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Abstract

We revisit the critical two-dimensional Ashkin-Teller model, i.e. the Z, orbifold of the
compactified free boson CFT at ¢ = 1. We solve the model on the plane by computing its
three-point structure constants and proving crossing symmetry of four-point correlation
functions. We do this not only for affine primary fields, but also for Virasoro primary
fields, i.e. higher twist fields and degenerate fields.

This leads us to clarify the analytic properties of Virasoro conformal blocks and fusion
kernels at ¢ = 1. We show that blocks with a degenerate channel field should be com-
puted by taking limits in the central charge, rather than in the conformal dimension.

In particular, Al. Zamolodchikov’s simple explicit expression for the blocks that appear
in four-twist correlation functions is only valid in the non-degenerate case: degenerate
blocks, starting with the identity block, are more complicated generalized theta func-
tions.
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1 Introduction

After Belavin, Polyakov and Zamolodchikov worked out the basics of the conformal bootstrap
approach to two-dimensional CFT [1], the critical Ashkin-Teller model was one of the first
theories to be solved. The model differs from the compactified free boson by its twist sector,
whose correlation functions were exactly computed by Al. Zamolodchikov [2]. One may think
that there is little left to say on the subject. This would be quite wrong, as we will now argue.

Affine symmetry versus Virasoro symmetry

Per the conformal bootstrap’s basic doctrine, the model’s solution extensively relies on its affine
symmetry algebra. In practice, this means that only correlation functions of affine primary
fields are explicitly known. Other correlation functions are in principle determined by the
symmetry, which makes them accessible to pedestrian calculations on a case-by-case basis.
However, the model contains infinitely many Virasoro primary fields that are not affine primary
fields, and it would be very interesting to determine their correlation functions in general.

In particular, a special case of the Ashkin-Teller model is supposed to coincide with the
4-state Potts model [3]. The Q-state Potts model does not have affine symmetry for generic
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Q € C, and solving it means computing correlation functions of Virasoro primary fields. To
compare it with the Ashkin-Teller model, we need to understand the latter’s Virasoro primary
fields.

Even in the free boson CFT, this issue has not been solved. There is an infinite series of Vira-
soro primary fields, called degenerate fields, which are affine descendants of the identity field.
Their correlation functions are not known. Nevertheless, boundary conditions that preserve
Virasoro symmetry only (and break affine symmetry) have been determined by Janik [4].

In the Ashkin-Teller model, in addition to degenerate fields, there is another infinite series
of Virasoro primary fields, called higher twist fields. Some correlation functions that involve
the first few higher twist fields were computed by Apikyan and Al. Zamolodchikov [5], using
the model’s affine symmetry. Their method is based on affine symmetry, and cannot work for
arbitrary higher twist fields.

We will develop a method that does not rely explicitly on the affine symmetry. Technically,
we will solve crossing symmetry equations, after formulating them in terms of fusion kernels
rather than conformal blocks. The relevant fusion kernels can be computed explicitly, which
will allow us to determine the structure constants of arbitrary Virasoro primary fields.

Subtleties of Virasoro conformal blocks and fusion kernels

In order to write crossing symmetry equations, we need to know the relevant Virasoro confor-
mal blocks or fusion kernels. The basic techniques for computing the blocks date back to the
1980s: BPZ differential equations [1], and Al. Zamolodchikov’s recursive representation [6].
However, these techniques work better at generic values of the central charge. For ¢ = 1
and other rational values, there appear Virasoro representations with intricate structures, i.e.
infinite ladders of singular vectors. This leads to conformal blocks having multiple poles as
functions of the channel dimension, rather than simple poles. Worse, the recursive represen-
tation breaks down.

This would not be a big problem if our CFT only involved Verma modules of the Virasoro al-
gebra. For example, in the case of Liouville theory at ¢ = 1, conformal blocks can be computed
by slightly perturbing the central charge [7], or by using ¢ = 1 expressions deduced from the
Painlevé VI equation [8]. However, the Ashkin-Teller model and the free boson CFT also in-
clude degenerate representations, whose dimensions fall on the poles of conformal blocks. Of
course, conformal blocks must actually be finite, even when they involve degenerate represen-
tations. So the residues of the poles must vanish, which indeed occurs in particular correlation
functions. The problem is that when computing degenerate blocks as limits from the generic
case, the result depends on how we take limits of the various parameters.

We will demonstrate that degenerate blocks can be computed as limits of generic blocks if
¢ is generic, but not if ¢ is rational. Therefore, to compute our degenerate conformal blocks at
¢ =1, we will have to first find appropriate continuations to generic c, and then take the limit
¢ — 1. Degenerate fusion kernels can also be computed using the same procedure. This will
allow us to write and solve enough crossing symmetry equations for determining all structure
constants of the Ashkin-Teller model. In a number of cases, these structure constants can
alternatively be computed from the affine symmetry, which provides independent checks of
our ideas on conformal blocks.

Main results

As summarized in Table (90). the Virasoro primary fields of the Ashkin-Teller model come in
three sectors: vertex V, identity I (i.e. degenerate fields), and twist T. We have determined
all fusion rules and two- and three-point structure constants of these fields, in particular:
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* The fusion rules of degenerate Virasoro primary fields I x I (47),Ix T (96),and T x T
97).

* The chiral three-point structure constants of the types (IVV) (72), (III) (79), (VTT)
(128), and (ITT) (137).

Moreover, the behaviour of some four-point functions suggests that higher twist fields could
have a geometrical interpretation, see Eq. (146). On degenerate conformal blocks, our results
include:

* Conjecture 1 and Conjecture 2 for computing degenerate conformal blocks, at generic
and rational central charges respectively.

* Recursive representations (176) and explicit expressions as generalized theta functions
(177) for a class of degenerate blocks at ¢ = 1.

Let us also mention some technical results on fusion kernels:

* The fusion kernels for four-point functions with one level 3 degenerate field at generic
central charge (190)-(193).

* The discrete fusion transformation (273) for conformal blocks that appear in four-point
functions of the type (VVTT).

2 Basic structures of two-dimensional CFT

In the conformal bootstrap approach, a two-dimensional CFT is a set of correlation functions
that obey certain relations. We will review correlation functions and their properties, while
paying particular attention to the nontrivial signs that appear when fields have nonzero con-
formal spins. For a more detailed review, see [9].

2.1 Fields and correlation functions

Let V, x(z) be a primary field on the Riemann sphere z € (CU 00), with the conformal dimen-
sions A and A for the left and right Virasoro algebras. We will assume that our fields have
integer conformal spins,

S(Var)=A—AEZ. (D)

Correlation functions (l_[?zl Vi(zi)> = (]_[?:1 Va, A, (zi)> are single-valued functions of z;, and
invariant under field permutations,

Vi(21)Va(22) = Vo(22)V3(21) - (2)

Conformal symmetry determines how two- and three-point functions depend on the po-
sitions. Let us analyze these correlation functions in some detail. A two-point function
can be nonzero only if the two fields have the same left and right conformal dimensions,
(V) #0 = (A;,A;) =(A,, A,). By choosing an appropriate basis {V;} of primary fields,
we can further assume

(ivj)#£0 = i=J*, 3)
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for some involution i — i* such that (A;, A;) = (A, A;). Often i* =i but for the free boson
it is convenient to choose this involution as the natural Z, symmetry of the model. Then the
non-vanishing two-point functions are of the type

(hEVE) = — @

i
212

where the z;-independent factor B; = B;. is called the two-point structure constant, and we
used the notation

9 .

{ZA{ =z8%8 . 5
Thanks to the spin being integer, this two-point function is invariant under permuting the two
fields. It is also single-valued, in particular z;, — e>™z;, generates a factor (—)**~*4 = 1. In

a unitary CFT, according to the axiom of reflection positivity, we must have <Vl~(z)Vi*(£)> >0,
which implies (—)Ai_AiBi > 0. Therefore, the two-point structure constant is positive for fields

of even spin, and negative for fields of odd spin.
In the case of three-point functions, we have

0123C123
<V1(21)V2(22)V3(23)> = = 5 ()
Ay +By—As AgtAs—Ay  As+Ai—A,
219 293 %13

where C;5 is a three-point structure constant, and 61,5 € {0, 1} a prefactor that imposes fusion
rules if need be. (Distinguishing this prefactor from the structure constant is conceptually
clearer, and leads to simpler expressions for the structure constant [10].) Our standard-looking

formula for the three-point function hides a subtlety: we have written zlA33+A1_A2 rather than
Ag+A—A . L 2 _A 2
2313+ 172 which changes the overall sign since |zA| =(—)A 4 |(—z)A{ . This will lead to the

absence of sign factors in the relation (10) between OPE coefficients and three-point structure
constants.

The three-point function (6) is manifestly single-valued, for example it is invariant un-
der z,, — e2™gz,,. Its invariance under permutations is however less obvious, since the ;-
dependent factor picks the sign (—)51™5275: under odd permutations. For the three-point func-
tion to be invariant, we need the three-point structure constant to pick this sign as well,

Co)o@o@) = o1524%5C 55, 7

where |o| is the parity of the permutation o.

2.2 Conformal bootstrap

2.2.1 Operator product expansion

The crucial axiom that leads to nontrivial relations between correlation functions is the exis-
tence of an operator product expansion (OPE). In the case of primary fields, the OPE reads

Aj—A1—=Ay

219

. 2
Vi(z1)Va(z2) = Z Cis (Vi(zz) + 0(212)) ) €)

Vi€S12

where the z;-independent constants Ciz are OPE coefficients, and the set of primary fields S;,
is the OPE spectrum. An OPE can be schematically written as a fusion rule for formal fields,

VixVy~ >V, 9)

€S,
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where we omit the positions, OPE coefficients, and subleading terms. Inserting the OPE in a
three-point function, we obtain the expression of OPE coefficients in terms of two- and three-
point structure constants,

Cyoae
c3 = 12 (10)

In the presence of spinful fields, this relation could in principle contain extra sign factors,
depending on the precise definitions of the structure constants and OPE coefficients. With our
conventions, such sign factors do not appear.

2.2.2 Decomposing four-point functions into conformal blocks

We can use OPEs to decompose n-point functions into three-point functions. To prove consis-
tency of a CFT on the sphere, it is enough to show that all possible decompositions of 4-point
functions agree. We will therefore focus on 4-point functions, starting with the s-channel de-
composition, which is obtained by inserting the OPE (8) of the first two fields,

4
<l_[Vi(Zi)>= Z Ds(|51)234
i=1

V,€81,NS%,

f(s )

2
s|1234‘

) (11)

where we introduced four-point structure constants

_ ClZs* C‘534

51234 — B, ’ (12)

and the s-channel conformal blocks .7-"s(|51)23 4, are implicitly defined by (11). In our nota-
tions for four-point structure constants and conformal blocks, do not confuse the superscript
(s) € {(s),(t), (u)} which only indicates the considered channel, with the subscript s which
stands for the channel field with all its properties, including its conformal dimension. Substi-

tuting (8) into (11), we find the asymptotic behaviour of conformal block as z; — 2o,

(s) _ As_Al_A2( Ay=Ds—A3 A—A3—Dy Az—Dy—A )
]:s|1234(zl’22723>z4)Zu__,ozlz %23 %34 224 +0(z12)) . (13)

It is often convenient to work with functions of one variable instead of four positions by setting

(21322123724) = (x)oa OO,]_) ) (14)
where the field at infinity is defined by Vj s(00) = lim,_, o, 2242
blocks then behave as

Va A(2). The conformal

f(s)

s|1234(x) 0 x& 1782 (14 0(x)) . (15)

If we inserted the OPE V,(25)V3(23) instead of V;(z;)V5(2,) in the correlation function (11),
we would obtain the t-channel decomposition instead of the s-channel decomposition, with
the t-channel four-point structure constants

Cyq4+C
(t) _ 223tt41
Dr|1234 - B, : (16)

Since the definitions of the s and t channels are related to each other by a permutation of the
four fields, we have the relations

p®  _p© 7O _ 76

513214 s]1234 2 53214 s|1234 ° 17
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2.2.3 Crossing symmetry

The equality of the s- and t-channel decompositions is called crossing symmetry, and reads

2
(s) (s) _ () (t)
Ds|1234 ‘Fs|1234’ - Z Dt|1234‘Ft|1234

V,€812n8}, V,€855NS,

2
| (18)

Given the spectrums §;;, crossing symmetry is a system of non-linear equations for the three-
point structure constants.

In the present paper it will be more convenient to use a different form of the crossing
symmetry equations. The s- and t-channel conformal blocks provide two bases of the same
space of solutions of conformal Ward identities. The change of bases is a linear relation called
the fusion relation,

(s) _ Ay Az )
]-"AslAl,Az,Ag,m - ; Faa, [Al AJ ]:ArlAl,Az,As,m , (19)
. . A, Asl. .
where the z;-independent quantity Fa_a, A AL called the fusion kernel. Here we label
1 4

conformal blocks and the fusion kernel by conformal dimensions, in order to emphasize that
they only depend on these kinematic quantities. In contrast, fields are not always completely
determined by their left and right conformal dimensions. The fusion relation allows to elimi-
nate conformal blocks from the crossing symmetry equation (18) in favor of the fusion kernel.
Schematically

VALA, , > DOF pFa s, = > b, (20)

V,€81,n83, Vi €(S23NS;)a, A,

where (Sy3 N S4)a, 4, denotes the subset of fields in the spectrum S,3 N Sy, that have left
and right dimensions A, A,. If this subset is made of only one field, then the right-hand side
reduces to the four-point structure constant th) of that field. If this subset is empty, the right-
hand side is zero. We insist that Eq. (20) holds for any values of A, A,, even if our model
does not contain any field with these dimensions. For example, although Liouville theory is
diagonal i.e. all its fields have A = A, crossing symmetry equations with A, # A, play an
important role in analytically solving the theory [9].

2.3 Degenerate fields
2.3.1 Definition and fusion rules

A primary field that has a vanishing null vector is called a degenerate field. Correlation func-
tions of degenerate fields obey BPZ linear differential equations, and the fusion rules of de-
generate fields are particularly simple. Let us write these fusion rules for a central charge
¢ = 1. The natural variable for writing fusion rules is not the conformal dimension A, but the
momentum p such that

A=p?. (21)

At ¢ = 1 degenerate fields have half-integer momentums k € %Z. We will denote I;. a degen-
erate field with momentum k, because in the free boson and orbifold CFTs, degenerate fields
are affine descendants of the identity field I.
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The chiral fusion rule for a degenerate field I; with another primary field V,, is

Lx Vo~ > Vo, (kelz), (22)
i=—k

where the sum runs by increments of 1. For two degenerate fields, we have

kq+ky
Iy XLy~ >0 I (23)
k=[k1—k,|

In particular, the left- and right-degenerate field I, ; enjoys the trivial fusion rule
Too X Vo5~ Vpp - (24)

We identify I = I, with the identity field: a field whose insertion in a correlation function
does not change that correlation function.

2.3.2 Role in solving Liouville theory

Crossing symmetry equations for four-point functions that involve degenerate fields are enough
for determining the three-point structure constants of Liouville theory [7,11], even though de-
generate fields are unphysical, i.e. they do not appear in OPEs. In the case ¢ = 1, the Liouville
two- and three-point structure constants read

BL=1 clL _ ni,i,iG(lipl +p, £ ps3)
B , , 3 .
’ e i TTca+2p)

Here p; = p; are momentums of the fields (Liouville theory is diagonal), and G is Barnes’
G-function, whose properties we will shortly summarize.

Degenerate fields can also be used for constraining or even determining three-point struc-
ture constants in non-diagonal CFTs [12,13]. Under the assumption that two independent
degenerate fields exist, it was found that non-diagonal structure constants are related to Liou-
ville theory structure constants by the geometric mean relation

(25)

. 2
Cvm 51 Vp2.p2 ps p3 \/ P1,P2:P3 P1,P2,P3 ( 6)

Due to the square root, this relation has a sign ambiguity, and does not fully determine the
non-diagonal structure constants. Moreover, due to the zeros of G(x) for x € —N, the Liou-
ville structure constants themselves can be ambiguous for certain values of the momentums,
for example when all three momentums are integer. While we will not use the geometric
mean relation for solving the Ashkin-Teller model, we will find structure constants that can
be written using the same G-function.

2.3.3 Barnes’ G—function

At ¢ = 1, structure constants and fusion kernels are expressed in terms of Barnes’ G-function.
This holds in the case of Liouville theory, and also of the Ashkin-Teller model, as we will see.
So let us review a few properties of this function.

Barnes’ G-function is an analytic function on the complex plane, with a zero of order k + 1
at z = —k for any k € N. It obeys in particular

G(z+1) =T(2)G(2) , G(1)=1. 27)
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This property is the reason why Barnes’ G-function appears in conformal field theory at ¢ = 1.
Due to the degenerate fusion rule (22), structure constants have nice properties under integer
shifts of momentums, so they are expressed as G-functions of momentums. The reason why
such integer shifts should produce T" functions is because monodromies of BPZ equations for
correlation functions of degenerate fields are I" functions of momentums.

Barnes’ G-function also obeys the duplication formula

G(2 1)= G 1:|: + 3 28
= e LLo 1), .

and the identities

k(k+1)
Gle+3) = (5)7F 736G —h), (29)

G(1+2r) = (D) sg2G(1—2r). (30)

r€z+s7Z

ST
N =

3 Compactified free boson

The massless compactified free boson at ¢ = 1 is one of the simplest two-dimensional CFTs.
It could even be called trivial, due to its abelian affine symmetry, although we will find a
few subtleties with signs of correlation functions. The theory becomes less trivial if we forget
about the affine symmetry, and consider it from the point of view of Virasoro symmetry only.
In particular this requires us to compute correlation functions of Virasoro primary fields that
are not affine primary fields. This will serve as a warm-up for the Ashkin-Teller model.

3.1 Chiral properties
3.1.1 Current and primary fields
The abelian affine symmetry algebra {i; is generated by a holomorphic current

J(2) =Dy 2z ""1J obeying the following OPE and mode commutation relations

T2 (w) = m FO() , Wdn] =55 3D)

At ¢ = 1, the energy-momentum tensor is the normal-ordered product of the current with
itself, T = (JJ). The generators L, of the corresponding Virasoro algebra are

oo oo
Ln#O = Z Jn—m‘]m B L() = Jg +2 Z J_me . (32)
=—0Q

m=1

An affine primary field, also known as a vertex operator, is defined by its OPE with the current,
J(2)Vp5(w) = Vo s(w)+0(1), (33)
or equivalently by the action of affine algebra generators,
JoVp 5 =PVp 5 , JnsoVpp =0 (34)

Using Eq. (32), we have LyV), ; = ng > and a vertex operator is also a Virasoro primary field,
with the conformal dimension A = p“. This formally coincides with the definition (21) of the
momentum, which we can therefore identify with the ii; charge.

10
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3.1.2 Z, automorphism

The abelian affine Lie algebra has the automorphism J — —J, which leaves the Virasoro alge-
bra invariant. The corresponding action on the {i; charge is the conjugation

Two conjugate charges correspond to the same conformal dimension and therefore to the same
Virasoro representation, although the affine representations differ.

3.1.3 Representations and characters

For p ¢ %Z, the affine highest-weight representation generated by the affine primary field
V,, coincides with the Verma module of the Virasoro algebra with the conformal dimension
A = p?. In particular, their characters agree,

il
T .
q2_4 l—[sil(l - qn)

Forp € %Z, this identity of characters still holds, but the underlying representations no longer
coincide. For example, in the case p = 0, the Virasoro descendant field L_;V, = 2J3J_;V;
vanishes. Therefore, the Virasoro representation generated by the affine primary field Vj, is
not a Verma module, but a degenerate representation, i.e. the irreducible quotient of a Verma
module by its maximal submodule. The affine descendant J_;V, is absent from that Virasoro
representation, and it generates another degenerate Virasoro representation. Actually, the
affine representation that is generated by V; is an infinite sum of degenerate Virasoro repre-
sentations [14]. The corresponding character identity reads

)?p(q):)(p(q): (36)

oo

ke %Z = 7lp= Z X;j/egenerate(q) , 37)
k'=|k]|

where the degenerate Virasoro characters are

(k+1)?

Xdegenerate( ) _ qk2 —q
k -1 :
q= l—[:il(l _qn)

To summarize, the decomposition of the affine representation with momentum k € %Z into
Virasoro representations is given by character identity (37), rather than by the identity (36),
which is true but misleading in this case.

kesN = (38)

3.2 Primary fields and fusion rules
3.2.1 Primary fields and torus partition function

The compactified free boson depends on a parameter R € C* called the compactification radius.
The affine primary fields have {i; charges of the type

nR+wR™! nR—wR™!

P =Pmw) = 2 , P= Pn,—w) = 2 P (n: W) €L. (39)

Depending on the context, the corresponding affine primary fields may be written as
Vinw) = Vo Poaw = Vo B The conformal spin of a primary field is

S(Vipw) =nW € Z . (40)
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Let us warn that the radius R seldom appears explicitly in our formulas: most often, R is hidden
in a dependence on the charge p.
The modular invariant torus partition function reads

Z@D= D, Zoow@Tnp @ (41)

(n,w)ez2

From the point of view of the Virasoro algebra, for any (n,w) # (0,0) we have two primary
fields V() and V(_, ) with the same left and right conformal dimensions. Assuming the
radius R is generic, these fields generate Verma modules. On the other hand, the identity field
I = Vp o generates a degenerate Virasoro representation. In the affine representation generated
by I, there are infinitely many Virasoro primary fields I; ; with k, k €N.

Let us summarize the compactified free boson’s primary fields:

Sector | Affine primary fields | Virasoro primary fields

Identity I=I, I.; with k,keN (42)
) nwez
Vertex Vinw) with { (n,w) % (0,0)

3.2.2 Fusion rules

The affine fusion rules are dictated by conservation of momentum, and are simply

V(nl,W1);<\V("2,W2) ~ V(n1+n2,w1+w2) : (43)

The Virasoro fusion rules for vertex operators are the same, except when we obtain the identity
field Iy . In this case, the affine fusion rules omit infinitely many Virasoro primary fields that
are affine descendant fields. These primary fields should however be written in the Virasoro
fusion rules,

)
V(n,w) x V(—n,—w) ~ Z Ik,]} . (44)
k,k=0

To complete the Virasoro fusion rules of the model, we should also write fusion products that
involve the Virasoro primary fields I; ;. By affine symmetry, these can be deduced from the
trivial affine fusion product I 3<\V(n,w) ~ V(n,w), which implies

Ik,k X V(n,w) ~ V(n,w) . (45)

Comparing with the chiral fusion rule for degenerate fields (22), we observe that only one of
the allowed (2k + 1)(2k + 1) terms is present. With a generic radius R, the other terms would
not have momentums of the type (p, p) = (P(n.w), P(n—w)) (39).

In the fusion product I}, x I}, of two chiral degenerate fields, the Virasoro fusion rules (23)
would lead to min(2k; + 1,2k, + 1) terms. However, we will now show that affine symmetry
forbids some of these terms, due to the Z, symmetry. As an affine descendant of the identity,
I, must be even or odd under Z, symmetry J — —J, for example I; o< J_;V, is odd. In the
Virasoro fusion rule I; x I; ~ Iy +1I; + I, we now see that the second term must drop out, and
that I, must be even. Iterating, we find the Z, conjugation rule

I = () |, (46)
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and the fusion rules

Ky 4k, ky+ky

Lk o~ O 2o Ll 47)

2 25 7
k=|kq—ky| k=[k1—k|

Here the sums run by increments of 2, whereas Virasoro symmetry would allow increments
of 1. For basic checks of the disappearance of some terms allowed by Virasoro symmetry, see
Appendix A.2.

3.3 Correlation functions of affine primary fields

3.3.1 N-—point functions

Due to affine symmetry, N-point functions of affine primary fields should behave as

N
2p;p; |2
<l_[ V(ni,w,-)(zi)> o< 52ni,062wi,0 l_[ ’Zijp ?

i=1 1<i<j<N

, (48)

where we use the notation (5), and where the proportionality coefficient should be z;-inde-
pendent. In this expression, the differences between the left and right exponents are

2p;pj—2p;p; = mw; +n;w; . (49)

Since these are integers, our expression is single-valued. However, since these integers are
not necessarily even, our expression is not manifestly invariant under field permutations. To
make it invariant, we should choose an appropriate z;-independent prefactor. We propose the
permutation-invariant expression

N
<I_[ V(ni’wi)(zi)> - 52 ni,OSZwi,O I_[(_)Winj
i=1

i<j

2pip; |2
| (50)

3.3.2 Structure constants

Let us focus on the cases N = 2,3, and deduce the two- and three-point structure constants.
In the case N = 2, we have

(_)nw
<V(n,w)(zl)v(—n,—w)(22)> = Lz%? . (51)

Comparing with the general two-point function (4), we deduce the conjugation relation
(n,w)* =(—n,—w), (52)
and the two-point structure constant
B(nuwy = ()" (53)

In the case N = 3, we compare with the general formula (6) and obtain the three-point struc-
ture constant [ [;_;(—)"". Using momentum conservation, we rewrite this in a way that is
manifestly invariant under cyclic permutations,

C(nl,wl)(nz,wz)(ns,w3) = (_)n1W2+n2w3+n3w1 . (54)
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It is straightforward to check that it also has the expected behaviour under odd permutations
(7). Moreover, the relation C(g o)(n,w)(—n,—w) = B(n,w) i compatible with V{; o) being the identity
field. The three-point function therefore reads

2 5 5
,0 ,0
<l_[ V(nl_’wl_)(zi)> = (_)H1W2+H2W3+H3W1 m+ny+n3,0" wi+wy+ws = (55)

: A1+A;—A3 Ag+A3—A; _Az+A;—A
i=1 go1T A2 A Dot Ag—Ar A3t A1~ 0y
12 23 13

3.3.3 Crossing symmetry

The symmetry of our four-point function under field permutations guarantees that it is crossing
symmetric. Let us demonstrate how this works at the level of structure constants and conformal
blocks.

Due to momentum conservation, any four-point function of vertex operators contains only
one affine conformal block in any channel. Using our three-point structure constants (54), we
compute the four-point structure constants (12) and find

O] _ Ci2-12C11034
1+2(1234

= ()%™, (56)

Biia

where we have used a schematic notation V., for the unique field in the fusion of V; and V5.
The affine s-channel conformal block is

=(s) _ 2p;pj
Fiiopza = l_lzij ", (57)

i<j
where the z;-independent prefactor is determined by the normalization condition (13). To get

t-channel blocks and structure constants from s-channel expressions, it is enough to permute
the fields V; and V3, and we find

() N O] _ $1+S5+S5 1 (5)
D2+3|1234 - D2+3|3214 = (= 3D1+2|1234 > (58)
2 2 2
7(t) _ | =) _ S1+S,+S5 | ()
‘]:1+2|1234‘ - ‘]:2+3|3214‘ = (=TT ]:1+2|1234‘ (59)
This leads to the rather trivial crossing symmetry equation
p® 7O b |70 F (60)
1+2]1234 | 1+2]1234| — “2+3|1234 |Y 1+2|1234

3.4 Correlation functions of Virasoro primary fields

After solving the free boson theory in terms of the affine symmetry algebra, let us now consider
the same problem in terms of the Virasoro algebra alone. The difference is only visible when
the Virasoro representations differ from the affine representations, which for generic R happens
only in the vacuum sector.

In principle, the correlation functions of Virasoro primary fields can be deduced from those
of affine primary fields using affine Ward identities. In practice, in order to derive explicit
formulas for correlation functions of arbitrary Virasoro primary fields, we will solve crossing
symmetry equations for four-point functions that involve a degenerate field of momentum
k = 1. The affine symmetry ensures that the equations are chirally factorized, and we will
solve chiral crossing symmetry equations, whose solutions are chiral structure constants.
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3.4.1 Structure constants from the affine algebra

Let us normalize the Virasoro primary fields in the vacuum sector I; ; such that their two-point
functions are one,

By = (Leilii)=1- (61)

This defines [; ; up to a sign ambiguity I; ; — —I; ;, which we will later fix. The field I, ;
is an affine descendant of the identity field Iy, so its correlation functions can in principle
be computed using the affine symmetry. Let O, be the affine creation operators such that

- WV Vo o . oo
I . = OxOzlo,0, then W factorizes into a chiral and an anti-chiral factor, and we can
’ ’ 0,0¥p.pY=p,—p

write

<Ik iVp.pVp, —p> fk,pfl},pBVp)ﬁ . (62)

We will refer to the chiral factor fy , as a chiral structure constant. By definition, this factor
obeys fo, = 1. Similarly, we define chiral structure constants g, r,r, for the three-point
functions of degenerate fields,

2
<Ik1,z'<11k2,1'<21k3j<3> = |5k1+k2+k3622 8kykyks| |- (63)

A few chiral structure constants can be directly computed from affine Ward identities. To do
this, we should first determine the expressions I, ; = Ok@klo,o of degenerate fields as affine
descendant fields. The affine creation operator O, is determined up to a sign by requiring that
Oyl o be a Virasoro primary field of dimension k2, normalized such that its two-point function
is one. We find

Il,O = ‘/EJ—IIO,O N (64)
1
Ing=——= (372, —4J 3J_ 1 +4J* )Iv,, (65)
2,0 31/6( 2 3J—1 1) 0,0
1 4 9 8 6 2.5 5 4 4 3
Ioo= ——J —J o J°. —=J T —=J J +2]_4J o]
3;0 3‘/5( 45 —1 15 3 -1 5 -2 -1 5 5 -1 4 2 -1
2 72 3 4 3 4
— 2J_3J_2J_1 + ZJ—ZJ—l — ZJ_4J_1 + gJ_5J_3J_1
4 3 3 2
—§J_3 — EJ_SJ_z +J 4J 3] 5 Io,o . (66)

Notice that these expressions are compatible with the behaviour (46) of I , under the Z,
symmetry: I g, I3 are Z,-odd while I, ; is Z,-even. Using the affine Ward identity

< P1 Pl(zl) D2, Pz(ZZ) p3 Ps(z3)> = (ZPTZZ 213) <l_[V,pl(Z )> (67)

we compute

<11 oV, 5V > = ﬁpBVp’p so that fip= V2p . (68)

p,p '—p,—P

Using more complicated affine Ward identities, we compute

1
Jop == 376"

2
81,12= \lg (70)

Such pedestrian calculations are however not feasible for arbitrary degenerate fields I; 7, and
we will use another approach.

p*(4p*-1), (69)
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3.4.2 Structure constants from degenerate crossing symmetry equations

Let us work out crossing symmetry equations for four-point functions with one degenerate
field of momentum k = 1 i.e. conformal dimension A = 1. This is the simplest nontrivial
degenerate field that appears in the free boson CFT and in the Ashkin-Teller model.

Of course, we should in principle also check the crossing symmetry equations for four-
point functions with arbitrary degenerate fields. However, all the other degenerate fields can
be obtained from our k = 1 degenerate field, by repeatedly fusing it with itself. Therefore,
their crossing symmetry equations are in principle consequences of the crossing symmetry
equations that we will study.

In order to determine the chiral structure constant f; ,, we solve the crossing symmetry
equations (20) for the chiral four-point function (IlvprI X ), which involves the fusion rule
(45) and the chiral structure constant fk,p (62):

P P|_ gl,k,k+efk+e,p ifee {+’ _} 5
ﬁﬂ@aﬁL J‘{o fe=0, =

where g; j x4 Will shortly be determined, see Eq. (81). The fusion kernels are given in Eq.
(198), and we find the solution

ok yien | TRTA+K) G(1+Kk)? 7 G(L+2p £ k)
fep=27(=1)"7 08 GG+ZM[J caem | (72)

This is actually a polynomial function of p, as is manifest in the equivalent expression

_ st [TQIA+0 GO +K? (1 e 2 2y
fip= (1) T Gu+2mp:£yﬂ’_l) . (73)

Special cases of this formula include

fop=1, (74)

fip=v2p, (75)
1 2 2

=———p?(4p*—1). 76

f2,p 3\/6p ( P ) ( )

In particular, this agrees with the determination (69) of f; , from affine symmetry. This agree-
ment is only significant up to an overall sign, as the definition of our Virasoro primary field
I, (65) allows us to flip its sign.

Moreover, fi , obeys

frop = frp s (77)

which is necessary for the three-point structure constant (62) to have the right behaviour under
field permutations, since (—)% = (—)7<2 = (—)X. The zeros of frp for p € {0, %, e k—;l} are
due to the affine primary field V, becoming a degenerate Virasoro primary field V,, o< I, such
that the fusion rule I, x1I, (22) does not include I, if k > 2p.

For a given value of the radius R, the momentum p takes discrete values p, ,, (39). How-
ever, the chiral structure constants f; , only depend on R, n,w through their polynomial de-
pendence on p.
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3.4.3 Case with three degenerate fields

In order to determine the chiral three-point structure constants g , r, (63), we use the cross-

ing symmetry equation (20) for the chiral four-point function (I 11 Ty Iy ), which involves the
fusion rule (47) and the chiral structure constant gy r, r, (63):

ky k 81,ks kgt+es 8ky kpk if e5 € {+,—},
Z gl,kl,k1+€1gk1+61,k2,k3F61,63 [ 11 k§i| = { 01’ plsTes Sl ko lates if 62 =0. (78)

€=+

The relevant fusion kernels are given by Eq. (196). We derive the solution for g i, «, from the
second crossing symmetry equation, and check it using the first crossing symmetry equation.
The result is

G(1 + kyo3)T(1 + 3k123)G(1 + k3)G(1 + k2)G(1 + kL) 79
8k kg ks = >
e [T, 6(1 +2k)4/T(TG + k(1 + k)
where we introduce the notations k‘;’z =kq + ky—ksz and ko3 = kg + ky + k3, as well as
~ G(x+1) 1
G(x)=G(x)I(3) so that M =_T(x)%. (80)
G(x—1) 2

The chiral three-point structure constant is normalized so that gy, = 1. And we have the
special case

k+1

= . 81
81,k k+1 ok +1 (81)

4 Ashkin-Teller model

4.1 Space of states and primary fields

The Ashkin-Teller model is a Z, orbifold of the compactified free boson, where the Z, is the
diagonal action of the affine algebra’s automorphism,

J,J)—=J,J)=(=J,=J). (82)

As a result, the symmetry algebra of the orbifold CFT include combinations such as J2,J.J,J?,
but not the individual chiral currents J,J.

4.1.1 Untwisted sector

For vertex operators V, 5 with (p, p) # (0,0), the effect of the orbifold is just the identification
Vo =Vop—p- The structure of the affine Verma modules is not affected. For example, to see
that the level one descendant state survives, just write it as JoJ_,V,, _5 rather than J_;V, _5.
The situation is more complicated in the vacuum sector, where JyV, o = 0 and J_;V; g is pro-
jected out. The behaviour of a Virasoro primary field I, ; under the action Z, can be deduced
from Eq. (46), and it follows that I; j survives if and only if k — k € 27, in other words if I Kk

has even conformal spin. This determines the structure of the orbifold’s vacuum sector.
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4.1.2 Twisted sector

Together, the orbifold’s vacuum and vertex sectors constitute the untwisted sector. From the
torus partition function, it can be seen that the theory must also include a twisted sector,
generated by two affine primary fields called twist fields. We denote these fields as T¢ with
€ = 0,1 mod 2. By definition, the monodromy of the currents J,J around a twist field amounts
to the action of Z,, and we have the OPE

1
vVz—w

In the twist sector, the current is half-integer moded, J(z) = Y.

J(2)T¢(w) =

J_%Te(w)—ko(«/z—w) . (83)

—n—1 . X
nez+l® J,. Twist fieds are

affine primary fields in the sense that

J 1TC=0. (84)

HEN+§
And the twist representation of the abelian affine Lie algebra is built by acting on a twist
field with the half-integer moded creation operators J_ 1 J PR The commutation relations
between these modes are the same as in the untwisted sector (31), but with half-integer values
of the indices. Virasoro generators in the twisted sector are given by

1
Lizo= D, Jnmln Lo=1o+2 > - (85)

_1 1
m—5+Z m€§+N

Therefore, the twist fields T¢ have the conformal dimensions (A, A) = (%, %6).

Just like the affine identity representation, the affine twist representation is reducible as
a representation of the Virasoro algebra, as it contains Virasoro primary fields that are affine
descendants. These are called higher twist fields. The first examples are [5]

TS, =20 .T°, (86)
4:7
€ 2 3 €

=3 () 7

where we label higher twist fields by their left and right momentums. More generally, there is

one higher twist field for each pair of momentums (r,7) € (% + %N)z. However, not all these
higher twist fields belong to the orbifold theory. Under the action (82) of Z,, a twist field
picks a sign that depends on the number (even or odd) of modes of J,J in its expression as
a descendant of T¢. Since each J-mode adds a half-integer to the left conformal dimension,
the parity of the number of J-modes can be deduced from the difference between the left
conformal dimension of the higher twist field and the left conformal dimension of a lowest
twist field, schematically (—)*/ = (—)Z(A_%) and similarly (—)#j = (—)Z(A_%). We therefore
find that twist fields behave as

(1e,) =" 1e, (88)
Here the combination r? — 72 is the conformal spin, which can take integer or half-integer
values. Projecting on Z,-invariant states therefore amounts to selecting states with integer
spins. (Compare with the identity sector, where spins of degenerate fields were integer to

start with, and the projection selected even spins.) Let us list the first few non-chiral twist
fields with integer spins, ordered by their total conformal dimension A + A:

T, =T, T5,, Ts,, Tss, Ts,, Tg,,... (89)

A=
A=
Bl m
Blw
ENITIEN
Al
EN[S oY
Al
BIN
Bl
HlO m

Al

>

18


https://scipost.org
https://scipost.org/SciPostPhys.11.5.089

Scil SciPost Phys. 11, 089 (2021)

4.1.3 Summary

Let us summarize the primary fields of the Ashkin-Teller model, which can be compared with
the primary fields (42) of the compactified free boson:

Sector | Affine primary fields Virasoro primary fields
. . k,keN
Identity I=1Ih, I with { k—k €9z
. nwelz
Vertex Vinw) = Vien—w) With { (mw) £ (0,0) (90)
e =0,1mod 2
Twist T¢=T¢, TS, with { rFfei+iIN
o rt—itez,

This agrees with the known torus partition function [3, 14, 15].

4.2 Fusion rules
4.2.1 Vertex operators

The affine fusion rules of vertex operators are obtained from the free boson fusion rules (43)
by taking the action of Z, into account,

V(’”ll:Wl) xv("z,Wz) ~ V('l1+nz,W1+W2) + V(n1—n2;W1—Wz) : (o1)

In words, momentum is now conserved only up to a sign. The Virasoro fusion rules are the
same as the affine fusion rules, except when the identity sector is involved, which happens
if (ny,w;) = £(n,, w,). In that case, we obtain additionally a sum over all Virasoro primary
fields in the identity sector,

V(n,w) X V(n,w) ~ V(Zn,Zw) + Z ij< . (92)

k,keN
k—ke2Z

The trivial fusion rule Iy ;. X Vi, ) ~ Vinwy (45) is the same in the orbifold as in the free boson,

and the orbifold’s restriction k — k € 2Z does not affect the fusion rules (47) of the identity
sector.

4.2.2 Twist fields
When it comes to twist fields, affine fusion rules can be deduced from the four-point functions

(106) determined by Al. Zamolodchikov [2],

- 1
TARTE ~ > Vi +8eel - (93)

nez
we2Z+€e+€,y

(n,w)#(0,0)

Here the prefactor % avoids counting the same field V{, ,,) = V(_, ) twice. By permutation
symmetry of the fusion multiplicities, we can deduce the fusion rules

TXVipwy ~ T . (94)
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Now let us work out the fusion rules for Virasoro primary fields in the twist sector. This is most
simple in the case

TS X Vi~ >, TS| (95)

71,1
r,r Ez+§N

r2—72ez

The fusion of a degenerate field with a higher twist field is deduced from the fusion of the
identity field with the same higher twist field, and should therefore be chirally factorized. For
example, the chiral degenerate field I, = J has a well-known OPE (83) with the twist field T,
from which we deduce the chiral fusion rule I; x T% ~ T% +T 5. Notice the absence of the term
T L which is allowed by Virasoro symmetry (22) but forbidden by affine symmetry. This leads
to the fusion rules

kK k
_ € ~ € B
ASENEDIDS Trsit il | (96)
iZ—kiZ—k
Notice that a given field T|€r+i| 77| CAn never appear twice, because |[r +i| =|r+i'| = i=1’

since r ¢ %N.
By permutation symmetry of fusion multiplicities, we can deduce the fusion product of two
higher twist fields, and unpack the identity sector in the affine fusion rule (93):

1 ) )

€ €

T’”ll,fl % Trzz,’_”z ~ 92 Z Vinw) + 561,62 Z Z Ik |5 97)
weZ%f—?ﬁ—ez k2| %515 | k2|1 %57
(n,w)#(0,0)

where we define the notation r; &, ry, for ry,ry € % + %Z by

ritgro€Z,

rleerEZ+%. (98)

{ri+ro,ry—ry}={ri £, 19,7 Fz 1y} with {

For example, -+, 2 =1 and % #, > = —1. Notice that r> — 72 € Z = r +, F € 2Z, and this
implies |ry £ 1ry| — |7y +4 75| € 2Z in Eq. (97), so that I} ; has even spin as it should. For some
basic checks of these fusion rules, see Appendix A.2.

4.3 Correlation functions of affine primary fields

We will mostly focus on four-point functions, as this is sufficient for proving consistency of
the model, and checking the three-point structure constants. Some higher-point correlation
functions were computed by Al. Zamolodchikov [16].

4.3.1 Vertex operators

There is a simple recipe for deducing correlation functions of vertex operators in the orbifold
from their free bosonic counterparts, based on the identifications

. 1 .
orbifold _ il free boson free boson orbifold __ y,free boson
W) (wiZ00) V3 (Vi VD) o Ve =Ves™ - 09)

Only in this equation do we use superscripts for distinguishing the two CFTs: in the rest of
Section 4, vertex operators belong to the orbifold CFT. The numerical prefactors ensure that
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the orbifold vertex operators are normalized such that their two-point structure constants are
the same as in the free boson (53). The orbifold three-point structure constants are then

L (ymwatnawstngwy  jf g (n;,w;) #(0,0)
_ ﬁ( ) 1 5 1 1 5 )
C(nl’wl)(nz;wz)(HS’WB) - (100)
1 else ,

where the only difference with the free boson’s structure constants (54) is the prefactor L

E'
For an orbifold N-point function <]_[f]:1 V(nl_,wi)(zi)>, momentum conservation reads
N N
() e {3, Z”fhni = Zniwi =0, (101)
i=1 i=1
and the orbifold N-point function reads
Zl<] i ]
<l_[ ‘/(n Wi )(Z )> ( ) Z 6(27)1“1:2771 nln]plp] (102)
27 (m i<j
In particular, let us focus on four-point functions. There are three inequivalent cases:
e For generic (n;,w;) such that »)n; = >w; = 0, we have 2 solutions
(m;) e {(+,+,+,+),(—,—,—,—)}, and the four-point function reads
4 S win
(=)= ) < 20:1;pi;
<]_[ V(nl.,wl.)(zi)> 1 ( PP (103)
i=1 i<j

In any channel, this is just one conformal block, with a numerical prefactor that comes
from the two- and three-point structure constants (100).

* If the four fields coincide pairwise, we have 4 solutions for the signs (%;), and we obtain

+2pp
(213224)
214223
In the s-channel, the sum of the two terms is interpreted as the contribution of the
. . . / / .
identity field V(g o), with a prefactor (=)™ *"" that comes from the two-point structure

constant (53), since the relevant three-point structure constant (100) is trivial. In the t-
and u-channels, each term is the contribution of one of the two fields V{;, )+ (n/ w)-

<v(n,w) (Zl )v(n,w) (zz)v(n’,w’)(ZS )V(n’,w’)(z4)>
(_)nw+n’w’ ’

2

712
_2p2 _2p/2 2

2o Z34

(104)

* If the four fields all coincide, we have 6 solutions for the signs (7);), and we obtain

2 2 2 2
(213224)4p‘ + (214223)4})‘
2
2p2
21_L-<j 2

In the s-channel, the first term is the contribution of the field V(,, 5, while the second
and third terms are the contribution of the identity field V(g c).

2
2
(212234)4p ‘ +

(105)

4
<l_[ V(n,w)(zi)> =
i=1
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4.3.2 Four-point function of twist fields

The four-point function of twist fields was computed by Al. Zamolodchikov [2]. In our nota-
tions, it reads

4
<l_[ T> =05q0lFo@F D, (erelghangie, (106)
i=1 nez
WE2Z+e+€y

where the conformal dimensions Agw) = %(nR + wR™1)? follow from Egs. (21) and (39), q
is the nome associated to the cross-ratio of the four positions, and Fy(q) is a known elliptic
function of q. (See Appendix A.1.4 for details.) Interpreting this expression as an s-channel
decomposition, we have already inferred the fusion rules (93), let us now infer the three-point
structure constants. Since the relevant s-channel conformal blocks are F(As)(q) = Fo(q)(16¢)»
(225), the four-point structure constants must be

s n(ey+e —A —A—

D((H?W)|€1€2€3E4 (n,w)z(0,0) 2(-) (c2+€a)] 6 Amm ™A > (107)
where the prefactor 2 comes from grouping the contributions of V(, .,y and V_, ). Given the
two-point function of vertex operators (53), the four-point structure constants can be rewrit-
ten as combinations of two- and three-point structure constants (12), with the three-point
structure constants

w2
V2= €24~ Bnm B = /2 ()€ VR (108)

Cel €y(n,w)

(n,w)?(0,0)
This expression has the right behaviour (7) under permutations, in particular
M = (_)H(61+€z) = (=)™, (109)
Cezel(n,w)
In cases that involve the identity field V(g ), three-point structure constants reduce to two-

point structure constants, consistently with the triviality of conjugation and two-point structure
constants in the twist sector,

€ef=€¢ , B.=1. (110)

(This determines the two-point functions of twist fields via Eq. (4).)
To show that we have the correct three-point structure constants, it remains to check cross-
ing symmetry of mixed four-point functions.

4.3.3 Mixed correlation functions

As far as we know, four-point functions of two twist fields and two vertex operators have not
been considered in the literature. In this case, we even have to determine the conformal blocks,
see Appendix A. We consider the following four-point functions, and write the non-triviality
condition according to the fusion rules,

(Vingw) Vi TOTO) A0 &= wy+wy+e;+e, €27 (111)

The s- and t-channel decompositions of these four-point functions are respectively predicted
by the fusion rules (91) and (94), and schematically represented as follows:

(ny, wy) €2

(le,Wz) €2
\ (n1,wq) £ (ng,wy) / €y + W, (112)
(nl}Wl) / \ €1

22

(ny,wq) €1


https://scipost.org
https://scipost.org/SciPostPhys.11.5.089

Scil SciPost Phys. 11, 089 (2021)

We denote the relevant s-channel conformal blocks as F- Aﬁzz(x) F©) ~,(x). From Eq. (208), we
have

A\ 2P1Db2
ﬁ) . (113)

1+v1—x

The chiral t-channel conformal block agrees with the s-channel conformal block up to a nu-
merical prefactor. From Eq. (209), we have

FO (%) = 1671P2(1 — x ) ¥ (

FO=1670:F0) (x). (114)

However, we know that the orbifold’s twist representation is not chirally factorized: rather, it is
obtained from the product of a left-moving and a right-moving twist representation, by project-
ing on states with integer spins. At the level of t-channel conformal blocks, integer spins corre-

spond to integer powers of 1—x. Selecting integer powers of 1—x in |j-:(t) 2 amounts to com-
bining it with its image under v'1—x — —+/1 — x, equivalently under (p,, p5) = (—p2, —P2),
and we find the non-chiral conformal block

1
g(t) - E (|'%\(t)|2 + |ﬂt)|?P2,ﬁz)—>(—P2,—[3z)) ’ (115)

The violation of chiral factorization in the t-channel slightly modifies the crossing symmetry
equation (20), which now reads

) 25(5) —p1p2|2 )

ED(t) = |16/122]> DY), = |16771P2[* D}, . (116)
It is straightforward to check that these relations hold, if we compute the four-point struc-

ture constants from our two-and three-point structure constants (53), (100) and (108). In
particular, we have

1 —pW = (- )nzW1+n161+n2614—p1 —b}—p3—P5 (117)
2
This check of crossing symmetry is sensitive to the signs of three-point structure constants. In
particular, in our derivation of the three-point structure constant (108), we could have chosen
the sign prefactor (—)"¢! rather than (—)"¢2. This would have been consistent with crossing
symmetry of twist four-point functions, but not of mixed four-point functions.

4.3.4 T-duality

The compactified free boson theory is invariant under inverting the radius of compactification
R— }%, as a consequence of the chiral Z, symmetry (J,J) — (—J,J). This invariance is called
T-duality in the context of string theory. From the values of the momentums (39), we see that
T-duality exchanges the vertex sector indices n, w.

In the orbifold theory, the four-point function (106) is not invariant under R — %, and
it may appear that T-duality is broken. In fact, while individual four-point functlons of
twist fields are not invariant, the space of four-point functions is invariant. T-duality is not
broken, but it comes with a change of bases in the two-dimensional space of twist fields

(r° 1) - (TOJ’T] TO ) in addition to the exchange (n,w) — (w, n).

4.4 Correlation functions of Virasoro primary fields

There are two types of Virasoro primary fields: degenerate fields, and higher twist fields.
Correlation functions that do not involve higher twist fields are obtained from the compactified
free boson theory using the recipe (99). We therefore focus on higher twist fields.
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4.4.1 Two- and three-point structure constants

The number of higher twist fields in a non-vanishing correlation function is always even: let us
therefore consider three-point functions with two higher twist fields. The third field is either a
vertex operator, or a degenerate field from the identity sector. Let us write the corresponding
three-point structure constants as

/ 2_ =2 2
(T T Vi) = Ceeran )" [ 118)

-

(119)

-

2_ =2 2
(T TS k) = 0

where C,./(n,) (108) is an affine primary structure constant, p,p are the left and right mo-
mentums of Vi, .y, and f,. . ,, h,. i are chiral structure constant.
r2_§2

. . a1 g . 2
After factoring out the sign (—) , we will find that the remaining factor | fr,r/’p|
is chirally factorized, behaves trivially under permutations i.e. f.,.., = f.,.,, and obeys
frrr0= 0y, As a result, the two-point structure constant for higher twist fields is

Bre =(-)"7". (120)

o . L . 2_z2 . .
The violation of chiral factorization by the sign (—)" ~" can be traced back to sign ambigu-
ities due to half-integer current modes such as J_1. These ambiguities affect the correlation

2
functions of twist fields with half-integer spins such as T5 , (86), which do not belong to the
%37 _
orbifold CFT. As a result, we cannot factorize correlation functions of TS ., = 4J 1 J 1 TS | into
D3

Hlw
Hlw

correlation functions of TS | and T¥ ..
33 33
We can compute a few structure constants directly, using the affine Ward identities:

his,= % , (121)
hys, = % , (122)
hii,= _271/6 , (123)
T (124

4.4.2 Chiral crossing symmetry with non-degenerate fields

To determine the structure constants (118), let us allow higher twist fields in the mixed four-
point function (111), which becomes <V(,11’W1)V(n2) T

w) T - > The s- and t-channel decom-
2) Tl TI,T
positions now look as follows:

€
T2 (ng, wy) y

(n25W2) ra,7y Trz’fz
\ (ny,wy) £ (ny, wy) / TE2 W2 (125)
r,r
(nlswl) / \ Tel €1

1, (Tl1,W1) Trl,fl
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For this four-point function, the crossing symmetry equation (20) reads

G) 2 2 se2 22
Zﬁ(s) |f |2 |F |2 _ | DN gy [l frprp, ™ i re =7 €Z, (126)
1£2 [V rira.piEp2 | [T piEpo,r 0 ifri—f2ecz+ %
+ )

where the sign factors from the two-and three-point structure constants cancel, and we use the
Dby T2

P1
four-point structure constants ﬁgz, D® using the relation (116). We would then like to write
a chiral relation between the fusion kernel and the chiral structure constants, rather than a
relation involving products of left-moving and right-moving quantities. There is however an
ambiguity due to the constraint r? — 72 € Z, which leaves us free to include sign factors of
the type (—)zrz_é in the chiral relation. For simplicity of later expressions, we include such a
factor, and write

abbreviated notation F, . = F,, , [ ] for the fusion kernel. We can factor out the affine

—PiP2 |

— _ 2r2—1
frl,rz,P1+P2 16 p1tpa,r T frh”z,Pl—Pz 16p1szPl—P2,r - (_) 8ff1,T,P1fr2>r,P2 : (127)

Since no degenerate fields appear as s- or t-channel fields, the fusion kernel can be determined
as a limit of the general fusion kernel, and is given by Eq. (274). Using the G-function identity
(30), the solution for the chiral structure constants is

2 _r—1ar3
n'i2G(5 Gl+p£r; £
frl,rz,pzl—[ —(Z)Xl_[ ( P rll :2) s (128)
i=1 G(1+2ri) +,4 G(]. +p:|:Z:|:Z)

or equivalently,

[r1£ry|—1

2 ri_l 3
forn =] | TTEGE) [T [T @+rree-, (129)
TP G(1+2r)

i=1 * r=1—|r£ry|

where the product over r € %Z runs by increments of 1. This expression obeys the following
properties:

fii,=1, (130)

fiap=2p, (131)

= 2pap®—1) (132)
fisp= 3PP ,

Srirap = Frorip s (133)

frir0 =0r 1) s (134)

2 6.2
frlarz,—P = (_)Zrl Zrzfrl,rz,p . (135)

L . ' . 21 o
We insist that f,. ,, , is defined up to sign factors of the type (—)?"i 8, because the combination
that appears in correlation functions is |f,, ., |2 with rl.2 — fl.z eZ.

4.4.3 Chiral crossing symmetry with degenerate fields

Let us solve crossing symmetry equations for four-point functions <I 1L Ty Tr2>,

|:k r1i| — { hrz,r2+e,1hr1,r2+6,k ifee {+:_} ) (136)

Z gl,k,k+elhrl,rz,k+61F61,6 1 1y 0 ife=0

€1=%
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The relevant fusion kernels are given in Eq. (199). We use the second equation to get the
k-dependence of h and guess an ansatz that we check using the first equation. We find
the solution

r1,r9,k>

k+1x(rix5ry)
ho = ok(oyrtri—ik el [l GO +kEr£n) [[,T(—772) (137)
r,ry,k — n 2 ’
G(1+2K)[]_,G(1+2r) +/T(1+2k)
where the notation r; £, r, was defined in Eq. (98). Special cases include
hiro=1, (138)
(_)2r+%
hr,r+e,1 = /2 (e=%), (139)
k+1+2
e L05)
hyi,=(—)24"F ——2——  (forke2N), (140)
ik n/T(2k + 1)
1
h%”—l"z__27\/6. (141)

In particular, we find agreement with the value (121)-(124) that were directly computed using
affine Ward identities. Moreover, we have

k < |r1 :l:Z r2| — hrl’rz’k =0 ) (142)

i.e. the chiral structure constant h, . ; vanishes whenever the fusion rule (97) is violated. In
general, structure constants do not necessarily have to know the fusion rules. In generalized
minimal models, some structure constants do, and some of them don’t [9,10]. In our case, the
chiral structure constant h,. ., ; determines the contribution of the degenerate field to an OPE
of two twist fields, when we compute this contribution using affine symmetry. Affine symmetry
dictates that the field I, is degenerate (i.e. its null vector vanishes), so affine symmetry has to
enforce the resulting fusion rules, and this is what we find here.

4.5 Examples of correlation functions of higher twist fields

From our structure constants, and the conformal blocks of Appendix A.1.4, let us assemble a
few four-point functions of higher twist fields (89). These four-point functions turn out to be
related to four-point functions of the affine primary twist fields T¢ = T} ,, via relations that

37
involve derivatives with respect to the radius R and the elliptic nome q. These relations make
crossing symmetry of the new four-point functions manifest.

4.5.1 Examples of the type <T%,%TTT>

From the structure constants (131) and the conformal blocks (227), we assemble the four-
point functions

<T§1§]i[Tfi> =

7,5 1
44 i=2

Fo(q) 2 2
5. E —yleates) | P |2 |2 . (143
261,0 xl/z(l_x)l/z'l?s(f)z ~ ( ) |q | | p(n,w)| ( )
WE2Z+e+€,y
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We notice that the summand can be rewritten as an R-derivative, thanks to the identity

1 0
P |2 |9 2_ _ R—— |gPw) |2 144
|q | | p(n,w)| nIlmt OR |q | ) ( )
which follows from
2 a _, 2
RgﬁpmmzRgﬁpmmzzbmm|' (145)

This allows us to relate our four-point function to < ]_[?:1 T€i> (106),

<T§el§li[Tei> ==

Since <]_[?:1 T€i> is known to be crossing-symmetric, the crossing symmetry of our four-point

1 2

x1/2(1 —x)1/295(7)2

10 /&
R— TE€ . 146
Im~t 3R<!:1[ > (146)

function reduces to the invariance of |#;(7)|*Im 7 under the transformation x — 1 —x i.e.
T— —%, which we denote S. This invariance follows from the identities

Sots(t)= vV —ith(1) , Solm(7) = # Imrt . (147)

4.5.2 Examples of the type <T%’%TTT> and <T%’%TTT>

From the structure constants (131), (132) and the conformal blocks (227), (228), we assemble
the four-point function

4 4 1
€1 €\ — 1
<T%’%UT > 3x(1—x)05(7)*

2 )
5261_’0 Z (_)n(62+63) |qp(n,w)|2|2p(n’w)| (p(zn’w)—q—logﬁg(r)). (148)

Fo(q) 2

X1/2(1— x)1/205(7)?

nez 8q
we2Z+€e+e€,y
This expression can again be represented as a differential operator acting on <l_[?:1 T¢ > To
do this, we combine the R-derivative identity (144) with the identity
3 3 g
P2 gL 10e ):ﬁ’ - 149
¢ (1 oz losti(9)) = 0Pz gl (149)

and we obtain the relation

& 4
<T§zl_[7"ef> T

4:73
=2

1 2

x1/2(1 — x)1/294(7)2

9 (Fe(Q) (@ 1 I\ / T e
= 77) T Rox) <1_[T > - 50

i=1

In addition to an R-derivative, this relation also involves a g-derivative. In order to check that it
is crossing-symmetric, we need not only the identities (147), but also the following identities:

FolQ) Soqi:fzqi- (151)

1
Sod (t)=i(—it)*/?% (t) , SoF =
() =i(=it)* =0 () o(q) Ne=rs 7 7
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The case of the higher twist field T¢  is similar to the case of T¢ ,, and is in fact a bit simpler
33 43

due to its left-right symmetry. In this case, the relation with <]_[?:1 T6i> reads

2

e li[T _ 16| Fy@®#i(7)

SN 9 | x1/2(1—x)1/29,(7)°
a |? 1 8 < 4 >
q=— R— TS ) . (152)
aq ’Fo(q)q?’l(r)|21mr dR !:1[

As before, crossing symmetry of this expression is readily verified from the transformation
properties (147), (151).

4.5.3 Interpretation

Our derivation of four-point functions of higher twist fields was purely technical, but perhaps
there is an underlying reason for their simplicity. By definition, higher twist fields are obtained
from basic twist fields by acting with modes of the currents J and J. The R-derivatives that
appear in our relations can be interpreted in terms of the marginal operator JJ. And the g-
derivatives can be interpreted in terms of the energy-momentum tensor JJ, if we recall the
relation of twist correlators with correlators on a torus with modulus 7 [5], together with the
torus Ward identities [17]. It would be interesting to further explore the interplay between
twist fields, target space geometry, and worldsheet geometry.

5 Degenerate Virasoro conformal blocks at c =1

Let us study Virasoro conformal blocks whose channel dimensions are degenerate. If ¢ = 1,
the momentums of degenerate representations are of the type k € %Z. In the Ashkin-Teller
model and compactified free boson, degenerate representations appear in the identity sector,
and we denoted the corresponding fields as I; ; with k, k €N.

Our strategy will be to take limits from non-degenerate conformal blocks, which can be
computed using general methods such as Zamolodchikov’s recursive representation. We will
show that appropriate limits exist, although this is far from trivial.

5.1 Analytic subtleties of conformal blocks

5.1.1 Conformal blocks as sums over states

Consider a four-point function of Virasoro primary fields <]—[;‘:1 Va, (zl-)> with (z;) =(0,2,1, c0).
The corresponding s-channel blocks depend on the central charge c, on the four fields, and on
a Virasoro representation R,. We assume that R, is a highest-weight representation, i.e. it is
generated by a primary state of dimension A,. Then the blocks can be written as

Fr,(cl(Aplz) = 2874
x>0 My (AL A A)G Y (el Ay (s, AglA,), (153)
Y,Y’€B(R,)
where we introduced the following objects:

* B(R,) is a set of creation operators such that B(R,)|A,) is a basis of Ry, if |A,) is
the primary state of dimension A,. We assume that the resulting basis is made of L-
eigenvectors, i.e. [Ly, Y] = |Y|Y where |Y| € N is the level, and A, + |Y| the conformal
dimension of Y|A,).
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* yvy(Aq,Ay|Ag) is a c-independent polynomial function of three conformal dimensions.

* Gy ;,(CIAS) is the inverse Gram matrix. The Gram matrix itself depends polynomially on

c and A, and its inverse has poles.

In the special case where R; =V, _is a Verma module, we have
B(Va)=1,L_4,L2,L 5,13, L 1L 5L 3,... (154)

In this case, the object F5 = Fy, is called the Virasoro conformal block for the channel
dimension A;: we will call it a generic block. This universal function can be computed using a
number of techniques, starting with Zamolodchikov’s recursive representation. (Directly using
Eq. (153) is not efficient.)

Our aim is to compute conformal blocks for degenerate representations, by relating them
to the well-known generic blocks 7 . A degenerate representation is a highest-weight repre-
sentations, i.e. a quotient of a Verma module by a submodule. So the basis B(R,) is a subset
of B(Va_)- The other ingredients of the expression (153) only depend on Ay, so they are the
same for R as for V, . Beware however that Gy %,,(C|As) is the inverse of a submatrix of the
Gram matrix, which is not the same as a submatrix of the inverse Gram matrix. (The Gram

matrix of a degenerate representation is not invertible.)

5.1.2 Singularities of the inverse Gram matrix at level 2

In order to illustrate the analytic properties of conformal blocks, let us focus on the contri-
butions from states at level 2. This is the first nontrivial case, as the Gram matrix at level 1
happens to be c-independent. Let us introduce notations for the central charge and conformal
dimensions, which will also be convenient in the rest of Section 5. We write the central charge
as

c=13—-6p%2—6872. (155)

The conformal dimension is written in terms of a momentum p, via a relation which generalizes
the ¢ =1 relation (21),

_c—1

A= +p?. 156
2 p (156)

The degenerate momentums are of the type

1
Py =5 (rB—sp7") . (157)

For r,s € N*, these are the momentums of degenerate representations, and they become half-

integerasc — lie. f — 1.
Va)

For A = Ay = —% + %[32, there exists a degenerate representation R 1y = Ve
: ’ @1

which is the quotient of the Verma module by the submodule generated by the level 2 null vec-
tor yz1y = Y2, 1y|A(,1)), where Y5 1) = L_y — B72L?,. In order to study the limit A — A, 3,
we therefore write the level 2 Gram matrix in the basis B?(V,) = (L_,, Y(2,1)), and rewrite
A= A(Z,l) + €. We find

9 -2 -2
c@ — [ Gr,1, GL,Z,YQJ) ] _ |:§ —3B7° +4e (2—3B7)e ] (158)

Gypupls O Yo | 2=-387%)e 4(1—pHe+8B e
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The behaviour of the inverse Gram matrix crucially depends on whether ¢ = 1 or not, because
GY(2 o behaves as O(e€) in general, and O(e?) if ¢ = 1. As a result, we have

(G(z))—1 _ | 3-3p2 3/3’ = +0(€) o(1) (159)
c#1 o(1) T /3 e +0(1)
so that in this case
1
lim (G(z)) = (160)
€0 btz lim._,o Giz_)z L,

This allows us to compute the inverse of the size one submatrix [lime_m Gg)z L,Z:I’ which ap-

pears in the degenerate block fR<2 " from the inverse matrix (G(Z))_l, which appears in the
generic block F,. This no longer works if ¢ = 1, in which case

3 8 1
@ _ 5+4e —e€ @) _ ﬁ+0(6) O(E)
@it ] erafEY ol e
so that
8 2 1
lim (G L S (162)
6—>0( ) L2l = 1 11 3 c=1 lime—>0 G(Z) L,

Ultimately, the reason why the level two Gram matrix behaves badly if ¢ = 1 is the coincidence
of the degenerate dimensions for which null vectors appear at this level, A, ;) = A1)
c=

5.1.3 Degenerate blocks from generic blocks: two conjectures

Let us now discuss the polynomials vy (A, A;|Aj) that appear in the conformal blocks (153).
By definition of fusion rules, the polynomial o (A, Ay]Ag) has a zero at Ay = Ay 1) when-
ever Vo, € Rz 1y X Va,. (This condition amounts to a second-order polynomial equation on
A1, A, [9].) Of course, we assume that the degenerate blocks we want to compute are allowed
by fusion, which implies

Ty (A1, B2]Ap 1) = Ty, (A3, A4]A2,1)) =0 . (163)

If ¢ # 1, when computing the level two contribution to the generic block F (c[(A;)|2) (153) in
. I 21
the limit Ay — A(q 1), the zeros from the ¥ factors cancel the contributions of (G( )) LYo’
( (2)) ( (2)) (159). We are left with the contribution of (G(Z))_l , which
Yi21), Yi2,1),Y21) L oL,
agrees w1th the level two term of the degenerate block Fp o) by Eq. (160). We conjecture that

this is true not only at level two, but at all levels; not only for the degenerate representation
R (2,1), but for all degenerate representations:

Conjecture 1 If the central charge is irrational, and if the degenerate representation R, is

allowed by fusion rules in the s-channel of <]_[f':1 Vi, (zi)>, then the corresponding degenerate
block is a limit of generic blocks,

]:R(r)s>(CI(Ai)|Z)=AEIAT§ )fA(CI(Ai)IZ) . (164)
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We know that the conjecture cannot hold if the central charge is rational, due to coincidences
of degenerate dimensions A,y = A, ¢. (To be precise, by rational central charge we mean
B? € Q.) To compute degenerate blocks at rational central charge, we propose to first continue
them to generic central charge, then take the limit lima_, Apsy? and then go back to rational
central charge:

Conjecture 2 Let ¢y be a rational central charge, and R a degenerate representation that is
allowed in the s-channel of <]_[f':1 Va, (zi)>. Let R(©) be any degenerate representation at generic

¢ that has the same number of states at each level as R. Let (Agc)) be a continuation of (A;) such

that R() is allowed in the s-channel of <]_[?:1 Vo (zl-)>. Then we have

Frleol(A)lz) = lim Fro(cl(A)z) |. (165)

Let us motivate this conjecture, and in particular the assumption that R(*) has the same number
of states at each level as R. To obtain the desired degenerate block Fr(cq|(A;)|z), we need to
reduce the basis B()5) to the smaller basis B(R), i.e. we need the terms from B(V,) —B(R)
to vanish. For this we must do an excursion to irrational central charge.

We may worry that this excursion may deform B(R). However, this does not matter, be-
cause R is a quotient space, whose elements are only defined modulo null vectors. In our
level two example, we chose L_, as the basis of B(z)(R@,])), but we could have chosen any
c-dependent vector that is not collinear to Y, ;). To get a basis of R, it only matters that we
have the right numbers of states at each level.

This justifies our assumption on R, In order to exploit Conjecture 1, we further assume
that fusion rules are obeyed at generic ¢, and this constrains the continued dimensions (Agc)).

5.1.4 Scope and validity of the conjectures

Conjecture 1 is only the explict formulation of a well-known fact. From Zamolodchikov’s
recursive representation, it is easy to deduce that the limit exists, because the fusion rules
ensure Resp_n Falcl(A;)|z) = 0. Conjecture 1 has long been used for numerically comput-
ing conformal blocks and testing crossing symmetry in models such as Generalized Minimal
Models [7] or the Potts model [18], so there is little doubt that it is true.

Conjecture 2 is newer and less trivial. In this case, the very existence of the limit is already
a non-trivial statement. Moreover, Conjecture 2 only provides a particular prescription for
computing degenerate blocks from generic blocks. We do not claim that this prescription is
the only possibility. And it had better not be: given the intricate structures of degenerate
representations at rational c, it is in general not possible to find generic ¢ representations
R that satisfy our assumptions. Conjecture 2 is however good enough for the Ashkin-Teller
model, whose degenerate representations have relatively simple structures: all null vectors
descend from only one singular vector.

We however warn that it is not easy to find alternative prescriptions. For example, we may
be tempted to replace (165) with the simpler prescription of keeping all conformal dimensions
fixed i.e. c-independent,

Frlcol(A)l2) = lim Fa (cl(Alk) (166)

We have checked that this prescription fails in examples, by giving a finite but wrong limit.
However, depending on the case, it may fail at rather high level.
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Let us summarize our evidence for Conjecture 2. All our evidence is at ¢ = 1. First of all,
in Section 5.2, we will apply the conjecture to the computation of conformal blocks of four
fields of dimension A = % i.e. momentum p = %‘, and obtain consistent results which can be
compared to computations from affine symmetry to some extent. Then, in Section 5.3, we will
use Conjecture 2 for computing degenerate fusion kernels at ¢ = 1. These fusion kernels are
then used for writing crossing symmetry equations in the Ashkin-Teller model. Our formulas
for the structure constants of that model therefore crucially depend on our conjectures. In
a number of examples, we can independently derive the same structure constants using the
model’s affine symmetry. All this provides evidence for the conjecture in the cases of the

following families of ¢ = 1 Virasoro blocks:

7O FO 7O F© (167)

2k|%,%,%,% k+e|l,k,r,ry > 7 k+ellLk,p,p > 7 kyte|lky,koks 2

where we label blocks by their momentums, with k,k; e Nand e € {—1,0,1} and r; € % + %Z
and p € C. This evidence is admittedly indirect, but it tests the conjecture at all levels, which
would be impossible with pedestrian calculations.

5.2 Four-point functions of twist fields
5.2.1 Virasoro blocks versus affine blocks

Let us go back to ¢ = 1, and consider four-point functions of twist fields of the type (TTTT),
i.e. four-point functions of fields of dimension %. The corresponding affine conformal blocks
were determined by Al. Zamolodchikov [2], see Eq. (225). Such blocks have an extremely
simple dependence on the momentum p, namely fp o< (16q)p2. For generic values of p, the
Virasoro and affine representations coincide, and Al. Zamolodchikov’s blocks coincide with
Virasoro conformal blocks, j—"\p = JF,. The limit p — 0 of the blocks is perfectly smooth, and
yields the affine conformal block 5’-"\0.

From the point of view of the Virasoro algebra, the situation is more complicated. The
dimension p = p(; 1) = 0 corresponds to the identity field, which is allowed by its fusion rules
to appear in our four-point function. If the central charge was generic, ./7-:0 would have to
coincide with the identity block F, per Conjecture 1. However, the fusion rule (97) predicts
that the affine block is an infinite linear combination of degenerate Virasoro blocks of the type

oo
Fo= D10, T (168)
k20

where F; is a degenerate Virasoro conformal block, and h1 1, is a chiral structure constant of
4 H 4 H

the Ashkin-Teller model, defined by Eq. (119). In particular, we expect that j—'\O and F, agree
up to level 3, but differ at levels 4 and higher.

5.2.2 Recursive representation

Let us use Conjecture 2 for computing the degenerate Virasoro block F; at ¢ = 1. The de-
generate representation with momentum k is the quotient of a Verma module with the Verma
submodule that is generated by the null vector at level 2k 4 1. At generic central charge, there
exist two degenerate representations with the same structure, namely R (5x41,1) and R q ap41)-
According to the conjecture, it should not matter which degenerate representation we choose,
and we pick the second one. We should also continue the twist fields of dimension % in a way
that respects fusion rules at generic central charge. To satisfy this requirement, it is enough

32


https://scipost.org
https://scipost.org/SciPostPhys.11.5.089

Scil SciPost Phys. 11, 089 (2021)

that the momentums of the four twist fields remain equal. For the simplicity of our calcula-
tions, we will choose their momentums to be P(o, 1y This leads to

1111
F(]G 53 D) =lm 7y, ‘(P(o,%):P(o,%):P(o,%), z) . (169)
Zamolodchikov’s recursive representation for Virasoro conformal blocks is
2
Fo (| o2y P02 Pro, 1y P02y |7) o< (160) Hy () , (170)
where we neglect p-independent factors, and the power series H,(q) is defined recursively by
oo o0
(16¢)"
H,(q) = 1+ZZ s H,, (@) (171)
2, s=0 p(rs)

With our choice of momentums, the first summation index r only takes even values, and the
residues R, ; take the form [19](Appendix A.1)

7 +1
Rs = =27 po,0)D(rs) l_[ l_[ Er ,S)/)+ : (172)

r'=1-rs'=

Let us investigate the behaviour of H,(q) in the limit ¢ — 1. Due to the relation
P(—r1-s) = P@a,1) — P(,sy With limp(; 1) = 0, the factors with r* # 5" in R, cancel, and
only the diagonal r’ = s’ contribute. We find

_ - . ~ 2
Ry e 27 P Rmintrs)  With Ry = W . (173)
2 2

Since lim,_,; p(,,) = 0, we have lim._,;R,; = 0, with a zero of order one if r # s and two
if r = s. In the recursive representation (171) of Hp(m " (q) with m,n € Z, we find that the
coefficients have the limits

R..16" O Omns—r \ ~
lim ——— = —( TR TR )Rmin(m) : (174)
c— lp(mn) p(rs) r—m r+m
We can therefore define the finite limit
Hpn(q) = 11mH (@) if (m,n)ezZ?—(2N* xN¥). (175)

P(m,n)

Moreover, since the recursive representation of H,, (q) is finite term by term, its limit Hy, ,(q)
also has a recursive representation. We write this representation in the case m—n € 2N, which
is enough for our purposes:

5 1
n(q) = ZR ( +—)qr(m_n+r)Hm—n+r,—r(q) ) (176)

mnEZN 7, r+m r—n

where we used the identities H,, ,(q) = H_;, _,(q) = H, .(q), and R, was defined in
? m—ne ’

Eq. (173). This might be the first known instance of a recursive representation for conformal
blocks at rational central charge.
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5.2.3 Generalized theta functions

Using our recursive representation, we can compute the degenerate Virasoro conformal blocks
2 . . . .

Fr (1|(}P %, %,% |z) o< (16q)F H, 51+1(q) with k € 2N to any given order. Examining the

results, we infer an expression for these blocks to all orders,

2 T(k+3) rm—*) mrm+% , .,
q“ Hi i1 (q) = — 2= o 2= gt 177)
2I(k+ 1I(3) ez Tm+1+ 5-)T(m+ 1 — 2)
In these expressions, the terms with |m| < % vanish, due to the zeros of the polynomial
mr(m+ %)
2 ]_[(m (178)
The first two examples are the four-twist identity block
4m?
q 24 2 16_2 3_2 64_ 2 100
H = ——=1-=q¢"——q°—— - — — 179
11() 1—4m? 37 7157 T357 Ta3? oo (79
meZ
and the block for the degenerate field with a vanishing null vector at level 5,
o) mzq 2
4
H =-15 . 180
q'H5(0) mZ::l (4m2 — 1)(4m? —9) (180)

We call these functions generalized theta functions, because they can be obtained by acting
with integro-differential operators on the theta function )., _, q4m2.

Finally, we have checked that the infinite linear combination (168) of degenerate blocks,
with the coefficients hz1 1 g1ven by Eq. (140), does reproduce the affine block ]:0 In terms

of the factors H,, ,(q), thlS amounts to the identity
1= Zhl ! k(16Q)k2H1,2k+1(Q) , (181)

which we have checked numerically to high order. So we have reproduced a trivial affine
block as a combination of Virasoro structure constants and degenerate blocks, computed using
Conjecture 2. This provides evidence in favour of the conjecture.

5.3 Degenerate fusion kernels

In order to write crossing symmetry equations that involve a degenerate field with momentum
k = 1, we need to compute the corresponding fusion kernels. As in the case of c = 1 degenerate
conformal blocks, we will compute ¢ = 1 degenerate fusion kernels by taking limits from
generic central charge. So we will first compute the relevant fusion kernels at generic ¢, which
do not appear in the literature.

5.3.1 Pentagon relation

The degenerate field with k = 1 has a vanishing null vector at level 3, and its continuation
to generic ¢ must therefore be either Vi3 ;) or V; 3). We pick V3 1), whose fusion rules with a
primary field of momentum p are

Vany X Vo~ D0 Vorep - (182)
e€{—1,0,1}
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A four-point function with V{5 ;) obeys a third-order BPZ equation, whose fusion kernel is not
that simple. To compute it, we will reduce the problem to the simpler case of the second-order
BPZ equation for four-point functions with V;, ;), whose fusion rules are

Vouy XVp~ D Voyng. (183)
ne{+,—}

This reduction is possible thanks to the fusion rule
Vioy X Vo 1y ~Visy + Vi1 » (184)

which implies that the corresponding fusion kernels obey the the Pentagon relation [9]:

P2 P2

P3— %ﬁ Ps— %/5
P2 P2
(2,1) Ps (2,1)
P1 P1
(3,1) \ _m / (3,1)
P2

(185)

This diagram depicts two equivalent sequences of fusion moves for five-point conformal blocks.
Each black line is a primary field, and each red arrow is a fusion kernel. In this notation, the
fusion relation (19) would read

Az Asg Ay As

F
A, S5l (186)

35


https://scipost.org
https://scipost.org/SciPostPhys.11.5.089

Scil SciPost Phys. 11, 089 (2021)

In our Pentagon relation, we have three arbitrary momentums p;, py, P3, two shifted momen-
tums

(i=1,3) pi=p;+ep with ¢ €{-1,0,1}, (187)
and two signs 1,3 € {+,—}, where the fusion rules of the degenerate fields V|, ;) and V3 1
imply €; #0 = 1n; = —¢;. In equation form, our Pentagon relation reads
N3 /
., Pt P2 D3—3 ps |_
Trird [(3, 1) pg] Frata [ 1) 1>] 2
=

ﬂ P2 nlﬁ P1 P1 P2
FP3,P§+n71/5|: (2 1) p :|Fp1 21 [ (2 1) <3 1>:|F / nlﬁp3|:(2,1> pg—%[j] . (188)

In this relation, the first fusion kernel is the most general fusion kernel for a four-point func-
tion of the type ( Vo szvp3> The other four fusion kernels all correspond to four-point
functions with a degenerate field V5 ).

5.3.2 Degenerate fusion kernel at generic central charge

In the case of a four-point function of the type ( 21V, Vo,V 3> the fusion kernel is given by
the well-known formula

P1 Pz] T +2n,Bp)T(—213Bp3) (189)

F m n3 [ = .
Pz et P (2,1) ps I F(% +11Bp1 = Bp2—"n3Bps3)

Using the Pentagon relation (188), we deduce the fusion kernel for a four-point function of

the type < VP] VPz VP3 >

T'(1+2B€,p)T(1 + B* +2Be,p)T(—2Be3p3)T(—B*—2fe3p3)

F61,63 = 1 1 ? (190)
€1,6370 l_[i,j: I'(z £5B2+Bepy = Ppy—Pesps)
_ I(B%) T +2Bep)T(1+ B +2Bep) [[. (B> +26ps) (191)
0 ¢ 20 T(262) [1.2T(3 +3B2+Berpy £ Pps £ Bps) ’
_ - B2) T(—2Pe3p3)T(—B* —2Pesp3) [ [ T(1— B>+ 2ppy) (192)
03 20 T(1—2p2) [1e.T(G—3B%%Bpy £ Pps—Pesps) ’

Foo= =5 | [T —62£2pp)] [r(6? £ 26p5)

X [ cos(132) cos(m2Bp,) + cos(m2Bp;) cos(n2/5p3):| , (193)

=F

where we introduced the notation F pi+e1Ppstesf [(3%?1” :]

€1,€3

5.3.3 ¢ — 1 limit

For generic momentums p;, it is straightforward to compute the limit of the fusion kernel
asc — lie. f — 1. There is only a cancellation of poles in F, ., which appears in

- ra—p% _
111’1’1[5_,1 I'(l——Zﬁz) =—-2.

Complications appear in the presence of degenerate fields, whose momentums become
integer as ¢ — 1. The limit of the fusion kernel can then depend on how the momentums
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approach their ¢ = 1 values. A degenerate field with momentum k at ¢ = 1 has a null vector
at level 2k + 1, therefore its continuation to ¢ # 1 should be V(g1 1y Or Vi3 gx+1)- We pick the
first possibility, and find that the momentum behaves as

Bpk+1,1) =k+(ﬁ2—1)(k+%)4‘0((/32—1)2) . (194)

When it comes to a twist field of momentum r € }‘ + %Z, the continuation that is compatible
with the degenerate fields’ fusion rules is p(y, ¢y, which behaves as

Bparoy=r1+(B*—Dr+0((B*—1)?) . (195)

For vertex operators, we simply assume that the momentum is 3-independent.

5.3.4 Degenerate fusion kernels at c =1
The crossing symmetry equations for the chiral four-point functions <I 1L I, L k3> involve the

: ki ko
fusion kernels F, . 1 ks
¢ expressions (190) and (191), given the behaviour (194) of the degenerate momentums. We
write the result under the assumptions k, € N* and k, + kg —k, > 0. Cancellations between

poles of Gamma functions lead to the finite expressions

with k, € N. We compute these kernels as limits of the generic

T (142K, )T (14+k3,) T® (14+Kk3,)0(k125)T (k123 +3)
F,, F_, T(2+2ks )T (K3,) T@)(2k3+2)[(—1+2k; )T(2+2k1)
F F _ (_)k% @142k )r(1+k,) _(_)k% T(1+k3,)T(1+k2)T (ky23)(1+k123)
+,0 =0 T(1+k23)(1+k3,)T(1+k2,) T(1+k3,)T(2k; )T (2+2k;) ’
F F T (142K, )T (—1+2ks) I (—142ky)r@(14k3,)
- T T@)(ky93)T@ (k2,) T(—1+42kq )T(2+2k; T2 (k3,)
(196)
where we introduce the notation
T@(x) =T(x)r(x+1). (197)

The crossing symmetry equations for the chiral four-point function (I 1VpVpl k> involve the fu-

b p
1 k

limits of generic ¢ expressions, and find

sion kernels Fy . [ ] with k € N* and p € C. We compute these fusion kernels as ¢ — 1

r®(k+1) I'(+2p)
Fo,+ T(2k+2)2 ni T

(—k=2p)

Foo | = 0 : (198)
r?(2k—1) [(£2p)
FO,— —2 T(k)2 l_[:i: I'(k+2p)

The crossing symmetry equations for the four-point function (I 1L Ty Tr2> involves the fusion
k r
1
¢ — 1 limits of generic ¢ expressions, and find

kernels F, . ] with k € N* and ry,ry € %r + %Z. We compute these fusion kernels as

(142K (—1—2er,) T (1+k+e(rytyr I (—1—2er,)
Fie Fo|l | TLI®KEn—cr) T 1422+ 26T (—k—e(ra T2 1))

@ (1+2k) [ T(1£2r,) [ 1T £2r) [ [o T(A+k£(r £575)) ’ (199)
Fio Fp [ Lo TQ+kEr £rp) T T(—142)r(2+20) [ [ TA—k£(r1F272))

where we assume € € {+,—}, and we use the notation r; ¥ r, defined in Eq. (98).
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6 Conclusion and outlook

Solving the compactified free boson and the Ashkin-Teller model from the point of view of
their affine symmetry algebra was not very difficult: building on earlier work, we only had
to determine the signs of structure constants, and to check crossing symmetry of four-point
functions of the type (VVTT).

We have then focused on finer observables in the same model, namely correlation func-
tions of Virasoro primary fields. To compute them, we have developed a new flavour of the
conformal bootstrap method, and written equations that relate the sought-after chiral struc-
ture constants to Virasoro fusion kernels. The resulting structure constants are written using
the same Barnes’ G-function that appears in Liouville theory at ¢ = 1, and also in the Vira-
soro fusion kernel at ¢ = 1. However, the latter objects are not easily related to our structure
constants, because they tend to be singular when momentums take degenerate values.

From the point of view of Virasoro symmetry, we have completely solved the compactified
free boson and Ashkin-Teller model on the sphere. This means determining fusion rules and
structure constants of all Virasoro primary fields, and checking crossing symmetry of their
four-point functions. These solutions are based on a number of technical results on conformal
blocks and fusion kernels at ¢ = 1 and beyond, which may be of more general interest.

As an outlook, let us now sketch three perspectives that are opened by our results or tech-
niques.

6.1 Towards a solution of the 4—tate Potts model

Although the Ashkin-Teller model with radius R = 2 is supposed to coincide with the 4-state
Potts model, we are not claiming that we have solved the latter model. To do this, we would
still need to organize the fields in representations of the symmetric group S,4, and to show that
correlation functions are covariant under that symmetry.

At R = 2, the vertex sector momentums p(,,) = n + 7 become degenerate if w is even,
and coincide with twist sector momentums if w is odd. This allows the S, symmetry to mix
the vertex sector with the degenerate and twist sectors. This also makes it clear that the S,
symmetry does not commute with the affine symmetry. Solving the Ashkin-Teller model from
the point of view of its Virasoro symmetry was therefore indeed necessary, but it is not yet suf-
ficient. The mixing of the sectors must imply nontrivial identities between structure constants,
and also between conformal blocks. Understanding these identities, and other properties of
the model that emerge at R = 2, is left for future work.

6.2 Degenerate conformal blocks at rational central charge

In order to compute the ¢ = 1 conformal blocks and fusion kernels that we needed, we had
to face the wider issue of understanding degenerate conformal blocks at rational values of the
central charge. Our understanding is summarized in Conjecture 2, which passes a number of
tests at ¢ = 1. For other rational central charges, and in particular for minimal models, the
conjecture’s assumptions are probably too restrictive, and we should find a way to relax them.

This would be well worth the effort, as there is no known efficient way of computing con-
formal blocks in minimal models. These conformal blocks do obey BPZ differential equations,
but the order of the equation depends on the particular block under consideration. It is not
possible to write BPZ equations in general, and much less to solve them. In contrast, Zamolod-
chikov’s recursive representation of conformal blocks is valid in generic cases, and can only
simplify in special cases. However, the recursive representation becomes singular at rational
central charges.
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Using Conjecture 2, we have found examples of recursive representations for conformal
blocks at ¢ = 1. This raises the hope that recursive representations can be found at other
rational central charges. This improves on the more pessimistic assessments of previous works
[20, 21], which checked that the recursion had a finite limit as the central charge becomes
rational, but did not find hints that the limit could be written explicitly. We have even managed
to solve the recursion and find closed form expressions of the blocks as generalized theta
functions, although this may be specific to our examples.

6.3 Generalization to generic central charge

It would be interesting to continue the Ashkin-Teller model to generic central charge, and
obtain a simple, solvable, non-diagonal CFT. Of course, the R = 2 model has a known continu-
ation, namely the Q-state Potts model, but with its complicated spectrum and large multiplic-
ities, it does not count as a simple CFT.

Instead, we could start with the compactified free boson: this CFT can be continued to
generic central charge, although the radius becomes quantized [9]. The next step would be
to take its Z, orbifold. If it was possible, this construction could even preserve the affine
symmetry.

An important piece of the puzzle may be the continuation of the dimension %6 of twist

—432—332 ..
fields. In the Q-state Potts model, the continuation is A Ly = %, and this is also

natural from the point of view of conformal blocks, as we saw in Section 5.2. On the other

hand, from their geometric definition, Z, twist fields at generic central charge have the di-
13—-6p2—6572

mension f—é = ——4g . Of course, it is not excluded that the model has several different
continuations.
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A Conformal blocks and four-point functions

In this appendix we recall how affine symmetry allows us to find conformal blocks of vertex
operators. Then we give a more detailed account of computing conformal blocks that involve
twist fields. In Section A.2 we will then study a few simple four-point functions, with the aim
of checking some basic features of the fusion rules.

A.1 Derivation of some conformal blocks

In order to compute conformal blocks, we will study chiral correlation functions. The fields
that appear in such correlation functions are labelled by their left-moving momentums.
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A.1.1 Vertex operators

Affine Ward identities for a correlation function of the vertex operators follow from the OPE
(33),

<J(z)l_[Vpi(zl~)> =Zzifz. <]_[ Vpi(zi)> . (200)
i j J i

Requirement that J(z) = O(z72) leads to the neutrality condition Y., p; = 0. Combining
Z

— 00
the Ward identities with relation

3VP(W) = L_]_ Vp(W) = 2JOJ_1 Vp(W) B (201)
gives the Knizhnik—Zamolodchikov equation

8j<r[Vpi(zl')> :prj< | Vpi(zi)> . (202)

iA U\

The affine conformal block is then the unique solution that satisfies the normalization condition
(13),

— 2p:p;

F(z) = ]_[ zijp ki (203)
i<j

The uniqueness of the solution corresponds to the fact that each intermediate channel contains

a single operator, according to fusion rules V,, XV, =V, ., .

A.1.2 Two vertex operators and two twist fields

From the OPE (83) of the current with the affine primary twist field, we deduce

(TG, (31)V,, (22T (2)T1 (20)) =
V(E—23)(z —2)
This chiral correlation function is completely determined by the analytic properties of J(z).
In particular, the denominator accounts for the branch cut stretching between the twist fields.

The numerator has poles at the positions of vertex operators.
With the particular positions (14), our chiral correlation function becomes

<Vp1(zl)Vp2(zz)T%(ZB)T%(Z4)>. (204)

P2 + p1v1—x

(I Wy, (X)V,,, (0)T1 (00)T1 (1)) = %<Vp1(x)Vp2(O)T%(OO)T%(1)> . (205)

From this relation we compute how J_; acts on a vertex operator,
((11V,, () Y, (T3 (00)T1 (1)) =

d
£ —Zx)<J(Z)Vp1(X)Vp2(O)T%(oo)']"%(l)> -

_, 2mi(z—
( P2 n P1
xvV1I—x 2(1—x)

)<Vp1(x)Vp2(0)T%(oo)T%(1)>. (206)
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Combining this relation with Eq. (201) yields the first-order differential equation

2
_ 2pipy Py
8y log (Vp, (x)V,,, (1)1 (00)T1 (1)) = A=t (207)
The solution that respects the normalization condition (15) is
"\ 2P1P2
jE‘(/S) —— = 16P1P2(1 —x)Pi (1 1 _X) . (208)
1421V1 V2 % 1 14 m

Since the t-channel conformal block is a solution of the same first-order differential equation,
it is given by the same function albeit with a different normalization,

"\ 2P1P
]?;t)VVT r, =@ =x)" (1 1_X) 12- (209)
PEACEP 1+v1I—x

A.1.3 Two vertex operators and two higher twist fields

From the expression (86) of the higher twist field T% as an affine descendent of the basic twist
field T% , we deduce

(s) dZ
fvmwlva%T% o< 2 f T <J(z)Vp1(x)V T1(00)T (1)) (210)

Performing the integral and normalizing the result appropriately gives
Pi

) _Pt A= e
VigalViVoT1 T3 Vio|ViVoT1T1 °
1+2|12%% P1+Dps 1+2|12%%

(211)

Conformal block with a second excited twist field T% can in principle be computed from its
expression (87) as an affine descendent of T 1. However, it is technically simpler to use rela-

tion T% = 2.]_% T% — %L_l T% , which follows from that expression, together with the relation
L4 T% =J_ 3 T}T +2J° 12 T%. Omitting details of the computation we present the result

(s) —
Vi42[V1VaT1 Ts
i3

1
(p1 +p2)(4(py +p2)2—1)

12p2p; N 12p,p? N p1(4p§—1))
Vi—x 1-x (1—x)3

(s)
X]:vuzlvlva%T;1 - (212)

(p2(4p§ —1)+

A.1.4 Four twist fields

We now turn to the correlation functions of four twist fields. Our presentation follows [5]. Un-
like the vertex operators the twist fields are not eigenstates of J,,. Instead they are interrelated
by the affine action. In particular from definition (86) one finds the following OPEs

T3(W)
J(Z)TI(W)—Z — +0(Vz—w),

T%(W) ZaT%(W)
J(Z)T%(W):Z(z—w)%—i- N +0(vVz—w),

(213)
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where we have used J% T% = %T% and relation J_%T% = 2J21T% = L_1T% = ET%. Let us
-3
introduce four correlators
jo(Z,X)= (J(Z)T%T%T%T%), fo(x)= (T%T%T%T%> s 214
jl(z,x)=(J(z)T%T%T%T%), fl(x)=<T%T%T%T%> .

Labels 0 and 1 refer to the correlation functions with the lowest and the first excited twist field
at position x, respectively. Analytic form of 7, and J; as functions of z is fixed by OPEs (213)

A1(x)
To(z, %) = ——22) ) = = L) (215)
o \/z(z—x)(z—l)’ e Vz(z—x)(z—1) ’
with
a0 =YD r0, a= g0,
1/1 1 (216)
Bl(X) =2 X(X - 1) |:8F0(X) + g (; + E).FQ(X)] .

We have two equations (215) relating four correlation functions (214) which therefore do not
fix the correlators unambiguously. This is due to the fact that fusion of two twist fields contains
a spectrum of vertex operators T% x T 1= Zp V,, and hence one has many conformal blocks
satisfying these relations. To single out a conformal block with intermediate momentum p we
additionally impose

§ dz Jo(z,x) = 2mip Fy(x), } dz J1(z,x) = 2mip F1(x) . (217)
0,x

0,x

Now there are just enough equations to determine the solutions. Evaluating (217) explicitly
one obtains
K(x)

X) = 2mip Fy(x), (218)

4A0(x)K (x) = 2mip Fy(x), 4B, (x)K(x)+ 8A1(X)W

where

1
K(x) =+ dt (219)

2J)o Vt(1—t)1—xt)

is the complete elliptic integral of the first kind. After a straightforward algebra one obtains
equation for Fy(x)

i log (}"O(x)xl/s(l — x)1/8K1/2(x)) = p’ . (220)
dx 4x(1—x)K2(x)
Using identity
d d i
1— )L KO- KGOS k(1 —x) = — 221
K(1 = x) 7 K(x) = K(x) K (1 —x) (=)’ (221)
one can verify that
pz _nsz(l(;;c)
Ry = —— (222

x1/8(1—x)1/84/2K(x)/m
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is a solution to (220) with correct normalization (13). It is convenient to introduce elliptic
parameters

K(1—x)
=]—

KGx) g=e (223)

and associated theta-constants defined by

1‘}Q(T) = TCZ(—)H(ZTI + l)q(”"'%)z, B,(7) = Zq(n+%)2,

nez nez
(224)
2 2
Oy(t) = > q", B4(t) = D (=)"q" .
nez nez
Using relation K(x) = %ﬂg(q) conformal block (222) can be rewritten as
2
=) _ (16q)°
Ty, = IR —)ee,(r) (225)
The function Fy(q) used in (106) is then
1
Fo(q) = (226)

x1/8(1—x)1/8d5(7)

Note that here we have restored the full notation for affine conformal blocks. Having found
Fo(x) it is straightforward to also compute F;(x)

pZ
)| _ (16q) 227)

7o -
Vo|T3T1T1 T x5/8(1—x)5/895(7)3

3lf1l111]
2 4 4 1

Conformal blocks with other combinations of excited twist fields can be obtained in a similar
way or using a more efficient technique [5]. Below we present several examples used in the
main text without a derivation

o . (16q)p2 P2 _qaiqlogﬂi(’r) (228)
VITsTyT1Ty — 313/8(1 — x)13/88,(7)7 p2—1 )

20 _ (16q)"° p® — 47 log By(v) (229)
VolTaTaT1T1 ™ x9/8(1 — x)5/89,(7)5 p2— % ’

Foiryrymymy = Qogr ___p'agglosti() (230)

Ty xS —x)O/805(1)° p?

Note that the ordering of the twist fields differs from [5] due to a difference in conventions
for fixing their positions (14).
A.2 Examples of four-point functions

In order to do some basic checks of fusion rules, let us consider a few examples of four-point
functions, and work out their s-channel decompositions to the first few orders. In such low
order calculations, and in our particular examples, the subtleties of Section 5 are not relevant,
and we can compute degenerate conformal blocks from the ¢ = 1 expression

]-"(Ass)(Al-lx) = xAS_AI_AZ{l +eix +eox? + O(x3)} , (231)
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with the coefficients [9]

_ (As + A1 - A2)(As + A4 _ AS)

c , 232
! 2A, (232)
T
o1 A+ =2 ] 247 =3 [[(a+24—Ay), 233)
27 (40, —1)2 | Aj+2A,—A, —3  4A 42| A+284—A05 |

where we use the notation (A), = A(A + 1). To obtain t-channel blocks, we use the relation
FOAL Dy, A, Aglx) = FO(A, Ay, A, A5]1 - x) . (234)
(In this subsection, we write blocks as functions of conformal dimensions, not momentums.)

A.2.1 Identity sector

Let us consider four-point functions of the first nontrivial Virasoro primary field in the identity
sector, namely I ; o< J J. Given the self-OPE (31) of the current, we must have

4
1 1 1
<l_[J(zi)>c>< s+ + 5, (235)
i=1

2 .2
12234 %23%14 %13%24

or equivalently

1 1 1 5 s
<J(x)J(0)J(oo)J(1)> < Gt At LS {1+2x2+ 00} . (236)
According to the fusion rule (47), we expect s-channel contributions from the two chiral fields
Iy and I,. Since I, has dimension 4, it should not affect the leading three terms in the expansion
near x — 0. And indeed we find that these terms are accounted for by the conformal block

. 1
FO1,1,1,11x) = F{1+2x2+0(x3)}. (237)

While conformal blocks are generally singular at A; = 0, the block we are now considering is
well-defined, provided we first set A; = 1 and then A, = 0.

A.2.2 Mixed identity-twist four-point functions

Let us consider a four-point function of the type (I 11111T¢ T€>. The left-moving factor of this
four-point function is the chiral four-point function

1—1x 1
€ € 2 _ - 1.2 3
<J(x)J(O)T (00)T (1)) o = =, xz{l +3x2+0(x*)}
1
= ———114+3(1—x)+51—x)?>+0((1—x)*)}. (238)
x=1 24/1—x { }

In this four-point function, the OPEs determine the leading behaviour near the singularities
x = 0,1, co, which leaves the coefficient of the linear term undetermined in the numerator
1-— %x. We determine this coefficient by requiring the vanishing of the O(x) term in the
expansion near x = 0. Then that expansion agrees with the conformal block

1
P L g dok) = 5 {1+ g +0Ge} (239
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Near x = 1, the fusion rule (96) predicts two terms, corresponding to the higher chiral twist
fields T3, Ts. The relevant conformal blocks are

1
fg)(1,1,11—6,11—6|x)= m{1+2(1—x)+3(1—x)2+0((1—x)3)}, (240)
FOL1, 3550 = = {1 =)+ 20— 2P +0(1 -2} . (241)
16 —X

There exists a linear combination of these blocks that agrees with our four-point function. This
is a non-trivial check of the fusion rules.

The following chiral four-point function is determined (up to an overall constant factor)
by its behaviour near the singularities x =0, 1, co:

X2

(76T (o) (1) o 15 {1+ G+ a2 00h)

1

= ——{1-20-0)+1-x2+0((1-x)}. (242)
x—1 (1—X)7

According to the fusion rules, the expansion near x = 0 is the contribution of only one field I,
of dimension 4, whose conformal block is

1
FO1,1, &, 2x) = ;{1+%x+6§3x2+0(x3)}. (243)

Likewise, the expansion near x = 1 only involves the field T5, whose conformal block
7

F (gt)(l, 1, %, % |x) agrees with our four-point function up to the order O((1 — x)>3).
16

A.2.3 Mixed identity-vertex four-point functions

Let us consider the chiral four-point function

1—x +2Ax?

x2(1—-x) ’ (244)

(7(x)(0)V5(00)V5 (1)) %

where primary fields are labelled by their conformal dimensions. The behaviour at x = 0,1, oo
determines this four-point function up to a polynomial of degree two, which we fix by requiring
that the expansion at x = 0 agrees with the conformal block

1
FOL1,A,A10) = {1+2ax2 + 0%} . (245)
x
The next block that is predicted by the fusion rules corresponds to the field I, whose dimension
is 4, which does not contribute at this order. The expansion near x =1 is then found to agree
with the block
1
FO1,1,4,A1x) = ﬁ{l +a5(1—x)+ 21 —x2+0((1—x)*)} . (246)
A.2.4 Vertex four-point functions

Let us consider the vertex four-point function (104) in the case (z;) = (x, 0, 00, 1),

(1—x)*2eP

2
‘ (247)

—2p2 2
<V(n,w)(X)V(n,w)(O)V(n’,w’)(C>O)V(n’,w’)(1)>OC ‘x P ‘ Z
+
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According to the fusion rule (92), only the identity sector contributes in the s-channel. Up to
the order O(x?2) in the expansion near x = 0, the only contributing fields are Iy and Iy ;, and
the relevant conformal blocks are

FolA, A, A, A x) = x722 {1+ 2802 + 0(x*)} (248)
F(A, A A, A |x)= x_m{x + %xz + O(xg)} ) (249)

And our four-point function can indeed be written as a combination of such blocks, schemati-
cally

(VVv'v') oc |Fo(x)2 +4pp'pB | F1(x) 2 +0(x%) . (250)

B Discrete fusion transformations of Virasoro blocks

B.1 The Virasoro fusion kernel atc =1
B.1.1 Continuous fusion transformation

The s- and t-channel Virasoro conformal blocks are related by the fusion transformation
(s) _ 2 3 t)
Fps|1234 - JC dpt Fpspt |:]_ 4:| Fpt|1234 > (251)

where the fusion kernel F,, only depends on the fields’ dimensions, and not on their

2 3
sPe | 1 4
positions. The fusion kernel is much simpler at ¢ = 1 than at generic ¢, and can be written
as [22]

FPsP t

4 —~
[2 3] —u C(ps|p1,P2,P3,P4) G(w, + ) (252)
1 4 C(pel = P3,P2,—P1,P4) 1.1 Glwy +Ay)

where G(z) = ggz%, and we define

[1... G+ 2epy)

c »D2,P3,P4) = . (253
(Pslp1 P2 P3: Pa) ne,e’:ﬂ: G(1+ep,+€'py+e€e’p;)G(l +e€eps+€'p3+€€’py) (253)
The parameters v, and A, in the arguments of G-functions are defined as
V1 =Pps +P1+P2 A1 =p1+Pp2+p3+ps (254)
Vo =Ps+P3+DPs, Ay =ps+p:+Pp1+ps, (255)
V3 =P +P1+ P4, A3 =ps+ P+ P2+ Pas (256)
V4 =Pt + P2+ P3, Ay=0, (257)
and we also introduce
1< 1<
i=1 i=1
To define w, and w in Eq. (252), we introduce the notations
¢; =2cos(2mp;) , s;=2sin(27p;), (259)
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and the combinations

W19 = C1Cy + C3Cy4, Wg3 = C9C3 + C1Cyq, W13 = C1C3 + CoCy, (260)
4 4

w4=l_[ci+2ci2. (261)
i=1 i=1

Using these variables we define q;5 as a solution of the quadratic equation

1 1
qus - Z(csct —w3)?+ cS2 + ct2 — W€ — Wo3C + Wy —4=0. (262)

Then the prefactor u in (252) is
=t (263)
while the quantity w, is defined by
SsSp 8954 +8153 +qq3
2 2?21 (ezm(a—vk) _ eZni(o—Ak)) )

2miw, _

e (264)

There are three ambiguities in the definition (252) of the fusion kernel:

1. The choice of a solution of the quadratic equation (262), which will not affect the fusion
transformation.

2. The integration contour C in (251) should be chosen as R + iA with A sufficiently large
so that all singularities of the integrand lie below the contour.

3. The quantity w, is only defined modulo an integer. However, the identity

T

Gz+1)=— G(z), (265)

sin(7tz)

and the explicit forms of v;,A; ensure that the fusion kernel is invariant under integer
shifts of w, .

B.1.2 Discrete fusion transformation

Let us assume that the integrand of the fusion transformation (251) is meromorphic in p,,
with simple poles on the real p,-line. Since the integrand is odd in p,, we have

1
}—;S) ——— (J —f )dpt Fpsptf;(f) =—mi Z Res Fpspt]-"[gt) . (266)
© 2 \UJg+ia —iA ' k&Poles Pt =K ‘

This is how the continuous fusion transformation can become discrete, in agreement with the
discrete fusion rules of the free boson and Ashkin-Teller models.

B.2 Discrete fusion of higher twist fields

In order to determine chiral structure constants of higher twist fields in Section 4.4, we need
some particular fusion transformations.
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B.2.1 Simplification of the fusion kernel

Consider the fusion transformation

(s) _ D2 T2 | (t)
‘Fp1+p2|p1p2r2r1 - LFpl+p2’Pt |:p1 rl]fpflplpzrzrl > (267)

which involves the fusion kernel (252) with momentums

(p3,p4) = (r,r1) with ry,ry € %r + %N »  Ps=—P1—P2- (268)
With the help of the trigonometric identity
x+y+2z2=0 = 2cosxcosycosz+1= cos? x +coszy +cos’z (269)
the quadratic equation (262) simplifies, and we find
qq13 = 4icos(2mp,)sin(2n(p; +py)) , wi.=0, (270)
which leads to
u=—itan(27np,) . (271)

This has simple poles for p, =r € % + %Z, with the residues

—27mi Res u=1. (272)
pe=k

Accepting for an instant that only these simple poles contribute, we obtain the discrete fusion
transformation

(s) _
]:P1+P2_ Z FP1+P2ar‘Frgt) : (273)

1,1
r€Z+§N

We compute the fusion kernel with the help of the duplication formula (28),

F

G(1£3)
p1+pa,r = 167172 l_[ G(1+21)

L G(1£2r)

1,1y 2
xl_[ G(1+P1+P2iziz)l—[ G(1+p;xrtr)

G(l+pr+pptriEr) i 114 GA+p£5£1)

(274)

++

Inthecaser; =ry, =p, = }‘, we recover the affine fusion kernel element F,ip1= 16P1P2,
P

P2,

B.2.2 Cancellation of spurious poles

The fusion kernel has not only simple poles for p, € % + %Z, but also higher order poles for
p: € %Z. This is due to a factor m, m in Eq. (274). We may
therefore worry that the sum of residues includes contributions with half-integer momentums,
which correspond to degenerate fields. However, the fusion rules forbid such contributions.
The idea is that ¢t-channel conformal blocks also have poles for p, € %Z, whose contributions
have to cancel the contributions from the fusion kernel. Such cancellation of poles, due to an
interplay between structure constants and conformal blocks, are known to occur in analytically

which appears as
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solvable CFTs [21]. In our case, let us demonstrate the cancellation mechanism in a simple
example. We recall the leading terms of the t-channel conformal block,

2 2 2__ .2

© =(1—g)P P 14 Lics (b i = )(1 —z) 4 | (275)
Pelp1parar 2p?

Due to the O(1 — ) term of the conformal block, the fusion transformation’s integrand (267)
has a simple pole at p, = 0. Neglecting p,-independent factors from the fusion kernel, the
residue is

2

1 9 9

ResF, 1, 70 o c(1=2) P [ J? =] JoQ+pier)?+-- @78
t i=1 +

This should be compared with the residue of the simple pole at p, = 1. We neglect the same

p.-independent prefactors, and focus again on the leading contribution as z — 1,

2
1
ResFyopnp 7y 06— (=2 T [ Toaspe1en+ @)

D¢ i=1 +,£

It remains to use the identity [ [ G(x+1) = (x— 1)G(x)?, for seeing that the residue at p, = 0
cancels with the sum of the residues at p, = —1, 1.
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