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Abstract

We present a supermatrix realisation of q -deformed spinor-spinor and spinor-vector R-
matrices. These R-matrices are then used to construct transfer matrices for Uq2(so2n+1)-
and Uq(so2n+2)-symmetric closed spin chains. Their eigenvectors and eigenvalues are
computed.
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1 Introduction

In [1], Reshetikhin proposed a method of diagonalizing spin chain transfer matrices that obey
quadratic relations defined by the so2n+1- and so2n-invariant spinor-spinor R-matrices. The key
observation was that these matrices exhibit a nested six-vertex type structure thus allowing one
to apply principles of the XXX Bethe ansatz at each level of the nesting. In the so2n+1-invariant
case the nesting truncates at the so3-invariant spinor-spinor R-matrix which is equivalent to
the well known Yang’s R-matrix of the XXX spin chain. In the so2n-invariant case the nesting
truncates at the so4-invariant spinor-spinor R-matrix which factorises into a tensor product of
two Yang’s R-matrices. It is important to note that the Lie algebra so2n has two spinor repre-
sentations specified by the chirality property. As a consequence, there are four so2n-invariant
spinor-spinor R-matrices indexed by chirality of the corresponding spinor representations thus
adding extra difficulties to the nesting procedure.

This diagonalization procedure was recently addressed in a new perspective in [2] by
Karakhanyan and Kirschner. An important novelty in their work was that the spinor-spinor
R-matrices were written in terms of the Euler Beta function rather than in terms of recurrent
relations presented in [1] (see also [3]). The authors provided explicit examples of spinor-
spinor R-matrices of low rank and commented on the corresponding cases of the algebraic
Bethe ansatz. Similar spectral problems were also addressed by Reshetikhin in [4], De Vega
and Karowski in [5], Babujian, Foerster and Karowski in [6,7], Ferrando, Frassek and Kazakov
in [8], Liashyk and Pakuliak in [9], and Gerrard together with the author in [10].

In the present paper we address the long-standing problem of diagonalizing transfer matri-
ces that obey quadratic relations defined by the q-deformed so2n+1- and so2n-invariant spinor-
spinor R-matrices. We propose a new construction of spinor-spinor and spinor-vector
R-matrices in terms of supermatrices (this replaces gamma matrices used in [1] and [2]) and
provide explicit recurrence relations. These R-matrices are then used to construct spinor-type
transfer matrices for Uq2(so2n+1)- and Uq(so2n)-symmetric spin chains with twisted diagonal
periodic boundary conditions. The deformation parameter in the former case is set to q2 to
avoid having

p
q in the spinor-spinor R-matrix and the corresponding exchange relations. The

square root of the deformation parameter arises because the root system of so2n+1 has a short
root. We then employ algebraic Bethe ansatz techniques similar to those in [1] to construct
Bethe vectors and derive the corresponding Bethe ansatz equations. Our main results are
stated in Theorems 3.3, 4.4 and 4.5.

The paper is organised as follows. Section 2 is devoted to the spinor R-matrices and various
associated identities. Sections 3 and 4 contain the main results of the paper, diagonalization
of the spinor-type transfer matrices. In Appendix A, we provide the semi-classical q→ 1 limit
of the main results of this paper.
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2 Spinor R-matrices

2.1 Matrices and supermatrices

Consider vector space CN with N ≥ 3. We will denote the standard basis vectors of CN by ei
and the standard matrix units of End(CN ) by ei j where indices i, j are allowed to run from −n
to n with n = N ÷ 2, and 0 will only be included when N is odd. We will use ⊗ to denote the
usual tensor product over C.

Next, consider vector superspace C1|1 with basis vectors e(1)−1 and e(1)+1 . We will denote the

standard matrix superunits of End(C1|1) by e(1)i j where i, j = ±1. We define a Z2-grading on

C1|1 by deg(e(1)i ) = (1 + i)/2, and on End(C1|1) by deg(e(1)i j ) = (1 − i j)/2. We also define a

mapping γ on End(C1|1) via γ(e(1)i j ) = i j e(1)i j .

For any n ≥ 2 we set Cn|n := (C1|1)⊗̂n where ⊗̂ denotes a graded tensor product over C,
that is

(1 ⊗̂ e(1)j )(e
(1)
i ⊗̂1) = (−1)deg(e(1)j )deg(e(1)i ) e(1)i ⊗̂ e(1)j . (1)

We will write matrix superunits of End(Cn|n) as

e(n)i j := e(1)i1 j1
⊗̂ · · · ⊗̂ e(1)in jn

with i, j ∈ (±1, . . . ,±1) .

The degree of e(n)i j is deg(e(n)i j ) = (1 − θi j )/2 and γ(e(n)i j ) = θi j e(n)i j where θi j = θiθ j with

θi = i1i2 · · · in. We will write supermatrices in End(Cn|n) as

A(n) =
∑

i, j

ai j e(n)i j :=
∑

i1, j1,...,in, jn=±1

ai1, j1,...,in, jn e(1)i1 j1
⊗̂ · · · ⊗̂ e(1)in jn

,

where ai1, j1,...,in, jn ∈ C are the matrix entries of A(n). In will be often convenient to write
supermatrices in a nested form

A(n) =
∑

i, j=±1

�

A(n)
�

i j ⊗̂ e(1)i j , (2)

where
�

A(n)
�

i j ∈ End(Cn−1|n−1) are sub-supermatrices of A(n) given by

�

A(n)
�

i j =
∑

i1, j1,...,in−1, jn−1=±1

ai1, j1,...,in−1, jn−1,i, j e(1)i1 j1
⊗̂ · · · ⊗̂ e(1)in−1 jn−1

.

We will sometimes adopt the notation

A(n−1) := [A(n)]−1,−1 , B(n−1) := [A(n)]−1,+1 ,

C (n−1) := [A(n)]+1,−1 , D(n−1) := [A(n)]+1,+1 ,

which will be used to denote the A, B, C, and D operators of the algebraic Bethe ansatz.
For any non-zero scalar q we define a graded q-transposition w on End(Cn|n) via

(e(n)i j )
w := θi j qϑi−ϑ j e(n)− j ,−i , (3)

where ϑi =
∑n

p=1(p−
1
2) ip and the overline means that the order of multiplying tensorands is

reversed resulting in an overall sign; for instance,

e(2)i j = e(1)i1 j1
⊗̂ e(1)i2 j2

= (1 ⊗̂ e(1)i2 j2
)(e(1)i1 j1

⊗̂1) = (−1)deg(e(1)i1 j1
)deg(e(1)i2 j2

)e(2)i j .
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The inverse of w will be denoted by w̄.
We define a linear map χ(n) : End(Cn|n)→ (Cn|n)∗ ⊗ (Cn|n)∗ via

χ(n)(e(n)i j ) = ci j θ−i q−ϑi e(n)∗−i ⊗ e(n)∗j , (4)

where e(n)∗−i and e(n)∗j are elementary supervectors in the dual superspaces and ci j is a grad-

ing factor defined recurrently via ci1...in j1... jn = (−in)n((−1)n−1 j1 · · · jn−1)
δin ,− jn ci1...in−1 j1... jn−1

and
ci1 j1 = (−i1)1. Then, given any X , Y, Z ∈ End(Cn|n), we have that

χ(n)(X wY Z) = χ(n)(Y ) (γ(X )⊗ Z) . (5)

Let V+(n−1) and V−(n−1) denote the even- and odd-graded subspaces of Cn|n, respectively.
When n= 2, bbspace V+(1) ⊂ C2|2 is spanned by vectors

e(+)−1 := e(1)−1 ⊗̂ e(1)−1 , e(+)+1 := e(1)+1 ⊗̂ e(1)+1 ,

and the odd-graded subspace V−(1) ⊂ C2|2 is spanned by vectors

e(−)−1 := e(1)+1 ⊗̂ e(1)−1 , e(−)+1 := e(1)−1 ⊗̂ e(1)+1 .

When n ≥ 3, the even-graded subspace V+(n−1) ⊂ Cn|n ∼= C2|2 ⊗̂ (C1|1)⊗̂(n−2) is spanned by
vectors

e(±)i1
⊗̂ e(1)i2

⊗̂ · · · ⊗̂ e(1)in−1
,

with i1, . . . , in−1 = +1,−1 such that i2 · · · in−1 = ±(−1)n. Likewise, the odd-graded subspace
V−(n−1) ⊂ Cn|n is spanned by vectors of the same form except that i2 · · · in−1 = ∓(−1)n. Here
± and ∓ are linked with the plus-minus in e(±)i1

stated in the formula above.

Define even- and odd-graded operators e(±)i j ∈ End(V±(1)) and f (±)i j ∈ Hom(V±(1), V∓(1))

acting on vectors e(±)i by

e(±)i j e(±)k = δ jke(±)i , e(±)i j e(∓)k = 0 ,

f (±)i j e(±)k = δ jke(∓)i , f (±)i j e(∓)k = 0 .

These operators allow us to write A±(1) ∈ End(V±(1)) and B±(1) ∈ Hom(V±(1), V∓(1)) as

A±(1) =
∑

i, j=−1,+1

ai j e(±)i j , B±(1) =
∑

i, j=−1,+1

bi j f (±)i j .

We will write matrix operators A±(n) ∈ End(V±(n)) and B±(n) ∈ Hom(V±(n), V∓(n)) when n≥ 2
as

A±(n) =
∑

i, j=+1,−1

[A±(n)]i j ⊗̂ e(1)i j , B±(n) =
∑

i, j=+1,−1

[B±(n)]i j ⊗̂ e(1)i j ,

where

[A±(n)]−1,−1 ∈ End(V±(n−1)) , [A±(n)]−1,+1 ∈ Hom(V∓(n−1), V±(n−1)) ,

[A±(n)]+1,−1 ∈ Hom(V±(n−1), V∓(n−1)) , [A±(n)]+1,+1 ∈ End(V∓(n−1)) ,

and

[B±(n)]−1,−1 ∈ Hom(V±(n−1), V∓(n−1)) , [B±(n)]−1,+1 ∈ End(V∓(n−1)) ,

[B±(n)]+1,−1 ∈ End(V±(n−1)) , [B±(n)]+1,+1 ∈ Hom(V∓(n−1), V±(n−1)) .
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We define a graded q-transposition ιιι on End(V±(n)) and Hom(V±(n), V∓(n)) via

(a(±)i j ⊗̂ e(n−1)
kl )ιιι = (a(±)i j )

ιιι ⊗̂ (e(n−1)
kl )ιιι , (6)

where a ∈ {e, f } and

(e(±)i j )
ιιι = i j q

1
2 (i− j)e(±)− j,−i , ( f (±)i j )

ιιι = i j q
1
2 (i− j) f (∓)− j,−i ,

(e(n−1)
kl )ιιι = θkl qξk−ξl e(n−1)

−l,−k ,
(7)

with ξk =
∑n−1

p=1
1
2(p+ 1) kp. The inverse of ιιι will be denoted by ῑιι.

We define a linear map χ±(n) : Hom(V±(n), V∓(n))→ (V±(n))∗ ⊗ (V∓(n))∗ via

χ±(n)(a(±)i j ⊗̂ e(n−1)
kl ) = −i q−

1
2 i c±kl θ−k q−ξk e(n)∗−k ⊗̂ a(±)∗−i ⊗ e(n)∗j ⊗̂ b(±)∗l , (8)

where a ∈ {e, f } and b(±) = e(±) or f (∓) if a = e or f , respectively, and c±kl is defined recurrently
via c±k1...kn−1 l1...ln−1

= ∓(−kn−1)n(−k1 · · · kn−2l1 · · · ln−2)
δln−1,∓1 c−k1...kn−2 l1...ln−2

with the base case

c±k1 l1
= ∓(−k1l1)

δl1,∓1 . Then, given any Y± ∈ Hom(V±(n), V∓(n)) and X±, Z± ∈ End(V±(n)), we
have that

χ±(n)((X [∓])ιιι Y±Z±) = χ±(n)(Y±) (X [∓] ⊗ Z±) , (9)

where [∓] is ∓/± if n is odd/even.
Lastly, for any matrix X with entries x i j in an associative algebra A we write

Xs =
∑

−n≤i, j≤n

I⊗s−1 ⊗ ei j ⊗ I⊗m−s ⊗ x i j ∈ End(CN )⊗m ⊗A , (10)

where I denotes the identity matrix and m ∈ N≥2 will always be clear from the context. Prod-
ucts of matrix operators will be ordered using the following rules:

m
∏

s=1

Xs = X1 X2 · · ·Xm and
1
∏

s=m

Xs = Xm Xm−1 · · ·X1. (11)

The standard multi-index (“multi-legged”) generalisation of this notation will be used for both
matrices and supermatrices.

2.2 Vector-vector R-matrix

Choose q ∈ R×, not a root of unity, and set κ = N/2− 1. Introduce a matrix-valued rational
function, called the vector-vector R-matrix, by

R(u, v) := Rq +
q− q−1

v/u− 1
P −

q− q−1

q2κv/u− 1
Qq , (12)

where Rq, P and Qq are matrix operators on CN ⊗CN defined by

Rq :=
∑

−n≤i, j≤n

qδi j−δi,− j eii ⊗ e j j + (q− q−1)
∑

−n≤i< j≤n

(ei j ⊗ e ji − qνi−ν j ei j ⊗ e−i,− j) ,

P :=
∑

−n≤i, j≤n

ei j ⊗ e ji , Qq :=
∑

−n≤i, j≤n

qνi−ν j ei j ⊗ e−i,− j ,
(13)

and the N -tuple ν is given by

(ν−n, . . . ,νn) :=

¨

(−n+ 1
2 ,−n+ 3

2 , . . . ,−1
2 , 0, 1

2 , . . . , n− 3
2 , n− 1

2) if N = 2n+ 1,

(−n+ 1,−n+ 2, . . . ,−1, 0,0, 1, . . . , n− 2, n− 1) if N = 2n.
(14)
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The matrix R(u, v), obtained by Jimbo in [11], is a solution of the quantum Yang-Baxter equa-
tion on (CN )⊗3 with spectral parameters

R12(u, v)R13(u, w)R23(v, w) = R23(v, w)R13(u, w)R12(u, v) , (15)

where we have employed the multi-index extension of the notation (10).

2.3 Quantum loop algebra U ex
q (LsoN )

The vector-vector R-matrix can be used to define an extended quantum loop algebra of soN in
the following way (see [12, 13]). Introduce elements `±i j[r] with −n ≤ i, j ≤ n and r ∈ Z≥0,
and combine them into formal series `±i j(u) :=

∑

r≥0 `
±
i j[r]u

±r , and collect into generating
matrices

L±(u) :=
∑

−n≤i, j≤n

ei j ⊗ `±i j(u) . (16)

The elements `±ii[0] are invertible, and so are the L±(u). We will say that elements `±i j[r] have
degree r.

Definition 2.1. The extended quantum loop algebra U ex
q (LsoN ) is the unital associative algebra

with generators `±i j[r] with −n≤ i, j ≤ n and r ∈ Z≥0, subject to the following relations:1

`±ii[0]`
∓
ii[0] = 1 and `−i j[0] = `

+
ji[0] = 0 for i < j (17)

and
R(u, v) L±1 (u) L±2 (v) = L±2 (v) L±1 (u)R(u, v),

R(u, v) L+1 (u) L−2 (v) = L−2 (v) L+1 (u)R(u, v) .
(18)

The Hopf algebra structure is given by

∆ : `±i j(u) 7→
∑

k

`±ik(u)⊗ `
±
k j(u), S : L±(u) 7→ L±(u)−1, ε : L±(u) 7→ I . (19)

The degree zero elements `±i j[0] generate the subalgebra U ex
q (soN ) ⊂ U ex

q (LsoN ). In this
work we focus on the spinor representation of U ex

q (soN ) which will be used to construct
spinor-spinor and spinor-vector R-matrices. We will make use of the q-Clifford algebra re-
alisation of U ex

q (soN ), see [14]. This realisation factors through the non-extended subalgebra
Uq(soN ) ⊂ U ex

q (soN ) in which the symmetry relation `±−i,−i[0]`
±
ii[0] = 1 holds. We will denote

generators of the latter subalgebra by `±i j and the generating matrices by L±.

Definition 2.2. The q-Clifford algebra Cn
q is the unital associative algebra with generators ai ,

a†
i , ωi , ω

−1
i with 1≤ i ≤ n satisfying

ωiω j =ω jωi , ωiω
−1
i =ω

−1
i ωi = 1, (20)

ωia jω
−1
i = qδi j a j , ωia

†
jω
−1
i = q−δi j a†

j , (21)

aia j + a jai = 0 , a†
i a†

j + a†
j a

†
i = 0, (22)

aia
†
j + qδi j a†

j ai = δi jω
−1
i , aia

†
j + q−δi j a†

j ai = δi jωi . (23)

Note that the relations (23), when i = j, are equivalent to

a†
i ai = −

ωi −ω−1
i

q− q−1
, aia

†
i =

qωi − q−1ω−1
i

q− q−1
. (24)

1Our U ex
q (LsoN ) corresponds to U(R)/〈qc = 1〉 in [12].
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The algebra Cn
q has a natural representation on the exterior algebra Λ with generators x i

with 1 ≤ i ≤ n. For integers m = (m1, . . . , mn) ∈ Zn, we define an element x(m) of Λ as
follows:

x(m) =

¨

xm1
1 ∧ xm2

2 ∧ · · · ∧ xmn
n if m ∈ {0,1}n,

0 otherwise.

The set {x(m) : m ∈ {0,1}n} is a basis of the vector space Λ ∼= Cn|n. Introduce elements
ei ∈ Zn

+ defined by e1 = (1,0, . . . , 0), . . . , en = (0, . . . , 0, 1). The action of the algebra Cn
q on Λ

is given by
ai(x(m)) = (−1)m1+...+mi−1 x(m − ei) ,

a†
i (x(m)) = (−1)m1+...+mi−1 x(m + ei) ,

ωi(x(m)) = q−mi x(m)

(25)

for any m = (m1, . . . , mn) ∈ {0,1}n. This turns Λ into an irreducible Cn
q -module.

Set deg(ai) = deg(a†
i ) = 1 and deg(ωi) = 0, and extend this grading linearly on arbitrary

monomials in Cn
q . This defines a grading on Cn

q . Denote by Cn,+
q the even-graded subalgebra

of Cn
q . Then the space Λ splits into invariant subspaces, Λ+ = {x(m) : m1 + . . .+mn ∈ 2Z}

and Λ− = {x(m) : m1 + . . .+mn + 1 ∈ 2Z}, with respect to the action of Cn,+
q .

Proposition 2.3 ( [13]). There exists an algebra homomorphism π : Uq(soN )→ Cn
q defined by

the following formulae:

`±00 7→ 1, `±i,i 7→ q±1/2ω±1
i , `±−i,−i 7→ q∓1/2ω∓1

i (i > 0) ,

`−i j 7→ (−1)i+ jqi− j−1/2(q− q−1) a†
i ωi−1 · · ·ω j+1 a jω

−1
j (i > j) ,

`+i j 7→ −(−1)i+ jqi− j+3/2(q− q−1)ωi a†
i ω
−1
i+1 · · ·ω

−1
j−1 a j (i < j) ,

except `±i j = 0 if i = − j 6= 0, and we have assumed that

ω0 = q−1/2 , a0 = (−1− q)−1/2, a†
0 = −q1/2(−1− q)−1/2,

ω−i = q−1ω−1
i , a−i = q−1a†

i , a†
−i = q ai (i > 0).

The mapping π is a spinor representation of Uq(soN ). In particular, the mapping π turns
Λ into an irreducible Uq(so2n+1)-module with a highest vector x(0) of weight

λ± = (q∓1/2, . . . , q∓1/2, 1, q±1/2, . . . , q±1/2) (26)

and Λ+ (resp. Λ−) into an irreducible Uq(so2n)-module with a highest vector x(0) (resp. x(e1))
of weight

λ± = (q±1/2, . . . , q±1/2, q∓1/2, . . . , q∓1/2) , (27)

resp. λ± = (q±1/2, . . . , q±1/2, q∓1/2, q±1/2, q∓1/2, . . . , q∓1/2) . (28)

The spinor representation of Uq(soN ) can be extended to a highest weight representation
of the algebra U ex

q (LsoN ) by the rule

πρ : L±(u) 7→
π(q±1/2u±1 L∓ − q∓1/2ρ±1 L±)

u±1 −ρ±1
, (29)

for any ρ ∈ C×, see [13].

7

https://scipost.org
https://scipost.org/SciPostPhys.12.2.067


SciPost Phys. 12, 067 (2022)

2.4 Supermatrix representations of Cn
q and Cn,+

q

We identify the space Λ with Cn|n via the mapping

x(m) 7→ e(1)2m1−1 ⊗̂ · · · ⊗̂ e(1)2mn−1 .

For instance, when n= 2, Λ is identified with C2|2 via

x(0,0) 7→ e(1)−1 ⊗̂ e(1)−1 , x(0, 1) 7→ e(1)−1 ⊗̂ e(1)+1 ,

x(1,1) 7→ e(1)+1 ⊗̂ e(1)+1 , x(1, 0) 7→ e(1)+1 ⊗̂ e(1)−1 .

Let
�

e(1)ab

�

i denote the action of e(1)ab on the i-th factor in the n-fold graded tensor product.
Then it can be deduced from (25) that the mapping

σ : ai 7→
�

e(1)−1,+1

�

i , a†
i 7→

�

e(1)+1,−1

�

i , ωi 7→
�

e(1)−1,−1 + q−1e(1)+1,+1

�

i (30)

defines a representation of Cn
q on Cn|n.

When n= 2, we identify Λ+ with the even-graded subspace V+(1) ⊂ C2|2 via

x(0,0) 7→ e(+)−1 , x(1, 1) 7→ e(+)+1 ,

and Λ+ with the odd-graded subspace V−(1) ⊂ C2|2 via

x(1,0) 7→ e(−)−1 , x(0, 1) 7→ e(−)+1 .

When n > 2, we identify Λ+ (resp. Λ−) with the even- (resp. odd-) graded subspace
V±(n−1) ⊂ Cn|n ∼= C2|2 ⊗̂(C1|1)⊗̂n−2 via

x(m) 7→

(

e(+)2m1−1 ⊗̂ e(1)2m3−1 ⊗̂ · · · ⊗̂ e(1)2mn−1 if m1 = m2,

e(−)2m2−1 ⊗̂ e(1)2m3−1 ⊗̂ · · · ⊗̂ e(1)2mn−1 if m1 6= m2.

For instance, when n= 3, Λ+ is identified with V+(2) via

x(0,0, 0) 7→ e(+)−1 ⊗̂ e(1)−1 , x(1, 0,1) 7→ e(−)−1 ⊗̂ e(1)+1 ,

x(1,1, 0) 7→ e(+)+1 ⊗̂ e(1)−1 , x(0, 1,1) 7→ e(−)+1 ⊗̂ e(1)+1 ,

and Λ− is identified with V−(2) via

x(0,0, 1) 7→ e(+)−1 ⊗̂ e(1)+1 , x(1, 0,0) 7→ e(−)−1 ⊗̂ e(1)−1 ,

x(1,1, 1) 7→ e(+)+1 ⊗̂ e(1)+1 , x(0, 1,0) 7→ e(−)+1 ⊗̂ e(1)−1 .

It follows from (25) that the mapping σ+ : Cn,+
q → End(V±(n−1)) given by

a1a2 7→ −
�

e(+)−1,+1

�

1, a†
1a†

2 7→
�

e(+)+1,−1

�

1 , a1a†
2 7→ −

�

e(−)+1,−1

�

1 , a†
1a2 7→

�

e(−)−1,+1

�

1 ,

aia j 7→
�

e(1)−1,+1

�

i−1

�

e(1)−1,+1

�

j−1, aia
†
j 7→

�

e(1)−1,+1

�

i−1

�

e(1)+1,−1

�

j−1 ,

a†
i a†

j 7→
�

e(1)+1,−1

�

i−1

�

e(1)+1,−1

�

j−1
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and

a1a j 7→
�

f (−)−1,−1 + f (+)+1,+1

�

1

�

e(1)−1,+1

�

j−1, a1a†
j 7→

�

f (−)−1,−1 + f (+)+1,+1

�

1

�

e(1)+1,−1

�

j−1,

a2a j 7→
�

f (−)−1,+1 − f (+)−1,+1

�

1

�

e(1)−1,+1

�

j−1, a2a†
j 7→

�

f (−)−1,+1 − f (+)−1,+1

�

1

�

e(1)+1,−1

�

j−1,

a†
1a j 7→

�

f (+)−1,−1 + f (−)+1,+1

�

1

�

e(1)−1,+1

�

j−1, a†
1a†

j 7→
�

f (+)−1,−1 + f (−)+1,+1

�

1

�

e(1)+1,−1

�

j−1,

a†
2a j 7→

�

f (+)+1,−1 − f (−)+1,−1

�

1

�

e(1)−1,+1

�

j−1 , a†
2a†

j 7→
�

f (+)+1,−1 − f (−)+1,−1

�

1

�

e(1)+1,−1

�

j−1,

and

ω1 7→
�

e(+)−1,−1 + q−1e(+)+1,+1 + q−1e(−)−1,−1 + e(−)+1,+1

�

1 ,

ω2 7→
�

e(+)−1,−1 + q−1e(+)+1,+1 + e(−)−1,−1 + q−1e(−)+1,+1

�

1 ,

ωi 7→
�

e(1)−1,−1 + q−1e(1)+1,+1

�

i−1 ,

for 3≤ i, j ≤ n, defines a representation of Cn,+
q on V±(n−1).

2.5 Spinor-vector R-matrices

In the remaining parts of this paper we set the deformation parameter of so2n+1 to q2, that is,
we will consider algebras U ex

q2 (Lso2n+1) and Uq2(so2n+1). This is to avoid having
p

q in the
spinor-spinor R-matrices (see Section 2.6) and the exchange relations (see Section 2.8).

We define the spinor-vector R-matrix of U ex
q2 (Lso2n+1) via the mapping πρ composed with

the representation σ and a suitable transposition:

R(n)(u,ρ) :=
∑

i, j

�

σ ◦πρ(`+−i,− j(u))
�

⊗ ei j =
∑

i, j

�

σ ◦πρ(`−−i,− j(u))
�

⊗ ei j . (31)

Our goal is to find a recurrence formula for R(n)(u,ρ). Introduce a rational function

fq(v, u) :=
qv − q−1u

v − u
. (32)

The Lemma below follows by directly evaluating (31).

Lemma 2.4. The spinor-vector R-matrix of U ex
q2 (Lso3) is an element of End(C1|1 ⊗C3) given by

R(1)(u,ρ) = e(1)−1,−1 ⊗
�

e−1,−1 + fq(u,ρ) e00 + fq2(u,ρ) e11

�

+
p
−1
Æ

q+ q−1
q− q−1

u−ρ

�p
q u e(1)+1,−1 ⊗ (e−1,0 − e01)−

ρ
p

q
e(1)−1,+1 ⊗ (e0,−1 − e10)

�

+ e(1)+1,+1 ⊗
�

fq2(u,ρ) e−1,−1 + fq(u,ρ) e00 + e11

�

. (33)

The Proposition below follows by an induction argument and lengthy but direct computa-
tions from (31). The base of induction is given by Lemma 2.4.

Proposition 2.5. The spinor-vector R-matrix of U ex
q2 (Lso2n+1) for n≥ 2 is an element of the space

End(Cn|n ⊗C2n+1) given by the following recurrence formula:

R(n)(u,ρ) = A(n−1)(u,ρ) ⊗̂ e(1)−1,−1 + B(n−1)(u,ρ) ⊗̂ e(1)−1,+1

+ C (n−1)(u,ρ) ⊗̂ e(1)+1,−1 + D(n−1)(u,ρ) ⊗̂ e(1)+1,+1 , (34)
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where

A(n−1)(u,ρ) = R(n−1)(u,ρ) + I (n−1) ⊗
�

e−n,−n + fq2(u,ρ) en,n

�

,

B(n−1)(u,ρ) = q−κρ
q2 − q−2

u−ρ

∑

i j

n−1
∑

k=0

δ
k,1
i1, j1
· · ·δk,n−1

in−1, jn−1
(−1)k+n+1 qik(k−3/2) ck

× e(1)i1, j1
⊗̂ · · · ⊗̂ e(1)in−1, jn−1

⊗
�

q−
∑n−1

l=k+1 il en,ikk − q
∑n−1

l=k+1 il e−ikk,−n

�

,

C (n−1)(u,ρ) = qκu
q2 − q−2

u−ρ

∑

i j

n−1
∑

k=0

δ
k,1
i1, j1
· · ·δk,n−1

in−1, jn−1
(−1)k+n+1 qik(k−3/2) ck

× e(1)i1, j1
⊗̂ · · · ⊗̂ e(1)in−1, jn−1

⊗
�

q−
∑n−1

l=k+1 il e−n,ikk − q
∑n−1

l=k+1 il e−ikk,n

�

,

D(n−1)(u,ρ) = R(n−1)(u,ρ) + I (n−1) ⊗
�

fq2(u,ρ) e−n,−n + en,n

�

,

with δkl
i j = (1 − δkl)δi j + δklδi,− j , i0 = 1, c0 =

p
−1 q3/2
p

q+q−1
and ck = 1 when k ≥ 1. Here the

End(C2n+1)-valued leg of R(n)(u,ρ) is understood to be in the right-most space, that is,

I (n−1) ⊗
�

fq2(u,ρ) e−n,−n + en,n

�

⊗̂ e(1)+1,+1 ≡ I (n−1) ⊗̂ e(1)+1,+1 ⊗
�

fq2(u,ρ) e−n,−n + en,n

�

.

The Lemma below follows directly from properties the L-operators L±(u) and (31).

Lemma 2.6. The spinor-vector R-matrix of U ex
q2 (Lso2n+1) satisfies the equation

R(n)12 (u,ρ)R(n)13 (v,ρ)Rq2,23(v, u) = Rq2,23(v, u)R(n)13 (c,ρ)R(n)12 (u,ρ) ,

where Rq2(v, u) is obtained from (12) upon substituting q→ q2.

We define spinor-vector R-matrices of U ex
q (Lso2n+2) via the mapping πρ composed with

the representation σ+ and a suitable transposition,

R±(n)(u,ρ) :=
∑

i, j

�

σ+ ◦πρ(`+−i,− j(u))
�

�

�

�

V±(n)
⊗ ei j =

∑

i, j

�

σ+ ◦πρ(`−−i,− j(u))
�

�

�

�

V±(n)
⊗ ei j , (35)

where |V±(n) denotes restriction to the corresponding Cn+1,+
q -invariant subspace. The Lemma

below follows by directly evaluating (35).

Lemma 2.7. The spinor-vector R-matrices of U ex
q (Lso4) are elements of End(V±(1)⊗C4) given by

R+(1)(u,ρ) = e(+)−1,−1 ⊗
�

e−2,−2 + e−1,−1 + fq(u,ρ) (e11 + e22)
�

+
q− q−1

u−ρ

�

q1/2 u e(+)+1,−1 ⊗ (e−2,1 − e−1,2) + q−1/2ρ e(+)−1,+1 ⊗ (e1,−2 − e2,−1)
�

+ e(+)+1,+1 ⊗
�

fq(u,ρ) (e−2,−2 + e−1,−1) + e11 + e22

�

,

R−(1)(u,ρ) = e(−)−1,−1 ⊗
�

e−2,−2 + e11 + fq(u,ρ) (e−1,−1 + e22)
�

−
q− q−1

u−ρ

�

q u e(−)+1,−1 ⊗ (e−2,−1 − e12) + q−1ρ e(−)−1,+1 ⊗ (e−1,−2 − e21)
�

+ e(−)+1,+1 ⊗
�

fq(u,ρ) (e−2,−2 + e11) + e−1,−1 + e22

�

.

The Proposition below follows by an induction argument and lengthy but direct computa-
tions. The base of induction is given by Lemma 2.7.
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Proposition 2.8. The spinor-vector R-matrices of U ex
q (Lso2n+2) for n ≥ 2 are elements of the

space End(V±(n) ⊗C2n+2) given by following recurrence formulas:

R±(n)(u,ρ) = A±(n−1)(u,ρ) ⊗̂ e(1)−1,−1 + B∓(n−1)(u,ρ) ⊗̂ e(1)−1,+1

+ C±(n−1)(u,ρ) ⊗̂ e(1)+1,−1 + D∓(n−1)(u,ρ) ⊗̂ e(1)+1,+1 ,

where

A±(n−1)(u,ρ) = R±(n−1)(u,ρ) + I±(n−1) ⊗
�

e−n−1,−n−1 + fq(u,ρ) en+1,n+1

�

,

B∓(n−1)(u,ρ) = ε q−
1
4 (2κ+1)ρ

q− q−1

u−ρ

�

∑

i

q±
1
4 ε i1···in−1 bi1,i1 ⊗̂ e(1)i2,i2

⊗̂ · · · ⊗̂ e(1)in−1,in−1

⊗
�

q−
1
2

∑n−1
l=1 il en+1,∓ε i1···in−1

− q
1
2

∑n−1
l=1 il e±ε i1···in−1,−n−1

�

+
∑

i j

n−1
∑

k=1

δ
k,1
i1, j1
· · ·δk,n−1

in−1, jn−1
(i1 j1)

1
2 (1∓1)(ε θi)

δk1(−1)k q
1
4 ik(2k−1)

× bi1, j1 ⊗̂ e(1)i2, j2
⊗̂ · · · ⊗̂ e(1)in−1, jn−1

⊗
�

q−
1
2

∑n−1
l=k+1 il en+1,ik(k+1) − q

1
2

∑n−1
l=k+1 il e−ik(k+1),−n−1

�

�

,

C±(n−1)(u,ρ) = ε q
1
4 (2κ+1)u

q− q−1

u−ρ

�

∑

i

q∓
1
4 ε i1···in−1 ci1,i1 ⊗̂ e(1)i2,i2

⊗̂ · · · ⊗̂ e(1)in−1,in−1

⊗
�

q−
1
2

∑n−1
l=1 il e−n−1,±ε i1···in−1

− q
1
2

∑n−1
l=1 il e∓ε i1···in−1,n+1

�

+
∑

i j

n−1
∑

k=1

δ
k,1
i1, j1
· · ·δk,n−1

in−1, jn−1
(i1 j1)

1
2 (1±1)(ε θi)

δk1(−1)k q
1
4 ik(2k−1)

× ci1, j1 ⊗̂ e(1)i2, j2
⊗̂ · · · ⊗̂ e(1)in−1, jn−1

⊗
�

q−
1
2

∑n−1
l=k+1 il e−n−1,ik(k+1) − q

1
2

∑n−1
l=k+1 il e−ik(k+1),n+1

�

�

,

D∓(n−1)(u,ρ) = R∓(n−1)(u,ρ) + I∓(n−1) ⊗
�

fq(u,ρ) e−n−1,−n−1 + en+1,n+1

�

,

with δkl
i j = (1 − δkl)δi j + δklδi,− j and ε = (−1)n−1, and the type of opera-

tors b and c is determined by requiring B∓(n−1)(u,ρ) ∈ Hom(V∓(n−1), V±(n−1)) and
C±(n−1)(u,ρ) ∈ Hom(V±(n−1), V∓(n−1)). For instance, when n= 2,

B∓(1) = q−
5
4ρ

q− q−1

u−ρ

�

±q±
1
4 f (∓)−1,−1 ⊗

�

q
1
2 e3,∓1 − q−

1
2 e±1,−3

�

± q−
1
4 f (∓)−1,+1 ⊗

�

e3,−2 − e2,−3

�

∓ q
1
4 f (∓)+1,−1 ⊗

�

e32 − e−2,−3

�

− q∓
1
4 f (∓)+1,+1 ⊗

�

q−
1
2 e3,±1 − q

1
2 e∓1,−3

�

�

,

C±(1) = q
5
4 u

q− q−1

u−ρ

�

−q∓
1
4 f (±)−1,−1 ⊗ (q

1
2 e−3,±1 − q−

1
2 e∓1,3)

∓ q−
1
4 f (±)−1,+1 ⊗

�

e−3,−2 − e2,3

�

± q
1
4 f (±)+1,−1 ⊗

�

e−3,2 − e−2,3

�

− q±
1
4 f (±)+1,+1 ⊗

�

q−
1
2 e−3,∓1 − q

1
2 e±1,3

�

�

.

Here the End(C2n+2)-valued leg of R±(n)(u,ρ) is understood to be in the right-most space.
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The Lemma below follows directly from properties of the L-operators L±(u) and (35).

Lemma 2.9. The spinor-vector R-matrices of U ex
q (Lso2n+2) satisfy the equations

R±(n)12 (u,ρ)R±(n)13 (v,ρ)Rq2,23(v, u) = Rq2,23(v, u)R±(n)13 (v,ρ)R±(n)12 (u,ρ) .

2.6 Spinor-spinor R-matrices

We define the spinor-spinor R-matrix of U ex
q2 (Lso2n+1) as a U ex

q2 (Lso2n+1)-equivariant map in

the superspace End(Cn|n ⊗Cn|n), i.e. it is a solution to the intertwining equation

(σ⊗σ) ◦ (πv ⊗πu)(∆
′(`±i j(w)))R

(n,n)(u, v)

= R(n,n)(u, v) (σ⊗σ) ◦ (πv ⊗πu)(∆(`
±
i j(w))) , (36)

for all −n≤ i, j ≤ n, where∆′ denotes the opposite coproduct. Our goal is to find a recurrence
formula for R(n,n)(u, v). Introduce rational functions

α(u, v) =
v − u

qv − q−1u
, β(u, v) =

q− q−1

qv − q−1u
. (37)

All the technical statements presented below are obtained using induction arguments
and/or lengthy but direct computations. For instance, Lemma 2.10 follows by solving the
intertwining equation (36) for n = 1. This Lemma then serves as the base of induction in
verifying Proposition 2.12. We leave the technical details to an interested reader.

Lemma 2.10. The spinor-spinor R-matrix of U ex
q2 (Lso3) is an element of End(C1|1⊗C1|1) given by

R(1,1)(u, v) = e(1)−1,−1 ⊗ e(1)−1,−1 + e(1)11 ⊗ e(1)11

+α(u, v) (e(1)−1,−1 ⊗ e(1)11 + e(1)11 ⊗ e(1)−1,−1)

+ β(u, v) (v e(1)−1,1 ⊗ e(1)1,−1 + u e(1)1,−1 ⊗ e(1)−1,1) . (38)

Remark 2.11. As an operator in C1
q2 ⊗ C1

q2 , the spinor-spinor R-matrix of Uq2(Lso3) has the
unique form

R(1,1)(u, v) = 1− a†
1ω1a1 ⊗ 1− 1⊗ a†

1ω1a1 + a†
1a1 ⊗ a†

1a1 + a†
1ω1a1 ⊗ a†

1ω1a1

+α(u, v) (a†
1ω1 a1 ⊗ω1 +ω1 ⊗ a†

1ω1 a1

− q−2a†
1a1 ⊗ a†

1ω1a1 − q−2a†
1ω1a1 ⊗ a†

1a1)

+ β(u, v) (vω1a1 ⊗ a†
1 + u a†

1ω1 ⊗ a1) .

When n≥ 2 the explicit form of R(n,n)(u, v) ∈ Cn
q2 ⊗ Cn

q2 is not unique, however the transition

elements are unique in the sense that the image of R(n,n)(u, v) in End(Cn|n ⊗Cn|n) is unique.

Proposition 2.12. The spinor-spinor R-matrix of U ex
q2 (Lso2n+1) when n≥ 2 in an element of the

space End(Cn|n ⊗Cn|n) given by the following recurrence formula:

R(n,n)(u, v) = R(n−1,n−1)(u, v) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1 + e(1)11 ⊗ e(1)11 )

+α(u, v)R(n−1,n−1)(u, q4v) ⊗̂ (e(1)−1,−1 ⊗ e(1)11 + e(1)11 ⊗ e(1)−1,−1)

+ β(u, v)U (n−1,n−1)(u, q4v) ⊗̂ (v e(1)−1,1 ⊗ e(1)1,−1 + u e(1)1,−1 ⊗ e(1)−1,1) , (39)
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where
U (n−1,n−1)(u, v) := R(n−1,n−1)(q4, 1)P ′(n−1,n−1)R(n−1,n−1)(u, v) (40)

and
P ′(n−1,n−1) := (γ⊗ id)(P(n−1,n−1)) = (id ⊗ γ)(P(n−1,n−1)) ,

with P(n−1,n−1) := R(n−1,n−1)(u, u), the permutation operator on Cn|n ⊗Cn|n.

Lemma 2.13. The inverse of the spinor-spinor R-matrix of U ex
q2 (Lso2n+1) is given by

R(n,n)
q−1 (u, v) = P(n,n)R(n,n)(v, u) P(n,n) = (R(n,n)(u, v))−1 . (41)

Moreover, the spinor-spinor R-matrix is crossing symmetric, that is

(R(n,n)(q4n−2u, v))w̄1 = (R(n,n)(q4n−2u, v))w2 = h(n)(u, v) (R(n,n)(u, v))−1 , (42)

with h(n)(u, v) :=
∏n

j=1α(q
4 j−2u, v) and the q-transposition w defined via (3).

Lemma 2.14. The spinor R-matrices of U ex
q2 (Lg2n+1) satisfy the following quantum Yang-Baxter

equations:

R(n,n)
12 (u, v)R(n,n)

13 (u, w)R(n,n)
23 (v, w) = R(n,n)

23 (v, w)R(n,n)
13 (u, w)R(n,n)

12 (u, v) , (43)

R(n,n)
12 (u, v)R(n)13 (u,ρ)R(n)23 (v,ρ) = R(n)23 (v,ρ)R(n)12 (u,ρ)R(n,n)

12 (u, v) . (44)

We define the spinor-spinor R-matrices of U ex
q (Lso2n+2) as U ex

q (Lso2n+2)-equivariant maps

in the space End(V ε1(n) ⊗ V ε2(n)) with ε1,ε2 = ±, i.e. they are solutions to the intertwining
equation

(σ+ ⊗σ+) ◦ (πv ⊗πu)(∆
′(`±i j(w)))R

ε1ε2(n,n)(u, v)

= Rε1ε2(n,n)(u, v) (σ+ ⊗σ+) ◦ (πv ⊗πu)(∆(`
±
i j(w))) (45)

for all −n≤ i, j ≤ n.

Lemma 2.15. The spinor-spinor R-matrices of U ex
q (Lso4) are elements of End(V±(1)⊗V±(1)) and

End(V±(1) ⊗ V∓(1)) given by

R±±(1,1)(u, v) = e(±)−1,−1 ⊗ e(±)−1,−1 + e(±)+1,+1 ⊗ e(±)+1,+1

+α(u, v) (e(±)−1,−1 ⊗ e(±)+1,+1 + e(±)+1,+1 ⊗ e(±)−1,−1)

+ β(u, v) (v e(±)−1,+1 ⊗ e(±)+1,−1 + u e(±)+1,−1 ⊗ e(±)−1,+1) (46)

and R±∓(1,1)(u, v) = I±∓(1,1) :=
∑

i, j e(±)ii ⊗ e(∓)j j , the identity operator in End(V±(1) ⊗ V∓(1)).

Lemma 2.16. The spinor-spinor R-matrices of U ex
q (Lso6) are elements of End(V±(2)⊗V±(2)) and

End(V±(2) ⊗ V∓(2)) given by

R±±(2,2)(u, v) = R±±(1,1)(u, v) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1) + R∓∓(1,1)(u, v) ⊗̂ (e(1)+1,+1 ⊗ e(1)+1,+1)

+α(u, v)
�

I±∓(1,1) ⊗̂ (e(1)−1,−1 ⊗ e(1)+1,+1) + I∓±(1,1) ⊗̂ (e(1)+1,+1 ⊗ e(1)−1,−1)
�

− β(u, v)
�

v F∓±(1,1) ⊗̂ (e(1)−1,+1 ⊗ e(1)+1,−1) + u F±∓(1,1) ⊗̂ (e(1)+1,−1 ⊗ e(1)−1,+1)
�

, (47)

R±∓(2,2)(u, v) = I±∓(1,1) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1) + I∓±(1,1) ⊗̂ (e(1)+1,+1 ⊗ e(1)+1,+1)

+ R±±(1,1)(u, q2v) ⊗̂ (e(1)−1,−1 ⊗ e(1)+1,+1) + R∓∓(1,1)(u, q2v) ⊗̂ e(1)+1,+1 ⊗ e(1)−1,−1)

−
q− q−1

q2v − q−2u

�

v Q∓∓(1,1) ⊗̂ (e(1)−1,+1 ⊗ e(1)+1,−1) + uQ±±(1,1) ⊗̂ (e(1)+1,−1 ⊗ e(1)−1,+1)
�

,

(48)
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where
F±∓(1,1) :=

∑

i, j

f (±)i j ⊗ f (∓)ji , Q±±(1,1) :=
∑

i, j

(i j)q j−i f (±)i j ⊗ f (±)−i,− j .

Proposition 2.17. The spinor-spinor R-matrices of U ex
q (Lso2n+2) for n > 2 are elements of the

spaces End(V±(n) ⊗ V±(n)) and End(V±(n) ⊗ V∓(n)) given by the following recurrence formulas:

R±±(n,n)(u, v) = R±±(n−1,n−1)(u, v) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1)

+ R∓∓(n−1,n−1)(u, v) ⊗̂ (e(1)+1,+1 ⊗ e(1)+1,+1)

+α(u, v)
�

R±∓(n−1,n−1)(u, q2v) ⊗̂ (e(1)−1,−1 ⊗ e(1)+1,+1)

+ R∓±(n−1,n−1)(u, q2v) ⊗̂ (e(1)+1,+1 ⊗ e(1)−1,−1)
�

− β(u, v)
�

v U∓±(n−1,n−1)(u, q2v) ⊗̂ (e(1)−1,+1 ⊗ e(1)+1,−1)

+ u U±∓(n−1,n−1)(u, q2v) ⊗̂ (e(1)+1,−1 ⊗ e(1)−1,+1)
�

, (49)

R±∓(n,n)(u, v) = R±∓(n−1,n−1)(u, v) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1)

+ R∓±(n−1,n−1)(u, v) ⊗̂ (e(1)+1,+1 ⊗ e(1)+1,+1)

+ R±±(n−1,n−1)(u, q2v) ⊗̂ (e(1)−1,−1 ⊗ e(1)+1,+1)

+ R∓∓(n−1,n−1)(u, q2v) ⊗̂ (e(1)+1,+1 ⊗ e(1)−1,−1)

+
q− q−1

v − u

�

v U∓∓(n−1,n−1)(u, q2v) ⊗̂ (e(1)−1,+1 ⊗ e(1)+1,−1)

+ u U±±(n−1,n−1)(u, q2v) ⊗̂ (e(1)+1,−1 ⊗ e(1)−1,+1)
�

, (50)

where

U±∓(n−1,n−1)(u, v) := R∓±(n−1,n−1)(q2, 1) F±∓(n−1,n−1)R±∓(n−1,n−1)(u, v) , (51)

U±±(n−1,n−1)(u, v) :=Q±±(n−1,n−1)P±±(n−1,n−1)R±±(n−1,n−1)(u, v) , (52)

with F±∓(n−1,n−1) and Q±±(n−1,n−1) defined by

F±∓(n,n) := F±∓(n−1,n−1) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1) + F∓±(n−1,n−1) ⊗̂ (e(1)+1,+1 ⊗ e(1)+1,+1)

+ P±±(n−1,n−1) ⊗̂ (e(1)−1,+1 ⊗ e(1)+1,−1) + P∓∓(n−1,n−1) ⊗̂ (e(1)+1,−1 ⊗ e(1)−1,+1) , (53)

Q±±(n,n) :=Q±±(n−1,n−1) ⊗̂ (e(1)−1,−1 ⊗ e(1)−1,−1) +Q∓∓(n−1,n−1) ⊗̂ (e(1)+1,+1 ⊗ e(1)+1,+1)

+ F±∓(n−1,n−1) ⊗̂ (e(1)−1,−1 ⊗ e(1)+1,+1) + F∓±(n−1,n−1) ⊗̂ (e(1)+1,+1 ⊗ e(1)−1,−1)

+ q−1R∓±(n−1,n−1)(q2, 1) ⊗̂ (e(1)−1,+1 ⊗ e(1)+1,−1)

+ q R±∓(n−1,n−1)(q2, 1) ⊗̂ (e(1)+1,−1 ⊗ e(1)−1,+1) (54)

and P±±(n,n) := R±±(n,n)(u, u).

Lemma 2.18. Let ε1,ε2 = ±. The inverses of the spinor-spinor R-matrices of U ex
q (Lso2n+2) are

given by

Rε1ε2(n,n)
q−1 (u, v) = Pε1ε2(n,n)Rε1ε2(n,n)(v, u) Pε1ε2(n,n) = (Rε1ε2(n,n)(u, v))−1 . (55)
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Moreover, the spinor-spinor R-matrices are crossing symmetric, that is

(R±[±](n,n)(q2nu, v))ῑιι1 = (R±[±](n,n)(q2nu, v))ιιι2 = h+(n/2)(u, v) (R±±(n,n)(u, v))−1 , (56)

(R±[∓](n,n)(q2nu, v))ῑιι1 = (R±[∓](n,n)(q2nu, v))ιιι2 = h−(n/2)(u, v) (R±∓(n,n)(u, v))−1 , (57)

where [±] = ±/∓ if n is odd/even and similarly for [∓] and

h+(n/2)(u, v) :=
dn/2e
∏

j=1

α(q4 j−2u, v) , h−(n/2)(u, v) :=
bn/2c
∏

j=1

α(q4 ju, v) (58)

and the q-transposition uu is defined via (6–7).

Lemma 2.19. Let ε1,ε2,ε3 = ±. The spinor-spinor R-matrices of U ex
q (Lso2n+2) satisfy the fol-

lowing quantum Yang-Baxter equations:

Rε1ε2(n,n)
12 (u, v)Rε1ε3(n,n)

13 (u, w)Rε2ε3(n,n)
23 (v, w) = Rε2ε3(n,n)

23 (v, w)Rε1ε3(n,n)
13 (u, w)Rε1ε2(n,n)

12 (u, v) ,

Rε1ε2(n,n)
12 (u, v)Rε1(n)

13 (u,ρ)Rε2(n)
23 (v,ρ) = Rε2(n)

23 (v,ρ)Rε1(n)
13 (u,ρ)Rε1ε2(n,n)

12 (u, v) .

2.7 Fusion relations

We demonstrate fusion relations for spinor-spinor and spinor-vector R-matrices that may be
viewed as q-analogues of relations (3.16) and (4.27) in [1]. We will make use of the usual
check-notation, i.e. Ř(n,n) := P(n,n)R(n,n).

Consider the algebra Uq2(so2n+1) generated by the elements `±i j with −n≤ i, j ≤ n. Define

a vector η(n,n) ∈ Cn|n ⊗Cn|n by

η(n,n) :=

� n−1
⊗

i=1

�

e(1)−1 ⊗ e(1)+1 + (−1)iq−2i+1 e(1)+1 ⊗ e(1)−1

�

�

⊗̂
�

e(1)−1 ⊗ e(1)−1

�

. (59)

Vector η(n,n) is a highest vector; it is a direct computation to verify that

`+i j ·η
(n,n) = 0 for i < j and

`+ii ·η
(n,n) = q2δin−2δi,−n η(n,n) ,

where the left Uq2(so2n+1)-action is given by composing coproduct with the homomorphism
π⊗π and representation σ⊗σ. It follows that the subspace

W (n,n) := Uq2(so2n+1) ·η(n,n) ⊂ Cn|n ⊗Cn|n

is isomorphic to the first fundamental (vector) representation of Uq2(so2n+1), W (n,n) ∼= C2n+1.

Lemma 2.20. Let ≡ denote equality of operators in the space Cn|n ⊗W (n,n) ⊂ (Cn|n)⊗3. Then,
upon a suitable identification of W (n,n) and C2n+1 (which we label by the subscript (23)), we have
that

R(n,n)
13 (q

4v, u)R(n,n)
12 (q

4n−2v, u)≡
h(n)(v, u)
fq(v, u)

R(n)1(23)(v, u) . (60)

Proof. Define Π(1,1) := Ř(1,1)(q−2, 1) and Π(n,n) :=
�

(1 − q6−4nv) Ř(n,n)(v, 1)
��

�

v=q4n−6 when

n ≥ 2. The operator Π(n,n) is a projector operator acting on η(n,n) by a scalar multiplica-
tion. In particular, it projects the space Cn|n ⊗ Cn|n to its subspace W (n,n). The Yang-Baxter
equation (43) then implies that the l.h.s. of (60) acts stably on the space Cn|n⊗W (n,n). There-
fore, thanks to the Schur’s Lemma, it is sufficient to verify the equality (60) for a single vector,
say e(1)−1 ⊗η

(n,n) ≡ e(1)−1 ⊗ e−n.
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Next, for n ≥ 2, consider the algebra Uq(so2n+2) generated by the elements `±i j with
−n− 1≤ i, j ≤ n+ 1. Introduce vectors

ψ±±(1,1) := e(±)+1 ⊗ e(±)−1 − q e(±)−1 ⊗ e(±)+1 ∈ V±(1) ⊗ V±(1)

satisfying
`−i j ·ψ

±±(1,1) = `+i j ·ψ
±±(1,1) = δi jψ

±±(1,1) for −2≤ i, j ≤ 2 .

Then, for 2≤ k < n, define recurrently vectors

ψ∓±(k,k) :=ψ±±(k−1,k−1) ⊗̂ (e(1)+1 ⊗ e(1)−1) + qkψ∓∓(k−1,k−1) ⊗̂ (e(1)−1 ⊗ e(1)+1) if k is even,

ψ±±(k,k) :=ψ±±(k−2,k−2) ⊗̂φ++(2,2)
q2k−1 + qk−1ψ∓∓(k−2,k−2) ⊗̂φ−−(2,2)

q if k is odd,

where
φ±±(2,2)

q :=
�

e(1)±1 ⊗ e(1)∓1

�

⊗̂
�

e(1)+1 ⊗ e(1)−1

�

− q
�

e(1)∓1 ⊗ e(1)±1

�

⊗̂
�

e(1)−1 ⊗ e(1)+1

�

.

Finally set
η[∓]±(n,n) :=ψ[∓]±(n−1,n−1) ⊗̂ (e(1)−1 ⊗ e(1)−1) ∈ V [∓](n) ⊗ V±(n) , (61)

where [∓] = ∓/± if n is odd/even. It is a highest vector; it is a direct computation to verify
that

`+i j ·η
[∓]±(n,n) = 0 for i < j and

`+ii ·η
[∓]±(n,n) = qδi,n+1−δ−i,n+1η[∓]±(n,n) .

Thus the space
W [∓]±(n,n) := Uq(so2n+2) ·η[∓]±(n,n) ⊂ V [∓](n) ⊗ V±(n)

is isomorphic to the first fundamental (vector) representation of Uq(so2n+2), that is
W [∓]±(n,n) ∼= C2n+2.

Lemma 2.21. Let ≡ denote equality of operators in the space V ε(n) ⊗W [∓]±(n,n). Then, upon a
suitable identification of W [∓]±(n,n) and C2n+2 (which we label by the subscript (23)), we have
that

R∓±(n,n)
13 (q2v, u)R∓[∓](n,n)

12 (q2nv, u)≡
h+(n/2)(v, u)

fq(v; u)
R∓(n)1(23)(v, u) , (62)

R±±(n,n)
13 (q2v, u)R±[∓](n,n)

12 (q2nv, u)≡ h−(n/2)(v, u)R±(n)1(23)(v, u) , (63)

where h±(n/2)(v, u) is given by (58) and [∓] = ∓/± when n is odd/even.

Proof. The proof is analogous to that of Lemma 2.20 except the projection operator is now
defined by Π[∓]±(n,n) :=

�

(1− q2−2nv) Ř[∓]±(n,n)(v, 1)
��

�

v=q2n−2 .

2.8 Exchange relations

The last ingredient that we will need are spinor-type Yang-Baxter exchange relations imposed
by the spinor-spinor R-matrices. We will need “BB”, “AB” and “DB” type relations only. For
any n ≥ 0 introduce a matrix T (n+1)(u) in End(Cn+1|n+1) with entries being operators in an
associative algebra. Then write T (n+1)(u) in the nested form,

T (n+1)(u) = A(n)(u) ⊗̂ e(1)−1,−1 + B(n)(u) ⊗̂ e(1)−1,+1 + C (n)(u) ⊗̂ e(1)+1,−1 + D(n)(u) ⊗̂ e(1)+1,+1 , (64)

and require it to satisfy the equation

R(n+1,n+1)
12 (u, v) T (n+1)

1 (u) T (n+1)
2 (v) = T (n+1)

2 (v) T (n+1)
1 (u)R(n+1,n+1)

12 (u, v) , (65)

so that the entries of T (n+1)(u) were operators in a Yang-Baxter algebra.
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Lemma 2.22. We have the following “BB”, “AB” and “DB” exchange relations:

R(n,n)
12 (v, u)B(n)1 (v)B

(n)
2 (u) = B(n)2 (u)B

(n)
1 (v)R

(n,n)
12 (v, u) , (66)

A(n)1 (v)B
(n)
2 (u) = fq(v, u)R(n,n)

21 (u, v)B(n)2 (u)A
(n)
1 (v)R

′(n,n)
12 (q4v, u)

−
v/u

v − u
Res
w→u

�

fq(w, u)R(n,n)
21 (u, w)B(n)2 (v)A

(n)
1 (w)R

′(n,n)
12 (q4w, u)

�

, (67)

D(n)1 (v)B
(n)
2 (u) = fq−1(v, u)R(n,n)

21 (q
4u, v)B(n)2 (u)D

(n)
1 (v)R

′(n,n)
12 (v, u)

−
v/u

v − u
Res
w→u

�

fq−1(w, u)R(n,n)
21 (q

4u, w)B(n)2 (v)D
(n)
1 (w)R

′(n,n)
12 (w, u)

�

, (68)

where R(0,0)(u, v) = 1 and R′(n,n) := (γ⊗ id)(R(n,n)) = (id ⊗ γ)(R(n,n)).

Proof. These relations are obtained by substituting (64) into (65). For (67) and (68) one also
needs to use (41), R(n,n)(u, u) = P(n,n), and

P ′(n,n)
12 R(n,n)

12 (u, v)P ′(n,n)
12 = R(n,n)

21 (u, v) , P ′(n,n)
12 X ′(n)1 P ′(n,n)

12 = X (n)2 ,

for any X (n) ∈ End(Cn|n) and X ′(n) = γ(X (n)) with γ(e(n)i j ) = θi j e(n)i j .

Next, introduce a matrix T±(n+1)(u) in End(V±(n+1)) with entries being operators in an
associative algebra. Then write T±(n+1)(u) as

T±(n+1)(u) =A±(n)(u) ⊗̂ e(1)−1,−1 + B∓(n)(u) ⊗̂ e(1)−1,+1

+ C±(n)(u) ⊗̂ e(1)+1,−1 + D∓(n)(u) ⊗̂ e(1)+1,+1 (69)

and require it to satisfy the equation

Rε1ε2(n+1,n+1)
12 (u, v) T ε1(n+1)

1 (u) T ε2(n+1)
2 (v) = T ε2(n+1)

2 (v) T ε1(n+1)
1 (u)Rε1ε2(n+1,n+1)

12 (u, v) , (70)

where ε1,ε2 = ±.

Lemma 2.23. We have the following “BB”, “AB” and “DB” exchange relations:

R−ε1−ε2(n,n)
12 (v, u)Bε1(n)

1 (v)Bε2(n)
2 (u) = Bε2(n)

2 (u)Bε1(n)
1 (v)Rε1ε2(n,n)

12 (v, u) , (71)

A±(n)1 (v)B∓(n)2 (u) = fq(v, u)R±±(n,n)
21 (u, v)B∓(n)2 (u)A±(n)1 (v)R±∓(n,n)

12 (q2v, u)

−
v/u

v − u
Res
w→u

�

fq(w, u)R±±(n,n)
21 (u, w)

× B∓(n)2 (v)A±(n)1 (w)R±∓(n,n)
12 (q2w, u)

�

, (72)

D∓(n)1 (v)B∓(n)2 (u) = fq−1(v, u)R±∓(n,n)
21 (q2u, v)B∓(n)2 (u)D∓(n)1 (v)R∓∓(n,n)

12 (v, u)

−
v/u

v − u
Res
w→u

�

fq−1(w, u)R±∓(n,n)
21 (q2u, w)

× B∓(n)2 (v)D∓(n)1 (w)R∓∓(n,n)
12 (w, u)

�

, (73)

A±(n)1 (v)B±(n)2 (u) = R∓±(n,n)
21 (u, v)B±(n)2 (u)A±(n)1 (v)R±±(n,n)

12 (q2v, u)

− v
q− q−1

v − u
B∓(n)1 (v)A∓(n)2 (u)

× U±±(n,n)
21 (u, q2v)R±±(n,n)

12 (q2v, u) , (74)
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D∓(n)1 (v)B±(n)2 (u) = R∓∓(n,n)
21 (q2u, v)B±(n)2 (u)D∓(n)1 (v)R∓±(n,n)

12 (v, u)

− u
q− q−1

u− v
R∓∓(n,n)

21 (q2u, v)

× U±±(n,n)
21 (v, q2u)B∓(n)1 (v)D±(n)2 (u) , (75)

where U±±(1,1)
21 (u, q2v) :=

v − u
q2v − q−2u

Q±±(1,1)
21 .

Proof. The proof is analogous to that of Lemma 2.22. The exchange relations are ob-
tained by substituting (69) into (70). For (72) and (73) one also needs to use (55) and
R±±(n,n)(u, u) = P±±(n,n).

3 Algebraic Bethe Ansatz for Uq2(so2n+1)-symmetric spin chains

In this section we study spectrum of Uq2(so2n+1)-symmetric chains with the full quantum
space given by

L(n) = LV := (C2n+1)⊗` or L(n) = LS := (Cn|n)⊗` , (76)

where ` ∈ N is the length of the chain. We will say that L(n) is the level-n quantum space.
For each individual quantum space we assign a non-zero complex parameter ρi , called an
inhomogeneity or a marked point. Their collection will be denoted by ρ = (ρ1, . . . ,ρ`) ∈ (C×)`.
We will assume that all ρi are distinct.

3.1 Quantum spaces and monodromy matrices

Choose m1, m2, . . . , mn ∈ Z≥0, the excitation, or magnon, numbers. For each mk assign an
mk-tuple u(k) := (u(k)1 , . . . , u(k)mk

) of non-zero complex parameters that will accommodate Bethe

roots, and, when k ≥ 2, three mk-tuples of labels, ȧk := (ȧk
1, . . . , ȧk

mk
), äk := (äk

1, . . . , äk
mk
),

and ak := (ak
1, . . . , ak

mk
). These labels will be used to enumerate nested quantum spaces.

In particular, for each ȧk
i and each äk

i we associate a copy of Ck−1|k−1 denoted by V (k−1)
ȧk

i

and V (k−1)
äk

i
, respectively. We then identify subspaces Wak

i
⊂ V (k−1)

ȧk
i

⊗ V (k−1)
äk

i
, isomorphic to

C2k−1, in the following way. Let ηak
i
∈ V (k−1)

ȧk
i
⊗ V (k−1)

äk
i

be a highest vector as per (59). Then

Wak
i

∼= Uq2(so2k−1) ·ηak
i
, as a vector space.

For each 1≤ k < n we recurrently define the nested level-k quantum space L(k) by

L(k) := (L(k+1))0 ⊗Wak+1
1
⊗ · · · ⊗Wak+1

mk+1
,

where (L(k+1))0 ⊂ L(k+1) is the level-(k+1) vacuum subspace such that each individual tenso-
rand is a Uq2(so2k+1) ⊂ Uq2(so2k+3) stable subspace annihilated by `+i,k+1 with −k− 1≤ i ≤ k.

In particular, (L(k+1))0 ∼= C or (Ck|k)⊗` when L(n) = LV or LS , respectively.
We will make use of the following shorthand notation:

α(v; u(k)) :=
mk
∏

i=1

α(v, u(k)i ) , fq(v; u(k)) :=
mk
∏

i=1

fq(v, u(k)i ) .

For any k < l we set u(k...l) := (u(k), . . . , u(l)) and u(l...k) := ;. We will also assume that
u(n+1) = ρ.
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Having set up all the necessary quantum spaces and the shorthand notation we are ready
to introduce the relevant monodromy matrices of the spin chain. With this goal in mind we
introduce a diagonal “twist” matrix

E (n) :=
∑

i

ε
(1)
i1
· · ·ε(n)in

e(1)i1 i1
⊗̂ · · · ⊗̂ e(1)in in

∈ End(Cn|n)

and set ε(k) := ε(k)+1/ε
(k)
−1 for all k. This matrix satisfies the Yang-Baxter relation (65) and will

play the role of the twisted diagonal periodic boundary conditions. (Note the factorisation
relation: E (n) = E (n−1) ⊗̂ (ε(n)−1 e(1)−1,−1 + ε

(n)
+1 e(1)+1,+1) with E (n−1) ∈ End(Cn−1|n−1).) Let V (k)a and

V (k)b denote copies of Ck|k, called auxiliary spaces. We define the level-n monodromy matrix
with entries acting on the level-n quantum space L(n) by

T (n)a (v) := E (n)a T (n)a1 (v,ρ1) · · · T
(n)
a` (v,ρ`) , (77)

where T (n)ai (v,ρi) = R(n)ai (v,ρi) or R(n,n)
ai (q

2v,ρi) when L(n) = LV or LS , respectively. (The q2

in R(n,n)
ai (q

2v,ρi) helps the final expressions to be more elegant.) Then, for each 1 ≤ k < n,
we recurrently define the nested level-k monodromy matrices with entries acting on the nested
level-k quantum space L(k) by

T (k)a (v; u(k+1...n)) :=
fq(v; u(k+1))

h(k)(v; u(k+1))
A(k)a (v; u(k+2...n))

×
mk+1
∏

i=1

R′(k,k)
aäk+1

i
(q4v, u(k+1)

i )R′(k,k)
aȧk+1

i
(q4k−2v, u(k+1)

i )

≡ A(k)a (v; u(k+2...n))
mk+1
∏

i=1

R(k)
aak+1

i
(v, u(k+1)

i ) , (78)

eT (k)a (v; u(k+1...n)) :=
fq(q−4v; u(k+1))

h(k)(q−4v; u(k+1))
D(k)a (v; u(k+2...n))

×
mk+1
∏

i=1

R′(k,k)
aäk+1

i
(v, u(k+1)

i )R′(k,k)
aȧk+1

i
(q4k−6v, u(k+1)

i )

≡ D(k)a (v; u(k+2...n))
mk+1
∏

i=1

R(k)
aak+1

i
(v, q4u(k+1)

i ) , (79)

where

A(k)a (v; u(k+2...n)) =
�

T (k+1)
a (v; u(k+2...n))

�

−1,−1 , (80)

D(k)a (v; u(k+2...n)) =
�

T (k+1)
a (v; u(k+2...n))

�

+1,+1 , (81)

and ≡ denotes equality of operators in the space L(k) subject to a suitable identification of the
spaces Wak+1

i
⊂ V (k)

ȧk+1
i
⊗ V (k)

äk+1
i

and copies of C2k+1, as per Lemma 2.20.

The nested monodromy matrices span the following nesting tree:

T (n)a (v)

eT (n−1)
a (v; u(n))

T (n−1)
a (v; u(n))

eT (n−2)
a (v; u(n−1,n))

T (n−2)
a (v; u(n−1,n))

· · ·

· · ·
eT (1)a (v; u(2...n))

T (1)a (v; u(2...n))
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It will be sufficient to focus on the non-tilded monodromy matrices at each level of nesting.
Indeed, it follows from the explicit form of the spinor R-matrices given by (34) and (39) and
definitions of the nested monodromy matrices in (78) and (79) that we have the following
equalities of operators (80) and (81) in the spaces L(n−1) and L(k) with 1≤ k < n− 1, subject
to the choice of the full quantum space L(n):

LV LS

A(n−1)
a (v)/ε(n)−1 E (n−1)

a T (n−1)
a (v)

D(n−1)
a (v)/ε(n)+1 fq2(v;ρ)E (n−1)

a fq(v;ρ) T (n−1)
a (q−4v)

A(k)a (v; u(k+2...n))/ε̃ (k+1)
−1 E (k)a T (k)a (v)

D(k)a (v; u(k+2...n))/ε̃ (k+1)
+1 fq2(v; u(k+2))E (k)a fq(v;ρ) fq2(v; u(k+2)) T (k)a (q

−4v)

Here ε̃ (k+1)
∓1 = ε(n)−1 · · ·ε

(k+2)
−1 ε

(k+1)
∓1 and the operators T (n−1)

a (v) and T (k)a (v) are defined in the

same way as T (n)a (v), viz. (77). This table states that, for instance, A(n−1)
a (v) ≡ ε(n)−1 E

(n−1)
a or

ε
(n)
−1 T (n−1)

a (v) in the space L(n−1) when L(n) = LV or LS , respectively. It is now easy to deduce
that

R(k,k)
ab (v, w) T (k)a (v; u(k+1...n)) T (k)b (w; u(k+1...n))

≡ T (k)b (w; u(k+1...n)) T (k)a (v; u(k+1...n))R(k,k)
ab (v, w) , (82)

for 1 ≤ k < n. Therefore the entries of T (k)a (v; u(k+1...n)) in the space L(k) satisfy exchange
relations given by Lemma 2.22. In other words, T (k)a (v; u(k+1...n)) is a monodromy matrix for
a nested Uq2(so2k+1)-symmetric spin chain with the full quantum space L(k).

3.2 Creation operators and Bethe vectors

For each level of nesting we need to introduce mk-magnon creation operators that will help us
to define Bethe vectors. We will make use of the following notation:

b(v; u(2...n)) :=
�

T (1)a (v; u(2...n))
�

−1,+1 ,

B(k−1)
a (v; u(k+1...n)) :=

�

T (k)a (v; u(k+1...n))
�

−1,+1 ,

where 2≤ k ≤ n. Note that b is an operator acting on L(1), and B(k−1)
a is a matrix in End(V (k−1)

a )
with entries acting on L(k).

We define the level-1 creation operator by

B(0)(u(1); u(2...n)) :=
1
∏

i=m1

b(u(1)i ; u(2...n)) . (83)

For each 2≤ k ≤ n we define the level-k creation operator by

B(k−1)(u(k); u(k+1...n)) :=
1
∏

i=mk

b
(k−1,k−1)
ȧk

i äk
i

(u(k)i ; u(k+1...n)) , (84)

where
b
(k−1,k−1)
ȧk

i äk
i

(u(k)i ; u(k+1...n)) := χ(k−1)
ȧk

i äk
i

�

B(k−1)
a (u(k)i ; u(k+1...n))

�

, (85)

with χ(k−1)
ȧk

i äk
i

: End(V (k−1)
a )→ (V (k−1)

ȧk
i
)∗ ⊗ (V (k−1)

äk
i
)∗ defined via (4).
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Bethe vectors will be constructed by acting with creation operators on a suitably chosen
highest vector η ∈ L(1), the nested vacuum vector, defined by

η := η1 ⊗ · · · ⊗η` ⊗ηan
1
⊗ · · · ⊗ηan

mn
⊗ · · · ⊗ηa2

1
⊗ · · · ⊗ηa2

m2
. (86)

Here η1, . . . , η` are highest vectors of the initial quantum spaces, viz. (76), and ηan
1
, . . . , ηa2

m2

are highest vectors of the nested quantum spaces Wan
1
, . . . , Wa2

m2
. For each 1≤ k ≤ n we define

the level-k Bethe vector by

Φ(k)(u(1...k); u(k+1...n)) :=

� 1
∏

i=k

B(i−1)(u(i); u(i+1...n))

�

·η . (87)

The Bethe vector Φ(k)(u(1...k); u(k+1...n)) is an element of the level-k quantum space L(k) and
has u(k+1...n) and ρ as its free parameters. Furthermore, it is invariant under an interchange
of any two of its non-free parameters of the same level, i.e. u(l)i and u(l)j for any 1 ≤ l ≤ k
and any admissible i and j. Indeed, set Sm1...k

:= Sm1
× · · · ×Smk

where each Sml
is the

symmetric group on ml letters. Then, given any σ(l) ∈ Sml
, define the action of Sm1...k

on
Φ(k)(u(1...k); u(k+1...n)) by

σ(l) : u(1...k) 7→ u(1...k)
σ(l)

:= (u(1) , . . . , u(l)
σ(l)

, . . . , u(k)} where u(l)
σ(l)

:= (u(l)
σ(l)(1)

, . . . , u(l)
σ(l)(ml )

) .

For further convenience we set σ(l)j ∈Sml
to be the j-cycle such that

u(l)
σ
(l)
j

= (u(l)j , u(l)j+1, . . . , u(l)ml
, u(l)1 , . . . , u(l)j−1) . (88)

We will also make use of the notation

u(l)
σ
(l)
j , u(l)j →v

:= u(l)
σ
(l)
j

�

�

�

u(l)j →v
= (v, u(l)j+1, . . . , u(l)ml

, u(l)1 , . . . , u(l)j−1) . (89)

Lemma 3.1. The Bethe vector Φ(k)(u(1...k); u(k+1...n)) is invariant under the action of Sm1...k
.

Proof. We rewrite the “BB” exchange relation (66) in terms of the creation operators (85),

b
(k−1,k−1)
ȧk

i äk
i

(u(k)i ; u(k+1...n)) b(k−1,k−1)
ȧk

i+1 äk
i+1
(u(k)i+1; u(k+1...n))

= b
(k−1,k−1)
ȧk

i äk
i

(u(k)i+1; u(k+1...n)) b(k−1,k−1)
ȧk

i+1 äk
i+1
(u(k)i ; u(k+1...n))

× R̂(k−1,k−1)
ȧk

i ȧk
i+1

(u(k)i+1, u(k)i ) Ř
(k−1,k−1)
äk

i äk
i+1

(u(k)i , u(k)i+1) ,

where R̂(k,k) := R(k,k) P(k,k) and Ř(k,k) := P(k,k) R(k,k). Then one can verify that

R̂(k−1,k−1)
ȧk

i ȧk
i+1

(u(k)i+1, u(k)i ) Ř
(k−1,k−1)
äk

i äk
i+1

(u(k)i , u(k)i+1) ·η= η .

This implies that Φ(k)(u(1...k); u(k+1...n)) is invariant under the interchange of u(k)i and u(k)i+1.
Analogous arguments also imply that Φ(k)(u(1...k); u(k+1...n)) is invariant under the interchange
of u(l)i and u(l)i+1 for any 1≤ l ≤ k and any admissible i, thus implying the claim.
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3.3 Transfer matrices, their eigenvalues, and Bethe equations

We are now in position to define transfer matrices and study their spectrum. We begin from
the simplest case, the Uq2(so3)-symmetric spin chain. This chain is a special case of the XXZ
spin chain with spin-1

2 transfer matrix and spin-1 or spin-1
2 quantum spaces when L(1) = LV or

LS , respectively. It will serve us as a warm-up exercise. We define the level-1 transfer matrix by

τ(1)(v) := tra T (1)a (v) .

Theorem 3.2. The Bethe vector Φ(1)(u(1)) is an eigenvector of τ(1)(v) with the eigenvalue

Λ(1)(v; u(1)) := ε(1)−1 fq(v; u(1)) + ε(1)+1 fq−1(v; u(1)) fqµ(v;ρ) , (90)

where µ= 2 or 1 when L(1) = LV or LS , respectively, provided

Res
v→u(1)j

Λ(1)(v; u(1)) = 0 for 1≤ j ≤ m1 . (91)

The explicit form of the Bethe equations (91) is

m1
∏

i=1

qu(1)j − q−1u(1)i

q−1u(1)j − qu(1)i

= −ε(1)
∏̀

i=1

qµv − q−µρi

v −ρi
.

Proof of Theorem 3.2. This is a standard result, see e.g. [15]. Write T (1)(u) as

T (1)(u) = a(u) e(1)−1,−1 + b(u) e(1)−1,+1 + c(u) e(1)+1,−1 +d(u) e(1)+1,+1 .

Lemma 2.22 then implies that

b(v) b(u) = b(u) b(v) ,

a(v) b(u) = fq(v, u) b(u)a(v)−
v/u

v − u
Res
w→u

�

fq(w, u) b(v)a(w)
�

,

d(v) b(u) = fq−1(v, u) b(u)d(v)−
v/u

v − u
Res
w→u

�

fq−1(w, u) b(v)d(w)
�

.

Using the relations above and the standard symmetry arguments, cf. Lemma 3.1, we obtain

τ(1)(v)Φ(1)(u(1)) =
�

a(v) +d(v)
�

B(0)(u(1)) ·η

=B(0)(u(1))
�

fq(v; u(1))a(v) + fq−1(v)d(v)
�

·η

−
m1
∑

j=1

v/u(1)j

v − u(1)j

B(0)(u(1)
u(1)j →v

)

× Res
w→u(1)j

�

fq(w; u(1))a(w) + fq−1(w; u(1))d(w)
�

·η ,

which, upon evaluation, yields the wanted result.

We now turn to the Uq2(so2n+1)-symmetric spin chains with n ≥ 2. We define the level-n
transfer matrix by

τ(n)(v) := tra T (n)a (v) .
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Moreover, for each 1≤ k ≤ n− 1, we define the nested level-k transfer matrices by

τ(k)(v; u(k+1...n)) := tra T (k)a (v; u(k+1...n)) ,

eτ(k)(v; u(k+1...n)) := tra eT
(k)
a (v; u(k+1...n)) .

Let≡ denote equality of operators in the nested space L(k) and set u(n+1) := ρ. It follows from
the results of Section 3.1 that

eτ(k)(v; u(k+1...n))≡ ε(k+1)µ(k)(v; u(k+2))τ(k)(q−4v; u(k+1...n)) , (92)

where µ(k)(v; u(k+2)) is given by

LV LS

µ(n−1)(v; u(n+1)) fq2(v;ρ) fq(v;ρ)

µ(k)(v; u(k+2)) fq2(v; u(k+2)) fq(v;ρ) fq2(v; u(k+2))

We extend the prescription above to include the k = 0 case. The Theorem below is the
main result of this section.

Theorem 3.3. The Bethe vector Φ(n)(u(1...n)) with n ≥ 2 is an eigenvector of τ(n)(v) with the
eigenvalue

Λ(n)(v; u(1...n)) :=
∑

i

fq(q
p0(i)v; u(1))

×
n
∏

j=1

ε
( j)
i j

�

µ( j−1)(q p j(i)v; u( j+1)) fq−2(q p j(i)v; u( j))
�

1
2 (1+i j)

, (93)

where p j(i) = −2
∑n

k= j+1(1+ ik) provided

Res
v→u(k)j

Λ(n)(v; u(1...n)) = 0 for 1≤ j ≤ mk, 1≤ k ≤ n . (94)

The explicit form of the Bethe equations (94) is

m1
∏

i=1

qu(1)j − q−1u(1)i

q−1u(1)j − q u(1)i

m2
∏

i=1

u(1)j − u(2)i

q2u(1)j − q−2u(2)i

= −ε(1)λ1(u
(1)
j ) , (95)

mk−1
∏

i=1

q−2u(k)j − q2u(k−1)
i

u(k)j − u(k−1)
i

mk
∏

i=1

q2u(k)j − q−2u(k)i

q−2u(k)j − q2u(k)i

mk+1
∏

i=1

u(k)j − u(k+1)
i

q2u(k)j − q−2u(k+1)
i

= −
ε(k)

ε(k−1)
, (96)

mn−1
∏

i=1

q−2u(n)j − q2u(n−1)
i

u(n)j − u(n−1)
i

mn
∏

i=1

q2u(n)j − q−2u(n)i

q−2u(n)j − q2u(n)i

= −
ε(n)

ε(n−1)
λn(u

(n)
j ) , (97)

where λ1(v) = 1 or fq(v;ρ) and λn(v) = fq2(v;ρ) or 1 when L(n) = LV or LS , respectively.

Proof of Theorem 3.3. We begin by rewriting the “AB” and “DB” exchange relations, (67) and
(68), in a more convenient form. Lemma 2.13 implies that

R(n−1,n−1)
21 (u, v) =

(R(n−1,n−1)
12 (q4n−6v, u))w2

h(n−1)(v, u)
.
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Combining this identity with (5), (67) and (85) yields the wanted form of the “AB” exchange
relation,

A(n−1)
a (v) b(n−1,n−1)

ȧn
i än

i
(u(n)i )

= b
(n−1,n−1)
ȧn

i än
i

(u(n)i )

�

fq(v, u(n)i )

h(n−1)(v, u(n)i )

× R′(n−1,n−1)
aȧn

i
(q4n−6v, u(n)i )A

(n−1)
a (v)R′(n−1,n−1)

aän
i

(q4v, u(n)i )

�

−
v/u(n)i

v − u(n)i

b
(n−1,n−1)
ȧn

i än
i

(v) Res
w→u(n)i

�

fq(w, u(n)i )

h(n−1)(w, u(n)i )

× R′(n−1,n−1)
aȧn

i
(q4n−6w, u(n)i )A

(n−1)
a (w)R′(n−1,n−1)

aän
i

(q4w, u(n)i )

�

. (98)

Applying the same arguments and the identity

fq−1(v, u(k+1)
i ) = fq−2(v, u(k+1)

i ) fq(q
−4v, u(k+1)

i )

to (68) we find the wanted form of the “DB” exchange relation,

D(n−1)
a (v) b(n−1)

ȧn
i än

i
(u(n)i )

= b
(n−1,n−1)
ȧn

i än
i

(u(n)i )

�

fq−2(v, u(k+1)
i )

fq(q−4v, u(n)i )

h(n−1)(q−4v, u(n)i )

× R′(n−1,n−1)
aȧn

i
(q4n−10v, u(n)i )D

(n−1)
a (v)R′(n−1,n−1)

aän
i

(v, u(n)i )

�

−
v/u(n)i

v − u(n)i

b
(n−1,n−1)
ȧn

i än
i

(v) Res
w→u(n)i

�

fq−2(w, u(k+1)
i )

fq(q−4w, u(n)i )

h(n−1)(q−4w, u(n)i )

× R′(n−1,n−1)
aȧn

i
(q4n−10w, u(n)i )D

(n−1)
a (w)R′(n−1,n−1)

aän
i

(w, u(n)i )

�

. (99)

Inspired by the exchange relations above we define a barred transfer matrix

τ (n−1)(v; u(n)) :=
fq(v; u(n))

h(n−1)(v; u(n))
tra

�

A(n−1)
a (v)

mn
∏

i=1

R′(n−1,n−1)
aän

i
(q4v, u(n)i )

×
1
∏

i=mn

R′(n−1,n−1)
aȧn

i
(q4n−6v, u(n)i )

�

,

which differs from τ(n−1)(v; u(n)) in (78) by the ordering of the R-matrices only. The ordering
can be amended with the help of operator X (n−1) :=

∏mn−1
i=1 X (n−1)

i where

X (n−1)
i :=

mn
∏

j=i+1

R(n−1,n−1)
ȧn

j ȧn
i

(u(n)j , u(n)i )
i+1
∏

j=mn

R(n−1,n−1)
än

j ȧn
i

(q4n−10u(n)j , u(n)i ) .

In particular, τ (n−1)(v; u(n−1)) = X (n−1)τ(n−1)(v; u(n−1)) (X (n−1))−1. Moreover, each X (n−1)
i

acts as a scalar operator on Φ(n−1)(u(1...n−1); u(n)). Then, using the wanted exchange relations
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above, Lemma 3.1, the standard symmetry arguments, the equality (92), and recalling that
τ(n)(v) = tra(A(n−1)

a (v) + D(n−1)
a (v)), we obtain

τ(n)(v)Φ(n)(u(1...n)) =B(n−1)(u(n))X (n−1)τ(n)(v; u(n)) (X (n−1))−1Φ(n−1)(u(1...n−1); u(n))

−
mn
∑

j=1

v/u(n)j

v − u(n)j

B(n−1)(u(n)
σ
(n)
j ,u(n)j →v

)X (n−1)

× Res
w→u(n)j

τ(n)(w; u(n)
σ
(n)
j

) (X (n−1))−1Φ(n−1)(u(1...n−1); u(n)
σ
(n)
j

) ,

where

τ(n)(v; u(n)) := τ(n−1)(v; u(n)) + ε(n) fq−2(v; u(n))µ(n−1)(v; u(n+1))τ(n−1)(q−4v; u(n)) .

Since (X (n−1))−1 acts as a scalar operator, we are only left to determine the action of
τ(n)(v; u(n)) on Φ(n−1)(u(1...n−1); u(n)). But Φ(n−1)(u(1...n−1); u(n)) ∈ L(n−1) and thus we can
use (82) and repeat the same arguments as above down the nesting. This gives a recurrence
relation for the eigenvalue Λ(n)(v; u(1...n)):

Λ(k)(v; u(1...k); u(k+1...n)) := ε(k)−1Λ
(k−1)(v; u(1...k−1); u(k...n))

+ ε(k)+1 fq−2(v, u(k))µ(k−1)(v; u(k+1))Λ(k−1)(q−4v; u(1...k−1); u(k...n)) ,

where Λ(1)(v; u(1); u(2...n)) := ε(1)−1 fq(v; u(1))+ ε(1)+1 fq−1(v, u(1))µ(0)(v; u(2)). Solving this recur-
rence relation yields the wanted result.

4 Algebraic Bethe Ansatz for Uq(so2n+2)-symmetric spin chains

In this section we study spectrum of Uq(so2n+2)-symmetric spin chains with the full quantum
space given by

L(n) = LV := (C2n+2)⊗` or L(n) = L±S := (V±(n))⊗` . (100)

Our approach will be very similar to that in Section 3, thus most of the notation will carry
through with minor adjustments only.

4.1 Quantum spaces and monodromy matrices

Choose m±, m2, . . . , mn ∈ Z≥0, the excitation, or magnon, numbers. For each mk assign an mk-
tuple u(k) := (u(k)1 , . . . , u(k)mk

) of non-zero complex parameters, that will accommodate Bethe

roots. We will write u±i = u(±)i and say that u±i are level-1 parameters. Accordingly, we set
m1 := m+ +m− to be the number of level-1 excitations. Then, for each 2 ≤ k < n, we intro-
duce three mk-tuples of labels, ȧ = (ȧk

1 , . . . , ȧk
mk
), ä = (äk

1 , . . . , äk
mk
), and a = (ak

1 , . . . , ak
mk
).

For each label ȧk
i and äk

i we associate a copy of V [+](k−1) and V−(k−1), respectively, where

[+] = +/− if k−1 is odd/even. We then identify subspaces Wak
i
⊂ V [+](k−1)

ȧk
i

⊗V−(k−1)
äk

i
, isomor-

phic to C2k, in the following way. Let ηak
i
∈ V [+](k−1)

ȧk
i

⊗V−(k−1)
äk

i
be a highest vector as per (61).

Then Wak
i

∼= Uq(so2k) ·ηak
i
, as a vector space.

For each 2≤ k < n we recurrently define the nested level-k quantum space L(k) in a similar
way as we did in Section 3.1, that is

L(k) := (L(k+1))0 ⊗Wak+1
1
⊗ · · · ⊗Wak+1

mk+1
,
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where (L(k+1))0 ⊂ L(k+1) is the level-(k+1) vacuum subspace such that each individual tenso-
rand is a Uq(so2k) ⊂ Uq(so2k+2) stable subspace annihilated by `+i,k+2 with −k− 2≤ i ≤ k+ 1.

In particular, (L(k+1))0 ∼= C or (V±(k))⊗` when L(n) = LV or L±S , respectively. Finally, we define
the nested level-1 quantum space to be

L(1) := (L(2))0 ⊗ V+(1)
ȧ(2)1

⊗ V−(1)
ä(2)1

⊗ · · · ⊗ V+(1)
ȧ(2)m2

⊗ V−(1)
ä(2)m2

. (101)

We are now ready to introduce monodromy matrices. The diagonal “twist” matrix that we
will need is

E±(n) :=
∑

i

ε
(1)
i1
· · ·ε(n)in

e(ε)i1 i1
⊗̂ e(1)i2 i2

⊗̂ · · · ⊗̂ e(1)in in
∈ End(V±(n)) ,

where ε = ±/∓ if (−1)n−1i2 · · · in = +1/−1. We define the even and odd level-n monodromy
matrices with entries acting on the level-n quantum space L(n) by

T±(n)a (v) := E±(n) T±(n)a1 (v) · · · T±(n)a` (v) , (102)

where T±(n)ai (v) = R±(n)ai (v,ρi) or R±+(n,n)
ai (q2v,ρi) or R±−(n,n)

ai (q2v,ρi) when L(n) = LV or L+S

or L−S , respectively. Then, for each 1 ≤ k < n, we recurrently define the even and odd nested
level-k monodromy matrices with entries acting on the level-k quantum space L(k) by

T±(k)a (v; u(k+1...n)) :=
( fq(v; u(k+1)))

1±1
2

h±(k/2)(v; u(k+1))
A±(k)a (v; u(k+2...n))

×
mk+1
∏

i=1

R±−(k,k)
aäk+1

i
(q2v, u(k+1)

i )R±[+](k,k)
aȧk+1

i
(q2kv, u(k+1)

i )

k≥2
≡ A±(k)a (v; u(k+2...n))

mk+1
∏

i=1

R±(k)
aak+1

i
(v, u(k+1)

i ) , (103)

eT∓(k)a (v; u(k+1...n)) :=
( fq(q−2v; u(k+1)))

1∓1
2

h∓(k/2)(q−2v; u(k+1))
D∓(k)a (v; u(k+2...n))

×
mk+1
∏

i=1

R∓−(k,k)
aäk+1

i
(v, u(k+1)

i )R∓[+](k,k)
aȧk+1

i
(q2k−2v, u(k+1)

i )

k≥2
≡ D∓(k)a (v; u(k+2...n))

mk+1
∏

i=1

R∓(k)
aak+1

i
(q−2v, u(k+1)

i ) , (104)

where [+] = +/− if k is odd/even, and

A±(k)a (v; u(k+2...n)) =
�

T±(k+1)
a (v; u(k+2...n))

�

−1,−1 , (105)

D∓(k)a (v; u(k+2...n)) =
�

T±(k+1)
a (v; u(k+2...n))

�

+1,+1 , (106)

and
k≥2
≡ denotes equality of operators in the space L(k) when k ≥ 2, subject to a suitable

identification of the subspaces Wak+1
i
⊂ V [+](k)

ȧk+1
i

⊗V−(k)
äk+1

i
and copies of C2k+2, as per Lemma 2.21.

When k = 1, the expressions above simplify to those in (111–114) stated below because of the
identity R±∓(1,1)(u, v) = I±∓(1,1).
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The nested monodromy matrices span the following nesting tree:

T±(n)a (v)

eT∓(n−1)
a (v; u(n))

T±(n−1)
a (v; u(n))

eT∓(n−2)
a (v; u(n−1,n))

T±(n−2)
a (v; u(n−1,n))

· · ·

· · ·
eT∓(1)a (v; u(2...n))

T±(1)a (v; u(2...n))

By the same arguments as in the previous case, it will be sufficient to focus on the non-tilded
monodromy matrices at each level of nesting. In particular, we have the following equalities
of operators (105) and (106) in the spaces L(n−1) and L(k) with 1 ≤ k < n− 1, subject to the
choice of the full quantum space L(n):

LV L+S L−S

A±(n−1)
a (v)/ε(n)−1 E±(n−1)

a T±(n−1)
a (v) T±(n−1)

a (v)

D−(n−1)
a (v)/ε(n)+1 fq(v;ρ)E−(n−1)

a fq(v;ρ) T−(n−1)
a (ṽ) T−(n−1)

a (ṽ)

D+(n−1)
a (v)/ε(n)+1 fq(v;ρ)E+(n−1)

a T−(n−1)
a (ṽ) fq(v;ρ) T−(n−1)

a (ṽ)

A±(k)a (v; u(k+2...n))/ε̃ (k+1)
−1 E±(k)a T±(k)a (v) T±(k)a (v)

D−(k)a (v; u(k+2...n))/ε̃ (k+1)
+1 fq(v; u(k+2))E−(k)a gq(v) T−(k)a (ṽ) fq(v; u(k+2)) T−(k)a (ṽ)

D+(k)a (v; u(k+2...n))/ε̃ (k+1)
+1 fq(v; u(k+2))E+(k)a fq(v; u(k+2)) T+(k)a (ṽ) gq(v) T+(k)a (ṽ)

Here ε̃ (k+1)
∓1 = ε(n)−1 · · ·ε

(k+2)
−1 ε

(k+1)
∓1 , gq(v) = fq(v;ρ) fq(v; u(k+2)), ṽ = q−2v, and the operators

T±(n−1)
a (v) and T±(k)a (v) are defined in the same way as T±(n)a (v), viz. (102). It is now easy to

see that, for εa,εb = ±,

Rεaεb(k,k)
ab (v, w) T εa(k)

a (v; u(k+1...n)) T εb(k)
b (w; u(k+1...n))

≡ T εb(k)
b (w; u(k+1...n)) T εa(k)

a (v; u(k+1...n))Rεaεb(k,k)
ab (v, w) . (107)

Thus entries of T±(k)a (v; u(k+1...n)) in the space L(k) satisfy the exchange relations given by
Lemma 2.23. In other words, operators T+(k)a (v; u(k+1...n)) and T−(k)a (v; u(k+1...n)) are even and
odd monodromy matrices for a nested Uq(so2k+2)-symmetric spin chain with the full quantum
space L(k).

4.2 Creation operators and Bethe vectors

We now introduce mk-magnon creation operators. We will make use of the following notation:

b∓(v; u(2...n)) :=
�

T±(1)a (v; u(2...n))
�

−1,+1 ,

B∓(k−1)
a (v; u(k+1...n)) :=

�

T±(k)a (v; u(k+1...n))
�

−1,+1 .

We define the level-1 creation operator by

B(0)(u(1); u(2...n)) :=
1
∏

i=m+

b+(u+i ; u(2...n))
1
∏

i=m−

b−(u−i ; u(2...n)) .
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For each 2≤ k ≤ n we define the level-k creation operator by

B(k−1)(u(k); u(k+1...n)) :=
1
∏

i=mk

b
[+]−(k−1,k−1)
ȧk

i äk
i

(u(k)i ; u(k+1...n)) ,

where
b
[+]−(k−1,k−1)
ȧk

i äk
i

(u(k)i ; u(k+1...n)) := χ−(k−1)
ȧk

i äk
i

�

B−(k−1)
ak

i
(u(k)i ; u(k+1...n))

�

, (108)

with χ−(k−1)
ȧk

i äk
i

: Hom(V−(n−1)
ak

i
, V+(n−1)

ak
i

)→ (V [+](k−1)
ȧk

i
)∗ ⊗ (V−(k−1)

äk
i

)∗ defined via (8).

We define the nested vacuum vector η and the Bethe vectors Φ(k)(u(1...k); u(k+1...n)) with
1≤ k ≤ n in the same way as before, that is, by (86)–(87), except that ηak

i
with 2< k ≤ n are

now given by (61) and ηa2
i
= e(+)−1 ⊗ e(−)−1 . We set Sm1...k

:=Sm+ ×Sm− ×Sm2
× · · · ×Smk

and

define its action on Φ(k)(u(1...k); u(k+1...n)) in the same way as we did before. The proof of the
Lemma below is analogous to that of Lemma 3.1.

Lemma 4.1. The Bethe vector Φ(k)(u(1...k); u(k+1...n)) is invariant under the action of Sm1...k
.

4.3 Transfer matrices, their eigenvalues, and Bethe equations

We begin with the first non-trivial case, the Uq(so4)-symmetric spin chain. In this case the
monodromy matrices T+(1)a (v) and T−(1)a (w) commute for any values of v and w. Thus the spin
chain effectively factorises into two XXZ spin chains with the even and odd transfer matrices
given by

τ±(1)(v) := tra T±(1)a (v) .

When L(1) = LV , the vacuum vector is η= e−2 ⊗ · · · ⊗ e−2. It is a unique joined highest vector
of both T+(1)a (v) and T−(1)a (v). The operator B(0)(u(1)) acting on η creates m+ even and m−
odd excitations. When L(1) = L+S , the vacuum vector is η= e(+)−1 ⊗· · ·⊗e(+)−1 . It is now a highest
vector of T+(1)a (v) and a singular vector of T−(1)a (v), i.e. η is annihilated by the off-diagonal
matrix entries of T−(1)a (v). Thus the operator B(0)(u(1)) now creates m+ even excitations only.

Lastly, when L(1) = L−S , the vacuum vector is η = e(−)−1 ⊗ · · · ⊗ e(−)−1 . It is a highest vector
of T−(1)a (v) and a singular vector of T+(1)a (v). Thus the operator B(0)(u(1)) creates m− odd
excitations only.

The Theorem below follows by the same arguments as Theorem 3.2.

Theorem 4.2. The Bethe vector Φ(1)(u(1)) is an eigenvector of τ±(1)(v) with the eigenvalue

Λ±(1)(v; u±) := ε(1)−1 fq(v; u±) + ε(1)+1 fq−1(v; u±) fq−1(v;ρ) , (109)

provided
Res

v→u±j
Λ±(1)(v; u±) = 0 for 1≤ j ≤ m± . (110)

The explicit form of the Bethe equations (110) is

m±
∏

i=1

qu±j − q−1u±i
q−1u±j − qu±i

= −ε(1)
∏̀

i=1

qu±j − q−1ρi

u±j −ρi
.

We note that these are two independent sets of Bethe equations, for u+ and for u−, and the
excitation numbers m+ and m− depend on the choice of L(1).

We now turn our focus to the Uq(so6)-symmetric spin chain. This chain can be viewed as
a generalised (Uq(gl4)-symmetric) XXZ spin chain. We begin by addressing the corresponding
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nested Uq(so4)-symmetric spin chain. The nested level-1 quantum space is given by (101).
The nested vacuum vector takes the form

η= η1 ⊗ · · · ⊗η` ⊗ e(+)−1 ⊗ e(−)−1 ⊗ · · · ⊗ e(+)−1 ⊗ e(−)−1 .

The nested level-1 monodromy matrices that we will need are (cf. (103) and (104)):

T+(1)a (v; u(2)) = A+(1)a (v)
m2
∏

i=1

R++(1,1)
aȧ2

i
(q2v, u(2)i ) , (111)

T−(1)a (v; u(2)) = A−(1)a (v)
m2
∏

i=1

R−−(1,1)
aä2

i
(q2v, u(2)i ) , (112)

eT+(1)a (v; u(2)) = D+(1)a (v)
m2
∏

i=1

R++(1,1)
aȧ2

i
(v, u(2)i ) , (113)

eT−(1)a (v; u(2)) = D−(1)a (v)
m2
∏

i=1

R−−(1,1)
aä2

i
(v, u(2)i ) , (114)

where A±(1)a (v) = [T±(2)a (v)]−1,−1 and D∓(1)a (v) = [T±(2)a (v)]+1,+1. The corresponding nested
transfer matrices are

τ±(1)(v; u(2)) = tra T±(1)a (v; u(2)) , eτ±(1)(v; u(2)) = tra eT
±(1)
a (v; u(2)) .

Let ≡ denote equality of operators in the nested space L(1). Then

eτ±(1)(v; u(2))≡ ε(1)µ±(1)(v)τ±(1)(q−2v; u(2)) . (115)

We also have that

a±(v; u(2)) ·η= η , d±(v; u(2)) ·η= fq(v; u(2))λ±(v)η .

Here µ±(1)(v) and λ±(v) are given by

LV L+S L−S

µ+(1)(v) fq(v;ρ) 1 fq(v;ρ)

µ−(1)(v) fq(v;ρ) fq(v;ρ) 1

λ+(v) 1 fq(v;ρ) 1

λ−(v) 1 1 fq(v;ρ)

The Proposition below follows by the standard arguments.

Proposition 4.3. The nested Bethe vector Φ(1)(u±; u(2)) is an eigenvector of τ±(1)(v; u(2)) with
the eigenvalue

Λ±(1)(v; u±; u(2)) := ε(1)−1 fq(v; u±) + ε(1)+1 fq−1(v; u±) fq(v; u(2))λ±(v) , (116)

provided
Res

v→u±j
Λ±(1)(v; u±; u(2)) = 0 for 1≤ j ≤ m±. (117)

We are now ready to address the full Uq(so6)-symmetric spin chain. We define its transfer
matrices by

τ±(2)(v) := tra T±(2)a (v) .

The Theorem below is the first main result of this section.
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Theorem 4.4. The Bethe vector Φ(2)(u(1,2)) is an eigenvector of τ±(2)(v) with the eigenvalue

Λ±(2)(v; u(1,2)) := ε(2)−1

�

ε
(1)
−1 fq(v; u±) + ε(1)+1 fq(v; u(2)) fq−1(v; u±)λ±(v)

�

+ ε(2)+1 µ
∓(1)(v)

�

ε
(1)
−1 fq−1(v; u(2)) fq(q

−2v; u∓)

+ ε(1)+1 fq−1(q−2v; u∓)λ∓(q
−2v)

�

, (118)

provided
Res

v→u(k)j

Λ±(2)(v; u(1,2)) = 0 for 1≤ j ≤ mk, k = 1, 2 . (119)

The explicit form of the Bethe equations (119) is

m±
∏

i=1

qu±j − q−1u±i
q−1u±j − qu±i

m2
∏

i=1

u±j − u(2)i

qu±j − q−1u(2)i

= −ε(1)λ±(u±j ) , (120)

m+
∏

i=1

q−1u(2)j − q u+i

u(2)j − u+i

m−
∏

i=1

q−1u(2)j − q u−i

u(2)j − u−i

m2
∏

i=1

q u(2)j − q−1u(2)i

q−1u(2)j − q u(2)i

= −
ε(2)

ε(1)
λ2(u

(2)
j ) , (121)

where λ2 is given by λ2(v) = fq(v;ρ) or 1 when L(2) = LV or L±S , respectively.

Proof of Theorem 4.4. We start by rewriting the “AB” and “DB” exchange relations, (72) and
(73), in a more convenient form. First, using Lemma 2.18, we deduce that

R±±(1,1)
21 (u, v) =

(R±±(1,1)
12 (q2v, u))ιιι2

fq(v, u)
.

Then, repeating the same arguments as in the Proof of Theorem 3.3, we find the wanted
exchange relations for A+(1)a (v) and D−(1)a (v) to be

A+(1)a (v) b+−(1,1)
ȧ2

i ä2
i
(u(2)i )

= b
+−(1,1)
ȧ2

i ä2
i
(u(2)i )

�

R++(1,1)
aȧ2

i
(q2v, u(2)i )A

+(1)
a (v)

�

−
v/u(2)i

v − u(2)i

b
+−(1,1)
ȧ2

i ä2
i
(v) Res

w→u(2)i

�

R++(1,1)
aȧ2

i
(q2w, u(2)i )A

+(1)
a (w)

�

,

D−(1)a (v) b+−(1,1)
ȧ2

i ä2
i
(u(2)i )

= b
+−(1,1)
ȧ2

i ä2
i
(u(2)i )

�

fq−1(v, u(2)i )D
−(1)
a (v)R−−(1,1)

aä2
i
(v, u(2)i )

�

−
v/u(2)i

v − u(2)i

b
+−(1,1)
ȧ2

i ä2
i
(v) Res

w→u(2)i

�

fq−1(w, u(2)i )D
−(1)
a (w)R−−(1,1)

aä2
i
(w, u(2)i )

�

.

Consequently, using Lemma 4.1, relation (115), and the standard symmetry arguments, we
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find

τ+(2)(v)Φ(2)(u(1,2)) =
�

tra A+(1)a (v) + tra D−(1)a (v)
�

B(1)(u(2))Φ(1)(u(1))

=B(1)(u(2))
�

τ+(1)(v; u(2))

+ fq−1(v; u(2))µ−(1)(v)τ−(1)(q−2v; u(2))
�

Φ(1)(u(1))

−
m2
∑

j=1

v/u(2)j

v − u(2)j

B(1)(u(2)
σ
(2)
j ,u(2)j →v

) Res
w→u(2)j

�

τ+(1)(w; u(2)
σ
(2)
j

)

+ fq−1(w; u(2))µ−(1)(w)τ−(1)(q−2w; u(2)
σ
(2)
j

)
�

Φ(1)(u(1)) ,

which, combined with Proposition 4.3, implies the claim for τ+(2)(v).
We now repeat the same analysis for τ−(2)(v). This time we focus on the “wanted” terms

only. The exchange relations for A−(1)a (v) and D+(1)a (v) take the form

A−(1)a (v) b+−(1,1)
ȧ2

i ä2
i
(u(2)i ) = b

+−(1,1)
ȧ2

i ä2
i
(u(2)i )

�

A−(1)a (v)R−−(1,1)
aä2

i
(q2v, u(2)i )

�

+ UW T ,

D+(1)a (v) b+−(1,1)
ȧ2

i ä2
i
(u(2)i ) = b

+−(1,1)
ȧ2

i ä2
i
(u(2)i )

�

fq−1(v, u(2)i )R
++(1,1)
aȧ2

i
(v, u(2)i )D

+(1)
a (v)

�

+ UW T ,

where UW T denote the remaining “unwanted” terms. Then, repeating the same steps as
before, we find

τ−(2)(v)Φ(2)(u(1,2)) =
�

tra A−(1)a (v) + tra D+(1)a (v)
�

B(1)(u(2))Φ(1)(u(1))

=B(1)(u(2))
�

τ−(1)(v; u(2))

+ fq−1(v; u(2))µ+(1)(v)τ+(1)(q−2v; u(2))
�

Φ(1)(u(1))

+ UW T .

Since τ−(2)(v) and τ+(2)(w) commute for any values of v and w, we do not need to consider
the unwanted terms. Proposition 4.3 then yields the eigenvalue of τ−(2)(v).

We are finally ready to consider the Uq(so2n+2)-symmetric spin chains with n ≥ 3. We
define the level-n transfer matrices in the usual way,

τ±(n)(v) := tra T±(n)a (v) .

Then for each 1≤ k ≤ n− 1 we define the nested level-k transfer matrices by

τ±(k)(v; u(k+1...n)) := tra T±(k)a (v; u(k+1...n)) ,

eτ∓(k)(v; u(k+1...n)) := tra eT
∓(k)
a (v; u(k+1...n)) .

Let ≡ denote equality of operators in the nested space L(k). Then we have that

eτ±(k)(v; u(k+1...n))≡ ε(k+1)µ±(k)(v; u(k+2))τ±(k)(q−2v; u(k+1...n)) ,

where µ±(k)(v; u(k+2)) is given by

LV L+S L−S

µ+(n−1)(v; u(n+1)) fq(v;ρ) 1 fq(v;ρ)

µ−(n−1)(v; u(n+1)) fq(v;ρ) fq(v;ρ) 1

µ+(k)(v; u(k+2)) fq(v; u(k+2)) fq(v; u(k+2)) fq(v;ρ) fq(v; u(k+2))

µ−(k)(v; u(k+2)) fq(v; u(k+2)) fq(v;ρ) fq(v; u(k+2)) fq(v; u(k+2))
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We extend the definition above to include the k = 0 case. The Theorem below is the second
main result of this section.

Theorem 4.5. The Bethe vector Φ(n)(u(1...n)) with n ≥ 3 is an eigenvector of τ±(n)(v) with the
eigenvalue

Λ±(n)(v; u(1...n)) :=
∑

i

fq(q
p0(i)v; u(∓s0(i)))

×
n
∏

j=1

ε
( j)
i j

�

µ±s j(i) ( j−1)(q p j(i)v; u( j+1)) fq−1(q p j(i)v; u( j))
�

1
2 (1+i j)

, (122)

where p j(i) = −
∑n

k= j+1(1+ ik) and s j(i) = sign
�

(−1)n− j−1
∏n

k= j+1 ik
�

provided

Res
v→u(k)j

Λ±(n)(v; u(1...n)) = 0 for 1≤ k ≤ n, 1≤ j ≤ mk . (123)

The explicit form of the Bethe equations of (123) with n≥ 3 is

m±
∏

i=1

qu±j − q−1u±i
q−1u±j − qu±i

m2
∏

i=1

u±j − u(2)i

qu±j − q−1u(2)i

= −ε(1)λ±(u±j ) , (124)

m+
∏

i=1

q−1u(2)j − qu+i

u(2)j − u+i

m−
∏

i=1

q−1u(2)j − qu−i

u(2)j − u−i

m2
∏

i=1

qu(2)j − q−1u(2)i

q−1u(2)j − qu(2)i

m3
∏

i=1

u(2)j − u(3)i

qu(2)j − q−1u(3)i

= −
ε(2)

ε(1)
, (125)

mk−1
∏

i=1

q−1u(k)j − q u(k−1)
i

u(k)j − u(k−1)
i

mk
∏

i=1

qu(k)j − q−1u(k)i

q−1u(k)j − qu(k)i

mk+1
∏

i=1

u(k)j − u(k+1)
i

qu(k)j − q−1u(k+1)
i

= −
ε(k)

ε(k−1)
, (126)

mn−1
∏

i=1

q−1u(n)j − qu(n−1)
i

u(n)j − u(n−1)
i

mn
∏

i=1

qu(n)j − q−1u(n)i

q−1u(n)j − qu(n)i

= −
ε(n)

ε(n−1)
λn(u

(n)
j ) , (127)

where λn is given by λn(v) = fq(v;ρ) or 1 when L(n) = LV or L±S , respectively.

Proof of Theorem 4.5. The proof is very similar to that of Theorem 3.3. We begin by focus-
ing on τ+(n)(v) and rewriting the corresponding “AB” and “DB” exchange relations in a more
convenient form. From Lemma 2.18 we deduce that

R±+(n−1,n−1)
21 (u, v) =

(R±[+](n−1,n−1)
12 (q2n−2v, u))ιιι2

h±((n−1)/2)(v, u)
,

where [+] = +/− if n−1 is odd/even. Combining these identities with (9), (72), (73) and
(108) yields the wanted “AB” and “DB” exchange relations:

A+(n−1)
a (v) b[+]−(n−1,n−1)

ȧn
i än

i
(u(n)i )

= b
[+]−(n−1,n−1)
ȧn

i än
i

(u(n)i )

�

fq(v, u(n)i )

h+((n−1)/2)(v, u(n)i )

× R+[+](n−1,n−1)
aȧn

i
(q2n−2v, u(n)i )A

+(n−1)
a (v)R+−(n−1,n−1)

aän
i

(q2v, u(n)i )

�

−
v/u(n)i

v − u(n)i

b
[+]−(n−1,n−1)
ȧn

i än
i

(v) Res
w→u(n)i

�

fq(w, u(n)i )

h+((n−1)/2)(w, u(n)i )

× R+[+](n−1,n−1)
aȧn

i
(q2n−2w, u(n)i )A

+(n−1)
a (w)R+−(n−1,n−1)

aän
i

(q2w, u(n)i )

�

, (128)
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D−(n−1)
a (v) b[+]−(n−1)

ȧn
i än

i
(u(n)i )

= b
[+]−(n−1,n−1)
ȧn

i än
i

(u(n)i )

�

fq−1(v, u(n)i )

h−((n−1)/2)(q−2v, u(n)i )

× R−[+](n−1,n−1)
aȧn

i
(q2n−4v, u(n)i )D

−(n−1)
a (v)R−−(n−1,n−1)

aän
i

(v, u(n)i )

�

−
v/u(n)i

v − u(n)i

b
[+]−(n−1,n−1)
ȧn

i än
i

(v) Res
w→u(n)i

�

fq−1(w, u(n)i )

h−((n−1)/2)(q−2w, u(n)i )

× R−[+](n−1,n−1)
aȧn

i
(q2n−4w, u(n)i )D

−(n−1)
a (w)R−−(n−1,n−1)

aän
i

(w, u(n)i )

�

. (129)

Inspired by the exchange relations above we define barred transfer matrices

τ+(n−1)(v; u(n)) :=
fq(v; u(n))

h+((n−1)/2)(v; u(n))
tra

�

A+(n−1)
a (v)

mn
∏

i=1

R+−(n−1,n−1)
aän

i
(q2v, u(n)i )

×
1
∏

i=mn

R+[+](n−1,n−1)
aȧn

i
(q2n−2v, u(n)i )

�

,

τ−(n−1)(v; u(n)) :=
fq−1(v; u(n))

h−((n−1)/2)(q−2v; u(n))
tra

�

D−(n−1)
a (v)

mn
∏

i=1

R−−(n−1,n−1)
aän

i
(v, u(n)i )

×
1
∏

i=mn

R−[+](n−1,n−1)
aȧn

i
(q2n−4v, u(n)i )

�

,

which differ from τ±(n−1)(v; u(n)) in (103) and (104) by the ordering of R-matrices. The
ordering can be amended with the help of operator X (n−1) :=

∏mn−1
i−1 X (n−1)

i where

X (n−1)
i :=

mn
∏

j=i+1

R[+,+](n−1,n−1)
ȧn

j ȧn
i

(u(n)j , u(n)i )
i+1
∏

j=mn

R−[+](n−1,n−1)
än

j ȧn
i

(q2n−4u(n)j , u(n)i ) .

In particular, τ±(n−1)(v; u(n)) = X (n−1)τ±(n−1)(v; u(n)) (X (n−1))−1 and each X (n−1)
i acts as a

scalar operator on Φ(n−1)(u(1...n−1); u(n)). Therefore

τ+(n)(v)Φ(n)(u(1...n)) =B(n−1)(u(n))X (n−1)τ+(n)(v; u(n)) (X (n−1))−1Φ(n−1)(u(1...n−1); u(n))

−
mn
∑

j=1

v/u(n)j

v − u(n)j

B(n−1)(u(n)
σ
(n)
j ,u(n)j →v

)X (n−1)

× Res
w→u(n)j

τ+(n)(w; u(n)
σ
(n)
j

) (X (n−1))−1Φ(n−1)(u(1...n−1); u(n)
σ
(n)
j

) ,

where

τ+(n)(v; u(n)) := τ+(n−1)(v; u(n)) + ε(n) fq−1(v, u(n))µ−(n−1)(v;ρ)τ−(n−1)(q−2v; u(n)) .

We now repeat the same analysis for τ−(n)(v). This time we focus on the “wanted” terms only.
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The relevant exchange relations are now

A−(n−1)
a (v) b[+]−(n−1)

ȧn
i än

i
(u(n)i )

= b
[+]−(n−1)
ȧn

i än
i

(u(n)i )

�

1

h−((n−1)/2)(v, u(n)i )

× R−[+](n−1,n−1)
aȧn

i
(q2n−2v, u(n)i )A

−(n−1)
a (v)R−−(n−1,n−1)

aän
i

(q2v, u(n)i )

�

+ UW T ,

D+(n−1)
a (v) b[+]−(n−1)

ȧn
i än

i
(u(n)i )

= b
[+]−(n−1)
ȧn

i än
i

(u(n)i )

�

1

h+((n−1)/2)(q−2v, u(n)i )

× R+[+](n−1,n−1)
aȧn

i
(q2n−4v, u(n)i )D

+(n−1)
a (v)R+−(n−1,n−1)

aän
i

(v, u(n)i )

�

+ UW T .

Repeating the same steps as above we obtain

τ−(n)(v)Φ(n)(u(1...n)) =B(n−1)(u(n))X (n−1)τ−(n)(v; u(n)) (X (n−1))−1

×Φ(n−1)(u(1...n−1); u(n)) + UW T , (130)

where

τ−(n)(v; u(n)) := τ−(n−1)(v; u(n)) + ε(n) fq−1(v, u(n))µ+(n−1)(v;ρ)τ+(n−1)(q−2v; u(n)) .

Since τ−(n)(v) and τ+(n)(w) commute for any values of v and w, we do not need to consider
the unwanted terms in (130). It remains to repeat the same analysis down the nesting by
taking into account (107) together with the fact that Φ(k)(u(1...k); u(k+1...n)) ∈ L(k), and use
Proposition 4.3 (with slight amendments). This gives a recurrence relation, for 2≤ k ≤ n,

Λ±(k)(v; u(1...k); u(k+1...n)) := ε(k)−1Λ
±(k−1)(v; u(1...k−1); u(k...n))

+ ε(k)+1 fq−1(v, u(k))µ∓(k−1)(v; u(k+1))

×Λ∓(k−1)(q−2v; u(1...k−1); u(k...n)) ,

with Λ±(1) given by (116). Upon solving this recurrence relation we recover the claim of the
Theorem.

Remark 4.6. Let ai j denote matrix entries of a connected Dynkin diagram of type Bn or Dn
and let I denote the set of its nodes. Then put d± = d2 = . . . = dn = 1 for Dn+1 and
2d1 = d2 = . . . = dn = 2 for Bn. Upon substituting u(k)j → qedk z(k)j , where edk =

∑k
i=1 di

with d1 = d± for Dn+1, Bethe equations (95)–(97) and (124)–(127) can be written as

∏

l∈I

ml
∏

i=1

qdkakl z(k)j − z(l)i

z(k)j − qdkakl z(l)i

= −
ε(k)

ε(k−1)
λk(q

edk z(k)j ) ,

for all k ∈ I and all allowed j. Here ε(0) = 1 and λk(q
edk z(k)j ) = 1 when k /∈ {±, 1, n}.
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5 Conclusions and Outlook

The results of this paper are two-fold. First, we proposed a new construction of q-deformed
so2n+1- and so2n-invariant spinor-vector and spinor-spinor R-matrices in terms of supermatri-
ces and found explicit recurrence relations. We believe these results will be of interest on their
own right. For instance, this opens a door to study spectral properties of open spin chains with
spinor-type transfer matrices thus complementing the results obtained by Artz, Mezincescu
and Nepomechie in [16]. Second, we solved the long-standing problem of diagonalizing trans-
fer matrices that obey quadratic relations defined by the aforementioned q-deformed spinor-
spinor R-matrices. The corresponding Bethe ansatz equations were already known since they
can be determined from the Cartan datum only. The constructed Bethe vectors and the cor-
responding eigenvalues are new results. A natural next step is to find recursion relations
for these Bethe vectors and investigate scalar products in the spirit of the approach put for-
ward by Hutsalyuk et. al. in [17]. Moreover, it would be interesting to construct q-deformed
spinor-oscillator R-matrices and investigate the spinor-type QQ-system following the steps of
Ferrando, Frassek and Kazakov in [8]. Lastly, we believe this work might help to better un-
dertstand the Bethe ansazt for fishnets and fishchains emerging in the AdS/CFT integrability
framework, see [18–21] and references therein.
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A The semi-classical limit

A.1 Uq2(so2n+1)-symmetric spin chains

The semi-classical limit is obtained by setting v = exp(2yħh), u(k)j = exp(2x (k)j ħh), q = exp(ħh/2),
and carefully taking the ħh→ 0 limit. Introduce a rational function

fk(y, x) =
y − x + k

y − x
.

The eigenvalue (93) then becomes

Λ(n)(y; x (1...n)) :=
∑

i

f1/2(y + p0(i); x (1))

×
n
∏

j=1

ε
( j)
i j

�

µ( j−1)(y + p j(i); x ( j+1)) f−1(y + p j(i); x ( j))
�

1
2 (1+i j)

,

where p j(i) = −
∑n

k= j+1(1+ ik) and µ(k)(y; x (k+2)) are given by

LV LS

µ(n−1)(y; x (n+1)) f1(y;ρ) f1/2(y;ρ)

µ(k)(y; x (k+2)) f1(y; x (k+2)) f1/2(y;ρ) f1(y; x (k+2))
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The Bethe equations (95)–(97) become

m1
∏

i=1

x (1)j − x (1)i +
1
2

x (1)j − x (1)i −
1
2

m2
∏

i=1

x (1)j − x (2)i

x (1)j − x (2)i + 1
= −ε(1)λ1(x

(1)
j ) ,

mk−1
∏

i=1

x (k)j − x (k−1)
i − 1

x (k)j − x (k−1)
i

mk
∏

i=1

x (k)j − x (k)i + 1

x (k)j − x (k)i − 1

mk+1
∏

i=1

x (k)j − x (k+1)
i

x (k)j − x (k+1)
i + 1

= −
ε(k)

ε(k−1)
,

mn−1
∏

i=1

x (n)j − x (n−1)
i − 1

x (n)j − x (n−1)
i

mn
∏

i=1

x (n)j − x (n)i + 1

x (n)j − x (n)i − 1
= −

ε(n)

ε(n−1)
λn(x

(n)
j ) ,

where λ1(y) = 1 or f1/2(y;ρ) and λn(y) = f1(y;ρ) or 1 when L(n) = LV or LS , respectively.

A.2 Uq(so6)-symmetric spin chain

The semi-classical limit is obtained in the same way as before, except that we set q = exp(ħh).
The eigenvalue (118) becomes

Λ±(2)(y; x (1,2)) := ε(2)−1

�

ε
(1)
−1 f1(y; x±) + ε(1)+1 f1(y; x (2)) f−1(y; x±)λ±(y)

�

+ ε(2)+1 µ
∓(1)(y)

�

ε
(1)
−1 f−1(y; x (2)) f1(y−1; x∓)

+ ε(1)+1 f−1(y−1; x∓)λ∓(y−1)
�

,

where µ±(1)(y) and λ±(y) are given by

LV L+S L−S

µ+(1)(y) f1(y;ρ) 1 f1(y;ρ)

µ−(1)(y) f1(y;ρ) f1(y;ρ) 1

λ+(y) 1 f1(y;ρ) 1

λ−(y) 1 1 f1(y;ρ)

The Bethe equations (120)–(121) become

m±
∏

i=1

x±j − x±i + 1

x±j − x±i − 1

m2
∏

i=1

x±j − x (2)i

x±j − x (2)i + 1
= −ε(1)λ±(x±j ) ,

m+
∏

i=1

x (2)j − x+i − 1

x (2)j − x+i

m−
∏

i=1

x (2)j − x−i − 1

x (2)j − x−i

m2
∏

i=1

x (2)j − x (2)i + 1

x (2)j − x (2)i − 1
= −

ε(2)

ε(1)
λ2(x

(2)
j ) ,

where λ2 is given by λ2(y) = f1(y;ρ) or 1 when L(2) = LV or L±S , respectively.

A.3 Uq(so2n+2)-symmetric spin chains

By the same arguments as above, the eigenvalue (122) becomes

Λ±(n)(y; x (1...n)) :=
∑

i

f1(y + p0(i); u(∓s0(i)))

×
n
∏

j=1

ε
( j)
i j

�

µ±s j(i) ( j−1)(y + p j(i); u( j+1)) f−1(y + p j(i); u( j))
�

1
2 (1+i j)

,
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where p j(i) = −
1
2

∑n
k= j+1(1+ ik), s j(i) = sign

�

(−1)n− j−1
∏n

k= j+1 ik
�

and µ±(k)(y; x (k+2)) are
given by

LV L+S L−S

µ+(n−1)(y;ρ) f1(y;ρ) 1 f1(y;ρ)

µ−(n−1)(y;ρ) f1(y;ρ) f1(y;ρ) 1

µ+(k)(y; x (k+2)) f1(y; x (k+2)) f1(y; x (k+2)) f1(y;ρ) f1(y; x (k+2))

µ−(k)(y; x (k+2)) f1(y; u(k+2)) f1(y;ρ) f1(y; x (k+2)) f1(y; x (k+2))

The Bethe equations (124)–(127) become

m±
∏

i=1

x±j − x±i + 1

x±j − x±i − 1

m2
∏

i=1

x±j − x (2)i

x±j − x (2)i + 1
= −ε(1)λ±(x±j ) ,

m+
∏

i=1

x (2)j − x+i − 1

x (2)j − x+i

m−
∏

i=1

x (2)j − x−i − 1

x (2)j − x−i

m2
∏

i=1

x (2)j − x (2)i + 1

x (2)j − x (2)i − 1

m3
∏

i=1

x (2)j − x (3)i

x (2)j − x (3)i + 1
= −

ε(2)

ε(1)
,

mk−1
∏

i=1

x (k)j − x (k−1)
i − 1

x (k)j − x (k−1)
i

mk
∏

i=1

x (k)j − x (k)i + 1

x (k)j − x (k)i − 1

mk+1
∏

i=1

x (k)j − x (k+1)
i

x (k)j − x (k+1)
i + 1

= −
ε(k)

ε(k−1)
,

mn−1
∏

i=1

x (n)j − x (n−1)
i − 1

x (n)j − x (n−1)
i

mn
∏

i=1

x (n)j − x (n)i + 1

x (n)j − x (n)i − 1
= −

ε(n)

ε(n−1)
λn(x

(n)
j ) ,

where λn is given by λn(v) = f1(y;ρ) or 1 when L(n) = LV or L±S , respectively.

References

[1] N. Yu. Reshetikhin, Algebraic Bethe ansatz for SO(N)-invariant transfer matrices, J. Sov.
Math. 54, 940 (1991), doi:10.1007/BF01101125.

[2] D. Karakhanyan and R. Kirschner, Spinorial R operator and algebraic Bethe ansatz, Nucl.
Phys. B 951, 114905 (2020), doi:10.1016/j.nuclphysb.2019.114905.

[3] D. Chicherin, S. Derkachov and A. P. Isaev, The spinorial R-matrix, J. Phys. A: Math. Theor.
46, 485201 (2013), doi:10.1088/1751-8113/46/48/485201.

[4] N. Yu. Reshetikhin, Integrable models of quantum one-dimensional magnets with O(n) and
Sp(2k) symmetry, Theor. Math. Phys. 63, 555 (1985), doi:10.1007/BF01017501.

[5] H. J. De Vega and M. Karowski, Exact Bethe ansatz solution of O(2N)symmetric theories,
Nucl. Phys. B 280, 225 (1987), doi:10.1016/0550-3213(87)90146-5.

[6] H. M. Babujian, A. Foerster and M. Karowski, O(N)-matrix difference equations and a
nested Bethe ansatz, J. Phys. A: Math. Theor. 45, 055207 (2012), doi:10.1088/1751-
8113/45/5/055207.

[7] H. M. Babujian, A. Foerster and M. Karowski, Bethe ansatz and exact form fac-
tors of the O(N) Gross Neveu-model, J. High Energy Phys. 02, 042 (2016),
doi:10.1007/JHEP02(2016)042.

37

https://scipost.org
https://scipost.org/SciPostPhys.12.2.067
https://doi.org/10.1007/BF01101125
https://doi.org/10.1016/j.nuclphysb.2019.114905
https://doi.org/10.1088/1751-8113/46/48/485201
https://doi.org/10.1007/BF01017501
https://doi.org/10.1016/0550-3213(87)90146-5
https://doi.org/10.1088/1751-8113/45/5/055207
https://doi.org/10.1088/1751-8113/45/5/055207
https://doi.org/10.1007/JHEP02(2016)042


SciPost Phys. 12, 067 (2022)

[8] G. Ferrando, R. Frassek and V. Kazakov, QQ-system and Weyl-type transfer ma-
trices in integrable SO(2r) spin chains, J. High Energy Phys. 02, 193 (2021),
doi:10.1007/JHEP02(2021)193.

[9] A. Liashyk and S. Z. Pakuliak, Algebraic Bethe ansatz for o2n+1-invariant integrable models,
Theor. Math. Phys. 206, 19 (2021), doi:10.1134/S0040577921010025.

[10] A. Gerrard and V. Regelskis, Nested algebraic Bethe ansatz for deformed or-
thogonal and symplectic spin chains, Nucl. Phys. B 956, 115021 (2020),
doi:10.1016/j.nuclphysb.2020.115021.

[11] M. Jimbo, QuantumR matrix for the generalized Toda system, Commun. Math. Phys. 102,
537 (1986), doi:10.1007/BF01221646.

[12] N. Jing, M. Liu and A. Molev, Isomorphism between the R-Matrix and Drinfeld pre-
sentations of quantum affine algebra: Types B and D, SIGMA 16, 043 (2020),
doi:10.3842/SIGMA.2020.043.

[13] N. Guay, V. Regelskis and C. Wendlandt, R-matrix presentation of orthogonal and symplec-
tic quantum loop algebras and their representations, In preparation.

[14] T. Hayashi, Q-analogues of Clifford and Weyl algebras-spinor and oscillator represen-
tations of quantum enveloping algebras, Commun. Math. Phys. 127, 129 (1990),
doi:10.1007/BF02096497.

[15] S. Belliard and E. Ragoucy, The nested Bethe ansatz for ‘all’ closed spin chains, J. Phys. A:
Math. Theor. 41, 295202 (2008), doi:10.1088/1751-8113/41/29/295202.

[16] S. Artz, L. Mezincescu and R. I. Nepomechie, Analytical Bethe ansatz for a
A(2)2n−1, B(1)n , C (1)n , D(1)n quantum-algebra-invariant open spin chains, J. Phys. A: Math. Gen.
28, 5131 (1995), doi:10.1088/0305-4470/28/18/006.

[17] A. Hutsalyuk, A. Liashyk, S. Pakuliak, E. Ragoucy and N. Slavnov, Scalar products and
norm of Bethe vectors for integrable models based on Uq(Ògln), SciPost Phys. 4, 006 (2018),
doi:10.21468/SciPostPhys.4.1.006.

[18] D. Bombardelli, A. Cavaglià, D. Fioravanti, N. Gromov and R. Tateo, The full
quantum spectral curve for AdS4/C F T3, J. High Energy Phys. 09, 140 (2017),
doi:10.1007/JHEP09(2017)140.

[19] B. Basso, G. Ferrando, V. Kazakov and D.-l. Zhong, Thermodynamic Bethe ansatz for bis-
calar conformal field theories in any dimension, Phys. Rev. Lett. 125, 091601 (2020),
doi:10.1103/PhysRevLett.125.091601.

[20] S. Ekhammar and D. Volin, Bethe algebra using pure spinors, arXiv:2104.04539.
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