamiltonian and the dynamics of
the system.

Throughout the history of quantum integrable systems numerous different approaches
have been developed for finding solutions of the Yang-Baxter equation. In the early days a very
fruitful approach has been through requiring the solutions to have certain symmetries [12-14].
For example, if we wish for the Hamiltonian @, to commute with the generators a of some
Lie algebra g then one should impose that [R(u,v),a® 1+ 1 ® a] = 0. More generally given
some bialgebra A we require that A°P(a)R(u,v) = R(u, v)A(a) where A and A°P denote the
coproduct and opposite coproduct related by conjugation on A, respectively. In many cases
this is enough to completely fix R up to a small number of functions, drastically simplifying
the construction, as was demonstrated in the case of AdS/CFT integrable systems [15-22], see
also [23] for recent developments using this approach. Of course, this approach first requires
one to know what the corresponding symmetry is and there are R-matrices which may have
no such symmetry at all. Still within the realm of algebra, a more abstract approach is that
of Baxterisation which initially appeared in the realm of knot theory [24-27] and consists of
constructing solutions of the YBE as representations of certain algebras, for example Hecke
algebras and Temperly-Lieb algebras. Numerous different R-matrices have been obtained in
this way [28-34] and further advancements have also been achieved recently [35-37].

A more hands-on approach is to simply try and solve the Yang-Baxter equation directly. The
upside to this is that in principle one can obtain all solutions in this way, but this is contrasted
with the enormous difficulty of solving cubic functional equations. This approach is usually
supplemented with differentiating' the YBE and reducing the cubic functional equations to
a system of coupled partial differential equations. This approach has recently been used to
provide a full classification of R-matrix of size 4 x 4 so-called 8-and-lower-vertex models [38]
obeying the difference property R(u,v) = R(u — v) and to obtain certain 9 x 9 models [39]
whose R-matrix satisfies the so-called ice rule but it quickly becomes unwieldy as the size of
the R-matrix increases.

In this paper we follow a bottom-up approach which we have developed in a series of recent
papers [1,40,41] and further develop here. In our approach, instead of starting with the R-
matrix and using it to find the Hamiltonian and the corresponding dynamics, we start with the
Hamiltonian and use it to obtain the R-matrix. The mechanism for carrying out this procedure
hinges on the so-called boost automorphism [42-44] which is an alternative, yet equivalent,

! Assuming differentiability of the R-matrix in a neighbourhood of some point is actually not a loss of generality,
since this must be the case in order to obtain the conserved charges from the transfer matrix in a power series
expansion. Of course there can be R-matrices which are not differentiable but to our knowledge these do not have
a physical interpretation.
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way to generate the tower of conserved charges for regular integrable models without the need
to construct the transfer matrix and expand it. The boost automorphism B[Q,], or simply the
boost operator, is defined by

BlQ1:=85+ . nHy,(6). (1.7)

n=—oo

The infinite sum should be interpreted in a formal sense but what we are interested is not the
boost operator itself but rather its commutator with the tower of conserved charges which is
perfectly well-defined even for finite chains. In fact, it can be shown that, see Appendix A

Qr+1 = [B[QZL Qr]ﬁ r>1 (1-8)

Hence, by knowing just the Hamiltonian density #,,(6) we can construct the full tower of
commuting conserved charges directly and our approach is based on exploiting this obser-
vation. Namely, instead of starting with a solution of the YBE we will start with a generic
operator on C" ® C" which we identify as a Hamiltonian density 7;,(0) and construct the
corresponding global charge Q,(0). We will then use the boost operator to construct Q5(6)
by the relation (1.8). A priori there is no reason for the two constructed operators Q, and
Q5 to commute with each other, but if we impose this it will place a number of constraints
on the entries of the density 7{;, in the form of a system of ODEs. We then solve the set of
constraints and show that the resulting Hamiltonian defines an integrable system, meaning it
can be obtained from a solution of the YBE. In order to do this we use the so-called Sutherland
equations which are obtained from the YBE and read

[R13R23, H12(u)] = R13R93 —R13Ra3, (1.9)

[R13R12, Ha3(v)] = Ry3R}, —R{3R12, (1.10)

where in each of the above Sutherland equations R;; := R;;(u,v) and R and R’ denote the
derivatives of R with respect to the first and second variable respectively. The Sutherland
equations constitute two sets of ODEs for the entries of the R-matrix and the boundary condi-
tions are fixed by the requirement of regularity R(u,u) = P and the fact that the Hamiltonian
density can be obtained from the R-matrix by the expansion

u+v

Ryp(u,v) = Py (1 + (u—v)?-tlz( ) + 0((u—v)2)). 1.11)
Hence, in effect, solving the condition [Q,(6),Q3(0)] = 0 singles initial conditions for the
Sutherland equations which have a chance to be consistent with the existence of an R-matrix.
What is remarkable is that all initial conditions obtained in this way lead to an R-matrix, at
least for the cases discussed in this paper and in [1,40,41].

Let us remark that our approach is actually not the first which uses the Hamiltonian as a
starting point for constructing integrable systems and R-matrices. In a series of papers [45-47]
the authors present a method for determining if a given nearest-neighbour Hamiltonian sys-
tem is solvable by the coordinate Bethe ansatz [48,49] and also produce R-matrices for some
of these systems. There is also the earlier work [50] where an iterative procedure for recon-
structing the R-matrix from the Hamiltonian was developed for models where the R-matrix
satisfies the difference property R(u,v) = R(u—v), as well as the work [51,52]. In the case of
1+ 1-dimensional integrable field theories such R-matrices correspond to S-matrices which are
Poincaré invariant and include integrable systems such as the XYZ spin chain and its deriva-
tives and Zamolodchikov’s O(N) sigma model. When one restricts to this case, our procedure

4
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described above for constructing R-matrices from Hamiltonians simplifies enormously. In par-
ticular the conserved charges Q,(6) become independent of 6 and so the set of ODEs arising
from the condition [Q,(0),Q3(6)] = 0 reduces to a set of coupled cubic polynomial equa-
tions. This simplification was exploited in the papers [1,40] in order to find a plethora of
new integrable systems with a range of interesting physical properties. In this paper, in order
to demonstrate the full power of our approach we will not impose the difference property
and consider the most general R-matrices. One of the main results of this paper is that the
single consistency condition [Q4(0),Q3(6)] = 0 on the Hamiltonian is enough in order to
completely determine the R-matrix even in the absence of the difference property, which goes
back to a conjecture of [53]. The analysis of the most general possible R-matrices using the
boost approach was initiated in [41] and here we continue that analysis. For the higher-rank
case however, that is beyond 4 x 4 R-matrices, we will impose that our R-matrices have cer-
tain symmetries in order to render the calculations tractable. For 9 x 9 R-matrices we will
impose that our R-matrices commute with the Cartan subalgebra of su(3) and for 16 x 16 R-
matrices we will impose su(2) @ su(2) symmetry which appears in various interesting models
such as the su(4) Heisenberg XXX spin chain [13], the Hubbard model [54] and the AdS/CFT
S-matrix [15] and the related Shastry R-matrix [55]. Furthermore, for 16 x 16 models we
determine all possible integrable models which preserve fermion number and a Hamiltonian
based on a generalisation of the usual Hubbard model. Let us point out that such restrictions
are not strictly necessary to implement our approach, but due to the fact that our method
produces huge numbers of integrable systems, many of which are trivially related as will be
explained in the main text, providing a full classification of all possible 9 x 9 and 16 x 16 R-
matrices is highly difficult and so we limit ourselves to a subset of models which are physically
interesting.

This paper is organised as follows. In Section (2) we review the procedure developed
in [1,40,41] and outlined here in the introduction and explain in detail how to go from a
generic Hamiltonian to an integrable Hamiltonian and subsequently find a solution of the Yang-
Baxter equation. In Section (3) we will apply our procedure to models with two-dimensional
local Hilbert space which produces R-matrices of size 4 x 4 which were initially presented in
our letter [41]. In Sections (4) and (5) we discuss models with three- and four-dimensional
local Hilbert spaces with certain symmetries imposed, namely 1(1) ® u(1) ® u(1) € su(3) and
su(2)®su(2) respectively as well as the generalised Hubbard models mentioned earlier. Finally,
we discuss some further directions for research. In Appendix A we review the construction of
the charges Q,(6) using the boost operator.

We have attached a Mathematica notebook to the arxiv submission of this paper which
contains all of the R-matrices obtained in this paper as well as those in [1,40,41] together with
the corresponding Hamiltonians and commands to check various properties. In Appendix B
we provide some details on this notebook.

2 Set-up and method

In this section we will give more details on our method and discuss an explicit example to
illustrate the procedure that we follow.

2.1 Method

As described in the introduction our starting point is a nearest-neighbour Hamiltonian density
H15(0) on C" ® C". Using the density we construct the full Hamiltonian H(8) = Q,(6) on a
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spin chain of length 4
4
QZ(G):ZHj,j+1(9) 2.1)
j=1
and we identify sites 4+ j :=j, j =1,...,4. The reason for our restriction to length 4 will be

explained below. From now on, for shortness, we will sometimes omit the 8 dependence on
the density Hamiltonian.
Using the boost operator (1.7) we construct Q3(6), which in this case is given explicitly by

4
Q3(0) == > [H;111(0), Hjpn j2(0)] + 39Q5(0). 2.2)
j=1

As was described in the introduction Q3(6) can be written as a sum of range 3 densities
Qj jr1,j+2(0):

4
Q3(0) = Z Qj j+1,j+2(6). (2.3)
j=1
Next, we impose the condition [Q,(0),Q5(8)] = 0 which is a necessary condition for the
model to be integrable and solve the resulting set of ODEs for the entries of H;,. Then we
plug the obtained density #,(6) into the Sutherland equations described in the introduction

[R13R23, H12(u)] = Ry3R93 —Ry3R,3, (2.4)

[R13R12, H23(v)] = R13R], —R}3R12, (2.5)

solve the resulting set of differential equations for R(u,v) and fix this uniquely by using the
boundary conditions
Rw,u) =P, R(u,v)|,_, = PH(u). (2.6)

Finally, we check that the Yang-Baxter equation is indeed satisfied. This procedure can be
conveniently outlined in the diagram of Figure 1.

At this point we would also like to highlight that in case the R-matrix is of difference form
(that is satisfy the difference form property), the Hamiltonian will not depend on the spectral
parameter and hence all derivative terms drop out. This means that the integrability condition
simply reduces to a set of polynomial equations and that the Sutherland reduces to ordinary
(non-linear) differential equations since R effectively only depends on one variable.

Finally a small comment is due on why we restrict to spin chains of length 4. Since Q, is a
sum of range 2 densities and Q5 is a sum of range 3 densities the non-vanishing terms in their
commutator [Q,, Q3] is a sum of densities of range 24+3—1 = 4. Hence, if we restrict to a spin
chain of length 3 say, then these non-zero commutators will effectively wrap around the spin
chain producing cancellations which do not happen in general. Hence for our construction we
must consider spin chains of at least length 4 in order to avoid this happening. Alternatively,
we can also derive the same system of equations by simply looking at the densities. In case one
needs to consider the commutation relations between higher conserved charges, the length of
the spin chain needs to be adjusted accordingly - if one wants to consider the commutator
[Qn, Q,,,] then a spin chain of length L = n+ m — 1 should be considered.

2.2 Identifications

As we explained in [1, 40, 41], our approach of solving the YBE by imposing the condition
[Q,, Q@3] = 0 leads to quite a large redundancy in solutions. Specifically, for a given integrable
Hamiltonian density (or R-matrix) there are various transformations one can do which preserve

6
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General H

Impose [Q,,Q3] =0

Possible in-
tegrable H

i3

Solve Sutherland

Possible
Rs that
solve YBE

Gl

Check YBE

All regular

solutions
of YBE

Figure 1: Flowchart of determining regular solutions of the Yang-Baxter equation.

this condition and preserve regularity. Hence in what follows we will only concern ourselves
with a single representative of equivalence classes of Hamiltonians and R-matrices. We now
describe the transformations which lead to equivalent solutions.

Local basis transformation If R(u,v) is a solution of the Yang-Baxter equation and V an
invertible matrix depending on one spectral parameter and with the same size of the R-matrix,
then we can generate another solution by defining

RV, ) =[Vw e v R [ vw e ven] . (2.7)

This new solution is trivially compatible with regularity and just corresponds to a change of
basis on each site. On the level of the Hamiltonian it gives rise to a new integrable Hamiltonian
which takes the form

H =[vevIH[Vev] —[Vvlel-1eVv '], 2.8)

where everything is evaluated at 6 and I is the identity matrix. In particular, we see that
terms of the form A® I — I ® A in the Hamiltonian can be removed by performing the basis
transformation (2.8) with the matrix V (u) satisfying V = AV which can be solved by means of
a path-ordered exponential.

Reparameterization If R(u,v) is a solution, then R(g(u), g(v)) clearly is a solution of the
YBE as well. This transformation affects the normalization of the Hamiltonian since by the
chain rule the logarithmic derivative of R will give an extra factor g, so that

H(u) — gH(g(w)). (2.9)
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Notice furthermore that this will similarly affect the derivative term in the boost operator. We
are also free to reparameterize any other functions and constants in both the R-matrix and
Hamiltonian. For instance the R-matrices from [56,57] can be obtained by using a reparame-
terization of the usual XXX R-matrix.

Normalization We can normalize the R-matrix in any way we want since multiplying any
solution R of the YBE by an arbitrary function g is clearly allowed. On the level of the Hamil-
tonian this corresponds to a simple shift of the Hamiltonian

HoH+3], (2.10)

where I is the identity matrix. We have imposed g(68,6) =1 in order to preserve R(8,60) = P.

Discrete transformations It is straightforward to see that for any solution R(u,v) of the
Yang-Baxter equation, PR(u, v)B,RT (u,v) and PR (u,v)P are solutions as well.

All the above transformations are universal and hold for any integrable model. Moreover,
they have a trivial effect on the spectrum, which means that they basically describe the same
physical model. Additionally, there are some transformations called twists that we can use for
identifications that are model dependent. Twists generically change the spectrum and more
generally the physical properties of the integrable model in a non-trivial way. However, on the
level of the R-matrix a twist is a simple transformation.

Twists If U(u) is an invertible n x n matrix which satisfies [U(u) ® U(v),R;5(u,v)] = 0 then
it can be shown that
U (W)R12(u, U3 (v) ™! (2.11)

is a solution of the YBE provided R is. Note that much more general transformations which
preserve the YBE can be obtained by combining (2.11) together with other transformations.
For example, if both U and V are constant invertible matrices satisfying
[UQU,R;5,]=0=[V ®V,Ry5] =0 then the following is also a solution

U VoR1pU, TV, (2.12)

which can be obtained by applying (2.11) together with a similarity transformation and ap-
plying (2.11) again. We will refer to any transformation obtained by combining (2.11) with
the other transformations mentioned above as a twist.

Under the transformation (2.11) the Hamiltonian density H;, transforms as

Hip > UyHp U+ U, U (2.13)

and the analogue of the condition [U(u) ® U(v),R15(u,v)] = 0 for the Hamiltonian density
can be easily worked out to be

[U1U2,%12]:U1U2—U1U2. (2.14)

Alternatively this relation may be derived by plugging the twisted R-matrix (2.11) and Hamil-
tonian (2.13) into the Sutherland equations (1.9) and sending v — u, which is not surprising
given the striking similarity between (2.14) and the Sutherland equations.

Finally, there can be other, model dependent, twists such as Drinfeld twists [58,59]. More-
over, the condition [U(u) ® U(v),R;5(u,v)] = 0 can also be extended to, for instance, depend
on two twists U,V or the spectral dependence of the twist can be modified. We will usually
only use standard twists (2.11) unless stated otherwise.

8
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2.3 Example

As a demonstration of our method let us work out an example in full detail. From here on we
will use the following notation:

* h;(u) are matrix elements of H(u)

hy(w) = 9,h;(w)

Hi(w) = [y hy and Hy(u,v) = [['hy = Hi(w) —H(v)
* r;(u,v) are matrix elements of R(u, v)
o 7w, v) = g,r;(u,v) and r{(u,v) = o,r;(u,v).

Hamiltonian Let us classify all regular solutions of the YBE whose Hamiltonian densities
have the following form

0 0
hi(0) h3(0)
hy(6) hy(6)

0 0

H12(0) = (2.15)

o O OO
o O O O

From the boost operator construction we find that the corresponding charge QQ; has density

(0 0 0 0 0 0 0 0\
0 0  —hhy 0 —h3 0 0 0
0 hyhy hy 0 hy — hyhy 0 0 0
o o 0 hy 0 hs+hihs hZ 0
Q@) =1 h;  hy+hohy 0O h, 0 0 0 (2.16)
0 0 0 hy—hihy 0 h, hyhs 0
0 0 0 —h3 0 —hhy 0 O
\0 0 0 0 0 0 0 o)

and is quadratic in the components h;(0) of the Hamiltonian density . We have suppressed
the 6 dependence.
The next step is to impose [Q,(0), Q3(6)] = 0 which gives the equations

hg(hl + hz) = (hl + hz)hg, il4(h1 + hz) = (h]_ + hz)h4. (2.17)
These are solved by

C C
h3 - Eg(h]_ + hz), h4 - f(hl + hz), (2.18)

for some constants c3 4. Thus we find that if #,, is to be obtained from an R-matrix it must
have the form

0 0 0 0

o m o Zthy 0
HO=10 9ty R, 0 (2.19)

0 0 0 0
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R-matrix We make an ansatz for our R-matrix of the following form

R 0 0 0
_ 0 ro TIg 0

R= 0 ry rs O (2.20)
0 0 0 rg

We will first solve the Sutherland equations using brute force before using identifications to
greatly simplify the process. The Sutherland equations (1.9) give the following independent
set of PDEs

I I r T T I T
C3I'gl'g = C4I'1 1’5, _2:_3+h1 +h3_6, _4:_3+h1—h2, _1:_6, (2.21)
ry r3 I's r4 r3 rq 7‘6
I I I r r Car T4l T r
_2=_5’ _3=_1_|_h2+h3_2’ _3[&__6__2:|=1. (2.22)
ry I's rs rq rq 2 rirs I's rq
From this we see that
re =Arq, s = Bry = Acs = Bey. (2.23)

Since we need to impose regularity R(u,u) = P, we find that A= 1 and B = c3/c4. Next, we
derive that

u
ry = ryetn@y)—Ha(wy) with Hi(u,v) = f h;. (2.24)
v
We are then left with three unsolved PDEs
I I r r r r CorTal r r
2= 4p 4k, Z2=apin2, 2[E2-L-2]210 @29)
rz r3 rs r3 r]_ rl 2 r]_ r5 r5 rl

In order to solve these we redefine
. N
= rs(ﬁ - —), Iy = I'sTy, r3— T3 (2.26)
Cq
so that the last equation becomes

2 H—H, __ 222 222
cje =T + Ty, (2.27)

where H; = H;(u) — H;(v) and we have put w? = c3cq4 — 1. This equation can now be most
conveniently solved by substituting cylindrical coordinates, so that we find

Hy—Hp Hy—Hp C4

fp=e 2 coso, fg=e 2z —sing, (2.28)
w
for some function ¢ to be determined by the remaining two differential equations. Notice that
this is an overdetermined system. Plugging (2.28) then back into the remaining Sutherland
equations gives the following

¢ _hith

2.2
° 5 (2.29)

which is easily solved upon using the boundary condition that ¢ (u,u) = 0.

Setting Hy(u,v) = w and combining everything we are left with the following

R-matrix
coswH, — % 0 0
in wH -
0 T 0
R=ell+ e sinwH, (2.30)
0 e C3—0 0
sinwH
0 0 0 coswH, ———

10
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after choosing the overall normalisation r5 to correctly reproduce the Hamiltonian. Owing
to the dependence on both H, and H_, this R-matrix is manifestly of non-difference form.
It is straightforward to check that R indeed satisfies the Yang-Baxter equation and that its
logarithmic derivative gives the density Hamiltonian (2.19).

Using identifications The above method of finding the R-matrix can be greatly simplified if
we use some identifications that relate various solutions of the Yang-Baxter equation that we
discussed in the previous section.

We start from (2.19) and use a local basis transformation to set h; = h,. This is achieved
using the matrix V(0) with

V(6) = exp (%H_(e)oz), HL(6) = 5 (Hy(6)  Hy(6)) 2.31)

together with the transformation law (2.8).
Next, we use reparameterization symmetry to set h; = h, = 1. Thus, it follows that all the
entries of the Hamiltonian are constant and the resulting Hamiltonian density has the form

00 00
o 1 ¢ o0

HO=lo . T o (2.32)
00 00

Moreover, we can use a twist and set c3 = ¢4 = c. Indeed, it is trivial to check that the twist
condition (2.14) is satisfied for any constant invertible diagonal matrix U and the matrix

U =diag (/s 1/C3), (2.33)
can be used to bring the Hamiltonian density to the form
0

H(O) = , (2.34)

o O O

S 6o = O
oOr a O
oS O O O

after applying H, — U1H12U1_1.

The Sutherland equations are now also easily solved since all the coefficients of the Hamil-
tonian are simply constants. As a consequence, the R-matrix is of difference form and is given
by the usual XXZ solution. Putting w? = c¢?— 1 we find

Cos wu — Sm% 0 0
O C sin wu 1 0
R=o¢" o 1w CSinwwu 0 | (2.35)
Sin wu
0 0 0 COS WU — ==

In order to see that this solution is equivalent to the solution (2.30), let us undo the identi-
fications that we performed to make the Hamiltonian constant. First we undo the twist and
apply Ry — Uy 1R,,U; to (2.35) and put ¢ = ,/c5,/¢; so that we arrive at the R-matrix for the
Hamiltonian (2.32). Next we reparameterize

u— H, (u) (2.36)

and finally we apply the inverse of the local basis transformation (2.31), immediately obtaining
(2.30).
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Difference vs. Non-difference After using all the identifications, we see that (2.30) is actu-
ally just an R-matrix of difference form in disguise. The non-difference nature of the rapidity
dependence of the R-matrix only resides in local basis transformations, a rescaling and a repa-
rameterization. These can obviously be applied to any solution of difference form to generate
a non-difference form solution. In the remainder of this work we will also encounter mod-
els which are genuinely of non-difference form, but it is easy to see already at the level of
the Hamiltonian if this is the case. More precisely, after solving the integrability condition
[Q5(6),Q3(6)] = 0 our Hamiltonian will depend on a number of free functions. One will
usually correspond to a shift, one can be absorbed in a reparameterization of the spectral pa-
rameter and then remains a number that can be absorbed by local basis transformations and
potentially twists. The exact number of the latter will depend on the set-up. Thus in case of
(2.19), we count 2 free functions hq, h, and we could have already at that point concluded
that the underlying model was actually of difference form.

3 Two-dimensional local Hilbert space

We will now apply our approach to the classification of various different integrable systems.
The first case we will consider will be the case where the local Hilbert space has dimension two
and, consequently, the R-matrix is of size 4 x 4. In [41] we classified all solutions of the Yang-
Baxter equation of 8-and-lower-vertex type and we review this case now for completeness.
Further details can be found in [41].

3.1 8-and-lower-vertex models

8-and-lower-vertex type models are solutions of the form

rn 0 0 rg
R=lo o) a1
r 0 0 1y
and, consequently, the corresponding Hamiltonian densities are of the form
H=h; 1+hy(o,®1—-1®0,)+h;0,®0_+h,0_®0, 3.2)

+hs(0,®1+1®0,)+hgo,®0,+h,0_®0_+hgo,®0,.

We will briefly recap the solutions of the Yang-Baxter equation of this type that we found. After
identifying solutions, we found only four different types of integrable 4 x 4 Hamiltonians that
solve the integrability condition [Q,(6),Q5(0)] = 0:

* 6-vertex A, hg #0 and h, =hg =0

* 6-vertex B, hg =h; =hg=0

* 8-vertex A, hg # 0,h; #0,hg #0

* 8-vertex B, hg = 0 and h, # 0,hg # 0.

Let us discuss the models in more detail.
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6-vertex A Setting h; = hg = 0 and assuming hg # 0 we find that [Q,(6),Q3(6)] = 0 is
satisfied if and only if

h3 = C3h6e4H5, h4 = C4h66_4H5, (33)

where c3 4 are constants. The Hamiltonian is actually equivalent to that of the XXZ spin chain.
Indeed, by applying a local basis transformation, twist, reparameterization and normalization
we can bring the Hamiltonian density to the form

0 0 0O
01 c¢c O

H= 0c 10| (3.4
0 0 0O

which is precisely the Hamiltonian density (2.34), and so its R-matrix is given by (2.35). No-
tice that this solution also contains the most general diagonal Hamiltonian since only the
off-diagonal elements h 4 are restricted by the integrability condition.

6-vertex B If we take hg = h; = hg = 0 then it makes the Hamiltonian satisfy [Q,, Q3] =0
for any choice of hy, ..., hs. So, the Hamiltonian depends on five free functions. Three of these
functions can be absorbed in identifications. In particular, a local basis transformation (h,),
a normalization (h;) and a reparameterization of the spectral parameter (h;). Moreover, it is
convenient to redefine hs — %h4h5.

We normalize the R-matrix such that r5 = 1 and then it follows from the Sutherland equa-
tions (1.9) that

ro=rg=0, rg=1, Try="hy(r;—hsry), i4=—h4(rs+hsry), rirg+rors=1, (3.5

while r, satisfies the second order version of the Riccati equation

h .

.714__4f'4+h4r4[h3+h5_h4h§] =0. (3.6)
hy
We now introduce a reparameterization of the spectral parameter
u; h
5

wsx = | — 3.7
(= X f T (3.7)

which kills the non-derivative term in the Riccati equation and removes the explicit depen-
dence on hs. It is then straightforward to solve our system of differential equations to find

ro(x,y) =Hy(x,y), (3.8)
r1(x,¥) =1+ hs(x)H4(x, y), (3.9)
r3(x,y) =hs(x)hs(y)H4(x, y) —hs(x) + hs(y), (3.10)
ra(x,y) =1—hs(y)H4(x, ), (3.11)

. X
where again H;(x,y) = fy h;.
It is instructive to write the R-matrix as

hs(x) 0 0 0 10 0 0

0 1 0 0 0 0 1 0
REHGD| 0 0 mtois) 0 |F|o 1 h(n—hstx) 0] G2

0 o0 0 —he(y) 00 0 1

We see that hs gives rise to the non-difference nature of this solution. In particular, when hg
is constant the R-matrix reduces to an R-matrix of XXZ type. It is easy to show that it satisfies
the Yang-Baxter equation and the correct boundary conditions. This model can be mapped by
a twist into the solution A of the pure colored Yang-Baxter equation considered in [60].
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8-vertex A In the case hg # 0, the integrability constraint gives that

h, = hy = c3hs, hs =0, h, = c;hge2, hg = cghge 2, (3.13)
where ¢; are constants. The resulting Hamiltonian is that of the XYZ spin chain [13,38] under
our identifications.

8-vertex B In the case when hg = 0, we find the following differential equations

h ha +h h,—h
3 4+43 4

7

— = 4h, + hs, 3.14
h, 2 hy+h,  hy+hy (3.19)
hg hy+h,  hy—hy

— =_4h, + +4 , 3.15
hg > ha+h,  hy+hy ° (3.15)
h h2—h2 hy+h,  hs—h

s 3 T, 3TN 3T My (3.16)
hg 4hs hs+h;  hy3+hy

We use a local basis transformation to set h, = 0 and then these equations are solved by

h5 :—%(h3+h4)tanh(H3_H4+C5), (317)
hs + by

h, = 3.18

7 C7cosh(H3—H4+c5)’ 318
hs +hy

h8 =C (319)

8 COSh(H3 _H4 + C5) '

By using a local basis transformation we can set cg = ¢, and after applying further identifica-
tions the remaining functions can be brought to the following form

hy = 5 ese(n(2— (), (320

e = 5 esen()2-+ (), (3.21)

where 7 is some free function. This further results in h; = hg = 2c; := k, which all together
imply that r; = rg = 1 and r, = rg for the R-matrix. The remaining functions are easily
determined from the Sutherland equations and we find

sn(u—v, k*)en(u—v, k?)

,v)=k , 3.22
ra(u,v) dn(u—v, k2) ( )
where sn, cn, dn are the usual Jacobi elliptic functions with modulus k? and
! i sin a cos sn_ (3.23)
ri= inm,— —cosn s .
! Vsinn(u)+/sinn(v)L Tdn i
! i cosn_sn+sin cn | (3.24)
ro = - N-——,1_ .
2 V/sinm(u)4/sinn(v)L dn |
rg = ! -cosn sn—sin7 E- (3.25)
’ V/sinn(u)4/sinn(v)L - “dn/ :
1 cn i
rg= sinn,— +cosn,sn |, (3.26)
! V/sinn(u)4/sinn(v)L Tdn i

where 1. and all the Jacobi elliptic functions depend on the difference u —v, i.e.
sn = sn(u— v, k?). This solution indeed satisfies the Yang-Baxter equation and has the correct

_ ()
2
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boundary conditions. Moreover, it is easy to see that in the case where 1) is constant, it becomes
of difference form and reduces to the well-known solution found in [38,61,62]. Furthermore,
in the limit k — oo the R-matrix reduces to that of the AdS, integrable system [20, 41].
We would also like to remark that in [41] we presented the Hamiltonian with a different
parameterisation than used here as well as two solutions of the differential equations and
hence the R-matrix - the two solutions are actually related by a twist thanks to the symmetry
[R12: 0, ® Uz] =0.

Off-diagonal model As can be seen from (3.14)-(3.16), the cases where h; = 0 and
h; = —h,4 need special attention due to possible singularities. In particular it is easy to see that
by setting hs = 0 it follows that the Hamiltonian is constant unless h; = —h,. And, indeed, in
our final expression the limit h; = 0 corresponds to setting n(x) = /2.

However, the case h; = —h, warrants special attention. In this case, the entries of the
Hamiltonian are
h]_ = hz = h5 = h6 = 0, h7 =Cg hs, h3 = —h4. (3.27)

We see that the Hamiltonian for this model only has off-diagonal entries. It can be shown
that it is possible to recover this model, starting from the Hamiltonian of 8-vertex B. Since the
procedure is highly non-trivial, we explain the steps of this identification.

In order to recover (3.27) we followed the following steps:

1. To the Hamiltonian density Hgy 5 with entries (3.17)-(3.19), we apply the off-diagonal

constant twist
0 a
U= ( b O) (3.28)

to obtain Hgys — Uy Hgyg Uy !, In order to make Hgy 5 verify the integrability condition
[Q,, Q3] = 0, we fixed one entry of the twist a — s, ,/Cgb, with s; = £1,+i and we had
to impose a constraint on the entries of the Hamiltonian
, agsinhas
hs+h, = ay, hs—hy = — (3.29)
v cosh“as;+1

with a5 some 6-dependent function. Notice that this twist is non-standard as is does not
satisfy (2.14).

2. We apply a diagonal local basis transformation V(8). In particular by using (2.8), we first
fix VV! to eliminate the elements in the (2,2) and (3,3) positions of the Hamiltonian.
Then by solving the differential equations, we fixed the matrix V(6).

3. We get an off-diagonal Hamiltonian density and we checked that the sum of the elements
at position 2,3 and 3,2 is zero if s; (defined in step 1) is i. Moreover the ratio between
elements in 1,4 and 4,1 is constant.

In this way we have recovered model (3.27) from Hgyp. Since the twist that we used is non-
standard, it is unclear how to easily lift it to the level of the R-matrix. Nevertheless, it is easy
to solve the Sutherland equations for this model directly and we obtain

cosh Hs(u,v) 0 0 sinH,(u,v)
_ 0 —sinhH;(u,v) cosH,(u,v) 0
Roft.diag = 0 cosH,(u,v)  sinhH;(u,v) 0 (3.30)
sinH,(u,v) 0 0 cosh H;(u, v)

We see that it is of quasi-difference form, meaning all of the dependence on the spectral pa-
rameters is of the form H;(u) — H3(v) and H,(u) — H,(v).
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3.2 Hermitian solutions

We postpone the classification of all regular 4 x 4 solutions of the Yang-Baxter equation to
future work due to the complexity of the equations and their solutions. However, there is one
interesting physical subcase which we can fully classify. We can classify 4 x 4 solutions that
give a Hermitian spin chain Hamiltonian. Hence, let’s assume we have a Hamiltonian density
of the form

H=h") +in®, (3.31)

where h() and h) are the real and imaginary parts of the entries of the Hamiltonian. All the
functions are now real-valued and imposing hermiticity leaves us with 16 independent real
functions. Hence in solving the integrability condition we can set both real and imaginary
parts to 0. Moreover, we can discard all solutions that have complex numbers in them. This
greatly simplifies our computation and, remarkably, we find that all the solutions of this type
can be brought into 8 vertex form under our identifications. Note that this does not mean that
the corresponding 8 vertex models are Hermitian. There are non-Hermitian 8 vertex models
which, after a non-diagonal basis transformations, become Hermitian but are then no longer
of 8 vertex type.

4 Three-dimensional local Hilbert space

Next we apply our method to R-matrices of size 9 x 9 corresponding to local Hilbert spaces of
dimension 3. In the literature there are many examples of such models including [14,39, 45—
47,50-52,63-66].

We consider models whose R-matrix and Hamiltonian density commute with the Cartan
subalgebra of su(3) which are usually referred to as 15-vertex models. These models are a
special case of models satisfying the so-called ice rule [50] which states that for an R-matrix
with components Rﬁ g in the standard basis we have the constraint

Rﬁg:O unless u+a=v+p. (4.1)

We complete the classification of fifteen-vertex models developed in [39,64]. As a result of
the Cartan symmetry we consider a Hamiltonian density of the form

by 0 0 0 0 0 0 0 0)
0 hyy, O hyy O O O O O
0 O hyy O O O hy O O
0 hy O hy O O O O O
H=|0 0 0 0 hgs O O O 0|, (4.2)

0 0 O O O hg O hg O
0 0 hjy O O O hy O O
0 0 O O O hg O hgg O

\o o 0 0 0 0 0 0 hoo )
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where H :=H(60) and h;; := h;;(0). The corresponding R-matrix is of the form

(]n 00 0 0 0 0 0 O \
0 rp 0 15y O 0 O O O
0 0 r33 0 0 0 ry; O O
0 rp O 1y O 0 O O O

R=|0 0 0 0 ris O 0O O O |, (4.3)

0 0 0 0 0 re¢ O rgg O
0 0 r5 0O 0 0 rp; O O
0 0 0 0 0 rgg O rgg O

\o 0 0 0 0 0 0 0 Foo )

where R := R(u,v) and r;; := r;;(u, v).

Applying the procedure described in the previous sections we obtain ten independent mod-
els of non-difference form. We had four models for which all h; jin (4.2) and all r; j in (4.3)
were nonzero. However, after applying the identifications presented in section 2.2 we learned
that these models were actually difference form models disguised by twists, local basis trans-
formations and reparameterizations and corresponded exactly to the models obtained in [39]
and [64]%.

The six remaining models are fundamentally of non-difference form, i.e. they cannot be
brought to difference form by applying the transformations described in section 2.2, and to our
knowledge are new models. An interesting fact is that for the non-difference form 9 x 9 cases
with Cartan symmetry su(3), none of the Hamiltonians are Hermitian. This is in contrast with
the 4 x 4 case where one can construct models which commute with the Cartan subalgebra of
su(2) and are still of non-difference form and Hermitian, for example the model (3.1) under
a special choice of its free functions.

A curious fact, is that all the cases that are fundamentally of non-difference form for the
fifteen vertex models, were the ones coming from singular cases, i.e. cases where we started
with some extra zeros in the Hamiltonian (4.2) from the beginning of the procedure.

Below we present the new models of non-difference form. They are divided in two classes
depending on whether p(u, v) in equation (4.7) is equal to the permutation operator P (Class
2) or not (Class 1).

4.1 Hamiltonian densities

The nonzero matrix elements of the Hamiltonian density (4.2) for each of the six new models
are presented in the tables below.

4.1.1 Class 1

The matrix elements of the density Hamiltonian for models in Class 1 are given in Table 1

4.1.2 Class 2

The matrix elements for the class 2 Hamiltonian densities are given in Table 2
where

1(0) = —% arctanh (¢2(9j(9)) (4.4

and
j(0)2 =4O 1 p (4.5)

2In our approach the solutions obtained in [64] are of difference form, in the sense that be mapped to difference
form by a twist.
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Table 1: Nonzero elements of the Hamiltonian density for models 1-4. Also, a, b and
c are constants.

Model || hys | hys | hge | hss | hee | hoo
1 be 9 |ae’ | ¢ 1 1 1
2 be 9 |ae’ | ¢ 1 1 0
3 beflae®| c | 0|11
4 bef%lae| ¢c | 0|10

Table 2: Nonzero elements of the Hamiltonian densities for models 5-6. Also, a is a

constant.
MOdel h42 h73 h55 h99
5 || —3(g;—gp)e ) 0 2(g1—82) | 2(2g1 + g2)
6 —2(g£1)eX*) | —2q(g+1)e2*D | 2(g+1) 2(g 1)

and [ = %99). Also g4, g5, and g are free functions of 0; a and b are constants and
6 . . 0
Gi(0)= [ gi(¢)d¢,i=1,2while G(6) = [~ g(¢)d.

4.2 R-matrices

By exploiting identifications we found that we could bring all of the corresponding R-matrices
to a form closely resembling the XXX spin chain which we remind the reader is of the form

R(u)=ul +P, (4.6)

where I denotes the identity operator and P is the permutation operator. We found that we
can always write the R-matrices for this section in the form

R(u,v) = f(u,v)d(u,v) +p(u,v), 4.7)

where f (u,v) is some function, d(u, v) is a diagonal 9 x 9 matrix and p(u, v) is a matrix with
the same entries being non-zero as the usual permutation operator in the standard basis. In
fact for models 5 and 6 this operator is exactly the permutation operator.

4.2.1 Class1

The models in Class 1 have in common the fact that they all possess the same p; given by

p=P—(1—¢"")Eg and f = Zsinh(?) , (4.8)

where Eg¢ is a matrix with 1 in position (8,6) and 0 everywhere else.
All of the diagonal matrices for these models can be written in the following form

u+v)

utv ¢ u—v u—v u—v
d= ae% E33 +be Tz E44 +Ae 2 E55 +ce 2 E66 +Be'2 Egg, (49)

where Ej; denotes the matrix with 1 in position (k, k) and O everywhere else.
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Table 3: Values of the parameters A and B.

Model || A | B
1 1|1
2 1|0
3 01
4 00

4.2.2 Class 2

This class has two models and they both have p equal to permutation, i.e.,
p=P (4.10)
Model 5 It is described by

f=f®(u,v)=2sinh(H.), 4.11)

and .
F SinhF

sinhH_
where H, = Gy — G5, F =2G] + G, and G = G;(w) £ G;(v), i = 1,2.

1
d= ds(u, V) = —56H+E22 + eH7E55 +e Egg 5 (4.12)

Model 6 It is given by

e O y) = _g sinh (G_ +1.) (4.13)

and

; sinh(G_F1.)

d = dg(u,v) = e%+*1+ (Eyy + a Eyz) — 3 €1 Egg — 3¢5-F
s(u,v)=e (Eyp +aEs3)—3e 55 ¢ sinh(G_+1_)

Ego, 414
where G, = G(u) — G(v), I. = I(u) £ I(v) and I(u) is defined in (4.4) and (4.5).

Notice that model 6 actually defines two separate models due to the choice % of signs.
They are independent due to the nontrivial dependence of I(u) on j(u) (see (4.4) and (4.5))
and cannot be mapped to each other using any of the transformations in section 2.2.

In order to check the YBE for model 6 in Mathematica one needs to be careful with
the choice of branch in j(u). The best approach is to substitute R(u,v) in the YBE without
specifying j(u), then simplify as most as possible and only then substitute j(u)? as in equation
(4.5). By doing in this way, one never actually needs to choose a branch and the YBE is
immediately satisfied. This was already implemented in our Mathematica notebook.

5 Four-dimensional local Hilbert space

We now apply our method to the case where the local Hilbert space is of dimension 4. In
order to have a manageable set-up we restrict ourselves to models which have su(2) @ su(2)
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symmetry. This class of solutions of the YBE contains important R-matrices which correspond
to the Hubbard model and AdS/CFT. Moreover, in [40] we also discovered some interesting
new models whose R-matrix was of difference form. Following it, we see that there are two
classes of models with su(2) @ su(2) symmetry. The first class are models where both su(2)
transform in a four-dimensional representation. These models are of s0(4) type via the iso-
morphism s0(4) ~ su(2) ®su(2). The second class are models where the su(2) are represented
two-dimensionally. The Hubbard model falls into this category. Finally, we discuss some gen-
eralisations of the Hubbard model obtained by taking the Hamiltonian of the free Hubbard
model and including the most general possible potential term which preserves fermion num-
ber, which allows to interpret the model as electrons moving on a one-dimensional lattice or
conduction band. The different form analogue of this setting was discussed in [40].

5.1 so(4) type models

The most general Hamiltonian density underlying this symmetry takes the form

where P is the permutation operator, I is the 16 x 16 identity matrix and K = E;; ® E;; with
(Eij)ap’ = 0,40 5. Summation over repeated indices is assumed and i, j, k,l =1, ...,4.

We found only one possible integrable model of non-difference form with the following
Hamiltonian

H(8) = hy(B)] +hy(O)(P —K) + hy(6) €y By ® Ey. (5.2)

This is the non-difference form model corresponding to the usual s0(4) spin chain, but here the
constant coefficients become functions of the spectral parameter. The R-matrix corresponding
to (5.2) is given by

H,y(u,v)? ) _ Ha(w,v)K — Hy(u, v)ej By ® Ejy

R:eHl(“’V)[ Hy(u,y) — ———
( 2, v) Hy(u,v)+1 Hy(u,v)+1

], (5.3)

where again H;(u,v) = f vu h;. Notice that this model is indeed manifestly of non-difference
form. One function can be absorbed into a normalization (H;) and one can be used in a
reparameterization, so we are left with one additional free function. To be more precise, the
R-matrix (5.3) is of quasi-difference form, in fact the spectral parameters always appear in
Hi(u,v) = H(w) — H,(»).

5.2 su(2) ® su(2) symmetry
Next we consider the four-dimensional representation of s1(2) @ su(2) in which both su(2)’s

have two-dimensional representation.

General Hamiltonian and R-matrix It is straightforward to show that an su(2) @ su(2) in-
variant Hamiltonian density takes the form

HlpaPp) =hilpadp) +haldpda) +hseapeaplPatdp), (5.4)
Hlpap) =halparbp) + hslppda)s (5.5)
Hlabp) =helYods) +hrldpa), (5.6)
HlYap) =hgl P Pp) +holPpthe) +hig€ap€apldads)- (5.7)
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Table 4: All non-difference models with h; = 0. We denote constants by c, ¢y, ¢,
0 dependent functions by f,g,h,F and F/ = f. We have omitted the explicit 6
dependence in the latter case.

H|| hy |hy|hs| g hs he h, hs | he |hyo
1 1 1o 0 £ [0+1 0 £ /0T |__1 | =1 | .
200-1) | 2 1-67 2V o1 621 2 Vo1 | 2091 | 2
2 f hlo g <k —g he” —f | +n ] 0
3 f  |+n|o g < —g bl h—f | 0|0

2
4l ci+2)f [ 0|0 [e(f—g) | LUPE 1 (c;+2)(F—g)| c2¢®g | cof | 0 | O

5| f |o]o| o g 0 h | =f |o]o

6| f—h | 0|0]| f+nh 2 h—f 2che® | h—f |+2h| 0

Here ¢, 5 and 1), , span the two independent su(2) fundamental representations. Explicitly
in matrix form, the Hamiltonian density is given by

(hl +hy, O 0 0 0 0 o0 0o 0 o0 0 0 ) 0 0 \
0 h 0 0 hy 0 0o 0 0 o0 0 ho O 0 —hyp 0
0 0 hy 0 0 0 0 0 hy 0 0 0 0 0 0 0
0 0 0 hy 0 0 0 0 0 0 0 0 hy 0 0 0
0 hy 0 0 h 0 o0 0 0 o0 0 —hg 0O 0  hyp 0
0 0 0 0 0 hy +hy 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 hy 0 0 hy 0 0 0 0 0 0
_ 0 0 0 0 0 0 0 hy 0 0 0 0 0 hy 0 0
H= 0 0 hs O 0 0 0 0 hy O 0 0 0 0 0 0 ’ (5.8)
0 0 0 0 0 0 hs 0 0 hg 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 hg +hg 0 0 0 0 0
0 hy 0 0 —hg 0 0 0 0 o0 0 hg 0 0 ho 0
0 0 0 hs 0 0 0 0 0 0 0 0 he 0 0 0
0 0 0 0 0 0 0 hg 0 0 0 0 0 he 0 0
\ 0 —hy 0 0 kg 0 o 0o 0 o0 0 hy 0 0 R 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 hg +h9j
where the h;’s are dependent on the spectral parameter 6.
Similarly, for the R-matrix, we write
R|¢a¢b) = r1|¢a¢b> + r2|¢b¢a) + r3€ab€aﬁ|¢a¢ﬁ): (5.9)
Rl yp) =ralPaPp) +1slvpda), (5.10)
RlYa¢p) =r6lYaPp) +1710pY0), (5.11)
R|¢a¢ﬁ> = r8|¢a"~pl3> + r9|¢/3¢a> + rloeabeaﬂ|¢a¢b): (5.12)

where r; = r;(u, v).

Integrable Hamiltonians Upon imposing our integrability constraint we find a total of eight
integrable models of non-difference form, in particular six of them have h; = 0 and are listed
in Table 4.

To our best knowledge all of these models are new. They have some interesting properties.
These models at most either exhibit electron pair formation or electron pair splitting, not both.
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Model 1 can only be made Hermitian if ¢ = 0 and the dependence on the spectral parameter
drops out, models 2 to 6 are Hermitian if we impose some conditions on the functions, see
Table 5. More generally, we can relate the Hamiltonians of the models 1-6 and their Hermitian
conjugate by a unitary transformation if we impose the conditions® on Table 6.

Model 5 is a quadruple embedding of model 6-vertex B of 3.1. This can be seen by applying
a constant local basis transformation* to the Hamiltonian of model 6 V B after the redefinition
hs — %h4h5, and by making the identifications

h3 — g, h4 - h, h4h5 i —f . (5.13)

Table 5: Conditions on models 1-6 to make them Hermitian. We put the superscript
(r) to identify the real part of the functions and constants.

Model Reality conditions
1 6=0, c=0
2,3 eV =2, f,heR
; QI .
4 (64F( ) =1 Ez;lz +2_) or 64F( : = @;Cl(r) = _1): C1, f7 g € R
5 g=h"feRr
6 e = Ic|?, f,heR

Table 6: Conditions on the functions and the constants of the full Hamiltonian H of
models 1-6 to make them verify [, H'] = 0. We put the superscripts (1) and (i) to
identify the real and the complex part of the functions and constants.

Model Unitarity conditions
1 6 =0, c=0
(r)
2,3 e =|c|?
I 02 " (e, .
4 €4F — C1|CZ|;-1,C1(r) =—1or e4F _a ?z;lz +2),C1(l) =0or €= -1
Vf.gh
—4F™)
6 e 4FY) |C|2

Model 7 This model is the most general of non-difference form with h; # 0. In fact, we
will show that model 8 can be obtained from this one by performing a double limit. In order
to solve this model we fixed the normalization of the Hamiltonian such that h;, = 1°. We set

3To find the conditions on Table 6 we used a chain of length 4.

“The entries of this matrix should be Vij=1=6;,i,j=1,2.

>We can notice that, if h;, cannot be normalized to 1, we should impose h;, = 0 from the beginning and we
found a Hamiltonian . This model is equivalent to model 1 under the transformation (P H P)T.
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h4 = hg = 0 by using the identifications described in 2.2, after which we get the following set
of coupled differential equations

hs + h,)?
hy+hg=hy+hg =0, hg = % —ho, hy =hsh, —h2,  (5.14)
. hs(hs+h,)> . hy(hs+hy)? ,
h5 = 2h7h9 - %) h7 = % _2h5h9, h9 = hg _hg (515)

Summing the first two equations of (5.15) and taking into account the third one, substituting6

I :\/5_1(522_1) I :\/5_1('522"‘1)

, , (5.16)
’ V2, ’ V2&,
we find that
VE14v/8Z21 +¢
ho =25, =¥V 171 (5.17)

vVE

where =; = f &;, 0 = %1 and c, is a constant. To find §; we made the substitution (5.16) in
the differential equation for h, and we get

51(851 + Cl) (261 —C151(85’1 + Cl)) = 5%(1651 + Cl)' (518)

For general ¢, the equation (5.18) can be solved by performing the substitutions = (u) — w(uw),
&1(u) - w(u) and &;(u) — w(u) and we find that the corresponding differential equation is
solved by elliptic functions

E.(w) = écfcs(zIm)ds(zlm)ns(zlm), (5.19)
where z = %cl(u +cy) and m = SC%, Co3 are constants. To summarize we then get (5.14)
1
together with
.o o 9
hs—h, =1 §c1d5(2|m), hs+h, = Eclnc(z|m) (1 —ns(z|m) ), (5.20)
1

hg = —chns(zlm)z. (5.21)

The Hamiltonian found does not depend on any free functions, so it should be equivalent to
the Hamiltonian of AdS/CFT. In order to prove this, we compared the Hamiltonian that we
found with the one derived from requiring centrally extended su(2|2) symmetry [15]. After
using an appropriate normalization and shift, the entries of the Hamiltonian of AdS/CFT are

1
h, = —hs, hy = —ho, hy = 2 hy =he =0, hip=1, (5.22)
1—x2 xt xtx~ (hs + h,)? 1—x"x7
he=——\|—, hy=——h, hg=———"—"——hg, hg=——, (5.23
YT ae—xt) N\ x 7T x> 8 4hy 2 T g(x——x7) (>.23)

where a is a free constant and x™ and x~ the Zhukovksy variables. x* can be conveniently
parametrized using elliptic functions [67] as’

16
T

SFor simplicity we will omit the dependence of &,,&,,5; and =, on the spectral parameter.
"The parameter 7 here is related to the parameter g of [67] as h = %.

xt = —% ih(dn(Zl) + 1) (es(Zlk) £ 1), k (5.24)
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we indeed see that the two Hamiltonian densities are the same under

2 i
h—ac, a?—= | §—>§c1(c2+u), oc=1. (5.25)
C3
The other choice of 0 = —1 is not independent, in fact it can be related to the previous

one by a twist®. So, remarkably, by using our method we are naturally lead to the elliptic
parameterization of the AdS/CFT R-matrix.

Model 8 Model 8 can be obtained as a special limit of Model 7. However, since the limit
is somewhat singular, let us spell out this case explicitly. If we solve (5.18) for ¢; = 0, we get
&1(u) = cqe" and so

2c,est 32 2¢yefst
hi=h,=hg=hg=0, hy,=-— s hy=—>—, hg= s 5.27
1=h4 =he=hg 2 e 3 16 9 o (5.27)
c 4cqetst
hs—hs =—0 2, hs+hy=0~25 =1 (5.28)
C3

It is interesting to notice that the limit ¢c; — 0 in the Hamiltonian of model 7 is not well defined
because some of the Jacobi functions are divergent in this limit. In order to find the correct
results one should take the result for general ¢; and then follow the steps below

1. Use the relations that relate the Jacobi functions of modulus k with the ones with mod-
ulus 1— % like: ns(i x|k) = —ivkes (x«/Ell — %)

Expand for small ¢,

Rescale ¢c; — ¢4

> W B

Perform a second limit for large u

5. Relabel the constants c¢; and c, to obtain (5.27) and (5.28).

Comparison between difference and non-difference form models In order to have a com-
plete classification of the models with su(2) ®su(2) symmetry, we compare the models in Table
1 of [40] with the ones in Table 4 using the allowed identifications, i.e. normalization, shift,
rescaling and twists. With this, one can see which non-difference form models constructed
here reduce to the difference form given in [40]. By doing this comparison we found the cor-
respondence listed in Table 7. We should mention that to verify that model 3 of difference form
can be obtained from model 4 of non-difference form one needs to perform a limit because
the solution is found for ¢, = 0 (pole for hs) and ¢c; = —2.

We furthemore notice that models 2, 4 and 7 of non-difference form generate more than
one independent difference form models and that models 1 and 3 do not have a difference
form version.

Finally, models 9, 10 and 11 of [40] cannot be obtained from any non-difference form
version, so if we want a complete classification of 16 x 16 matrices with su(2)®su(2) symmetry
we should add those three models.

80ne can easily see that to make the changes hs — —hs and h, — —h in (5.8) we can use the following constant
twist

1 0 0 O 1 0 0 O
0 1 0 01 0 )

V= L W= , Hoor=(VOW)H,_ ,(Vew)™. (5.26)
0 0 -1 0 0 0 1
00 0 1 0 0 0 —1
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Table 7: Correspondence between difference form models in Table 1 of [40] and
non-difference form of Table 4.

Difference form

Non-difference form

1

4

4,5

4

3 (hy=h)

2 (hg = h)

(N[ | b~

7,8

Solving Sutherland After solving the Sutherland equations we successfully found a unique
regular R-matrix corresponding to each integrable Hamiltonian. Most of the equations were
straightforward to solve. In particular, we can show that from the Sutherland equations for
model 5 we can derive the second order version of the Riccati equation as in 6-vertex B of

section 3.1.

In the following c,c;,c, are constants, Fy = F(u) £ F(v) and similarly for G and H,

r;=ri(u,v)and o =

+1.

Explicitly, the entries of the R-matrices that we got are

Model 1

- —r10V1+V

Y ae VIt
v—1

T'6::|:T‘1 v+—1,

Model 2

ry = H_eF_,
H_ef+

r6— N
C

Model 3

ry = H_ef-,

H_ef+
T'6: ,
C

—riTg u+l
rz = , r3 = 0, r4 = :l:r]_ ,
Ig u—1
- 1 - rale - 2rg
= g =——— =
7 rs, r B 9 v—u
Iy = eF—, r3 =0, rg = cH_e_F+,
ry = e_G*, rg = :I:H_e_F*, rg =e F*,
P 0 cH_
rz =e -, r3 =0, T'4 €F+
G _ _(H_+1)
r7 =e N rg = 0, 9 = eFf ,

25

rs = eb-,
rio =0;

r5 = er,

ri0=0;

(5.31)

(5.32)

(5.33)

(5.34)
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Model 4
e _ (Cer +2)e* —c) 1y _ale +2)(e*- = 1)ry
rN=r3=rg=r1p=0, 1= > , Tq= 20,02F@ , (5.35)
2,2F
re = 1 (F-=G-), o= 28 T4 Py = e2Fre=G). (5.36)
Cl(C]_ + 2)
ro =e 2f-ry; (5.37)
Model 5
H_f(v) 1 I'aTg
ry =0, ry=———=+1, ry =0, rg=——-—, rs =1, 5.38
1 2 ") 3 “= g 3 5 ( )
e = H_, ry = 1, rg = 0, rg = 1-— H_f(u), o= 0. (5.39)
h(u)
It is important to mention that to solve this model we introduced a reparameterization of the
spectral parameter, for which
“ (fh—hf)
u—x(u)= _ (5.40)
f n(f>—gh)
Only taking this into account the R-matrix satisfies the YBE and the boundary conditions.
Model 6
2H_eH-
rNn=ry=rig=0, ry=e~t-(1-2H)), r,= = re =ef-tH- (5.41)
cel+
. H- et eoH-
re =2cH_e +HH- ry = s rg = iZH—eTJ rg = pral (5.42)

Model 7 The R-matrix for this model is the AdS/CFT R-matrix derived in [15, 68] in the
string frame.

Model 8
e~ 36s(uty) (ng (e% — e%) 2 —16c,e%@ ) sinh (2 cq(u— v)))
rn= c3u c3v > (5'43)
2¢42 (eT +eT)
! Lt h(l ( )) 2SO _ g (5 44
ry = , r3=—cgtanh| —cs(u—v)|, rs=r,=—=—=—>"—"7-= .
2 cosh(%cg(u—v)) 747 47 > ) 1613
e—%c3(u+v) (6% _ e%) (632 _ 8cze%c3(u+v))
ry=— - (5.45)
2c3%0
8cze%°3(”+") (e% —e%)
re = — Ty, rg = (r4 + r6) o +rq. (5.46)

320
We gave here the full classification of integrable models with su(2) @ su(2) symmetry. In
particular we showed that model 7 corresponds to the AdSs x S° integrable system derived
in [15,68]. This model, as shown in [69] contains the one-dimensional Hubbard model. Our

next goal is to address the question of finding new Hubbard-type solutions with a more general
form.

26


https://scipost.org
https://scipost.org/SciPostPhys.11.3.069

Scil SciPost Phys. 11, 069 (2021)

5.3 Generalised Hubbard model

The Hubbard model is an integrable spin chain with 4 dimensional local Hilbert space identi-
fied with two bosons and two fermions. The R-matrix was constructed by Shastry [55] and is
notably of non-difference form. It was known early on that the model possesses su(2) & su(2)
symmetry, but this is not enough to uniquely fix the R-matrix. It was later found that the
su(2)®su(2) could be embedded into the centrally extended su(2|2) superalgebra which arises
naturally with the worldsheet S-matrix of the AdSs x S° integrable system [69] and is equiv-
alent to the Shastry R-matrix. Hence, the Hubbard model is of particular significance in the
context of the AdS/CFT correspondence and the corresponding integrable structures.

In this respect we are motivated to look for new integrable models beyond the conventional
ones relevant for AdS/CFT integrability potentially associated with new quantum algebras
[70,71]. In order to make progress in this direction we implement an ansatz which preserves
fermion number but can violate spin conservation as was done in [40]

H= HKin + KFlip + KPair +V, (5.47)

where Hyq;, is the kinetic term of the free Hubbard model and Kp,; and Ky, are further kinetic
terms which describe the hopping of a pair of electrons and a term which flips the spins of the
electrons on neighbouring sites, respectively, and V is a general potential term, and the precise
form of these operators can be found in [40]. The total space of solutions is very large, but
we can single out solutions that have the maximal amount of non-zero entries. In particular,
demanding that all entries are non-zero, we only find one independent solution. Remarkably
it reduces to an R-matrix of difference form. The Hamiltonian is given by
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where

N
N

1—
p1=iv7L2—1, and P2 = g

(5.49)

and 7, A and & are constant parameters.
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The corresponding R-matrix is given by

(rl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 r, 0 O r; O O 0 0 0 0 —rg O 0 rs 0 \
0 0 rp O 0 0 0 0 rg O 0 0 0 0 0 0
0 0 0 rp O 0 0 0 o0 0 0 0 ro O 0 0
0 rm3 O O rm 0 0 0 0 0 0 rg 0 0 -rg 0
0 0 0 0 0 r1 0 0 0 0 0 0 0 0 0 0
0 0 0 o0 0 0 r, 0O 0 rgo O 0 0 0 0 0
_ 0 0 0 0 0 0 0 4 0 0 0 0 0 r10 0 0
R= 0o 0 r, 0O 0O 0 0 0 r3 O 0 0 0 0 0 o |° (5.50)
0 0 0 0 0 0 ry 0 0 r3 0 0 0 0 0 0
0 0 0o 0 0 o 0 o 0 0 rs 0 0 0 0 3
0 —-ro 0 O 1 0O 0 0 0 0 0 Te 0 0 r2 O
0 0 0 ry 0 0 0 0 0 0 0 0 r3 0 0 0
0 0 0 0 0 0 0 ry 0 0 0 0 0 r3 0 0
\o ro 0 0 -rg 0O 0 0 0 0 0 12 0 0 re 0 }
0 0 0o 0 0 0O 0 0 o0 0 r4 O 0 0 0 re
where
) (1—2A2?)sinhutanhu
r; = coshu—Asinhu, ry =
1—Atanhu
r3 =1V A2 —1sinhu = —ry, rs = coshu,
sinhu (A —tanhu) 1
1—Atanhu 7 ’
(1—A?tanhu) Etanhu
rg=— = fo=——2 """
£(1—Atanhu)’ 7 1—Atanhu’
sechu sechu (2 — Asinh 2u 4 2 A2 sinh? u)
M= I'a2 =
1—Atanhu’ 2(1— Atanhu) ’
. Asinhu
ri3 = T Asinhu, g = — (5.51)

There will be new models with lower number of non-zero parameters, but as mentioned before,
the solution space is very large and the full classification remains an open and interesting
question.

6 Discussion and conclusions

In this paper we have classified various types of integrable systems and found a plethora of
new models generalizing a method based on the boost operator initially put forward in [1].
By starting with a generic Hamiltonian we constrained it to potentially belong to an integrable
model by imposing that it commutes with the first higher conserved charge generated by the
boost operator. In all cases we showed that this condition is sufficient and we were able to
subsequently derive the corresponding R-matrices, guaranteeing integrability. For 4 x4 models
we reviewed the classification of 8-and-lower vertex models originally presented in [41]. We
also proved that any Hermitian integrable Hamiltonian can be reconducted (using a local basis
transformation) to be 8 V type. Next, we examined 9 x 9 models and completely classified all
15-vertex models satisfying the ice-rule. Finally, for 16 x 16 R-matrices we classified all models
with su(2) @ su(2) symmetry.

There are various interesting avenues for future research. We discuss some of them here.
One natural direction involves applications to holography and the integrable systems which ap-
pear in that context. Generalised Shastry-type models provide a base for a search of new types
of solutions that are relevant for AdS, s integrable models. In particular it would be interesting
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to search for new deformations of the AdS, s S-matrix and establish potential contact with g-
deformations of the underlying twisted Hopf algebra as for n-deformed AdSs xS° [72,73] or for
A-deformed systems which appear to be non-ultralocal [ 74]. We already discussed in [41] that
the AdS, S-matrix could be embedded into the 4 x 4 model 8VB and admitted a one-parameter
deformation. Similarly we showed that the S-matrices of AdS; governing the scattering of par-
ticles with the same chirality could be embedded into both 6VB and 8VB, and both had tunable
parameters which correspond to sources of deformations. It would be highly interesting to find
a physical interpretation for these parameters and to determine the symmetry algebras of the
resulting S-matrices and, in the case of AdS;, to check if the deformations of the same chi-
rality S-matrices induce a corresponding deformation of the opposite chirality S-matrices. As
well as this, in this paper we demonstrated that there are no integrable deformations of the
AdSs5/CF T, S-matrix compatible with su(2) @ su(2) symmetry. However, integrable deforma-
tions which do not have this symmetry do exist, for example the g-deformed model [72] and
associated quantum algebra [71,75], and it may still be possible to construct integrable defor-
mations which do not have this symmetry by using a perturbative approach. For example, one
can start from a given integrable Hamiltonian Hg%) and deform it to 7-[(1)2 +e 7-[512) By imposing
the commutativity of the first two conserved charges, one will obtain a set of linear equations

for the coefficients of 7—[(112) After factoring out trivial deformations arising from identifications,
the resulting set of equations should be quite tractable.

It would be also very interesting to start from Hamiltonians with more vertices and less
symmetry. For a Hilbert space of dimension three for example, one could consider 19-vertex
Hamiltonians and do a full classification of these models. It is likely that many new non-
difference form models could be found. It would be interesting to verify if some of the models
we found in the 15-vertex case are actually special cases of more general 19-vertex models.

Furthermore, for Hilbert spaces of dimension 4 we obtained a correspondence between
some the non-difference form models found and the difference one of [40]. In particular we
found that models 9, 10 and 11 of [40] cannot be obtained from any of the non-difference
form models presented in this paper. It would be very interesting to check if these models can
be obtained as special limits from other non-difference form models with less symmetry then
the su(2) ® su(2) considered here.

Another question that could be addressed is the construction of finite length open spin
chains for all the new models constructed in this paper. In order to do that, the first step would
be the construction of all possible integrable boundary conditions, meaning all solutions of the
Boundary Yang-Baxter equation [76,77] for each of the R-matrices introduced here.

Remarkably, all of our solutions of the Yang-Baxter equation can be characterized by the
integrability condition [Q,,Q3] = 0. It is unclear to us why this is the case. Indeed, all
the reverse lines in the flowchart, Figure 1, can be shown to hold. The reverse arrows that
we exploit here, however, appear to be valid as well and it seems to indicate an equivalence
relation. It would be very important to understand and prove these relations.

There are also interesting related mathematical questions to be asked. In the case of dif-
ference form models the condition [Q,, Q3] = O results in a set of cubic polynomial equations
for the Hamiltonian entries which seems to be fully equivalent to the Yang-Baxter equation. It
would be highly interesting to construct a proof of this claim and in doing so perhaps obtain
a closed form expression for the R-matrix in terms of the Hamiltonian entries. In this paper
we have relied on a brute force approach to solving the constraint [Q,, Q3] = 0 and to a large
extent have exhausted the cases where such an approach is applicable.

In order to make more progress it could be important to make use of the extensive toolbox
of algebraic geometry. Indeed, [Q,, Q3] = O describes an algebraic variety in projective space
described by a set of coupled, cubic polynomials. For instance, in the 4 x 4 case the integrable
models will correspond to algebraic varieties in CP'®. It would be very interesting to exactly
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understand what the algebraic varieties are that describe integrable models and how exactly
they can be characterized.
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A Non-difference form boost operator and R-matrix

In this section we review the construction of the boost operator for non-difference form models.
Our exposition closely follows that of [43,44].
Our starting point is the Sutherland equation

[R13R12, H23(6)] = R13R}, —Ri3R12, (A.1)

where again we denote R;; := R;;(u, 0) and we remind the reader that R’ denotes the derivative
with respect to the second argument. We now make the replacement 1 +—a,2— k,3— k+1,
obtaining

[Roks1Rars Hiok+1(0)] = Raps1Riy =R} Rak- (A2)

We now consider an infinite spin chain with monodromy matrix T,(u, 6) given by
Ta(u, 9) =.. 'RalRaoRa,—l e (AB)

Now take (A.2) and multiply from the left with the product of R-matrices ...R, i+, and from
the right with R, .... We then multiply the resulting equation by k and sum over k from
—o0 to 00. The two terms on the right hand side of (A.2) telescopically cancel and we are
left with

oo

dT,(u, 0
ST [T, 0), Hipor (0] = T2, (A4)
W= de
which gives
< dt(u,0)
D ke, 0), My ()] = — 2= (A.5)
k=—00
after tracing over the auxiliary space. Finally, using the expansion
1
logt(u,0) =Q(0)+ (u—0)Q,(0)+ E(u —0)°Q3(0) +... (A.6)
we obtain
Q)= D) k[Hir(0),Q(0)]+3Q.(0), r=23,.... (A7)
k=—00
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B Notebook

We have provided a Mathematica notebook with the arxiv submission of this paper. The
notebook provides a database of all R-matrices presented in this publication along with those
presented in [1,40,41].

A model is defined by three parameters, which we denote in Mathematica as spec, dimHS
and model. spec is a list containing the set of spectral parameters of the R-matrix. For a non-
difference form R-matrix R(u,v) we have spec = {u,v} and for a difference-form R-matrix
R(u) we have spec = {u}.

The parameter dimHS can take the values 2, 3,4 and specifies the dimension of the local
spin chain Hilbert space. If dimHS = n then the corresponding R-matrix is of size n? x n?.

Finally, model can take the values 0, 1,2,... and specifies, together with dimHS and spec
which of the models in the papers [1,40,41] and in this publication we are referring to. The

precise map between the value of model and R-matrices is specified in the notebook.

R-matrix The R-matrix corresponding to a given model as explained above is obtained by
running the command

rmat [spec, dimHS, model]

For example, in order to obtain the R-matrix of 8-vertex B model of section 3.1 in the present
paper we run the command

rmat [{u,v}, 2, 3]

Hamiltonian The Hamiltonian is obtained in a way similar to the R-matrix. We run the
command

hamil [spec, dimHS, model]

where spec={u} for non-difference form and spec={} for difference form.

Yang-Baxter equation To test the Yang-Baxter equation we run the command
ybe [spec, dimHS, modell]

where spec = {u,v,w} for a non-difference form model and spec = {u, v} for difference
form. This command evaluates R;5(u, V)R13(u, w)Ro3(V, w) — Ros(v, W)R 3 (u, w)R;5(u, v) for
non-difference form and R;5(u—Vv)R;3(u)Ro3(v) —Ry3(V)R13(u)R,5(u—v) for difference form.
If the Yang-Baxter equation is satisfied the output is {0}.

Regularity Regularity is the condition that
Ry3(0)—aP3 =0, Rp(u,u)—a(u)P, =0, (B.1)

where we refer to a, a(u) as the regularity coefficient. This is represented in Mathematica
as coeffregul [spec, dimHS, model]. The command

regularity[spec, dimHS, model]

computes the Lh.s. of (B.1) which produces {0} if regularity is satisfied.
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Braiding unitarity We can also check braiding unitarity which is satisfied if there exists a
scalar function f(u) or B(u, v) such that

Ryp(u)Ry (—u)—B(w) =0, Ryz(w,vIRy (v, u)—pB(u,v)=0. (B.2)

We refer to (u), B(u,v) as the braiding coefficient and represent it in our notebook as
coeffbraid[spec, dimHS, model]. The command

braiding[spec, dimHS, model]

computes the Lh.s. of (B.2), which produces {0} if braiding unitarity is satisfied.
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