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Abstract

The M; models for 1D lattice fermions are characterised by ./ = 2 supersymmetry and
by an order-k clustering property. This paper highlights connections with quantum field
theories (QFTs) in various regimes. At criticality the QFTs are minimal models of A" =2
supersymmetric conformal field theory (CFT) - we analyse finite size spectra on open
chains with a variety of supersymmetry preserving boundary conditions. Specific stag-
gering perturbations lead to a gapped regime corresponding to massive A4 = 2 super-
symmetric QFT with Chebyshev superpotentials. At ‘extreme staggering’ we uncover a
simple physical picture with degenerate supersymmetric vacua and mobile kinks. We
connect this kink-picture to the Chebyshev QFTs and use it to derive novel CFT character
formulas. For clarity the focus in this paper is on the simplest models, M;, M, and M.
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Figure 1: Overview of the connections studied in this paper. The numerals going with the ar-
rows indicate the section where the relation is discussed. Some of the important connections
are as follows. (i) The critical M; model is related to the k-th superconformal A4 = 2 minimal
model, here denoted as SU(2); ; (section 3). (ii) The massive QFT with Chebyshev superpo-
tentials arises from the weakly staggered lattice model through RG flow, or alternatively from
a relevant perturbation of the CFT (section 4, appendix). (iii) The off-critical lattice model can
be studied in the extreme staggering limit A < 1 and, close to this limit, in perturbation theory
in A (section 5). A direct relation between the extreme staggering limit and the CFT can be
made by counting the kinks in this limit and relating the counting formulas to characters in
the CFT (section 6). (iv) The k-th minimal CFT is via the quantum Hall-CFT correspondence
related to the Read-Rezayi quantum Hall state with order-k clustering, here denoted as RR;
(section 6). (v) The lattice model kinks at extreme staggering are in many ways similar to the
fundamental kinks in the massive QFT - we compare the two in sections 7, 8.

1 Introduction

Field theory connections are an important and universal element of the toolbox that theoretical
physicists employ in their analysis of lattice models for strongly correlated quantum materials.
General arguments based on the renormalisation group link critical phases to quantum field
theories with a scaling or conformal symmetry, while gapped phases correspond to massive
quantum field theories. In general, it is a highly non-trivial task to set up a dictionary be-
tween, on the one hand, parameters and observables in the lattice model and, on the other,
couplings and field operators in the quantum field theory (QFT). In making these connections,
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the fundamental symmetries of the microscopic lattice model are a strong guiding principle.
Symmetries of the microscopic model have counterparts in the QFT description. In addition,
the QFT typically displays additional symmetries that are absent in the microscopic model
but emerge in the RG flow. An example of the latter are the (infinite-dimensional) conformal
symmetries in the continuum description of critical lattice models in one spatial dimension.

In this paper we report on field theory connections for a particular class of lattice models,
the so-called supersymmetric M; models in one spatial dimension (see section 2 for a concise
introduction). These models possess an explicit A4 = 2 supersymmetry on the lattice, which
connects to various notions of A4 = 2 space-time supersymmetry in the corresponding QFTs.
We zoom in on special choices of M; model parameters, which are such that these models are
integrable, in the sense of admitting a solution by Bethe Ansatz. The corresponding QFTs are
then integrable as well - in particular, the massive QFTs describing the gapped phases admit a
description in terms of particles with factorisable scattering matrix.

The combination of supersymmetry and integrability turns out to be particularly potent in
structuring both lattice models and quantum field theories, as has been known and exploited
in many settings. In the specific context of the M, lattice models, some striking results have
been reported in the literature. The critical M; model corresponds to the k-th minimal model
of A = 2 superconformal field theory [1], and there is a precise understanding of how special
(so-called o-type) boundary conditions on the critical M; chains translate into CFT boundary
fields and open chain CFT partition sums [2,3]. Specific integrable deformations of the critical
models, obtained by staggering some of the couplings, connect to a specific class of integrable
A = 2 supersymmetric QFT, characterised, in their superfield formulation, by superpotentials
taking the form of so-called Chebyshev polynomials W, [2,4]. These connections, which
we review in sections 3, 4, constitute the beginnings of a detailed understanding of the lattice
model-to-field theory dictionary for the M; models.

In this paper we report on further M; model-to-field theory connections. These have their
origin in a simple physical picture that arises if we follow the deformed critical models into
the regime of what we call ‘extreme staggering’ (section 5). In this regime, a simple physical
picture emerges, based on k + 1 degenerate ground states with a simple, tractable form and
excitations that take the shape of kinks connecting these various vacua. These kinks satisfy spe-
cific exclusion statistics rules. At strong but finite staggering the kinks become mobile, giving a
spectrum that is easily understood in terms of a (non-relativistic) band structure. Changing the
strength of the staggering deformation gives a continuous interpolation between this simple
‘mobile kink’ picture and the M; model at criticality. In section 6 we employ this connection to
obtain expressions for CFT characters as q-deformations of characters that describe the kink
spectrum at extreme staggering. In doing this analysis, we used the fact that the systematics
of the kinks at extreme staggering are in many ways analogous to those of quasi-hole excita-
tions over the k-clustered Read-Rezayi quantum Hall states [5, 6] in the so-called thin-torus
limit [7-9].

The kink picture at extreme staggering is remarkably close to the physical picture arising
from the particle description of the QFTs that constitute the RG fixed points of the weakly
staggered M; models. At the same time, the kinematical settings are very different: the kinks
at extreme staggering have a non-relativistic band structure while the QFT kinks are fully rel-
ativistic. Both regimes enjoy a high degree of supersymmetry (for example: we will see that
the M, model admits a total of six supercharges in both regimes), but since these supercharges
anti-commute into operators for momentum and energy, their action on kink states is neces-
sarily very different between the two regimes. In section 7 we analyse this situation in some
detail for the M, model.

In section 8 we make a further comparison between the kink picture at strong stagger-
ing and the particle picture of the relativistic QFT. Concentrating on the M, model, we focus
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on the effect of non-diagonal boundary scattering induced by non-trivial (o-type) boundary
conditions on an open chain. We compare the result of a perturbative calculation at strong
staggering with a QFT computation having for input a non-diagonal boundary reflection ma-
trix.

2 M, models: definitions and basic properties

The M, models, first introduced in [1, 10], are lattice models of interacting particles with an
explicit A = 2 supersymmetry. The particles on the lattice are fermions without spin. The
models can be defined on general graphs but we will only consider the model defined on a
one-dimensional open or closed chain of length L. In the M; model the spinless fermions are
subject to an exclusion rule which allows a group of at most k fermions on neighbouring sites:

—_—

max k

The Hamiltonian of the model is defined in terms of fermion creation and annihilation opera-
tors via the supercharges. The supercharge Q, decreases the fermion number f — f —1 and
its hermitian conjugate Ql = Q, increases the fermion number f — f + 1. The operator Q. is
written in terms of constrained fermionic creation operators d[a’ bl which create a particle at
lattice site j in such a way that a string of a particles is formed, with the newly created particle
at the b-th position in the string, 1 < b < a. This process has an amplitude given by A4 31,

L I
D, = ceese000
Q=22 Manljdf,,, Oteseseo =
j=1 a,b a
where the sum is over the sites j on the lattice. The operators df can be written in terms

[a,b].j

of the usual fermion creation and annihilation operators c; c " which satlsfy {ci, ¢ = ; and

]’
{ci,ci} = {cl .G T} = 0. For this we use the projection operator 5”] =1— cj ¢;. For the M; model

we only need the constrained fermion creation operator d.. which is given by

[11],j
d['l 11,j 9] 1C :@ (2)
For the M, model also dt (2.1, and d[T2 5y are needed and they are given by
il — Tt il
d[2 11,j g’j_lcj C}+1Cj+19j+2, d[Z 21,j 9j_2€}_1Cj_1C}gj+1. (3)
Similarly all dga by, Are defined for the M;, models. For Q. and Q, to be true supercharges, we

require that )
(Q.)*=0, (Qu)*=0. 4

This property does not hold for general values of the parameters A, ;. Below we address
the freedom we have in the choice of parameters.

The Hamiltonian of each of the M; models is now defined as the anti-commutator of the
nilpotent supercharges Q, and Q,:

H= {Q+,Q+}- (5)

By construction, H commutes with both supercharges Q. and Q.. Although Q. and Q, are
nonlocal, taking their anti-commutator leads to a local Hamiltonian with an interaction range
of a maximum of k sites.
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The M; models were first introduced with the parameters A ] ; = A[q,5], thus indepen-
dent of the lattice site j. In [11] staggering was introduced for the M; model (it was further
studied in [12-14]), and in ref. [4] the staggered M, model has been considered. In the case
the amplitudes do not depend on the site j, we call the model homogeneous. In the case
where the amplitudes A(, ;1 ; have an explicit site dependence we say that the amplitudes are
staggered and we call the model inhomogeneous.

The restriction (Q,)? = 0 gives relations on the coefficients Alq,b],j> T€ducing the number
of free parameters. This restriction is equivalent to equating the amplitudes of two processes:
one in which from a string of length a the particle at position b and then the particle at position
¢ (b < ¢) are removed, and the other in which these particles are annihilated in the opposite
order. The particle at position ¢ becomes a particle at position ¢ — b of a string of length a — b
after a particle at position b has been removed. This leads to the recursion relation:

Ala,b],jMa—b,c—bl,j+c—b = AMa,cl,j+c—bAMc—1,b1,j 1<b<c<a. (6)

This can be solved by [1, 15]

b—1 A
[a—k+1,1],j—b+k
Ala,blj = (l_[ —) Ala—bt1,11,j- (7)

1 AMb—k,1]j—b+k

In the homogeneous case, A(q 47, j = A{q,b], this gives

8

Afap =
[ab] Atb—1,11Ab—2,1] - - - M[1,1]

soonly A[q 13, Af2,175 - - - » A[k,1] are left as free parameters. Since we can choose a normalisation
of the Hamiltonian one of these parameters can be set to 1, which gives a total of k — 1 free
parameters for the homogeneous M; model.

The paper [15] obtained a 1-parameter family of couplings A, ;; which describe a su-
persymmetric, integrable staggering perturbation of the critical point of the homogeneous M;
model. These staggerings are periodic with a period of k + 2 lattice sites. Our choice of cou-
plings for k =1, 2, 3, which we describe below, agree with this choice of parameters.

2.1 M,; model

The M; model is integrable and critical in the homogeneous case, where Ay 17; =1 for all j.
Criticality is lost when the couplings are staggered; however, it was found that the M; model is
integrable for all types of staggering modulo 3 [19]. In this paper we focus on the staggering

pattern
)L[l,l],j ... A1 1 A 1 1 ... (9)

which we denote by ... A11A11....
2.2 M, model

For the M, model eq. (6) gives

Aaa1j-1A11115 = Ar2,21,iA11,11,51 (10)
which leads to the parametrisation

Ay = V24, Ay = V2405, Apay = V22405 (11
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It follows that in the homogeneous case A[3 1] = A2}, 50 in this case there is a symmetry
between annihilating the first and the second particle of a pair of two particles. If we want
this property also in the staggered case we have to set u; = u for all j.

In this paper we put u; = uj; =1/ v/2 and focus on the staggering pattern

A[l,l],j L. \/z \/EA« \/E W/EA \/z
A’[Z,l],j L. 1 A 1 A 1

which we denote by by ...1A1A1.... For this staggering the M, model Hamiltonian simplifies.
The potential terms give 2 or 24 (depending on the site) for creating or annihilating an
isolated particle and 1 or A2 for creating or annihilating a particle that is part of a pair. The
kinetic terms are

0700 —> O?co with amplitude A,

ojgeoo — 0?000 with amplitude — A% or —1,

ojgooo —> oroo with amplitude V22, (13)
o]qooo — o?ooo with amplitude V22,

070000 — 070000 with amplitude A.

For the second process the value depends on the site j.

For A = 1 the M, model is critical. A deformation where A < 1 gives an RG flow to a
supersymmetric sine-Gordon theory (see section 4). In section 5 we study the M, model in
the limit of extreme staggering.

2.3 M; model

For the M; model eq. (6) gives

Al3.21jA1,11,-1 = AM2,11,/A3,10,j-1 (14)
Al331jA1,11, 142,17 -2 = A[1,10,AM2,10,-1A13,10, -2

We can add to the parametrisation of eq. (11) the following relations to satisfy (Q.)? = 0 for
the M5 model:

Al = Ailivis A2l = AtV Aasly = Ak Vieas (15

In this paper we assume a particular choice of couplings, obtained in [15], which describe a
critical point perturbed by an integrable staggering perturbation with lattice periodicity 5. At
the critical point the couplings are

A1 =Y, A2l = AMe2j =L Ay = AMssl =Y Ap2l = 1Y

1+4/5
T

with y = (16)
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At extreme staggering, A < 1, the couplings read, to lowest order in A,

VISRARE 1 V2 V22 V2 1

A2l 11 A V22

Af2,21 ¢ A V2 A 11 ..

Aay . 1 A A1 AV .. a7
A2l .- AMV2 1 A%/V2 1 A/V2

gyt - AMV2 1 A A1

where the dots indicate repetition modulo 5. We denote this as ... x *A x x..., with the ‘A’
indicating the central position in the staggering pattern.

3 CFT description of critical M; models

The critical M model corresponds to the k-th minimal model of A" = 2 CFT [1]. In this section
we demonstrate how this correspondence works out for M; model spectra on open chains. The
main finding, which we briefly reported in [2], is a precise map between a choice of boundary
conditions on the chain and the CFT modules describing the open chain spectra.

Throughout this paper we use a description where the k-th minimal model of A& = 2
supersymmetric CFT is represented as a product of a free boson CFT times a Z; parafermion
theory. For k = 2 the parafermion fields are a Majorana fermion 1) and a spin field o, while for
general k > 1 we have parafermions v, ..., ;_; together with a collection of spin fields. A
typical operator in the supersymmetric CFT has a factor originating in the parafermion theory
and a factor from the free boson part, the latter taking the form of a vertex operator V, .
Other than in a stand-alone free boson theory, not all charges p, q are integers. The A = 2
supercurrents are represented as

k+ _ k— _ k+ _ k— _
G = lplvl’%: G = wk—1V_1’_’%k2> Gy = Ilplvl,_"szZ: Gy = wk—IV_LkZLkZ' (18)

3.1 M, spectra

In [16, 17] it was established that finite size spectra for the M; model on open chains cor-
respond to irreducible modules of the first minimal model of A4 = 2 supersymmetric CFT.
Their highest weight states are created by chiral vertex operators of charge m; we use the
notation V,,, to denote both these vertex operators and the corresponding modules. Depend-
ing on L mod 3, all Ramond sector modules of the supersymmetric CFT are realised by the
M; model with open boundary conditions. [We remark that Neveu-Schwarz sectors are not
compatible with lattice supersymmetry. The Neveu-Schwarz vacuum sector in particular gives
Ey = —357 < 0, whereas E > 0 for all states in the supersymmetric lattice model.] For higher
k, the complete lattice model-to-CFT correspondence requires more general supersymmetric
boundary conditions, called o-type BC, which were first introduced in [2, 3].

3.2 M, model

For the M, model o-type BC arise if we impose the constraint that the two sites adjacent to
a boundary cannot both be occupied by a particle (‘no 11’). Another implementation of this
constraint is forbidding the site at the boundary to be empty (‘no 0’) which has as an effect
that the two sites adjacent to it cannot both be occupied by a particle. A chain of length L
with the ‘no 11’ condition at the boundary is thus similar to a chain of length L + 1 with the
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‘no 0’ condition at the boundary. The only difference is a relative factor of +/2 for creating or
annihilating a particle on the site that is at the boundary in the former description and second
from the boundary in the latter. At extreme staggering this difference is important, it can
change the number of elementary kinks. However, we expect that at criticality this difference
corresponds to an irrelevant perturbation of the conformal field theory.

The numerical finite size spectra for the critical M, model with open/open, o /open and
o /o BC can be matched to (combinations of) CFT modules V,,, oV,, and ¢V,,. In the corre-
spondence, a o-type BC corresponds to acting on the CFT modules with the operator o'V, /,.
We briefly summarise these results, which we established in our paper [2], in the next section.

3.2.1 M, finite size spectra and CFT characters

The CFT finite size spectra in the Ramond sector are built by acting with the modes of d ¢ and
of ¢y on the highest weight states oV,,, (m integer) and V,,, (m half-integer). On the first type,
with m integer, the ¢ modes are ¢_;, [ = 1,2,.... On the second type, with m half-integer,
the ¢ modes are Y_; /5,1 = 1,2,.... The character formulas for the fermion part of the CFT

are given by
q % n?+an+b

ch(q) = Z (q—) ) (19)

n

with (q), = nzzl(l —¢*). Multiplying this by the character formula for the free boson CFT,
with the correct dependence of the energy on the charge m of the vertex operator, gives

1.2
sn“+an+b 1

Ch(Q) = q4m1671 ; 1 (q)n U 1— ql . (20)

For a = b = 0 we get the V,, and yV,, sectors,

s [ i1 +4772)

ch(q) =gq = chy, (q) +chyy, (@), 2D
[Tino(1—4Y) T
with ,
4m=—1
chy (d=q © (1+q+ 3¢2+5¢%+..)),
(22)
4m2-1 1 9
chyy (@) =q ™ q2(1+2q+4q°+...).
Choosing a = %, b= % gives the oV, sector
w2 [Tl +4) w2
chyy (@) =q 7 l>0—l=q4(1+2q+4q2+8q3+...). (23)
1_[1>0(1 —q")
In [2] we showed that
1. For open/open BC the M, spectra correspond to modules V,, and yV,,, with
m=2f —L—1/2, open/open BC. (24)

The module V,, is realised for f even, while f odd leads to y'V,,.

2. For open/o (or o/open) BC, the M, model spectra correspond to modules oV,, with

m=2f —1L, open/o BC. (25)
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3. For o /o BC we find both the modules V,, and ¢V, at

m=2f —L+1/2, o/o BC. (26)

These findings are consistent with the interpretation that o-type BC inject an operator o'V /5
into the CFT. The factor V; /, explains the shift in the m values and the fusion rule o xo =1+
explains that o-type BC on both ends of the chain lead to both the V,, and the v V,, modules.

3.3 M; model

In the M3 model we can have a maximum of three particles next to each other on the chain
and we therefore have two different constraints available. We can put a constraint (of type
0,) forbidding three neighbouring sites to be all occupied (‘no 111’), or we can make the
constraint stronger (type 0,) and forbid two adjacent sites to be both occupied (‘no 117).
The CFT for the critical M5 model is a free boson CFT times a Z5 parafermion CFT, with
total central charge ¢ = 9/5. The Z3 parafermions are 1); , with h = 2/3 and the parafermion
spin fields are o, , with h = 1/15 and ¢ with h = 2/5. The free boson compactification radius

iSR= \/g . Following the notation in [2], we label the chiral vertex operators as V,,,

- 2m
V,=¢evis?, (27)
They have bosonic charge m = %m and conformal dimension h,, = 2’%22 = % The contribution
to the energy of a bosonic vertex operator is
c 2m? 3
Ecpr=h——="——-", 28

et 24 15 40 8

The supercharge Q, is the zero-mode of the supercurrent
G*(2) =1 V3(2). (29)

The supersymmetric ground states are |0} V., 1 ) and |V, %). Figure 2 displays the finite-size
energies of the states in the various modules.

In figure 3 we plot the numerical M; model open chain spectra at the critical point for
various boundary conditions. It can be seen from the plots that a o;-type BC precisely corre-
sponds to the operator o,V /5 and that a o,-type BC corresponds to o,V;. Summarising the
results (see also figure 3) we find that for open/open BC, the M5 model realises the sectors

Vi for f =0 mod 3
Y1V for f =1 mod 3 (30)
YoV for f =2 mod 3,

with m = %f — %L — %. For open/o, BC this becomes

oV, for f =0 mod 3
eV, for f =1 mod3 (31)
oV, for f =2 mod 3,
with m = % f— %L — %. This is consistent with the parafermion fusion rules o,v¢; = € and
0145 = 0,. For open/o, BC
o5V, for f =0 mod 3
o1V, for f =1 mod3 (32)
eV, for f =2 mod 3,

10
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with m = %f - %L + }‘, in agreement with the fusion rules o,; = 0, and o, = ¢.
Putting o;-type BC on both ends, the CFT modules follow the fusion rules o,0; =+ 05,
0105=1+¢and 0,0, =, +0;.
For the general M; model, defects eliminating k + 1 — j consecutive ‘1’s will correspond to
the Z parafermion spin fields o, j = 1,...,k — 1. Upon changing the boundary conditions,
the various CFT sectors will shift according to the fusion products with these fields.

X X X —v
4+ @ % x ® X XX @X XX X=Vn
X X X
><XX>< X Xx %
X X X ><=1/)1Vm
31 @ %X X ® X X @ X X X
X X X x X X X
X X X X = P2V
X X X
M2+ @x X ®X XX @XXX
X X X x= 01V,
X X X X
X X X X
X _
11 X ><(X)x X @ x X =0,V
X X
XK o x= gV,
0 . . ‘®>‘< <X .
13 _9 _5 _11 ) 92 B m
4 4 47 7 4 4

Figure 2: The complete spectrum of the CFT corresponding to the M5 model. The indicated
states are for length L = 5j open/open BC.

3.3.1 Ms; CFT characters

To see that the degeneracies found in the numerical spectra for the M5 model for the different
types of boundary conditions are consistent with the CFT we look at the characters of the Z4
parafermion CFT times a free boson. The Lepowski-Primc formula gives the characters for the
Z parafermion part [18]

n2+n%)+a1n1+a2n2+b

%(n%+n1
ch(o)= D - ' G3)

Multiplying this by the partition function for a free boson gives the partition function for the
CFT corresponding to the M; model. For a; = a;, = b = 0 we get the ¢y, V,,,4,V,, and V,,
%(n%-ﬂ-nlnz-!-n%) 1

modules
mZ
ch(q) =g H 4 [

) (34)
@ (@, 14

this gives

m2
ch(q) = ¢~ (1+2¢% +q +4¢°% + 3¢ + 10¢% + 6¢°
+18¢"/2 +12¢* +36¢'*% +21¢° +...). (35)
The integer powers of q correspond to the V,, sector. There we thus find degeneracies
1,1,3,6,12,21.... The fractional powers of q correspond to both the 1)V, and the ,V,,

modules at the same time. In one of these sectors we thus find the degeneracies 1,2,5,9,18....
This agrees with the numerical spectra of figure 3.

11


https://scipost.org
https://scipost.org/SciPostPhys.3.1.004

SciPost Phys. 3, 004 (2017)

31 § }9 31 § g g
BE % ; %
X % 15
2l %)2 % 6 % 15 2| K
3
X ¢2V_173 %13 % }2 x 12 x1s %
1 1+t &V
x x P, V2 x OaVoy x )2 A
0 x V4 ‘ 0 oV
—4 -2 0 2 m -4 —2 0 2 m 4
(a) BC open/open (b) BC 0, /open
E E
NI
34 3 X
g
% § }5 X g
2] X 16 x 2 %
X }2 X % b
SERENE BE ) : x Yy
1 Ve %)2 x OV 11 eV % x o9Vy
B Vi% X QIJIVI
01 : X O-ZV% : : 01 : : X U%Vl : : :
—4 -2 0 2 m4 -3 —2 -1 1 2 3m4
(c) BC o,/open (d) BCo,/0y
E E
x ><
i X %
34 « 3] «
X X
1% X P,V
| X X x EVis | x P,V
Iy . SR % x o2V
s x X
s s
11 % X 1
x YP,V_s x Py Vs < wzv_% <
X O'lv_% X EV4§
ol ><‘(72V7§ ‘>< Ul‘Vi | | ol | . V% | |
-2 -1 0 1 2 3 4 m5 -2 0 2 4 m
(e) BCo,/0, () BCo,/0o,

Figure 3: Numerical M; model spectra with L = 25, f = 14,15,16 up to E = 3.5. The labels

specify the corresponding CFT modules.

For a; = —%,az = —%, b= %, eq. (34) gives the o,V,,,0,V,, and £V,, modules

ch(q) = q%—% (2415 + g2/5 + 49165 4 3¢7/5 + 10g%V/15

+6q'%/% + 201> + 13¢"7/° + 40¢51/1° + 24¢%2/° + ). (36)

In the 0,V,,,0,V,, we find degeneracies 1,2,5,10,20... and in the ¢V,, modules we find
1,3,6,13,24.... The first few of these degeneracies can also be seen in the numerical spectra.

12


https://scipost.org
https://scipost.org/SciPostPhys.3.1.004

Scil SciPost Phys. 3, 004 (2017)

4 Continuum limit of the off-critical M, models

In the appendix we recall that the 4" = 2 superconformal minimal models, upon perturbation
by their least relevant chiral primary field, flow to a massive QFT which in superfield formal-
ism is captured by a superpotential in the form of a Chebyshev polynomial. We expect that,
for general k, the continuum limit of the integrable staggering perturbation of the M, lattice
model, as given in [15], leads to these same Chebyshev field theories.

4.1 M, model

The continuum limit of the staggered M; model is the superfield QFT with Chebyshev super-
potential
x3
Ws(X) = 3 —X, (37)
where X is the superfield. This theory is equivalent to sine-Gordon theory at its 4 = 2 super-
symmetric point, see section A.3.2 in the appendix.

We remark that the particle structure of the k = 1 Chebyshev field theory is similar to that
of the M; model at extreme staggering, with the QFT charge F playing the role of fermion
number f in the lattice model. The solitonic particles with charge F = —1/2 (called d, ; and
up o in app. A) correspond to the kinks K, ; and K; o and the particles with charge F = 1/2
(up; and d, o) to anti-kinks Ko; and K; 5. The K, ;, and K, ;, form a doublet under 4" = 2
supersymmetry exactly as in the lattice model. In the field theory the supercharges act on the
kinks as given in eq. (140), where A should be read as K, ;, and A as K, ,, with a,b = 0,1 or
a,b=1,0.

4.2 M, model

The continuum limit of the staggered M, model is described by a superfield QFT with Cheby-
shev superpotential
W,(X) = Xt —X%24 1 (38)
v g 2’

It is equivalent to A" = 1 supersymmetric sine-Gordon theory at the point where there is an
additional A& = 2 supersymmetry, giving rise to a total of A4 = 3 left and right supercharges
Q> Q1

The appearance of A = 1 supersymmetry (which provides a third set of supercharges
Q%)R in addition to the supercharges for the A4 = 2 supersymmetry) may be surprising at first.
However, a beautiful analysis in [4,24] showed that the M, lattice model exhibits a dynamic
supersymmetry, with supercharges Q, and Q, in addition to the manifest .4 = 2 supersym-
metry. These additional lattice supercharges lead to the additional 4" = 1 supercharges in the
continuum limit.

In ref. [4] the perturbing operator was identified as the sum of the fields wlﬁvo,il, which
have conformal dimension h = h = 3 /4 (see also appendix A.2.3).

The fundamental particles in this field theory are the kinks K, , and K, , see figure 4.
We have given the names in such a way that the kink K, ;, has charge F = —1/2 and K,
has charge F = 1/2. These assignments are consistent with the particle numbers of the (anti-
)kinks for the M, model at extreme staggering, see section 5. In the appendix the structure
of the S-matrix of the supersymmetric sine-Gordon theory is explained: one part of it is just
the sine-Gordon S-matrix (of course at its A" = 2 supersymmetric point), the other part is the
S-matrix of the massive tricritical Ising model. The action of the 4" = 3 supercharges on the
kinks is given in eq. (157). We remark that the parity operator that anti-commutes with the
A = 3 supercharges exchanges the vacua |+) and |—).
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In the M, lattice model the A& = 2 supercharges exchange kinks and anti-kinks without
affecting the £ vacuum structure. We will compare the two situations in section 7.

w(X)
0.5 |

3 0 s X

Figure 4: The three supersymmetric vacua and fundamental particles of the Chebyshev super-
potential with k = 2. The fundamental kinks all have energy E = AW = 1. The supercharges
relate the kinks K to anti-kinks K, the latter are not depicted in the figure.

4.3 M; model

We expect that the continuum limit of the staggered M; model will be the superfield QFT with
the number k 4+ 2 = 5 Chebyshev superpotential

X5
Ws(X) = = —X3+X. (39)

This theory has four vacua and we identify the particles with the kinks and anti-kinks in the
staggered lattice model, see figure 5.

1,,

W(X)
0.5 |

DNol—=

X

JIE /I ViG-v5) {36+

Figure 5: The four supersymmetric vacua and fundamental particles of the Chebyshev super-
potential with k = 3. The fundamental kinks all have energy E = AW = 0.8. The supercharges
relate the kinks K to anti-kinks K, the latter are not depicted in the figure.
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5 Off-critical M; models at extreme staggering

We now study the off-critical M;, M, and M3 models in their so-called extreme staggering
limit.

5.1 M,; model

For the M; model with periodic boundary conditions there are two zero-energy ground states
at L =0 mod 3 sites. In the extreme staggering limit A — O with staggering A11A11... they
take the form

|0) =...100100100..., [1)=...0(--)O(--)O(-")... (40)

where (--) =10—01.

For open chains, these two states may or may not be realised as zero-energy states, depend-
ing on BC and on the number of sites. For open BC, staggering A11A11... and L a multiple
of 3 the state |1) remains at zero energy but |0) incurs a finite energy. For L = —1 mod 3 the
situation is just the opposite. In zero-energy states take the form (with the square brackets
indicating open BC)

L=3l,f=1: [0(-)0...(-)]

L=3l-1,f =1: [1001...10]. (41)
At extreme staggering and for L = —2 mod 3, the state |0) is a zero-energy state with f = LBLZ
while |1) is a zero-energy state with f = L3;1
L=3l-1,f =1: [1001...1]
L=3l-2,f=1—-1: [0(--)0...0]. (42)

As soon as A > 1 these two states incur a finite energy and pair up in a supersymmetry doublet.
At extreme staggering, more general eigenstates are formed by connecting the two ground-

states with kinks and anti-kinks, which each cost an energy E = 1. In our next section we

discuss such kinks in the context of the M, model, where they have a richer structure.

5.2 M, model

In the extreme staggering limit A — O of the staggering pattern 1A1A... (see eq. (12)) we find
three degenerate, supersymmetric ground states |—), |0), |+) in the M, model. The excitations
are massive kinks that interpolate between any two of them. We use the notation

(-1-)=110+011. (43)
For L =0 mod 4 sites and with periodic BC, the three ground states take the form

staggering A 1 A 1 A 1 A 1 A 1 ...
)= 1 0101010T1O0...
)= 0(- 1 -)O0(- 1 )o(- ...
[+)= 1 -)0(- 1 -)o(- 1 -)... (44)
The |—) and |+) ground states are related by a shift over two lattice sites. The state with the
0-s at positions 4l + 1 is called |—) while |+) has the 0-s at positions 4l + 3.
We can again investigate which of the three states can be realised as zero-energy states of
a finite chain, for a given choice of staggering and BC.
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For staggering 1A1A ... and open BC, one finds that only the state |[+) can connect to the left
boundary. Similarly, for staggering A1A1... and open BC, the left boundary can accommodate
|0) and |—) at zero energy.

Interestingly, all three states |0), |—) and |[+) can connect to a left boundary if we choose
staggering A1A1... and o-BC, imposing the ‘no 11’ condition on the first two sites. [The same
holds true for staggering 1A1A... and o-type BC with ‘no 0’ condition.] Arranging for the
same situation at the right end, we find that for L = 41 + 1, staggering A1...1A and o-type
‘no 11’ BC on both ends we have three zero-energy ground states. In formula (for L = 13),

|_>a,a:a[0(' 1 -)0(- 1 -)o(- 1 )0](7
|+>O',O':O'[1 0 0(-1 -)0(-1 -)0 01 ]a
0)p0=c[1 0101010101011,

(45)

where we denote the o-type BC by ...],. Of these states, |-), , and |+), , have particle
number f = 2I, while [0), , has f =21 + 1.

5.2.1 Kinks and anti-kinks

At strong staggering, low energy excitations take the form of (anti-)kinks connecting various
ground states. We denote a kink in between ground states |a) and |b), located at site j, by
K, p(j). Examples (for staggering type A1A1...) are a kink K, . at site 6

Ky 4(6): [1010100(-190(-170... (46)
or a kink K, _ at site 8
Ko_(8): [101010100(-190(-1)0... (47)

where we indicated the location of the kink with an underscore. The supercharge Q. can
create an extra particle at the kink location, leading to anti-kinks K, ,(j) such as

Ko+ (6) : [1010110(-1)0(-170...

_ (48)
Ky_(8): [101010110(-1)0(-170...
The kinks and anti-kinks are superpartners under Q, Q+
Q+K:I:,0(i) = I_@,o(i), Q+KO,:I:(i) = :l:RO,:I:(i)
(49)

Q+I_<:|:,O(i) = Ki,o(i); Q+I_<0,:|:(i) = iKo,i(i)~

It follows that all elementary (anti-)kinks have energy E = 1.

5.2.2 Multiple (anti-)kinks

In the extreme staggering limit, the spectrum becomes a collection of states with any number
of kinks and anti-kinks present. The energy turns out to be additive, there are no bound states
of breather-type.

It is import to understand what the minimal spacing of kinks and anti-kinks of given types
can be. It turns out that two kinks K (i) and K +(j) can sit at the same location j = i. The

resulting configurations, of energy E = 2, are ‘double’ kinks Kf; that connect the =+ to the F
vacuum,
k®.(10):  [0(-1)0(-1-)000(-1)0(-1-)0... (50)
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KO,:I: 190 E = 1
I_<0’:|: 110 E == 1
Keo 001 E=1
K:E,O Ol]. E = 1
k. 000 E=2
kY o010 E=2
KZ.  0(c10)0 E=2
kD o(x1x)0 E=2

Table 1: Elementary (anti-)kinks and some of the kink-(anti-)kink states in the extreme stag-
gering limit of the M, model.

If we try to bring a kink K. , as close as possible to a second kink K, ; or an anti-kink I_<0,:|:>
we find configurations such as

k2 (6,8):  [0(-1:)0(c10)0(-1)...
(51)
kUD(6,8):  [0(-1)0(x1x)0(-1)...

where (010) =010, (x1x) = 110—011. We conclude that the closest approach of K, (i) and
Ko +(j) is j =i+ 2, giving the state Kg)i(i,i + 2). The superpartner of this state is the linear
combination Kil,i)(i,i +2) = Ky o()Ko+ (i +2) + Ko o(1)Ko . (i + 2). Both these states have
energy E = 2, there is no binding energy. A summary of the elementary kinks and some of the
2-(anti-)kink states is given in table 1.

5.3 M; model

In the extreme staggering limit A < 1 of the staggering pattern eq. (17), assuming periodic
BC on a chain of length L = 51, we find the following four ground states [2]

_ e (e )1
1) =...1110011100..., [g)=...(1--)(1-)...,

_ 1y — 110(-11-
0)=...0101101011..., |=3)=...0(11)0(11)..., (52)

with , indicating the position of ‘A’ in the staggering pattern eq. (17),
(\1---)=01101—-01110+11001—11010 and (-11:) = 1110—0111. All patterns repeat with
period 5.

The lattice model kinks have energies given by

Ea,b =2|a—b| (53)
Remarkable, these kink-energies agree (up to normalisation) with the masses of the funda-
mental particles in the superfield QFT with the number k + 2 = 5 Chebyshev superpotential.
6 Counting of M, model kink states and CFT character formulas
The M, model spectra are easily tractable in two particular limits. For A = 1 they organise

into finite combinations of modules of the relevant CFT, while for A = 0 they are understood
in terms of states with n kinks and 7 anti-kinks, of energy E = n +n.

17


https://scipost.org
https://scipost.org/SciPostPhys.3.1.004

Scil SciPost Phys. 3, 004 (2017)

Focusing on open chains, with either open or o-type BC at the open ends, we can follow
how the A = 0 multi-(anti-)kink states connect to states in the CFT spectra upon interpolating
A from O to 1. In this section our goal is to establish counting formulas for the multi-kink states
(at A = 0) such that their g-deformations correctly reproduce the corresponding contributions
to the CFT characters at A = 1.

The systematics of the counting procedure are analogous to the counting of quasi-hole
excitations over the (fermionic) Moore-Read (MR) state [5]. More generally, a similar con-
nection can be established between the so-called k-clustered Read-Rezayi (RR;) states [6] and
the staggered M; models. In our first subsection below we explain this connection. After that
we proceed to derive the counting formulas for the M, model kink states.

6.1 Analogy with MR state in thin torus limit

A clear connection between the RR; quantum Hall states and the M; models arises in a limit
where the many-body states simplify to the point of coming close to states that are in essence
product states in an occupation number representation. For the RR;. states this is the so-called
thin-torus or Tao-Thouless limit, while for the M model a very similar picture arises in the limit
of extreme staggering. While both these limits are far from the physical regimes of interest,
it has long been understood that the essential structure of the elementary quasi-hole/quasi-
particle excitations over fractional quantum Hall states and their (possibly non-Abelian) fusion
rules are nicely recovered in the thin-torus limit [7-9]. We will here establish very similar
results for the analogous kink/anti-kink excitations of the M; models, focusing on the case
k=2.

In the thin-torus limit the MR states are written as patterns of zeroes and ones where every
number corresponds to an orbital in the lowest Landau level (LLL). The orbitals are denoted
{0,1,... Ny }, where Ny is the number of flux quanta, such that the total number of orbitals
is Noy, = Ng + 1. The rule for the MR state is that there should be precisely two particles in
any four consecutive orbitals. A violation of the rule, in the form of four consecutive orbitals
having only one particle, gives a quasi-hole. As a simple illustration of the thin-torus and
extreme staggering limits, we display the patterns of all ground states in periodic BC for k = 2.
For the MR states these are the six thin-torus groundstates, while for the M, model these are
the three supersymmetric groundstates on a periodic lattice of length 4,

RR, ...11001100..., ...01100110..., ...00110011..., ...10011001...,
..10101010..., ...01010101...,

M, ...0(-1)0(-1-)0(-1..., ...1-)0(-1)0(-1-)0...,
..10101010101.... (54)

We now employ the analogy between the CFT, the thin-torus limit of the MR state and the
M, model to learn about open chain BC that open up a two-fold degenerate register. At the
level of the CFT, the fundamental degeneracy is that of the two possible fusion channels of the
Ising spin-field o(z), that is part of the (chiral) CFT associated to MR and M, models,

o(z)ow)=(Ez—w) 1+ E—w)2YpWw)]+.... (55)

Through the gH-CFT connection, this choice of fusion channel carries over to the fusion prod-
uct of two fundamental quasi-holes or quasi-particles over the MR state. These excitations,
of charge +1/4, each carry a single o-operator and thus have two choices 1, for the fusion
channel for any two of them. To see how this plays out in a ‘open’ geometry, we assume spher-
ical geometry, which we view as an open ‘tube’ capped by specific boundary conditions at the
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two poles. We first inspect the MR ground state in this geometry. Assuming, for definiteness,
N = 8 particles, the MR ground state requires a number N, = 2N — 3 = 13 flux quanta, or
Nyp = 14 LLL orbitals. In thin-torus notation the MR state takes the form

IMR,N = 8) =]11001100110011). (56)
The analogous groundstate of the M, model for f = 8 particles on an open chain reads
IMa, f = 8,+) =[(-1)0(-1-)0(-1-)0(-1-)]. (57)

Clearly, this needs L = 15 sites and staggering pattern 1A1A...A1 with A — 0. Note that in
neither case is there any sign of degeneracy with other would-be ground states: the ground
states are unique and separated from all other states by a gap. The simplest case with two-fold
fusion channel degeneracy is that of the MR states with AN, = 2, implying the presence of
n = 4 quasi-holes. The general counting formula for n quasi-holes and a total of N particles

reads [20] N=F . n/2
B (AE) e

F=N mod 2
Here the first binomial counts orbital degeneracies of the n quasi-holes, while the second,
together with the sum over F, pertains to the fusion channel degeneracy. Wishing to view the
effects of the quasi-holes as boundary conditions at the two poles, we fix the orbital degeneracy
by selecting the states with two quasi-holes at both the north and the south poles, leading to

F=0 |0110011001100110)

F=2 |1001100110011001). (59)

Returning again to the M, model, we recognise the corresponding states as
|_>O',O' = 0[0(1)0(1)0(1)0(1)0]0
I+)o,0 = o[100(-1-)0(-1-)0(-1-)001],, (60)

at L = 17 sites and with staggering A1A...A1A. These are the same states we encountered in
eq. (45).

The o-type BC that the states eq. (60) require are analogous to the presence of quasi-holes
at each pole in the MR state. To understand this we have to compare the open M, chains with
the MR states not on the sphere but on the cylinder. On a cylinder with vacua ‘1100’ at far left
and right, we can extend the F = 0O state as

...1100,,[01100...110],,0011..., (61)

where oo denotes the two quasi-holes at the boundaries. We can move one of the quasi-holes
out from each of the two boundaries to get

...1100,1010 ...10,[01100...110],0101...01,0011.... (62)

This corresponds to the situation that we have in the M, model, where o-type BC arise from
the presence of a single o quantum at a boundary.
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6.2 Example

As a simple example, let us take an open chain with L = 41 —1 sites, staggering 1A1... and
open/o BC (meaning ‘no 0’ condition on the rightmost site i = 4l —1). There is a unique
supersymmetric ground state with f = 2[ particles,

[+)o.6 =[(-1-)0...(-1:)0011],, . (63)

This state corresponds to the CFT vacuum oV}, at Ecpr = Lo — 11—6 = 0. (For the BC used here
the CFT charge m is given by m = 2f — L —1.) In addition, these same BC admit 1-kink
configurations such as

[(-:1)0...(-1)00101...011], . (64)

The possible 1-kink states are K, (i) withi =5,9,...,41 — 3, all with f = 2I particles. These
also contribute to the CFT character at m = 0. The 1-kink states are counted by a combinatorial
factor for choosing one location out of (I — 1) possible positions. In the CFT, the lowest value
for Ecpy for these 1-kink states turns out to be Eqpr = 1, which can be inferred from explicit
numerical evaluation. The contribution to the CFT character from 1-kink states is found to be
the following q-deformation of the kink counting factor

_ _ - _
2y In=1,i=0]= q( . ) =q(1+q+¢*+...+¢?). (65)
q
Here we use the g-binomial which is defined as
n (9) T i
Tl

= (66)

(m)q (Dm(Dn—m l:.! l+1

We can systematically analyse further contributions )(41 L0911, 7] of states with n kinks

and n anti-kinks to the m = 0 character in the CFT, in the form of g-deformations of the
counting formulas for all multi-(anti-)kink states with f = 2[ particles. Some of these are

X}llzlloa[n:(),ﬁ:o]zl
- [—1
X;l:zlz’o’o["=1:fl=0]=Q( . ) =q+¢+¢+q* +¢°...
q

4l—1,0,0 _ [ l 5 1—1 1—1

Xe_ > [Tl:l,n:]_]:q( ) ( ) +q (

f=2l 1/4\1J4 1 JgU 1 Jg
=q+3¢° +5¢°> +7q* +9¢° + ...

(67)

4l-1,0,0r, _ o = _ 3 l Z) 4(1—1) (l—l)
Xf=a [—2,n—1]—Q(2)q(1 q+q 2 )Lt ),

=q>+3¢*+6¢° +...

st rm=an=a=0() () (), () (%),

=¢>+3¢*+8¢° +...
We derive these expressions in section 6.4 below.
For finite [, the sums over all such terms will give a truncation or ‘finitisation’ of the CFT
character ch,y, (q). Sending [ to infinity then leads to the full CFT character, as given in
eq. (23),

. 4l—1,0,0 —q_ 2 3 _
ﬂf&;?{f:zz [n,n]=1+2q+4q9"+8q° +...=chyy,(q). (68)

In the sections below we present more general identities of this type.

We refer to [21-23] for other examples where CFT spectra in finitised form are obtained
from finite size partition sums of solvable lattice models.
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6.3 Open/open BC, fusion degeneracies and correspondence to MR quasi-hole
state counting

In counting multi-kink states, we encounter a complication due to fusion channel degeneracies.
To illustrate this and explain the counting procedure, we zoom in on the case with L =4[ —1,
staggering 1A1... and open BC on both ends. There is again an f = 2l supersymmetric ground
state,

[+)00 = [(-10...(1)0(1-)], (69)

corresponding to the CFT vacuum V; /5 at Ecgr = 0. The lowest excited CFT states withm = 1/2
are kink/anti-kink states. Before we turn to those, we analyse 2-kink states with f = 21 —1
particles and m = —3/2. The two kinks will be of types K, (i) and K, ,(j). As explained
in section 5, possible choices for j are j =i+ 2,i+6,..., whilei = 1,5,..., giving %l(l +1)
two-kink states. We find that the corresponding CFT character is

[+1

X2 In=2,i=0]= q( 9

ool )q =q(1+q+2¢>+...+¢%72). (70)

Turning to 4-kink states, with f = 2] —2 particles and m = —7/2, we realise that there are two
choices
I: K+,0 KO,— K—,O K0’+, IT: K+,0 K0’+ K+,0 K0,+. (71)

Choice I leads to (123) four-kink states while choice II gives (122) states. The CFT characters

are

Xy In=4,a=0] =q3(l :3)q +q5(l :2)q' (72)
We now observe that the counting of n-kink states is identical to the counting of n-quasihole
excitations over the MR quantum Hall state. Putting N = 2[—7 in the general counting formula
eq. (58) precisely reproduces the counting of the n-kink states in the M, model, as specified
above. Indeed, we find that the corresponding CFT characters can be written as (note that for
these boundary conditions n is always even)

2l-5—F

4l—1,0,0 - _ ”2*”-‘-E 22 +n %
Xf=21—n/2[n’ n=0]= Z q* ( n \FJq (73)

F=n/2 mod 2

In eq. (58), the second factor counts the various choices of fusion channels for the n quasi-
holes. Adding these numbers gives 2371 which is the number of channels opened up by 3
quasi-holes. F counts the number of Majorana fermions associated to the particles in the MR
condensate which are not part of a condensed pair. In the CFT, these Majorana’s give rise to
modes _ 1 j = 0,1,... of the fermion (z). Filling the first F of these modes precisely

produces the offset energy AEcpr = %2 Despite the similarities we remark that there are
differences between the MR and M, systematics. Most notably, where MR quasi-holes/particles
carry charge :l:}‘, the M, model (anti-)kinks have charge :l:%.

To complete the analysis of the case with open/open BC, we need to extend the counting
formula (73) to the more general case where both kinks and anti-kinks are present. Let us first
do all cases with n+ 1 = 2. One quickly finds (again guided by explicit numerics)

4l—1,0,0 _ _ _ [+1
Xf=21—1 [n - 2,Tl - 0] - Q( 2 )q:

oo™ ! l+1) 2(1) (l) (l)
> =1 =1|= =
Xj—g [n=1,a=1] q( 9 q+q 2), 1 A1) (74)

41—1,0,0 _ - 2 l
Xpoolpr [M=0,1=2]=¢ (Z)q’
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The fine structure in these formulas arises from the fact that the minimal spacing between
kink/kink, kink/anti-kink, anti-kink/anti-kink are all different. The structure of these expres-
sions clearly shows the supersymmetric pairing as in eq. (49).

Putting it all together we arrive at the following formula for L = 4] —1 sites and open/open
BC

4]—1,0,0
f=2l—(n—n)/2

Z q;(%) (1+3”4—ﬁ—§) (z+%_ﬁ—§) ' (75)
F Jq n q n q

F="1 mod 2

[n,n] =

We carried out extensive checks and confirmed that the counting formulas agree with numeri-
cal evaluation of multiplicities at A = 0. For [ large, we reproduce the CFT characters eq. (22),

m 1 . T 4l—1,0,0 _
o g Ve chy, (q) = ll_lglo Z Xf:21+m/2—1/4[n’ ]
n—n=1/2—m
m 1 - 7o
. 1 —1,0,0 _
2 2 odd: chyy (q) = 11_1,120 Z Xf:21+m/2—1/4[n’ n].
n—n=1/2—m

We checked these identities, and similar identities given in sections below, by explicit expansion
of the g-series up to order q'°.

6.4 Open/o BC

Let us now return to the case with open/o BC, we consider only L = 4l —1. Zooming in on
2-kink states, we observe that they can come as

I: K+,0 K0’+, I1: K+,0 KO,—' (77)

Inspired by the systematics for the open/open case, we associate choice I to F = 0 and choice
Il to F = 2 and identify the CFT characters

_ [+1 [
4l—1,0, _ - _ 2
xfzzz_"f’[n—z,n—OJ—q( ) )q+q (z)q. (78)

We note that, since the o-type BC correspond to injecting a o field in the CFT, the CFT Majorana
fermion ) (z) now carries integer modes v_;, j = 0,1,.... The energy offset for having the

first F modes occupied is now AEcpr = @ The general formula for n kinks, with n even,
becomes

5 n+2 21—§—F -1
4110, . n? -y (52 (—E5——+n
Xj—glonpplnsn=01=q7 Z q ( ; ) ( ’ n : (79)
F E”Zﬂ mod 2 q 1
In a final step we include anti-kinks as well, to arrive at, for n + 71 even,

2,:2 o2
4l—1,0,0 n?+i%+2i

f=21—(n—ﬁ)/2[n’ Al=q X

3 q() (** ———) (l+———) , (©0)
FJq n q n q

FE%F‘Jr2 mod 2

while for n+ i odd,

2,52 =
41_1’0’0. n“+n“+2n+2n+1

X o _noriy2l 11 = 4 N X

Z qF(le)(n+g+l) (l + 3n—4ﬁ+1 . FZLS) (l + H+Z+1 _ FT-‘:-Z) . (81)
F Jq n q n q

F="11 mod 2
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The full CFT characters are recovered as

choy, () = lim Dot nal. (82)
n,n

6.5 o/o BC

We finally turn to the case with o-type BC on both ends, we consider only L = 4l — 2. In this
case, both ends can accommodate each of the three vacua |+), |—), |0), which leads to a larger
number of kink-state types. Starting with 1-kink state, we have the choices

I: K+’(), K0,+J II: K_’O, KO,—' (83)

We associate to choice I the value F = 0 and to choice Il F = 1. In addition, the CFT characters
have a factor (1 + q) to accommodate for the combinations K, o = K; ,. The 1-kink states thus
lead to the character

X;”211”[n21,ﬁ:0]=q(1+q)[( 111 ) +q%( 112 ) ] : (84)
q q

For these BC, the CFT Majorana fermion 1(z) again has half-integer modes and we are back
to offset energy AEcpy = %2 Note however, that there is no longer a selection rule that links
the parity of F to the fermion number f. This is because the two o-quanta injected by the o-
type BC fuse according to o x o = 1 + 1, allowing both parities of the number of CFT quanta
Y_ 1) regardless of the particle number f. For an odd number n of kinks the character
formula becomes

LALe0 s 0] =g (1+q) Z ;(nﬂ) (Ll+3n 7 ZJ)q_ (85)

=211
f 2 F=0,1,... n

where we denote by the floor of x, written as |x], the largest integer not greater than x.
Allowing for anti-kinks as well but still assuming n + f1 odd, this becomes

41—1 0,0 n2+n2—2nn+3n+3n

Xf =21—(n—fi— 1)/2[n ﬁ]:q (1+CI)><

Z szz(n+n+1) (Ll_,’_ 4T_1 12: ) (l_l+ n+n_ 5 gJ) . (86)
F=0,1,... FJq n q n 1

For an even number of kinks we distinguish two situations. For the first, type A, the states at
the boundaries are either |+) or |—). For two kinks this leads to

AO: K+;O K0’+J Al: K—,O KO’+, K+’() KO’_, A2: K—,O KO,—' (87)

We associate F =0 to AO, F =1 to Al and F = 2 to A2 and arrive at the character

41000 _ o= _ 71— 2 l) %(2) (l) 2(1—1)
Xjoo—y [Ma=2,14=0]=¢ [(2 q+q 1J,\2 q+q 2 )| (88)

For general even ny this becomes

n2+ny F2 M L+ M _F
X?l 211 Una/z[nA> fiy,=0]=q K Z QT( 2 ) (L 4 ZJ) . (89)
q q

F=0,1,... F g
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and including anti-kinks, with n, + 14 even, we find

2 2
41 1 A A+nA+3nA
Xf =21 O-(,Z nA)/Z[nA’ nA] = 4 X
2 3 —4 fia—4
Z q§(%) (LH_%_%J) (LH_%_%J)' (90)
F=01,... FJq L q i) q

Note that choosing n, = 1y = 0 gives the character

411,
K= o na=0,1,=0]=1+¢

D=

(oD

Clearly, these two states correspond to the |—) and |+) vacua. They are both 0-kink states at
A =0 and we see that the correspondence with the CFT states at A =1 is

|_)cr,o « |V—1/2>: |+>o,cr « |¢V—1/2>' (92)

We are left with type B states, which have an even number of kinks and both boundaries in
state 0. For two kinks
BO: KO,— K—,O’ Bl: KO,+ K+,0. (93)

We associate F = 0 to BO, F =1 to B1 and arrive at the character

41-1 _ -1 1(l—2
Xf ZlUU[nBZZ,nB=0]:q4|:( ) )q+q2( 5 )q:| %4

For general even np this becomes

n2+3ng+2 2 /1B 3n3—10 F

! - BB 22\ (Il+ — =]

X? 211:31011 jolnpsfip =0]=q~ 7 Z q? (F )q( 27 (95)
F=0,1,... q

and including anti-kinks, with ng + 71z even, we find

nZ A% +3ng +5ig+2
4l1-1,0,0 _ w
X ol 1—(ng—iig)2L 18> 8] = * X
Z q%(nB;—nB) (l.l+ BnB—nB—IO 1; ) (l.l+ nB+nB 6_§J) | (96)
F=01,... F Jq Np q np q
Choosing ngz = iy = 0 gives the character
_ 1
i1 ng =0,/ = 0] = g2, 97)
corresponding to the vacuum |0), so that
10) g6 < [V32). (98)

The CFT character is recovered by summing all contributions

T 4l-1,0,0 -
chy, (q) +chyy, (@) = lim Z P LA | (99)

where the sum over n, 71 includes all three cases n + 1 odd and for n + 71 even types A, B.

7 M, model versus supersymmetric sine-Gordon theory
- action of the supercharges

In this section we compare the action of the various supercharges on the kinks in the M, model
and in the supersymmetric sine-Gordon (ssG) field theory.
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7.1 Kinematics

We consider the M, model on the infinite open chain, where we denote the location of a kink
with a superscript, K, ,(j) = KCJI p- To lowest order in A, the lattice model Hamiltonian Hy,,
acts as

HM .

5 "

K}, — K+ AKY P+ K (100)
and similar for K", and for the anti-kinks. Constructing plane waves such as

k) =" MK, (101)
l

we find eigenvalues for energy and momentum
Ey,=1+ 2Acosk, Py, = k (102)

with the momentum operator defined as the P = ilog(T,) with T, the operator that shifts
m — m + 4. In the supersymmetric sine-Gordon theory the kink states are labelled by the
rapidity and we have

E,c = mcosh(0), P,;=msinh(6). (103)

Clearly, the staggered chain does not have the Poincaré invariance of the supersymmetric sine-
Gordon theory (in the latter, this has emerged in the RG flow from the weakly perturbed
M, model towards the fixed point). However, in the long-wavelength limit we can make the
comparison, identifying k with m6.

7.2 M, model supercharges

The paper [4] identified, in addition to the supercharges Q. , Q. , additional pairs of what are
called dynamical supersymmetries of the M, lattice model, with charges Q_, Q_, and Q,, Q,.
These supersymmetries change not only the particle number f but also the number L of lattice
sites. The operators Q_ and Q_ are obtained from Q. and Q. via conjugation with an operator
S,

Q_=5Q,S, Q_=5Q,S. (104)
S represents a Z, symmetry which corresponds to ‘spin-reversal’ in an associated spin-1 XXZ
chain. For the infinite open chain the ‘spin-reversal’ transformation is a good symmetry of the
Hamiltonian when 2., = 4; and u; = 1/+/2. It leaves invariant the three ground states |0),
|+), and |—) and acts on single kinks as

S: K:TO<—>R""

m+2 I —2
to  Kgi—Kg Ky, = Kge® (105)

0,F

We refer to [4] for the definition of Q, and Q.

We now analyse the action of the M, model supercharges on (anti-)kinks. The action of the
‘manifest’ lattice supercharges Q_, Q, is, to zero-th order in A, given in eq. (49). Extending
this to first order we find

Q+Kj’f,0 = Kjf,o + Akﬂg“ +..., Q+Rﬂ0 =K'+ /IKjf,g“ +...

- Z Z _ (106)
QK. =£KJ, £ AR +...,  QuKJ, =K' £ KT+
where the ... indicate terms with multiple kinks.
With eq. (104) and eq. (105) this leads to
7 o m—4 A mo 4
Q KLy =KE +AKE* +..., Q_KY,=Kiy+AKLT* +... 107)

QKg', = FKGI* F AR, +..., QK. = FKI P FAKG, + ...

where the ... again indicate terms with multiple kinks. It can be checked that this action of
Q_, Q_ agrees with the action spelled out in eq. (7) of ref [4].
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7.3 Supercharges in supersymmetric sine-Gordon theory

In appendix A, eq. (157), we specify the action of all supercharges Q(L)’,;’_ on the kink states
K, »(0) in the supersymmeric sine-Gordon theory.

To write the action on multi-(anti-)kink states, we need to specify the appropriate parity
operator. We define a Z, operator T', which exchanges the & vacua, by

T': Kig(0) = Kep(0), Kig(0) = Kso(6),
Ko +(0) <= Ko (0), Ko+(0) < —Ky-(6). (108)

This operator anti-commutes with all six supercharges and plays the role of the fermion-parity
operator for the massive A4 = 3 superalgebra.
On multi-kink states, the supercharges have the schematic form

n
¢ KD . KD(6,) = > IrWrD(6,)...1U"DKUD(6,_ Q"% kI(8))...K™(6,))
j=1
(109)

with I" as in eq. (108). The lattice model supercharges Q. and Q. lack the I'-string. They do
have an alternative string, extending over all sites m” < m to the left of where the supercharge
act, with per site a factor (—1)/. These lattice model Fermi factors lead to the + signs in
the action of the lattice model supercharges on kinks of type K, ;. and f(o’i, see eq. (106)
and (107). If we wish to express the lattice model supercharges Q. and Q. in terms of the
supercharges of the supersymmetric sine-Gordon theory, we need to cancel the I'-strings. This
can be done by taking suitable (even) products.

7.4 M, model vs. supersymmetric sine-Gordon theory

One would expect that the six field theory supercharges Q%;’_ correspond to the six lattice

model supercharges Q. _ ; and Q+’_’O. However, there are clearly a number of subtleties. We
already discussed the difference in the dynamical regime (lattice dispersion versus Poincaré
invariance) and the difference in the fermion parity operators.

Comparing the field theory supercharges with the lattice model results, we can establish
a correspondence, to 1st order in A. The precise statement is that, within the supersymmetric
sine-Gordon theory, we can define operators Q.[ssG] which become similar to Q.[M,], once
we identify the degenerate vacua {0, +,—} and the corresponding multi-(anti-)kink states be-
tween the two theories,

t=—1 : Q[ssG]= %Qg(QZ —2Q%)
Q,[ssG] = —%Q(L’(Qg —-2Q)
(=1 1 QsG] =——=Q}(Q; +AQ))
Q.[ssG]= %QQ(Q{ + Q). (110)
It is instructive to evaluate the anti-commutators of these expressions. For t = —1,
QuIsGLQ 6T = —3QR(Q; — 2}, —AQ))

1
= EQ;%Q‘; ({Q,,Qx} — Q.. Q- MQt, QR })
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= %t(2t —2A(H —P)—2A(H + P))

= t2—2tH
= 14+ 2Acosh(60), 111)

where we used that QgQ(L) = Q(L’Q0 =tand t=—1. Fort =1,

_ 1
{Q,[ssG],Q [ssG]} = —E{QE(QE +2Q,),Q%(Q; + AQ)}
1
= EQEQ(L’ ({Q, QI+ MQL,Q  + A{Q1, QR })

= %t(Zt +2A(H —P)+2A(H + P))

t2 + 2tH
= 14+ 2Acosh(0). (112)

The two terms in the last line are similar to those in eq. (102). The first, which in the lattice
model is related to the kink rest mass, arises in the field theory setting as the square t2 of the
topological charge t. The second term, of order A, is the lattice kink kinetic energy 2A cos(k),
which in the supersymmetric sine-Gordon theory takes the relativistic form 2A cosh(6). Ex-
tending this reasoning to multi-kink states, we see that the contribution from the topological
terms in the field theory to the order A° energy in the lattice model is a contribution of t? =1
per kink or anti-kink, in agreement with the lattice model energy operator at A = 0.

We can easily extend the correspondence to the lattice model charges Q_ and Q_, which
take the form

1

t=—1 : Q_[ssG]= ﬁQg(Qf —2AQR)
_ 1 _
Q_[ssG] = EQ;’ (Qf —2Q;)
1 _
t=1 : Q_[ssG]= EQE(QR +2Q7)
- 1
Q_[ssG] = —EQ(L’(QZ +AQ}). (113)

From their explicit action on kinks, or from the relation with the field theory supercharges,
it becomes clear that the mutual anti-commutators {Q,,Q_} and {Q,,Q_} are non-vanishing,
with details depending on the topological charge t. This is in contrast to the implementation
of these same charges in the T# = 1 momentum sectors of a finite closed chain, see ref [4].

We refer to [24] for similar results for the lattice model operators Q, and Q.

8 M, model versus supersymmetric sine-Gordon theory
- finite chains

In this section we again compare the kinks in the M, lattice model with the kinks in the super-
symmetric sine-Gordon theory, this time on a finite open chain. The boundaries break some of
the supersymmetries and we will not pursue the comparison at the level of the supercharges.
Instead, we focus on the kink spectrum. We first (section 8.1) analyse the M, model kink spec-
trum on a open chain with o-type boundary conditions. We find a fine-structure in the 1-kink
spectrum, which has its origin in mixing of kinks of type K, .. at the boundary. In section 8.2
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we then analyse a similar splitting in the field theory kink spectrum, where the appropriate
formalism employs boundary reflection matrices. Comparing the two we see a qualitative
agreement.

8.1 Mobile M, model kinks on open chains

We consider an open chain with L = 4l + 2 sites, staggering type A1A1A1... and choose o-
type boundary conditions with ‘no 0’ conditions on both the first and the last site. At particle
number f = L/2 the lowest energy states are 1-kink states of type K 1. A total of [ kinks K, _
are possible on the sites i = 4k and the same number of kinks K , are possible on the sites
i =4k + 2 (k integer). Fig. 6 shows the energies (obtained from numerics) of the six 1-kink
statesat L=14, f =7.

E
1.3 5

1.2 +

1.1 ¢

0.9 t

0.8 t

0.7

: : : : : : : : : by
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Figure 6: The energies of the six one kink states in the M, model for small A for L =14, f =7,
o/o BC (no 0/no 0) , staggering A1A1...A1.

Because A is a small parameter we can calculate the energy eigenvalues and the eigenstates
of the Hamiltonian perturbatively in A. We write H = H® + H® + H®) where H® does not
depend on A, H® is linear in A and H® is quadratic in A. We have already seen that the zeroth
order of the Hamiltonian just counts the number of kinks. At first order the Hamiltonian of
eq. (13) becomes a hopping Hamiltonian for the kinks

(Ko HHWIKE ) = A (114)

Hence the 1-kink states have energies

nm
E,=14+2Acos—. 115
" [+1 (115)
The j-th component of eigenvector number n, with n € {1,...,1} has amplitude

(n) 2 . njw
e;’ = \| ——sin . 116
J Jl+1 [+1 (116)

For n < [ the energy splitting between two of the hopping eigenstates is

2 2 2
E—E. = %xm(%). 117
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The degeneracy between the 1-kink states of types K, _ and K, .. is lifted at second order in A.
The second order correction to the Hamiltonian acting on the two-dimensional subspaces of
K, and K, ; hopping eigenstates has two parts,

(D)D)

(2),t0t _ ik "Tkj (2)

H;; _E — % +tHi (118)
k#tij Tk

where the sum is over all states |k) with energy different from 1 at order zero. At order A2
the K, _ and K, ;. eigenstates do not mix in the bulk, the only term that mixes them comes
from the Hamiltonian acting near the boundary. The amplitude for the process that mixes the
n-th eigenstates of K, _ and K, , near the boundary comes from the square of the order-A
correction to the Hamiltonian and is given by
s 2 N7
2 2sin“r 7
A(ln) = (M) = —EL (119)
(Lm=(a") [+1
The diagonal terms are more complicated because they have many contributions. The total
second order correction to the Hamiltonian becomes [24]

1+(—1/2)A(l,n) —-=A(l,n
P ( ( ) /I)A( ) ﬁz (1 ) ) . (120)
_EA( ,Tl) 1+ A( ,Tl)
This matrix has the eigenvectors (—1, +/2) and (+/2, 1) for all values of [, n. The corresponding
eigenvalues are 1+ (I — 1)A(I,n) and 1+ (1 + 1/2)A(l, n). So the energy splitting at order A2
becomes

3 3n?n? n®
t_ == 2 [ 2 J—
Ef —E, = SA0mA? = =2 +ﬁ(l4). (121)

8.2 Boundary scattering and kink-spectrum in supersymmetric sine-Gordon
theory

We will here compare the result eq. (121) with a similar mixing of kink states in the spectrum
of the supersymmetric sine-Gordon theory on a finite segment of length . To make this match
we observe that the for long-wavelength mobile kinks the dispersion eq. (115) of the mobile
kinks in the M, model agrees with the dispersion of long-wavelength kink states in the field

theory,
n

E®C = const. + ﬁpfl, pn=mb, = 7a (122)
if we identify & — [ and 2m — 1/|A|.

To understand the kink spectrum in the supersymmetric sine-Gordon theory, we need to
understand the boundary scattering amplitudes of the kinks. The supersymmetric sine-Gordon
kinks can be understood as products of sine-Gordon kinks times kink states in the massive QFT
that arises as an integrable perturbation of the tricritical Ising model CFT, see appendix A.2.
Their boundary scattering has been analysed in the literature, [25-27], but to our knowledge
a complete description of all possible boundary states and the corresponding boundary scat-
tering amplitudes has not been obtained. We will here explore the boundary scattering corre-
sponding to M, model o-type BC at a qualitative level, and argue that it leads to a splitting
similar to the result eq. (121) obtained in the M, model.

The boundary scattering amplitudes for kinks in supersymmetric sine-Gordon theory fac-
torise in a factor corresponding to the sine-Gordon kink/anti-kinks times a factor pertaining to
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the perturbed tricritical Ising model. The boundary scattering of the sine-Gordon kink/anti-
kinks is necessarily diagonal as the M, model BC conserve charge and thus prevent processes
where kinks reflect into anti-kinks.

What remains is the possibility of mixing of the & vacua labelling the single kink states. As
in section 8.1 we focus on kinks of type K ., and consider how these reflect off a right bound-
ary with o-type BC. An important clue to the identification of their boundary scattering comes
from the fact that these BC (in combination with the staggering pattern) allow all three vacua
|[+), |—) and |0) to live at the boundary at zero energy cost. In the analysis by Nepomechie [25]
of boundary scattering in the perturbed tricritical Ising model, a single choice of CFT boundary
state was identified, which he calls (d), that allows all three vacua at the boundary. He goes
on to analyse the boundary reflection matrices corresponding to this boundary state in the
perturbed theory. In addition to diagonal reflection amplitudes P, (6) he finds non-zero am-
plitudes V..(0) for processes where K|, . reflects into K, _ or vice versa. The reflection matrix
acting on kinks (K 4, K, _) takes the form

RZ(9)=( P, V, ):( 1/v2 —isinh(6/2) )T(Q), (123)

V. P_ —isinh(6/2) 1//2

with T(8) an overall diagonal factor. We will proceed on the assumption that this same re-
flection matrix forms a factor of the boundary scattering amplitudes in the supersymmetric
sine-Gordon theory in the situation corresponding to M, model o-type BC.

We can obtain the quantisation of the kink momenta in finite volume £, by demanding
that their dynamic phase after propagating back and forth through the system and reflecting
off both the right and left boundaries adds up to a multiple of 27t. If the kink starts out moving
to the right there is a factor RZ(G) for the reflection off the right boundary. The reflection off
the left boundary gives a scalar R(6). Hence we get

2 PR (OIR(0) = 1. (124)
The eigenvalues of the normalised reflection matrix are
RE: iv/2sinh($)
o V1+ 23inh(%)2’

where A, corresponds to the eigenvector (1,—1) and A_ to the eigenvector (1,1). These are
not the same eigenvectors as we found in section 8.1. This is due to the fact that in the
M, model the lattice positions of the kinks differ between K, . and K, _, which affects the
processes near a boundary. This asymmetry is absent in the field theory description.

For small 6 the momentum becomes p = mf and the reflection phases can be approxi-

mated by ¢, = :I:%. The quantisation condition becomes

elPx =2

(125)

ZmOL LT (9 VR(9Y = 1. (126)

Writing T(8)R(0) = ¢'?(® and approximating ¢(8) by its value ¢, at 6 = 0, we have

0
2mo, ¥ + —= + ¢y =27n (127)
a2t

which leads to
+  2mn— b0

n 1
2m$:l:ﬁ

(128)
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Using ET = mcosh(6*) and expanding in 1/.% gives

2nn— 2 2nn— 2
B nm g 2T 800 2nn—go)
8m? 84/2m2.¥3

(129)

Comparing the leading term to the M, model dispersion leads to ¢, = 0, which then gives a

fine-structure -
E+_E_:_2\/§Tr n .
n n (2m)2¥3
Translating back to the M, model parameters, we find qualitative agreement with the eq. (121)
(up to a multiplicative factor 24/2/3).

Clearly, the extremely staggered M, chain differs in its details from the supersymmetric
sine-Gordon theory, and we should be careful in making the comparison. Nevertheless, we
believe the qualitative comparison is justified and leads to a better understanding of the M,
model in the strongly staggered regime.

(130)
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A Integrable Field Theory

In this appendix some background information is given about the quantum field theories that
correspond to the continuum limit of the staggered M; and M, models, the sine-Gordon and
supersymmetric sine-Gordon models. The M; model leads to the sine-Gordon theory at the
point where it has an 4" = 2 supersymmetry. The latter is closely related to the supersymmetry
in the M, lattice model. The M, model leads to what is called the 4" = 1 supersymmetric sine-
Gordon model, at a point where this exhibits an extra A4 = 2 supersymmetry - we sometimes
refer to this as the A" = 3 supersymmetric sine-Gordon theory.

A.1 The sine-Gordon theory
The sine-Gordon theory is described by the action
S=| dtdx i(8 ®)> — m—z cos(f3P) (131)
B 8n- M B2 ’

where ®(x, y) is a scalar field and f is a dimensionless coupling constant. The theory exhibits
a discrete symmetry & — & + nzﬁ—“, n € Z, which is spontaneously broken at 2 = 2. The

conformal dimension of e/#®(*:Y) is B2, so the cosine term is exactly marginal for 32 = 2. For
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B2 < 2 the action describes a massive field theory with a particle spectrum which consists of
soliton-antisoliton pairs (A,A) which carry a topological charge

T p f dxicb(x,y) = p (®(+00,y)—®(—00,y)). (132)

:ﬂ oo OX 21

In general there are in addition to the solitons also neutral particles in the spectrum. These
are the breathers B,, n =1,2,... < A, where A depends on the value of 3

A= % —1. (133)
The scattering of the sine-Gordon solitons is described by [28]
A(0)A(0") = a(8 — 6))A(6")A(D),
A(8)A(6") = a(6 — 6")A(6MA(6),
A(B)A(6) = b(8 — 0)A(O)A(O) + c(8 — 8)A(O"A(O)
A(B)A(0") = b(8 —0")A(B")A(B) + c(8 — 8")A(B")A(H),

(134)

with
a(0) =sin(A(n+i6))p(—ib),
b(6) =sin(—iA8)p(—iBh), (135)
c(0) =sin(Am)p(—ih),

where p(u) can be written in terms of gamma-functions.

A.1.1 Sine-Gordon theory with 4" = 2 supersymmetry as a perturbed superconformal
field theory

We will now start from the A" = 2 supersymmetric ¢ = 1 CFT and add a perturbing operator
which generates a massive sine-Gordon field theory. In this way we find the value of 3 for
which the sine-Gordon theory has A" = 2 supersymmetry. We thus consider the free boson
CFT at the supersymmetric point where the compactification radius is R = +/3 and add a
supersymmetry preserving perturbation known as the Chebyshev perturbation [29,30]

_ 2, (- — -
Spert = gf d”z (GR,—l/ZGL,—1/2(p+ + G;,—l/szr,—l/z‘P )’ (136)
where ¥ are primary fields in the Neveu-Schwarz sector with h = h = 1/6. This leads to
Spere = 28 | d?z cos(i<1>) (37)
pert 1/§ .

so that adding this term to the action of the free boson gives precisely the sine-Gordon theory
with 32 = 4/3, A = 1/2. We conclude that the sine-Gordon action has an 4 = 2 supersym-
metry at the point A = % This is the point that corresponds to the continuum limit of the
staggered M; model. Because A < 1 there are no breathers at the & = 2 supersymmetric
point.

A.1.2 Particles in sine-Gordon theory with 4" = 2 supersymmetry

In the B2 = 4/3 sine-Gordon field theory the supercharges Qf’R satisfy the following alge-
bra [31]
{Q],Q}=E+P {Qr-Qx}=E—P

(138)
@Qi} =501, Q=30 -(D,
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with all other anti-commutators vanishing. The energy and momentum that enter the algebra
are

E =mcosh(0), P =msinh(0), (139)

and T is the topological charge, see eq. (132).

In the massive theory the U(1) currents J; and Jp are no longer separately conserved as
in the CFT. The combination F = J; — Ji, which is conserved, is identified with the fermion
number F. This implies that Qf has fermion number F = +£1, Q; has F = F1. A soliton A has
fermion number F = —1/2 while A has F = 1/2. These fractional fermion numbers lead to
factors (—1)F = +i when supercharges act on multi-(anti-)soliton states (see [29]).

The action of the supercharges on the (anti-)solitons reads

QLA(0) +iA(0)Q] = e*/2A(0), QA(6)—iA(6)Q] =0,
Q,A(0) +iA(0)Q, = e?/2A(0), Q,A(0)—iA(6)Q, =0, (140)
FA(0) —iA(0)Q); = e~0/2A(0), RA0) +1A(6)Q; =0,

QzA(6) —iA(0)Q, = e 9/2A(6), QRA(6) +iA(6)Qg = 0.

A.1.3 Commutation of supercharges with the scattering of solitons

We now explicitly show that the A" = 2 supercharges commute with the scattering of the sine-
Gordon solitons at the point A = % Acting with the supercharge Q; on the left hand side of
the first of the scattering relations in eq. (134) gives

QFA(BIA(0") = e*2A(6)A(6") — ie” PA(6)A(6")

/ - / - 141
= (be®’2—ice®/2) A(0)A(0) + (ce®/? — ibe® 12) A(6")A(6), (141

where b, c depend on 6 — 6’. Acting on the right hand side of the same equation we get

QA0)A(") = QF (a(6 — 6)A(6)A(0))

/e - _ 142
= ae? PA(0)A(0) — iae?2A(0)A(0). (142)

Using eq. (135) above it can be verified that these two expressions indeed agree when A = %
The other case that needs to be checked is the scattering of A(6) with A(0”). Here the left hand
side gives

QFA(0)A(0") = ae®/2A(6")A(0) (143)

while from the right hand side we get
QrAOIA(0") = (ibe®/? + ce?'/2) A(0")A(D). (144)
The two agree if A = %

A.2 Supersymmetric sine-Gordon theory

The A4 = 1 supersymmetric sine-Gordon theory has the following action (see, for example,

[32])

m2

432

Sgsq = f dtdx (SLqu:a“q» +10yH5, ¥ + mP¥ cos (grb) + cos(ﬂ@)) , (145)
T

where @ is a real scalar field, ¥ = (1_, v, ) a Majorana fermion field, m the mass and f the
coupling constant. The theory is invariant under A4 = 1 supersymmetry. The Lagrangian has a
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discrete symmetry & — & +n%, n € Z. It is also invariant under a half-period shift ® — &+ 2%
if at the same time the relative sign of the fermions is changed ¢, — —,,4_ — 1_ (that
is & — —y3W¥). This can be interpreted as an alternation of the sign of the fermion mass term
between consecutive supersymmetric sine-Gordon vacua. At the even vacua ¢ = 2n the

mass is positive, at the odd vacua ® = (2n+ 1)7 it is negative. When the mass is posmve the
Majorana fermion describes the high temperature phase of the Ising model and there is only
one ground state |0). When the mass is negative it describes the low temperature phase, the
Z, symmetry is spontaneously broken and there are two ground states |+).

A.2.1 Particles in supersymmetric sine-Gordon theory

The particle content of the supersymmetric sine-Gordon theory is richer than that of the sine-
Gordon theory. If a soliton interpolates between an even vacuum and an odd vacuum it can
either go from ground state |0) to ground state |+) or to ground state |—), we call these solitons
kinks Ky, ;. and K, _ respectively. If a soliton interpolates between an odd and an even vacuum
it goes from either |+) or |—) to |0). These are the kinks K 5 and K_ . The antisolitons (anti-
kinks) are denoted by a bar. See figure 7 for an overview of all eight particles in supersymmetric
sine-Gordon theory.

s} KO% +)
G
odd even odd

Figure 7: The four kinks and anti-kinks in supersymmetric sine-Gordon theory. Kinks go from
left to right, anti-kinks from right to left.

The S-matrix of the supersymmetric sine-Gordon theory decomposes in a part that con-
tains the supersymmetric structure, S;, and a part describing the general sine-Gordon solitons

SSG [32])

Sssc = Ss6(01— 02, 1) ® S (6, — 65). (146)
Here S, is the sine-Gordon S-matrix (see eq. (134)) and
2 1
— ——. 147
/3 275 (147)

Note that the definition of A is different from the sine-Gordon case. S is equal to the S-
matrix of the tricritical Ising model perturbed by the primary field of conformal dimension
h = 3/5 [33]. The tricritical Ising model CFT is the first in the series of the minimal unitary
superconformal models and has central charge ¢ = 7/10. This perturbing field should be
added with a negative coupling to arrive at a massive field theory with unbroken A4 = 1
supersymmetry [33]. This theory has three vacua, labeled as 0, £1, which agrees with the
supersymmetric vacua described above for the supersymmetric sine-Gordon theory.

The kinks K, , K, 5 can be also be described as consisting of the product of a sine-Gordon
soliton A() or antisoliton A() multiplied by kinks A, » between the vacua of the perturbed
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tricritical Ising model
K, p(0) =A(0)® ., ,(0), Ko 5(0) =A(0) ® A, ,(0) (148)

with a, b = 0, £ (we identify the labels a = &1 with a = £).
The general structure of S-matrices in supersymmetric particle theories

of which eq. (146) is an example, was given in [34]. The S-matrix of the supersymmetric
sine-Gordon theory was found in [32, 35, 36].

A.2.2 A& =1 supersymmetry

In the decomposition described above the A4 = 1 supersymmetry of supersymmetric sine-
Gordon theory originates in the tricritical Ising part of the theory. The & =1 algebra is [31]

Q) =E+PR  (QQ*=E—-PB {Q),Q}} =2t (150)
The 4 = 1 supersymmetry acts on the ., ; o and %, 11 as [25]
Q) Hp,41(0) — H 11 (0)Q0 = Fe 245 4,
Qg?{o,ﬂ(@) - %,;1(9)(22 = ¢€_6/2=7(6,i1,
Q) Har 0(0) — Hp 0(0)Q) = £ie? 22y
QY H 1 ,0(0) — Hiry 0(0IQ% = Fie 2 Hzy .

The topological charge, t, of #j 1, is 1, the topological charge of 4,  is —1. An n-kink state
is always of the form

(151)

| Hs s Koy Hayags > K s (152)

> TYaAN AN +1
The total topological charge is given by the sum of the topological charges of the individual
kinks and is given by [25]
t=—(al—az,,). (153)

A.2.3 & =3 supersymmetric sine-Gordon as a perturbed conformal field theory

The supersymmetric sine-Gordon theory can be seen as a perturbation of the ¢ = 3/2 super-
conformal field theory with perturbation U = ¥ cos ﬂ; [32]. At the point 32 = 2 this per-

turbation can be written in the form eq. (136), where the Neveu-Schwarz primaries (p:}_l are

vertex operators Vg .1 with h = h = 1/4. Indeed, using the explicit form of the supercharges
Gf =YViq 11, G}jf = Vg 41, we have

_ - o
Spert = gf d?z P (Vo1 + Vo 1) = 2gJ d*z ) cos(ﬁ). (154)

The form of eq. (136) guarantees that A4 = 2 supersymmetry is preserved. We conclude that
at the point 3 = v/2 the & = 1 supersymmetry of the supersymmetric sine-Gordon theory is
enhanced to an A4 = 3 supersymmetry. At this point A = % and there are no bound states in
the theory.

The A = 3 superconformal field theory has an SU(2) symmetry for both right and left
movers. The perturbation Sy, does not preserve these separately but does preserve one com-
bination which forms a single SU(2). This combination is given by

0_70_ 10 +_g+_ 71— ——_q1—_ 1+
JO=J0— g0 gt=Jtr—Js, JT=Jr—Jt. (155)
Since J Vo1 =J3 Vo1 and JaVo1 =J; Vo1 it follows that

J*(Voq +Vo—1) =J (Vo1 + Vo—1) = 0 and thus S, is an SU(2) singlet.

35


https://scipost.org
https://scipost.org/SciPostPhys.3.1.004

Scil SciPost Phys. 3, 004 (2017)

A.2.4 Particles in 4/ = 3 supersymmetric sine-Gordon theory

To write the superalgebra in a uniform form we redefine the .# = 2 charges by a factor of v/2.
The massive A = 3 algebra becomes

{QF,Q;}=2(Q%)*=2(H+P)
{Qz,Q}} =2(QR)* =2(H—P) (156)
{Q2,Q% ={Q,,Q:} =1{Q}.Q}} =2t,

with t =1 for kinks of type K +, Ko + and t = —1 for K o, K. .
We explicitly write the combined action of the 4" = 3 supersymmetry on the kinks

QK. 0(0) —K40(0)Q% = +ie??K .,

QK. 0(0)— Ko 0(0)Q) = Fie??K_,

Q1K+ 0(0)—K:0(0)Q; = :F‘/Eiee/zk%o’ (157a)
Q7 K4+0(8)—K+0(0)Q; =0,

Q K:o(0)—K:0(0)Q, =0,

QK1 0(0) =Ry 0(0)Q; = Fv/2ie? %K,

QYK +(0)— Ko (0)Q) = iee/ZKo,i,

Q(L)I_(O,:t(e) + Ro,;(Q)Q% = :Fee/zko,i,

Qzlfo,i(e) —Ifo,;(G)Qz = —\/Eee/zko,i, (157b)
Q[ Ko+(0)+Ko£(0)Q} =0,

QKo +(0)—Ky+(0)Q, =0,

QKo +(0)+Ko(0)Q] = —ﬁee/zKo,i,

QYK+0(8) —Kx0(0)Q}, = Fie /Ko,

Q?;I_(ﬂ:,o(e) - I_{q:,O(Q)Q?g = :l:ie_e/zl_(:F,Oj

QrK.0(0) =K 0(0)Qy = *v'2ie~* /Ko, (1570)
QrKx+(0) — K5 0(0)Qg =0,

QiK1 0(0)—K+0(0)Qg =0,

QiK1 o(0)—K:0(0)Q; =+ \/zie_e/zK;,o,

QYKo+(0) =Ko 2(6)Q} = e /%K,y 4,

ngo,i(e) + Ro,;(G)Qg = :Fe_e/zko,i,

QEIfo,i(e)_Ifo,:F(Q)QE = —\/Ee_e/zko,i, (157d)
QrKo,+(0) + Ko +(0)Qg =0,

QiKo +(0) =Ko £(6)Q; =0,

QEKO,:I:(Q) + I_{o,:F(Q)Q; = _\/ze_e/zKo,:t-

The action of the SU(2) currents on the kinks is

J+K:|:,O = I_<:I:,07 J+K0’:|: == :l:l-<0,:|:>
JKio=0, J Ko =0,

JOKs = —Ksg, JOKgs=—-
+,0 5 £,05 0, 9 0%

J+I_<:t’0 = O, J+I_<O,:l: = O,
‘]_I_<:i:,0 = Ki’o, J_KO’:{: == :l:KO,:l:J

IR, = L& %, = 1k
+0 = 5K+0, 0= 5o

(158)

so that (K. o, K4 ) and (Kq +, K, +) form doublets under SU(2).
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A.3 Superfields and superpotentials

We have now seen the field theories that correspond to the continuum limit of the staggered M;
and M, models. In this section we will turn to the formalism of superfields and superpotentials
to be able to easily describe the massive field theories of the higher M, models. It turns out
that this description is also more convenient for understanding the relation of the M, lattice
models with the field theory. A chiral superfield can be written in the form

X~x+0p+0n+607607y, (159)

where x is both a left and a right chiral primary, p=G;_, /0% n=G,_, /oX and
x=G

1,—1/29R,—1/2%
X~x+0"5+0Tn+6%0%, (160)
with p = G;_l/zx, n= G}J{’_l/Zx and y = Gi_l/ZG}z_l/zx.
The A = 2 supersymmetric Landau-Ginzburg action is given in terms of chiral superfields

as [37]
S= J d?zd*OK(X,X) + f d?z2d?60~W(X) +f d?z2d?60 "W (X), (161)

where d20~ =d60~d6~ and d*0* =d0*do*.
The bosonic part of the superpotential is given by

aw |?

X
For the k-th A" = 2 superconformal minimal model with ¢ = (3k)/(k + 2) the superpotential
is W(X)=x*+2[37].

(162)

Vbos = ‘ .
X=x

A.3.1 Integrable massive field theories with a Chebyshev superpotential

The A = 2 superconformal minimal models perturbed by the least relevant chiral primary
field are integrable and the perturbed k-th superconformal minimal model is described by
the Chebyshev superpotential [29,30]. We conjecture that these are exactly the field theory
descriptions of the M; models with an integrable staggering.

2cos((k+2)0)
Wk+2(X = 2COS(9)) = T’ (163)
which gives
X3
k=1, W0)=7-X
4
k=2, W)= _x24+21 (164)
4 2
X5
k=3,  WiX)= = -X3+X.
The potentials have k + 1 extrema, given by [30]
xM =2 ( i ) =1,... k+1. 165
cos{ r (165)

The spectrum consists of the k solitons X; ; |, and k antisolitons X, ; connecting neighbouring
vacua. All these solitons have equal mass [30]

4
k+2
Each of these solitons is actually a doublet under supersymmetry, which gives in total 4k soli-
tonic particles in the spectrum.

m=[AW| = Wi (X;) = Wi(Xi11)l = (166)
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A.3.2 Comparison of k = 1 Chebyshev QFT with sine-Gordon theory

Because the sine-Gordon theory has only bosonic fields in its action we can calculate the
bosonic part of the Chebyshev k = 1 superpotential and see that it corresponds to the sine-
Gordon action. Using x =V, ;, the bosonic part gives

Voos = X2 = A2~ (Voo —A) (Vo s —A) ~ —2 (Vo,z + Vo,—z) which is precisely the perturbation
discussed in section A.1.1.

Although the Chebyshev theory with k = 1 is in principle the same as the sine-Gordon
model at its A = 2 supersymmetric point, the number of solitons appears to be different [30].
In the superfield description we have the soliton X, ; which consists of a doublet (ug1,dg 1)
where 1 ; has charge F = +1/2 and d, ; has charge F = —1/2. The corresponding antisoli-
tons X o are a doublet (u; ,d; o) where now u; ; has charge F = —1/2 and d,  has charge
F =1/2. The doublet structure occurs because the Dirac equation for the fermion has a zero-
energy solution in the presence of the soliton, so the fermion can be either there or not. The
relation with the solitons and antisolitons of sine-Gordon A and A is non-local. Since the above
states are doublets under the supercharges Qf, Qi whose charges are F = £1 and F = F1
respectively, we see that we have to identify u, ; and d; o with A and u; o and d, ; with A[30].
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