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Abstract

We present a supermatrix realisation of q-deformed spinor-spinor and spinor-vector R-
matrices. These R-matrices are then used to construct transfer matrices for Ug2(s02,,41)-
and Uy (s02,42)-symmetric closed spin chains. Their eigenvectors and eigenvalues are

computed.
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1 Introduction

In [1], Reshetikhin proposed a method of diagonalizing spin chain transfer matrices that obey
quadratic relations defined by the so,,,,1- and so,,-invariant spinor-spinor R-matrices. The key
observation was that these matrices exhibit a nested six-vertex type structure thus allowing one
to apply principles of the XXX Bethe ansatz at each level of the nesting. In the so,,,-invariant
case the nesting truncates at the sos-invariant spinor-spinor R-matrix which is equivalent to
the well known Yang’s R-matrix of the XXX spin chain. In the so,,-invariant case the nesting
truncates at the so4-invariant spinor-spinor R-matrix which factorises into a tensor product of
two Yang’s R-matrices. It is important to note that the Lie algebra so,, has two spinor repre-
sentations specified by the chirality property. As a consequence, there are four so,,-invariant
spinor-spinor R-matrices indexed by chirality of the corresponding spinor representations thus
adding extra difficulties to the nesting procedure.

This diagonalization procedure was recently addressed in a new perspective in [2] by
Karakhanyan and Kirschner. An important novelty in their work was that the spinor-spinor
R-matrices were written in terms of the Euler Beta function rather than in terms of recurrent
relations presented in [1] (see also [3]). The authors provided explicit examples of spinor-
spinor R-matrices of low rank and commented on the corresponding cases of the algebraic
Bethe ansatz. Similar spectral problems were also addressed by Reshetikhin in [4], De Vega
and Karowski in [5], Babujian, Foerster and Karowski in [6, 7], Ferrando, Frassek and Kazakov
in [8], Liashyk and Pakuliak in [9], and Gerrard together with the author in [10].

In the present paper we address the long-standing problem of diagonalizing transfer matri-
ces that obey quadratic relations defined by the q-deformed so,,, - and so,,-invariant spinor-
spinor R-matrices. We propose a new construction of spinor-spinor and spinor-vector
R-matrices in terms of supermatrices (this replaces gamma matrices used in [1] and [2]) and
provide explicit recurrence relations. These R-matrices are then used to construct spinor-type
transfer matrices for Ug2(505,41)- and Ug(s0,,)-symmetric spin chains with twisted diagonal
periodic boundary conditions. The deformation parameter in the former case is set to g2 to
avoid having ,/q in the spinor-spinor R-matrix and the corresponding exchange relations. The
square root of the deformation parameter arises because the root system of so,,,; has a short
root. We then employ algebraic Bethe ansatz techniques similar to those in [1] to construct
Bethe vectors and derive the corresponding Bethe ansatz equations. Our main results are
stated in Theorems 3.3, 4.4 and 4.5.

The paper is organised as follows. Section 2 is devoted to the spinor R-matrices and various
associated identities. Sections 3 and 4 contain the main results of the paper, diagonalization
of the spinor-type transfer matrices. In Appendix A, we provide the semi-classical ¢ — 1 limit
of the main results of this paper.
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2 Spinor R-matrices

2.1 Matrices and supermatrices

Consider vector space CV with N > 3. We will denote the standard basis vectors of CV by e;
and the standard matrix units of End(C") by e;; where indices i, j are allowed to run from —n
to n with n =N + 2, and 0 will only be 1nc1uded when N is odd. We will use ® to denote the
usual tensor product over C. ’

Next, consider vector superspace C'! with basis vectors e’y
ey

(1)

) and e ;- We will denote the

standard matrix superunits of End(C'") by e;;” where i,j = £1. We deﬁne a Z,-grading on

c' by deg(e(l)) = (1+1)/2, and on End((C”l) by deg(eg)) = (1—1ij)/2. We also define a

mapping y on End(C'") via Y(e( )) = ij e(l).

For any n > 2 we set C"I" := ((C1|1)®” where & denotes a graded tensor product over C,
that is

A . W M .
(18 (ef? 1) = (—1)tesle Bl V(U g V), )

We will write matrix superunits of End(C"") as

e .— Mg ... gl

ij i1 i with i,je(£l,...,£1).

The degree of eg}) is deg(eg';)) = (1—6;;)/2 and y(e(")) = 0; ) where 6;; = 6;6; with

0; =1i,iy -+ 1i,,. We will write supermatrices in End((C"'”) as

(n) _Z (n) . Z 1) & & (1)
AT = aij el] : @iy jr i, n 611]1 ®:-® einjn ’
ij 015J150 05l Jn=%1
where q; ; ; ; € C are the matrix entries of A In will be often convenient to write

supermatrices in a nested form

l] 4
i,j=%1
where [A(")]l.j € End(C" "1 are sub-supermatrices of A™ given by
™7 — OO NP SIPNGY
[A " :|l] - Z all’]l’ ’ln l’]n 1> ;] el]]] ®- ®ein_1jn_l :
il:jl:"ﬂin—l:jn—l::tl

We will sometimes adopt the notation

A =AM B =AM 1415

¢ =[AM],, ,, D M=[AM],, 4,

which will be used to denote the A, B, C, and D operators of the algebraic Bethe ansatz.
For any non-zero scalar ¢ we define a graded g-transposition w on End(C"") via

(eg.l))W 1= 0, g7 e(_nj),_l. , (3)

where 9; = ZZ=1(P - %) i, and the overline means that the order of multiplying tensorands is
reversed resulting in an overall sign; for instance,

(1)~ (1) 1) O
e = M g el) = (18eM (e §1) = (—1)%En 4l

ij 11J1 I2]2
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The inverse of w will be denoted by w.
We define a linear map y ™ : End(C"") — (C"™)* ® (C"™)* via

2 =iy 0 q e @M, @)

(n)x

where e_;" and e(.")* are elementary supervectors in the dual superspaces and c;; is a grad-

ing factor defined recurrently viacy, ;g5 = (i) ((— 1)Ly - jn—l)éi"’_j"Cil...in_ljl...jn_l and
cij, = (= i;)!. Then, given any X, Y, Z € End(C""), we have that

rMXYYZ)= (V) (rX)®2). (5)

Let VY"1 and v—("1 denote the even- and odd-graded subspaces of C"", respectively.
When n = 2, bbspace V() ¢ €22 is spanned by vectors
D= Woel, =MW

19, € = +1°

and the odd-graded subspace V~() ¢ €22 is spanned by vectors

e(__l) = e(jl) ® e(_ll) , Srl) =g 1 ® e(l)

When n > 3, the even-graded subspace V(™1 ¢ crin =~ (C2|2®((C1|1)®(”_2) is spanned by
vectors
(i)® (1)® ®e(1) )

I In—1
with iq,...,i,; = +1,—1 such that i ---i,_; = £(—1)". Likewise, the odd-graded subspace

v~ ¢ ¢"" is spanned by vectors of the same form except that iy ---i,_; = F(—1)". Here

() stated in the formula above.

+ and F are linked with the plus-minus in e;
Define even- and odd-graded operators e( ) € End(v*®) and £ *) € Hom(v*W, y¥)

)
acting on vectors e;” " by

() (i) () H,® _
ij ek =0ke; e ¢ = 0,
f(i) ) _ 5 e(:F) fi(-i)e(:':) =0.

e.

These operators allow us to write A¥() € End(V*(1) and B! € Hom(v=(®), yF(1)) as

+ +
A= D aye,  B= 0 byfi

i,j=—1,+1 i,j=—1,+1

We will write matrix operators A € End(V*(") and B*™ € Hom(V*™, v¥(™) when n > 2

as
A= S a8l B = N (B0 6],
i,j=+1,—1 i,j=+1,-1
where
[A*™M]_, ) € End(V*("D), [A*M]_, ;) € Hom(VFD), y*n-l)y,
[A*(M],; ) € Hom(V*(D vy - (4=, ) € End(VFD),
and

[B*M]_, _; € Hom(v*D, y¥r=1y - [p*M]_, | € End(VFD),
[B*™M],, -1 € End(VF"D), [B*(M],; 11 € Hom(VFD, y*(r=D),
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We define a graded g-transposition w on End(V*™) and Hom(V*™, vF(M) via

(a (]i) & (n 1))m — (al(ji))w, ®( (n 1))w,, 6)
where a € {e, f} and
(e = ijqH el

Eyw _ 17 36 @)
X =it

7
(el ) = Gy g5 e(_ri__li ,
with & = Zz;ll %(p + 1) k,. The inverse of w will be denoted by .
We define a linear map y (" : Hom(V*(W, vF() - (=) @ (vFmY* yia
PO 6 el = —iqH ek 0 q 5 eV 90 @ el &b ®

wherea € {e, f} and b® = e® or fF ifa = e or f, respectively, and c,fl is defined recurrently
_ 5 - )

dilod, s, = Fkna) (kg koly o L) T with the base case

c,flll = F(—k;11)°2+. Then, given any Y* € Hom(V*™, v¥(M) and X*, z* € End(V*(™M), we

have that

: +
via Ckl‘

2T O((xFhYe yEzE) = (v H) (xFl @ 2%), )

where [F] is /= if n is odd/even.

Lastly, for any matrix X with entries x;; in an associative algebra .A we write

ij

X;= > 1% lee;®I°m @ x; €End(CV)*" @ A, (10)

—n<i,j<n

where I denotes the identity matrix and m € N, will always be clear from the context. Prod-
ucts of matrix operators will be ordered using the following rules:

m 1
[[x=x%X, and [][X =XuXp: X (11)
S=m
The standard multi-index (“multi-legged”) generalisation of this notation will be used for both
matrices and supermatrices.
2.2 Vector-vector R-matrix

Choose g € R*, not a root of unity, and set k = N/2 — 1. Introduce a matrix-valued rational
function, called the vector-vector R-matrix, by

-1 -1
4—q " ,_ _94—4

R(u,v):=R, + . 12
(wv) " y/u—1 q>*v/u—1 "1 (12)
where R, P and Q, are matrix operators on CV ® C" defined by
Z Q®i e @ej;+(q—q ") Z (e;j®eji—q" e ®e ),
—n<i,j<n —n<i<j<n
_ (13)
P .= Z e;j ®ej, Qq = Z q" Vej®e i,
—n<i,j<n —n<i,j<n
and the N-tuple v is given by
(v v )= (—n+%,—n+%,...,—%,O,%,...,n 51N 2) if N=2n+1, (14)
Voo Y 1 —n42,...,—1,0,0,1,...,n—2,n—1) if N =2n.
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The matrix R(u, v), obtained by Jimbo in [11], is a solution of the quantum Yang-Baxter equa-
tion on (CM)®3 with spectral parameters

R15(u, v)Ry3(u,w)Ro3(v,w) = Ry3(v,w)Ry3(u, w)Ry5(u,v), (15)

where we have employed the multi-index extension of the notation (10).

2.3 Quantum loop algebra U;"(SsoN)

The vector-vector R-matrix can be used to define an extended quantum loop algebra of soy in

the following way (see [12,13]). Introduce elements E?;.[r] with —n <i,j < nand r € Zs,,

+r

. . . + L + . :
and combine them into formal series j(u) = ZQOK ; j[r]u , and collect into generating

matrices
LE(u) = Z e;; ®€i(u) (16)
—n<i,j<n
The elements ¢ i[O] are invertible, and so are the L*(u). We will say that elements E;Ej[r] have
degree r.

Definition 2.1. The extended quantum loop algebra Uc‘;x(ﬁso ~) is the unital associative algebra

with generators Kf;.[r] with —n < 1i,j < n and r € Z, subject to the following relations:*

(;[0]€7[0]1=1 and (;[0]=(}[0]=0 for i<j (17)
and + + + +
R(u,v) LT (w) Ly (v) = L3 (v) LT (W) R(w, v), (18)
R(u,v)LT (W) L;(v) =Ly (v) LT (WR(u,v).
The Hopf algebra structure is given by
A Ef;(u) — ZE (u) ®€ (u) S:L¥(w) - L¥(u)™}, e: L )~ 1. (19)

The degree zero elements Kiij[O] generate the subalgebra U(‘;x (soy) C U(‘;x (Lsoy). In this
work we focus on the spinor representation of U;x (son) which will be used to construct
spinor-spinor and spinor-vector R-matrices. We will make use of the g-Clifford algebra re-
alisation of Uex (soy), see [14]. This realisation factors through the non-extended subalgebra
Uq(soy) C Uex (s0p) in which the symmetry relation Efl _l.[O] Ei[O] =1 holds. We will denote
generators of the latter subalgebra by Ei and the generating matrices by L.

Definition 2.2. The q-Clifford algebra ‘6; is the unital associative algebra with generators a;,
] -1 . . . .
a[, w;, w; - with 1 <i < n satisfying

1 -1

WiW; = W;w, wiw; " =w; w; =1, (20)

;a;0; 1 —qﬁifaj, co-a;w =q" Ua1 21D
a»a-+a»a-=0 a a +a j—O, (22)

aa +q° Ua a; = & ;] -1 aia].+q lfajai=5ija)i. (23)

Note that the relations (23), when i = j, are equivalent to

-1 -1,.—1
w; —w. & w; — .
qa—q" qa—q"

1Our U;X(SsoN) corresponds to U(R)/{q° = 1) in [12].

6
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The algebra C@g has a natural representation on the exterior algebra A with generators Xx;
with 1 < i < n. For integers m = (m,...,m,) € Z", we define an element x(m) of A as
follows:

x;nl/\x;nz/\---/\xT" if me{0,1}",
x(m)= .
0 otherwise.

The set {x(m) : m € {0,1}"} is a basis of the vector space A = C"". Introduce elements
e; € Z!; defined by e; =(1,0,...,0), ..., e, =(0,...,0,1). The action of the algebra C@; on A
is given by
a;(x(m)) = (=1)™M""M1x(m —e;),
al(x(m)) = (=)™ Mi-1x(m +e;), (25)
w;(x(m)) =g "x(m)
for any m = (my,...,m,) € {0,1}". This turns A into an irreducible C@g-module.

Set deg(a;) = deg(ag‘) =1 and deg(w;) = 0, and extend this grading linearly on arbitrary
monomials in ‘6(’;. This defines a grading on ‘6;. Denote by C@g* the even-graded subalgebra
of C@g. Then the space A splits into invariant subspaces, A" = {x(m) : m; + ...+ m, € 27}
and A~ = {x(m): m; +...+m, + 1 € 2Z}, with respect to the action of %g*.

Proposition 2.3 ([13]). There exists an algebra homomorphism 7t : Uy(soy) — ‘65 defined by
the following formulae:

oo 1, Efi — qil/zwiil ) Zfi’_i — q:”/zwfl (i>0)),
(G- (DM (g g oo et 1> ),
e e e VRSl A A C B R Y% af wiha (<)),

except Efj. =01ifi =—j # 0, and we have assumed that

wo=q %, a=(-1-q)V%,  al=—q"*(-1-¢)3

-1, -1 -1,.7 :
w_i=q w;, a;=q a, a,=qaq ([(>0).
The mapping 7 is a spinor representation of Ug(soy). In particular, the mapping 7 turns

A into an irreducible U, (s05,41)-module with a highest vector x(0) of weight
2E = (V2. Y21, ¢ 2, gt (26)

and A™ (resp. A7) into an irreducible U, (s0,,)-module with a highest vector x(0) (resp. x(e;))
of weight

AE=(g*?,..,q 2, g7V, g, (27)

resp. A:l: :(qil/Z,”_,qzl:l/Z’til/Z,qzl:l/Z,til/Z’“.,q:Fl/Z)‘ (28)

The spinor representation of U,(soy) can be extended to a highest weight representation
of the algebra U;X(Sso ~) by the rule

n(q:tl/Zu:tlLiF _ qZFl/Zp:tlL:l:)

utl — p*l

Ty, LE(w) — , (29)

for any p € C*, see [13].
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2.4 Supermatrix representations of C@g and C@;“*

We identify the space A with C"" via the mapping

® s & (1)

x(m)— Com—1 ® Oy -

For instance, when n = 2, A is identified with C2? via

x(0,0) — e(ll) ® e(ll) , x(0,1) — e(l) ® eill) s

x(1,1)— e(l) ® eill) , x(1,0) — e(l) ® e(ll)

Let (eglb))i denote the action of eglb) on the i-th factor in the n-fold graded tensor product.
Then it can be deduced from (25) that the mapping

(—1) )i’ a; '_’( (11)—1) w; '_’((—11) 1""1_1 ) )i (30)

g . (e 1,41 €i1,+1

defines a representation of C@g on C"",
When n = 2, we identify A" with the even-graded subspace V() c C?? via

(+) (+)
x(0,0) — e x(L,1)—e,,,

and A* with the odd-graded subspace V™) c €% via

x(l,O)He(__l), x(0, 1)o—>e( ),

When n > 2, we identify At (resp. A7) with the even- (resp. odd-) graded subspace
yEn-1) - (Cnln ~ (C2|2 ®(C1|1)®n—2 via

(+) D a8 (1) : -
() €om—1 ®e2m3 ®--®e, . , ifm;=my,

) (1) 188 e(l) ifm;y #m

2m2—1 2mg— 2m,—1 1 2+

For instance, when n = 3, A" is identified with V*® via
x(0,0,0) — e(+1) ® e(ll) , x(1,0,1) — e(_l) ® eill) ,

x(l 1 0)»—)(3(-'-)696(11)J X(O 1, 1)r—>e( )®ei11),

and A~ is identified with V~® via

x(0,0,1) — e(+) ®ei11) , x(1,0,0)— e 1) ®e(11),
x(1,1, 1)'—>e(+)®eill), x(0,1 O)-—>e( )®e(11)

It follows from (25) that the mapping o+ : €/"* — End(V*(1) given by

4 a; -—>—(e(_+1)’+1)1, 16{2[ ( S:;) 1)1’ alag = ( S—l) 1)1’ aJ{a2 - (e(—_l),+1)1’
didj = (e(—11),+1)i—1 e(—11),+1)j T = (e (11) )i 1(691),—1)]'—1’
afaj = (e 1), 4(e8) 1),
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and
aa;— (F5),+ (Tll)l(e(_lf,ﬂ)j_p aa) = (£, (T)ﬂ)l( EAY I
a0 '—>(f(1+1 FE(E ) e '_’(f1+1 FE ()
aja; > (S + £ (B0 @ = UG+ £ (R ),
a ) ’_’( (+) - +1 1)1( (—11),+1 j-1° aza '_’( S) 17 +1 1) (e(fl),_l -1’
and
1= () + a7ty + a7t D),
03— () +ately + e+
o (e )

for 3 <i,j < n, defines a representation of C@(’;’* on V=D,

2.5 Spinor-vector R-matrices

In the remaining parts of this paper we set the deformation parameter of s0,,,; to g2, that is,
we will consider algebras U;;‘ (£509,41) and Ug2(505,41). This is to avoid having ,/q in the
spinor-spinor R-matrices (see Section 2.6) and the exchange relations (see Section 2.8).

We define the spinor-vector R-matrix of Ugf (£504,,41) via the mapping 7, composed with
the representation o and a suitable transposition:

RO, p) = (com,(t*, () ee; = (com, 7, _w))®e;. (31

i,j i,j

Our goal is to find a recurrence formula for R*(u, p). Introduce a rational function

|
fnuwy =L 2 (32)
vV—u

The Lemma below follows by directly evaluating (31).

Lemma 2.4. The spinor-vector R-matrix of U;;‘ (£s05) is an element of End(C!' ® C?) given by

1
RV (u,p) = e(—1),—1 ® (6—1,—1 +fq(U:P)eoo +fq2(U,P)€11)

1 P
Tv—lyvag+ Gl_1 (fu egrl),_l ® (e_1,0—€01) — —ﬁ (_1) +1®(eo—1— elo))
1
+ Sr1)+1 (qu(U,P)€—1,—1 +fq(U,P)eoo+311)- (33)

The Proposition below follows by an induction argument and lengthy but direct computa-
tions from (31). The base of induction is given by Lemma 2.4.

Proposition 2.5. The spinor-vector R-matrix of U;f (£509,,.1) for n > 2 is an element of the space

End(C"" ® C*™*1) given by the following recurrence formula:
RO (u, p) = A" D, p) &) | +B"D(w,p)del) |

4 ol 1)(u 0)& e(l) L+ D(n_l)(u,p) é 65-11),+1 , (34)
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where

A(n—l)(u, P) — R(n_l)(u p) + I(n_l) ® (e_n —n +fq2 (u; p) en,n) >

—q 5k
B(n 1)(u p)—q P ZZ o h_' n—1 ( 1)k+n+1 qlk(k 3/2)

Ip—1 ]n 1
ij k=0
(1) ’\ (1) — ”:1 P n:l .
11 J1 h ® In—1>Jn—1 ® (q Zl_kﬂ llen,ikk - qu_kH E e—ikk,—n) 5
1 -q- shn—1 k+n+1 i (k=3/2
C(n )(u;p):q ZZ i 11“ ln”l i 1( 1) +n+ qlk( / )
(1) " (1) 3y ; n:l .
€, 11 - ®e € i ® (q Tl €n,ixk — qZH{H i e—ikk,n) >

DU V() = RV (w, p) + 177V @ (o, pYe g +enr)

3/2
ip =1, ¢ = 1T ond ¢ = 1 when k > 1. Here the

Vg
End(C2”+1)-valued leg of R™(u, p) is understood to be in the right-most space, that is,

with 8 = (1—6) 63 + 61

_j,

n o _ 1
1" Vg (f (w,p)e_pn_nte, n) 63>e£r1)+1 (=D ®e£r1)+1 (fqz(u,p)e_n’_n + en’n) .
The Lemma below follows directly from properties the L-operators L*(u) and (31).

Lemma 2.6. The spinor-vector R-matrix of U;f (Ls04,,,1) satisfies the equation

R{S (W, pIRTY (v, IRz 23(v, 1) = Rez 23 (v, ) RS (c, pIRTy (1, 0,
where Rg2(v, u) is obtained from (12) upon substituting q — q>.

We define spinor-vector R-matrices of U(‘;x (£505,42) via the mapping 7, composed with
the representation o and a suitable transposition,

RO p) =D (o om, (0, w))| | @e;=2(0%0 np(ﬁ:i’_j(u)))‘vi( e;j, (35)

Lj L]

where |y« denotes restriction to the corresponding %g“’*-invariant subspace. The Lemma
below follows by directly evaluating (35).

Lemma 2.7. The spinor-vector R-matrices of U;x (Ls04) are elements of End(VE(D @C*) given by

RO, p) = e @ (e +e_y 1 + o1, p) (er1 +e2))

-1
9—q
* u—p (ql/z (++1) 1® (21 =€) +q Y2p e(+1)+1 ® (e, — ez,—l))

R W, p)= e(__l),_l ® (6—2,—2 e+ folu,p) ey 1 + 322))
9=

—p (q u egr_l),_l ®(e_p_1—ep)+ qa'p e(__l),_;,_l ®(e_1-o2— 621))
+ eg-_])’+1 ® (fq(U, p)le_g otep)te 4+ 622) .

The Proposition below follows by an induction argument and lengthy but direct computa-
tions. The base of induction is given by Lemma 2.7.
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Proposition 2.8. The spinor-vector R-matrices of U(‘;x (£809,,0) for n > 2 are elements of the

space End(VE™ ® C2"*2) given by following recurrence formulas:

— A (1 — 5 (1
R, p) = A D, p) &) | + BT D, p)&e)

+CcE Dy, p)& eill) L+ DT Dy, p) & e(jl) 1

where

Ai(n_l)(u; P) = Ri(n_l)(u: P) + Ii(n_l) ® (e—n—l,—n—l + fq(u: P) en+1,n+1) B

Bq:(n 1)(u p)—sq 4(2K’+1) q—q (Zq:&4sll lnlbll,ll (1) &-- (1)

1212 n11n1

®

i — i
(q 221 ! en+1 Feiy i1 qZZl ! e:kall lpp,—N— 1)

+Zz5k1 .. kn 1 (l ] )2(1:':1)(89)5k1( 1)kq4lk(2k 1)

11,J1 n1J -1
ij k=1
xb; i &e) &...8el!

l,J1 i2,)2 In—1>Jn—1

(q 2 Zinen len+1,ik(k+1)_q221 ke (k+1),—n—1)):

CHrD(y, p) = g g+ I (Zf whrhae  @el) .. el
i

PR T 15lp—1

i — i
(q 221 1he_p— 1,%eiy i1 qZZl ! e:FE‘ll Ty 1,n+1)

i1,J1 in—1,jn—1

n—1
+Z 5k,1 .. 5kn 1 (l i1 )Z(I:I:I)(ge)ékl( 1)kq4lk(2k 1)
ij k=1

X C: (€8] ®~-~®e(1)

BED! i9,)2 In—15Jn—1

( 32kl —n—1,i(k+1) — 9 221 =k+1lle l(k+1),n+1))3

DTV, p) = R¥ Dt p) + 1TV @ (fytt,p) ey, no1 +ensinsn);

with 55.‘].1 = (1 — 6i)6;j + 06— and & = (=1)™!, and the type of opera-
tors b and c is determined by requiring BY" D(u,p) € Hom(VF" D yv=r-1) gnd
c*D(y, p) € Hom(VED vF=D) For instance, when n = 2,

q—q 1 1 1
s (iqi‘*f_(i)_l@(qzes,;l—q Zes1 )

B:F(l)—q p
B SRR SLERE®
q*f 1+1%®\€3,2—€3)F(q f+1,_1 €32 —€ 23

f4(—q1:)+I ® (q_%eB,ﬂ:l —q%e¢1,_3)) >

1 (£ 1 1
—qﬂf_(l’)_l ®(q2e_3+1—q Zez13)

T4 4f(1+1®(e 3, 2_623)iq +]_ 1®(e 32_6_23)
—q*s -S:)+1 ® (q_ie—s,ﬂ —qieﬂ,s)) :

Here the End(C?"*2)-valued leg of RE(u, p) is understood to be in the right-most space.
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The Lemma below follows directly from properties of the L-operators L*(u) and (35).

Lemma 2.9. The spinor-vector R-matrices of U;x (Ls04,,,2) satisfy the equations

+ + = =
R15"(, p) RV, ) Rgz 237,1) = R (v, ) Rys (v, p) R3S (w, ).

2.6 Spinor-spinor R-matrices

We define the spinor-spinor R-matrix of U“;,f (L£s09,,.1) as a U;f (£504,,,1)-equivariant map in

the superspace End(C"" ® C""), i.e. it is a solution to the intertwining equation

(0 ®0)o (1, ® 1, (A (E5 (W) R™(u, v)
=R (u,v) (0 ® 0) o (7, ® T, N ALEW)), (36)

forall —n < i, j < n, where A’ denotes the opposite coproduct. Our goal is to find a recurrence
formula for R™™(u, v). Introduce rational functions

v—u q—qt

a(u,v) = Blu,v)= 7 (37)

qv—q v’ v—qlu’

All the technical statements presented below are obtained using induction arguments
and/or lengthy but direct computations. For instance, Lemma 2.10 follows by solving the
intertwining equation (36) for n = 1. This Lemma then serves as the base of induction in
verifying Proposition 2.12. We leave the technical details to an interested reader.

Lemma 2.10. The spinor-spinor R-matrix of U(‘;;C(Ssog) is an element of End(C' @ C!1) given by

1,1 _ ) (1) (1) (1)
ROD(y,v) = el; 1 ®e e ®ep

1) (€)) )

1 1
+a(u,v) (e(_l)’_1 ® egl) + egl ®e’;

() 1) (1) 1)
+Bu,v)(v e 1®e tue " ®e ). (38)

Remark 2.11. As an operator in %;2 ® C@;Z, the spinor-spinor R-matrix of Ug.(£s03) has the
unique form

R(l’l)(u, v)=1-— a“l'wlal ®1-1® a{wlal + a{al ® a{al + a{wlal ® a{wlal

+ a(u,v) (a'{ W ®w;+w ® aJ{wl a;

T

2 i T -2 T
—q “aya; ® a;w1a; —q “a,w1a; ® a;a;)

+ B, v) (vwia; ® alr +uaiw1 ®a).

When n > 2 the explicit form of R (u,v) € C@gz ® C@gz is not unique, however the transition

elements are unique in the sense that the image of R (u,v) in End(C"" ® C"") is unique.

Proposition 2.12. The spinor-spinor R-matrix of U;;‘(Ssoznﬂ) when n > 2 in an element of the

space End(C"" ® C"'") given by the following recurrence formula:

, _ p(n—1,n—1 5 ,(1) (1) 1 o 1)
Ry, v) =R Dy, v) & (6—1,—1 ®e |  te  ®epy )

+ a(u, V)R Dy, g*v) & (e(_ll) . ® egll) + egll) ® e(_ll) 1

+ B(u, V) U LDy, g*v) & (v e(_ll) . ® eglll +u eglll ® e(_ll) D> (39)
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where

U(n—l,n—l)(u’ V)= R(n—l,n—l)(q4’ 1)Pl(n—l,n—l)R(n—l,n—l)(u’ v) (40)

and
P/(n—l,n—l) = (Y ® l-d)(P(n—l,n—l)) — (ld ® Y)(P(n—l,n—l)) ,

with P11 .= R=Ln=1(y ), the permutation operator on C"" @ C"".

Lemma 2.13. The inverse of the spinor-spinor R-matrix of U;;C(Esoz,lﬂ) is given by

RO, v) = PODRED (3, 10) PO = (ROt v)) 7Y (41)
Moreover; the spinor-spinor R-matrix is crossing symmetric, that is
R™D(g*" 2w, v))™ = ROV (g7, )" = () R*D (v ™, (42)
with h(u,v) := 1_[;1:1 a(q¥~2u,v) and the q-transposition w defined via (3).
Lemma 2.14. The spinor R-matrices of U§§(£92n+1) satisfy the following quantum Yang-Baxter
equations:
R(lzn)(u v)R(n n)(u W)R(" n)(v w) = R(n n)( W)R(n n)(u W)R(n n)(u,v), (43)
R, v)RE W, p)RE) (v, p) = R (v, p) RY (11, p) RY; (11, v). (44)
We define the spinor-spinor R-matrices of U;x(ﬁsoz,lﬂ) as U;x(£502n+2)-equivariant maps
in the space End(Ve1( @ ve2() with e;,e, = +, i.e. they are solutions to the intertwining
equation
(0" @™o (1, ® (A (G5 W) RO (u, v)
=R (w,v) (0" @ o) o (1, ® T, )(A(L](W))) (45)
forall n<i,j<n.
Lemma 2.15. The spinor-spinor R-matrices of U;x(£504) are elements of End(V*M @ V(1)) and
End(V) @ vF(D) given by

+£(1,1) — (i) (i) o) )
R (u,v)=eZ_ €1+1®€1 1
(#) (#) (#)
i1 T 1 ®e

+ + + +
+Bu,v)(v el 1)+1 ! 1),_1 +u e(ﬂ),_l ® e(_l),Jrl (46)

+a(u v)(e ®e

-1,-1

and R¥FID(y, v) = (FFGD .= > j l(li) ® eSF), the identity operator in End(V=() @ vF1)),

Lemma 2.16. The spinor-spinor R-matrices of U;x (£s0) are elements of End(VE® @ V() and
End(VE(® @ vF®) given by

A1 1 s (1 1
R¥@A(y, v) = RFEOD (1) & (e(_l) ® el 1) ) +R¥FFOD (1)@ (e(H),H ® eil) o

e 1 5 (1 1
+ a(u,v) (Iﬂ(l’l) ® (e(_l)’_1 ® efrl)ﬂ) + 170D g (efrl)+1 ® e(_l)’_1 )

—B(u,v) (v prELD & (e(_ll)’Jr1 ® e(l) )t u FFFAD G (egrll)’_1 ® e(_ll)’Jrl ), 47)

5 1 1 A 1 1
REFCA(y,y) =D G ) @) )+ rmDe ) el |

(1) 1) ) S el @
+ R0, ) & (el @y )+ ROV, ¢* )@l @el) )

_ qz‘i__qq_Zu (V Q:F:F(l,l) é (6(_11)’+1 ® e(l) 1) + uQi:l:(l 1) & & (eg_ll)’_l ® e(_11),+1 ),
(48)
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where

+ .. i—i (£ +
FEOD.= PP D= i) g P e £

i,j i,j
Proposition 2.17. The spinor-spinor R-matrices of U;x (£809,,,9) for n > 2 are elements of the
spaces End(V*™ @ V=) gnd End(VEM @ yF() given by the following recurrence formulas:
REHM (3, p) = REHLD () § () @el)

+ R;q:(n—l,n—l)(u, V)& (e(l) ® e(l)

+1,+1 +1,+1
+a(u,v) (Rﬂ("_l’"_l)(u, *v)® (e(—ll),—l ® egr11),+1
+ ROy, g20) & () | @ el) )

— B (vUTC D ) 8 ) ol

tu Ui;(n—l,n—l)(u, qzv) é (65_11) -1 ® e(—ll) +1 ) ? (49)

+¥(n,n) — ptF(n—1,n-1) 5 (o1 1)
REFPI(u,v) =RTT" T (wv)e(e] 1 ®e)

+R:|:i(n—1,rl—1)(u’ V)® (6&11) a1 ® e-(g-11)+1

+ REE-L=D)(y 024)@ (e(_ll) 1% 65-11) +1

+ RFFOL=D(y 020) & (egrll) +1® e(—ll) -1
—1

a—9g —1,n— A
o (VU D 8 ) o) )

oy UEEe-Ln-Dey )& (e(l) ® eV ) , (50)

+1,—-1 —1,+1
where
U:!::F(n—l,n—l)(u, V) — R:F:I:(n—l,n—l)(qz, 1) F:tZF(n—l,n—l)R:t:F(n—l,n—l)(u, V) , (51)
U:I:i(n—l,n—l)(u V)= Q:I:i(n—l,n—1)P:I:i(n—l,n—l)R:I:i(n—l,n—l)(u V) (52)

with FEF=bn=1) gnd QF(=1n=1) defined by

FEF) Fiq:(n—l,n—l)é(e(_ll)_l ®e(_11)_1) + pFE(n—1n-1) ®(e(1) ®eW

+1,4+1 © €41 41
4 pEn-1,n-1) ®(e(1) ® e(l) )+ pFF(n—1,n—1) @(e(l) ® e(l) (53)
-1,+19€111 +1,-1%9€1 417>

++(n,n) . ~Axt(n—1,n—1) & (1) (€8] —1,n—1) & (1) (€))
Q**nn) ;= @F*n-Ln )®(e_1,—1®e—1,—1)+Q:F:F(n " )®(e+1,+1®e+1,+1

+ F:I::F(n—l,n—l) é (e(_ll)’_l ® 65,.11)’.:,.1 + F:F:i:(n—l,n—l) & (65_11)’_,_1 ® e(_ll)’_l

RO, 1) 8 () @ e

+qRFFOL D62 1) & (6531),—1 ® e(—11),+1 .
and P:E:l:(n,n) — Rﬂ:i(n,n)(u’ u)‘

Lemma 2.18. Let €1,€, = %. The inverses of the spinor-spinor R-matrices of U;x(£502n+2) are
given by

Rfliz(n,n)(u V) = Pelez(n,n)Relez(n,n)(V u) peiexnn) — (ReleZ(n’n)(u V))_l (55)
q ’ ’ ’ .
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Moreover, the spinor-spinor R-matrices are crossing symmetric, that is

(R g2y, ) = RN g2y, )z = /2w, ) RECD(w, )L, (56)
(REFD g2m, v))is = REFIOD (g2, )y = /D, v) REFCD(w, ), (57)

where [£] = £/F if n is odd /even and similarly for [¥] and

m2 2l
h+(”/2)(u, V)= l_[ alg¥2u,v), h_(”/z)(u, v):= l_[ alq¥u,v) (58)
j=1 j=1

and the g-transposition w is defined via (6-7).
Lemma 2.19. Let €1, €5, €3 = £. The spinor-spinor R-matrices of U(‘;x(£502n+2) satisfy the fol-
lowing quantum Yang-Baxter equations:

elez(n n)( )R€163(Tl n)( W)Rezeg(n n)(v’ W) _ Rgzseg(n,n)(v’ W)Rig3(n’n)( )Relez(n n)(u’ V) i

Relez(nn)( V)R61(Tl)(u p)ReZ(n)(V P) sz(n)(v p)Rel(n)(u p)Relfz(nn)(u V).

2.7 Fusion relations

We demonstrate fusion relations for spinor-spinor and spinor-vector R-matrices that may be
viewed as g-analogues of relations (3.16) and (4.27) in [1]. We will make use of the usual
check-notation, i.e. R(%™ ;= p(nmRp(n.n)

Consider the algebra Ug2(s0,,,41) generated by the elements £ f? with —n < i, j < n. Define

a vector (™ e C"" @ C"I" by
) (®(e(1) eV 4 (“1)'q 21 eV @ ) )®(e(11)®e(11) (59)

Vector ™™ is a highest vector; it is a direct computation to verify that

¢+ -9 =0 for i <j and
E;}; . n(n’n) — q25in i,—n n(n ,n)

where the left Ug2(s02,11)-action is given by composing coproduct with the homomorphism
7 ® 7 and representation o ® o. It follows that the subspace

WD = Up(s02q41) - 0™ c CM @ €
is isomorphic to the first fundamental (vector) representation of Uy (s02,11), wn) ~ o2+l

Lemma 2.20. Let = denote equality of operators in the space C"'" @ W™ ¢ (C"™)®3, Then,
upon a suitable identification of W™ and C***1 (which we label by the subscript (23)), we have
that

(n)
o, u) R1(23)(V’ u). (60)

Proof. Define WD := RD(g72 1) and W := ((1 — qf’_“”v)R("’”)(v,1))|v:q4n,6 when
n > 2. The operator 1" is a projector operator acting on ™" by a scalar multiplica-
tion. In particular, it projects the space C"" ® C"" to its subspace W™, The Yang-Baxter
equation (43) then implies that the Lh.s. of (60) acts stably on the space cn @ wn | There-

fore, thanks to the Schur’s Lemma, it is sufficient to verify the equality (60) for a single vector,
(1) (n n) = (1) Qe 0
—-n-

R (g*v, w) RYM (g 2v,u) =

say e
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Next, for n > 2, consider the algebra U,(s0,,,,) generated by the elements E?; with
—n—1<1,j <n+1. Introduce vectors

w:l::l:(l ,1) —e( )®e( qe(il)®e( )evi(1)®vi(l)
satisfying
— oL gt (1 ++(1,1
- O = 0 =D = 5, 2= 0D for —2<i,j < 2.

Then, for 2 < k < n, define recurrently vectors
,l/):Fi(k,k) = ,(/)izl:(k 1,k—1) ®(6(1) (1)) +q 'llJ:F:F(k 1,k—1) ®(€(1) (1)) if k is even,
wzt:t(k,k) — wi:ﬂ:(k 2k-2) & ¢+24kr(12 ,2) k—1 ww(k—z,k—z) é ¢q——(2,2) if k is odd,

where

$240D = () 9 )& (B & ) — g (e @ eD) & (P @ ).

Finally set
plFIEMN) = ) [FlE(—Ln-1) & (6(_11) ® e(_ll)) e VIFIm gy 61)

where [F] = F/+ if n is odd/even. It is a highest vector; it is a direct computation to verify
that

e nlFE) =0 for i <j and

+ +(n, — 5in+ _s—in+ (n,

[ii.n[:F] (nn)_q o+l : 1n[:F] (nn).

Thus the space
W[:F]i(n’n) = Uq(502n+2) . ,',’[ZF]ﬂ:(n,n) C V[:F](n) ® Vi(n)

is isomorphic to the first fundamental (vector) representation of U,(s0y,.5), that is

[:F]:I:(n n) ~ C2n+2

Lemma 2.21. Let = denote equality of operators in the space V<™ @ WIFIE(D  Then, upon a
suitable identification of WIFE1 and €22 (which we label by the subscript (23)), we have
that

h+(n/2)(v, u)

Fx(n,n) 2 FLFI(n), 2 — F(n)
Ry; (@7 v, W)Ry, (@™"v,u) = WRHZB)( v,u), (62)
Ry (v, R (@ w) = I v, w R G (v ), (63)

1(23)
where h*(2)(v, 1) is given by (58) and [F] = F/+ when n is odd /even.
Proof. The proof is analogous to that of Lemma 2.20 except the projection operator is now

defined by ¥ .= ((1 — ¢272my) RIFHN(y, 1)) O

V=q2n72 .

2.8 Exchange relations

The last ingredient that we will need are spinor-type Yang-Baxter exchange relations imposed
by the spinor-spinor R-matrices. We will need “BB”, “AB” and “DB” type relations only. For
any n > 0 introduce a matrix T () in End(C™*1"*1) with entries being operators in an
associative algebra. Then write T(™*D(u) in the nested form,
(n+1) ;) = A0 5 oD (n) & (1) (n) 5 oD (n) 5 (1)
TV (u) =A" (u)®e_1’_1 + B (u)®e_1’+1 +C\ (u)®e+1’_1 + D\ (u)®e+1’+1, (64)

and require it to satisfy the equation
R(lf;‘f'].,n‘f‘l)(u, v) T1(n+1)(u) T2(n+1)(v) (Tl+1)(v) T(n+1)(u) R(Tl+1 Tl+1)( u, V) , (65)

so that the entries of T("*1(u) were operators in a Yang-Baxter algebra.
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Lemma 2.22. We have the following “BB”, “AB” and “DB” exchange relations:

R (v,u) B (v) BSP(w) = B () B ()R (v, 1), (66)

AP WBP W) = £,(r, ) RS (w,v) B ) AL (v) RS (g*v, u)

v/u

— Res (f,n )RSV (ww) B AP W)RE (g ww)),  (67)

D) BP (W) = £, (v, ) RSV (q*u, v) BS (w) DD () RE (v, 1)
v/u

— Res (fq 1(w, u)R(nln)(q u, W)B(")(v) D(")(W)R/(" M (w, u)), (68)

where ROO(y, v) = 1 and R’ := (ro id)(R™M) = (id ® y)(R(”’”)).

Proof. These relations are obtained by substituting (64) into (65). For (67) and (68) one also
needs to use (41), R(”’”)(u, u)= P(”’”), and

P{(zn,n)R(lr; n)(u V)P/(n n) R(znl,n)(u’ V) ) P{(zn,n)Xi(n)P{(zn,n) — Xén) ,

for any X € End(C"") and X' = y(x™) with )/(eg.l)) = 0;j egl). O

Next, introduce a matrix T (1) in End(VE"*1)) with entries being operators in an
associative algebra. Then write T (u) as

Tﬂ:(n+1)(u) = i(n)(ll) ® e(_ll) a1t Bq:(n)(u) ® e(ll) +1

+Cc*f W) & eErll) Lt DTMw) & e(+11) 9 (69)

and require it to satisfy the equation

Rilzez(n+1,n+1)( )Tel(n+1)( )Tez(n+1)( )_ 62(n+1)( )Tel(n+1)( )Relez(n+1 n+1)( ,V), (70)

where €;,€65 = £.

Lemma 2.23. We have the following “BB”, “AB” and “DB” exchange relations:

RI§1_€2(H’H)(V, U)Bil(n)(V)BEZ(n)(u) —B ez(n)( )Bel(n)( )Relez(n n)(v’ 1), 71)

AT BTN W) = £, wRY M (w, v) BT (w) AT )R P (g, w)

v/u

Res (fq(w W) RS (w, w)

Vv —uw—u

x B;O AP w)RT " (Pw,),  (72)

D) BT (W) = f (v, ) RyT ™ (q%u, v) Bf ™ (w) DT (v) RIT™ (v, u)

v/u

Res ( For (w,w) RET ™ (g%u, w)
v—uw—

x B3 () Dy P (w)RTF " (w, 1)), (73)

:I:(n)( )B:I:(n)( ) _ R:Fi(n n)( V)B:t(n)(u)A:I:(n)( )R:I::I:(n n)(qzv’ u)

_ q q B:F(n)(V)A:F(n)(U)
'v_

x Uy (u, ¢2v) R Y (g%v,0), (74)
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D7) By (W) = RIT " (q%u v)B*(”)(u)D*(”)(v)R*i(””)(v )

o q q R:F¥(nn)(q2u’v)

u—v

x Uy (v, ¢%u) BF (v) D M (w), (75)

v —
where Ui @, 1)(u, q*v) = —2 5 Qii(1 1)

q%v—q2u
Proof. The proof is analogous to that of Lemma 2.22. The exchange relations are ob-
tained by substituting (69) into (70). For (72) and (73) one also needs to use (55) and
Rii(”’”)(u, u)= pEEL),

O

3 Algebraic Bethe Ansatz for U:(s0,,.,)-symmetric spin chains

In this section we study spectrum of Ug2(s02,41)-symmetric chains with the full quantum
space given by
L(n) — LV = ((C2n+1)®€ or L(n) — LS = (Cn|n)®e , (76)

where ¢ € N is the length of the chain. We will say that L(™ is the level-n quantum space.
For each individual quantum space we assign a non-zero complex parameter p;, called an
inhomogeneity or a marked point. Their collection will be denoted by p = (p1, ..., ) € (C*)E.
We will assume that all p; are distinct.

3.1 Quantum spaces and monodromy matrices

Choose my,m,,...,m, € Zsg, the excitation, or magnon, numbers. For each m, assign an

my.-tuple u® := (u(k)

uffjk)) of non-zero complex parameters that will accommodate Bethe
roots, and, when k > 2, three my-tuples of labels, ak .= (a’;,...,afnk), ik = (c'ilf,...,drl;k),
and ak := (alf,...,afnk). These labels will be used to enumerate nested quantum spaces.
In particular, for each df‘ and each c'ilk we associate a copy of Ck~1k=1 denoted by Va(,f{ =
(k-1) (k=1) 1, (k=1) l
Vi v evy

i

and , respectively. We then identify subspaces W« C

(k—1)

, isomorphic to

C?~1, in the following way. Let 7 ok € V

® Vd(f_l) be a highest vector as per (59). Then
Wk = Ug2(5055_1) - Mgk, as a vector space l

For each 1 < k < n we recurrently define the nested level-k quantum space L by

LW = (DY ew (1 ® 0 ® Wor

’”k+1

where (L*+1)0 ¢ *+1) ig the level-(k+1) vacuum subspace such that each individual tenso-
rand is a Ug2(s04541) C Ug2(504543) stable subspace annihilated by £+k+1 with—k—1<i<k.

In particular, (L&**1)0 2 C or (CK*)®¢ when L™ =LY or L5, respectively.
We will make use of the following shorthand notation:

i=1

my My
av;u®) =] Taw,ul),  fiou®) =] [£0.u").
i=1

For any k < [ we set ulte-D = @® . u®) and ul0 := @. We will also assume that
u(n+1) =p.
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Having set up all the necessary quantum spaces and the shorthand notation we are ready
to introduce the relevant monodromy matrices of the spin chain. With this goal in mind we
introduce a diagonal “twist” matrix

(n) ._ (1) L () & (@)} n|n
EW = g e ®einin € End(C™™)

11 tn 1111

i
and set ¢ := eikl) / 89? for all k. This matrix satisfies the Yang-Baxter relation (65) and will

play the role of the twisted diagonal periodic boundary conditions. (Note the factorisation

relation: £ = =1 ®(£(n) (11) + ei"l) Erll)ﬂ) with £ € End(C"1"1).) Let V¥ and
Vlf ) denote copies of CK¥, called auxiliary spaces. We define the level-n monodromy matrix

with entries acting on the level-n quantum space L™ by
TW) = DTV, p1) - TP, py), 77)

where Té?)(v,pi) = Rfl'?(v,pi) or Rg:’")(qzv,pi) when L™ = LY or L3, respectively. (The g?
in Rg;’")(qzv, 0;) helps the final expressions to be more elegant.) Then, for each 1 < k < n,
we recurrently define the nested level-k monodromy matrices with entries acting on the nested
level-k quantum space L by

(k) (k ) fq( (k+1)) (k) (k )
. +1...n . +2...n
T,”(v;u ):= o u(k+1))Aa (v;u )

M1

l—[ R/(k k) (q v, u(k+1))R/(k,k) (q4k —2 (k+1))

ak+1 Gk
l

Mp41
= AP [ TR (D), (78)
i=1
(k+1)
FOO (s gy (e 1em)y . foq v ™) DUy g k+2m)y
a ’ -

h(k)(q—4v uk+1)) D,

l_[ R/(k k)(v u(k+1))R/(k,k) (q4k 6 (k+1))

k+1 k+1

Myt

= DP;ul M [ RO, g ™), (79)
i=1
where
Agk)(v; u(k2n)y — [Ték+1)(v; u(k+2...n)):|_1’_1 ’ (80)
D((Ik)(v; uk2n)y — [Ték+1)(v; u(k+2...n)):|+1’+1 ’ (81)

and = denotes equality of operators in the space L) subject to a suitable identification of the

spaces Wk C V(,Z?l ® V(,Z)l and copies of C2**1  as per Lemma 2.20.

The nested rnonodrorny matrices span the following nesting tree:
1) (e 020
<
Tén—Z)(V; u(n—l,n)) < fél)(v; u(2...n))

—1 .
TCE” )(v;u™)
TM(v) T (v ul=m)

T (n—1 .
TrD(y; u™)
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It will be sufficient to focus on the non-tilded monodromy matrices at each level of nesting.
Indeed, it follows from the explicit form of the spinor R-matrices given by (34) and (39) and
definitions of the nested monodromy matrices in (78) and (79) that we have the following
equalities of operators (80) and (81) in the spaces L™ and L™ with 1 < k < n—1, subject
to the choice of the full quantum space L™:

LV L°
_ () - -
A(an ”(v)/s_nl g(gn 1) Tcgn D)
O feip)ERD fp) T8V Y)
K)(y- 1 (k+2...0) / z (k+1) k k
AR (y; k2 /5 & £ T®(v)

~(k —
DI ulkr2-my g G £ u® ) g0 (v; ) frp(viuk D) TR (g 4)

Here .€'$<1+1) = 8(_n1) .. 91”)5;’(1*” and the operators Té”_l)(v) and Ték)(v) are defined in the

same way as Té”)(v), viz. (77). This table states that, for instance, Ag”_l)(v) = 8(_n1) Ec(l”_l) or

s(_nl) T D(v) in the space L™V when LW = LV or L%, respectively. It is now easy to deduce

that

RElkl;k)(V? W) T(Ek)(v; u(k+1...n)) Tlgk)(w; u(k+1...n))
= Tlgk)(w; u(k+1...n)) Ték)(v; u(k+1...n))RElkl;k)(v, W) , (82)
for 1 < k < n. Therefore the entries of Tcgk)(v ;uc1-m) in the space LK) satisfy exchange

relations given by Lemma 2.22. In other words, Ték)(v ;uk*1-1) is a monodromy matrix for
a nested Ug2 (50541 )-symmetric spin chain with the full quantum space L®,

3.2 Creation operators and Bethe vectors

For each level of nesting we need to introduce m;-magnon creation operators that will help us
to define Bethe vectors. We will make use of the following notation:

ﬁ(V; u(2...n)) — [Tél)(v; u(2...n)):|_1 1

B((lk_l)(v; u(k+1...n)) — [Ték)(v; u(k+1...n)):|_1,+1 ,

where 2 < k < n. Note that 6 is an operator acting on L"), and B*~1 is a matrix in End(V~1))
with entries acting on L%,
We define the level-1 creation operator by

1
93(0)(11(1); u(2...n)) — l_[ ﬁ(ul(_l); u(2...n)) ) (83)

i=m1

For each 2 < k < n we define the level-k creation operator by

1
_ k—1,k— k
gk 1)(u(k);u(k+1...n)) = l_[ ﬁfﬂ‘éi’.}, 1)(ul( );u(k+1...n)), (84)
i=m "
where
k—1,k— k k— - k
ﬂé’.‘c’i; 1)(111(' ). gkt 1m)y %ikakl)(Bﬁk 1)(111(' ). gy (k1 n)))’ (85)

with xi’;afkl) : End(V*D) - (v;f‘”)* ® (v;f‘”)* defined via (4).

i
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Bethe vectors will be constructed by acting with creation operators on a suitably chosen
highest vector ) € L1, the nested vacuum vector, defined by

Ni=N1@ @ @Ng @ @Ng @ @2 ®: @2 . (86)

Here 14, ..., 1, are highest vectors of the initial quantum spaces, viz. (76), and Natis -+ -5 Na2
ma
are highest vectors of the nested quantum spaces War, ..., Wgz . For each 1 < k < n we define
my
the level-k Bethe vector by

1
q)(k)(u(l...k); u(k+1...n)) — ( l_[ %(i—l)(u(i); u(i+1...n))) 7. 87)

i=k

The Bethe vector &) (u(1-K); 4 (k+1--1)) js an element of the level-k quantum space L) and
has u®*1-™ and p as its free parameters. Furthermore, it is invariant under an interchange
of any two of its non-free parameters of the same level, i.e. u(l) and u' for any 1 <l <k

and any admissible i and j. Indeed, set &, |, := &, x --- x &, where each &, is the

symmetric group on m; letters. Then, given any O'(l) € Gpys deﬁne the action of &, , on
<I>(k)(u(1 k), (k+1.. n)) by

0]

(1.6 (1 k) = (u M, u® )
o

L] 0(1)3

® 0] )

= (ua(l)(l), s U0 my) -

oWy ., u®™} where u

For further convenience we set 051) € &, to be the j-cycle such that

o O (l) o ,,O (l)
u(l)—(u Uj oo os Uty Uy eyl 1) (88)

We will also make use of the notation

) O] Q) n 0 (1)
v w0, =U o W0 =iy fn?’ 1o li) (89)
J J

Lemma 3.1. The Bethe vector % (u(1+0); yk+1--1Y is inyariant under the action of &p, -

Proof. We rewrite the “BB” exchange relation (66) in terms of the creation operators (85),

ﬁg;},k 1)(u(k) (k+1.. n))ﬁ(k 1,k— 1)(u(k) (k+1.‘.n))

al+1 1+1 i+1°
=ﬁ(_lzjk1,k 1)( E-’?p (k+1.. n))ﬁ(k ik 1)( (k) u k1 n))
i+17i+1
(k 1k DIORIOLN. [ 1k DIOINC)
XR ( Uiy Y )R ( Uiy

l

where RK&K) .= R(kK) p(kk) gpnd RUGK) .= p(kK) r(kK) Then one can verify that

k lk D, R Ry glk=Lk=1) ¢ () ()
ik (Ui, )Rﬁikdikﬂ (i ui3)-m=m.
This implies that ) (u(K); y*k+1-mY is invariant under the interchange of u(k) and ufﬂ

Analogous arguments also imply that ) (u(1+0); 4y (k+1-m is invariant under the interchange
of u(” and u(l) for any 1 <[ < k and any admissible i, thus implying the claim. O
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3.3 Transfer matrices, their eigenvalues, and Bethe equations

We are now in position to define transfer matrices and study their spectrum. We begin from
the simplest case, the Ug2(s03)-symmetric spin chain. This chain is a special case of the XXZ

spin chain with spin-% transfer matrix and spin-1 or spin—% quantum spaces when L(Y) = LY or

L3, respectively. It will serve us as a warm-up exercise. We define the level-1 transfer matrix by
T(l)(V) =tr, Tcgl)(v).
Theorem 3.2. The Bethe vector M (u™M) is an eigenvector of T(V(v) with the eigenvalue
1 1
AD;u®) =) £ v;uM) + 6 i (v;u™) £u(v3 ), (90)
where u =2 or 1 when LY = LV or LS, respectively, provided

Res AV uM) =0 for 1<j<m. (91)

V—)llj
The explicit form of the Bethe equations (91) is

m qu® — g 1

u —u
e aVv—q "pPi
l_[ -y (1) N € l_[ .

i=1q —qu; VTP
Proof of Theorem 3.2. This is a standard result, see e.g. [15]. Write T (u) as

+6(u) e 4 <(u) M 4 d(u) el

T () = a(u)e! 1,41 +1,-1 +1,41°

—1 -1
Lemma 2.22 then implies that
6(v)6(u) =6(w)t(v),

(M6 = f(v,w) bW a() - % Res (f,(w,1)6(v) (W),

v/u

AW)6@) = fr () 6 d(v) =~ Res (fy1(w,u) 6() d(w)).

Using the relations above and the standard symmetry arguments, cf. Lemma 3.1, we obtain

D)WW = (e (v) + d()) BOW) -

= BOWD) (£,(v;uD) @ (v) + fa(v) d()) 1
v/l

0)(,, (1)
_Z (1) RO ) )

]1Vll up =y

x Res (fy(w;u™) )+ fm (w;u®) d(w)) -

which, upon evaluation, yields the wanted result. O

We now turn to the Ugy2(502,41)-symmetric spin chains with n > 2. We define the level-n
transfer matrix by
M) := tr, TCEH)(V).
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Moreover, for each 1 < k < n—1, we define the nested level-k transfer matrices by

T(k)(v; u(k+1...n)) =tr, T(Ek)(v; u(k+1...n)) ,

;L:(k)(v; u(k+1...n)) =tr, Ték)(v; u(k+1...n)) )

Let = denote equality of operators in the nested space L) and set u™+1) := p. It follows from
the results of Section 3.1 that

FO) (s g R Lom)y = D) 0y gy 6420y 200 (g4 4 (RH1m)y (92)
where p®(v; u**2)) is given by
LY I

put D u Dy fa(vip) f,(v;p)
puO@;u®y o u®D) £ p) fp(v;ut)

We extend the prescription above to include the k = 0 case. The Theorem below is the
main result of this section.

Theorem 3.3. The Bethe vector ®™(u™) with n > 2 is an eigenvector of T (v) with the
eigenvalue

AW (y; g 1-m)y = qu(qpo(i)v; u®)
i
n D (i1 . - ; 5\ 3(1+)
% l_leijj (‘u(]— YgPDv;ul*D) £ (g Dy; u(]))) ) (93)
j=1

where p;(i) = —2 ZZ:].H(l + i} ) provided

Res AP uMy=0 for 1<j<mg, 1<k<n. (94)

v—»uj
The explicit form of the Bethe equations (94) is

®_ (1) my (1 _ (2

g — ®
(D
Uq_lu(l) (1) l_[qzu(l) —Zu(z) e M), (95)
) (96)
i1 uS_k)_ugk—n i q—zu(k) (k) L (k) _2u(k+1) T el
My g2 (n) —q u(n D m, qzu(n) q 2u(n) )
i €
l_[ (Tl) (Tl 1) l—[ (n) zn) = (Tl—l) A’n(ug'n))J (97)
i=1 U Y i=1 42Uy — gy, €

where A,(v) =1 or f,(v;p) and 4, (v) = f2(v; p) or 1 when L™W=1"orL5, respectively.

Proof of Theorem 3.3. We begin by rewriting the “AB” and “DB” exchange relations, (67) and
(68), in a more convenient form. Lemma 2.13 implies that

R V(g™ v,
h(n=1)(v,u)

(Tl 1n 1)( )

23


https://scipost.org
https://scipost.org/SciPostPhys.12.2.067

Scil SciPost Phys. 12, 067 (2022)

Combining this identity with (5), (67) and (85) yields the wanted form of the “AB” exchange
relation,

A(n 1)(v)ﬁ(n 1,n— 1)( (n))
L

(n)
— g =Ln=1) () fo,u;)
a7y L\ p(y, u™)

—1,n—1 — — —1,n—1
Rl A DR g )

V/ (n)

(n)
w, u
(n) ﬂ(n ].Tl l)(v) R ( fq( )

h(n=1)(w, u(n))

v—

xR;(;:l’"‘”m‘*“—*”w,uE”)AEr—”(w)R;(;?’“ﬂ)(q‘*w,u?”))- (98)

Applying the same arguments and the identity
k k - k
Fr ) = £ ul ) £ (g, i)
to (68) we find the wanted form of the “DB” exchange relation,

D(n 1)(1/) ﬁ(n 1)(u(n))
(n))

ulkD) folg™Mv,u

(n—1,n—1), (n)
=6.n.n u; -
a; q; ( ! )(fq v h(n=1 (g4, ugn))

/(n—1,n—1) _4n—10,, _ (1) -1) /(n—1,n—1) (n)
XRaay @ v,y )D((I” (V)Raa'fl v,u; ))

(n) (n)
v/u; L (g *w, u; ")
i _gln—le 1)(v) Res (fq—z(W (k+1)) Jola_

v— gn) a;d; Wil (”—1)(q—4w,u$”))

—1,n—1 — - —1,n—1
« R;(g? n )(q4n 10W, ugn))D‘gn 1)(W)R;(£n n )(W, ugn))) ] 99)
Inspired by the exchange relations above we define a barred transfer matrix

F(n_l)(V'u(”)) . fq(V-u(n)) A(n D(V)l_[R/(n 1,n— 1)(q v, u(n))
? T p(n— 1)(v u(n))

v l_[ R;(g;l,n—l)(q4n—6v7 ugn))) ,
i=m, !

which differs from 7"~V (v; u(™) in (78) by the ordering of the R-matrices only. The ordering
can be amended with the help of operator X ("1 := T ! Xi(“_l) where
X(n D, l_[ R(n 1,n— 1) (n) (n)) l_[ R(n 1,n— 1) 4n—10u§n)’ ugn))_
j=i+1 j=m,
In particular, F(”_l)(v;u(”_l)) = x(=D) (=) 4y (=1)) (x (=1))=1 " Moreover, each Xl.(”_l)

acts as a scalar operator on ®" D (u(-"~1; 4 (M) Then, using the wanted exchange relations
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above, Lemma 3.1, the standard symmetry arguments, the equality (92), and recalling that
M) = tra(A%”_l)(v) + D((l"_l)(v)), we obtain

T(”)(v) q,(n)(u(l--.n)) — gg(n—l)(u(n))x(n—l) T(”)(v; u(n)) (X(n—l))—l q,(n—l)(u(l--.n—l); u(n))

My v/u(.n)
_ Z _J %(n 1)(u(n) )X(n—l)
(n) o yM_,,
j=1 v—u] joTi
% Res T(n)(W; u(fgl)) (X(n—l))—l (b(n—l)(u(l...n—l); u(fg) ,
W—>u(,n) Uj Uj
j

where
™y u™) = Dy, W) 4 g(n)fq_z (v; u(”)),u(”_l)(v; u )y T(“_l)(q_4v; u®™).

Since (X 1)1 acts as a scalar operator, we are only left to determine the action of
M (y; u™) on V(-1 (Y Byt -V (y1-n=1), y (M) e (=1 anqd thus we can
use (82) and repeat the same arguments as above down the nesting. This gives a recurrence
relation for the eigenvalue A (v;u(1-M):

A(k)(v; u-h. u(k+1...n)) = eg?A(k_l)(v; y (kD). u(k...n))

+ gikl)fq_z(v, u(k))u(k—l)(v; u (k1)) A(k—l)(q—4v; y (k1) g (em)y

where AO(y; u®; y2-m)y .= s(_ll)fq(v; u®)+ sill)qul(v, uM) uO(y; u®). Solving this recur-
rence relation yields the wanted result. O

4 Algebraic Bethe Ansatz for U,(s0,,,,)-Symmetric spin chains

In this section we study spectrum of U, (s0,,,2)-symmetric spin chains with the full quantum
space given by
L(n) _ LV — ((CZTH’Z)@( or L(n) —_ :|:S (V:!:(n))®Z (100)

Our approach will be very similar to that in Section 3, thus most of the notation will carry
through with minor adjustments only.

4.1 Quantum spaces and monodromy matrices
Choose my.,m,, ..., m, € Zs,, the excitation, or magnon, numbers. For each m; assign an my-
tuple u® := (u(k) u(k)) of non-zero complex parameters, that will accommodate Bethe

roots. We will write u ( ) and say that uf are level-1 parameters. Accordingly, we set
m; :=m, +m_ to be the number of level-1 excitations. Then, for each 2 < k < n, we intro-
duce three my-tuples of labels, a = (d’f, ,c'zr’;k), a= (c'i’l‘,... ,c'ir’;k), and a = (alf, ... ,ar’;k).
For each label c'l and c'i we associate a copy of VIH k=1 and v—(=1 respectively, where
[+]=+/—ifk—11is odd/even We then identify subspaces W, K C V[H(k Vg V (k1) , isomor-

phic to C?¥, in the following way. Let Nak € V[H(k Ve V (k- 1) be a hlghest vector as per (61).
Then Wy = Ug(s09) - gk, s a vector space.

For each 2 < k < n we recurrently define the nested level-k quantum space L™ in a similar
way as we did in Section 3.1, that is

JAQES (L(k+1))0 ® Wa11<+1 ® Wyt

Mg+1
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where (LK) ¢ L*+1) ig the level-(k+1) vacuum subspace such that each individual tenso-
rand is a Uy(505r) C U,(509542) stable subspace annihilated by €+k+2 with —k—2<i<k+1.
In particular, (L*+1)0 2 C or (VE0))® when LMW = LV or L*S, respectively. Finally, we define
the nested level-1 quantum space to be

1) . (7240 +(1) —(1) +(1) -1
LW:=1®)Pev o @V @BV eV, (101)
m2

We are now ready to introduce monodromy matrices. The diagonal “twist” matrix that we

will need is 0 W © ~ 0 .
() . D, M@ g0 g .. g0 £(n)
EX = £ £ e ®e © Qe € End(V='"),
i

where € = £/F if (—=1)"tiy---i, = +1/—1. We define the even and odd level-n monodromy
matrices with entries acting on the level-n quantum space L™ by

TEO () = £ 70y 7)), (102)

where T:i(n)(v) = Rji(n)(v,pi) or Raif("’")(qzv,pi) or Raii_("’")(qzv,pi) when LW =LV or L*S
or L5, respectively. Then, for each 1 < k < n, we recurrently define the even and odd nested
level-k monodromy matrices with entries acting on the level-k quantum space L& by

1£1
(k+1..0)Y . (fq(";u(kJrl)))T
) .= hj;(k/Z)(v. u(k+]))

k,k k+1 1(k,k k+1
l_[Ri ot @R (@, )

k+1

T:(k)(v; u Ai(k)(v; u(k+2...n))

Mp41

k =2 :l:(k)(v u(k+2 n)) l_[Ri(k) (k+1)) (103)

k+1
i=1 !

(fo(q 2vsuD) T
h¥(k/2) (q—Zv; u(k+1))
M4

l_[ RT (k, k) (k+1))RﬂF[+ (k, k)(qZk -2 (k+1))

k+1 k+1

T(;F(k)(v; u(k+1‘..n)) — D?(k)(v; u(k+2...n))

M1

k>2
27 pF)(y; y k2. ]_[R*(k+l g 2v, ™y, (104)
i=1

where [+] = +/—if k is odd/even, and

AL ;ul2-m) = [0 (32 ] (105)

(106)

-1,-1°

Dj(k)(v; u(k+2...n)) — [T:(k“)(v; u(k+2...n)):|+1’+1 )

>
and denotes equality of operators in the space LX) when k > 2, subject to a suitable

1dent1f1cat10n of the subspaces W, k1 C V[,::]l(k) V. kﬁ’? and copies of C?**2 as per Lemma 2.21.

When k = 1, the expressions above 31mp11fy to those in (111-114) stated below because of the
identity Ri#1 1)(u, V)= [EFALL).
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The nested monodromy matrices span the following nesting tree:

(1) (). 1y 2o
Ta()(v,u( n))

T:(n—z)(v; u(n—l,n)) < T;:(U(V; u(Z...n))
+(n—1 : ces
Ta (n )(V, u(n))

T*)(v) TF=2)(y; y(n=Ln))

TF(n=1) (.
T;C(n )(v;u™)

By the same arguments as in the previous case, it will be sufficient to focus on the non-tilded
monodromy matrices at each level of nesting. In particular, we have the following equalities
of operators (105) and (106) in the spaces L™V and L™ with 1 < k < n— 1, subject to the
choice of the full quantum space L(™:

LV L+S L—S
AEO=D () /g™ gD T () T ()
D, D)/l farsp) €7D fyvip) TV THI()
DD /el) fiip) ;D T () fvip) T D)
Aj(k)(v; u(k+2...n))/§£’;+1) 5:(k) T:(k)(v) Tc:zt(k)(")
Dy O;ulk+2-my /el f (vt D) 0 g, () T70() fo;ut D) 170 (5)

(K . g
DO uts2-my e frut D) e fi v u® N TIOE) g () T
g D) (”) . (k1+2) :(Fk1+1), gq(v) = fy(v;p) fo(v; uk+2)y 5 = q~2v, and the operators
T#=(y) and Ti(k)(v) are defined in the same way as T*("(v), viz. (102). It is now easy to
see that, for €., €, = =,

Here ¢

RZabfb(k:k)(V’ W) Taea(k)(v; u(k+1...n)) beb(k)(w; u(k+l...n))

= T;b(k)(w; u(k+1...n)) Taea(k)(v; u(k+1...n))RZ%Eb(k,k)(V’ w) . (107)
Thus entries of T:(k)(v; uk+1-1) in the space L™ satisfy the exchange relations given by
Lemma 2.23. In other words, operators T;(k)(v; uk+1-my and Ta_(k)(v; uk+1-1)) are even and

odd monodromy matrices for a nested Uy (505y2)-symmetric spin chain with the full quantum
space L,

4.2 Creation operators and Bethe vectors
We now introduce m;-magnon creation operators. We will make use of the following notation:

ﬁ:F(V; u(2...n)) = [T;:(l)(v’ u(Z..n))]_l 1

B;F(k_l)(V; u(k+1...n)) = [T;:(k)(v; u(k+1...n))]_1’+1 .

We define the level-1 creation operator by

1 1
%(0)('1(1). u(2...n)) — | | ﬁ+(uﬂ-. u(2...n)) | | ﬁ_(w—' u(Z...n))
J M 1 J 1 > .

i=m, i=m_
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For each 2 < k < n we define the level-k creation operator by

Bk (30, (ke 1m)y . l—[ ﬁ[+] (k=Lk=D) (K, (et L)y
i >
i= my

where

—(k—1,k—1 k —(k—1 —(k—1 k
6[2‘]](( )(uf );u(k"'l Tl)) X k( k )( a}f )(ug );u(k+1 Tl))), (108)

with y. k(k v, Hom(V (n=1) V+(n 1)) - (V[H(k 1))* ®(V_(k 1))* defined via (8).

We deﬁne the nested vacuum vector 1) and the Bethe vectors (g (1K), gy (k+1.n)y yyich
1 < k < n in the same way as before, that is, by (86)—(87), except that 1 with 2 <k <n are

now given by (61) and Na? = e(’? ® el 1) We set G, | =6y, X6, X Gpyy x--- X Gy, and

define its action on <I>(k)(u(1 k), y+1-m)) in the same way as we did before. The proof of the
Lemma below is analogous to that of Lemma 3.1.

Lemma 4.1. The Bethe vector % (u(-K); y(k+1--1)) is inyariant under the action of Sm, -

4.3 Transfer matrices, their eigenvalues, and Bethe equations

We begin with the first non-trivial case, the U,(s04)-symmetric spin chain. In this case the
monodromy matrices T, M(v) and TS (M (w) commute for any values of v and w. Thus the spin
chain effectively factorises into two XXZ spin chains with the even and odd transfer matrices
given by

D) = tr, T:(l)(v).

When LM = LY the vacuum vector is § = e_, ® - -- ® e_,. It is a unique joined highest vector
of both T+(1)(v) and T_(l)(v) The operator B (uV) acting on 7 creates m, even and m_
(+)® ®e(+) It is now a highest
vector of T;(l)(v) and a singular vector of T M(y), i.e. n is ann1h1lated by the off-diagonal
matrix entries of T_(l)(v) Thus the operator % (u™) now creates m,. even excitations only.
Lastly, when L™ = L=, the vacuum vector is n = e( Vg ® e(__l). It is a highest vector
of T M) and a smgular vector of T.F M (). Thus the operator B (uM) creates m_ odd
excitations only.
The Theorem below follows by the same arguments as Theorem 3.2.

odd excitations. When L) = L*5 the vacuum vectoris n = e

Theorem 4.2. The Bethe vector 1 (u™M) is an eigenvector of t=((v) with the eigenvalue

A0 u®) =) £ vsu®) +el) fa(vsu®) £ (v p), (109)
provided
Res, AV u®) =0 for 1<j<m,. (110)
v—>u

J
The explicit form of the Bethe equations (110) is

—1,E
u — —
—1 _
i=1 4 u] U - u S ui-p
We note that these are two independent sets of Bethe equations, for u™ and for u~, and the
excitation numbers m, and m_ depend on the choice of LV,

We now turn our focus to the U (s06)-symmetric spin chain. This chain can be viewed as
a generalised (U, (gl4)-symmetric) XXZ spin chain. We begin by addressing the corresponding
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nested U,(so04)-symmetric spin chain. The nested level-1 quantum space is given by (101).
The nested vacuum vector takes the form

n=n1®---®m®e(_+1)®e(__l)®---®e(_ﬁ)®e(_).

The nested level-1 monodromy matrices that we will need are (cf. (103) and (104)):

my

T;(l)(v; u(z)) :A-(tl-(l)(v) l_[R;:Z(l’l)(q%, ugz)), (111)
ln=121

1,00 u®) =00 [ R @, u®), (112)
lr=ni

T;(l)(v; u?) = D;—(l)(v) l_[R:;Z(l,l)(v’ ugz)), (113)
1;21 !

T, O =) [ R V0u?), a1
i=1 '

where Aff(l)(v) = [T;c(z)(v)]_l,_l and Dj(l)(v) = [Tj(z)(v)]ﬂ,ﬂ. The corresponding nested
transfer matrices are

=Dy, u@) = tr,, T:(l)(v; u®), 7ED(y; u@y = tr, Tj(l)(v; u®).
Let = denote equality of operators in the nested space L(Y). Then
FEO(y;u®@) = D V() ¥ D(g2y; u®). (115)
We also have that
oFviuP)n=n,  d*;u?)-n=f,;u@)A0)n.

Here u*(M(v) and A, (v) are given by

LV L-‘rS L—S
wDe)  filvip) 1 f,(vip)
w W) fvip)  flvip) 1
)1 fvip) 1
A_(v) 1 1 fq(v;p)

The Proposition below follows by the standard arguments.

Proposition 4.3. The nested Bethe vector 1 (u*; u®) is an eigenvector of M (v; u®) with
the eigenvalue

MO uu®) = £ u®) + el £ u®) £ u@) 2.0, (116)
provided
Res, A uru@)=0 for 1<j<m®*. (117)
VU

J

We are now ready to address the full U, (s06)-symmetric spin chain. We define its transfer

matrices by
) = tr, Tai(z)(v).

The Theorem below is the first main result of this section.
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Theorem 4.4. The Bethe vector 2 (u1-2)) is an eigenvector of 7=(v) with the eigenvalue

A ;012 = @D £ (v u®) + e f, (v u@) fra (viu®) A, (7))
+ 62 uFOW) () £ (v;u®) £, (g2 u)
+e fa@viu)a-g™),  (118)

provided
Res AP uB)=0 for 1<j<m, k=1,2. (119)

Vou.
J

The explicit form of the Bethe equations (119) is

my qu —q- ui my ut — (2)

J i _ . +
_ =—e AL (u7), (120)
[1[‘1 Uy —qui gqu* ¢ 1u® !
2 2 2 2
a 1u() qu a 1u() qu- qu() 'y R o
l_[ (2)_ T l_[ (2)_ - l_[ oo o) (121)
i=1 ll]. lli i=1 uj ui i=1q uj qui

where 1, is given by A,(v) = f,(v; p) or 1 when L® =LV or L*3, respectively.
Proof of Theorem 4.4. We start by rewriting the “AB” and “DB” exchange relations, (72) and
(73), in a more convenient form. First, using Lemma 2.18, we deduce that
_ R Vg,
fqv,u)

Then, repeating the same arguments as in the Proof of Theorem 3.3, we find the wanted
exchange relations for Az(l)(v) and Da_(l)(v) to be

A+(1)( )ﬁ+ a, 1)( (2))
: (1 1)(u(2))( RH 1)(q v, u(2))A+(1)(v))

/() 4t (1 1) LD 2 (2 4+
(2) () Res)(Radi2 H(gPw,u;?) Al )(w)),

Vv — w—>l

D (1)( )ﬁ*‘ (1, 1)( (2))
:‘ (1 1)(u(2))(fq 1(V u(z))D (1)(V)R —(1, D(V u(z)))

(2)
V/Uu.
— /—(2)ﬁ+ (1, 1)(v) Res (fq—1(w u( ))D (1)( )R——(l 1)(W u(z)))
V—

Consequently, using Lemma 4.1, relation (115), and the standard symmetry arguments, we
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find
77D (1) @D (1)) = (traAZ(l)(v) +tr, Da_(l)(v)) BO @)WV
= 3D (@) (T+(1)(V; u®)

+ fr (@) O ) O (g2 u®) ) e D ()

Zey v/l @ @
_Z o) 93(1)(11 ) ) Res (T+(1)(W;u )
P v—u]. crj ,uj -V w—»ugz) O'j

+ fg1(w; u(z)) M_(U(W) T_(l)(q—Zw; uiz(;))) q>(1)(u(1))’

J

which, combined with Proposition 4.3, implies the claim for t+3)(v).
We now repeat the same analysis for 7™()(v). This time we focus on the “wanted” terms
only. The exchange relations for Az(l)(v) and D:(l)(v) take the form

A O 67 PPy =65 B (A; VMR (g, u®)) +uwT,

252 252
aiai aial.

DOy 67 VW) = 65 V@) (forr 0, uP) RV, ) DO + UWT,

where UWT denote the remaining “unwanted” terms. Then, repeating the same steps as
before, we find

7A@ (1) = (traA;(l)(v) +tr, D;(l)(v)) BO @)W ()
= 3D (@) (T_(l)(v; u®)
S v uP) O T 0(g v u®) ) e D)
+UWT.

Since 7~®(v) and 7+ (w) commute for any values of v and w, we do not need to consider
the unwanted terms. Proposition 4.3 then yields the eigenvalue of T~ 2(v). O

We are finally ready to consider the U,(s0,.,)-symmetric spin chains with n > 3. We
define the level-n transfer matrices in the usual way,

M) i=1r, Tai(”)(v).
Then for each 1 < k < n— 1 we define the nested level-k transfer matrices by

Ti(k)(v; u(k+1...n)) =tr, T;:(k)(v; u(k+1...n)) ,

7Ry (H1m)y = g T;F(k)(v; (et

Let = denote equality of operators in the nested space L®). Then we have that
72K (g, g (K 1em)y = (kD) 20y g (k42)) 22 (K) (g2 g (Kt 1m)y

where p=0(v; u*+2) is given by

LV L+S L—S
ptre D u Dy £ (vip) 1 f,(vip)
p D u™ Dy £ (vip) f,(v;p) 1
O u®2y £ vu*D) f (v ur) f,vsp) fy(v; u+2)

pwO@ul)  fru®D) L) fsu®P) (v ult?)
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We extend the definition above to include the k = 0 case. The Theorem below is the second
main result of this section.

Theorem 4.5. The Bethe vector ®™(uM~™) with n > 3 is an eigenvector of T (v) with the
eigenvalue

A:I:(n)(v; u(l...n)) = qu(q po(i)v; u(:FSo(i)))

n 1 .
. . . . . ) 2 (1)
« | |gl(jl)(‘uisj(l)(J—l)(qp,-(l)v;u(J+1))fq_1(qp,-(l)v;u(])))2 g (122

=1
where p;(i) = —ZZ:J.H(l +1x) and s;(i) = sign ((—1)”_1'_1 ]—[Z:],rl ik) provided
Reg() A u-My=0 for 1<k<n,1<j<m. (123)

v—u.
J

The explicit form of the Bethe equations of (123) with n > 3 is

_ 2
my quji—q 1”? my (2

J i —_.M +
= I =—e A (u), (124)
ﬁq_1u§2) q l_[q lu() qul— ﬁqu(z) —1 (2) ﬁ (2) ugg) {-,‘(2)
=——, (125)
2 2 — 2 2 2 3 1
1 uﬁ.)_u:- 1 u;)_ui 1 g lu () ()l_ qu () q—lug) ()
My_q q—1 (k) qu(k D my qu(k) -1 (k) My (k) ufkﬂ) 20
lj u(k)_u(k 1) U 1y (k) gk) l_[ (k) _1u(k+1) T ek’ (126)
i=1 j i i=1 q 1 1
lL[1 q u(") qugn_l) ﬁ qu(n) q_lugn) e o (n))
=— u (127)
i=1 ug-n)—ul(-n_l) i=1 q‘lu(”) qu §") eln=1) 1

where A, is given by A,(v) = f,(v; p) or 1 when LM =LV or L*S, respectively.

Proof of Theorem 4.5. The proof is very similar to that of Theorem 3.3. We begin by focus-
ing on 7+ (v) and rewriting the corresponding “AB” and “DB” exchange relations in a more
convenient form. From Lemma 2.18 we deduce that
+ 1,n—1 _
Rerntnng, - Bz I g2y, )y
21 hi((n—l)/2)(v, u) ?

where [+] = +/— if n—1 is odd/even. Combining these identities with (9), (72), (73) and
(108) yields the wanted “AB” and “DB” exchange relations:

_ —(n—1,n—1
A-(ﬁl-(n 1)(1})&([1?1—(]1{1(“ n )(UEH))

(n)
_ g1 ( fu ™)
arar h+((n—l)/2)(v’ ugn))

R gan2y, () D)) LD g2, ul(n)))

(n) (n)
B v/ui” ﬁH] (e 1)( ) ( fq(w u_n)
y—u® @ (=172 (3, ™)

I CEa uE”))Az(“‘”(w)Rj;(”‘l’”‘l)(qzw, uE"))) . (28
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Da—(n—l)(v) ﬁc[_l;t]ii;(n—l) (ugn))

(n)
:ﬁ[ﬂ_(n_l’n_l)(u(.n) ( fq—l(V,ul. )
. h=((=1)/2)(g—2y, u(™)
4

_ —1,n—1 . —(n— —(n—1,n—1
R g2, 0) () R )(v,ul(.")))

(n) (n)
v/y [+]—(n—1,n—1) fr(w,1i)
——w 6 nin ) Res o)
v — ui il (ﬂ) h ((n— 1)/2)(q—2W u )
x R b g2n—ty, () pr=D () R D, ugm)) . (129)

Inspired by the exchange relations above we define barred transfer matrices

. (n))
—+(n=1)( . . () . fqvsu +(n—1) +—(n—1,n—1) (n)
T ) = ey e A ()]_[R (q®v,u™)

l_[ R+[+ (T‘l 1,n— 1)(q2n 2 (n)))
i >

. (n))
——(=1)(,,. o () . fer(v;u (n—1) (n—1,n-1), (n)
T (su™) = h— (=12 (g 2y u(n)) D, (v)l_llRaa (v,u;)
1
l—[R =11 g2na,, En)))’
i=m,

which differ from Ti(”_l)(v;u(”)) in (103) and (104) by the ordering of R-matrices. The

ordering can be amended with the help of operator X"V := l_[:ri"l_ ! Xi(n_l) where
my, i+1
Xi(n—l) — l_[ RE.;,_TZ.;;:](H_I’" 1)( O (n)) l_[ R [+](n Ln— 1)( 2”_4u(.n),u§n)).
j=i+l

In particular, T D(y; u™) = x(=DEn-1)(y,, M) (x(=1)~1 anqd each Xl.(”_l) acts as a

scalar operator on (=1 (g (1-n=1). 4y (MY Therefore

T+(n)(v) <I>(n)(u(1"'”)) — %(n—l)(u(n))x(n—l) T+(n)(v; u(n)) (X(n—l))—l (I)(n—l)(u(l...n—l); u(n))
/ (n)

_ (n—1)r,,(n) (n—1)
le]v_ o B0 <n>,u;nuv)X

% Res T+(n)(W; u(n) ) (X(n—l))—l ¢(n—1)(u(14..n—1); u(’?)
@) o
j

W_>uj GEH)
where
O s u) = D u®) + e f v, u®) (s p) T g v u),

We now repeat the same analysis for 7~((v). This time we focus on the “wanted” terms only.
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The relevant exchange relations are now

—(n— —(n—1
Aa(n 1)(‘))&([.1;‘% (n )(ul(n))

—(n— 1
R ——
i h—((n—l)/Z)(V’ ui )

x R;E;](n_l’n_l)(qzn_zv, ul(.n))AZ(”_l)(v)R;;I(n_l’”_l)(qzv, ugn))) +UWT,

D+(Tl 1)(V)6-[+] (Tl 1)(u(n))
L

—(n— 1
= gL 1)(u§”))(
a; a; hH(n=1)/2)(g—2y, ul(n))

x R:{E;‘](n—l,n—l)(an—4v, ul(n)) D;—(n—l)(v)R:‘%(n—l,n—l)(v’ ugn))) L UWT.

Repeating the same steps as above we obtain

T () $M (M) = GOD (™) X WD 7= ((y; 3y (D) (x (D)1
x 3D @n=D. y (Y L pw T (130)

where
T O;u™) = D u™) + O f (v, u ) D (s p) D (@2 u™).

Since 7~ ™(v) and 7+ (w) commute for any values of v and w, we do not need to consider
the unwanted terms in (130). It remains to repeat the same analysis down the nesting by
taking into account (107) together with the fact that cI>(k)(u(1'"k); u(k“"'”)) S L(k), and use
Proposition 4.3 (with slight amendments). This gives a recurrence relation, for 2 < k < n,

Ai(k)(v;u(l...k);u(k+1...n)) = 8(k)Aﬂ:(k—1)(v. u(l...k—l). (k...n))

k
( )fq 1(V u(k))uq:(k 1)(1/ u(k+1))
>(AZF(k 1)(q—2v;u(1 k— 1); (k.. n)),

with A*() given by (116). Upon solving this recurrence relation we recover the claim of the
Theorem. O

Remark 4.6. Let a;; denote matrix entries of a connected Dynkin diagram of type B,, or D,
and let I denote the set of its nodes. Then putdy, = d, = ... = d, = 1 for D,,; and
2d; = dy, = ... = d, = 2 for B,,. Upon substituting usk) q ](k) where Ek = Zle d;
with d; = d. for D, ;, Bethe equations (95)-(97) and (124)-(127) can be written as

m; dkaklz(k) (Z) ( )

_ d, (k)
l—“_[ © _ 1)_ ok 5 Me(q™z;7),

lel i=1 Z dkaklz

for all k € I and all allowed j. Here ¢ =1 and Ak(qgkzj(.k)) =1 when k ¢ {+,1,n}.
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5 Conclusions and Outlook

The results of this paper are two-fold. First, we proposed a new construction of g-deformed
509,,1- and so,,-invariant spinor-vector and spinor-spinor R-matrices in terms of supermatri-
ces and found explicit recurrence relations. We believe these results will be of interest on their
own right. For instance, this opens a door to study spectral properties of open spin chains with
spinor-type transfer matrices thus complementing the results obtained by Artz, Mezincescu
and Nepomechie in [16]. Second, we solved the long-standing problem of diagonalizing trans-
fer matrices that obey quadratic relations defined by the aforementioned g-deformed spinor-
spinor R-matrices. The corresponding Bethe ansatz equations were already known since they
can be determined from the Cartan datum only. The constructed Bethe vectors and the cor-
responding eigenvalues are new results. A natural next step is to find recursion relations
for these Bethe vectors and investigate scalar products in the spirit of the approach put for-
ward by Hutsalyuk et. al. in [17]. Moreover, it would be interesting to construct g-deformed
spinor-oscillator R-matrices and investigate the spinor-type QQ-system following the steps of
Ferrando, Frassek and Kazakov in [8]. Lastly, we believe this work might help to better un-
dertstand the Bethe ansazt for fishnets and fishchains emerging in the AdS/CFT integrability
framework, see [18-21] and references therein.
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A The semi-classical limit

A.1 Up(s0,,,,)-symmetric spin chains
The semi-classical limit is obtained by setting v = exp(2yh), ugk) = exp(2x§k)h), q = exp(h/2),
and carefully taking the i — 0 limit. Introduce a rational function
y—x+k
fi(y, %)= T —x

The eigenvalue (93) then becomes
A(n)(y;x(l...n)) = Zfl/z(y +p0(i);x(1))
i

n ] .

j i . ; . 0\ 2 (1+i))

<[ T (090 +p@sx 0D 4 (v + 1, x )T,
j=1

where p;(i) = —ZZ:J.H(l +i;) and u®(y; x*+2)) are given by
LV LS
pu Dy x DY £ (ysp) fi2(y5P)
Oy x®Dy (s x® D) f (s p) fi(ys x D)
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The Bethe equations (95)-(97) become

mo W W 1m @

j i 2 l_[ j i _ D) 1)
[ =W &),
1 1 1 2
L1 x () l'()_%i=1x(~)_x§)+1 j
”ﬁ x](.k) —xfk_l) -1 ﬁ x](k) (k) +1 ”ﬁ xj(.k) xl(kﬂ) 0
i=1 XJ(-k) —xl(k_l) i=1 X(k) —x.(k) e X](-k) (kH) + 1 S(k_l) ’
mp_ x§n) x(n 1) 1 ﬁ X(n) (n) + 1 g(n) ( (n))
=— X
1 x}(n) (n 1) o x(n) (n) gln=1) 71

where A,(y) =1 or f1,5(y; p) and A,,(y) = f1(y; p) or 1 when LM =LV or LS, respectively.

A.2 U (so¢)-symmetric spin chain

The semi-classical limit is obtained in the same way as before, except that we set g = exp(#).
The eigenvalue (118) becomes

A (y;x02) = eB(eD £y x%) + D (03 x @) £ (3 %) 2:(0))
+eZ w00 (e a0 x @) A -13x7)
+e0) f(r-1xT) A(y-1)),

where p*((y) and A, (y) are given by

LV L*s L=S
) Alse) 1 f1(y;p)
uw D) Alse)  ALse) 1
A (y) 1 filysp) 1
A_(y) 1 1 A pe)

The Bethe equations (120)-(121) become

My yF—xF4+1 M2 xF— x(z)
! | | j _ . +
=—e"AL(x7)
+_ £ _ 2 + i)
i1 X XLy — x4
me @ _ ot _qm @~ m @2 @
X=X =1 l_[ X; -1 1_2[ X =xT 41 _ 8(2) Az(x(z))
I I 2 2 - 2 2 1
i=1 X](-)_X;r i=1 X](.)—xi i1 () U_l ()

where A, is given by A,(y) = f1(y; p) or 1 when L(Z) =LY or L*S, respectively.

A.3  U,(502,4+>)-symmetric spin chains

By the same arguments as above, the eigenvalue (122) becomes
A (s x0-m) 1= " f1(y + poli); uFo®)
i

n 1 .
(| s() (- G (a3
x [ Te (w00 +pi (0 ™) fa(y + ;@ u) 7,
j=1
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where p;(i) = — ZZ:;+1(1 +1iy), 5;(i) = sign ((—1)" 71 ]_[Z:].Jrl ir) and pu*®(y; x*k*2)) are
given by

LV L+S L—S
ptt D) AGsP) 1 fi(y;p)
p D) AGsP) f1(y; p) 1
pr®(y;x®Dy  f (y;x®H2) £ (K2 [ p)f1 (s x KD

WD) fisu®D) A ED) i)

The Bethe equations (124)-(127) become

m +_ £ m + 2)
e P MO}
iz1 Xj X -1 i1 x;‘ (2)+1 J
m, (2) + _am L@ - am (2) (2) m @ (3)
2 2 — 2 2 2 3 1) °
i=1 ](-)—X;L i1 x](.)—xl. X ]() ()_11_1 () ()+1 6)
k k—1 k k k k+1 —1)
o x]()_xl( ) izlx]()_x()_ll_l ]() (+)+1 =)
mp_q x}(n) X(n 1) 1 m, X(n) (I‘l) + 1 ~ 8(11) (n)
l_[ x(n) (n 1) l_[ (n) (n) - _g(n—l) n(x ),

i=1 j

where 2, is given by 4,,(v) = f;(y; p) or 1 when L™ = LV or L*5, respectively.
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