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Abstract

We show that TT,JT and JT, - deformed classical CFTs posses an infinite set of sym-
metries that take the form of a field-dependent generalization of two-dimensional con-
formal transformations. If, in addition, the seed CFTs possess an affine U(1) symmetry,
we show that it also survives in the deformed theories, again in a field-dependent form.
These symmetries can be understood as the infinitely-extended conformal and U(1) sym-
metries of the underlying two-dimensional CFT, seen through the prism of the “dynamical
coordinates” that characterise each of these deformations. We also compute the Poisson
bracket algebra of the associated conserved charges, using the Hamiltonian formalism.
In the case of the JT and JT, deformations, we find two copies of a functional Witt -
Kac-Moody algebra. In the case of the TT deformation, we show that it is also possible

to obtain two commuting copies of the Witt algebra.
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1. Introduction and summary

Two-dimensional quantum field theories universally contain a composite irrelevant operator
denoted as TT, with a number of remarkable properties [1]. When added to the action, this
operator generates a deformation [2, 3] that alters the UV drastically and non-locally, but in
a controllable way [4-6]. Quantities such as the finite-volume energy spectrum, the S-matrix
and various partition functions can be computed exactly in terms of their undeformed coun-
terparts [2-12]. At the classical level, the deformed Hamiltonian can be written down exactly
in terms of the undeformed one [13], while at the quantum level it is possible, to a certain
extent, to track the flow of energy eigenstates and of correlation functions of distinguished
operators [14-16].

In addition to their appeal as solvable non-local field theories, TT - deformed QFTs have
found interesting applications in various fields, ranging from QCD [17-21] and string theory
[22-24] to holography' [26-28]. Various properties and generalizations were explored in
[29-47]. A particularly interesting off-shoot is a single-trace analogue of the TT deformation,
proposed in [48] and further developed in [49-54], which opens up a path towards holography
for asymptotically flat spacetimes in terms of QFTs that share the ultraviolet properties of TT.

As discussed in [2], QFTs with similar properties to TT can be obtained by considering
deformations constructed from the components of any two conserved currents. A particular
case that has been studied rather thoroughly is the JT deformation [55], constructed from
the components of a U(1) current and those of the right-moving stress tensor, as well as its
generalization that we will denote as J T,, where the right-moving stress tensor is replaced by
the generator T,,, of translations in some fixed direction £ [39,56,57]. The spectra of the
deformed theories can again be worked out exactly [56,58-60] and the UV is again modified
in a non-local, yet predictable way. While certain physical properties of JT and J T, - deformed
QFTs are quite different from those of TT - deformed ones (for example, these deformations
break Lorentz invariance), they still share many important properties with it and can offer a
complementary point of view. Indeed, the JT and JT, deformations are simpler than TT in
the sense that they are only non-local along one direction; in particular, JT - deformed CFTs

ISee also the lecture notes at [25] for a pedagogical discussion of the existing holographic proposals for TT -
deformed CFTs.
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possess full one-dimensional conformal invariance, allowing for the calculation of correlation
functions [61]. Additionally, the single-trace analogue of JT - deformed CFTs [58,59, 62] is
a promising avenue for understanding holography for extremal black holes [63] in terms of
QFTs that share the asymptotic UV behaviour of J T - deformed CFTs.

In view of these applications and possible generalizations, it is of interest to better under-
stand the structure of TT,JT and JT, - deformed QFTs. A very basic question is what their
symmetries are, and in particular whether these symmetries can be infinitely extended, as is
common in two-dimensional QFTs. For example, it has already been shown that all deforma-
tions of the Smirnov-Zamolodchikov type preserve integrability, if initially present [2], which
amounts to an infinite number of conserved charges.

In this article, we study the TT, J T and J T, deformation of classical two-dimensional CFTs.
As is well known, the seed theories enjoy an infinite-dimensional symmetry that consists (at the
classical level), of two commuting copies of the Witt algebra that are enhanced, if additional
U(1) symmetries are present, to two commuting copies of the Witt - Kac-Moody algebra. Our
task is to determine whether these symmetries are preserved by the various deformations.

The holographic analyses of [28] for the case of T T and [64] for the case of J T suggest that
the answer is affirmative. These papers studied the asymptotic symmetries of AdS; associated
to the mixed boundary conditions induced by each of these deformations, and found that all
the Virasoro and Kac-Moody symmetries are still present, though their generators become non-
local due to their dependence on a certain field-dependent modification of the coordinates.

While these holographic analyses are indicative, they remain an indirect and purely clas-
sical (large N) calculation, despite giving access to the central extension of the symmetry
algebra. In this article, we perform a different classical analysis of the symmetries, this time
from a field-theoretical point of view. Even though the central extensions are no longer ac-
cessible — and thus it will only be sensitive to the Witt part of the Virasoro algebra — this
calculation has the advantage of being more straightforwardly generalizable to the quantum
case, which is the question of true interest. We will show that an infinite-dimensional set of
symmetries is indeed preserved, and we exemplify how the Poisson brackets of their conserved
charges furnish Witt and Kac-Moody algebras in the deformed theory. If this structure survives
at quantum level, it would represent a non-local generalization of two-dimensional CFTs, with
a possibly generalized symmetry structure that is yet to be understood.

The main reason to expect the original symmetries to remain present is that, as nicely ex-
plained in [65] (see also [4,66]), the main effect of the T T deformation — and, as it turns out,
of all the other deformations in the Smirnov—-Zamolodchikov class — is to provide a dynami-
cal set of coordinates, through which the underlying QFT dynamics is seen. This was shown
in [66] at the level of the classical equations of motion, while [13] (see also [56]) studied
it in Hamiltonian language, showing the deformed and undeformed systems are canonically
equivalent. Therefore, from the perspective of the dynamical coordinates, it can be expected
that all the rigid CFT structure should be present, even if deformed in a predictable way.

The logic of this paper is a very simple generalization of the argument that the symmetry
group of two-dimensional CFTs is infinite-dimensional. We consider an arbitrary translationally-
invariant field theory on flat space, with null coordinates U,V = o + t, and we perform the
coordinate shift

U—-sU+ef(u), V-oV—ef(v), (1.1)

where u(U,V),v(U,V) are some possibly field-dependent “coordinates” and the functions
f(u), f(v) are arbitrary. Concentrating on the left-movers for simplicity, the change in the
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action under the shift of U takes the form

5fS :—j audv ef/(u) (TUU5Vu+TVU3Uu) . (12)

If the QFT is question is a CFT, then the trace of the stress tensor, Ty, vanishes off-shell.
By taking u = U, the variation of the action vanishes for any function f(U) yielding, upon
inclusion of the right-movers, the well-known infinite-dimensional conformal symmetries of
two-dimensional CFTs.

In the case of TT , JT and JT, - deformed CFTs, the trace of the stress tensor no longer
vanishes, but it is still true that the stress tensor only has two independent components off-
shell. To have an infinite-dimensional symmetry, we simply choose the function u(U, V) so
that (1.2) is zero. The solution for u will be field-dependent, yet its structure will turn out
to be universal for each particular type of deformation, due to their very special nature. For
example, the field-dependent coordinates u® = {u, v} for JT,-deformed CFTs (including the
special case of JT), are simply

u'=U—- A, (1.3)

where A? is the deformation vector and ¢ is the scalar dual to the current J via J = *d¢. In
TT - deformed CFTs, the off-shell solution for u is harder to write explicitly. On-shell, it can
be chosen to agree with the expressions that previously appeared in the literature [4].

The field-dependent coordinates u, v obtained this way are the same as those in which the
dynamics of the deformed CFT is mapped to that of the original CFT [4]. Therefore, in a sense,
the infinite-dimensional symmetries we are uncovering are nothing but the infinite conformal
symmetries of the original CFT, seen through the prism of the dynamical coordinates. For this
reason, we call these symmetries pseudo-conformal.

While the concept of a field-dependent spacetime transformation may seem somewhat
unusual, it is definitely not new [67,68]. To make it more palatable, note that it can be simply
understood as a neat way of packaging an infinite set of rather standard non-linear and field-
dependent transformation laws for each of the fields in the theory, as well as all derivatives of
these fields. These non-linear transformations are symmetries because they leave the action
invariant.

When the seed CFT also contains conserved currents (taken to be U(1) for simplicity), it
is well known that they generate an infinite-dimensional U(1) Kac-Moody symmetry. To see
this, consider the current y(u)J, associated with a phase rotation of the fundamental fields
parametrized by an arbitrary function y(u) of some possibly field-dependent coordinate u,
where J, is conserved. The divergence of this new current is

VA(x (W) = 2x" (W) (Jy dyu + Jy yu). (1.4)

In a CFT, it is usually possible to choose a linear combination of the U(1) current generating
the global phase shift and its topological counterpart so that the V component of the sum
vanishes. Then, y(U)J4 is conserved for arbitrary transformations y(U), giving rise to an
infinite-dimensional Kac-Moody symmetry. In the TT,JT and JT, - deformed CFTs, it will
generally no longer be possible to find such chiral linear combinations of the currents; how-
ever, we will show that in each of these cases, the deformed structure does allow us to find
linear combinations of the conserved currents such that the ratio of their components is the
same as that of the stress tensor components, implying that (1.4) will vanish for the same
function u(U, V) as (1.2). An analogous statement holds for the right-movers. Consequently,
we will find that the original U(1) affine symmetries of the CFT get deformed into an infinite-
dimensional set of field-dependent U(1) symmetries, which involve the same field-dependent
coordinates as the pseudo-conformal ones.
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Having established the existence of an infinite set of field-dependent symmetries, a natural
follow-up question is to find their algebra, and in particular whether it coincides with that of
the seed CFT. The holographic analyses of [28,64] suggest that the answer is yes, based on a
calculation that heavily relies on the on-shell map to a CFT living in the field-dependent coor-
dinates. In anticipation of the quantum case, where these coordinate transformations become
operator-valued and thus significantly more difficult to work with, we decided to employ the
Hamiltonian formalism to compute the Poisson brackets of the symmetry generators.

The Hamiltonian treatment for T T - deformed CFTs was developed in [13] (see also [56]),
who gave a very simple expression for the deformed Hamiltonian density in terms of the un-
deformed Hamiltonian and momentum densities. We will show that this method can be easily
adapted to the JT and JT, deformations to obtain the corresponding expression for the de-
formed Hamiltonian density in terms of the undeformed Hamiltonian, momentum and charge
densities. This allows us to compute the algebra of the conserved charges in the deformed
theories using the universal equal-time Poisson brackets of the various currents in the unde-
formed CFT. For the simpler JT and JT, deformations, the algebra can readily be shown to
consist of two commuting copies of a functional Witt - Kac-Moody algebra. The TT calcula-
tion is slightly more involved, as we encounter certain ambiguities in the Poisson bracket of
the field-dependent coordinates. However, we show it is possible to fix this freedom in such
a way that the algebra consists again of two commuting copies of the functional Witt algebra.
Throughout the paper, we concentrate on the charge algebra on compact space, as it presents
several subtleties that disappear when taking the flat space limit.

The plan of this paper is as follows. In section 2, we exhibit the infinite-dimensional sym-
metries of T T - deformed CFTs, compute the Poisson bracket algebra of the conserved charges
and show that it can be chosen to be Witt. We conclude with a possibly instructive comparison
of the Lagrangian and Hamiltonian treatments of the TT - deformed free boson. In section
3, we discuss the JT deformation, which provides a nice warm-up for the more general J T,
case. We start by exhibiting the infinite symmetries of a JT - deformed free boson, then we
compute the charge algebra, and finally show that the results generalize to arbitrary JT - de-
formed CFTs, by providing a general Hamiltonian formulation of these theories along the lines
of [13]. In section 4, we repeat the same exercise for the J T, deformation. Various details of
the rather technical calculations are relegated to the appendices.

2. TT - deformed CFTs

We consider a family of classical, Lorentzian field theories parameterized by a real coupling u
of length dimension two, so that the theory at y = 0 is a CFT. Their actions are related by the
following flow equation

1
3,S(u) = EJ d?x /7 (TP Tup—T2), (2.1)

where the right-hand side is evaluated in the theory deformed by an amount u. This equation
can be solved for the deformed Lagrangian; a well-known example is the T T - deformed free
boson, which is related to the Nambu-Goto action in static gauge [3].

The trace of the stress tensor in a TT - deformed CFT no longer vanishes; however, it is
still true that the stress tensor only has two independent components off-shell, due to the trace
flow equation

T =T=—u(T*T,5—T?), (2.2)

which was proven in e.g. [28] for general classical CFTs.
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One can equivalently perform a Hamiltonian analysis of the system [13], by solving the
associated flow equation for the Hamiltonian density

1
3, H =—§(T“/5 Tup —T2), (2.3)

where the components of the stress tensor are obtained from the Hamiltonian density via?

Tu=M, Tp=0,HoH, Tiw=mdp =P, Too=m H+¢* OpH—H,
(2.4)
with ¢, ;. denoting the canonical fields and their conjugate momenta. The relation between
the flow (2.1) of the Lagrangian and the above flow of the Hamiltonian has been explained
in[16].

The symmetries of the seed theory impose certain constraints on the undeformed Hamil-
tonian H©, First, Lorentz invariance allows us to choose the stress tensor to be symmetric, so
T((Tot) = Tt(g) = P. Then, the conformal symmetry of the undeformed CFT guarantees that the
stress tensor is traceless, T C(f%) = Tt(,? ) =724 This requires H(® to satisfy

(108, + ¢ g )M = 2HO), (2.5)

By solving the flow equation, [13] showed that the stress tensor stays symmetric and that the
deformed Hamiltonian density takes the simple form

1 1
=41+ O +4u2P2 — — | 2.6
H ZM\/ 4uH©) + 4u2P 2 (2.6)

while T,, = P remains unchanged. Using (2.6) and (2.5), T, can be expressed only in terms
of H and P, thus showing that the deformed stress tensor still only has two independent
components, which algebraically determine the rest.

Note the equation (2.6) is similar to the corresponding equation for the energies of TT -
deformed theories on a compact space. However, eq. (2.6) is an equation for the Hamiltonian
density - a local current - and not the integrated charge.

2.1. Infinite pseudo-conformal symmetries

We would now like to investigate the field-dependent pseudo-conformal symmetries of T T-
deformed CFTs. As explained in the introduction, we consider shifting the null coordinates
UV=0=xtas

U—-U+ef(u), V-oV—ef(v) (2.7)

for arbitrary functions f (u), f(v) of some possibly field-dependent coordinates (u, v), which
depend on both U and V. The change in the action takes the form

5fS = _J‘ dUdV ef/(u) (TUUaVu + TVUaUu),
57S = f dUudvV ef’(v) (Tyydyv + Tyydyv). (2.8)
A convenient parametrization of the two independent stress tensor components is in terms of
Tyy 2uTyy 5 Tvy 2uTyy

ul=— = , ulL=-— = , (2.9)
Tyy  1—=2uTyy Tyy  1-2ulyy

2Note that our conventions are related to those of [13] by H — —H, P — —P.


https://scipost.org
https://scipost.org/SciPostPhys.11.4.078

Scil SciPost Phys. 11, 078 (2021)

where we used the trace identity (2.2), which in null coordinates reduces to
Ty = 2uW(TyyTyy — Tév), in the second step. In terms of £, L, the components of the
stress tensor are

L L LL
2(1—u2LL) 2(1—u2LL) 2(1—u2LL)
and its conservation equations read
By —uLdNL=0, (y—uLld,)L=0. (2.11)

This parametrization is useful for identifying the symmetries of the T T - deformed CFTs. The
variation (1.2) of the action will vanish for arbitrary f (u), f (v), provided the field-dependent
coordinates u, v are chosen to satisfy

avu = ‘UE_ 3Uu, aUV = ‘U“C avv . (2.12)

Assuming that £ and £ are analytic functions of (U, V), the Cauchy—Kowalevski theorem
guarantees that a solution to these two partial differential equations exists, at least locally.
Once the initial values are specified (for example on a hypersurface of constant V and constant
U), the solution is unique. Formally, we can write the solutions to (2.12) as

u= Pe“deEaUuo(U), v = Pe“deLaVvo(V), (2.13)

for some functions uy(U),vy(V), where P denotes path-ordering. Since the solution exists
off-shell for any £, L, (2.7) are symmetries of the classical action.

An interesting feature of the field-dependent coordinates is that the stress tensor conser-
vation equations (2.11) simply reduce to (anti)-holomorphicity of L, L with respect to u,v

(8y —uL o)L = (Byu—uldyu)d, L+ (8yv —uldyv)d, L = dyv(l —u2LL)3,L=0 (2.14)

and similarly for £. Thus, in terms of £, £ and the field-dependent coordinates u, v, the dy-
namics of the stress tensor in the T T - deformed CFT becomes that of a usual CFT stress tensor,
where on-shell we have £ = £(u) and £ = L(v).

The expression (2.13) for the field-dependent coordinates is rather formal, and it would
be good to find a more manageable one. To this end, we consider the inverse transformations
U(u,v),V(u,v). Using (2.12), they can be shown to satisfy

o,U=—uld,V, 0,V =—uLldU. (2.15)
These equations are very simple to solve on-shell, as the (anti)-holomorphicity of £ = L(u)
and £ = L(v) implies that ,0,U = 9,0,V = 0. Thus, on-shell J,U and 0,V are (anti)-
holomorphic functions of u and v, respectively, that can be chosen at will. A simple choice

is 0,U = 8,V = 1, which will allow us to recover the well-known field-dependent coordinate
transformation® [4, 66]

U:u—uJ dv'L(v), V=v—,uf du'L(u). (2.17)

3It is interesting to ask whether such an additional constraint on U,V is also possible off-shell. The answer is
no, as can be seen by taking derivatives of (2.15)
—ud, Lo,V +u*Ld,Lo,U —ud, LA,U + u2Lo, L3,V
1—u2ll 1—u2Ll '
If 9,U = 1, the left-hand side of this equation vanishes, whereas the right-hand side clearly does not, off-shell.

An explicit off-shell solution to these equations can be found in the free boson case, discussed at the end of this
section.

0OU = 3,3,U = , Ov=0,4,V= (2.16)
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So far, we have shown that the action is invariant under the field-dependent coordinate trans-
formations (2.7), with u, v chosen to satisfy (2.12) off-shell. The conserved charges associated
with these symmetries are given by the general formula

Q5=Jd0nATAB€B, (2.18)

where n = &, is the unit normal to a constant time slice and &4 are the coordinate shifts in
eq. (2.7), namely & = f(u)dy for the first symmetry and § = —f(v)d, for the second. The
explicit form of the charges is

1 1+ul
=1|d Too—Tyvy)== 1| d L————— 2.19
Qr J of(u)Tyy — Tyy) ZJ of (W) 1— 2L (2.19)
and -
- - 1 - L(14+ul)
r= | dof(W)(Tyy—Tyy)== | dof(v) ———=. 2.20
Qy J fFOTyy — Tyy) ZJ f()l—,uzﬁﬁ (2.20)
The integrands can be written in a more suggestive form by noticing that*
u' = 0,u=3yu(1+ul)= i , VvV =0,v= i . (2.22)
(1—u2LL)o,U (1—u2LL)o,v
Using this, the expressions for the charges become
1 _ 1 -
szifdaaguauUﬁf(u), Qf=§Jd030v3VV£f(v). (2.23)

This rewriting makes charge conservation manifest, as on-shell one is integrating purely
(anti)-holomorphic functions. It also shows that the pseudo-conformal conserved charges of
TT - deformed CFTs precisely correspond to those of an auxiliary CFT whose coordinates are
u, v, up to the rescaling factors d,U, 8,V which, as explained, can be chosen to equal one on-
shell. These expressions then coincide with those found in the holographic analysis of [28].

Note that when the T T - deformed CFT is placed on a compact space, charge conservation
requires f (1) to be a periodic function of u, and similarly for f(v). Since the periodicity of the
coordinates U,V of the field theory is fixed, that of the solutions to (2.12) will in general be
field-dependent. Denoting these field-dependent radii of u, v as R,, and, respectively, R,,, then
the argument of f(u) is more precisely &t = u/R,, from which it is straightforward to build
a periodic function, thus ensuring the conservation of the associated charge. The explicit
dependence on the field-dependent radii will become important in the next section, as they
contribute non-trivially to the Poisson brackets.

2.2. Conserved charges and Poisson bracket algebra

In this section, we proceed to computing the Poisson bracket algebra of the conserved charges
(2.19) and (2.20) in a TT - deformed CFT placed on a cylinder of radius R. The result for
non-compact space can be simply obtained by taking R — ©0. One reason we concentrate on
the compact case is that, as we will see, it presents a number of subtleties that are not present
in the non-compact setting.

“The map between the matrices dyx and 3,X is explicitly given by

(auU o,U )_ 1 ( d,v —uiavu) (2.21)
av gV yud,v(1—p2LL) \ —uLoyv Oyu ' '
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We start by rewriting the charges in the Hamiltonian language. Using (2.4), we find the
simple expressions

R R
1 . -1 o
Q=3 f dof(MH+P), Q=3 f dof(M)(H—-P), (2.24)
0 0

where i = u/R, and ¥ = v/R,,. The relation between £, £ and H £ P can easily be read off by
comparing (2.19) and (2.24). At this point, it is useful to fix the freedom in the definition of
u, v, and we will make the natural choice d,U = 6,V = 1. With this choice, the field-dependent
coordinates satisfy the following simple relation

U =0, u=1+u(H—-"P), V=0, v=14+u(H+P), (2.25)

where we used eq. (2.22). The radii of the field-dependent coordinates u, v take the simple
form

R R
RHEJ dou' =R+ u(H-P), RVEJ dov' =R+ u(H+P), (2.26)
0 0

where H = 56 doH(o)and P = _(f doP(o) are the total Hamiltonian and momentum.

To compute the Poisson bracket algebra of the charges (2.24), we will need the algebra
of the currents 7 = P and those of the normalized state - dependent coordinates i, 7. The
Poisson brackets of the currents are determined by their Poisson brackets in the undeformed
theory through (2.6)

(HO, 7O} = (P P} =(P+P)3,6(c—5),

{HO, P} = {P,HO} = HO +H)5,5(0 — &), (2.27)
together with the exact expression (2.6) for the deformed Hamiltonian density. Here, we
introduced the short-hand notation H(c) = H, H(5) = H and similarly for P. Explicitly, we
find
HO L 7O 4 20 P(P +P)

14+ 2uH

(H,H} ={P,P}=(P+P)3,6(c—5), {H,P}= 9,6(0c—5),

(2.28)
where H(® = H + u(H?—P?). The Poisson brackets of the field-dependent coordinates can be
determined from the above though the identity (2.25), which shows that up to a factor of u?,
the Poisson brackets of the spatial derivatives u’, v’ are identical to those of H + P. Explicitly,

W, i} = —2pX(G_ + G_)3,8(0 —6), {V,¥'} = 203G, +G,)3,8(0 — &),

(W, 7} =—{v,i'} = 2u3F'(0)5(0c — &), (2.29)
where the functions F and G, are defined as
H2—P? 1+ u(H£P)
F=—  Go=(HEtP)—————=. 2.30
1+2uH +=(HEP)— 2uH (2:30)

To obtain the Poisson brackets of the coordinates u, v themselves, we integrate eq. (2.29) with
respect to o, 5. We find

(i} = —2u?[G_(0)0(6 —0)—G_(65)0(c—8&)+D_(0)—D_(5)],
{(v,7} = 2u*[G,(0)8(6 —0)—G(6)8(0 —&)+D,(0)—D(6)],
{u, 7} = 2u3[F(a)@(&—0)+F(6)®(U—6)+A(U)+B(6)], (2.31)

9
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where A, B, D, are integration functions that we will constrain below, and the range of the o, &
coordinates is restricted to [0, R).

When working with the above Poisson brackets, one should take into account the fact that
the field-dependent coordinates wind around the spatial circle. There are two possible ways
to deal with this issue: we either restrict the variables o, & as above and carefully keep track
of the winding of u, v or, more elegantly, we consider them living on R instead of [0,R) and
make the Poisson brackets periodic by replacing & — &z, where &z(x) = Y. ., 6(x+nR) is the
“comb function” with periodicity R, and ©® — Og(x) = f “d y 6r(y). Note that © coincides
with the usual Heaviside function as long as |0 — &| < R, but counts the additional winding
whenever the difference grows larger.

The Poisson brackets between the coordinates and the field-dependent radii (2.26) are
determined from (2.31) by using the fact that R, = u(R) —u(0) for an arbitrary origin o = 0.
We obtain

{u(o),R,} = —2p(G_(0)+ G_(0)—wp ), {u(o),R,} =2u3(F(c)—F(0)+wp),

{v(0), R} = —2p°(F(0) — F(0) +w,), {v(0),R,} = 2u*(G,(0) + G, (0) —wp,),
(2.32)

where the winding of a function A(o’) is defined as

w, = A(R) — A(0). (2.33)

Note the winding can in principle depend on the starting point, ‘0’. Since these Poisson brackets
are periodic in o, it is clear that the Poisson brackets of the radii with each other vanish,
consistently with their definition (2.26) in terms of the total energy and momentum.

The functions A, B, D, are subject to several constraints, such as charge conservation. As
detailed in appendix A.1, when the theory is on a compact space, this requires the windings
to satisfy

wp_+uwg =G_(0)+uF(0),
wp, +uws =G.(0)+ uF(0). (2.34)

Note in particular that the windings cannot be zero in finite size.

We obtain further constraints on the functions A, B, D, by requiring that the Poisson brack-
ets (2.31) be consistent with time evolution. Parametrising A, B, D.. in terms of four new func-
tions X,Y,X,Y

1 _ 1 _
A:F(Y—E)—G_Y, D, :G+(Y—§)—pc2FY, (2.35)

o1 - 1
B =F(X—§)—G+X, D_= G_(X—E)—MZFX, (2.36)
time evolution, as we show in appendix A.2, restricts the above functions to satisfy

1+2 - _ 1—-2 -
—,UPX,, X —{H,X} :_—‘U“PX’
1+2uH 14+ 2uH

and similarly for Y,Y. This translates into the requirement that X,Y be only functions of u,
while X,Y can only depend on v.

Additional constraints on the functions A, B, D, /X,X,Y,Y follow from the requirement that
the Poisson brackets of the conserved charges yield other conserved charges. More precisely,
as detailed in appendix A.3, the non-zero Poisson brackets of the radii R, , with the energy
currents induce terms proportional to Qs and Q, 7. These terms are not conserved due to

X—{HX}= (2.37)
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the lack of periodicity of the associated functions and should thus be cancelled. This entirely
fixes the winding part of the functions X,Y,X,Y, i.e.

X =Xx,@), X@W)=9+X,(9), Y@ =a+Y,@), Y@)=Y,(), (2.38)

where the functions X, (), etc., are periodic in their argument. The Poisson bracket algebra
of the conserved charges is then given by

{Qr,Qf} =—1(Qs,r Qx,5,7 + Q,a,/ Qa7
{Q.Qg} =Qr a0 ¢ + 1 (Qa,r Qxy, — o ae)
{Q7,Qs} = Qa7 g-rae + 4 (Qa7 Q7,05 = Qr,57 Qo) (2.39)

The details of this calculation are worked out in appendix A.3. Even more constraints on the
functions X p,X s Yps Yp could be derived from the Jacobi identities, but we will not pursue this
avenue here.

Of course, in general we would expect the Poisson bracket of the field-dependent coor-
dinates to be fixed by the natural interpretation of the integral of the left- and right-moving
energy densities, 7 £P. As we will see in sections 3 and 4, this is indeed what happens in the
case of JT and J T, - deformed CFTs, where the current is naturally represented in terms of the
derivative of an auxiliary scalar ¢, whose known Poisson brackets naturally fix the potential
ambiguities coming from integrating the Poisson brackets of ¢’. In the T T case, the existence
of an analogous interpretation would determine the functions X,X,Y,Y. In the absence of
such an interpretation, an obvious choice is to set the periodic part X, etc., of these arbitrary
functions to zero, case in which the Poisson brackets take the very simple form

(1,1} = — 202 [(G_ + G )e(6—0)+ %] ,
3200 (F— e — oy s Fg BT
{u, 7} =2u [(F Fle(6—0)+ R, + R, ] s
{v, 7} =2u? [(G+ +G)e(6—0o)+ %] , (2.40)

where e(6 —0) =0(6 —0) — % Apart from the winding terms, these look rather naturally
as the commutation relations of bosons. In the non-compact case, where the last terms drop
out, we may be able to justify this as the correct, or the most natural, choice. In the compact
case, however, consistency of the charge algebra requires the winding terms to be present in
the Poisson brackets of the field-dependent coordinates, and so far we do not have a good
interpretation for them. In any case, the choice (2.40) implies that the Poisson brackets of the
charges organise into two commuting copies of a functional Witt algebra,

{Qf;Qf}:Oa {Qf;Qg}:QfBug—aufg) {Qf,Qg'}:Qavf'g—favg’ (2.41)

i.e., a Witt algebra at the level of the functions that label the conserved charges.

On the cylinder, however, it is customary to write the charge algebra in terms of the Fourier
modes, L,, L, obtained by choosing the basis of functions f,(%) = ¢ and f,(?) = e7"” and
multiplying all charges by a factor of R, so as to make them dimensionless. Then, the classical
charge algebra (2.41) translates into

. m—n - . m—n -
{Lm:Ln} = Ligns {Lm:Ln} = _lml’m+ni

1l L ,I, :O, 2.42
1+20L, L, Lo} (2.42)
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where i = u/R? is the dimensionless TT coupling on the cylinder and the denominators
come from the ratios R/R,,, that now appear explicitly in the charge algebra. Thus, while we
do obtain a Witt algebra at the level of the functions that parametrize the conserved charges,
it is not the usual Witt algebra when written in terms of Fourier modes.”

So far, we have been concentrating exclusively on the compact case. The discussion and
calculations we performed in this section and in appendix A all simplify if the theory lives
on the plane R — 00, assuming that the energy and momentum densities decay at spatial
infinity. First, the functions f and f in eq. (2.24) become just functions of u and v, which are
assumed to decay or stay constant at infinity, so that the associated charges are finite. The fall-
off conditions on #,P automatically ensure charge conservation, so we can simply drop all
the winding terms that complicated the compact case. In particular, the unintuitive winding
terms proportional to u/R, and v/R, in the commutator (2.40) can be dropped, as well as
those in (2.38) and (A.26)-(A.28), who were related to charge non-conservation. Finally, in
the non-compact setting only the functional form of the Witt algebra is relevant, which in this
case is identical to its CFT counterpart.

2.3. TT - deformed free boson example

At the start of this section, we used the Lagrangian formulation to exhibit the infinite pseudo-
conformal symmetries of T T - deformed CFTs. The ratios £, £ of the stress tensor components
played a special role in our analysis, acting as the (anti)-holomorphic stress tensor components
of an auxiliary ‘usual CFT’ living in the u, v coordinates. Even though the charges assumed a
suggestive CFT:like form, (2.23), in terms of £, L, the subsequent Poisson bracket analysis
made no use of this structure.

In this section, we would like to discuss the relation between the TT - deformed and
the original CFT in the Hamiltonian formalism. We concentrate on the special case of the free
boson, where everything can be made entirely explicit. In the Hamiltonian formalism, the T T-
deformed and original CFT are related by a canonical transformation, as was nicely explained
in [13] which can be spelled out explicitly for the free boson. As we will show, the reason that
the £, £ variables are not particularly useful for computing the equal-time Poisson brackets in
the deformed theory is that this canonical transformation does not map equal times to each
other. One would thus need to use Hamiltonian evolution inside the bracket in order to relate
their Poisson brackets to those of the simple CFT obtained from (2.27).

The goal of this section is thus to show that the equal-time Poisson brackets of the quantities
L,L in the TT - deformed CFT simply correspond to the unequal-time Poisson brackets of
H© + P in the undeformed CFT, obtained by evolving with the equations of motion. We also
use this opportunity to give a few explicit formulae for the free boson in our conventions and
underline certain additional points, in both the Lagrangian and the Hamiltonian formalisms.

Lagrangian analysis

The action of a TT - deformed free boson is

SL(,u)zifdtda(l—\/1+2u(¢’2—cf>2)). (2.43)

One can obtain the usual Witt algebra at the level of the Fourier modes by multiplying the left-moving charges
by R, and the right-moving ones by R,, as was done in e.g. [28]. One disadvantage of doing so is that the new
L, and L, would no longer represent the energy plus/minus the momentum of the state. Also, since the field-
dependent radii have non-zero Poisson brackets with the charges of the opposite chirality, a non-zero commutator
between the left and right-moving charges would be induced.
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The components of the stress tensor are

_ (e
N Tr8uodave
SN 17
V1+8ud o ¢’
_ 1 (0 14+4udy¢dyv¢ )
TVU_4M(1 \/1+8,u3Uq53V¢ . (2.44)

It is easy to check that the trace identity (2.2) holds off-shell. Using the definition (2.9) of £, £

and the above explicit form of the stress tensor, one can solve for the derivatives of ¢ in terms
of £,L

L 1 L 1
dpb=\2——, G=\Z—1 (2.45)
Y 291 uvoi 21_uvVii

Using this, one can easily express the partial derivatives of the field ¢ with respect to u,v in
terms of £, L

(Y

au¢ = auU(aU¢ _M£8V¢) = auUE: av¢ = 3VV(3V¢ _M£8U¢) = aVV E, (2.46)
which relates them (off-shell) to the stress tensor components of a free boson in the u,v co-
ordinates. The equation of motion for the T T-deformed free boson reduces to the free wave
equation 9,8,¢ = 0 in terms of the field-dependent coordinates. Notice however that the
coordinate transformation we have chosen does not map the action (2.43) to the free boson
action in u, v coordinates.

It is interesting to note that in the simple case of the TT - deformed free boson, an
explicit off-shell solution for d,U and &,V can be found. A reason for the simplification
is the off-shell compatibility relation J;0,¢ = J,Jy¢, which translates, using (2.45) and
Oy —uLé, = (8,U)'o,, 8, —uldy = (3,v)'o,, into a constraint on £,L, namely
o,Ud,4/L=20,Vo, VL. Combining this with (2.16), we obtain an off-shell equation for U(u, v)

8,(8,U) = —2ud,U

Y \/Zavﬁ)
. (2.47)

o)
Vi vE 3,U = Uj(u) exp (—Z,u dv

1+uvVLl o 1+uVLL

This expression makes it clear that, while we do have a function worth of freedom in choosing
the initial condition Uy(u), no particular choice of this function will reduce to a simple choice
for 9,U off-shell. Similar comments hold for 9,V

In the case of the free boson, there is a U(1) current associated with the shift symmetry of
¢. Its components are

0 %,
Jy = u? ,  Jy= ve : (2.48)
V1+8udy¢pdy¢ V1+8udypdy ¢
There is also a current J;; = 9, ¢, Jy = —d, ¢, which is topologically conserved. The combi-

nations J* = (J +J)/2 are chiral and respectively anti-chiral in the undeformed CFT, leading
to an infinite set of conserved charges. After the deformation, these currents are no longer
chiral, but it can be easily checked (using (2.45)) that their components satisfy the relation

Jr I
Y =—ul, L=—ur, 2.49
i Z I u (2.49)
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which is the same relation as that satisfied by the stress tensor components (2.10). Following
our argument in the introduction, this implies that for any function y(u) and y(v) which
depend on the same field-dependent coordinates u,v as the pseudo-conformal symmetries,
the currents y(u)J* and j(v)J~ will be conserved. They generate an infinite set of affine
U(1) symmetries. Thus, the full symmetry of the original free CFT is still present after the
deformation.

Hamiltonian analysis
The canonical momentum conjugate to ¢ in the T T-deformed theory is
= ¢ - (2.50)
V1+2u¢7 =212

and the Hamiltonian density reads

H=np—L= i\/1-+-2u(752+(;[)’2)+4,u2(fr¢)’)2—i, P=mng¢’ (2.51)
2u 2u

Notice this is precisely of the form (2.6), derived in [13]. The equal-time Poisson bracket is

{¢(0),n(6)} =6(0 —6). (2.52)

It is useful to rewrite the canonical variables in terms of £, £. We find

-  JL-VL , _ VI+VEL
= = —, ¢ =0y +0oyd= —. (2.53)
V1+8udyddyd V21 +uvLL) V2(1—pv LL)
We subsequently notice that the combinations
/ 1 r !/ _ r 1
nte Elﬁ_:aouaud), u:\JZlﬁ_:agvavqs, (2.54)
2 2 1—u2LL 2 2 1—p2LL

where we used (2.22) and (2.46) in the last step. These relations hold off-shell and inde-
pendently of what we choose J,U to be. The quantities J,¢ and 8,¢ simply represent the
holomorphic and anti-holomorphic derivative of a free boson living in the auxiliary u, v coor-
dinate system. Letting u,v = o * t., where the subscript ¢ stands for “auxiliary CFT”, these
derivatives can be further written in terms of the canonical momentum of the auxiliary free
boson as

au¢:nc+¢é d’é_ﬂ:c

0.b =
2’ v¢ 27

where 7, = 7, ¢, is the canonical momentum. Then, (2.54) leads to the following map be-
tween the free boson canonical variables and the TT - deformed ones

T+ ¢’ N n—¢’
2u’ 2y’

which holds on a constant t slice in the TT - deformed CFT. One can easily check that
¢’ =u'd,¢p. +v'0,¢. agrees with the expectation from (2.54) via (2.55). Upon choosing

(2.55)

¢ (u(o),v(o)=¢(0), m(u(o),v(o))= , (2.56)
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the gauge® 9,U = 8,V = 1, the spatial derivatives u’, v’ are given by (2.25). This map is very
similar to that presented in [13], who made a slightly different choice of gauge. Since both
the free boson and the T T - deformed free boson can be obtained from different gauge-fixings
of the three-dimensional Nambu-Goto action, the map (2.56) between the two is canonical.

Since the map is canonical, it should preserve the Poisson brackets. Let us compute, for
concreteness, the Poisson bracket of 7, with itself, using the right-hand side of (2.56). The
result can be written in the suggestive form’

(@) @) =3 (5~ s ) 80 = ), 2.58)
2\vw v
The fact that the equal-time Poisson bracket of the two free boson momenta does not vanish
can be understood intuitively from the fact that an equal time slice in the TT - deformed
system does not generally map to an equal time slice in the free boson one. We should thus
compare this with the unequal time Poisson bracket in the free boson system, obtained from
the relations

(50, 7 @) = 58,60u—0), {70, m (= —28,50—9), {750, 7 (M} =0,
(2.59)
where ¢, = (7, + ¢.)/2. These commutators follow from the equations of motion, which set
7, to be only a function of u, and 7¢ only a function of v. Subtracting the first two terms to
obtain the 7, Poisson bracket and changing variables from u, v to o yields precisely (2.58). A
similar argument holds for the Poisson bracket of ¢, with itself.
More interesting is the result for {n¢,n‘}, which in the free boson system vanishes at
all times; however the explicit calculation using (2.56) shows that in our case, it does not.
Instead, it takes the form

2
(R ()R @)} = oy n T
where we used (C.6) to rewrite the distribution in a more convenient form. This is nevertheless
still consistent with the Poisson brackets of the free boson system, since we should compare
the Poisson brackets of the full momenta, I1; = f dur® (u) and I1¢. = f dv ©€ (v), rather than
those of the momentum densities. The right-hand side of (2.60) is then just a total derivative,
which integrates to zero.

It is easy to show that the Poisson brackets of £, £, which we had identified with the
components of the stress tensor of an auxiliary CFT, similarly correspond to CFT commutators
at unequal times. This holds not only for the free boson, but more generally in any TT -
deformed CFT. To show this, we first express £, £ in terms of HO P via

_ H+P 7= H—P

14+ u(H—-P)’ 14+ uH+P)’
by using the explicit form (2.6) for H. Then,N we use the undeformed Poisson brackets (2.27)
to compute the Poisson brackets of £, L, LL, obtaining

- 5(0 &), (2.60)
u'vy

(2.61)

_2(Z+L=)

T Catcp) (2.62)

=221 25 5(0—6), (L,L}=
u

The terminology “gauge choice” refers to the fact that the TT - deformed free boson corresponds to the Nambu—
Goto action in static gauge, whereas the usual free boson is recovered from the Nambu-Goto dynamics in conformal
gauge. Since the conformal gauge condition is not sufficient to fix the reparametrization symmetry of the Nambu-
Goto action, one needs additional conditions, such as the one we use.

7For this calculation, it is useful to note that for two functions only depending on 7 and ¢’, the Poisson bracket
is

{f(0),8(6)} =104 f(0)0,8(65)+ 0,f(0)08(5)]0,6(0 — ). (2.57)
The result is further simplified using the equivalence of distributions (C.3).
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(£, 5y =—2 3, In(1—y2LL)5(0 — ). 2.63)
wu'v

The first two Poisson brackets precisely correspond to an unequal-time Poisson bracket in a
CFT, thus confirming our intuition. The last Poisson bracket does not obviously match an
appropriate unequal-time CFT commutator, but its form suggests it can be dealt with in a
similar manner as the result for {n‘jr, 7€ } in (2.60). However, (2.62) is not sufficient, as one
may have hoped, to give a one-line derivation of the charge algebra if the charges are written in
the form (2.23). The reason is that, as we saw in the previous subsection, the £, L brackets are
but one of several contributions to the conserved charges. While the charge algebra (2.41) is
expected to emerge also from this slightly different way of performing the calculation, the use
of the £, £ variables does not appear to bring any particular simplification to the computation
of the Poisson brackets of the charges, as compared to the calculation performed in the previous
subsection.

3. JT-deformed CFTs

The J T deformation [55] is an irrelevant deformation of two-dimensional QFTs of the Smirnov—
Zamolodchikov type [2], constructed from the components of a U(1) current and those of the
generator, T,y, of right-moving translations. In Lorentzian signature, the flow of the action is
given by
95,7
A

where, as before, U,V = o £t are null coordinates on two-dimensional Minkowski space. The
current J does not need to be chiral along the flow.

When the seed theory is a CFT, the finite-size spectrum of the deformed theory can be
computed exactly. Introducing the right-moving energy Ex = (E — P)/2, its eigenvalues in the
deformed CFT are given by [59,69]

= f d®x 1€ I, Ty = —J dUdv (JyTyy —Jv Tyy), (3.1)

4 2 A%k
Ex(A,R) = 177;{ (R— AQ® — \J (R—2QP) - %E}EO)R), (3.2)

where Eg)) is right-moving energy of the corresponding state in the undeformed CFT, R is the

circumference of the circle, and QS?) is the charge associated with the chiral part, J*, of the
current. The chiral charge flows as

Q. =+ j—iER- (3.3)
It can easily be checked that the combination E; — 271Qi /(kR) is constant along the flow,
where E; is the left-moving energy E; = (E + P)/2. This suggests an interpretation of the JT
deformation as spectral flow in the left-moving sector, where the spectral flow parameter is
proportional to the right-moving energy of the state.

A nice feature of the JT deformation is that, when the seed theory is a CFT, it preserves an
SL(2,R); x U(1)g subgroup of the original conformal group. As a consequence, the deformed
CFT remains local and conformal on the left, while becoming non-local on the right. This
remaining conformal structure allows for an analysis of correlation functions [61]. It is to
be expected that the left-moving conformal symmetries, together with the left-moving U(1)
symmetries, are enhanced to a full Virasoro x Kac-Moody algebra. This is precisely what
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was found in the holographic analysis of [70], which provided a holographic dual to the JT
deformation in terms of AdS; gravity coupled to a U(1) Chern-Simons gauge field with mixed
boundary conditions at infinity and spelled out the asymptotic symmetries associated with
these boundary conditions. In addition, the asymptotic symmetry analysis of [70] showed
that the right-moving U(1) translational symmetries of the system are also enhanced to a right-
moving Virasoro symmetry, but one that is generated by field-dependent diffeomorphisms and
gauge transformations. While the holographic setup of [70] assumed that J was chiral, we
will see in this section that for non-chiral J, also its right-moving part generates an infinite-
dimensional, field-dependent Kac-Moody algebra.

In this section, we would like to exhibit the two-fold Virasoro x Kac-Moody symmetries
of JT - deformed CFTs from a canonical analysis, which will complement the holographic
results of [70]. To warm up, we will start with an analysis of the JT - deformed free boson,
first in the Lagrangian and then in the Hamiltonian formalism. We then develop a general
Hamiltonian framework, along the lines of [13], for JT - deformed classical CFTs, use it to
construct conserved charges and show that the presence of two commuting copies of the Witt
- Kac-Moody algebra is a completely general feature of JT - deformed CFTs.

3.1. JT-deformed free boson: infinite symmetries

The JT - deformed free boson was first studied in [55]. The SL(2,R); x U(1)z symmetry of
the problem require the action to take the form

S;t =—dedV8U¢5‘VqS F(Aoy¢), (3.4)

for some function F. The JT flow equation (3.1) determines it to be

1

The equations of motion are simply

¢\ _

with general solution ¢(U,V) = f(U) + g(V — Af (U)), for two arbitrary functions f, g.
One can easily show that the action (3.4) is equivalent off-shell to a free boson, via the
field-dependent coordinate transformation®

u=U, v=V-2A¢p(U,V). 3.7)

Indeed, using the relation between the first derivatives of ¢

b oG

Ay = -
i 1+138,¢° 1+A3,¢°

(3.8)
one can easily check that the action (3.4) becomes f dudv d,¢3,¢ .
As in the case of the TT deformation, the field-dependent coordinates in terms of which

the dynamics reduces to that of the undeformed CFT are also the ones appearing in the infinite-
dimensional pseudo-conformal symmetries. To see this, let us compute the components of the

8In this section, as well as in the next one, we will abusively be using the same notation u,v for the field-
dependent coordinates, even though their expression in terms of the fields changes from (2.12) in TT, to (3.7)
in JT, to (4.13) in JT, and (4.21) in JT,. We hope that this choice, made for ease of notation, will not cause
confusion to the reader.
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stress tensor

() _ Adyp(dv¢)

_ _ _ (ove)?
TUU_W, Tyy =0, Tyy —a

Ta-ager MTimage O

The stress tensor is not symmetric because the J T deformation breaks Lorentz invariance, and
the Ty component vanishes as a consequence of the SL(2,R) symmetry preserved by the

deformation. Noting that
aUV _ AaU(]S _ TUV

=— =— 3.10
avv 1— )Lavqs TVV ( )

and using (1.2), we conclude that the action is invariant under
U-U+ef(U), V-oV—ef(v) (3.11)

for arbitrary functions f, f of their respective arguments. The first transformation is simply
the infinite enhancement of the left-moving conformal symmetries. The second transformation
corresponds to a field-dependent, right-moving pseudo-conformal transformation.

The conserved energy-momentum charges are given by (2.18), and read

Qf:Jdaf(U)TUU, szjdcf_(v)(Tw—TUv). (3.12)

Thus, we find that the JT - deformed free boson possesses two infinite sets of conserved
charges, one associated to a usual left-moving conformal symmetry, and the other one as-
sociated with a field-dependent right-moving coordinate transformation.

There are additional charges corresponding to the U(1) currents. The U(1) current asso-
ciated to the shift symmetry of ¢ is

Ay ¢ o ¢
Jp=r—, Jy=———. 3.13
VT aager VT 1-25,9 ©19
There is additionally a topologically conserved current, J = xd ¢, with components
Jy=0dyp, Jy=—0y¢. (3.14)

In a CFT, the combinations J* = (J £J)/2 are chiral and respectively anti-chiral, and generate
two copies of a U(1) Kac-Moody algebra, one left-moving and one right-moving. Due to the
SL(2,R); symmetry of the deformed theory, we would still expect [71] to be able to construct
a purely left-moving conserved current. Indeed, it is not hard to notice that the combination

Ky==(J,+J,—AT,) (3.15)

N

has a vanishing right-moving component. Concretely,

¢

Ky=——F—— Ky =0. 3.16
o1-28,97 Y (3.16)

The left-moving component is holomorphically conserved, as seen by using the equations of
motion (3.6). We also note that for the single boson Ty = Klzj, so the combination TUU—KZZJ is
trivially independent of A. As we will see, the A - independence of this combination generalizes
and corresponds to the fact that the JT deformation induces a kind of momentum-dependent
spectral flow transformation on the left-movers [61,69].
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Since the V component of the current K, vanishes, the current y (U)K, is conserved for
any function y(U). Thus, we find an infinite set of conserved charges associated with this
chiral U(1) symmetry, given by

p, =Jd0x(U)KU. (3.17)

It is interesting to ask whether there also exists an infinite-dimensional enhancement of the
right-moving U(1) symmetry. A natural candidate is the current J~, which is purely right-
moving in the undeformed CFT. In presence of the deformation, its components are

_ Adyddvd (1_%8‘/(]5)’ J—_M(l_%a‘,qﬁ), (3.18)

U (1—-2dy ) Y 1-2dv¢
These have the important property that
J, oy’ '

which implies that the current y(v)J is conserved for any function j(v). In fact, any linear
combination of J and T,y, when multiplied by an arbitrary function of v, will give rise to a
conserved current. The conserved charges associated with the y(v)J, currents are

;= f doz(v)(Jg —Jy). (3.20)

3.2. Hamiltonian analysis and charge algebra

Given the conserved charges (3.12), (3.17) and (3.20), we would now like to compute their
Poisson bracket algebra. For this, we should first pass to the Hamiltonian formulation of the
JT - deformed free boson.
The momentum conjugate to ¢ is
oL . A,
n=—==¢F— (> —p)F. (3.21)
P R (Gl

Using the explicit form (3.5) of F, one can find the expression for ¢ in terms of 7 and ¢’

[ /_% . 1_1(1)/
¢=¢ A(l \—1_M). (3.22)

The Hamiltonian density reads

7—[=mﬁ—ﬁz—i\/(l—ln)(l—l¢’)+(qb’—%) (n—%). (3.23)

A2 A
For reasons that will soon become clear, it is convenient to introduce the left- and right-moving
energy and current densities
HEP n+ ¢’
2 b j:l: = 9 b)
where the momentum density P = n¢’, and write all quantities of interest in terms of the
right-moving energy current, Hy. The expression for Hy is then

Hir= (3.24)

2

%Rzﬁ

(1—Aj+— \/(1—AJ+)2—/12H§{’)), (3.25)
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where the undeformed right-moving Hamiltonian current ’H}go) is

Lo _HO=P _(n—¢7

3.26
R 2 4 (3.26)
The expression for the conserved charges (3.12) in terms of Hg, 7w and ¢’ is
since, by definition, Hg = —T;,y = Tyy — Tyy, and H; = T,y = Tyy is the generator of
left-moving translations. The U(1) charges (3.17) and (3.20) read
AH - _
szjdax(U)(j++ ZR)’ Zszo)((v)J_. (3.28)

It is useful to compute the Poisson brackets of the above symmetry generators in two steps.
First, we use the free-field expression (3.26) for the undeformed Hamiltonian and the currents
to show that

(M (0), M (02} = (1 (0), P(0)} == (M (0) + H(6)) %550 = ),

{P(0),P(6)} =(P(0)+P(5)0:6(0c =6),  {Jul0),J(6)} = i%305(0 —5),

{(P(0), T:(6)} = Ju(0)3,8(0 —5), {HO(0), T(6)} =—T(0)3,5(c—5), (3.29)

while the commutator of 7—[1({0) with 7, vanishes.® Using these, one can easily deduce the
commutation relations of the deformed Hamiltonian #y with the various other currents, such

as

(Ha(0), Ha(6)} = — ( Mlo) ) — ) 8,60 — ),
1-AJ(0)—FHr(o) 1-AT.(6)— FHr(5)
(3.30)
{P(0), Hr(6)} = (HR(G) + }ER(O)AZ - ) 9,6(c —&). (3.31)
1-2J4(6)— 5 Hg(6)
In order to arrive at this simple form, we used the identity

\/ Q1—-AJ.)2— AZHI%O) =1-AJ, — %ZHR, as well as the equivalence of distributions spelled
out in appendix B.

A more complete list of commutators, whose form is not particularly enlightening, is given
in appendix B. An exception is the commutator {#; (o), H;(F)} of two left-moving currents,
which due to the left conformal invariance of JT - deformed CFTs can be shown to take on a
standard CFT form

{H1(0), H(6)} = (Hi(0) +H1(6))0:6(0 — b). (3.32)

Note that the Poisson bracket (B.5) of the right-moving Hamiltonian with ¢ is naturally propor-
tional to a 6 function, thus resolving the potential integration ambiguities that we encountered
in the TT case.

°The last two relations follow from {H©(c), 7.(6)} = £7.(0)3,6(c — &).
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We can now compute the algebra of the symmetry generators (3.12). The details of the
calculation are given in appendix B. We find

{Qf:Qg}:Qfg’—f’g: {Qf)Qg}:Qf_/g_fg‘/) {Qf;Qf}:():

which implies that the generators of the diffeomorphisms (3.11) organize themselves into two
commuting copies of the Witt algebra. The commutators with the U(1) currents read

1
Qs Py} =Pry, {Px;Pn}=§fdalaan; (3.33)

which represents a U(1) Kac-Moody extension of the left-moving Witt algebra, including the
usual Kac-Moody central term with level k = 1. The commutator with the right-moving Witt
generators vanishes. As for the right-moving U(1) generators, it can be easily shown that they
commute with the left-moving Virasoro - Kac-Moody ones. The algebra of these U(1) currents
is however not Kac-Moody

_ 1 _ A
{P)Z‘,P17 :—EJdU )(307]+5 70 —7'7 (3.34)
= = = A - )
It is not hard to notice that the combination
'IFM=13-+&Q- (3.35)
n n 2 n :

does have standard Witt - Kac-Moody commutation relations with Q 7 and itself, i.e.

- - - _ - 1 o
{Qf,PTI—,(M}=—PJ£—<T¥, {P§M,P§M}=—§Jdoxagn. (3.36)

Thus, we find two copies of the Witt - Kac-Moody algebra, one of which is completely standard,
generated by local transformations, while the second one is field-dependent. Note that if we
define the theory on a cylinder then, as before, we should divide the coordinates that appear
in the functions labelling the charges by their respective periodicities, i.e. replace U — U/R
and v — v/R,, where the field-dependent radius of the coordinate v in (3.7) is

R,=R-2Q, (3.37)

where Q = f do(J, — J_) is the winding charge of the field ¢. Unlike in the TT case, now
the field-dependent radius R, commutes with the energy and charge currents, as well as with
the field-dependent coordinate v, and thus its inclusion at this final stage does not affect at all
the functional charge algebra above.

As we discussed in section section 2, on the cylinder it is natural to label the charges by

their Fourier modes. Using the mode functions f,(i1) = " and f,(?) = e~ as before, we
define

L,=RQ;, L,=RQ;, K,=RP;, K,=RPM. (3.38)

The functional Witt - Kac-Moody algebra we found above then translates into the usual Witt -
Kac-Moody algebra for the left-moving Fourier modes

m-—n
5, (3.39)

{Lp, Ly =—i(m—n)Lyn, {LnKy}=1inK,in, {KK,}=—iR 4
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However, the field-dependent radius does enter the right-moving part of the charge algebra,
as we obtain

(B L} =—i (1’" ;’3 P (LR} = ﬁxm, (3.40)

where A = A /R is the dimensionless J T coupling on the cylinder. This is our final result for the
classical symmetry algebra of a JT - deformed free boson. Since this is a classical calculation,
we are unable to compute the central extension of the Witt algebra, which is a quantum effect;
however, the holographic analysis of [70] indicated, in terms of the rescaled charges RQ; and
R,Qy, itis the same as that of the undeformed CFT.

3.3. General J T-deformed CFTs

So far, we have shown that the JT - deformed free boson possesses two sets of Witt x Kac-
Moody symmetries. It is to be expected that general JT - deformed CFTs should exhibit a
similar enhancement of their global symmetries. To show this, we first need to develop a
general Hamiltonian treatment of JT - deformed CFTs, along the lines of what was done
in [13] for TT. The goal of this section is to present this general treatment and to construct
the conserved charges in a general class of JT - deformed CFTs.

We consider a two-dimensional classical field theory with fields ¢, with k =1,...,n. We
assume that the field theory has a U(1) symmetry, which for simplicity will be taken to be
a shift symmetry of a scalar field ¢;. The Hamiltonian H (7, ¢;) thus only depends on ¢,
through its spatial derivatives. The U(1) shift current has components
Jl=my, Jy=0uH. (3.41)

t

The components of the topologically conserved current (3.14) are
Jl=¢, Ji=0.H (3.42)

and we assume that in the undeformed CFT, the currents J* = (J +J)/2 are chiral and,
respectively, anti-chiral, which will impose certain constraints on H(®.

We will consider deforming the Hamiltonian by the J; T operator J;T = J; T,y — Jt1 Tov
constructed from the above current and the components (2.4) of the stress tensor. The flow
equation is

HH=—JT. (3.43)

Introducing, as before, the right-moving energy density Hz = (H — P)/2, the expression for
J1 T simplifies to
JlT = Z(RIaTEkHRa(ﬁ;(HR_HR 84517'[}{) (344)

As explained in the previous subsection, the JT deformation preserves left conformal invari-
ance, so we expect the VU component of the stress tensor

TVU = —HR + ﬂ:kaﬂ?kHR + ¢/k8¢’kHR + ank%Ra(i)/kHR (3-45)

to be zero along the flow. At least in the single-field (i.e., J T - deformed free boson) case, this
is indeed the case, as Ty can be shown to obey

281 TVU+7TanH 3¢/ TVU+7T3¢/H an TVU—TCza7r TVU_H 3¢/ TVU+7'C TVU—8¢/’H TVU = 0, (346)

which shows that if Ty, starts out being zero, it will stay zero along the flow. We expect an
appropriate generalization of this equation to multiple fields to hold as well.
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To solve the two equations (3.43) and (3.45), we make the Ansatz

1
T2

1 T+ P!
F(R2HYAT,) = SF(x,a),  Ji= %

Hr [P

, (3.47)
which is motivated by dimensional analysis, the universality of the deformation, and the fact
that we expect, just as in the case of TT, that the deformed energy formula (3.2) will also
apply at the level of the currents, and not only that of the global conserved charges. Since
(3.2) only depends on E;O) and Q(O), we consequently assume that Hy only depends on 7—[;0)
and J,.

To bring the flow equations into a manageable form, we also need a few properties of the
undeformed Hamiltonian. First, since the undeformed theory is a CFT and the Hamiltonian
has dimension two, we have

O MY + 1.0y MY = 2HY. (3.48)

Since, by assumption, J* are purely (anti)-chiral in the original CFT, 7—[;{0) satisfies

1
Tyt =58, + 3 )M =0 (3.49)
and 1 1
_ ©0) _
Ji = §(n1—<1>;)—§(an1 — 34 )Hy ' =0. (3.50)

Using these and the Ansatz (3.47), the flow equations can be simplified to

—A2Tyy =F —2x0,F + x(0,F)*> — ad,F — %(%F)Z =0, (3.51)

A3 (O3 H +J,T) = —4F +2(2x —aF)d,F + (2a—F)3,F —2Am, (x(@xF)z — }1(30‘1?)2 — FaxF) )

(3.52)
It can be easily checked that

Flx,a)=2(1—a—4y/(1—a)2—x) (3.53)

solves all the above equations. Thus, the Hamiltonian of a rather general JT - deformed CFT
is given in terms of the undeformed Hamiltonian and the U(1) current via precisely (3.25),
where now Hg)) is the right-moving Hamiltonian of the undeformed CFT and 7, is given in
(3.47). This expression also agrees with the general deformed energy formula (3.2) (obtained
for constant current densities) if we set k = 27t in our conventions.

It is furthermore possible to show in full generality that the current

A
K, = J;’ =5 Tav (3.54)

stays chiral along the flow.'° The chiral component reads

1 1
Ky = (m + b1 + O, H + Oy H — 22 Tyy) = Sm+ d1 + AHzg), (3.55)

YIndeed, Ky = 3(—m;,— |+ 3, H+ Oy H—2ATyy) = 3:(8,F—AT,,) = 0 where, using the explicit functional
form of F(x, @), it can be shown that T,y = —38,, Hp0yxHg = 75 [x(8,F)* — 3(8,F)*] = 35 6,F.
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which precisely equals the integrand of (3.28), now in the general case. The current K, f (U)
will thus generate an infinite number of conserved U(1) charges, given by (3.28). We note in
passing that the combination

1
Tyy — K2 =73+ﬁ(F—(a+F/2)2)=P+H§O)—jf (3.56)

is A - independent. Thus, we see that rather generally, the JT deformation induces a type of
spectral flow in the left-moving sector.

Next, we would like to check whether in general JT - deformed CFTs, the components of
the J~ current satisfy the relation (3.19), which would allow us to construct an infinite set of
field-dependent, right-moving Kac-Moody charges. In Hamiltonian language, the components
of the J~ current read

T — &b’

Jy=Jy, + 1T¢1 ,  Jy= %(—nl +¢1—0, H+ 01 H) = —%(nl — ¢ F. (3.57)
It is trivial to check that J;; Tyy +J,, Tyy = 0, using the fact that F satisfies 9,F = F9, F. This
implies that, very generally, the ratio of the J~ components is the same as that of the right-
moving stress tensor, allowing us to construct an infinite set of field-dependent right-moving
U(1) symmetries.

The conserved charges are given by the same formulae (3.27) and (3.28) as in the free
boson case, but now in terms of the general initial Hamiltonian density and currents. The
field-dependent coordinate!! is v = V — A¢;. Since the commutation relations (3.29) of the
undeformed generators hold in any CFT and the formula (3.25) for the deformed Hamiltonian
is universal, it is clear that the commutation relations of the conserved charges are exactly the

same as in the free boson case, namely two commuting copies of the Witt - Kac-Moody algebra,
provided we redefine the right-moving U(1) generator as in (3.35).

4. JT,-deformed CFTs

As already emphasized in the previous section, the JT deformation has the nice property that
it preserves half of the conformal symmetries of the original CFT. However, given that the
main message of this article is that all Smirnov—Zamolodchikov-type deformations of two-
dimensional CFTs preserve all the infinite-dimensional symmetries of the original CFT in a
particular modified form, it is interesting to analyse these more general deformations, too.

Thus, in this section we study irrelevant deformations constructed from the components
of a U(1) current and the generator T,, of translations in some chosen direction ¢, defined
via

35aS = J d®x 7€ I, Tha, (4.1)

1 In the Hamiltonian formalism, the derivatives of the field-dependent coordinate v are given by
A / A /
3Uv:—§(6n17-[+¢1), 6Vv:1+5(8n17-t—¢1) (3.58)
and it can be easily checked that they satisfy
1 1 ¢
BuvTyy +8,v Tyy = 35 (8,F —F = aF3,F — ZF3,F) + <L (FO.F — 3,F) =0. (3.59)

It is interesting to note that this identity also holds if 7, <= ¢}, which interchanges J with J.
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where we work in conventions where €,, = €’ = 1. We will in fact distinguish between two
different types of deformations, denoted JT, and JT,, the first constructed from the usual
Noether current J that is only conserved on-shell, and the other constructed from the topolog-
ical current J = «d ¢, whose conservation is an off-shell identity.

Despite the fact that JT, deformations generally break both conformal and Lorentz in-
variance, the finite-size spectrum of such theories could be derived in [56] using coupling to
background fields. The formula for the deformed energy in finite size reads

POQ

Ao A-Q R A-Q\: 222EO@ 23 A.PO  21,(A2 —A2)
BB = 52P0 =S5+ 5 1‘4(1‘ I e
t t t

4.2)
where A,, A, are the time and, respectively, space components of the deformation vector A,

A-Q=2,Q+1,Q, (4.3)

R is the circumference of the cylinder and E@ p® g = f Jand Q = f J are the energy,
momentum and conserved charges of the corresponding state in the undeformed CFT.}? The
formula for the energy spectrum of a JT, - deformed CFT is simply obtained via the replace-
ment Q < Q

We start by studying the JT, and JT, - deformed free boson systems, whose Lagrangians
can be built explicitly, and construct the infinite-dimensional pseudo-conformal and Kac-Moody
symmetries there first. Interestingly, while the Lagrangians of the two theories look rather dif-
ferent, their Hamiltonians are related in a very simple manner. We then present the deformed
Hamiltonian density of a general JT, - deformed CFT and show that the conserved charges
charges organise themselves yet again into two commuting copies of the Witt - Kac-Moody
algebra.

4.1. JT,-deformed free boson

In this subsection, we work out the JT,-deformed free boson action and symmetries. The
general form of the action is

S= f dtdoL($, ). (4.4)
The canonical stress tensor is given by
oL
Tap =Yapl— Yaymaﬂ é (4.5)
and its components are, explicitly
oL . oL oL . oL
Tyo=——¢p—L, Tio=—"d, Top=—m—d, Too=L—=—¢ 6
tt 3(;[)¢ to a¢¢ ot a¢,¢ oo 3¢’¢ (4.6)
The components of the shift current are
oL _ oL oL

a _

TG Y Jo =3¢

!2Note that A, = —a,, in [56], and the sign of P(*) is flipped with respect to this reference; also A, = —u,, with
respect to the conventions of [57].

4.7)

25


https://scipost.org
https://scipost.org/SciPostPhys.11.4.078

Scil SciPost Phys. 11, 078 (2021)

The JT, flow equations take the form

oL
ara

oL oL

—, JT,=—L—F, 4.8

¢’ ‘ ¢ “:8)
which, as explained in [57], are satisfied separately for A, and A,. These equations are of
Burger’s type, with solution (€,, = 1)

=(T,)=e"J,Tp,, with JT,=L

L(d, 9" ) = Lo(¢p —A7L, " + A L) = Lo(,p — €apA L), (4.9)

where £, is the undeformed Lagrangian. Taking £, = %(g{)z — ¢'?), the deformed Lagrangian
satisfies

A2L2—2L(1—€e™d,pA)— 13,08, =0, (4.10)

where A2 = A,A%. In the case of JT, A2 = 0, and we obtain the solution of the previous
section, with A;7 = 21, = 2A,. Concentrating on A2 # 0, we find

Ly,

a

= % (1 _ eabaaqﬁlb — \/]_ —Zeabaa(ﬁlb + (Aaaaqb)Z) . (411)

Passing to null coordinates U,V = o + t, it is not hard to check that'3

AVJy Ty + (A= AYT )Ty =0,  (1+AYJ)Tyy —AVJyTyy = 0. (4.12)

According to our general discussion in the introduction, this implies that if we introduce the
field-dependent coordinates

u=U—-AY%, v=v-21Yyp, (4.13)

where ¢ is a scalar in term of which J = xdy (i.e., J;y = 9y and J;, = —3J;, ), then we obtain
two infinite sets of field-dependent symmetries, with conserved charges given by

Qs :fdo.f(u)(TUU_TVUL Qs :fdo'f(v)(Tvv_TUV), (4.14)

where f(u), f(v) are arbitrary functions of the corresponding field-dependent coordinates
(4.13). If the theory is defined on a compact space, then charge conservation requires the
functions f (1), f (v) to be periodic and it is natural to normalize the field-dependent coordi-
nates by the corresponding field-dependent radii R, =R—AYQ and R, =R—1"Q.

The theory will similarly possess an infinite set of of conserved U(1) currents, which are
analogous to J* in the undeformed CFT. The seed currents are

1 . _ -
KaEE(Ja—i'Ja_)LVTaV): KaE (Ja_Ja‘i‘)'UTaU) (4.15)

1
2
and can be shown to satisfy K; /Ky = Tyy/Tyy and respectively K /Ky = Tyy/Tyy. Thus
x (WK, and 7(v)K, will be conserved for any functions y(u), (v) of the field-dependent co-
ordinates (4.13) associated with the JT, deformation. Notice that one can add an arbitrary
multiple of T, to K, and an arbitrary multiple of T, to K, without affecting their conser-
vation. As we will see shortly, an appropriate linear combination of these will generate two
infinite sets of Kac-Moody symmetries.

The relation between the auxiliary scalar ¢ that enters the field-dependent coordinates and
the ‘fundamental’ scalar ¢ is rather non-local; yet, the conserved charges depend explicitly on
it. To have conserved charges that only depend on the local field, it may be more natural to

BRemember that AV =21, = A, —A,, AV =21, =4, +A,.
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study the JT, deformation instead, for which we expect the shift of the coordinates to just be
proportional to the fundamental boson.

It can also be checked that, unlike in the case of JT, where we could choose (as remarked
upon in footnote 11) the field-dependent coordinates to be either given by the analogue of
(4.13), or that of (4.21), with the latter being the more natural choice, in J T, the only possible
field-dependent coordinate is (4.13).

4.2. JT, - deformed free boson

The JT, deformation is defined in the same way as the J T, one (4.1), except that the compo-
nents of J are now replaced by those of the current J

Jo=¢', J,=¢. (4.16)

The flow equations read

oL
Iy

aL

¢'($p0yL+¢'0pL—L), T —p(P 3L+ '8y L—L). (4.17)
t
From this, we immediately deduce that ¢ o L+ P’ ), L = 0. Dimensional analysis suggests

the Ansatz

1 . .
L= ﬁF(x,y), x=A0,0 =A,¢" — AP, y=2A,P0¢=A,¢4—A¢". (4.18)

The equation above reduces to 2yF = (y* —x?)d,F, implying that F(x, y) = (y* — x*)Fy(x).
To fix Fy, we plug this Ansatz into the flow equations (4.17), obtaining

y2 —x2

2(1—x)’
where the overall coefficient is fixed by matching to the free boson as A, , — 0. The Lagrangian
of the J T, - deformed free boson thus takes a very simple form
(132 _ ¢/2
Ljr =7, 4.20

TTa ™ 2(1—129,¢) (4.20)
which is a straightforward generalization of the JT Lagrangian (3.4) - (3.5). This action is
equivalent to that of a free boson via the field-dependent coordinate transformation

F(x,y)= (4.19)

W =U%—2%. (4.21)

It is interesting that the Lagrangians for the JT, and JT, - deformed free boson look so dif-
ferent. However, we expect the associated Hamiltonians to be very similar, as we will soon
show.

Passing to the null coordinates U, V, the components of the shift current read

_ up(1-2Y9¢) _dv9(1—-2"3,¢)
U (=292 0 T (1-296,0)?

and those of the stress tensor

(4.22)

dyp By pAV ¢
Tyy=Jyou¢, Tyw=Jvdvd, Tyy= l(Jl —V/\‘l@ ¢;]2 ’
a

TUV = JUav¢ - ,C. (4.23)
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It can be easily checked that the field-dependent coordinates (4.21) proposed above satisfy
(1.2), implying yet again the existence of two infinite sets of pseudo-conformal symmetries.
In contrast with JT,, now the generators of the symmetries are entirely constructed from the
fundamental scalar ¢.

Let us now turn to the currents. It is not hard to check that the combinations

- _ 1 -
’CaE (Ja+Ja_AVTaV)’ ICaEE(Ja_Ja_)'UTaU) (424)

N | =

satisfy Ky /Ky = Tyy/ Tyy and respectively Ky, /Ky = Tyy/Tyy, and thus y(u)K, and j(v)K,
will be conserved for any functions y, y of the field-dependent coordinates (4.21). These will
generate two sets of Kac-Moody currents. As before, one can add an arbitrary multiple of T,
to K, and of T,y to K,, without affecting this conclusion.

4.3. Hamiltonian analysis and general JT, - deformed CFTs

We now move on to the Hamiltonian description of the JT, and JT, - deformed free boson.
In the JT, case, the Lagrangian is given by (4.11), and the momentum conjugate to ¢ is

T[(JTa):a_ﬁ‘:A_"(l_ 1 )_'_ﬁ Aaa¢1¢) )
o A? V1—2€30,p 4, +(A18,0)2)  A* \/1—2€30,¢0 2y + (A95,¢)2
(4.25)
The equation for ¢ in terms of ¢’ and r is quadratic, with solution
A B R . Ao—mw 1—22,¢’
S + , .26
¢ A2 AZ 1—-2mA, + m2A2 (4.26)

where we assumed that A, > A% and A2 > 0. Plugging into the Hamiltonian density, we find

(=721 —¢'2) _ V=262 A—=27A, + 22
Ad B A¢ '

This Hamiltonian density can be rewritten in the suggestive form

My = (4.27)

Ag .. AT 1

Hyr, = 55P =5+ 5 (1= V(A= 2- TP +24,(PA, — A HO — 22P(7, + 7)),
t C (4.28)
where
AT =A (T + T )+ AT, =T ) =24y T, + 20y T (4.29)

in analogy with (4.3). Remember that for the free boson, P = n¢’ and H® = (1% + ¢$'%)/2.
It is now clear that a uniform density state of the deformed system in finite size will have an
energy given by (4.2).

It is interesting to also derive the Hamiltonian for the J T, - deformed free boson, for which
the Lagrangian takes the very different form (4.20). The conjugate momentum is

amy _ $U=258) + 2(§7+¢)/2

- (4.30)
(1+2Ap—As9')?
and so
. 1—-2A¢" 1 |1=2A,0¢"+A2¢"
- _ + = . 31
¢ At Atd 1—-2A,m (4.31)
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The Hamiltonian density of the JT, - deformed free boson then reads

Hf;’ = %% ((1 —Aod)A=Am) = /(1 =22, m)(1 — 24,9’ + A2972)). (4.32)

Note this is related to H;r by the simple interchange 7 <« ¢’, as suggested by the energy
formula given in [56]. Therefore, we no longer need to discuss the JT, - deformation, given
that in the Hamiltonian formalism, it is identical to the J T, deformation, up to the interchange
T ¢’

The Hamiltonian density of a JT, - deformed CFT satisfies the flow equation

OpaH=—(T)y=—€"J,Tp,, (4.33)

which should hold for general JT, - deformed CFTs, at least of the kind described in section,
not only the free boson. Using the expression (2.4) for the stress tensor components and (3.41)
for those of the U(1) current, the flow equations take the specific form

O, H=(T); =—m13, HoyuH + oy H, (4.34)

O, H=—(IT)y =—P 0 H + 11 (10 H + " OynH — H). (4.35)

While we will not attempt to solve this equation, the experience of [13] and of the JT defor-
mation makes it rather clear that the solution should simply be given by the same formula as
that for the deformed energy, but now with the constant densities replaced by general cur-
rents. Indeed, plugging the general Hamiltonian (4.28), with (), P and 7, replaced by the
Hamiltonian, momentum and charge densities of an arbitrary seed CFT, into (4.35) and mak-
ing use of only the general constraints that the Hamiltonian #(?) of the original CFT satisfies,
such as the conformality constraint (2.5) and the chirality constraints (3.49) and (3.50) on the
CFT currents,'* we find that it solves the flow equations. Thus, (4.28) represents the general
expression for the Hamiltonian density of a J T, - deformed CFT.

As noted above, everything we said so far also holds for the JT, deformation, upon the
simple interchange mt; < ¢7, or J_ — —J_.

4.4. Conserved charges and their algebra

The conserved charges associated with the pseudo-conformal symmetries and their U(1) coun-
terparts (4.15) are given by

Qf=fd0f(u)HL(0), Qf=Jd0f(V)”HR(0), (4.36)

PX =fd0%(u)(j++lUHR), 7 :fdGi(V)(j_+AvHL), (437)

where, as before, H; x = (H £ P)/2, were now H is given by the general expression (4.28),
and u, v are given in (4.13).

The commutation relations can be evaluated as before starting from those of HO P, T,
The commutation relations of the auxiliary field ¢ that enters the definition of the field-
dependent coordinates are determined from those of the currents, via

o'=J=J,+T (4.38)

"In terms of H®, these amount to 3, H®” =1;, 9 H® = ¢;.
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and integrating with respect to o.

The details of the calculation are unilluminating, and the steps followed are the same as
in the analogous computation for JT.'> The charge algebra splits again into two commuting
copies of the Witt- U(1) current algebra, given by

1
{Qf:Qg}:Qfg/—f’g: {Qfapx}:Pfx’_A'VQxf’> {nypn}:Efdalaa'fl"'lvpgm’—nx/

(4.39)
and
S _ S i} _ o 1 o _
{Qf,Qg}fo/g_g/f_, {Qf-’PZ}z_Pf_X_/_l_AUQf/)Z’ {PZ,PV—’}=—§fd0')(aon+lUPZ/ﬁ_ﬁ/i,
(4.40)

where all the commutators involving one left- and one right-moving generator vanish. The
algebra can be put into the standard Witt - Kac-Moody form via the redefinition

p}?M:Px_Ava, p;IZ{M:PZ_AUQJ?' (4.41)

If we are on compact space, the field-dependent coordinates u,v should be divided by the
corresponding field-dependent radii

R,=R—-AYQ, R,=R-7A'Q. (4.42)

Asin the JT case, these radii do not contribute to the Poisson brackets of the charges, because
they commute with all the energy and charge currents, as well as with the field-dependent
coordinates. As before, when expressing the above algebra in terms of Fourier modes, the
factors R/R, and R/R,, will appear explicitly on the right-hand side of the left- and, respectively,
right-moving commutators.

5. Discussion

In this article, we studied the symmetries of classical TT,JT and JT, - deformed CFTs. We
showed that each deformed theory possesses an infinite number of conserved charges, which
are in one-to-one correspondence with the initial conformal and, if applicable, affine U(1)
symmetries of the undeformed CFT. The manner in which the symmetries of the initial CFT
are deformed is rigidly dictated by the field-dependent coordinates associated to each of these
deformations, i.e. the coordinates in terms of which the classical dynamics of the deformed
theory reduces to that of the original CFT. The charge algebra that we find in all cases consists
of two commuting copies of the functional Witt - Kac-Moody algebra, i.e., it is functionally
the same as that of the undeformed CFT. While these conclusions were already present in
the holographic analyses of [28] and [70], this work sharpens and complements them in a
formalism that is more straightforwardly applicable to the quantum case.

The symmetries of the deformed CFTs can be analysed either on the plane, or on the cylin-
der. In this article, we mostly concentrated on the compact case, as it presents a number of

AsinJT (but unlike in TT), a great simplification comes from the fact that the commutator of the Hamiltonian
density with ¢’ is trivial to integrate, as in (B.5), since the only & dependence is in the & function. The resulting
commutator with ¢ is proportional to a delta function. Since this is a local result, it is natural to set the possible
integration function to zero, thus fixing the ambiguities that plagued the TT calculation. Another simplification
that allows us to easily compute the charge Poisson brackets is that, as in (B.11) for JT, the & derivative of the
Poisson bracket of any two currents such as for example 9;({#,, H;})s—o, When evaluated at & = 0, is a total &
derivative, implying that the term can be easily integrated by parts. As before, the constant term in this integration
by parts needs to be judiciously chosen, in order to obtain a meaningful algebra.
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subtleties that disappear in the infinite-radius limit. These subtleties are due to the fact that the
arbitrary functions of the field-dependent coordinates that label the conserved charges need
to be periodic in the compact case; this requirement is fulfilled by dividing their argument by
the field-dependent radius of the respective coordinate. This has several effects: i) the field-
dependent radius appears explicitly in the charge algebra when written in terms of Fourier
modes and thus, the algebra we obtain is not quite Witt at the level of the mode functions;
and ii) in the T T case, the field-dependent radius contributes non-trivially to the Poisson brack-
ets of the charges. These contributions are not conserved, but they can be cancelled at the cost
of including certain winding terms in the Poisson brackets of the field-dependent coordinates.

These additional winding terms are allowed due to certain ambiguities in the Poisson brack-
ets of the TT field-dependent coordinates, which our analysis did not fix. In fact, we found
two holomorphic and two anti-holomorphic functions’ worth of freedom entering these Pois-
son brackets, resulting in a corresponding ambiguity in the TT charge algebra. In contrast,
the analogous would-be ambiguities for the JT and J T, deformations are naturally resolved
by the fact that the current can always be written in terms of a free boson, whose commutation
relations are known. We therefore expect that a better understanding of the physical inter-
pretation of the fields f do(H +P), which appear in the definition of the TT field-dependent
coordinates, would allow us to unambiguously fix this charge algebra, too. In particular, it
should explain the origin of the winding terms in the Poisson brackets (2.40) that are appar-
ently necessary for charge conservation. As we currently lack such an understanding, we have
presented the more general result.

Our analysis has also clarified the role of the quantities £, £ in a TT - deformed CFT, which
behave as the stress tensor components of an auxiliary CFT living in the field-dependent co-
ordinates u, v, from the point of view of the Hamiltonian formalism. Namely, we showed that
the equal-time Poisson brackets of these quantities match, to a convincing extent, the unequal-
time Poisson brackets of the stress tensor components in the would-be CFT. This observation
is however not very useful in computing the charge algebra, as one would still need to sep-
arately evaluate the contributions coming from the Poisson brackets of the field-dependent
coordinates, although it could provide an alternate and likely instructive way of performing
the calculation.

Looking forward, the thorough classical analysis we presented herein is the first step to-
wards building the quantum symmetries of the system. Nevertheless, a lot more work is re-
quired to determine if the infinitely-extended symmetries actually survive quantization, and
to understand how to appropriately define the charge operators. Not only will this process
involve resolving the operator ordering ambiguities and finding the central terms that likely
appear, but a crucial step will be to determine how the symmetry generators act on the states
of the system. It will be particularly interesting to find how the representations of this rather
peculiar kind of field-dependent symmetries are organised.

An important indication that the action of these symmetries on the states will be subtle,
is the fact that the Witt algebra we found is not compatible with the finite-size spectrum of
the deformed theories: indeed, while the former predicts the usual integer spacing between
descendant states obtained by acting with the raising operators L_,, and L_,,, the latter predicts
a spacing given by the difference of two square roots. This tension persists upon including
in the algebra the corrections due to the field-dependent radius. One possible explanation
for this disagreement is suggested by a subtlety that can already be seen in the JT and JT, -
deformations: the field-dependent symmetry generators may continuously deform the winding
and momentum of the states, which in the quantum theory are supposed to obey a quantization
condition. If confirmed, this would indicate that the charges we constructed do not act within
the Hilbert space of physical states of the deformed CFTs placed on a cylinder. This may not
be a very big problem in itself, as these theories are already ill-defined on the cylinder, due
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to the appearance of imaginary energies. It is also conceivable that a slight modification of
the symmetry generators makes the algebra compatible with the spectrum on compact space,
resolving this conflict.

Whereas the action of the symmetries we found raises questions in compact space, these is-
sues are avoided on the plane, where no such quantization conditions are required. Moreover,
in this case the winding terms in the T T Poisson brackets disappear and the charge algebra is
exactly Witt. Since the non-compact spectrum is not affected by the deformations we consid-
ered, in this case we need to understand how the charge operators act on more complicated
observables, such as local operators.

If the infinite set of symmetries does survive quantization and their action is understood for
TT,JT and JT, - deformed CFTs, it would be of great interest to understand their implications
in more general settings. For example, the single-trace versions of the TT and JT deforma-
tions share many properties with the Smirnov—Zamolodchikov double-trace ones. Given the
crucial importance of the dynamical coordinates in the existence of the infinite symmetries we
found, it would be interesting to see whether they contain an analogue of the field-dependent
coordinates, or perhaps a more general mechanism for the implementation of the symmetry.
Since these deformations are dual to string theory in non-asymptotically AdS spacetimes, this
may provide a powerful tool for developing the holographic dictionary in such spacetimes.
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A. Details of the Poisson bracket algebra in T T-deformed CFTs

A.1. Constraints from charge conservation

As explained in the main text, the Poisson brackets of the field-dependent coordinates are
obtained by integrating (2.29) with respect to o, &. This results in a certain ambiguity in the
Poisson brackets, which we parametrized in terms of four functions: A,B,D..

These functions are not entirely arbitrary; in particular, they should be compatible with
charge conservation. In Hamiltonian language, the time derivative of the charges (2.19),
(2.20) is given by

d 1 (i ‘(@

s =a0,-tn.a =1 | do[EL o m - E00 pyt s )
‘ ‘ (A1)

where H is the full Hamiltonian. Using (2.28) and (2.32), we find

_ 1+ 2,u73)
{HLH+P}=—20, ((H+P)—1+2,u7-[ , (A.2)

_HOL=P) L oy _ Y

{H,u} = 1+ 20H (1—2uP)—u(wp_—G_(0)) — u“(wg — F(0)). (A.3)

32


https://scipost.org
https://scipost.org/SciPostPhys.11.4.078

Scil SciPost Phys. 11, 078 (2021)

Integrating by parts the last term in (A.1), we find

Qs
R,

£qy =160~ wp_+u(FO —wp)] A4

Thus, the left-moving charges are conserved only if the right-hand side of (A.4) vanishes. A
similar analysis can be performed for the right-moving charges, finding that (2.19), (2.20) are
only conserved if the constraint (2.34) holds. The second relation follows from conservation
A.2. Time evolution of the Poisson bracket

We would like to understand the constraints on the functions A, B, D, coming from the identity

d du di

—fuit={— gt —-1—= A.

T {dt,u} {dt,u}, (A.5)
together with its {u, 7} and {v, 7} counterparts, where as before % =f—{H,f}and f =3,f.

Since & = 1 and otherwise only the unknown function D_ could in principle explicitly depend
on time, the above equation reduces to

2pPD_— 202 D_+ {H, {w, @} = {{H, u}, @} — {{H, i}, u}. (A.6)
We subsequently plug in the explicit Poisson brackets (2.31) and

_uH-P)

which follows from (A.3), after having imposed charge conservation to cancel the winding
contributions. Furthermore,

{H,i} =—u[(G +uF)O(6 —0)—2G_5(c —&)+D’ +uB'], (A.8)

{P,i} = u[(G —uFHO(6 —0)—2G_6(c —&)+D' —uB’], (A.9)

obtained by taking a derivative of (2.31). It is worth noting the identities
(R £ P £2uP) _
1+2uM N

For consistency, the terms proportional to ©(& — o) and 6(6 — ¢) in (A.6) should cancel
separately, and they do. We are then left with terms that either depend only on o, or only on
&. Thus we find two equations that must be satisfied separately,

Gi+‘U/F:H:|:P, Gi_‘U,F:

L. (A.10)

2{H,D_}—2D_ = 8, T_(D_+ uB) — 8pI_(D_—uB), (A.11)

as well as the same equation with o — &, where

1—4u?p? 4
N ks L S LY (A.12)
(14+2uH)? 1+2uH
Next, it is useful to parametrize D_ and B as
D_=G_(X—-1/2)—u?FX, B=FX-1/2)—-G.X, (A.13)
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case in which (A.11) reduces to the following constraints on X, X

. 1+2uP - - 1—2uP -
X—{HX) =P % x _(HX)=— P (A.14)
14+2uH 14+2uH
Remembering that the field-dependent coordinates satisfy (2.12)
du 1—pl 1+2 d 1—ul 1-2
du _1-pl, 14207y gy, o 1TBL, 17T gy,
dt  1+ul 14+ 2uH dt 1+ul 14+ 2uH
(A.15)

it is clear that X should only be a function of u and X, only a function of v.
An identical argument for the {v, 7} bracket fixes the functions A and D, to take the form
(2.35), where we used again charge conservation to reduce the {H, v} bracket to

_pH+P)

H.v}=
{H,v) 1+2uH

(14 2uP) = —uT, . (A.16)

Finally, the time derivative of the mixed Poisson bracket is

d du dv

—{u, ¥} =3 —,9—9—,uy. Al

Fraad; {dt’v} {dt,u} (A.17)
It is easy to see all terms proportional to © and 6 functions cancel. We are left with

2u(A—{H,A}) + (D; + uA) 8, T_ + (D, — uA) 8pI_ =0 (A.18)

2u(B —{H,BY) — (D_ + uBY 8, T, + (D_—uB) 35T, =o0. (A.19)
Interestingly, the {u, v} Poisson bracket does not link the ambiguities on the left-moving side
(parametrized by B, D_, or X, X) to those on the right-moving side (parametrized by A, D, or

Y,Y), as we find that the general solution (2.35) satisfies identically these equations for X, Y
holomorphic and X, Y anti-holomorphic.

A.3. Poisson brackets of the charges

In this subsection, we show explicitly the details of the calculation of the Poisson bracket
between a left-moving charge Q and a right-moving charge Q 7- Plugging in the expressions
(2.24), we find

Q.Q) = }J dods [ ff{H+P,H—P}+f'(H+P)f {a,7i—P}

+FF =P {H+P, b} + /(0 + P (F—P) {a, 3} ]

+ P (26,600 - 0) + 605 —0) + 1~
n uszgf/HR_P(p@(& —0)+FO(oc—6)+A(o0)+B(6)

—4(F —F(0)+w,) —v(F —F(0) + wB))] )

(A.20)
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We integrate by parts all terms that contain F’, G| or D}, keeping in mind that the boundary
terms do not vanish if the functions have winding. For example

%Jd&f(@'_@(a—&)+f)’_—ﬁ@’_) (A21)
_ Uz U FIRL (2 ~ ~ A > ~
_—Ef(O)(G_(O)—wD_)— EJda[f v (G_G)(U—0)+D_—uG_)—fG_5(a—a)] .

Collecting furthermore the terms proportional to é functions, we obtain

{Q,Qf} = %fda[f’f (ﬁ’F—H;PG_)Hf’ (ﬂ’F—HR_PGJ] (A.22)

u v

+§J dods [—f’H;Pf’ﬁ’ (G_6(c—&)+D_—1G.)

_f’ﬁ/f:/HR_ P (6,8(6 —0)+D, —¥G,)
+u2f’—%;Pf’HR_P (F@(&—U)+15®(0—6)+A(0)+B(6)
—0(F —F(0) + wy) — V(F — F(0) + wp))]
— 2-Qpf(0)(G-(0) = wp )= 2 Q7 f(O)(G,(0) —wp,). (A.23)

The first line vanishes identically, using (2.25). The terms proportional to © functions add up
to

Ru RV
+£—f’HR_P (-G, +u2(H+P)F)@(6—o)]
_ M s H+PH+P . 2w
= 2Jdadoff R R, [O(c—6)+06(G—0)]= RuRva/Qf,. (A.24)

Similarly, the terms proportional to i and ¥ give
1% ~ f/ ~/ & 2017 D I
=5 Qupr | 46 [V/G_ = pP(H—=P)EF —F(0) +wp)]

d
+—=Q,7 f dcr]J;—/ [W/'G, —u*(H +P)F —F(0)+wg)]
1

24 . 1
~RR, [R—uQuf'Qf'/(l +u?[F(0)—w,]) + R—VQf,Qvf,(l +u2[F(O)—wB])] . (A25)
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Using these equations to work out the Poisson bracket of the charges, we finally find

{Qf,Qf} (A.26)

= RﬁQf'(f(O)(WD —G_(0)

+ J d&R—/ [(72 ) (—% + 501+ p2[F(0)— ws]) + MZB) —v'D_D

v

Q5 (f(O)(wm ~G,(0))

+ J da}é—/ [(7—[ +P) (—% + (14 u?[F(0)—w,]) +,u2A) —u’D+] )

u

NG
R,

The terms proportional to u, v in the integrand, which represent the contribution of the state-
dependent radii to the Poisson brackets, are dangerous, as they would produce terms propor-
tional to Q.. on the right-hand side, which are not conserved due to the non-periodicity of
the associated function. A very similar derivation for the left-left and right-right components
of the Poisson bracket algebra gives

1
{Qf, Q) = R_qug’—f’g

‘uZ do =/ [~/ ¥ P (1 2

_ R_qu, (g(O)(F(O) —wg) + J 7 é [@/B—(H+P)(D_+4[G_(0)— WD_])])
,uz do ,r, S

+2Qy (f(O)(F(O) —wp)+ J R—f [W'B—(H+P)(D_+10[G_(0) —wD])]) )

(A.27)

L 1
{Qf, Qs = R_VQf_/g_fg/

.uz = _ A& =1, ~ Y BN [ 2

~ g (3OFE©O) —w) + f R G [vA—(%—P)(D++v[G+(0)—wD+])])
uz _ o do T 7 A

+2Q (f(O)(F(O)—wAH f = [vA—("H—P)(D++v[G+(0)—wD+])]) .

(A.28)

With these results, we can deduce how to choose the functions A, B and D, in order to guaran-
tee, for consistency, that the right-hand sides are conserved. In the following, we will analyse
this requirement step by step.

Concretely, we need to cancel the radius contributions proportional with Q¢ and Qvf”
which are not conserved due to the lack of periodicity of the functions that label them. Let
us first consider the result (A.27), and understand the possible choices for the winding of D_
so as to cancel this term. There are three types of winding one can consider: proportional
to @i(o), proportional to ©(co), or proportional to V(o). In the case of D_, the first type of
winding does not help cancel the non-conserved terms proportional to Q- in the total Poisson
bracket. Moreover, it introduces u - type winding in (A.26), which cannot be cancelled by u -
type winding in B (or the other functions) without introducing additional u - type winding in
(A.27). Consequently, the u - type winding in B and D_ must be zero. A similar argument sets
the v - type winding in A and D, to zero.

For whatever the other type of winding we may have, the vanishing of the terms propor-
tional to Qs in (A.27) and Qv 7 in (A.28) sets wp, = G.(0). The conservation equation (A.4)
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then requires that w, = wz = F(0), so the charge algebra becomes

{Qf,Qf‘} = g?}iv/ J dof’ [(f/ — % +,uzB) (H—P)—V’D_]

uQs
R.R,

_|_

fdOf/[(ﬁ—%+M2A)(H+P)—u'D+], (A.29)

2

1 / /
{Qf,Qz} = R—Qfg/—f/g ~£ Qf’f dog' (u'B—(H+P)D_)

R}
2

+ —
2
Ru

Qg J dof'(u'B—(H+P)D.)

and a similar equation for {Qf-,Qg}. The first term in the first equation can be cancelled if
we choose a v - type of winding D_ and/or B; however, if we do not want it to introduce
non-conserved terms in the second equation, we need to choose

uBY —(H+P)D =0, DY —pA(H-PBY =H-7P, (A.30)

where the superscript (v) indicates the coefficient of ¥ in the corresponding function. These
equations determine DY) = G_ and B") = F. Since the total winding of the functions D_ and
B is G_(0) and respectively F(0), we see that the v-type winding accounts for all of it, leaving
no room for a © - type of winding. An identical argument sets

VAW —(H—PIDW =0, u'D® —y2(H +P)AY =H +P. (A31)

Therefore, we find that the winding part of the functions A, B, D, is entirely fixed by charge
conservation and the non-appearance of non-conserved terms in the charge algebra.

This however is not sufficient to fix the charge algebra, as the periodic parts of these func-
tions have not yet been fixed. The integrals we are left with are only conserved if they are of
the form 7 + P times a periodic function of &t or H — P times a function of ¥. Combining the
first line of eq. (A.29) with the third, we find the requirement

(F—P) (—% + MZB(P)) —¥b_=—(H—P)X, (),
#'B®) —(#+P)DP = —(H + P)x, (2), (A.32)

where the superscript (p) indicates the periodic part and where X (@) and X »(V) are periodic
functions that are arbitrary for now. Comparing this with (A.13) however, we find that X, = X
and X, =X —7.

Similarly, the other contributions to (A.26)—-(A.28) are conserved when (2.35) holds with
Y, =Y —d and Y, =Y periodic. The resulting algebra is

_»

{Qf;Qf} :_RuRv

(@ @z, + Q7).
1 uz
(@) = - Qs + g (2 Qe = QuQr)
u
IR P e 5 Oe -
{Qf,Qg} - R_VQf/g-_fg/ + R_% (Qf’QYPg/ _Qg/QYpf/) . (A~33)
We can finally rewrite 8,f = f’/R, and 3,f = f’/R, to recover eq. (2.39).
The undetermined functions X p,X s Vp, Yp could more generally be constrained by the Ja-
cobi identities that the Poisson bracket algebra must satisfy. These involve product of § func-

tion distributions, so their full analysis is rather involved. We will not pursue it here.!®

15Note added in v2: to simplify the analysis, it is possible to study the Jacobi identities involving a “smeared”
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B. The JT charge algebra

In this appendix, we present some details of the calculation of Poisson brackets of the conserved
charges in JT - deformed CFTs. As explained in the main text, the undeformed commutators
(3.29) and the general formula (3.25) allow us to compute the commutator of the deformed
right-moving Hamiltonian with various quantities of interest. These read

—HO (o) = HO(E) + L Hp(0)HR(5)

{Hr(0), Hp(6)} = - - 8,6(0c — &),
V(1 =2T.(0))* = 21D (0)y) (1= AT,(6)) — 22HL(5)
(B.1)
(0) 0)/ ~ ~

(P(0), Hn(3)) = 2 D e AT , 5 5y By

VA =27,(6)2 - 2H(6)
(Ha(0), To(6)} = AHr(9) 8,5(c—5), ®3)

24/ (1-A7,(0) — A2HY)
(Ha(0), T(&)} = — J o) 3,5(0— &) B.4)

VA=2T,(0)? = 2 (0)

Using the fact that 7, —J_ = ¢ and that the last two commutators are total & derivatives, we
can deduce the commutator of Hy with ¢, which will be used to compute the Poisson bracket
of the energy currents with the field-dependent coordinate v =V — A¢;. We find

~J(0) = AHg(0)/2
VA =27,(0))2 = 21O (o)

Note that, in principle, we could have added an arbitrary integration function, A(c), to the
right-hand-side of this commutator. However, the fact that the commutator is local with respect
to o — & compels us to set this potential integration function to zero.

Using the above commutators, we can easily compute those of H; = Hy + P. As noted in
the main text, the {#;,H;} commutator can be shown to be equivalent (using the criteria in
appendix C) to

{Hr(0), $1(6)} = 5(oc—05). (B.5)

{Hp(0), H(6)} = (Hi(0)+H(5))0:6(0 —F). (B.6)

The {H;(0), Hr(F)} commutator is somewhat involved; however, in the calculations below,
in which we will integrate over &, it suffices to know that it is proportional to 9,6(c — &)
which implies, using (C.1), that we only need to know its value at & = o, as well as that of its
first & derivative evaluated at & = o,

(H1(0) Ha() oy = Ha | 1— L L 8 (Hu(0), Ha(@ sy =O.

VA -27)* — 221

(B.7)

version of the field dependent coordinates u, = f: dou(o), vy = f; do v(o) and the currents, as was done in [72]
for JT. The simplest Jacobi identity is {{B P}, u,} + cyclic = 0. Plugging in the minimal solution, we find that this
Jacobi identity is not satisfied. More generally, it seems to be very difficult to find a solution to the Jacobi identities
that has the non-trivial winding required by the charge conservation equation (A.4). If no such solution exists,
this means that the functions u, v as defined in this note are not good functions on phase space when the TT -
deformed theory lives on compact space. This does not, however, preclude the existence of related field-dependent
coordinates whose action phase space is well-defined, as was the case for JT.
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The {#;, ¢} commutator can be inferred from (B.5).
We can now compute the algebra of the symmetry generators (3.12). It is trivial to show
that the left-movers satisfy a Virasoro algebra, since

{Qs,Qq} = J dod&f(U)g(U){%L(a),HL(&)}=JdoHL(o)(fg’—f’g):Qfg/_f,g. (B.8)

The commutator of the left and the right generators can be shown to vanish
{Qr, Q5= f dodd f(U) [{H1(0), Hr(GDF () + F(M{H(0), P} HR(6)] (B.9)

= f dof () [ {H1(0), Hr(6 W 5—0 8of V) = AF (V) {H1(0), (6D} 5—s Hr(0)] =0,

where we used the fact that the field-dependent coordinate v = V — A¢; (and so
o, f = f'(1— A¢1)), as well as the commutators (B.7) and we used the formula (C.5) for
the integral of a derivative of a delta function.

Finally, the right-moving generators have commutation relations

{Q7,Qz) = f dodd [ f(MFE) Hr, He} + f (v, Hr(GHRE(P) + F ()T’ (V) {Hg, 7}Fir]

= J do [f(v) 85 (80 Hr, Hr})| sy + AF'8 — &' FIHR {HRr(0), $(6)}H 50 |-
(B.10)

Note there is no {v, ¥} commutator, as v =V — A¢, only involves ¢. Using the fact that

- 2 1-AJ. H
05 ({Mr, HR})|6:U = ﬁao' 1— s = | -0, R =
V(=27 — 22 V=27, — 22
(B.11)
Integrating by parts and using the specific values of the commutators, we find
{Qf»Qg}:Jda(flg_g/f)HR:Qf/g__g/- (B.].Z)

Let us now compute the Poisson brackets with the currents. It is easy to show, using the explicit
expression (3.16) for Ky, that

Q. P,} = f dadaf(U)x(U){HL(a),KU(a)}=Jdaf(U)x’(U)KU(a)=Pfx/. (B.13)

The commutator of two U(1) charges gives the usual central extension, {P,,P,}=1/2 f doyn’
and the commutator with the right-moving Virasoro generators vanishes. As for the right-
moving U(1)

‘Z=Jd0”2¢gwx (B.14)

it can be easily shown that they commute with the left-moving U(1) and the left-moving Vira-
soro. The algebra of these U(1) currents is however not Kac-Moody

- 1 T+ ¢’ m—q’
{P;,P; :Efdo(—fﬁ’+7tfff)’ 2¢ —Ax'n 2¢ ) (B.15)
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- - _ A=
{Qf,Py—,}=—fda (fﬁ'j_+§f’ﬁHR). (B.16)

As explained in the main text, we can obtain an operator that has the standard commutator
with the right-moving Virasoro by adding a multiple of T,; to the current. It turns out that the

combination )
KM _ n—¢ & _
2 —Jda(—z + ZHR)n (B.17)
does the job. The commutator of these new charges is
> 1 ==/ / 1 - =
{PJZ’P"'?}Z_E doyn'(1—A¢ ):_E dojd,n. (B.18)

Thus, we find two copies of the Virasoro - Kac-Moody algebra. As explained in the main text,
on a compact space we need to divide the coordinates by the associated radii, but this does
not affect the charge algebra, because the zero modes of 7. that enter R, commute with all
the currents.

C. Equivalence of distributions
The derivative of a Dirac-6 distribution acts on test functions as
Jdﬁf(O)g(5)3a5(0—5) = f(0)g' (o). (C.1)

It is useful to know when two distributions of the form F(o, 5)d,6(0 —&) are equivalent. The
following criterion is necessary and sufficient:

Fy(o,0) = Fy(0,0)
F1305(O'—6')§F2305(O'—6')<:> 80F1(0',6)|&:U =3UF2(0,6')|(~,:U . (CZ)
aﬁFl(U) 6-)|5':0 = a@-Fz(O’, 6)'5'20'

An example of equivalent distributions is given by F; = +/ f (o) f(6) and F, = [f (0)+f(5)]/2,
or

[f(0)g(6) +g(0)f(6)10,6(0 —&) =[f(0)g(o) + f(5)g(5)]10,6(0 —5), (C.3)

which indeed satisfies eq. (C.2).

The remainder of this subsection is dedicated to showing eq. (C.2). To this end, note
that two distributions F; and F, are equivalent iff they integrate to the same result against
arbitrary test functions, i.e.

02 oq
do-‘/_:l :f(o.lao-2> ON.) :J do-fz, (C.4a)
01 o1
G2 Gy
da-]:l =g(5-110-2>o-):f dON-FZ’ (C4b)
51 g}
P r‘ffz o &y
J do dON-‘F].:h(O-l’O.Z’&I’ON-Z):J dO'J d&fz. (C.4C)
o1 Ja&, o, &4
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Obviously, if f or g are normal functions (i.e. not distributions), the requirement eq. (C.4c)
follows from either eq. (C.4a) or eq. (C.4b). For distributions proportional to &’, the left-hand
side of the requirement eq. (C.4a) gives

J doF(o,5)0,6(0c —&) (C.5)

01

=F(0,,0,)8(6 —03)—F(01,01)6(6 —01)—,F(0,6)|;=50(0, <G < 03).

The result is not a simple function, but it is a distribution with only 6 functions for which we
know the equivalence relations: the coefficients of the delta functions have to agree, as well
as the remainder. This leads to the first two equations on the right-hand side of eq. (C.2).
The third equation follows from eq. (C.4b). Equation (C.4c) does not provide additional con-
straints.

The fact that the result of eq. (C.5) contains 6 functions, suggests a generalization to
distributions of the form [F (o, §)9,+G(0, 5)]6(og—&). Two such distributions are equivalent
iff

F].(O.5 O-) = FZ(O-: U)) (C.6a)
0,F1(0,6)—G1(0,0)|p=5 = 05F2— G3(0,5)|5=5 » (C.6b)
05F1(0,6)+ G1(0,6)|g=5 = 05 F2(0,6) + G3(0, )| 5=5 - (C.60)

The derivation is identical.
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