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Abstract

In the last few years it was realized that every fermionic theory in 14+1 dimensions is
a generalized Jordan-Wigner transform of a bosonic theory with a non-anomalous Z,
symmetry. In this note we determine how the boundary states are mapped under this
correspondence. We also interpret this mapping as the fusion of the original boundary
with the fermionization interface.
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1 Introduction and Summary

It is a classic result that the Jordan-Wigner transformation [1] allows us to map any 1-dimen-
sional spin chain written in terms of ag’)y’z preserving a Z, symmetry generated by [ | O'(Zi)
in terms of fermion operators 1), 4. One of the most famous applications of this trans-
formation is the solution of the Ising model by mapping it into a free fermionic chain [2].
This transformation was so effective that in the older literature the fermionic model and the
bosonic model related in this manner were not carefully distinguished. It is to be stressed,
however, that the models related in this manner do differ, and have different energy spectrum
once boundary conditions are carefully taken account.

Therefore, there are much that could be gained by maintaining this distinction. For ex-
ample, we now know that an abstract version of the Jordan-Wigner transformation can be
formulated in the continuum, and any continuum fermionic theory in 1+1 dimensions is ob-
tained from a bosonic (141)-dimensional system with a non-anomalous Z, symmetry by this
transformation [ 3-8], generalizing the relation between the Ising conformal field theory (CFT)
and the Majorana fermion CFT. It was also learned recently' that fermionic versions of unitary
minimal models can be constructed in this manner [11-13].?% The aim of this paper is to
study how this map between fermionic models and bosonic models with Z, symmetry affects
the boundary states.

Let us first recall the basic facts of the continuum version of the Jordan-Wigner transfor-
mation. We start from a bosonic theory A with a non-anomalous Z, global symmetry. Another
bosonic theory D can be introduced by

D:=A/Z,, (1.1)

where dividing by Z, stands for orbifolding, or equivalently gauging of the Z, symmetry. This
theory D is known to possess a dual Z, symmetry [21] and gauging it reproduces the original
theory: A = D/Z,. The fermionic theory F is obtained with the help of another theory Kitaev,
the low-energy limit of the topologically nontrivial phase of Kitaev’s Majorana chain [22].%
The formula is

F:= (A x Kitaev)/Z,, (1.2)

!Note added in proof: The authors learned very recently that fermionic minimal models had already been found
in 1988 [9, 10]. They thank Prof. V. Petkova for information.

2There should also be a generalization from Z, to Z,, where Z, symmetric critical points are related to Zy
parafermionic models. Historically, such generalization was first suggested in [14] in 1985, where it was con-
jectured that the m-multicritical points of Z, Fateev-Zamolodchikov model should be described by the second
parafermionic models with parameter m for N > 3 in [14]; the corresponding bosonic coset models were later
given in [15,16]. From this perspective, it was equally natural to expect that the m-multicritical Ising model
should also have a fermionic counterpart, whose explicit lattice construction was given only very recently in [12].
It would be interesting to revisit and develop these points further. See e.g. [17-19] for recent works.

3See also [20] for a recent study of fermionic RCFTs with small number of irreducible representations.

“This theory is also known as the Arf theory, since its partition function on a closed two-dimensional surface
with spin structure is given by its Arf invariant.
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where the orbifold is with respect to the diagonal Z, symmetry. We can also define a closely
related theory F’ starting from D

F':= (D x Kitaev)/Z,, (1.3)

which satisfies®
F' = F x Kitaev. (1.4

We place these theories on a circle. The bosonic theories can be put on a circle without or with
Z, twist. Similarly, the fermionic theories can be put on the Neveu-Schwarz (NS) sector, or
equivalently the antiperiodic sector, and the Ramond (R) sector, or equivalently the periodic
sector. The Hilbert spaces of theories A, D, F, F’ are known to decompose in the following

manner:
A untwisted twisted D untwisted twisted
even S U even S T
odd T \% odd U 1%
- (1.5)
F NS R F NS R
(-Df =+1 S U (-Df =+1 S T
(-1)fF=-1 1% T (-1)FfF=-1 1% U

We denote the Hilbert spaces in the respective sectors by Hg 1y v, so that the untwisted and
twisted Hilbert spaces of the theory A have the decomposition

HA=HsdHy, (1.6)
H&:%UGBH‘/, (17)

for example. Since F and F’ differ only by a decoupled Zg SPT, this makes it tricky to distinguish
them in the lattice realizations on closed chains.

We now consider boundary conditions of the bosonic theory A, which can be broadly clas-
sified into two types by their behavior under the Z, symmetry. Namely, there are Z, invariant
ones, which we denote by i, j, ..., and the ones which break the Z, symmetry, which therefore
form pairs we can denote by a+, b+, .... We assume the theory is defined on a cylinder of
size L, x L,, where L, is the length of the open spatial direction and L, is the circumference of
the closed temporal direction. We denote the Hilbert space on a finite interval with boundary
conditions a on the left boundary and 8 on the right boundary as H, 5. The boundary states
are obtained by 90 degree rotation of the spacetime, hence the temporal direction becomes
open, and the boundary states are defined on the initial and final slices. We denote the corre-
sponding boundary states as |i)”, |a£)?, etc. Note that a Z, invariant boundary condition
can be placed on a circle which is twisted by the Z, operation, which defines twisted boundary
states |i)tAW taking values in the twisted Hilbert space. The (twisted) boundary conditions and
the (twisted) boundary states are related by the Cardy condition,

(al e—Lchlosed |/3) — Tr’}-[a‘ﬁ e—LzHopen, w (a| e—Lchlosed |ﬂ>tw — Tr’}-[allj ge—L2Hopen s (1'8)

5In terms of the partition function coupled to Z, background field B and spin structure p, we
have Zg(p) = 27¢>, Zo(B)(—1)MP*El Similarly we have Zp(p) = 2783, Za(B)(—1)%) where
q,[B] = Arf[p + B] — Arf[p] is the quadratic form associated to the spin structure. These two are related as
follows: Zp[p] = Ze[p](—1)* P!, In the works [6,12] by one of the authors (YT) and other collaborators, F is
defined to be the fermionization of A, whereas in most of the other works of this topic e.g. [3,5,8,23], F’ is defined
to be the fermionization of A instead. We note that when A is the completely trivial theory, the theory F is trivial
while F’ is equal to Kitaev.
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where g is the Z, action on Hyl B The Cardy condition (1.8) constrains the normalization of
the boundary states.

Let us further consider the boundary conditions and boundary states of a fermionic theory
F. The discussion is similar to the bosonic theory as the previous paragraph. The global
symmetry is the fermion parity symmetry Zg . The boundary conditions can be classified to be
Zg even and odd ones. The fermion along the closed time cycle can have either anti-periodic
(NS) spin structure or periodic (R) spin structure. For the R spin structure, there is a Zg line
inserted along the spatial direction, which is analogous to the twisted boundary condition in
the bosonic case. In summary, the boundary conditions are denoted by a. After 90 degree
rotation, the boundary conditions are mapped to boundary states, which we denote as |a)yg
or |a)g. The boundary states and boundary conditions satisfy the spin Cardy condition:

NS (a| e—Lchlosed |ﬂ>NS — Tr,Halﬁ e_LZHopen s R (a| e—Lchlosed |ﬂ>R — TrHam (—1)Fe_L2Hopen . (1.9)

In the following sections, we do not specify whether Hamiltonian is defined on the "open" or
"closed" string, because it should be evident from the discussion.

Our main result is the expressions of the boundary states of the theories D, F and F’, which
will be derived in detail later. Here we will simply summarize them. In the Z,-orbifold theory
D, the Z,-invariant boundary condition i of the original theory A splits into two types i+,
which are exchanged under the emergent Z, symmetry. Conversely, the pair of Z,-breaking
boundary conditions a+ is combined into a single Z,-invariant condition a. Their boundary
states are given as follows:

. D_L~A A\ A ~_D:L'A_'A
i4)7 = =0 +1iy,), )7 = (07— li)y,), 10
ja)® = %(IH)A +1a)?),  la)g, = %(Iaﬂ“— ja=)").

Here Z, exchanges |i+)P and |i—)P, while |a)® and |a)EN are both Z, even. The boundary
states |i£)P, |a)® and |a)8v satisfy Cardy’s condition (1.8).

In the fermionic theories, boundary conditions can be classified into two types, those with
and without an unpaired Majorana fermion zero mode. In particular, Kitaev itself has such
an unpaired Majorana fermion zero mode [24]. Let us start from a Z,-invariant boundary
condition i of the theory A. When stacked with Kitaev, this boundary has a Majorana fermion
), but the Z, quotient removes it since this fermion is Z, odd. Conversely, when we start
from a Z,-breaking boundary condition a#, this additional Z,-odd Majorana fermion v is
kept since the Z, gauge symmetry is broken here, resulting in a boundary with a Majorana
fermion. We denote the resulting boundary states as Ii)F and |a1,b)F, etc. The corresponding
boundary states are given as follows:

N A A “\F G A

|l>NS = |l) > |l>R = |l>tw b

F A A F A A (1.11)
|aw>Ns = |a+) + |a_) 5 |CN/)>R = |a+> - |a_> .

Here |a1/))E has (—1)f = —1 while the other three have (—1)F = +1. We note that the boundary

state in the R-sector of a boundary condition with an unpaired Majorana fermion vanishes due

to the Majorana fermion zero mode coming from the periodicity. Our |a1/))['§ is defined with

an insertion of the Majorana fermion operator to absorb this zero mode. We do not repeat
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F
NS/R

this comment unless absolutely necessary. The boundary states |i>§s /Rand laap)
the spin Cardy condition (1.9).

In the theory F/, the assignment is reversed, and we find |i1p)F/ and Ia)F/. These boundary
states are given as follows:

satisfy

li)fs = V210)A i) = V2[i)h, ,
1 1
V2 V2

(1.12)

@) = —(lat)* +1a=)"),  |a)f = —(la+)* = |a—)").

Again |i¢)£ has (—1)f = —1 while the other three have (—1)f = +1. Note that the theory F
and F’ have rather different sets of boundary conditions if A # D, even though the NS sectors
of F and F’ are the same and the R sectors of F and F’ only differ in their assignments of
the fermion parity. The boundary states |i1,b)§s /Rand Ia)I'fIS R satisfy the spin Cardy condition
(1.9).

We find it also useful to present our results in a different way, showing explicitly to which
sector Hg 7y v the boundary states belong. We first organize the boundary states of theory A
into four blocks® (1.5):

A | untwisted twisted
even | |i)g = [i)" li)y = |i>£‘N
1.13
la)s = % (la+)" +]a—)*) (113
odd | |a); = % (|a+)A — |a—)A)

Then the boundary states of theory D can be presented as:

D | untwisted twisted
even | |a)g = |a)P la)r = |a)8v
. . . 1.14
195 = = (|i+° + [i-)P) (114
odd | i)y = 7 (Ii+)? =1i-)P)
For the theory F and F’ they are given by
F NS R
(1) =+1 li)s = li)ys iy =il (1.15)
ﬁ|a)5 = |a¢>1§s
() =-1 VZla)r =lay)f
and
F/ | NS R
T A P R -
. .\ F :
ﬁh)s = |”/)>Ns ,
(—1F =-1 V2li)y = liv)g

We see that the states are exchanged as in (1.5).
The rest of the note is organized as follows. In Sec. 2, we provide a detailed derivation of
the expressions of the boundary states of the theories D, F and F’ we listed above. We will

®Note that |a)s and |a); are not boundary states of A. They are Z, even and odd linear combinations of
boundary states in the untwisted sector. Likewise, |i)g and |i); are not boundary states of D, but instead are linear
combinations of them.
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not use the property that the theories are conformal. Instead, we will only use the fact that
the theory on a torus can be consistently interpreted with either direction as the Euclidean
time direction. We then provide in Sec. 3 various examples. Finally in Sec. 4 we interpret our
findings in terms of interfaces between our theories A, D, F and F’. We also see that when
the original theory A has a duality interface implementing the Z, orbifold, so that A ~ D, the
fermionized theory F ~ F” has an anomalous Z, symmetry. We have an appendix A collecting
various facts on diagonal invariants of rational conformal field theories (RCFTs) which can be
used to construct their fermionic versions and fermionic boundary conditions.

Before proceeding, the authors note that a paper with a large overlap [25] appeared when
this work was being completed, in which the fermionic boundary states of fermionic minimal
models and the effect of anomalous chiral Z, symmetry were studied in detail; he also carefully
discusses the boundary states of exceptional fermionic minimal models introduced in [13]. The
authors also note that another paper with a significant overlap [26] appeared on the arXiv
on the same day as this one. The authors thank the authors of [26] for discussions and for
coordinating the submission.

2 Mapping of the boundary states

In this section we study how the boundary states change under gauging and fermionization.
The objective is to give a detailed derivation of the mappings we already announced in Sec. 1.

2.1 Gauging Z,: A«<— D

Let us start with a bosonic theory A with Z, global symmetry. We demand that Z, is non-
anomalous, so that there is no obstruction to gauge it. We denote the resulting Z, gauged
theory by D, whose emergent Z, symmetry we denote by Z,. We study how the boundary
states of theory A transform under gauging. The content of this section is essentially known
in the vast existing literature on the boundary conditions of Z, orbifolds, but we find it useful
to discuss in detail as a preparation of our discussion of the fermionization.

Setup: We start with the general definition of gauging, and will first assume that the space-
time is a torus without boundary. Denote the partition function of theory A as ZX’S) where
r,s € {0, 1} count the number of Z, defect lines in the spatial and temporal directions. We use
the symbols Zlgm’n) similarly for the gauged theory D, where m,n now count the number of
defect lines for the emergent Z, global symmetry. We then have the relation’

1 _
Z[()m,n) _ E Z(_l)rn mszg,s) . 2.1)
(r,s)

Next, we demand that the spacetime has nontrivial boundaries in the temporal direction,
i.e. time direction is open. We place two boundary states |a) and |) in the initial time and the
final time respectively, and denote the partition function as Z&r’s)[(ﬁla)]. As discussed in the
introduction, there are broadly speaking two types of boundaries: we denote the Z,-invariant

"More generally, the partition functions of A and D are related as Z, D[§ 1= zig >z A[B](—l)f BUB , where B and
B are the Z, and dual Z, background fields in A and D respectively. The pair (r,s) in (2.1) labels the nontrivial
holomonies of the background field fx B =s, fy B = r mod 2 where the integrals are along the non-contractible

cycles in the direction x and y, respectively. The pair (m, n) is obtained from B in a similar manner.

6
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Figure 1: Z, defect, Z, charge and the spin of the twisted Hilbert space. The Z,
charge of a state in the Z, is given by the leftmost figure, which can be deformed to
the middle figure. Therefore the charge is related to the spin of the state. When we
put a Z,-invariant boundary condition on the top and bottom slices, we can always
unwind the defect, and the spin is always integer valued.

ones by |i)”, |j)?, ...and Z,-breaking pairs by |a£)?, |b£)?, .... We also denote the twisted
sector boundary states by |i)§N ,1j )f“N .... We also employ analogous notations for theory D.

7, charge of |i)A: Since the boundary state |i)A and Ii)ﬁN are invariant under Z,, we need to
find their Z, charge. The boundary state Ii)A in the untwisted Hilbert space is Z, even rather
than Z, odd. To see this, we use Cardy’s analysis to transform the partition function to the
open string channel. Consider the theory on a cylinder of size L; x L, where L, is along the
open direction and L, is along the closed direction. Suppose Ii)A has Z, charge s = £1, thus
gl =s|i)*. Then

LO)FA/+ -+ Lo . o L H s _
ZZOTAGlYAT = Al e M g i) = Al e [i)A = 5 Ty e 72 (2.2)

We also have
2y OGO ] = Tryge e, 23)

where Hfll. is the defect Hilbert space in the open string channel with two boundary conditions

labeled by j and i with an explicit insertion of Z, line in the middle. Now, Try, e %2 for any
‘H should be a sum of exponentials with non-negative coefficients, therefore we need to have
s = +1.8 Summarizing, we see g |i)* is +|i)”" instead of —|i)", where g is the Z, generator.

Z, charge of |i)§N: To find the Z, charge of |i)tA“N, we make use of the following trick [27,28].
By definition, the Z, charge of a state in the twisted Hilbert space can be found by considering
the configuration of the Z, line operators in the leftmost figure of Fig. 1. Assuming that the
Z, symmetry is non-anomalous, this configuration can be continuously deformed to a line
operator winding the cylinder once, therefore the Z,-charge equals e?™** where s is the spin of

the state |¢p) € Hyy: .
glg)=e""19), 2.4)

where g is the Z, generator. When the state in question is the boundary state for a Z,-invariant
boundary condition, we can always unwind g, say at the top time slice, to make it straight,

27is

hence 2™ = 1. In summary, both the states |i)*, |i)Atw are Z, even.

Rough properties of the boundary states: We first look for the boundary states in theory D
that is Z,-invariant under the emergent Z, symmetry. Let us symbolically denote it as |a) and

8The authors thank Shu-Heng Shao for suggesting this argument.
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place it in the initial time slice. We also put a reference state |R) in the final time slice. (The
choice of reference state does not affect our discussion). We have the following relations

z8VRla)] = SO [Rla)],

zg Rl = Z5VI(Rla)] = 0.

(2.5)

The first equality follows from |a) being Z, symmetric, where we can move the Z, line along
the spatial direction down to the initial time slice and let it be absorbed by the initial state |a).
The second and third equations follow from the fact that |a) do not live in the twisted sector.
Combining (2.1) and (2.5), we have

ZOOURI@)] = Z8 VLRI,

2.6
ZOVRIa) 1=z P[(Rla)] = 0. (20

The relations (2.6) imply that |a) can not be Ii)AtW because otherwise

Z/&O’O)[(Rla)] = Z&l’o)[(RIa)] = 0, thus ZX’S)[(RIOL)] = 0 for all r,s, which is absurd. The
first equality in (2.6) also implies that |a) can not be proportional to |a+)A — Ia—)A neither,

because the relations (2.6) imply that |a) should have Z, eigenvalue +1. Therefore |a) can
only be proportional to |i)* or |a+)" + |a—)".
We further look for the symmetric boundary state |f) in the twisted sector of theory D.

Applying an analysis that was carried out in the last paragraph, we find

ZOVLRIBY] = ZVLRIB)],

2.7)
z0OURIBY] = 25 OL(RIB)] =0.
Combining with (2.1), we have
ZOOURIBY = -2z O LRIB),
A LRIB)] A [{RIB)] 2.8

zOVLRIBYT =z PLRIBYT = 0.

This implies that |3) can only be proportional to |a+)* —|a—)*. This in fact would suggest
that |a) should be proportional to |a+)* + |a—)”", but not |i)*. Hence we will denote

|a)® o< la+)* +a—)",

2.9)
)A A

Ia)EN o< |la+)™ —|a—

We further look for the Z,-odd boundary state |y) in the untwisted sector of theory D. This
means that

ZO9RIy) ] = —z8OLRIN)],

(2.10)
ZOVIRINI =28V LRI =0.
Combining with (2.1), we have
(o,1) (1,1)
VA R =7 R 5
A LRINI=Z, " [(RIy)] @.11)

Z8OURIN 1=z OLRIY) 1 =0.

Hence |y) should be the twisted sector state of theory A, |i)§N, which indeed is Z, even.
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Lastly we look for the Z,-odd boundary state |n) in the twisted sector of D. This means
that

zOVRIN)1=-z{ PRI,

(2.12)
z0OURIN] = 25V LRIn) 1 =0.
Combining with (2.1), we have
0,1) (1,1
A [(RIn) A [(RIn) 2.13)

ZOOURIN T =z [RIn) ] = 0.

Because there is no Z, odd state in the twisted sector of theory A, there is no solution to (2.13).
Hence all the boundary states in theory D that are related to |i)A and |i)§N do not live in the
twisted sector of Z,. This suggests that there are |i+)D and Ii—)D which are mapped to each
other under Z,, which satisfy

i+)P +1i—)P oc |i), 214
i+)P —i—)P o< [i)4 . '

Fixing the normalization constants: To determine the coefficients in (2.9) and (2.14), we
need to make use of Cardy’s conditions. We consider a theory on a cylinder of size L; x L,
with two boundary conditions a and . We then have Cardy’s conditions

(al e |B) =Try, e, | (ale™H|B)y, =Ty, ge ™", (2.15)

where g is the Z, generator. Below, we will drop e 11 and e~%2H for brevity.
Let us first consider (2.14). Suppose |i+)P + |[i—)P = P|i)* and |i+)P —|i—)P = QIi)AtW.
Then the relations (2.15) imply that

Al = Trygr + T
ilj ilj
e (2.16)
Q\, m])@v = TrH:'U _TrHHJ_ s
where ’Hij is the part of the open Hilbert space with boundary conditions i, j placed on two
ends, with the Z, charge £1. Hence

s 1 1
P (i £1j£)° = Z(PP+1Q) Tryr +- (PP =1Q) Try
4 ilj 4 ilj

5 1 1 (2.17)

(i 1jF)° = Z(PP = 1) Trygy +2 (PP + Q) Tryg,

For |i:|:)D to be legal boundary states, we should have %(|P|2i|Q|2) to be non-negative integers.

It is then reasonable to set P = Q = +/2, which is the minimal solution of P and Q. We thus

get

=S
V2

Since gauging twice goes back to the original theory itself, we also finds the normalization in
(2.9)

i£)° = — (i) £1i)2). (2.18)

= —(lat) +la)h), )2 =

V2 Y2

These results were presented in a slightly different manner in Sec. 1.

|a)P (la+)* —]a=)"). (2.19)

9
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2.2 Fermionizing Z,: A —» F,F’

Setup: Let us further consider fermionizing the Z, global symmetry of A, and denote the
resulting theory as F. More precisely, we first stack the theory A with a Kitaev chain in the
nontrivial phase, and gauge the diagonal Z, global symmetry: F = (A x Kitaev)/Z,. The
partition functions on the torus are related as follows:’

1
Z'(:m,n) — E Z(_l)(m-!—r)(nﬂ)z'(o‘hs) , (2.20)
(r.s)

where the pair (m,n) now specifies the periodicity of the spin structure on the torus, in the
convention where m,n = 0 is the NS sector and m,n = 1 is the R sector.

We first need to recall the argument we already gave in the introduction: consider a Z,-
invariant boundary condition i of the theory A. When stacked with Kitaev, this boundary has
a Majorana fermion v, which is removed by the Z, quotient since it is Z, odd. In contrast,
when we start from a Z,-breaking boundary condition a+, this Z,-odd Majorana fermion v is
retained since the Z, gauge symmetry is broken here, resulting in a boundary with a Majorana
fermion. Furthermore, acting by v essentially converts a+ to a— and vice versa. Therefore
we find two types of boundary conditions: |i)F without Majorana fermion which comes from
a Z-invariant boundary condition i of theory A, and |a1/))F with a Majorana fermion which
comes from a pair of Z,-breaking boundary conditions a+ of theory A.

Rough properties of the boundary conditions: The way we determine the boundary states
is analogous to what we did in the case A «<— D studied above. When there are nontrivial
boundaries along the temporal direction, we again put a reference state |R) in the final time
slice, and put a boundary state |a) in the initial slice which we will study. Now we need to
consider four choices: NS/R sectors and (—1)" = £1, which we study in turn.

Let us first look into the state |a) in the NS sector with fermion parity (—1)" = 1. We have

zOO1Rla)] = 28V LRI,

(2.21)
ZOVIRla)] =z P[(Rla)] = 0.

The first equality follows from (—1)F = 1 and the last two equalities are because |a) is in the
NS sector. Combining with (2.20), we have

ZOVRIa)] =z VLRI,

(2.22)
z VIRl =z P[(Rla)] =0,
which implies that
la) o< |i)A or |a+) +la—)P. (2.23)
Let us further look into the state |3) in the R sector with (—1)F = 1. We have

(0,1) (1,1)
Z W [(RIB)YI=Z[(RIB)Y],

P F (2.24)

zOOURIBY = zEOLRIB)T = 0.

?See the footnote 5 for the expression on a general surface of genus g.
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Combining with (2.20), we have

ZOVLRIBY = 28 PLRIB)T,

(2.25)
ZOURIBY = Z O LRIB)] = 0.
The only solution |f) to (2.25) is |i>é~~ We will denote |3) as Ii)E, ie.
i)} o< [i)A . (2.26)

Let us further look into the boundary state |y) in the R sector with (—1)f = —1. This means

zOPIRIY1=-z8PLRINT,

(2.27)
zOVURI)] = 28 OLRIY) ] =0.
Combining with (2.20), we have
ZXVURIN ] = -z OLRINT,
©.1) @ (2.28)
ZA ’ [(Rl)/)] = ZA ’ [(Rh/)] =0.
The only solution |y) to (2.28) is |a+)" — |a—)*. We will denote |y) as |a1/))}';, thus
|a1,b)§ o< |a+)A — |a—)A ) (2.29)

Finally let us look into the boundary state |n) in the NS sector with (—1)f = —1. This
means

ZOO1RIN) 1= -z VLRI,

(2.30)
ZPVIRIN)] =z V[RIn)] =0.
Combining with (2.20), we have
(0,1) (1,1)
A [(RIn) A [(RIn) 2.31)

ZOOURINT = 20O RIn) 1= 0.

We note, however, that there is no boundary state in the twisted sector of theory A which is
Z, odd. Hence there is no boundary state in NS sector with (—1)f = —1 in theory F.
To encode the (—1)F quantum number to the boundary state, we introduce |+), represent-
ing (—1)F = £1 respectively. In summary, we find
“F WA
li)ns o< 1) @ [+)

F Ay la—)A
|a¢)N§0<(|aA+> +la=))el+), (2.32)
i)} o< i) ® |+)

lay)f o< (la+)* —la—)M) @ |-) .

where we remind the reader that our |a1/))l'; includes an insertion of a Majorana fermion to
absorb the zero mode, which is required to make the state nonzero.
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Fixing the normalization constants: We need to further determine the normalization con-

stants in (2.32). Suppose the normalization constants are Py, P,, P3, P, for the four relations
in (2.32) respectively. Exchanging the time directions, we find

Rs (ili)ns = Py (Trygs + Ty, ), (2.33)

Rs (@ 1b)Rg = Py X (Tryy, +Tryy | +Try  +Try ) (2.34)
= 2|P[*(Try,,,, +Trs,,, ), (2.35)

R (i1)g = Ps 2 (Try =Ty, ), (2.36)
RA@plbp)g = [Py*(Try . +Try , —Try —Try ) (2.37)
= 2|p4|2(TrHa+“7+ —Try,,, )s (2.38)

Fs(ilay)fs = PiPy(Try,,, +Try,, ), (2.39)

(
Filay)k = P3Py(Try,, —Try,, ), (2.40)

ila—
where we used the fact that the Z, symmetry of the A-theory implies that Try,, . = Try
and Tr;_[aﬂbf = TrHHH to convert (2.34), (2.37) to (2.35), (2.38), respectively.

The boundary states of F should satisfy the spin Cardy conditions (1.9). This requires that
the coefficients on the right hand side should be non-negative integers for NS states, while

a—|b—

integers for R states.!? There are two minimal'! solutions of P;’s,
Pl :P2:P3 :P4: 1 (2.41)

and

1
E >
which yield minimal integer coefficients on the right hand sides of (2.33)-(2.39), hence satisfy

the spin Cardy conditions. The correct choice for the theory F is (2.41). To see this, it suffices
to consider the case when A is the completely trivial theory. There is a single Z,-symmetric

Pl :P3: '\/E, P2:P4: (2.42)

boundary condition i, for which H;; = 1 is one dimensional and Z,-even. In this theory
F = (A xKitaev)/Z, is also a trivial theory, which has a trivial boundary, for which
R (ili)ig = 1. This fixes P, = 1.

For more general theories, the equations (2.33) and (2.36) simply state the fact that for
Z,-invariant boundary condition i, j of theory A, the corresponding boundary conditions of
the theory F is obtained by attaching a Majorana fermion v and simply removing it by the Z,
projection. Therefore the open Hilbert space in the fermionic theory with boundary conditions
i and j is simply equal to the Hilbert space of the original theory H
(—1)F equals the original Z,-charge U.

To interpret (2.35) and (2.38), we note that each of these boundary conditions hosts a
single Majorana zero mode. Therefore, with two boundaries, we need to quantize a pair

i|j> and the fermion parity

of such modes, providing a factor of 2. We note that the relative sign in (2.38) does not
correspond to (—1)F, since in our definition we inserted a Majorana fermion operator on the
boundaries |ay)" and |by)F.

OHere we choose the convention that the coefficient P;P, in (2.40) is positive. One can alternatively let PP,
be negative. The two conventions are related by flipping the sign of the boundary Majorana zero mode inserted to
make |a1,l)); nonzero, and neither sign of the Majorana zero mode is privileged.

I'Minimal means to keep the coefficients on the right hand side of (2.33)-(2.39) to be minimal non-negative
integers.
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In summary, we found'?

s = 10" @ [+) ,
lay)ys = (lat) +la=)M @ |+)
[ = 115 ® 1) .
jay)g = (la+)" —la=)M @ |-) .
We can further append a nontrivial Kitaev chain to F to obtain F’. As the relation between

F and A is equal to that of the relation of F/ and D, we can easily find from (2.18) and (2.19)
that

(2.43)

lip)Re = V21 @ |+),
/ 1
|ans = 2
i) = V22 @),
) = %Ua#‘— o [+) .

As a consistency check, attaching a Kitaev chain amounts to change the number of Majorana

(la+t)? +la=)M ® [+)
(2.44)

zero modes in the R sector states, hence the amplitude of the boundary states are exchanged
between 1 and v/2, exactly as shown in (2.44) and (2.43). Our final results (2.43) and (2.44)
were already presented in Sec. 1 as (1.11) and (1.12). There, we suppressed |+), while just
remarking their fermion parity explicitly.

2.3 Comments

Before proceeding, we would like to make two remarks.

On two common normalizations: Recall that during the derivation, we demanded that
the overlap of any pair of boundary states has a consistent Hamiltonian interpretation in the
open channel to deduce the proportionality coefficients. This is different from the standard
viewpoint in hep-th in the following sense.

Consider a massless free Majorana fermion in 141d, which allows two boundary conditions
y; = £ on the boundary. In hep-th, it is often stated that if we choose a wrong pair of
boundary conditions a, 8 on the two ends of a segment, there is a bulk fermionic Majorana
zero mode, which makes the system not quantizable. This problem can be cured by putting
a Majorana fermion by hand. In such a case, it is +/2 {a|B) which has a sensible Hamiltonian
interpretation in the open channel. The recent paper [25] uses this normalization.

Instead, in this paper we chose to use a viewpoint which is more in line with cond-mat,
or which happens when we realize the Majorana fermion on the lattice for example. In this
case, if 1); = +1pp is a boundary condition without a boundary Majorana fermion, then the
boundary condition v; = —z comes with a boundary Majorana zero mode. In this case
any pair of boundary conditions is quantizable, but then we need to introduce additional
normalization constants of x/fil in front of the boundary states. Then the boundary states for
a single Majorana fermion with boundary conditions v; = +v and v; = —gx would have

12As one of the authors emphasized in [29], the linear combination of Cardy states appears naturally as zero
mode of fermionic model [30,31]. This type of states has also captured attention in the condensed matter physics
community [32-34].
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different norms. This +/2 factor can also be observed as the +/2 fold degeneracy of Majorana
chain [29-31].

Relation with the lattice Jordan-Wigner transformations: Recall also that during the de-
rivation, we saw the relation between the open Hilbert spaces of the original bosonic model A
and the transformed fermionic model F, which we gave in (2.33) to (2.39). We also saw that
Z,-invariant boundary conditions give rise to boundary conditions without localized Majorana
fermions, and that Z,-breaking boundary conditions to boundary conditions with localized
Majorana fermions.

Here we show that this is also what we have when we perform the Jordan-Wigner trans-
formation on an open chain. In this sense, our transformation form A to F is indeed the
Jordan-Wigner transformation in disguise.

Let us first consider the case of standard Z,-invariant boundary conditions on open chains.

Namely, we consider an open chain of L sites with the operators GS)Y 2 =1,...,L). We

take a Hamiltonian H commuting with the Z, symmetry generated by [ [, 0(5) The boundary
conditions at both ends are Z,-invariant. Such a Hamiltonian can be rewritten in terms of Ma-
jorana fermions ap(t), (t =1,...,2L) using the standard formulas. Then almost by definition,
the Hamiltonian written in the fermionic variables is equal to the Hamiltonian written in terms
of ag(s,)y,z’
(2.36).

Next, we consider a particular class of Z,-breaking boundary conditions on an open chain,
and see it reproduces (2.34). The existence of localized Majorana zero modes is also clearly
visible.

We again start from the same Hamiltonian Z,-invariant H on a chain of L sites, and ex-

press it in terms of a)(f)z without ag). At the leftmost site i = 1, we drop the terms from H
1)

and the fermion parity is equal to [ [, O'(Zs). This reproduces the relation (2.33) and

, and also perform an analogous operation on the other end i = L. Let us denote

the resulting Hamiltonian by H’. Such a Hamiltonian H’ commutes with a)((l) (L)

therefore H' and ag’”

involving o,
and 0", and
can be simultaneously diagonalized. In other words, H’ splits into four
sectors H', , depending on the eigenvalues of GQ’L), and the four sectors describe Z,-breaking
boundary conditions imposed on both ends. Now we perform the standard Jordan-Wigner
transformation for H’, which is still Z,-symmetric. The construction guarantees that H' does
not involve ¢ and 1®1), meaning that they commute with H’. We found that each end has
an unpaired Majorana zero mode.

To make this abstract discussion more concrete, take for example, the standard critical

Ising chain
~Hyging = ZG(S) Z Do, (2.45)

The modified chain has the Hamiltonian

L—1 L—1
Hio=> 00+ > 0Pl (2.46)
s=2 s=1

which splits into four sectors described by

L-1
_HI/singii — (Z O.(ZS)) + 0.(2) n (Z ) (s+1) g(L—l) ’ (2.47)
s=2
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acting on sitess = 2,...,L —1. This HI’ sing+ indeed breaks Z, at both boundaries and has the
standard forms there.
Now H’ written in the Majorana fermion variables is simply

2L—2

—H' =Y igpOep(t+D) (2.48)
t=2

and commutes with ¢ and ). We indeed found localized Majorana zero modes, and
also reproduced the relation (2.34).

3 Examples

In section 2, we discussed the transformation of boundary states under gauging and fermion-
izing the Z, global symmetry on general grounds. In this section, we apply the general results
in section 2 to concrete examples. We often use standard results in the theory of RCFTs, such
as Ishibashi and Cardy states [35,36]; for general aspects of BCFT, see e.g. [37-39]. We refer
the readers to Appendix A for a brief review and further references.

3.1 Fermionic SU(2),, WZW model

Let us first discuss the fermionic version of the SU(2); Wess- Zumino Witten (WZW) model.
Recall that SU(2);, WZW model has k+1 primaries labeled by j = 0, 2, .5 K with A= =1 (kjizl ),
The fusion rule is

lelj1=0i—ilelj—jl+1]e---&[min(j+ ) k—j—j)]. (3.1

Jdo2 L m@i+ 1R +1)
S.. = . 3.2
J k+251r1 k+2 (3.2)

There is a Z, global symmetry, generated by the Verlinde line £ associated with the primary
2

The modular S matrix is

operator [g]. This is non-anomalous when k is even and anomalous when k is odd. In the
following we only consider the case k is even.
For a given j, the conformal primary and its descendants |j, N) all have the same Z, eigen-
s

k
value <= s = (—1)%. The Ishibashi states are schematically given by
Z j,N)®|j,N (3.3)

which are Z, eigenstates with eigenvalue (—1)%, i.e. g|j)) = (—1)%|;j)). Therefore Z, acts on
the Cardy state as

gliy=15—j). (3.4)

The only Z,-invariant Cardy state is |§).

The twisted Cardy state |§) , €an be determined using the general formula given in Ap-
pendix A. Here we use an ad hoc but more elementary method. The twisted Hilbert space has
the form

H=®jvj®vk/2—j- (3.5)
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Therefore, the only possible Ishibashi state which can appear in this twisted Cardy state is
|§»tw:

k
|_> OC|Z»tw (3-6)
tw
Let us note that we have
k, _ k . . . . .
<Z|€ ZTEH/5|Z>=X0(15)+Xl(l5)+){2(l5)+%3(15)+"'+X§(l5), (3.7)
while
k —2nH/5 k . . . . k .
((Zle lZ» o< 10(i6) = x1(16) + x2(i6) = x3(i6) + -+~ + (=1)2 7 (i6). (3.8)
Therefore we should have
k, _ k . . . . koo
(1€ 1 7)o = 20(i8) = 11 (18) + 2(i8) = 2a(i8) -+ (- 1)7 1 (i8) . (3:9)

from which we can determine the proportionality coefficient:

|§>tw (k”) 1) (3.10)

So far we discussed the untwisted and twisted Cardy states in the original diagonal SU(2);
model. For even k, we can orbifold the Z, symmetry and then obtain the D-type modular
invariants of the SU(2);, WZW model. Equivalently, for even k, we can consider the WZW
sigma model whose target space is the group manifold SO(3) rather than SU(2), and the D-
type modular invariants are the infrared limit.'®> Denoting the SU(2);, WZW model as theory
A, we can now determine the boundary states of theories D, F and F’ following our general
prescription.

1. The boundary states of theory D is obtained by gauging Z, (i.e. Z, orbifolding). Using

V2 2
b 1. k. a 1 k=2
= — —_ = — =0.— -
1) cw ﬁ(h) |2 nY, o g

(3.11)

These boundary states have been discussed in the context of orbifolding [46].

¥ Depending on whether k = 4n and k = 4n + 2, these models are called D,,., and D 44 models, respectively,
and they show rather distinct behaviors, in that the chiral algebra enhances in the former while it does not in
the latter. Historically, this made the construction of the boundary states for the latter more difficult, and was
initiated in [40,41]. This paved the way for a more general method applicable to arbitrary simple current orbifolds
e.g. in [42-45].
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2. The boundary states of theory F is obtained by stacking a Kitaev chain (Arf invariant)
before gauging Z,. Using (2.43),

D= +15 =84,

k 1 k=2
+F A A A A .
= R ® |— ) :O,—,.., )
li)r = (1) |2 nhel-, 5 , .
kP kA :
- =1=) ®l+),
|4)NS |4) [+)
kF ook A
=) =1=) ®+).
|4)R 4)m |+)

3. The boundary states of theory F’ is obtained by stacking a Kitaev chain (Arf invariant)
before gauging Z,, and then further stacking another Kitaev chain. Using (2.44),

/ k
D= =0 +15 =)o),

= 1 ..o k .4 . 1 k—2
=—(iY*=lz=)HMe+ =0,=, 00—

|J>R ﬁ(']) |2 ]) ) | >5 ] :2) > 4 >

P LA (3.13)

=) =V2]5) e+,

D) = V2l sl)

kF/ kA

=) =v2|=) ®|-).

D) =23 e

Before proceeding, we should pause here to mention that the boundary states of the
fermionic versions of diagonal unitary minimal models are given essentially by the same for-
mulas, since the primaries (r,s) of the Virasoro minimal models'* have the fusion rule which
is isomorphic to the fusion rule of the SU(2) affine algebra acting separately on r and s, and
the Z, quotient acts only on a single index [47-49]. The resulting boundary states agree with
those determined in [25], up to the factor of +/2 explained at the end of Sec. 2. The SU(2);
WZW models also have exceptional invariants [50,51]. We have not studied the boundary
states of fermionic versions of these, but again it should be possible to recover them from the
discussion of boundary states of fermionic exceptional minimal models in [25].

3.2 The Ising model and a massless Majorana fermion

It is well known that the bosonization of a free massless Majorana fermion is the Ising CFT. We
will briefly review the boundary states to set up the notation. A careful discussion was given
in [52, 53], but our interpretation is slightly different from the one given there.

Cardy States for the Ising Model: The Cardy states of the Ising CFT were discussed in [36].
They are |0), |%) and |11—6) and can be written in terms of the Ishibashi states |0)), |%)) and |%)}

The indices (r,s) here are different from those we have used in the previous section to denote the number of
7, defects on T2,
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via (A.11):

1 1 1 1.1
|0) = E|O»+ E|§>>+2_3T 1_6»’

1 1 11 1.1
|§> = EIO» + Eli» _2_%|1_6»’ (3.14)
1 1

|E>=|O»_|§»'

Under the Z, generator g we have

1 1 1 1
0)=1=), =) =10), —)=|=). 3.15
gloy=13), gl3)=10), glz)=I7) (3.15)
Hence |%) is invariant under Z,, while the other two states are exchanged by Z,. In additional
to the three Cardy states, there is also a twisted state |%> o

Ishibashi States for the Massless Majorana Fermion: For the free Majorana fermion, there
are two boundary conditions, v; = +1». Following [52], we will denote the boundary states
by |B+)ys sr- To write down the boundary states, we consider the mode expansion of the
fermions: vy (z) = >.. P25 Pp(E) = D 1,272 where r € Z for the R sector, and
rezZ+ % for the NS sector. Note that we have zero modes in the R sector. Boundary Ishibashi
states for the free fermion can then be written down by demanding (v, F i), )|B.))xs /rR=0
[52]:

Bis=exp| =i > y_4_, |0},
r>0,r€Z+% (3.16)

|B:l:»R = exp (ﬂ:l Z w—n’l[)—n) |:|:0> 5

n>0,n€Z

where the sign % in the exponent and in the zero mode state |+,) are correlated with the
choice of boundary condition 1; = #. The vacuum |0) in the NS sector is defined to be
annihilated by all the fermion modes with positive index 1, [0) = ¢, [0) = 0,7 > 0. Let us
further specify |+,) in the R sector. There are two fermion zero modes, v, and wﬁo. We can
now form a complex fermion ¢ = ¢+ iibvo, which then defines a two dimension Hilbert space
|+0) via

clto) =0, |—o)=cl+o), c'l—0) =0, P,lo)=,|%e) =0, ¥n>0. (3.17)

To see the fermion parity, note that the state in the NS sector does not have fermion zero
modes, and non zero modes come in pairs of left handed and right handed modes. Thus
(=1)F =1 for |B1)ng- For the R sector states, the nonzero modes in the exponent come in
pairs, hence they do not contribute to nontrivial fermion parity either. However, the zero
modes do contribute to nontrivial fermion parity. We declare that the zero mode state |+) is
even, (—1)f |+¢) = |+¢), then

(1) |=o) = (=1 ¢’ |40) = =" (=) |+9) =—I—0) , (3.18)
which shows that |—;) has odd fermion parity. In summary, we have

(—1)" |£o) = £ %) - (3.19)
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The fermion parities of various Ishibashi states can now be summarized as follows:

(1" =+1: [Bi)xs, IB-)ns» 1Bk, (3.20)
(—1)Ff ==1: |B_)x. '
Cardy States for the Massless Majorana Fermion: We further construct the Cardy states
from the Ishibashi states [B.))ys/r- As discussed in the introduction, we label the boundary
states of the fermionic theory with definite quantum numbers. The boundary state is one
to one correspondence with the boundary condition labeled by +, and each boundary state is
either in the NS sector or R sector. !> This means that the boundary states of the free Majorana
fermion is proportional to the Ishibashi states, i.e.

IB;)ns < IBi))nss  IBo)ns ©< IB_)ns,  1Bi)gr ©< [Bi)r,  |B_)g ©< [B_)g- (3.21)

To determine the proportionality constants in (3.21), one needs to compute the overlap of the
Ishibashi states, and demand the boundary states to satisfy the spin Cardy condition (1.9).
Since it does not affect the discussion below, we will not work out the normalization constant
here. What is important is that the Z{ quantum numbers of the boundary states |B.)yg /R are
the same as those in the Ishibashi states:

(_1)F =+1: |B+>Ns 5 |B—>Ns 5 |B+>R 5

(3.22)
(—1)f=-1: |B.)g.

By matching the quantum numbers, we find that it is consistent to relate the fermion boundary
states |B.)ys g and Ising boundary states |0, %, %) and I%) e Via either (2.43) or (2.44):

Bvs=(0)+15D81),  Bys= V2l @),
1 1 1
Bidns = I=2) ®1+), Bi)ns = —=0) + 1)) ®1+) ,
NS 16 1 or V2 1 2 (3.23)
Br=(0) =10, Bx=v2Iz) e,
1 1 1
Bun=l3g) @), Ba)n= (0~ I5)) @]+

These two choices are equally valid. This is because the Ising theory is self-dual under the
Krammers-Wannier duality, and therefore when we take A to be the Ising theory we have
A ~ D, which then leads to F ~ F’. We discuss more details in Sec. 4.3.

3.3 Spin(N), WZW Model and N Majorana Fermions

We move on to consider N Majorana fermions. As is well-known, this is a fermionization of
the Spin(N); WZW model. We start by checking this statement.

The bulk spectrum: The Spin(N); WZW model has three primaries 0, v, s for odd N and
four primaries 0, v, s, ¢ for even N, where the letters specify how the primary transforms under
Spin(N): adjoint (0), vector (v), spinor (s), and conjugate spinor (c). Their spins are 0, %, %,
% in this order, and we also denote the primaries by their spins, distinguishing the conjugate

15This is in contrast with the discussion in [52,53], where they allow the boundary states in the fermionic theory
to be a superposition of NS sector and R sector Ishibashi states.
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spinor by a tilde if necessary. We consider the diagonal modular invariant as the theory A, and
use the Z, symmetry generated by the primary v. We then have

Hs=Vo®Vo@V,8V,, Hy=V.®V,,

— — — (3.24)
HT:‘/S®VS) HV:VO®VV®VV®VO
for odd N and . . - .
He=V,0V,0V,0V,, Hy=V.0V.0V.8V,, (3.25)
Hr=V,@V,0V,8V,, Hy=V,8V,8V,8V, '
for even N.
Now the theory of N Majorana fermions have the Hilbert space
Hys=(oeV,)e(peV,),
b _ eV ev) (Neven), (3.26)
TlveveveV, (N odd).

We can now use (1.5) to confirm that this can be identified either with the theory F or F’ for
odd N. There is a subtlety for even N: the standard assignment of (—1)F in the R sector is
to assign (—1)f = +1for V,®V,® V. ® V. and (—1)" = —1for V, ® V. ® V., ® V,. This is the
assignment for the theory F’ but not for F.

Cardy states of the bosonic model: Let us now discuss the Cardy states of the bosonic
Spin(N); WZW model. For odd N, there are three primary fields, with conformal weights
(0,0), (%, %), (f’—G, %). The S matrix is the same as the one for the Ising model, hence the three
Cardy states have the same expression (3.14) in terms of the Ishibashi states, where we need
to replace the label 1/16 by N/16. Under Z, we have:

1 1 N N
g|0>—|§): g|§)—|0>, g|1_6>_|1_6>’ (3.27)

in particular |f’—6) is Z, invariant. This means that we also have a Z, twisted sector state |%) o
For even N, the modular S matrix is

1 1 1 1
1 1 iTEN/4 _1 _ iﬂZN/4
s=30 o 1 o | (3.28)
1 _eiﬂZN/4 -1 eiﬂZN/4

where the columns from the left to the right are for the primaries 0, %, %, % in this order.

Hence in terms of the Ishibashi states, we have

0) = 1o+ 1261 +12 +155) )

[

v/ Ny Ly iy N
0) +e ™) 1) —e |16»),
(3.29)

o)~ E) — )+ A )
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—_—

Under Z,, |0)) and I%)) are even, and I%)) and |%)) are odd. In terms of Cardy states we then
have

1 1 N. N. N. N
g|0)—|5>, g|§>—|0), g|E>—|E); g|E>_|E>' (3.30)

Hence they form two Z, conjugate pairs. There is no Z, invariant boundary state, and therefore
there are no boundary states in the Z, twisted sector.

Boundary States of free fermions: We further discuss the Ishibashi states in the fermionic
theory. We will preserve the SO(N) global symmetry, hence all flavors of fermions will be in
the same sector, and will have the same sign in )’ =+ for all i = 1,...,N. The Ishibashi
states are direct generalization of (3.16),

N
BWs=exp[ =i > >yl 4, |0),

T>O,TEZ+% ]=1 (3‘31)

B)X = exp (ii > >, f_) EE

n>0,n€Z j=1

where |0) is defined to be annihilated by all y}’s with r > 0, and |+) is defined as ®§.V:1 |i{))
where |:l:{)) is determined in (3.17) for the j-th flavor. In summary, there are still four Ishibashi
states, i.e. |BL))Ns> IB-)Ns> IB-)R> 1B+ )R -

Let us analyze the fermion parity for the Ishibashi states. For NS states |B, ) II:I’S, the non-zero
modes do not contribute to fermion parity. For R states |Bi))’;{ , only the zero mode contributes

the fermion parity. The fermion number is the sum of fermion number for each flavor, hence

(3.32)

43y @ ®+y), (-D)f=1,
-y ®--®|—y), (—1LF=(-1)".

Thus when N is odd, [B_))Y should have (—1)F = —1 and |B,))Xs, [B_))xs, [B_))% all have
(—1)f = 1. However, when N is even, all Ishibashi states in (3.31) have even fermion parity.

Similar to the discussion in Sec.3.2, the boundary states for N Majorana fermions, denoted
as IBi)ﬁS /r> are proportional to the corresponding Ishibashi states, |Bi)ﬁs R OC |Bi))II:I’S R
This means that the quantum numbers of the Ishibashi states discussed in the previous para-
graph also apply to the boundary states: when N is odd, |B_)g should have (—1)f = —1 and
|B+)’§S,|B_)§]’S, |B_)f{ all have (—1)f = 1. However, when N is even, all boundary states
|Bi>§1[s /R have even fermion parity.

By matching the quantum numbers of the boundary states, we conclude as follows:

1. When N is odd, the boundary states of the fermionic theory are related to those in the
bosonic theory in the same way as in N = 1 case (3.23).

2. When N is even, all the boundary states satisfy (—1)" = 1. The fermion boundary states
|B:t>]1:1]5 /R and the Ising boundary states can only be identified via (2.44):

1 1 1 1
By )N = —ﬁ(|0> + |5>) ®+), B, )N = —ﬁ(|0> — |5>) ®+), s
N _ Lt N N n_L1 N, N '
IB_>NS—ﬁ(|16>+I16>)®I+), IB—>R—ﬁ(I16> |16>)®I+)-
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To see why (2.43) does not work, we note that all the boundary states in the Spin(N),
theory are Z, breaking states, while (2.43) pairs certain superposition of Z, breaking

states with (—1)F = —1 fermion boundary states, which is in contradiction with the fact

that there are no (—1)f = —1 boundary states in the Majorana fermion theory. This

means that if Spin(N); WZW is theory A, then N massless Majorana fermions is theory

F’:

Spin(N);WZW x Kitaev
Ly

N Majorana Fermions = x Kitaev. (3.34)

3.4 Maldacena-Ludwig boundary state of eight Majorana fermions

As the last example in this section, let us discuss the boundary state of eight Majorana fermions
studied by Maldacena and Ludwig in [54]. This boundary state arises when we study the
monopole catalysis of baryon decay [55, 56] and also when we study the Kondo problem
[57,58]. It was also recently revisited in [59].

Let us start by recalling the bulk system, which is the special case N = 8 of N Majo-

rana fermions we discussed above. In this particular case, the primaries %, % and % all

have the same spin. We distinguish them by labeling them as v, s and c, as commonly done.
The spin(8); affine algebra has an S5 outer automorphism permuting them. The Maldacena-
Ludwig boundary state is characterized by the condition that the left-moving spin(8), and
the right-moving spin(8), are related by the order-2 automorphism w exchanging v «— s and
fixing 0 and c. We therefore have J = w(J) at the boundary, and any boundary state |¢) with
such a boundary condition needs to satisfy

(J_p+w(U))|p)=0. (3.35)

Note that the boundary conditions and the defect operators discussed up to the previous
subsection always used the trivial automorphism to identify the left-moving and right-moving
chiral algebras. Note in particular that the Z, lines we used repeatedly, generated by the pri-
mary v, commute with the chiral algebra, and are not to be confused with the automorphisms
of spin(8), affine algebra.

The property of such w-twisted boundary states was studied in detail in [60], and we can
simply quote the results there. In the v-untwisted sector, there are two w-twisted Ishibashi
states

100w :=Ro(@)I0),  lc)e :=Rc(w)lc)), (3.36)

where Ry(w), R.(w) are the representation matrices of w on V[, and V, with the convention
that they only act on the holomorphic side. The two w-twisted Cardy states are then

006 =106 +1New>  16)o =100 =N, (3.37)

and they are exchanged by the action of the Z, Verlinde line operator v.
We then convert this pair of Z,-breaking states to the theory F’ to find the Maldacena-
Ludwig boundary state,'® which is given by

IML)ys = v2[0)),,,  IML)g = v2[c)),, . (3.38)

16We were lucky that the w-twisted boundary states on the bosonic side turned out to be Z,-breaking. If it
were Z,-preserving, we would have also needed the w-twisted boundary state in the v-twisted sector. The general
theory of such ‘doubly-twisted’ boundary states do not seem to be readily available.
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Ag— Inp,, I, —D,,

Inop

Figure 2: Interfaces from the theory A to D.

We can then find, for example,

ns (ML|e=2 /8 |ML) yg= 70(i8) + 1, (i8) + x,(i8) + x.(i5),

. . . . 3.39
o (MLIe2 /3 |MLY, = 70(i8) — 10(i8) — 2.(i6) + 7.(i5). (3.39)

4 Interfaces and boundary states

In the last section we derived the form of the boundary states of fermionic theories F and
F’. In this section we use this knowledge to determine the algebra of the interfaces between
the theories A, D, F and F’. This analysis also allows us to see how the anomalous chiral Z,
symmetry arises in the theory F ~ F/ when A ~ D.

41 A<D

We start by considering the interface between the theory A and D. When placed on a circle,
such an interface determines various operators, some of which are shown in Fig 2. Namely,
from A to D we have

IA_)DZHA—)HD, IA_,thlHA—)HEN,

(4.1)
IAtw_’D :HQN—)HD, IAtw_’th HQ‘,HHB\]

The interface operators from D to A can be considered in a similar manner and they are adjoints
of the operators given in (4.1).
From the known relations among the Hilbert spaces (1.5) of A and D, we know that

Inp < Ps, Ipp, < Pr, Ip,pXPy, Ip D, O<Py, (4.2)

where Ps 1, are the projections to the respective components in (1.5).

For example, we have H” = H; ® H; and HP = Hg & H. Therefore, I5_,p can only map
the states in Hg € HA to Hg € HP. We expect that In_,aIa_,p is proportional to the identity
on . The two copies of g belong to two distinct Hilbert spaces'” H” and #P, so we use
an appropriate multiple of Ip_, to identify them, resulting in the simple equations (4.2).

The proportionality coefficients can be fixed in various ways. Here, we require that the
application of the interface operators to the boundary states give rise to an integral linear

7When A ~ D, I_ can define a non-trivial order-2 operation on Hg. We will discuss this possibility in more
detail in Sec. 4.3.
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states.

| )" | iy, | la)” |
Inop || li+)P+1i—)P : |a)®
Insp,, 0 - +la)y,
In D - li+)° — |i—)" -
Ipn ,—Dy, - 0 -

[
Ipoa || lat) +la)" - )"
Ip, A - lat) —la)* | -
Ip.a, 0 ; + i)}
Ip -, - 0 -

combination of the boundary states. Comparing (1.13) and (1.14), we find'®

Inp=v2Ps, In,p, =V2Pr, Ip_ _p=v2P;, In__p, =V2Py,. (4.3)
and similarly for the interfaces from D to A. We then find, for example,
Inop D) =1iH)P+1i9)°,  Iapla) =1a)® (4.4)
and
IpoaAlpp=1+g, (4.5)

where g is the Z, generator. Here the right hand side is restricted to act on the untwisted
sector. This last relation is known to generalize to

Ipalpa—p = Z g
g€iG

(4.6)

when A is G-symmetric and D is the G-gauged theory [61]. Systematically, we tabulate the
action of interface operators between A and D on the boundary states in table 1.

42 A—FF

Next we consider the interfaces between the original theory and the fermionized versions. We
first consider the ones between A and F’. We denote the interfaces from A to F’ as

. yA F A F
IA_’F{\IS'H _>HNS’ IA—>F§'H _)HR’

4.7)
LA F LA F
IAMHF{VS'HIZW_)HNS’ IAMQF;{'HM_}HR'
Again they are proportional to the projectors P 1 y:
IAHF;\ISOCPS’ IAHF%OCPTﬁ IAtw—’Ff\ISOCPV’ IAtw—>F;,\O<PU' (4.8)

The proportionality coefficients can be found by studying their actions on boundary states. We
find that

IAHF;\IS = \/EPS 5 IA—>F;{ = \/EPT 5 IAfW_}F;\IS = ‘/EPV 5 IAM_)F;{ = W/EPU . (49)

183trictly speaking this method does not determine I Aw—Dyy» Since the projection of the boundary states is zero.
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Table 2: Action of interface operators (between theories A and F’) on the boundary

states.
L0 [l | dan)® [ e ]
Inor, [ li)s |- |a)ks la)is
InF, 0 - +la)g —|a)f
In, -/, - 0 - -
—2 - i)} - -
Lips [F [ Jafs [ laf ]
Ieon || 20% | - Jlat)?+]ar)? :
I p - 0 - la+)" — |a—)"
IF A, 0 - 0 i
Ig oA, - 20i)% - 0
These interfaces act on the boundary states for example as
Inori 10 = 10%s » Tnory la)? = o) (4.10)
and
Ie, alpop, =1+ (4.11)

Again the right hand side is restricted to the NS sector only. We tabulate the action of inter-
face operators between A and F’ on the boundary states in table 2. These actions were first
determined in [53] for two specific cases when the theory A is the critical Ising model or the
tricritical Ising model. They were also discussed in [11].

The interfaces between A and F can be determined in a similar manner. We find

IA_’FNS = 2PS 5 IA—)FR = 2PT s IAtw_’FNS = 2PV s IAtw_’FR = 2PU . (412)
Note the difference by the factor +/2 in (4.9) and (4.12). Because of this we find that

IFNS*AIA*FNS :2(1+g) (413)

We tabulate the action of interface operators between A and F on the boundary states in table
3.

The difference between (4.9) and (4.12) can also be understood by considering the inter-
face between the theories F and F’. Since the only difference between these two theories is
the stacking by the nontrivial Kitaev chain, the interface simply hosts an unpaired Majorana
mode, and satisfies
oFys = 2 414

This is the dimension of the Hilbert space generated by two paired Majorana modes.
When acting on to the boundary states, we have

Trys-ri TR

\F o\ F F F
Ie o NDns = lins > TrgoF @) =2la)” . (4.15)

The factor 2 in the second equation comes from the fact that |a)F already has an unpaired Ma-
jorana zero mode, which combines with another Majorana zero mode hosted on the interface
between F and F’. We then find

Iee rIasF, = Iasry s IrgoF Jasky = 2IaoF - (4.16)
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Table 3: Action of interface operators (between theories A and F) on the boundary

states.
A A A A
| 0 | s | |a+) | |a—) |
Inor || 210y - )y )y
— NS NS NSF NSF
IA—)FR 0 - +|a¢>R _laII))R
Iny=Fy || - 0 § -
\F
IAtw_’FR B 2|l)R - -
\F ~\F F F
” |D)ns | 1Y | |lay))ys | lay)g |
I 21i)A - 2(Ja+)? + |a—)") -
Fys—A
Ir A - 0 - 2(|la+)" —la—)")
IFNs—’Arw 0 _ 0 -
A
IFR_>Atw - 2|l>tw - 0
A A

[ J\]

Figure 3: A closed loop of an interface without any operators in it can be evaluated
to a number. This number can be called the quantum dimension of the interface,
generalizing the same quantity for topological line operators of a single theory.

Finally, we note that the proportionality coefficients

Inop=V2Ps, Ipn,p=2Pg, Inp=v2P, (4.17)

translate to the property of the interfaces shown in Fig. 3. Namely, when we have a closed
loop of an interface without any operator in it as shown there, they can be simply evaluated to
be an insertion of a number, +/2, 2 or +/2 depending on whether the interface is from A to D,
F or F'. For topological line operators in a single theory, the number obtained by evaluating a
closed loop without any operator in it is called the quantum dimension of the loop, and here
we are dealing with its natural generalization to the interfaces. That the interface between
A and F’ has a non-integer quantum dimension +/2 is consistent with the fact that when A is
trivial, F’ is the nontrivial Kitaev chain.

4.3 The special case A ~ D and the anomalous Z, symmetry of F ~ F’

In some important cases, e.g. the Ising model or the tricritical Ising model, the Z, orbifold
theory D of the original bosonic theory A is equal to itself, A ~ D. In this case the interface
X :=Ia_,p can be considered as a defect of the single theory A ~ D which now satisfies the

26


https://scipost.org
https://scipost.org/SciPostPhys.11.4.082

Scil SciPost Phys. 11, 082 (2021)

fusion rule

X?’=1+g, gX=X, (4.18)

see [62] and also more recent works [27, Sec. 4.3.1] and [29, 63]. We note that, when we
wrote in (4.3) above that Ix_,p = v/2Ps, this is meant to be a map obtained by first projecting to
the summand Hg C HA and then sent isometrically to the corresponding summand Hs C #HP.
We now identify % ~ #P, but this can introduce a nontrivial unitary operator of order two
on Hs. Therefore, the duality interface X as acting on H” is a composition

X = \/Ehsps N (4.19)
of the projector Ps to Hg together with a unitary operator
hS . HS g HS 5 (420)

which squares to 1.
Similarly, the interface X, := Ia_ p,, has the form

where
hy : Hy = Hy, (4.22)

is again a unitary which squares to one.
The operators hg and hy, then combine to give a unitary operator

h:HE > HE,  where Hi =Hs;oM,, (4.23)

which squares to one. This is the Z, operator acting on the NS sector of the theory F.
For example, in the case of the Ising model treated above, we have X = £ 1 which is the
Kramers-Wannier duality defect. Under X,

1 1 1
X|O>—X|£) ) X|E>—|0)+|§>~ (4.24)

1
= lE ,
Using (3.23), one finds that the boundary conditions B_ and B, for the Majorana fermions are
exchanged, i.e., 1; =+ becomes v); = Fy, which is precisely the chiral Z, symmetry.

On the R-sector, we see that the operator coming from the duality wall X exchanges H; and
Hr, and in particular flips the sign of (—1)F. This means that the Z, symmetry is anomalous.
Recall that the anomaly of Z, symmetry of fermionic (1+1)-dimensional theory is specified
by an integer modulo 8; it is known that the anomalous Z, symmetry obtained from a duality
defect X satisfying the fusion rule (4.18) automatically has the anomaly characterized by an
odd number modulo 8, see e.g. [23, Sec. IV and Sec. VI].
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A RCFTs and their Z, symmetries

In this section we collect various facts on RCFTs. More specifically, we discuss the diagonal
modular invariants and their Z, symmetries generated by simple currents of order 2. This will
allow us to construct a large class of fermionic models and fermionic boundary states.

Diagonal modular invariant: We start from a chiral algebra A with irreducible represen-
tations V,,, where a = 0,..., such that the label 0 corresponds to the vacuum representation.
We denote the fusion rule as

VoV ~ Ny Vy . (A1)

The untwisted Hilbert space 7, has the decomposition

Ho=DVa®Va, (A.2)
a

and therefore has the character
Try, e 2™ = Z 2a(O)xa(1). (A.3)

In some references these modular invariants are called charge-conjugation invariants, since
the left-mover and the right-movers are complex conjugates of each other.

Verlinde line operators and generalized twisted sectors: In this diagonal theory, we have
Verlinde line operators labeled by a [62,64,65]. When wrapped around the spatial circle, it
determines an operator

Ly:Ho— Ho, (A.4)

satisfying the fusion rule equation
LoLp=NygL,. (A.5)

They are known to act in the following manner: by a multiplication by
S
B
Lalpp) =< Idp) (A.6)
0B

where |¢4) is in the summand Vg ® V_ﬁ of H,. These equations are compatible because of the
celebrated formula of Verlinde [64],

NY _ Z Sa55ﬁ6$.

T = (A7)

= Sos
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This also means that the Hilbert space H, on a circle with an insertion of the Verlinde operator
labeled by «a is given by

H,=EDNE Vv, 0V, (A.8)
a’ﬁ
so that the character is
Try, e 2mtH — ZNf},Xa(t)Xﬁ(t) . (A.9)
a’ﬁ

Ishibashi states and Cardy states: To describe the boundary states, we first consider Ishi-
bashi states |a)) € V,, ® V, [35] with the property

(e 1913) = Sap a(5). (A10)

Then the Cardy states are [36]

Sup
la) = 1B, (A.11)
; v/ Sop

which satisfies
(a]e™2™H/% 1) = Tty e 2moH — ZNgﬁxY(i(S) , (A.12)
a’ﬂ

meaning that the open Hilbert space has the decomposition

Hap = DNV, - (A.13)
Y

We also find the action of the Verlinde operators on the Cardy states as follows:
LylB)=Ngly) - (A.14)

Order-2 simple currents: In general, a primary p which has the fusion rule (V,)" ~ V, is
called a simple current. The corresponding Verlinde line operator generates a Z, symmetry.
Here we only consider the case when n = 2. Denoting the simple current by v, we have the
fusion rule V,,V,, ~ V;. The spin h,, is 0 or 1/4 mod 1/2, and the Z, is non-anomalous in the
former and anomalous in the latter case.
Under the fusion with v, primaries can be grouped into two types. Namely, there are those
invariant under the multiplication:
V, Vi~ Vi, (A.15)

and pairs exchanged by the multiplication:

VoV ~V,  V,V,_~V,,. (A.16)

Cardy states in the twisted sector: We now examine the effect of the Z, symmetry on
the boundary conditions. The equations above translate to the statement that the boundary
condition i is invariant under Z, while the boundary conditions a+ break the Z, symmetry and
are exchanged by it. This means that one can put Z,-invariant boundary conditions i, j, ... on
a circle twisted by the Z, symmetry. This construction should then determine twisted Cardy
states

1) € Ho =PV, ®Vpy - (A.17)
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They can be expanded in terms of the twisted Ishibashi states

[iNew EV;®V; CH,, (A.18)

having the same normalization as in (A.10). We note that the untwisted and twisted Ishibashi
states |i)) and |i)),, labeled by the same symbol i behave in the same way under the action
of the chiral algebra A and its antiholomorphic counterpart A, but that they live in different
sectors and should better be distinguished.

The expansion of the twisted Cardy states in terms of the twisted Ishibashi states was
studied in the case of Z, simple currents e.g. in [43]. A general formula applicable for any
simple current orbifold was conjectured in [44] which was later proved in [45]. In our case
the formula boils down to

Z (A.19)
7
up to a subtle phase which does not concern us in this paper.'® Here, $; j describes the action
of S € SL(2,7) on the space of torus conformal blocks with an insertion of the simple current
V.
The general form of S was determined e.g. in [66,67]. They are also known to satisfy a
generalized version of the Verhnde formula [67-70]

=2

— Sok

SikSarSjk (A.20)

where the summation is over Z, invariant primaries and Ni]a is the trace of the Z, action g on
the fusion space among i, j and a, see also [46]. This relation guarantees that the overlap of
twisted Cardy states satisfies

a(11e72 0 ) = Tryy, ge™?™H = 3 K 74(i6), (A21)

a

and has a consistent Hamiltonian interpretation in the open channel.
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