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Abstract

Three-dimensional string models with half-maximal supersymmetry are believed to be in-
variant under a large U-duality group which unifies the S and T dualities in four dimensions.
We propose an exact, U-duality invariant formula for four-derivative scalar couplings of the
form F(®)(V®)* in a class of string vacua known as CHL Z,, heterotic orbifolds with N prime,
generalizing our previous work which dealt with the case of heterotic string on T°. We de-
rive the Ward identities that F(®) must satisfy, and check that our formula obeys them. We
analyze the weak coupling expansion of F(®), and show that it reproduces the correct tree-
level and one-loop contributions, plus an infinite series of non-perturbative contributions.
Similarly, the large radius expansion reproduces the exact F* coupling in four dimensions,
including both supersymmetric invariants, plus infinite series of instanton corrections from
half-BPS dyons winding around the large circle, and from Taub-NUT instantons. The sum-
mation measure for dyonic instantons agrees with the helicity supertrace for half-BPS dyons
in 4 dimensions in all charge sectors. In the process we clarify several subtleties about CHL
models in D = 4 and D = 3, in particular we obtain the exact helicity supertraces for 1/2-BPS
dyonic states in all duality orbits.
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1 Introduction

In the absence of a first principle non-pertubative formulation of superstring theory, the study of
string vacua with extended supersymmetry continues to be one of the few sources of insight into
the strong coupling regime. By exploiting invariance under U-dualities, which the full quantum
theory is believed to enjoy [1, 2, 3, 4], as well as supersymmetric Ward identities, it is often pos-
sible to determine certain couplings in the low energy effective action exactly, for all values of
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the moduli (as demonstrated by [5] and numerous subsequent works). The expansion of these
couplings near boundaries of the moduli space, corresponding to cusps of the U-duality group,
then reveals, beyond power-like terms computable in perturbation theory, infinite series of expo-
nentially suppressed corrections interpreted as semi-classical contributions in the putative string
field theory. A particularly interesting class of examples is that of BPS saturated couplings in
three-dimensional string vacua: in the limit where a circle in the internal space decompactifies,
these couplings receive exponentially suppressed contributions from BPS states in four dimen-
sions, along with further suppressed contributions from Taub-NUT instantons. These couplings
can therefore be viewed as BPS black hole partitions, which encode the exact degeneracies (or
more precisely, helicity supertraces) of BPS black hole micro-states [6, 7, 8].

In the recent letter [7], we investigated the F(®)(V®)* and G(®)V2(V®)* couplings in the
low energy effective action of three-dimensional string vacua with 16 supercharges, focussing on
the simplest example of such vacua, namely heterotic strings compactified on a torus T7, or equiv-
alently, type II strings compactified on K3 x T3. Based on the known perturbative contributions to
these couplings, we conjectured exact formulae for the coefficients F(®) and G(®) for all values
of the moduli ®, which satisfy the requisite supersymmetric Ward identities and are manifestly
invariant under U-duality. In the limit where one circle inside T” decompactifies, we claimed that
these formulae reproduce the correct helicity supertraces for 1/2-BPS and 1/4-BPS states with
primitive charges, for all values of the moduli ¢ in four dimensions.

The goal of the present work is to demonstrate these claims in the case of the (V®)* cou-
pling,! revisiting the analysis in [9], and extend our conjecture to a class of string vacua with 16
supercharges known as CHL orbifolds [10], restricting to Z, orbifolds with N prime for simplicity.

In Section 2, after reviewing relevant aspects of heterotic CHL vacua with 16 supercharges in
four and three dimensions, we state the helicity supertraces of 1/2-BPS dyons with arbitrary charge
in four dimensions (referring to Appendix A for the derivation of the perturbative BPS spectrum),
and determine the precise form of the U-duality group G3(Z) in three dimensions, consistent with
S-duality and T-duality in four dimensions. We then propose a manifestly U-duality invariant
formula (2.27) for the coefficient F,p.4(®) of the (V®)* couplings, obtained by covariantizing the
known one-loop contribution under G5(Z), extending the proposal in [7] for the maximal rank
case (N =1).

In Section 3, using superspace arguments we establish the supersymmetric Ward identities
(2.23) which constrain the coupling F,p.4(®), and show that the proposal (2.27) satisfies these
relations.

In Section 4, we analyze (2.27) in the limit where g3 — 0, and show that it reproduces the
known tree-level and one-loop contributions in heterotic perturbation theory, plus an infinite series
of NS5-brane, Kaluza—Klein monopole and H-monopole instanton corrections.

In Section 5, we similarly analyze (2.27) in the large radius limit R — oo, and show that it
reproduces the known F* and R? couplings in D = 4, along with an infinite series of exponen-
tially suppressed corrections of order e ”*M@P) with Q and P collinear, weighted by the helicity
supertrace 24(Q, P), and further exponentially suppressed corrections from Taub-NUT monopoles.

In most computations, we allow for lattices of arbitrary signature (p,q), before specifying
to the most relevant case (p,q) = (2k,8) at the end. Details of some computations are rele-
gated to Appendices. The one-loop vacuum amplitude for heterotic CHL models, from which
the perturbative BPS spectrum, F* and (V®)* couplings are easily read off, is constructed in Ap-
pendix §A. In §B we decompose the Ward identity on all Fourier modes in the degeneration limit

!An analysis of the V2(V®)* couplings will appear in a separate publication.
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O(p,q) = O(p — 1,9 — 1), and show that all Fourier coefficients are uniquely determined up to
a moduli-independent summation measure. In §C and §D we collect some notations which arise
in the analysis of §4 and §5. In Appendix §E we obtain a Poincaré series representation of the
relevant genus-one modular integrals, and use the same method to construct Eisenstein series for

O(p’ q’ Z)'

2 Dualities, BPS spectrum and (V®)* couplings in CHL vacua

In this section, we recall relevant aspects of heterotic CHL vacua with 16 supercharges in four
and three dimensions, restricting to the case of Zjy orbifolds with N prime for simplicity. While
most of the results are well known, we pay special attention to the quantization conditions for the
electromagnetic charges of 4D dyons, and to the precise form of the U-duality groups in D = 4
and D = 3. Finally, we state our proposal for the non-perturbative (V®)* coupling, which is the
focus of the remainder of this work.

2.1 Moduli space and 1/2-BPS dyons in D = 4

Recall that in four-dimensional string vacua with 16 supercharges, the moduli space is locally a

product

SL(2,R)
S0(2)

where G, ; = O(p, q)/[0(p)xO(q)] denotes the orthogonal Grassmannian of positive g-planes in a
fiducial vector space RP*? of signature (p, q) (a real symmetric space of dimension pq), r is the rank
of the Abelian gauge group, and G4(Z) is an arithmetic subgroup of SL(2,R) x O(r —6,6,R). In
heterotic string theory compactified on a torus T®, the first factor is parametrized by the axiodila-
ton S = b+ 2mi/ gi, where b is the scalar dual to the Kalb-Ramond two-form, while the second
factor, with r = 28, is the Narain moduli space [11]. The U-duality group G4(7Z) is then the prod-
uct of the S-duality group SL(2,7Z), acting on S by fractional linear transformations S — Sgig
[1, 2], and of the T-duality group O(22, 6,7), which is the automorphism group of the even self-
dual Narain lattice Ay, ¢ = Eg®Eg® 1l 6, Where Eg denotes the root lattice of Eg and II; 4 denotes d
copies of the standard hyperbolic lattice I, ;. The effective action is singular on real codimension-
6 loci where the projection Qg of a vector Q € Ay, ¢ with norm Q? = 2 on the negative 6-plane
parametrized by G,_g ¢ vanishes, corresponding to points of gauge symmetry enhancement. The
same moduli space (2.1) arises in type IIA string compactified on K3 x T2, where the first factor
parametrizes the Kiahler modulus of T2, while the second factor parametrizes the axiodilaton, the
complex modulus of T2, the K3 moduli and the holonomies of the RR gauge fields on T2 x K3.
These two string vacua are in fact related by heterotic/type II duality [12], which in particular
turns S-duality into a geometrical symmetry.

Vacua with lower values of r can be constructed as freely acting orbifolds of the maximal rank
model with r = 28 [10, 13, 14, 15]. On the heterotic side, one mods out by a Z, rotation of
the heterotic lattice Ay, ¢ at values of the Narain moduli where such a symmetry exists, combined
with an order N shift along one circle inside T®. This projection removes 28 — r of the gauge
fields in 4 dimensions, along with their scalar partners. On the type II side, one can similarly mod
out by a symplectic automorphism of order N on K3, combined with an order N shift on T?. It is
convenient to label this action by the data {m(a),a|N} and the associated cycle shape [ | alN qam@

such that Zaw am(a) = 24, corresponding to the cycle decomposition of the Z, action on the

M4 = |: X Gr—6,6:| /G4(Z) N (21)

4
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N | Cycle Shape | k r Ay g—k . AT /Ay
1 1% 12| 28 Eg®Eg @ I 1

2 1828 8 | 20 Eg[2] Eg[2]® I, [2]® I 210

3 1636 6 | 16 |Dg[31@Dy[—1]| Ay®Ay @ I35[3]® 53 38

5 1454 4 1 12 | D,[5]® D,[—1] I33[5]@ 155 56

7 1373 3| 10 |Ds[71@Ds[-11] [ 2@ I,.[7]1e1,, 75

Table 1: A class of Z, CHL orbifolds. Here k = 24 /(N + 1) is the weight of the cusp form whose
inverse counts 1/2 BPS states, r = 2k + 4 is the rank of the gauge group and A,, is the lattice
of magnetic charges in four dimensions. The discriminant group A} /A, is isomorphic to Z]’ffrz.
Agreement between the lattice A, listed here and A,_¢ ¢ defined in (2.2) follows from the lattice
isomorphisms (A.33).

even homology lattice He,,(K3) ~ Z2*. For simplicity we shall restrict ourselves to CHL orbifolds
with N prime and cycle shape 1XN* with k = 24/(N + 1). In this case, one can decompose
Az 6 = ANk g—i ® I 1 ® I3 k3, such that the Zy action acts on the first term by a Zy rotation,
on the second term by an order N shift, leaving I;_3;_5 invariant (see §A.2 for details on this
construction). We denote by Ay g_; the quotient of Ay, g under the Zy rotation (see Table
1). The U-duality group G4(Z) includes I} (N) x O(r — 6,6,7), where I;(N) is the congruence
subgroup of SL(2,7Z) corresponding to matrices (‘Cl 3) with ¢ = 0modN,a = d = 1modN, and

O(r —6,6,7) is the restricted automorphism group of the lattice
Ao =N @I [N]® 353, (2.2)

i.e. the subgroup of the automorphism group of A,_¢ ¢ which acts trivially on the discriminant
group Aj—e,e /A_6,6- Here and below, for any lattice A, we denote by A[a] the same lattice with a
quadratic form rescaled by a factor a (which is equivalent to rescaling the lattice vectors by /a).
Note that the lattice (2.2) is still even, i.e. Q* € 2Z for Q € A,_g 6, but it is no longer unimodular,
rather it is a lattice of level N, in the sense that Q> € 2Z/N for any Q € Ai—e,e' Singularities now
occur on codimension-q loci where Q4 = 0 for a norm 2 vector Q € A,_4, or for a norm 2/N
vector Q € Ai—e,e'

While the U-duality group G4(Z) must certainly include I (N) x O(r—6,6,7), it may actually
be larger. Moreover, special BPS observables may well be invariant under an even larger group.
In particular the four-derivative couplings in D = 4 turn out to be invariant under the action of
the larger duality group I,(N) x O(r—6, 6,7Z), where I[;)(N) is the subgroup of matrices (‘CI 3) with
¢ =0modN and O(r —6,6,7) is the full automorphism group of the lattice A,_g ¢. For example,
the exact R? coupling in the low-energy effective action is given by [19, 20, 21]

1
(87)2

f d4X vV —8 log(szk|Ak(S)|2)(RuvpaRuvpo- - 4R,uvRMV + RZ) B (2.3)

where A is the unique cusp form of weight k under I;;(N'), nowhere vanishing except at the cusps
ioco and O,
Ap(v) =1 (m)n* (NT) . (2.4)
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In the weak coupling limit S, — o0, the expansion

o0 m ~m
k _ qs +q5
—log(s,) IAk(S)IZ)—4nSZ—klog82+k§ (E d+ E Nd) —, (2.5)

m=1 \_d|m Nd|m

with gg = e2™S reveals, beyond the expected tree-level contribution and logarithmic mixing with

the non-local part of the effective action, an infinite series of exponentially suppressed corrections
ascribed to NS5-branes wrapped on T [19]. While not all I,(N) x O(r — 6, 6, Z) transformations
are expected to be U-dualities of the full theory but only of the BPS sector, for brevity we shall
refer to them respectively as S- and T-dualities.

In [18] it was observed that the coupling (2.3) is in fact invariant under the larger group Ty(N),
obtained by adjoining to I[;;(N) the Fricke involution, which acts on modular forms of weight k
under [(N) via fi.(1) — fk(f) = (—it¥/N)*f.(—=1/(N)). Based on a detailed study of geometric
dualities in the type II dual description, it was conjectured? that the full U-duality group in D = 4
also includes the so-called Fricke S-duality, which acts on the first factor in (2.1) by the Fricke
involution S — —1/(NS), accompanied by a suitable action of O(r — 6, 6,R) on the second factor.
Additional evidence for the existence of Fricke S-duality comes from the spectrum of BPS states,
to which we now turn.

Point-like particles in D = 4 carry electric and magnetic charges (Q,P) € A,,, under the r
Maxwell fields, where

Aem=Ae®Ay, Ap=~A_ge=A". (2.6)

The lattice A,, is tabulated in the sixth column of Table 1, taken from [18]. It agrees with the
result (2.2) upon making use of the lattice isomorphisms (A.33). In view of the remarks below
(2.2), one has, for any (Q, P) € Aopy,

2
QZENZ, P?e27Z, P-QeZ. 2.7)

The last property in particular ensures that the Dirac-Schwinger-Zwanziger pairing Q-P'—Q’-P is
integer. Moreover, it was observed in [18] that the lattice A,, is in fact N-modular, i.e. it satisfies

Af ~ AL[1/N]. (2.8)

In other words, there exists an O(r — 6,6, R) matrix o such that +/No maps the lattice A,, into
itself and such that o

A= ﬁAm (O A, . (2.9)
A simple example of N-modular lattice is A4 4[N]@® A, 4, which is relevant for N = 5 above. In
this case one can parametrize an element in the lattice in (Z¢,NZ¢,7Z¢,7Z%) and an element of
the dual lattice in (Z¢/N,Z4,7%,79) and define o € 0(2d, 2d, R) such that

0 0 —s=lgg O 0 0 A1, 0
o _ 1 0 0 0 VN1, 4 0 0 0 144
VN VN | VNigg4 0 0 0 | 1gq O 0 0
0  —lgg O 0 0 xlgqg O 0

(2.10)

2More generally, Fricke S-duality is conjectured to hold whenever the cycle shape satisfies the balancing condition
m(a) = m(N/a) for all a|N. [18]
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The map (2.9) defines the action (Q,P) — (—o - P/+/N,c~! - Q+/N) of the Fricke S-duality on
Ay, Which maps (Q2,P2,P -Q) — (P?2/N,NQ?,—P - Q) and therefore preserves the quantization
conditions (2.7). It also allows to identify NA} as a sublattice of A,

NA* =VNoA, CA, . (2.11)

Electric charge vectors Q € A,,, C A, are called untwisted, while vectors Q € A, \ A,, are called
twisted. More generally, we shall call dyonic charge vectors (Q, P) lying in A,, 8 NA, C A, & A,,
untwisted, and twisted otherwise.> Untwisted dyons are in particular such that

Q*e€27, P>’€2NZ, P-QeNZ. (2.12)

Half-BPS states exist only when Q, P are collinear. Their mass is then determined in terms of
the charges via

2 _
M*(Q,P) = S—(QR —SPg) - (Qr—SPg), (2.13)
2

where, for a vector Q! € R4 (I =1...p+q), we denote byQj (a=1...p) and Qf; (@=1...q)its
projections on the positive p-plane and its orthogonal complement parametrized by the orthogonal
Grassmannian G, 4, such that Q%= Q% — Qﬁ.

For primitive purely electric states (such thatQ € A, butQ/d ¢ A, foralld > 1), corresponding
to left-moving excitations in the twisted sectors of the perturbative heterotic string, it is known

that the helicity supertrace €,4(Q, 0) is given by [22, 17, 24, 25, 23]

2 1 1
24(Q,0) = ¢, (—%) A Z a(m)q™ = 1 +k+..., (2.14)

where q = 2277 and A,(7) is the same cusp form (2.4) which enters in the exact R? coupling.
In Appendix A, we rederive this result by constructing the one-loop vacuum amplitude for the
CHL models under consideration, and show that primitive purely electric states corresponding to
left-moving excitations in the untwisted sector have an additional contribution (first observed for
N =2in [26])
2 2

2(Q,0) = (-% )+ (-2 . (2.15)
Invariance under both I;;(N) and Fricke S-duality implies that the same formulae apply to generic
primitive dyons with Q? being replaced by z% gcd(NQ?, P2,Q- P). It follows that the helicity super-
trace for general 1/2 BPS primitive dyons is given by

2 p2 A,
2,(Q, P) = ¢ (—EANLLQN) (2.16)
for twisted electromagnetic charge (Q,P) € (A, ® A,;)) N\ (A,, ® NA,), and by
d 2’ 2’ . d 2’ 2’ .

2,(Q, P) = ¢ (LML) (_sANG PP (2.17)
for untwisted charge (Q,P) € A,, ® NA,. In contrast, primitive 1/2-BPS states of the maximal
rank theory have a single contribution

_ o (_8d@4P2QP) 1 _ m_1
2,(Q,P)=c( N oR Dle(m)gn==+24+... (2.18)

mez q
m=>—1

3Note that this terminology is defined to be consistent with Fricke and I,(N) S-duality, but twisted magnetic charges
do not correspond to any twisted sector in the conventional sense.
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2.2 Moduli space and 1/2-BPS couplings in D = 3

Upon further compactification on a circle, additional moduli arise from the radius R of the circle,
from the holonomies a!! of the r gauge fields, and from the scalars a?/, 1 dual to the r Maxwell
fields and to the Kaluza—Klein gauge field in three dimensions, extending (2.1) to [27]

Mg = Gr—4,8/G3(Z) . (2.19)

The U-duality group G3(Z) includes G4(Z), the Heisenberg group of large gauge transformations
acting on a’*',+), and the automorphism group O(r —5,7,7) (or rather a subgroup containing
O(r —5,7,7)) of the Narain lattice Ar_57=A,_6® I, ; corresponding to T-duality in heterotic
string compactified on T7. The action of these subgroups is most easily seen in the vicinity of the
cusps R — oo and g5 — 0, corresponding to the decompactification limit to D = 4 and the weak
heterotic coupling limit in D = 3, where (2.19) reduces to

My o | B M T (2.20)
N _ .
3 R;r/gg x [%/O(r—S,ZZ)] x T'+2
Here, T2"! is a circle bundle over the torus T?" parametrized by the holonomies a®!, with fiber
parametrized by the NUT potential 1), while T"*2 corresponds to the scalars dual to the Maxwell
gauge fields after compactifying the heterotic string on T”. In heterotic perturbation theory, the
effective action in D = 3 is singular on codimension-7 loci where Q}% = 0 for a norm 2 vector
Q € A,_s 7, or for anorm 2/N vector Q € A’:_SJ.
For the case r = 28, it is well-known that these subgroups generate the automorphism group
0(24,8,7) of the ‘non-perturbative Narain lattice’ Ayy g = Agy 6 ® I 5 [28]. To the extent of our
knowledge, the U-duality group for CHL models has not been discussed in the literature, but it is
natural to expect that it includes the restricted automorphism group O(r—4,8,7) of an extended
Narain lattice of the form A,_,g = A, ® Ay ,. We find that the following choice reproduces the

correct S and T-dualities in D = 4:
A4g=Ap®I,®0,[N], (2.21)

where I ;[N ]is the standard hyperbolic lattice with quadratic form rescaled by a factor of N, such
that Ajf_4’8 [Nr_ag = Zﬁf“. In terms of the usual construction of I, , by windings (n;,n,) € 72,
momenta (m;,m,) € Z? and quadratic form 2m;n; + 2m,n,, we define I, ®II;[N] as the
sublattice of I, , where n, is restricted to be a multiple of N. The restricted automorphism
group of II; ; ® II; 1[N ] was determined in [18, 29], and includes oy ,g X [I3(N) x I3(N)],
acting by fractional linear transformations on the moduli (T,S) parametrizing G, ,, such that
|m; + Smy + Tny + STn,|?/(S,T,) is invariant (see [20, §C], case V for N = 2, or [30, §3.1.3]
for arbitrary N). In the present context, T is interpreted as 2 + iR?, while S is the heterotic ax-
iodilaton. Thus, O(r—4, 8, Z) contains the S-duality group I3} (N) and T-duality group O(r—6, 6, Z)
in four dimensions. In addition, Fricke S-duality in four dimensions follows from the fact that the
non-perturbative lattice (2.21) is itself N-modular,

A} g =N 4g[1/N]. (2.22)

More evidence for the claim (2.21) will come from the analysis of BPS couplings in D = 3, to
which we now turn.
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In this work, we focus on the coupling of the form F(®)(V®)?* in the low energy effective
action in D = 3, where F(®) is a symmetric rank four tensor F;.4(®), and (V®)* is a shorthand
notation for a particular contraction of the pull-back of the right-invariant one-forms P,; on G,_4 g
to R>! (see (3.15)). As stated in [7], and further explained below, supersymmetry requires that
the coefficient F,;.4(®) satisfies the tensorial differential equations

N 2— 15k
D*Dfyg Faped = 3> Oef Fabea + (4= ) Seya Freays + 3 8(ab Feayer + @2 0@bOcddef)0qs6 >
(2.23a)
D[e [éDf]f]Fabcd =0, D[eaFa]de =0, (2.23b)

where the constant term in the first line occurs from the regularisation in ¢ = 6 (see 3.57), and
where D ; are the covariant derivatives in tangent frame on G, ;. In fact, we shall show that all
components of the tensor F,;.; can be recovered from its trace F w(®) = F) (<I>) by acting with
the differential operators D ; (see (3.26)). Supersymmetry requires that Ftr(<I>) be an eigenmode
of the Laplacian on G,_4 g with a specified eigenvalue, while U-duality requires that it should be
invariant under O(r—4, 8, Z). (Note however that the second order differential equations satisfied
by F(®) does not imply (2.23), so it should not be thought of as a prepotential for F,p.4.)

In CHL Z,, orbifold of heterotic string on T”, F,;.4 gets tree-level and one-loop contributions,
both of which are solutions of (2.23), invariant under the full T-duality group O(r —5,7,7.). As
we show in Appendix A, the one-loop contribution is given by a modular integral®*

F(l loop) _ —RN. dTlde r‘A,_5,7|:Pabcd:|
abcd ,L_Z A (T)
To(N\H 2 k

(2.24)

where A.(7) is the same cusp form (2.4) which appeared in the R? couplings in D = 4, and
LIV [Papca] denotes the Siegel-Narain theta series for the lattice A, ,,

1—‘/\ [Pabcd Z Pabcd(Q) emQLT_MQRT B (2-25)
QeA, 4

with an insertion of the polynomial

abcd (Q) - QL aQL bQL cQL d— 5(abQL cQL ,d) t—— 5(ab6cd)’ (2.26)

2 622

[H(N)\H is any fundamental domain for the action of I;(N) on the Poincaré upper half-plane H,
and R.N. denotes a suitable regularization prescription (see (3.30)). In view of the form of the
one-loop contribution, it is therefore natural to conjecture [9, 7] that the exact (V®)* coupling
is the obvious generalization of (2.24), where the Narain lattice Ih s, i replaced by its non-
perturbative extension (2.21),

dt,dt, A, g[Pabed]
Fabcd(q’):R.N.f L2l (2.27)
LWVH T2 Ar(7)

A similar formula holds for the trace part F.(®) = 6 abg CdFa bed(®),

dr,dt 1
F,(®)=RN. f —5 2T, s DoisaD- e (2.28)
To(N\H Tz (1)’

“A similar computation for four-graviton couplings in CHL models was performed in [31].
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where D, = %(@ — 2%) is the Maass raising operator, mapping modular forms of weight w to
weight w + 2. The proposals (2.27) and (2.28) are manifestly invariant (or covariant) under the
full automorphism group O(r —4, 8, Z) of the non-perturbative lattice (2.21), which contains the
true U-duality group in D = 3. Moreover, since the latter is N-modular, T, A8 is invariant under
the combined action of the Fricke involution on A and the rotation o € O(r — 4, 8,R) realizing
the isomorphism (2.22),

By o (@ O Pabeal = (VW) T, [Paped] (o : ¢>,—$) : (2.29)
Since A is also an eigenmode of the Fricke involution on #, and since the fundamental domain
IH(N)\H can be chosen to be invariant under this involution, it follows that F ;. 4(®) (and there-
fore F,,(®)) is covariant (invariant) under the action of o on G,_, 5. As already anticipated, this
action descends to Fricke S-duality in D = 4.

It is also important to note that the couplings (2.27) and (2.28) are singular on codimension-8
loci where Qi = 0 for some norm 2 vector Q € A,_4g, or norm 2 /N vector Q € A’:_4’8. When
the vector Q is of the form Q = (0,Q,0) € Ap_4 g with Qe A,_s 7, this singularity is visible at the
level of the one-loop correction to the (V®)* coupling, and is due to additional states becoming
massless. However, the one-loop correction is singular in real codimension 7, while the full non-
perturbative coupling (assuming that (2.27) is correct) is singular in real codimension 8. Indeed,
the invariant norm sz = Q§+% g%(a-a)z vanishes only when both Qi =0and a-a = 0. This partial
resolution may be seen as an analogue of the resolution of the conifold singularity on the vector
multiplet branch in type II strings compactified on a CY threefold times a circle, or equivalently
on the hypermultiplet branch in the mirror description [32]. Singularities associated to generic
vectors Q € A,_4 g are not visible at any order in perturbation theory, and are associated to ‘exotic’
particles in D = 3 becoming massless [33, 34].

3 Establishing and solving supersymmetric Ward identities

In this section, we establish the supersymmetric Ward identities (2.23), from linearized superspace
considerations, relate the components of the tensor F,; 4 to its trace F, = Faabb , and show that
the genus-one modular integral (2.27) obeys this identity. For completeness, we solve the first
equation of (2.23) in appendix B, and show that it is satisfied by each Fourier mode of F 4.

3.1 (V®)* type invariants in three dimensions

In three dimensional supergravity with half-maximal supersymmetry, the linearised superfield Wy,
satisfies the constraints [27, 35, 36]

D(I;W&a = (Fd)ij)(aja > Dé%ﬁja = _i(au)aﬁ(ra)jiauwda > (3.1

with @ = 1 to 8 for the vector of O(8), i =1 to 8 for the positive chirality Weyl spinor of Spin(8)
and i = 1 to 8 for the negative chirality Weyl spinor. The 1/2 BPS linearised invariants are defined
using harmonics of Spin(8)/U(4) parametrizing a Spin(8) group element u’;,u,; in the Weyl
spinor representation of positive chirality [37],

2ur(iur]~) =0

ij S _ sS ij _ ij,,r s _
ij 5]url~u]~—5r, 5]url~us]~—0, 6u iuj—O, (32)

10


https://scipost.org
https://scipost.org/SciPostPhys.3.1.008

Scil SciPost Phys. 3, 008 (2017)

u,;,u"y in the Weyl spinor representation of negative chirality,

2ur(iurj) = 52_7 N 61111 u = 53 5ijuriusj =0 5 5UuriusA =0 5 (33)

and u*,,u"™;,u”, in the vector representation,
+ - 1 rs tu, __ ab, +  — _ ab, rs tu, _ 1 rstu
2u” qu B)+§£rstuu al 'y =04, O0TUTu =1, 6Tu",u B—Es ,
5abu+au+i) =0, 5abu+au”i) =0, 5abu_au”i) =0, 5abu_au_i) =0, (3.4)

with r =1 to 4 of U(4). They are related through the relations

u+"uri(ra)ij = 1/511 A(Sij uriusj(FA)ij = grstuutu” ursduti(ra)ij = 25[rus]“5ij P

ao»

uputs(T; VI = v2u~ a0y, u ug(Ty Y = v2ut a0y, u (I, )i =2u",. (3.5)
The superfield W = ut@W,, then satisfies the G-analyticity property
u"DLutiW,, =D'Wr=0. (3.6)

One can obtain a linearised invariant from the action of the eight derivatives D,, = uriDé’s on
any homogeneous function of the W_’s. After integrating over the harmonic variables with the
normalisation f du =1 and using

6!n!
— - +ap | +a, — al oW,
fduu 4o U g W W (6+2n)(5+n)'W @ Wy s 3.7)
with the projection (4 ...4,) on the traceless symmetric component (recall that u=,u"¢ = 0),
5
one gets
(6+2n)(5+n)! _ s +a +a
ol duu g, ...u 4 [D ](n+4), dyoay W W
1 0)abed
= Ecal...anabcdwal(&lwazdz--‘Wan&n)"c( Jabe
1 (0)a;abed
a a a, . 1
+mca1~--anadeW z(a_zw 3513"'W anﬁél)/ +...
1 (0)a;azazagabed
a a, , 1420304
(n D! Cay..a,abcd WP @ W%, --- W anﬁald2d3d4)/ +3d(...), 3.9
5In particular for a single vector multiplet
1 1
[Ds]m(w*)”+4 = —'(W+)"(zauwrs 3,W" "W, 0 "W — 0,W, 8" W"3,W,,3 W)
n ! n:
(WH)™1o,W,.0,W™ o 3 "W~ + (WH™25,0,W 343 "W~ +.... (3.8)

C(n+1)! " (n+2)!
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where the CZ*A' are symmetric tensors consisting of a homogeneous polynomial of order 4 + n in

BHW‘I&, X aia @nd 3M Xaia> L-€

L@ = 29 wie, ouwb; 5, wlia Wb — g, Wi, orwdlig we 2 wdb 4 .

L0 L 4% y2(W) +5 % 520 yoWw

(0)aazabced
a,4

~6x yHOW) +2x x 0y
(AO)AalAaza3abcd ~ )(63W
a1dxds
(0)ayayazagabed ~ 8
G1dydsdy

> (3.10)

where we only wrote the bosonic part of the first polynomial, and only indicated the number
of independent structures for the others, such that y8 is for example the unique Lorentz singlet
in the irreducible representation of O(8) with four symmetrised indices without trace and eight
symmetrised O(r — 8) indices. A total derivative has been extracted in (3.9) in order to remove
all second derivative terms auavwa&.

At the non-linear level, derivatives of the scalar fields only appear through the pull-back of the
right-invariant form P ; defined from the Maurer-Cartan form

- dpra' Mpry’  —dpra' M1sPgs’ ) ( —wep, Py
dgg™' = a a Rb | = a ab | (3.11)
88 ( dpra'n1spry’  —dpra' n1spgy’ Ppa  —wy)

where 1;; is the O(r — 8, 8) metric and p L’al , Pr BI are the left and right projections parametrised
by the Grassmaniann G,_gg. The right-invariant metric on G,_g g is defined as G, = ZPMBP\jlb
and the covariant derivative in tangent frame acts on a symmetric tensor as

A a P—— Nelod N N c A N . ¢ N »
DopAq,.ap brb, = PuabG (Bhq a0 byb, ¥ MOV, By e by by T O, Ay by be) - (3:12)

The supersymmetry invariant associated to a tensor F,;.4 on the Grassmanian defines a Lagrange
density £ that decomposes naturally as

— a1a,a3ay a aj...as a; a,
L=F L + D(al Fﬂ2a3a4as)£ a®t D(a1 Daz a3a4as50g)
a, a, ds a..ay
+ D(fh Daz Da3 a4asa6a7)£ QYT

+ D(alalDazazDa3agDa4&4Fa5...ag)EalmaBdl...&‘t , (3.13)

£a1 ...g A
ajasasay ajds

where the £t* are O(r — 8, 8) invariant polynomial functions of the following covariant fields:

1 A%
P,uaB = allqbupuals > Xatas Du%aia = Vu%aia + au¢u(wp.ab)(aia + Zwuag(rab)i])(aja) , (3.14)

and the dreibeins and the gravitini fields. Because non-linear invariants define a linear invariant
by truncation to lowest order in the fields (3.14), the covariant densities E;H” reduce at lowest
order to homogeneous polynomials of degree n + 4 in the covariant fields (3.14) that coincide
with the linearised polynomials £{"**, in particular

Labed — JTg(zpﬁaéP“bBP§|aP”d)b —PﬁaéP“bldP;BPVd)b +...). (3.15)

The important conclusion to draw from the linearised analysis is that the O(r—8, 8) right-invariants
tensors LT“ appearing in the ansatz (3.13) are symmetric in both sets of indices and traceless in
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the O(8) indices. Checking the supersymmetry invariance (modulo a total derivative) of £ in this
basis, one finds that there is no term to cancel the supersymmetry variation

5Fabcd = (Ei(rf)in;)DefFabcd (3.16)

of the tensor F;.4 and of its derivative when open O(r — 8) indices are antisymmetrized, hence
the tensor F,;.4 must satisfy the constraints

D! Dy)"Feges =0, Dy Fappea =0 3.17)

Similarly, because the £:‘l+4 are traceless in the O(8) indices, the O(8) singlet component of
5(DF)L3 can only be cancelled by terms coming from F6L?, i.e.

abcdf ~
¢

1__ . .
Fabcdéﬁade + gDeanéFabcd(e che)ﬁ 0 (3.18)

modulo terms arising from the supercovariantisation,®

satisfy

so that the covariant components must

5by,_ 5by _
5L + ?1(6 T g )Lbede + ?Z(e @D, =v,(...) (3.19)
and the tensor F,;.4 an equation of the form
D DyFaped = 5b18 e Fapea) + 502 8 (raFpeare » (3.20)

for some numerical constants by, b, which are fixed by consistency. In particular the integrability
condition on the component antisymmetric in e and f implies b, = 2b; + 4.

Before determining the constants b;, it is convenient to generalize F ;.4 to a completely sym-
metric tensor F(El;’ch) on a general Grassmanian G, 4, which would arise by considering a superfield
in D = 10 — g dimensions with 3 < g < 6, with harmonics parametrizing similarly the Grassman-

nian G,_, 5 [40]. The corresponding invariant takes the form £ = F(Eg’ch) £ebed 4 with

1
abed _  /— (a pblvo b pd)pu _ = pla pbluvpb rpd)op
coted = /=g (FpoRt F L FASFPRED F
+(4FQ FP1o —n,, {2 FPlopyple, prida
+2P,5aaP“bj,PﬁlaPVd)B—Pﬁaap“blapigpm)i’+...) (3.21)

where F,;.4 is subject to the constraints (3.17) and

4 (r.q) _ (r,9) (r,9) (r,q) (p,9)
DeanaFade = b1 5€fFabcd + 2b25f(ancd)e + (2b2 - q)5e(ancd)f + 3b3 5(achd)ef . (322)

with coefficients b, b,, by a priori depending on p,g.
A first integrability condition for (3.22) is obtained through
2by —q
4

0= Ded(DfaF(p’q) _D(arF(p’q) )= (b1 _

(r.9) (r.9)
abcd a* ped)f )(5efF _5e(an )

abcd cd)f

3
+ 5 (s = b)(BaFyby, — B(anFifpey)» (3:23)

5The same construction in superspace implies that the lift of £ in superspace is d-closed [38], such that
d, Lod = %P“e A E‘g’"de - gPC(“ A [Z?Cd)ee, in agreement with equation (3.19). Therefore, the terms associated to
the variation of the gravitini that we disregard here do not spoil the argument [39].
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which implies b; = b24_q and bs = b,, consistently with (3.20). Similarly, considering

D a(,DebDflAyF(p’q)) _ Dfd(DengBF(p’q)) — 2b15€[f »Dg]&F(P,Q) + 2b26a)[ng]aF(p,q)

g abcd abed abcd e(bed
_ & 1 b (p.9) & 1 b (r.9)
- [Dga’ De ]DfBFabcd - [Dfa’ De ]Dgi)Fabcd
b 4 (p.9)
+ De [D[ga’ Df]i) ]Fabcd
_2—¢ 8 (P.q) & (p.9)
9 5e[ng]aFabcd + 25a)[ng]aFe(bcd » (3.24)
and therefore b; = %%q and b, =1 and so by =1 so that
4 ea) _ 274 (.9 P9
DeanﬁFabcd = ST5e(fFabcd) + 56(fancd)e . (3.25)
Taking traces of this equation one can show that the entire tensor is determined by its trace com-
ponent FP9 = Fél;’q)ab through
(r.q) _ 1 6 f X _ ¢ 3(g—2)(g—4) (p,
Foved= W(zp(aepblépcfpd)f +(29—7)0(ap D Days + 3 6(ab5cd))Ftrp 0.

(3.26)

The function F{P? is an eigenmode of the Laplacian Ag, = ZDQED“B on G, ,, and satisfies

p’q,
1 N N
Ag, FPP=—-(p+4)q—6FF?Y, DDy TFPD =0. (3.27)

It is worth noting, however, that Eq. (3.25) for the tensor defined by (3.26) is an additional
constraint on the function F,;, which does not follow by integrability from the two equations (3.27).

Finally, let us note that the discussion so far only applies to the local Wilsonian effective action.
As we shall see in the next subsection, the Ward identity satisfied by the renormalized coupling
Fpeq is corrected in four dimensions (for ¢ = 6) because of the 1-loop divergence of the super-
gravity amplitude [41], leading to the source term in (2.23).

3.2 The modular integral solves the Ward identities

In this subsection we shall prove that the modular integral (2.27) is a solution of the supersym-
metric Ward identities (2.23). More generally, we shall show that the modular integral

dt,dty A,  [Pabed]
A(T)

F®9(g) =RN. f (3.28)
To

2
W\ T2
where Ay(7) is the cusp form (2.4) of weight k under Ty(N), A, is a level N even lattice of
signature (p, q) with 1% +4 =k, and P is the quartic polynomial (2.26), satisfies the constraints
(3.17) and (3.22). Moreover, its trace 5ab5CdF§€’ch)(<I>) is given by

dTldTZ 1

L, “D_jioD_j———. 3.29
Ap,q k+2 kAk(T) ( )

FP9(&) =RN. f

2
LIV\H T2

Before going into the proof however, it will be useful to spell out the regularization prescription
which we use to define these otherwise divergent modular integrals. We follow the procedure
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developed in [42, 43, 44], whereby the integral is first carried out on the truncated fundamental
domain Fy 5 = Fy N {7y < A}N {ﬁ > A}, where Fy is the standard fundamental domain for

[H(N)\H, invariant under the Fricke involution 7 — —1/(N7), and then the limit A — o0 is taken
after subtracting any divergent term in A. In the case of the integral (3.28), the divergent term
originates from the contribution of the vector Q = 0 in FAM [Ppcal> SO the regularized integral is
defined for q # 6 by

[y [Pipedl 6
(p,9) . dt,dTy 1Ay gL Fabed 3a; A2
d ® 1—>1 5(ap® > 3.30
abcd( ) A 00|:J]__NA 7722 Ak(’f) 1672 4=6 (ab%cd) ( )

where a; = (1 + v)k = (1 + v)c,(0) for CHL orbifolds with N > 1, and a;, = (1 + v)@ in the
maximal rank case.” For g < 6, no subtraction is necessary, as long as the integral is carried out
first along 7, € [—%, %] in the region 7 — o0. For q = 6, the integral is logarithmically divergent,
and the regularized integral is defined instead by

Iy [Pipedl
=(p,6) T dTld’Uz Ap 6Lt abed 3ak
F ®)= lim — logA&¢,,0 . (3.3
abcd( ) A 00 |:J‘]__N’A T22 Ak(l’) 1672 g (ab®cd)

The logarithmic divergence at g = 6 is consistent with the expected divergence in the one-loop
scattering amplitude of four gauge bosons in D = 4 supergravity [41]. Equivalently, following

[45] one may consider the modular integral

) (3.32)

LZ\H T3 rEL(N\SL(2,Z)

Iy, [Pabed]
(P.9) dt,dTy Ap qLEabed
F d,¢e)= —_. 4 E
abcd( ) L —Ak(’b’)

which converges for Re(e) < 62;q, and defines the renormalized integral as the constant term in the

Laurent expansion at € = 0 of the analytical continuation of F(Eg’ch)(é, €). The result will then differ

from (3.31) by an irrelevant additive constant. In what follows, we shall often abuse notation and
omit the hat in ﬁc(l’g’ch) when stating properties valid for arbitrary g. It is also important to note that
while the regularized integral (3.30) or (3.31) is finite at generic points on G, 4, it diverges on a
real codimension-q loci of G, ;, where Qg 4 = 0 for a vector Q € A, ; with Q? =2, or for a vector

Q€ A with Q% =2/N (see (E.12)).

In order to establish that F(Eg’cq; satisfies the constraints (3.22), we shall first establish differen-
tial equations for a general class of lattice partition functions

ES . . -
L, [P1=7 > P(Q)e™ i im&r (3.33)
QeA, 4

A
where the polynomial P(Q) is obtained by acting with the operator 75e <2, with

o\ 9
AE;(aQi) +Z(3Q;§)Z’ 220

~
a

7y is defined below (4.29) and depends on the volume of A*’q /A. v =1 for the perturbative Narain lattice, and
v = 1/N for the non-perturbative Narain lattice (2.21).
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on a homogeneous polynomial of bidegree (m,n) in (Q;,Qg), respectively. As shown in [45],
FAp . [P] satisfies

(—i) o T Edtm—n

VIS /Al

which implies that it transforms as a modular form of weight }% + m —n under I,(N). More

I, [PI=1/7) = T [PI(7), (3.35)

specifically, we shall consider LV [Pal... 4y brob ] with
no—
Pal...am,ﬁl‘.ﬁn =T,¢ orr (QLaal e QL’am QR,in tee QR,EH) . (3'36)

The quartic polynomial P,;.; defined in (2.26) arises in the case (m,n) = (4,0), so that
FAp’q[Pabcd] is a modular form of weight p%q + 4 = k, ensuring the modular invariance of
the integrands in (3.28) and (3.29). Upon contracting the indices, it is easy to check that
5ab 5CdI‘Ap)q[Pade] = Dk_sz_4FAp,q[1], so the claim that (3.29) gives the trace of (3.28) follows
by integration by parts.

To obtain the differential equations satisfied by (3.28), we shall act with the covariant deriva-
tive D3, defined in (3.11) and (3.12). As mentioned below (2.13), p; ./, pR’BI are the left and
right orthogonal projectors on the Grassmaniann G, ;, = O(p,q)/[O(p) % O(q)]. Using the deriva-

tive rules

1 1
DaE pL,cI = 55ac pR,EI P DaE pR,@I = 5556 pL,aI P (3.37)

one can effectively define the action of the covariant derivative on a function that only depends
on Q; and Qjp as

1
D,y = E(QL,aai) +Qp %) » (3.38)

where 9, = ag‘;’ 8y = aiQ;l;' Acting with D,; on (3.33) we get

DegrAp,qI:Pal...am,Bl...i)n] = 1—‘Ap,q I:(Deg —27TT2 QL’eQR’g) Pal...amﬁl...f)n] : (3'39)

Using (3.38), one computes the commutation relations

[Aa Deg] = 23€3§ 5 [A) QL,eQR,g] - 4De§ ) (3‘40)
[A, QL,eQL,f] = 266f + 4QL’(63f) N [A,QL,(eaf)] = 2863f . (341)

Using them along with the Baker-Campbell-Hausdorff formula

A _ A 1 1 1
ef20e 2 = 0+ ——[A, O]+

———[A, [A, O]]+..., 3.42
81T, 2! (87TT2)2[ [ 1 (3.42)
one easily obtains
_ A 1 b
DesTh, o[Pay.apby by ] = —27%2 T, o[ €52 (QueQug — maeag)eg’”z Pryanbyy] - (3:43)

Note that the similarity transformation is such that the operator acts on the simple monomial in
Qq, "'Qain)l ...Qj according to (3.36), such that it directly follows from (3.43) that

DegFAp,q [pal...am,ial...ion] = FAp,qI: —2mr Peal.,.am,gﬁl..,fvn + %Se(alpaz...am),(iaz...f)n52)1)g”] : (3.44)
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Upon antisymmetrizing in (e, a; ), we get

1

——T
2 A
8m21;

¢ ~52 5 98 o2
D[e FAp,ql:Pal]...am,Bl.l.En]: [e 2 a[ea e mzPal]...am,i)l...En]' (3.45)

which vanishes when n = 0 since e®*2 P, _, does not depend on Q. Acting a second time with
D; and antisymmetrizing, we get

5 F __A 5 1 A
D[e [eDf]f]FAp,q [Pal,..am,f)l.,.i)n] = _ZFAp,q [e 5t QL;[eQR [eaf]af] 687”2 Pal...am,ial...i)n ]’ (3'46)

which similarly vanishes when n = 0. Setting m = 4, we conclude that the modular integral (3.28)
satisfies )
DrFapea =0,  Dp¥Dpy/IF =0, (3.47)

which therefore establishes the last two equations in (2.23). Note that these two equations do not
rely on any particular property of the function 1/A;.

Now, the first equation of (2.23) arises from applying the quadratic operator D> o = =D? Df)g
on the partition function with polynomial insertion,

2 _ 2 5
4Def [Pal...am,iyl...f)n] - FAp)q[(4,Def - SNTZQL (CQRng)g (3.48)
2,2 ’
+167 Ty (QL,GQL,f 4TET2 ) (QR 471:12) q5€f )Pal...amial...f)n] ’
which gives, using (3.40) and (3.42)

2

_ —g 2,2 12 09 9%
4D€f Ap, q[Pal-"amjjl"'Bn:l o 1—‘Ap,ql:e e (167‘5 T2 QrQuLeQuy + 167 2’1’% (3.49)

— Q1 9(2Qr%0; + q) — 5.5 (Qr4 3, +q))e8’”2P abo. b]

The first term on the rh.s. can be rewritten as the action of the Maass lowering operator
D, =—int 87 , mapping modular forms of weight w to weight w — 2. Indeed,

DWFAP,q [Pefa1...am,i)1---3n] =" TCZT% FA [(Q}Z2 o ZZ?Z) Pefal"'am’i’l'"i’"]
[ Pora o bt ] (3.50)
_FA |:e 8711'2( (T[TzQR)Z)eSﬂTZ Pefal A b] D ]

A
where in the second line, we used the fact that A commutes with e 872, The r.h.s. of (3.49) can
thus be written as

2 —
4Def I-‘Ap,q I:Pal...am,ial...f)n] - (2 - (q + n))6efFAp,q I:pal.,.am,ﬁl..,f)n]

+m(4— (q + 2n)>5|3)(aerp,q [Paz...am)(fl,ﬁl...f)n:l +m(m— 1)5(611612 F/\p,q I:Pag.,.am)ef,fnl,..ﬁn] (3.51)

m(m 1)n(n—1) =
+ =g Oc(a,Oflay A, I:Pas...am),(iall..fan,g] 6y )~ 16DIy [Pefal...am,zl__.an] ,

where only the last term remains to be computed explicitely. Specializing to the case of main
interest, we obtain

Oy - l—|Ap,q [Paped] = _4DW 1—|Ap,q [Pabcdef] (3.52)
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where, for any tensor F,;.4, we denote

(q—2)
4

ef Fapea = Def abed T ——— 5ef Fopea + (q 4)5(e|(ancd)|f) - 35(achd)ef (3.53)

We can now integrate both sides of (3.52) times 1/A on the truncated fundamental domain Fy 4,
leading to

dt,dt, IA,  [Pabed] dr,dty 1 -
Deff 12 2 p,qAa | 12 2A Diiolh, [Pabcdef] . (3.54)
Fna T2 k FnA 5 k

The r.h.s. is a boundary term, because D_;(1/A;) = 0 by holomorphicity. To compute the bound-
ary term we use Stokes’ theorem in the form

J fng:f d(fgdfr):zJ dTldTZ(Dng-i-fDW/g) (3.55)
3 Fun Fa T JFun

2

where f and g are any modular forms of weight w and w’ = —w + 2 and 2dt,dt, = idt A d7.
By modular invariance, the boundary term reduces to an integral along the segment
{1/2 < 71 < 1/2, 1, = A}, and its image under the Fricke involution (for N > 1). The lat-
ter can be mapped to the former upon using (3.35). At generic points on the Grassmannian Gy, 4,
the contributions of non-zero vectors in A, ; and A; g are exponentially suppressed, leaving only

the contribution of Q = 0:

:AT 5(ab5cd56f)’ (356)

J dTldTZ lﬂ/\p,q [Pabcd] —6 15 o
S s T Ay 2(4m)?

where a; = (1 + v)k was introduced below (3.30). Acting with the same operator D?f on the

subtraction in (3.30), we see that the term proportional to Al47%/2 cancels, except for ¢ = 6
where the substraction in (3.31) leaves a finite remainder. Thus, we find, as claimed earlier, that
the modular integral (3.28) is annihilated by the second-order differential operator O, defined
in (3.53), up to a constant source term present when q = 6,

F(Pq) 15ak
f abcd 2(4 )2

8(ab6cdbef)Oqy6 - (3.57)
In B, as a consistency check we show that this equation is verified by each Fourier mode in the
degeneration limit O(p,q) - O(p—1,q—1).

4 Weak coupling expansion of exact (V&)* couplings

In this section, we study the expansion of the proposal (2.27) in the limit where the heterotic
string coupling g5 goes to zero, and show that it reproduces the known tree-level and one-loop

amplitudes, along with an infinite series of NS5-brane, Kaluza—Klein monopole and H-monopole
instanton corrections. We start by analyzing the expansion of the tensorial modular integral defin-
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ing the coupling and its trace

dr,dt, I,  [Pabed]
FPD(@) = RN. J LT e 25 (4.12)
ROVH T2 Ar(7)
(P q) dTlde 1
Ftr ? (‘I’) =R.N. 5 FAp,q D—k+2D—kA—() , (41b)
LIN\VH T2 KT

for alevel N even lattice A, ; of arbitrary signature (p, q), in the limit near the cusp where O(p, q)
is broken to O(1,1) x O(p —1,q — 1), so that the moduli space decomposes into

Gpg > R %G,y gy x RPFT2, (4.2)

For simplicity, we first discuss the maximal rank case N = 1, p —q = 16, where the integrand
is invariant under the full modular group, before dealing with the case of N prime, where the
integrand is invariant under the Hecke congruence subgroup I,(N). The reader uninterested by
the details of the derivation may skip to §4.3, where we specialize to the values (p,q) = (r —4,8)
relevant for the (V®)* couplings in D = 3 and interpret the various contributions as perturbative
and non-perturbative effects in heterotic string theory compactified on T”. In §4.5 we discuss the
case (p,q) = (r — 7,5) relevant for H* couplings in type IIB string theory compactified on K 3.

4.1 O(p,q) = O(p—1,q—1) for even self-dual lattices

We first consider the case where the lattice Apg is even self-dual and factorizes in the limit (4.2)
as
Ap’q - Ap—l,q—l (&) Hl,l . (4.3)

We shall denote by R the coordinate on R* and by a’, I = 2...p+q—1 the coordinates on RP472,
R parametrizes a one-parameter subgroup e in O(p, q), such that the action of the non-compact
Cartan generator H on the Lie algebra so,, ;, decomposes into

s0,,~(P+q— 2) g (gly ® 50,141 YO e (p+q—2)P. (4.4)

while the coordinates a! parametrize the unipotent subgroup obtained by expo-

nentiating the grade 2 component in this decomposition. A generic charge vector
QrEN, =~ 1 (p+q—2)Y 1@ decomposes into Q7 = (m,Q;, n) where (m,n) € I, = z7?
and Q; € A such that Q% = —2mn + Q2. The orthogonal projectors defined by Q; = pZQy

p—1,qg—1>
and Qg = ngI decompose according to

pf.Q —L(m+a 6+1a an)—in

LU T Ry2 2 V2
P%’aQI =f5£,a(Q1 +nap),

1 1 R (4.5)
pngI=—(m+a~(§+—a-an)+—n,
’ Rv2 2 V2

Pﬁ&QZ =ﬁ£,a((§1 + nap),

where ﬁé’a,ﬁé,& (a =2...d+16, & = 2...d) are orthogonal projectors in G,_; ,_; satisfying

Q? = Q% — Q2. In the following we shall denote |Qg| = 4/Q2.
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To study the behavior of (4.1) in the limit R > 1,8 it is useful to perform a Poisson resummation
on m. For a lattice partition function h g with no insertion, as in the scalar integral (4.1b), this
gives

nR \n’r+m|
FAp, — er Z Z p2mim(a: Q+ia an)qu% quR ' (4.6)

(m,n)ez? Qe/\p—l,q—l

In the case of a lattice sum with momentum insertion, as in the tensor integral F, (p q) (4.1a), we
must distinguish whether the indices abcd lie along the direction 1 or along the d1rect1ons a.
Denoting by h the number of indices along direction 1, the previous result generalizes to

- h R(nT +m) P s
ol (@ Q@] =R 3 (SR )
(m,n)eZz2

A~ ~ _

x 1—‘Ap,l,p,1+na|:e 8772 [QL,a1 .. -QL,a4_h] me(Q an) a:l. (47)
Ccl::g can be
compensated by a linear transformation (n,m) — (n, m)(‘cl 3), under which the second line of
(4.7) transforms with weight 12 — h. As a relevant example for what follows, consider the case
(n,m) =k(c,d), k = gcd(m, n), then using an transformation (i‘ 3) €SL(2,7)

In this representation, modular invariance is manifest, since a transformation 7 —

A e ~ 152 _ 1732
2mikd(Q— akc a,5Q7 =5
E ¢ By [QL,al B 'QL,a4_h:| (o] ) q 3Q7 q 3Qk =
(NZGAp_lyq_l-b-kca

_ —A r~ ~ ikO-a 102 =102
T+ > 72 [Qug, .. Qra, , 222 2% . (4.8)
QeAp—l,q—l

We can therefore compute the integral using the orbit method [46, 47, 48], namely decompose the
sum over (m, n) into various orbits under SL(2, Z), and for each orbit O, retain the contribution of
a particular element ¢ € O at the expense of extending the integration domain F; = SL(2,Z)\H
to T_\’H, where I is the stabilizer of ¢ in SL(2, 7),° by using the identity

U r-A=n\x (4.9)
rEI\SL(2,Z)

The coset representative ¢ € (O, albeit arbitrary, is usually chosen so as to make the unfolded
domain I \'H as simple as possible. In the present case, there are two types of orbits:

The trivial orbit (n,m) = (0,0) produces, up to a factor of R, the integrals (4.1) for the lattice

Ap_q g1, provided none of the indices abcd lie along the direction 1,

F(p 0,0 _ RF(p 1,4-1)

apys apys > Ft(rp’q)’O = RFt(rp_l’q_l) 5 (4.10)

while it vanishes otherwise (i.e. when h > 0).

8Since 1/A grows as e% at T, — 0, the following treatment which relies on exchanging the sum and the integral
for unfolding is justified for R > 2.

This unfolding procedure requires particular care since the integrand is not of rapid decay near the cusp. We
suppress these details here, and refer to [42, 45, 49, 43, 50, 44] for rigorous treatments.
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The rank-one orbit corresponds to terms with (n,m) # (0,0). Setting (n,m) = k(c,d), with
ged(c,d) = 1 and k # 0, the doublet (c,d) can always be rotated by an element of SL(2,7)
into (0, 1), whose stabilizer inside SL(2,7.) is I'sg {( ) n € Z}. Thus, doublets (c,d) with
gcd(c,d) = 1 are in one-to-one correspondence with elements of I',,\SL(2,7). For each k, one
can therefore unfold the integration domain SL(2,Z)\H to S =T, \H = ]R;r2 x(R/Z),, the unit
width strip, provided one keeps only the term (c,d) = (0, 1) in the sum. The resulting contribution
to the tensor integral (4.1a) are

[Paprs ™4 ]
- :

)
F(p Q.1 _R r de [ dTl Z e—TERZkz/Tz Ap-1,q-1
afyd J
Jr+ 75 Rz pr

5 2mika'Q
(p.9),1 [ dry i Rk \’ —nR2k2 [T Thp-1,411 [P“ﬁ e I]
POl =R 7, | - e 2 , (41D
JR+ Tz JIR/Z iT,v2 A
4 2mika’Q
F(p Q1 —R [ dt, [ d Rk —rR22 7, 1—‘Apf1,q—1 [e I]
111 — 2 T1 . e A )
JR+ o JR/Z iT,v2
where
~ Y-S ~
Popayy=¢ ™2 [Quay - Qua,,] s (4.12)
while the contribution to its trace is
Ft(rp’q)’l —R de _ﬁRZkZ/TZ FA I:eZnikaI(jliI DZ (l) ) (4.13)
R+ TZ R/Z 0 p=1q-1 A
The integral over S can be computed by inserting the Fourier expansion
1 5 1
N Z c(m)q™, D*—=a,c(0)+ Z Zaz m?>~tec(m)q™ T, (4.14)
meZ, meZ—{0} (=0
m=>—1 m>—1
where 6 ( 6) 8)
p—q+ Pp—q+0)p—q+
an=4% N a = ) ay = 415
0 ! i 2 1672 (4.15)
The integral over 7, picks up the Fourier coefficient c(m) w1th m = —%62. The remaining inte-

= PO ~ p() i
gral over T, can be computed after expanding POL1 G Ze 2o a1 T2 where Pal...a4,h isa

polynomial in Q of degree 4 —h — 2¢, or zero when 2¢ > 4 —h. Contributions with Q = 0 lead to
power-like terms,

Eypys " =R E(q—6) 3C(0)5(a/35y5)’
Fﬁ’o‘jfg LO—Ri6g(q—6)(7— q)c(o) Sup » (4.16)
P = R0 £(g—6) (7—q)(9 - q);(oz) :
while the result vanishes for an odd number of indices along the direction 1, and for its trace
PO =R E(q—6)(p—q+6)(p—q+8) g (O) : 4.17)
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Here we used Péiid(o) = %5(@5“1), 155(1%))(0) = —4%5@, and P = 1. Note that (4.17) and
(4.16) have a simple pole at ¢ = 6, which is subtracted by the regularization prescription men-
tioned below (3.32). For g = 7, the pole in (4.17), (4.16) cancels against the pole from the zero
orbit contribution (4.10).

In contrast, non-zero vectors Q lead to exponentially suppressed contributions, which depend

on the axions through a phase factor e2mkaQ  Afrer rescaling Q — Q/k, we find that the Fourier
coefficient with charge Q € A,_; ,_; \ {0} is given by

2 B (Q) Kes_, (27Rv/2IQ4P)
».9,1.Q Popys —t R
Faﬁ)’5 =4c (Q)R Z R¢ —Z
=0 V2Qg[? £

)
PY) (Q) Kes_, (2nRV/2]Qr[?)
FiZﬁq))/lQ =4¢ (Q)R E By p)

= V2R IFoMEER (4.18)

qa—
2

bl - 1 p© Keon (2 R+/2[Qg[?)
Fin " =4c(QR 2 1

V2P T

for the tensor integral, and

q—1

FPOR = 45QR7

_¢ Kes_, (2mR/2]Qg[2)

VZQRE Z "

o~
L[]
(=}

for its trace. In either case,

Q=>c (—W)dq 7 (4.20)

diQ

The physical interpretation of these results will be discussed in §4.3, after generalizing them to
Zy orbifolds.

4.2 Extension to Z, CHL orbifolds

The degeneration limit (4.2) of the modular integrals (4.1) for Z, CHL models with N =2,3,5,7
can be treated similarly by adapting the orbit method to the case where the integrand is invariant
under the Hecke congruence subgroup I,(N) [51, 52, 44]. In (4.1), Ay is the cusp form of weight
k= N +1 defined in (2.4), and LN is the partition function for a lattice

Npq= ‘/N\p—l,q—l ® ”1,1[N] > (4.21)

where /N\p_l,q_l is a level N even lattice of signature (p —1,q — 1). The lattice II, ;[N] is ob-
tained from the usual unimodular lattice II; ; by restricting the winding and momentum to be
(n,m) € NZ & Z. After Poisson resummation on m, Eq. (4.6) and (4.7) continue to hold, except
for the fact that n is restricted to run over NZ. The sum over (n, m) can then be decomposed into
orbits of Ty(N):1°

2n
19ince 1/A, grows as e’z at T, — 0, the following treatment which relies on exchanging the sum and the integral
for unfolding is justified for NR? > 2.
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Trivial orbit The term (n, m) = (0,0) produces the same modular integral, up to a factor of R,

p@00 _ p plp—1g-1)

apys afys ., FPOO=REPLD, (4.22)

where F (’;3 ;q D l:"t(rp_l’q_l) are the integrals (4.1) for the lattice f\p_l’q_l defined by (4.21).

Rank-one orbits Terms with (n,m) = k(c,d) with k # 0 and gcd(c,d) = 1 fall into two different
classes of orbits under I,(N):

e Doublets k(c, d) such that c = 0mod N and k € Z can be rotated by an element of I;}(N) into
(0, 1), whose stabilizer in [[}(N) is T's {( ) n € Z}. For these elements, one can unfold

the integration domain I;;(N)\H into the unit width strip S =T, \H = ]R;’2 X (R/Z)z,;

e Doublets k(c,d) such that ¢ # OmodN and k = OmodN can be rotated by an element of
IH(N) into (1,0), whose stabilizer in I;(N) is STo y S~ 1 where T's, N= {( ) n € NZ}
and S = (1 01). One can unfold the integration domain I;(N)\H into STeq xS~ \H,
and change variable 7 — —1/7 so as to reach Sy = I'no y\H = ]R;L2 x (R/NZ),, the
width-N strip. Under this change of variable, the level-N weight-k cusp form transforms as
Ar(—1/7) =N _g(—i’t)kAk(T /N), while the partition function for the sublattice A
transforms as

p—1,q4—-1

Rp1.q- [Papysl(=1/7)=0ON" : (-i)7' T FA* e [ wpy51(T) (4.23)
where T« ) 1(’L') denotes the sum over the dual Ilattice A; 1Lg—1’ and
p—1,9—
N1 = |ﬂ;_1 q_l/f\p_l,q_lrl/z . Note that & = N'7%s for ¢ < 8 in the cases of
interest.
For the simplest component Fépﬂ’g()s’l, the sum of the two classes of orbits then reads
(pa),1 _ dT2 1 —nR*k? /7 2nikalQ
F = —= dt;——= ) e 2T e TP, gvs
apyo fm 73 JR/Z Ak(T)kz;é(:) Ap_l’q_l[ o ]
dTZ 0 1 —nR?k? /T, 2nika’Q;
+R dT1 N m Z e 1—';\*71 4 [6 Pa[j}/ﬁ] . (424)
Rt T3 JR/(VZ) KT k£0 r
k=0mod N

The contributions from Q = 0 lead to power-like terms,

(P.0)(10) _ pg—6 3Cz<(0)
Fopts ™ = RI°8(q—6) (1+ ONT7) —="5(4p5,s) »
FL0 _ pa-6 6)(7—q) (1 + oNI7 C"(O) (4.25)
11aB — &(qg—06)( Q)( + ) aﬁ , .
_ - ~a—7 Ck(0)
Fiify =R 65(q—6)(7—q)(9—q)(1+qu e
for the tensor integral and
Ck(o)

PO = RIE(q—6)(p—q +6)(p—q+8) (1+0NT7) == (4.26)
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for its trace, where ¢ (0) = k is the constant term in 1/A;. As in (4.17) and (4.16), the pole
at g = 6 is subtracted by the regularization prescription (3.30), while the pole at g = 7 cancels
against the pole from the zero orbit contribution (4.22).

The terms with non-zero vector Q produce exponentially suppressed corrections of the same
form as in the maximal rank case (4.18), but with a different summation measure, namely

. Q* ) Q? _

a@= D, al-gz)d 7+ 02, al-gym) W, @)
d>1, d=>1,

Q/deh, 144 Q/deNA?

p—1g-1

where the first term, arising from the first class of orbits, has support on Ap_l g4—15 and th~e second
term, arising from the second class of orbits, has support on the sublattice N A;_l,q_l CAp1g-1-
In the latter contribution, notice that one factor of N in the numerator of the Fourier coefficient
comes from the matching condition with 1/A.(7/N), and two factors of N in its denominator
come from all the divisors being originally multiples of N.
It will also be useful to consider a different degeneration limit of the type (4.2) where the
lattice decomposes as
Apg=Np1g1911, (4.28)

where I ; is the usual unimodular even lattice, with no restriction on the windings and momenta
(n,m), and A,_; ,_ is a level N even lattice of signature (p —1,q — 1), not to be confused with
the lattice A,_; ,_; above. The sum over (n,m) € Z & Z can then be decomposed into orbits of

[H(N). The trivial orbit is similar to (4.22), but now F (b=1.4=1) 5nq F{P~1471 are the modular

aPyé
integrals for the lattice A,_; ;_;. For the rank-one orbit, the discussion goes as before, except that
the second class of orbits (m, n) = k(c,d) with k = ged(m,n) and ¢ # 0modN has no restriction

on k. For the simplest component F %, (P:0)1 "the sum of the two classes of orbits then reads

apyé ?
(p,q),1 dr, 1 —nR%k% /T 2mika’Q
F =R e 2T e 'Pogvs
apyd f+ 5 JR/Z Ak(r)kz#:) p,l,q,l[ afy ]

dry f e o
+RJ dt; ——— e TRk /TZFA* o2mika'Qr p prs | (4.29)
R* 72 R/(NZ) Ak(’f/N)N iZ0 p—l,q—l[ afy ]

_k_ —-1/2 . . e _ .
where uN727! = ’A;—l, g1 /Ap_l’q_1| / (which now simplifies to v = N % for ¢ < 8 in the
cases of interest). The contributions from Q = 0 lead to power-like terms,

3c (O)
Fg;&%(l D = RI7°E(q—6)(1+v ) 5By,
— c(0)
Fﬂf}j Rl 6E(q—6)(7—q)(1Jru)%éaﬁ, (4.30)

Ck(O)

Fii =R E(q - 6) (7— )9 - a)(1+v) %
for the tensor integral and

Ck(O)

FPD10) = RI=6£(g—6)(p—q+6)(p—q+8)(1+v ) (4.31)

for its trace, where ¢, (0) = k is the constant term in 1/A;.
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The terms with non-zero vector Q produce exponentially suppressed corrections of the same
form as in the maximal rank case (4.18), but with a different summation measure, namely

Ek(Q) = Z Ck( 2Qd2 ) de 7 + v Z Ck( 2d2 )dq_7, (432)
d>1, d>1,
Q/dEN, 141 Q/deA;‘H’qfl

where the first term, arising from the first class of orbits, has support on A,,_; ,_;, and the second
term, arising from the second class of orbits, has support on the dual lattice A;_L 1 In the latter
contribution, notice that one factor of N in the numerator of the Fourier coefficient comes from
the matching condition with 1/A(t/N).

4.3 Perturbative limit of exact (V®)* couplings in D = 3

Specializing to (p,q) = (2k,8) = (r —4,8), and decomposing as Ay g = Agy_17 ® I 1[N], the
limit (4.2) studied in this section corresponds to the expansion of the exact (V®)* couplings in
D = 3 in the limit where the heterotic string coupling g; = 1/+/R becomes weak. To interpret
the resulting contributions in the language of heterotic perturbation theory, one should remember
that the U-duality function F, (Zk 8)(‘I>) is the coefficient of the (V®)* coupling in the low-energy
action written in Einstein frame such that the metric yy is inert under U-duality,

k, & pbb peé pdd
Sy = f A /=15 [RIye] = (26,458, — 52605)F g (@) Yil 1o PA4pbOPeepdd] 4 (4.33)
In terms of the string frame metric y = v gg , one finds

. e s
Jd?’x _|: Y] g3(25ab55d 5dé5i)a)F§ic,CI8)(q))YHPYvapﬁaPSbP;chd]+

(4.34)
Using ¢, (0) = k for CHL orbifolds with N > 1 or ¢(0) = 2k in the maximal rank case, and £(2) = %,
the results from §4.1 and §4.2 read

/ 2nf|QR\
2 (2k 8) _

3 (2k-17) | - 2miaQ
83 Fpea = on —50@b0ca) + Fpeq Z &@Qe % Pibed > (4.35)
& Q€Ag—1,7

where we omit the detailed form of exponentially suppressed corrections, and the summation
measure is read off from (4.27)

2 2

_ Q Q
&(Q= ; ded(~55)+ d;: Nde(—5=). (4.36)
Q/d€My 17 Q/deNAy, , ,

The first two terms in (4.35), originating from the zero orbit and rank-one orbit, respectively,
should match the tree-level and one-loop contributions, respectively. Indeed, the dimensional
reduction of the tree-level R? + (TrF2)? coupling in ten-dimensional heterotic string theory [53,
54] leads to a tree-level (V®)* coupling in D = 3, with a coefficient which is by construction
independent of N. A more detailed analysis of the ten-dimensional origin of this term will be
given in §5.3.1. The second term in (4.35) of course matches the one-loop contribution (2.24) by
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construction. The remaining non-perturbative terms can be interpreted as heterotic NS5-brane,
KK5-brane and H-monopoles wrapped on any possible T® inside T7 [9]. More precisely, NS5-
brane and KK5-brane charges correspond to momentum and winding charges in the hyperbolic
part I 1[N ]® I;_ ;o of A, &I, 1, while H-monopoles correspond to charges in the gauge lattice
Ay sy (for the heterotic string compactification on T7, these sublattices must be replaced by I,
and Eg @ Eg or Dy, respectively). Note that [9] studied these corrections on a special locus in
moduli space, corresponding to T*/Z., realization of K3 surfaces on the type II side, and did not
keep track of all gauge charges, which resulted in a different summation measure.

4.4 Decompactification limit of one-loop F* couplings

For general (p,q) = (d + 2k —8,d) = (d + r — 12,d) with g < 7, the modular integral (4.1a)
is interpreted as the one-loop F : amplitude in a heterotic CHL orbifold compactified down to
dimension D = 10 —d. The decomposition (4.21) corresponds to the case (a) where the radius
R of a circle in T9 orthogonal to the Zjy orbifold action becomes large, while the limit (4.28)
corresponds to the case (b) where the radius R of the circle in T¢ singled out by the Z, orbifold
action becomes large in string units.

The power-like terms contributions in R come in part from the trivial orbit, and from the zero-
charge contribution to the rank-one orbit:

3(2k)

. (p,q) (p—1,4-1) —6
a): Fa[iyii RFaﬂyS +R? E(g—6)———= ) 6(‘1/55),5)4-
(4.37)
-6
Y =(p-14-1) | pg—6 3k(1+NT°)
b) : Fa/a’yé = RFaﬁ)’E +R1 E(q - )Ta(aﬁéyg) +.

The first term reproduces, up to a volume factor of R, the one-loop F* amplitude in
D + 1 dimensions (4.10), either in the same CHL model (case a), or in the full heterotic
string compactification (case b). Indeed, in the latter case, the partition function PV
factorizes into Tj,,, o, o X In, 4, The fundamental domain TH(N)\H can be extended
to SL(2,7Z)\H, at the expense of replacing FAk,S—k/Ak by the sum over its images under
T,(N\SL(2,Z) = {1,5,TS,..., TN71S}. As explained in §A, this sum reproduces FAd+15,d—1/A’
the partition function for the maximal rank theory in dimension D + 1.

The second term, originating from the zero-charge contribution to the rank-one orbit, can
instead be understood as the limit s — 0 of an infinite tower of terms of the schematic form

Zm#(rg—; —3)3_%F 4 in the low-energy effective action, where s is a Mandelstam variable, arising
from threshold contributions of Kaluza—Klein excitations of the massless supergravity states in
dimension D + 1. In the limit R — o0, this infinite series along with the term m = 0 from the non-
local part of the action in dimension D sums up to the contribution of massless supergravity states
to the non-local part of the action in dimension D + 1. The pole at ¢ = 6 in the second term of
(4.37) originates from the logarithmic infrared divergence in the local part of the string effective
action in dimension D = 4, and matches the expected ultraviolet divergence in 4-dimensional
supergravity. The apparent pole at ¢ = 7 cancels against a pole in the first term, due to the same
logarithmic divergence. Indeed, the 1/€e pole of the full amplitude F, (p ’ )(tI> €) can be extracted
from its Laurent expansion at € = 0, namely

_ 3(2k)

(p,6)
F d,¢)=
(®,¢) “IonZe

abed O(abOcq) +O(1) (4.38)
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In addition, massive perturbative BPS states with non-vanishing charge Q € A4, kg 4—; in dimen-
sion D + 1 and mass M(Q) lead to exponentially suppressed terms of order e 2™ M) weighted
by the helicity supertrace Q4(Q), as expected on general grounds.

4.5 Perturbative limit of exact H* couplings in type IIB on K3

Here we briefly consider the case ¢ =5, N = 1, corresponding to type IIB string theory compacti-
fied on K3. In Einstein frame, the low energy effective action takes the form

Se = J d®x /=g [Rlyg)—F25 (@) HE  HE SHOW R, (4.39)

where the three-form H® with a # 1 are the self-dual field-strengths of the reduction
of the RR two-form, four-form and six-form on the self-dual part of the homology lattice
H®*K3) = Eg ® Eg ® II; 4 , while H' is the self-dual component of the NS-NS two-form field-
strength. We shall restrict for simplicity to the components a, 3,7,6 # 1. In terms of the string
frame metric y = g,y and setting H® = g,H? (since Ramond-Ramond field are normalized as
H ~ 1/g, in type II perturbation theory), we get

Se = J dx /= [—R[ 2,13 o5 (@) HY, HE NHYHAHP, ] +... (4.40)
Identifying R = 1/ g, the large radius expansion of F becomes schematically;,
1 2015 _ 1 204 2200 _priq.Q
o Fato = galapro® ¥ 57 5(aﬁ5y5) + Z GO (4.41)
Q€A 4

The first term proportional to F% el d is now recognized as a tree-level correction in type II on
K3, the second term is a one-loop correction which to our knowledge has not been computed
independently yet, and the remaining terms originate from D3, D1, D(-1) branes wrapped on K3
[55]. It is worth noting that decompactification limits of the form O(2k,8) — O(2k — 3,5) exist
in principle for all CHL models listed in Table 1, however, they cannot be interpreted in terms of
six-dimensional chiral string vacua, due to anomaly cancellation constraints.

5 Large radius expansion of exact (V®)* couplings

In this section, we study the expansion of the proposal (2.27) in the limit where the radius R of
one circle in the internal space goes to infinity. We show that it reproduces the known F* and
R? couplings in D = 4, along with an infinite series of @(e™®) corrections from 1/2-BPS dyons
whose wordline winds around the circle, as well as an infinite series of (’)(e_Rz) corrections from
Taub-NUT instantons. We start by analyzing the expansion of genus-one modular integrals (4.1b)
and (4.1a) for arbitrary values of (p,q), in the limit near the cusp where O(p, q) is broken to
0(2,1) x O(p — 2,q — 2), so that the moduli space decomposes into

SL(2)

et [ 212
ra TR " 502)

Gp_z,q_z] ) RZPH xR . (5.1)
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As in the previous section, we first discuss the maximal rank case N = 1, p —q = 16, where the
integrand is invariant under the full modular group, before dealing with the case of N prime. The
reader uninterested by the details of the derivation may skip to §5.3, where we specialize to the
values (p,q) = (r — 4, 8) relevant for the (V®)* couplings in D = 3, and interpret the various
contributions arising in the decompactification limit to D = 4.

5.1 O(p,q) — O(p —2,q —2) for even self-dual lattices

We first consider the case where the lattice A, 4 is even self-dual and factorizes in the limit (5.1)
as

Apg = Ap—2g-

2® 15 . (5.2)
In order to study the behavior of the modular integral (4.1a) in the limit (5.1), we denote by
R,S, qb,al’l,tp the coordinates for each factors in (5.1), wherei =1,2and I = 3,...,p+q—2. The
coordinate R (not to be confused with the one used in §4) parametrizes a one-parameter subgroup
eff1 in O(p, q), such that the action of the non-compact Cartan generator H; on the Lie algebra

s0, o decomposes into
50,42 ... ® (gl ®s0, 5, ) V@28 (p+q—4))Ve1?, (5.3)

while (a',1)) parametrize the unipotent subgroup obtained by exponentiating the grade 1 and
2 components in this decomposition. We parametrize the SO(2)\SL(2,R) coset representative
v, and the symmetric SL(2,R) element M = vy by the complex upper half-plane coordinate

S:’Sl +152
1 (1 s y 11 s
v, = — , MY=86""y,'v) =— . (5.4)
M \/8_2 (0 82) By Sz (Sl |S|2)

A generic charge vector Q7 € A, ~ p+q =~ 2D g (p+q—4)(°) o 20 decomposes into
Q = (mi,al,nj), where (mi,n;) € I, and Q; € Ap—3,4-2 such that Q% = —2m'n, + Q2. The
projectors defined by Q; = p%QI and Qg = ngI decompose according to

-1
v; o N
7 L i i. A i i
Q =—( +a'-Q+( ej—l——a-a])n»)—
Pt TR 3 et J
p%,aQI :ﬁLI,a(QI + nia})
V‘_l 1 R
T __ iy .5 Lol i
= m'+a'-Q+ (e’ +za'-adl)n; |+ —=v,'n;
s =5 Qe+ gat-any )+ o

R i
2

(5.5)

Pg’dQI :ﬁé)&(aI + nia;') s

where f)i w f’{za (a = 3...p, @ = 3...q) are orthogonal projectors in G, 5, which satisfy
3= @2

In order to study the region R > 1 it is useful to perform a Poisson resummation on the
momenta m' along I, ,. Note that this analysis is in principle valid for a region containing R > V2.
In the case of the scalar integral (4.1b), one obtains

g-1 n R2 \? . .2 L gl
5 = —2= 5 |(1,S)A —2mi(y+iR*) det A+2mim;(Q-a'+ n;)
FAP q =R T22 Z FApfz,qu[e 2 52| (1)‘ > ] s (5.6)

AeZ2x2
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where A = (”ﬁl) In the case of (4.1a), we must distinguish whether the indices abcd lie along
the direction 1, 2 or along the directions a. Denoting by h the number of indices of the first kind,
we get

__A h R !
h
1 (1 S8 7
- [5G 0],
X FAp—Z,q—2+niai I:e_ﬁ [QL,al .. QL,a4_h ] eZﬂimi(a-ai_#nj)] (5.7)

In this representation, modular invariance is manifest, since a transformation 7 —

at+b
crrq can be

compensated by a linear action A — A(fC _ab), under which the last line of (5.7) transforms with
weight 12—h. We can therefore decompose the sum over A into various orbits under SL(2,Z) and
apply the unfolding trick to each orbit:

The trivial orbit A = 0 produces, up to a factor of R?, the integrals (4.1) or for the lattice
A,_34—2, provided none of the indices abcd lie along the direction 1 or 2,

F(pq)O RzF(p 2,4—2)

apys apys 5 Ft(rp’q)’o =R? Ft(f_z’q_z) 5 (5.8)

while it vanishes otherwise (i.e. when h > 0).

Rank-one orbit: Matrices with detA = 0 but A # 0 can be decomposed into A = ( )(a 3),

where (j,p) € Z2? ~\ (0,0) and ( c d) € I'.o\SL(2,7Z). As before we can unfold the fundamental
domain SL(2,Z)\H to the strip S =T, \H = ]Rj2 x (R/Z), using (4.9), leading to

O Zl_l(lf) =6 20)],

p) i=1

—Z 2 |jtpsP _ ~

N d’L’z e T S e’ " - I:IS ezm(jQ’alJ“pQ'az)]

"L' / Ap—Z,q—Z QA1...04p >
R+ 2 R,Z

dt 2 e 5 1
Flpil = g2 ZJ 2 f drqe -=5 ~lj+pS| D oo [ezm(]Q-a1+pQ~a2)] D2 (Z) ,
R* R/Z

(J.p)

(5.9)

for the tensor integral with 0 < h < 4 indices along the large torus and its trace respec-
tively. Inserting the Fourier expansion (4.14), the integral over 7, picks up the Fourier coeffi-
cient c(m) with m = —1Q2. The remaining integral over 7, can be computed after expanding

Pyt = Ze 2o P l, where 15&?“0‘441 is a polynomial in Q of degree 4 —h —2{ > 0, or

a1 Qg p
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vanishing otherwise. The contribution of Q = 0 produces power-like terms in R?,

3¢(0
010 _ pa-s 3L )5( :S)8(ap6y5)s

afrd 872
(.9),1,0 —6¢(0) 18— (84
PO = RIS [ 564p 8, — Bap Dy | € (5L,5), (5.10)
1.0 —6¢(0) 1.2 10—q 8¢ ( 10— 8¢
F{Pakl0 =R = (D200 = 52601 Dpo) + (55) (F%2) 26180 | € (352, S)
for the tensor integral, and
0 _

P00 =0 0 (g1 6)p—g +8)E' (5L, 9) (5.11)

for its trace. Here, £*(s, S) is the completed weight 0 non-holomorphic Eisenstein series,

/ s

£ =2 T Y = £29)EG,S) (5.12)
’ 2 [nS +m|% T '
(m,n)ez?
D,, is the traceless differential operator on Sé(()z(’g) defined in appendix D, and
wapa = DvDpoy — %5(MV5PU)DTKDT’< is the traceless operator of degree 2 in the sym-

metric representation. The equalities used to write (5.10) are detailed in (D.9), and similar
expressions using non-holomorphic series of non-zero weight are given in (D.7). Recall that
E*(s,S) is invariant under s — 1 —s, and has simple poles at s = 0 and s = 1. As in the previous
section, the pole at ¢ = 6 is subtracted by the regularization prescription mentioned below (3.32),
while the pole at g = 8 cancels against the pole from the zero orbit contribution (5.8).

Contributions of non-zero vectors a € Ap_9q0, ON the other hand, lead to exponentially
suppressed contributions, e.g. for the trace of the tensor integral

q—4-2L

Z Z 2n1(]Qa1+an2)Z (__) C(—Q)( 251%52 ) 7
4 gel L2 27\ 1j+psP?

QeAy_g,4-5 (J:P)
2R? . =
qu4_Z(2ﬂ: U—|]+pU||QR|) (5.13)
P 2

Defining (Q, P) = (j, p)Q, we see that the Fourier expansion with respect to (ay,a,) has support
on collinear vectors (Q, P) with Q,P € A,_, ,_,. Extracting the greatest common divisor of (j, p),

we find that the Fourier coefficients with charge Q" = (Q, P) and mass M(Q,P) = Q’] M;;
defined in (2.13) are given by

2 (@) (Q/l S) Kq 4 (ZﬁRM(Q,P))

1, 4 _ [36
Fays - = #R1E@0 2, -

M(Q,P)'T
1 (1{) (Q/l S) Kq 6 (ZHRM(Q P))
F(p 9),1,Q" _ 4R% E(Q’i) Z ,ua/jc"?

haby = iR M@QP)T
((2))0 (Q/l S) Kq 12 (ZRRM(Q) P))
PO = 4R ey L (5.14)

M(@Q,P)'Z
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for the tensor integral, and

2—( Kq 4 (ZNRM(Q,P))

d(Q"-Q7)
F(Pq)lQ —4R2 /i E [ &¢ ] 5.15
" 4 g2l 2 M(Q,P)_q54“ o)

for its trace. The covariantized versions of P,;.;(Q) with respect to the torus’ metric,

Péfﬁ)y PYRP P!SQU p are given in appendix C. Finally the degeneracy is given by
98
i} d? 2 ged(Q%,Q-PP?)
‘QpP)= Z (gcd(Q2 Q'PPZ)) C(_T)’ (5.16)
(QP)/deA??, , ’ ’

with support (Q,P) €A, 5, 2 ® Ay 54 o.

Rank-two orbit Finally, rank-two matrices can be uniquely decomposed as A = (’8 IJ))(‘; 3
where k > j > 0 and p # 0 and (‘cl Z) € SL(2,7). The matrices A can therefore be restricted

to A= (75 i;)) provided the integral is extended to the double cover of the upper half-plane H.
This leads to

h —TLR— kt+j+pS|?
F.9)1 — 2R2 Z ( R ) —2mkp(¢+1R2 J dt, f s leTHitp
Up.e.UpQy...04p 1'\/5 - 2+h

k>j=0
p#0
h
1 (1 S;\(kT+]j _ 27i (j(Q—3kay)-a;+p(Q—2kay)-a
x!_[[ 52(0 52)( p )M,FAP—Z,q—2+”ial|:Palma4he ( P 2 2)] (5.17)
=1

for the tensor integral, and to

Ft(rp,q),l =2R2 Z e—2nikp(w+iR2)f dT2J dT e Tz 55 |kT+]+pS|2
k>j>0 R* 72
p#0

XFA

p—2,q-21a! [

27 (@ 3kar)ar+p(@-Hka)e) | p2 (%) (5.18)

for its trace.
Inserting the Fourier expansion (4.14), the integral over 7 is Gaussian while the integral over
T, is of Bessel type. The sum over 0 < j < k enforces a Kronecker delta function modulo k,

e @ _
awlamid (T m)]= ik Trm=th €2 (519)
0 otherwise

k—1
j=0

Relabelling the charges as pQ — P, kp — —M; and lp — —M,, and defining D = —%2 + MM,
one obtains, for the trace of the tensor integral,

FpO? = Z FPO2M (P — Myay, My —ay - P+ 3(ay - a;)My)
M;#0,M,
PEA, 342

27'51(P ay+M; (Y— a1 az)+(My—ay- P+2(<11 a;)M;)S,) (5.20)
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where FP>92M s the non-Abelian Fourier coefficient,

ay DZ—K
(R2S,)t

2m) T
( ) K?_g(scl) ) (5~21)

2
=2 _
FPO2M(R M,) = 4(RS,)'T &(My, My, P) ) | 5
(=0 d

S, is the classical action

Sa(My, My, P) = 210/ (R2M +5,Mp)* +2R2S,P2 (5.22)
and ¢(My, M, P) the summation measure
(MM, P)= > c(H)dr7. (5.23)
d|(My,M>)
P/deN, 54

It is worth noting that (5.20) is the general expansion of a function of (S;, a;,a,,) invariant
under discrete shifts Ty . ., . acting as

(S1,aq,a5,9) — (Sl +b,a; +€,a,+ €5+ bay, Y +x+ %[ez(al +e1)—ei(ay+ bal)]) (5.24)
with b,x € Z and €,, €, € ZP~2972 Invariance under T},0,e,,« is manifest, while invariance under
Toe,,0,0 is realized by shifting P — P + My€;,My — My + €,P + %Mle%, which leaves D and
My, =M,—a; P+ %(al - a;)M; invariant. It is worth noting that in the special case p = 2, P}%
vanishes identically so (5.22) simplifies to Sy = 27t|R2M; + Sy M,|.

Similarly, for the tensor integral, we get

(p,q),2,M 2 1972 2 13(5(}5))/5(1)) 277 2
{=0

aPro (RZSZ)Z Scl
L PO (p) oy
(p,9),2,M; 20 2 - apy 27'5) 2
F PM,)=4(R"S,) %z c(M;,M,,P —_— — Ko S
2apBy ( 2) ( 2) % c(My, M, ); iﬁ(RZSZ)[_% (Scl %—6( o) (5.25)
~ —13
(p.q),2,M; _ 20 2 - p©® o\ T
Fyohs (B My) = 4(R"S,) 2 C(Ml’Mz’p)Ar(RZ—Sz)—z Sy K%(Sd);

where we restricted to the cases u, v, ... = 2 for simplicity.

5.2 Extension to Z, CHL orbifolds

The degeneration limit (5.1) of the modular integrals (4.1) for Z, CHL models with N = 2,3,5,7
can be treated similarly by applying the orbit method. In (4.1), Ay is the cusp form of weight
k = % defined in (2.4), and FAp’q[Pade] is the partition function with insertion of P,; 4 for a
lattice

Apg=Np2g0®I;00I;[N], (5.26)

where A, , ., is alattice of level N. The lattice II; ; ® I ;[N ] is obtained from the usual unimod-
ular lattice I, 5 by restricting the windings and momenta to (n;,ny,m;,my) E Z&NZ &2 ® Z,
hence breaking the automorphism group 0(2,2,7) to og,1 X [Io(N) x [L(N)]. After Poisson
resummation on m,, Eq. (5.6) and (5.7) continue to hold, except for the fact that n, is restricted

to run over NZ. The sum over A= (Z; %) can then be decomposed into orbits of Ty(N):

Note that the subsequent analysis is valid in the region of the moduli space where NR? > 2S,.
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Trivial orbit The contribution of A = 0 reduces, up to a factor of R?, to the integrals (4.1) for
the lattice Ap_og-2;

F(pq)O RzF(p 2,q—2)

afyd aBys > Ft(rp’q),o =R? Ft(rp_z’q_z) s (5.27)

Rank-one orbits Matrices A of rank-one fall into two different classes of orbits under I;;(N). For
simplicity, let us first consider the case where (ny,m,) # (0,0), and denote (my, n,) = p(n,, m,),
with p = ged(ny, my):

e Matrices with n, = OmodN, as they are required to be rank-one, can be decomposed as

(o omy = (§ ))& §) with (j,p) € Z2~{(0,0)}, p # 0 and (¢ §) € Too\IH(N). For
this class of orbit, one can thus unfold directly the domain I,(N)\# into the unit strip
S=Tx\H = IR;’2 x (R/Z),-

e Matrices with n;, # OmodN can be decomposed as ( m2) = (}J) 8)(? 2) with

(j,p) € Z & NZ ~ {(0,0)} , p # 0 and (‘Cl 2) € SFOO’NS_l\FO(N), where
coN = {((1) 'f),n € NZ}. One can then unfold the fundamental domain I;(N)\H into

STeon S™\#, and change variable T — —1/7 as in the weak coupling case (4.24) to re-
cover the integration domain Sy = I'eo y\H = ]R;“2 x (R/NZ)., , the width-N strip.

The remaining contributions A with (n,, m,) = (0,0) belong to the two classes of orbits above.
Let (ny,m;) = j(n},m}), where j = ged(n;, m;) and j € Z, then contributions with n} = 0mod N
correspond to the cases (j,p) = (j,0) in the first class above; contributions with n} # OmodN

correspond to (j,p) = (j,0) in the second class above.

p,9),1

afrs reads

After unfolding and changing variable, the result for the simplest component F (
(similarly to (4.24))

(pa),1 _ 2 J dz =2 |J"‘PS|2 2mi(jQ-a; +pQ)-a
F = e Tzsz 1 2 p
5 T, aBys
afy +T2 / Ak( ) %2 p—2,q— 2[ ]

dt v , - )

’ ; NIV E 55 |J+pS| 27i(jQ-a; +pQ)-a,

N JIR* 3 ]R/Z Ak(T/N)N , e Th a2 [e Paﬁyﬁ] ,
(J,p)eZ

p=0mod N

(5.28)

where I‘A* s is the partition function of the dual Ilattice A* and where

P—2,94—2
_ nk/241 —1/2 : _ N1-6 .
v = N¥ |A* 22 [Ap—2q—2l /2 (which reduces to v = N'7%s for ¢ < 8 in the cases of in-

terest). The contributions from Q = 0 thus give

(p,q),1,0 3(2Ck(0)) 1 * *
Fal;j;zg =R 6T 5 58 q(S)+VN 53 q(NS) 5(01/55)”5)’

(p,9)1,0 2¢4(0) 15— «
F,ul;)(/l5 _Rq ° 4 2 I: q5aﬁ5,uv_5aﬁlDuv]§ gg%q(s)‘i‘VN 8—q(NS)

F(:a)1.0 — pa— —62¢(0)
wvpo 2772

[wapa 102—q 5(WDp0) + (S%q) (wT_q) %5(!”5/?0)]

(5.29)

( o q(S)+vN 58 q(NS))

N| -
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for the tensor integral, and

2Ck(0) 1
8m2 2

FpD10 = RI=6(p —q 4+ 6)(p —q + 8) (5;1 (S)+ VN¥8§;Q (NS)) , (5.30)
2 2

for its trace. Recall ¢, (0) = N+1 = k is the zero mode of 1/A; =D, ¢ (m)q™. Asin (5.11) and
(5.10), the pole at ¢ = 6 is minimally subtracted by the regularization prescription mentioned
below (3.32), while the pole at ¢ = 8 cancels against the pole from the zero orbit contribution
(5.27).

The contributions with Q # 0 are exponentially suppressed at large R, and have similar Fourier
coefficients as in the full rank case (5.14), except for a different summation measure. Let us label
the electromagnetic charges by (Q,P) = (j,p)Q = (j/, p’)Q where (j’, p’) are coprime integers. It
will be useful to classify all possible rank-one charges (Q, P) in orbits of the S-duality group I,(N)
acting as (g) — (‘Cl 3)(2), where (‘Cl 3) € T,(N).

e Charges (Q, P) such that p’ = 0mod N are in the same orbit as purely electric charges (Q, 0).
The1r Fourier coefficient gets contributions from both terms in (5.28) with d = ged(j, p) and

=Qe A,_5 4 in the first case and Q =Qe A;’;_z -2 in the second, such that they are
weighted by the measure

A a8 a8

_ Q2 dz 2 NQ2 d2 2
a(Q,P)= al — =% ( ) + v al—-—= , (5.31)
d221 ( 2d2) Q2 dzl ( 2d2 ) NQ2
Q/de, 54> Q/den; ,, .,

where the first contribution has support Q € A,_5 ;5 C A g2 while the second has sup-
porton Q € Ap 5 q—o- Notice that the latter is matched agamst 1/A(7/N), which explains
the N factor in the argument of c;.

e Charges (Q,P) such that p’ # OmodN are in the same orbit as purely magnetic charges
(0, P), where we relabelled Q as P for convenience. Their Fourier coefficient gets contribu-

tions from both terms in (5.28) with d = ged(j, p) and g =Qe Ap_94—o in the first case

and Nd = ged(j, p) (because j =0 mod N) and Nid =Qe A;_z -2 in the second, such that
they are weighted by the measure

q- 98
_ }52 T Nd2 2
a@P)= > o~ ﬁ)( ) + vy af- 2Nd2)( ﬁz) . (632
o d=1 d>1
PldeN, 54 P/deNAp g2

where the first contribution has support P € A, 5, 5, while the second has
PeN A;_z g2 C Np24-2-In the latter contribution, one N factor in the argument of ¢,
comes from the matching condition, and two N factors in its denominator come from all

divisors d being originally multiples of N.

Rank-two orbit For the rank-two matrices A, the two classes of orbits are similarly given by
studying (ny, my) = p(n;,, m;), where p = ged(ny, my).
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e Contributions for which (n},m}) = (0,1)modN can be decomposed as A = (15 }J,)(? 3),

0<j<k,peZ~{0}and (‘Cl 3) € SL(2,7Z), where its representative has trivial stabilizer.

For this first class of orbits, the fundamental domain can be unfolded to the full upper half-
plane # =RT xR.,.

e Contributions for which (n’z,m’z) = (1,0)modN can have A = (IJ] lg)(g Z), 0 <j < Nk,
p € NZ \ {0} and (‘C’ Z) € SL(2,7), where representative has trivial stabilizer. For this

second class of orbits, the fundamental domain can be unfolded to H = ]RJTF2 x R, as well
and the integrand can be brought back to the standard lattice sum representation using a
transformation T — —1/7, in the spirit of (5.28).

Both classes of contributions lead to the same type of non-Abelian Fourier coefficient as in the
unorbifolded case (5.21) and (5.25), except for a different summation measure ¢(M;, My, P). The
first class have support (M, M,,P) € Z & Z. & A,_, , 5, whereas the second class have support
(M;,M,,P)eNZ®&NZ &N A;‘; In fine the summation measure reads

—2,q—2"°
= D q—7 D q—7
(M, M,,P) = Z Ck(@)d + v Z Ck(]V_dZ)(Nd) , (5.33)
d|(My,M5) Nd|(M;,M5)
P/deAp,Z’q,2 P/deNA;mrz
where we recall that D = —%Pz + M M,. For the second class of orbits, one factor of N in the

argument of ¢, comes from the matching condition, and two factors of 1/N come from the fact
that all divisors were originally multiples of N.

5.3 Large radius limit and BPS dyons

Specializing to (p,q) = (2k,8) = (r —4,8), and choosing A,_, ;> = A, the degeneration stud-
ied in this section corresponds to the limit of the exact (V®)* amplitude in heterotic string on
T7 in the limit where a circle inside T”, orthogonal to the Zy action, decompactifies. The co-
ordinate R is identified as the radius of the large circle in units of the four-dimensional Planck
length I, = g4ly. The contributions from the various orbits discussed in §5.1 and §5.2 are then
interpreted as follows:

5.3.1 Effective actionin D =4

In the large R limit, Fé%ky’? should reproduce the exact four-dimensional F# coupling, up to expo-

nentially suppressed corrections. As already mentioned below (5.10) and (5.29), the contribution
of the vector Q = 0 to the rank-one orbit has a pole at ¢ = 8. Using the regularisation (3.32), that
formally sets ¢ = 8 + 2¢, one obtains

(2k,8),1,0, y _ pa+2¢ 3(2K) (. *
Fapro () =R G (E2(S)+ NELNS)) S(apBrs) (5.34)
, 3

2(27'[)2 (S - log(szklAk(S)lz) + k(log(f—;) — Y)) 6(a/3 57’5) + 0(6) ,

However, this pole cancels against the pole (4.38) in the trivial zero-orbit contribution (5.8),
(5.27), leaving the finite result

(2k,8) _ p2

Faprs = (_2(275)2

(10g(SX1AK(S)*) — 2k10gR )6 (45,5 + ﬁ%’;z’@@)) +... (5.35)
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where ﬁ(%k_azﬁ) is the renormalized 1-loop coupling, up to an irrelevant additive constant, and the
dots denote exponentially suppressed terms.

Thus, the conjectural formula (2.27) for the exact (V®)* coupling in D = 4 predicts that the
exact F* coupling in four dimensions should be given by

3 2k—2,6
—5. 10805 18k(8)*)8 @b Beay + Fopeg " (®), (5.36)
where for convenience we renamed the indices a, f3,... into a, b, ... running from 1 to 2k — 2.

Indeed, it is known that half-maximal supersymmetry in D = 4 allows for two types of super-
symmetry invariants with four derivatives: the first one is determined in terms of a holomorphic
function of S, the second depends on the Gy;_, ¢ moduli only, as described in (3.21), and both
contribute to F* couplings [56]. The first term in (5.36) corresponds the first invariant, which
also includes the R? coupling (2.3), while the second was considered in [55], it is by construction
exact at 1-loop and includes a four-derivative scalar couplings studied in [57].

The relative coefficient of the two invariants in (5.36) is in fact fixed by unitarity. Indeed,
the logarithmic dependence of the one-loop amplitude with respect to the Mandelstam variables
(s1 =s,s9 = t,s3 = u) is determined by the 1-loop divergence of the four-photon supergravity
amplitude [41]. Because the genus-one string theory amplitude Fﬁ’zgz’@(@, s;) is finite in the ultra-
violet, the corresponding supergravity amplitude pole in dimensional regularisation D = 4 — 2¢
cancels by construction the pole of the coupling Fc(l%’;;z’m(@,e) regularised according to (3.32)

(corresponding formally to g = 6 + 2€). Thus, in the low energy limit —¢2s; < 1 '?

3
k—2, k— 3(2k) 1
Fipea (@5 ~ Fip P (@,€) + (41)2 ( 3 >, 108(—5525i))5(ab5cd) (5.37)
i=1
~ B0 @) - 108(5 28 (abBea)— 2108( ~£251)8(ab0eca) »

(4 (4m)2 £

up to a fixed constant, where we used the relation 5—7218 }3 =/ 52 between Planck length and string
length. Therefore, the relative coefficient of the two invariants in (5.36) is indeed such that the
logarithm of S, in the coupling disappears in string frame, consistently with the fact that string
amplitudes depend analytically on the string coupling constant when formulated in string frame
[58].

The overal normalisation of the 4-photon amplitude can be determined from the 1-loop diver-
gence as [41, 591 (with tf* = f,,f " oo fP* — 2y f*)D)

k*( 3 2k—2.6
Ay(S,®,5,) = g(@ 108(S | AK(S)I)E (a6 eay — FF 20

(q>,si))t8F“FbFCFd : (5.38)

12Recall that 2k — 2 is the number of vector multiplets in D = 4.
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More precisely, the 1PI effective action includes the local terms

1 S1
— 4 / uv
54 = Jd X _g(ﬁ (Fstc‘lw-i_FﬁvFa )+ 647-5—‘/—g€“vpo.(F§V poa Fav pO'a)

4

K 2k—2,6 Sz
+§( S 108(S K A(8)P)8 apBesy — Fok >0 (@) Jerpoive (22 ) g pb pe R,

(8 7 108(S;1AL(S)PNR oo R PT — 4R, R¥Y + R?) (5.39)

KZ

_(8 )2

R“”""(Dlog(skmk(5)| Vo Fyiy Fpoa  D10g(S,18k(S)) 5 ok R )

D?1og(S K| Ak(S)| )( ) (2F§VF;NF£”FB"”+F§VF;”FP"F1’ )

(8 )2

+pt+ kv PUb + MUY PO b+
-~ Gn )22) 10g(S X Ar(S)] )( ) (22 Ft G FLFDOY AR ELS F )+, ) ,
which includes in particular the exact R? coupling (2.3). The components of (5.10), (5.29) with
u, v indices correspond to scalar field parametrizing the circle radius R, the scalar field 1 dual
to the Kaluza—Klein vector, and the axiodilaton scalar field S in four dimensions. The compo-
nents 1nvolv1ng the derivative of the function of S depend on the complex (anti)selfdual field

F, ai = lF T 7 F Euy UFS »» with the covariant derivative D defined as in Appendix D with
D =D, and D? =D,D,.

Let us now discuss the decompactification limit of the 1PI effective action to ten dimensions,
focussing for simplicity on the maximal rank case where the lattice decomposes as

Aoo 6= D16 ® Ig, (5.40)

where D¢ is the weight lattice of Spin(32)/Z,. Identifying S, = M

string coupling constant in 10 dimensions, one obtains for a, b, c,d along Dy,

, with g, the heterotic

1088 ISP by + E 2 (@) = (an)ﬁ( S labBety + g Babea) oo (54D

S

up to a threshold contribution and exponentially suppressed terms. Here §,;.4 = 1 if all indices
are identical, and zero otherwise, and we used

d?t Tp, [Paped] d?7 [ [ E3—28,E,Eg+E2E2
— 16 T - — (—4 24§A6 2 4 _24)5(ab5cd)+486abcd
T A T
SL(2,Z)\H *2 SL(2,Z)\H "2

=3278 p.q - (5.42)

This equation follows from known results about the elliptic genus of the heterotic string [60]. Us-
ing an orthogonal basis for a Cartan subalgebra of SO(32), one easily computes that this coupling
gives the following trace combination in the vector representation of SO(32)

(27R)°®
4

3 1 bpepd 3 o2, 1o
(Fé(abécd)+ﬁ5abcd)t8F“F FFl= tg(?(TrF V' + g TeF ). (5.43)
S S
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Using k% = 4a’ and reabsorbing the (2nR)%a’? into the 6-torus volume one obtains in Einstein
frame

S0 = f d"x \/—_g(

1R+

1
1 -3¢
iRt g5 (TP + R

2
wpo RIPT — 4R, REY + R?)

1 _3 1 1
- gtg(?)e 2P TrF2TrF2 + Eez‘pTrF“) +.. ) , (5.44)
which reproduces the tree level R? and (TrF?)? coupling computed in [53] upon identifying
¢ = V2D —6log2, and the 1-loop TrF* coupling computed in [61, 62].

5.3.2 BPS dyons

The contributions of non-zero vectors to the rank-one orbit yield exponentially suppressed cor-
rections of order e 2"RM(QP) (5.14), where M is the mass of a 1/2-BPS state of electromagnetic
charge (Q, P) in four dimensions. The phase e2mi(a'Q+a’P) multiplying (5.14) is the expected min-
imal coupling of a dyonic state with charge (Q,P) to the holonomies of the electric and mag-
netic gauge fields along the circle. The corresponding instanton is a saddle point of the three-
dimensional Euclidean supergravity theory obtained by formal reduction along a time-like Killing
vector, in the duality frame where the axionic scalars a;, a, are dualized into vector fields. Fol-
lowing the same steps as [63], one finds that the classical action is then S; = 2TRM(Q, P).
In the maximal rank case, the summation measure (5.16) is given by

(@P)= . -l ren), (5.45)

d>1
(Q.P)/d €Aep

where c(m) are the Fourier coefficients of 1/A. For (Q, P) primitive, this agrees with the helicity
supertrace (2.18) of 1/2-BPS states with charges (Q, P). In the case of CHL models, the summation
measure is instead given by (5.31) or (5.32) with g = 8, U = 1, depending whether the dyon is
related by I;(N), acting as (g) - (‘Cl 2)(8), to a purely electric or a purely magnetic state. It
is interesting to note that these two formulas can be combined as follows. We first notice using
the decomposition (Q,P) = (j/,p’)Q and (Q,P) = (j’,p’)P when (Q, P) belong the electric and
magnetic orbit respectively, with (j/, p’) = 1, one obtains

) P
%eAm:%eAmeaNAm,

Q. P)

ENA,®NA,, (5.46)

such that in both cases (Q, P)/d € A,,®NA,. Moreover, if (Q,P)/d € A,,®NA,, then Q/d € A,, or
P/d € NA,, depending of the orbit to which (Q, P) belongs to, therefore one has the equivalence

P ) p
(Qc’l—)eAmeaNAe = %eAm or EGNAe, (5.47)
for (Q, P) conjugate to either an electric charge Q or a magnetic charge P. Similarly,
) P
%eAe: (Qc,i ) EAN®NA,,
p P
EeAm:(Qc’i )eAmeBAm, (5.48)
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such that

A A

p p
(Qc’i )eAeeBAm = %eAe or EEA’“’ (5.49)

for (Q, P) conjugate to either an purely electric charge (Q,0) or a purely magnetic charge (0, P).
Moreover, we have that ged(NQ?, P2,Q-P) = NQ? for a dyon in the I[,(N) orbit of a purely electric
charge, because then gcd(Nj’?, p%, j’p’) = N since p’ = 0 mod N, and ged(NQ?, P2,Q-P) = P? for
a dyon in the T,(N) orbit of a purely magnetic charge, because then ged(Nj’2, p’?, j'p’) = 1 since
p’ # 0 mod N. Putting these observations together we conclude that the summation measure for
a general 1/2 BPS dyon is given by

Ek(Q,P) = Z Ck(—W) + Z Ck(_W) . (5.50)

d=1 d=1
(Q.P)/deA @Ay, (Q.P)/d €A, ®NA,

It is worth noting that ged(NQ?,P2,Q - P) is invariant under I,(N) and Fricke S-duality, so
that each term in (5.50) is separately invariant under Fricke duality. Further noticing that
Ay ®NA, ~A[N]®A,[N], (5.50) can be rewritten in a more suggestive way as

_ d(NQ?,P2,Q-P
Ck(Q:P): E E Ck(—%) . (5.51)
alN d>1
(Q,P)/d €Agplal

Most importantly, (5.51) agrees with the helicity supertrace 24(Q,P) of a half-BPS dyon with
primitive charge (Q, P) which was determined in (2.16) and (2.17).

5.3.3 Taub-NUT instantons

Finally, the rank-two orbit (5.25) yields contributions schematically of the form

Z E(Ml,MZ, P) e—Zn\/(Rle+SZI\7IZ)2+2R252}3§+27ri(P~a2+M1(¢—%a1~a2)+]\7[251) ) (5-52)
M, #0,M,,P

where the summation measure (5.33) is given by

- D D

(M, M,,P) = Z de(ﬁ)'F Z Nde(W) 5 (5.53)
d|(My,M3) Nd|(My,M3)
P/deA,, P/deNA,

and we denoted My = My —a; - P + 3(a; - ))My, P = P — Myay, and D = —3P? + M, M.
These O(e‘Z"R2|Ml|) contributions are characteristic of an Euclidean Taub-NUT solution of the
form TN, x T®, where the Taub-NUT space asymptotes to R® x S;(R) at spatial infinity [64].
The detailed semi-classical interpretation of these effects is complicated by the fact that in a
Taub-NUT background, similarly to the case of NS5-branes, large gauge transformations of the
electric and magnetic holonomies a; and a, do not commute, thus cannot be diagonalized simul-
taneously. The representation (5.20) corresponds to the case where translations in a, and 1 are
diagonalized. Accordingly, the argument of the exponential in (5.52) should be interpreted as
the classical action in the duality frame in which the fields v, S, a, associated to the conserved
charges M;, M, and P are dualized into vector fields w, B, A in three dimensions. In order to reach
a positive definite action after dualization, one should first analytically continue the non-linear
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sigma model on O(Cz)lgi’g%s) into o(zkfl(,zlls’f)o(zl) by taking 1, S;, a, to be purely imaginary. Equiva-

lently, this is the non-linear sigma model obtained by reduction of a Euclidean four-dimensional
theory. Denoting by U, ¢, { the scalar fields whose asymptotic values are given by logR, —% log S,
and a,, the Lagrange density in three dimensions is

£=|dU? + §e4U|dw|2 +1def? + %e“‘ﬂcus —(Z,dA) + 1(¢, Odoof?
) (5.54)
+ %eZU_z‘i’g(dA— {dw,dA—{dw) + %e‘ZU_zd’g(d&:, d0)+P_; x peb

where we denote |f|* = f Axf, g(F,F) = F x F, + Fg * Fpq. For simplicity we shall consider
only instantons for which the electromagnetic fields vanish, dA = { = 0. One can then write the
Lagrangian as a sum of squares
L= 164U
4

2 1 ]_ 2 1 A
*de_ZU:I:da)‘ :I:Ed(erdo))+Ze_4¢ *de2? :de‘ :I:Ed(e_qudB)-l—Pag*Pab . (5.55)

The corresponding 1/2-BPS solutions describe M, Euclidean NS5-branes on a self-dual Taub-NUT
space of charge M;, with M; M, > 0.3 For simplicity we consider the NS5-branes at the tip of the
Taub-NUT space, with
1 M 1 M
e = —+u , e = —+Q , w=—Mjcos68dp, B=-—M,cosOdy, (5.56)
R2 r So r
and the fields & on the Grassmannian G,_¢ ¢ are uniform. The action then reduces to the boundary
term S, = 27(R?|M; | +S5|M,|) = 2t|R>M; +S,M,|. Note that the measure factor (5.53) vanishes
for P = 0 unless M; M, > —1. We shall refrain from constructing 1/2-BPS instantons with generic

magnetic charge P such that D > 0, although we expect that their action will reproduce S, in
(5.22).

6 Discussion

In this work, we have proposed a formula (2.24) for the exact (V®)* coupling in a class of three-
dimensional string vacua obtained as freely acting orbifolds of the heterotic string on T” under a
Zy action with N prime. Our formula is manifestly invariant under the U-duality group G3(7Z),
which unifies the S and T-duality in D = 4 along with Fricke duality. We derived the supersym-
metric Ward identities that the exact coupling function F,;.4(®) must satisfy, and showed that
the formula (2.24) satisfies this constraint. Furthermore, we analyzed its behavior in the weak
coupling regime g5 — 0 and large radius regime R — oo, and found that it correctly reproduces
the known tree-level and one-loop contributions in D = 3, and the correct non-perturbative F*
couplings in D = 4. In addition, we extracted the exponential corrections to these power-like
terms in both regimes, corresponding to non-zero Fourier coefficients with respect to parabolic
subgroups R x Gy_1 7 x R?*6 and R x [SL(2)/SO(2) X Gy_56]1 x R¥*K4 x R, and found
agreement with the expected form of the contributions of NS5-brane, Kaluza—Klein monopoles
and H-monopole instantons as g3 — 0, and the contributions of half-BPS dyons and Taub-NUT
instantons as R — ©0. In the case of half-BPS dyons, we found a precise match between the

13Solutions with M; M, < 0 exist but do not preserve eight supercharges.
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summation measure ¢;(Q, P) and the helicity supertrace Q4(Q, P), at least when the charge vector
(Q, P) is primitive. This vindicates the general expectation that BPS saturated couplings in dimen-
sion D encode BPS indices in dimension D + 1. It would be interesting to determine the helicity
supertrace Q4(Q, P) when (Q, P) is not primitive (which requires a careful treatment of threshold
bound states), and compare with the summation measure ¢;(Q, P).

It is natural to ask whether our formula (2.27) is the unique solution to the Ward identities
(2.23) which is invariant under G5(Z), and reproduces the correct power-like terms in the weak
coupling and large radius expansions g3 — 0 and R — oo. Typically, theorems in the mathematical
literature guarantee that smooth automorphic forms on K\G/G(Z) which vanish at all cusps and
have sufficiently sparse Fourier coefficients (in mathematical terms, are attached to a sufficiently
small nilpotent orbit) necessarily vanish; so that the only smooth automorphic functions satisfying
to (3.27) are necessary Eisenstein series. However, these theorems are typically concerned with
Chevalley subgroups of reductive groups in the split or quasi-split real form, which is not the case
here (G5(7Z) is a proper subgroup of the Chevalley group of O(2k, 8) for N > 1), and smoothness
away from the cusps is essential.

As far as the support of Fourier coefficients is concerned, the Ward identities (3.27), imply
that the trace of the modular integral (3.29) is attached to the vectorial character of O(p,q),
corresponding to the next-to-minimal orbit. However, the constraints imposed by the differential
equations (3.17), (3.20) are stronger than (3.27), e.g. we show in Appendix B that the tensor
F,p.q derived from the scalar Eisenstein series defined in Appendix E.2 is not a solution to (3.20).
The general form of the Fourier coefficients is in fact very reminiscent of the one for automorphic
forms attached to the minimal orbit of O(p,q): it allows for only two power-like terms at the
cusp, rather than three for the next-to-minimal orbit; they involve ordinary Bessel function of one
single variable, similarly to A; Whittaker vectors, rather than more complicated functions of two
variables or the typical 24; Whittaker vectors which appear in the Fourier coefficients of generic
vectorial Eisenstein series [65].

However, as we emphasized repeatedly, (3.28) has singularities in the bulk of G, ; on codi-
mension g loci where the projection Pg of a vector P in A, ; with norm 2 (or the projection Qf;
of a vector Q in A; . with norm 2/N) vanishes. In order to argue for uniqueness, it is crucial to

ensure that the modular integral (2.24) correctly captures the behavior of the (V®)* coupling at
all singular loci. Since (2.24) reproduces correctly the one-loop contribution to (V®)?, it is clear
that it correctly captures the singular behavior on the loci associated to vectors P,Q in the ‘pertur-
bative Narain lattice’ A,_s ; C A,_4 g, at least in the weak coupling limit. Presumably, this suffices
to guarantee agreement on all singular loci, but we do not know how to prove this rigorously.

Let us note finally that, independently of our proposed identification of the U-duality group in
three dimensions, the general solution to the Ward identities (3.17), (3.20) derived in Appendix
B implies that the exact coupling must be of the form (4.35), up to the determination of the
measure factor ¢;(Q). The property that we recover the exact coupling in four dimensions implies
that the mesure factor is correct for null vectors by O(r — 5,7, Z) T-duality. Indeed, for Q% = 0,
the summation measure in (4.36) reproduces the summation measure for NS5-brane instantons
in (2.5). The computation of the BPS index associated to an arbitrary NS5-brane, Kaluza—Klein
monopole, H-monopole instanton, would therefore give a direct proof of our result.

Clearly, it would be interesting to generalize our construction to the complete class of het-
erotic CHL models, whose duality properties and BPS spectrum in 4-dimensions are by now well
understood. It is natural to conjecture that the duality group in D = 3 will still be given by the au-
tomorphism group of the non-perturbative Narain lattice (2.21), which naturally incorporates the
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S and T-duality symmetries in D = 4. More pressingly however, the present study was a warm-up
towards the more challenging problem of understanding the 1/4-BPS saturated coupling V*(V&®)*
in four dimensions, which we shall address in forthcoming work.
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A Perturbative spectrum and one-loop F* couplings in heterotic CHL
orbifolds

In this section, we construct the one-loop vacuum amplitude in CHL models obtained as a freely
acting Z-orbifold of the standard heterotic string on T¢ with N prime. From this, we deduce the
helicity supertrace for perturbative BPS states, and the one-loop contribution to the F# and (V&)*
couplings. We start with the simplest model with N = 2, and then generalize the construction to
N =3,5,7.

A.1 7, orbifold

The simplest CHL model is obtained by orbifolding the Eg x Eg heterotic string compactified on T¢,
by an involution o which exchanges the two Eg gauge groups and performs a translation by half
a period along one circle in T? [14]. This perturbative BPS spectrum in this model was further
studied in [66, 26]. The symmetry o exists only on a codimension 8d space inside the Narain
moduli space G4,164 and preserves only a U(1)%4+8 subgroup of the original U(1)%4*1® gauge
symmetry, corresponding to the usual 2d Kaluza—Klein and Kalb-Ramond gauge fields, and the
Cartan torus of the diagonal combination of the two Eg gauge groups. To implement the quotient
by o, it is simplest to work at the point in G416 4 Where the lattice factorizes as

Ad+16,d = E8 @ Eg &® Hd,d . (A].)

The integrand of the one-loop vacuum amplitude of the original heterotic string is then

1 (5]
A= Zgpg, X Ty % 5 > (—1)("ﬁ+0‘+/3m , (A.2)
a,pe{0,1} 217N
where
Zpyxry = ZQIGEZq%Q% ZQZEEZq%Q% = [E4(1T6)]2 (A3)
n n n

is the partition function of the 16 chiral bosons on the Eg x Eg root lattice, and the last factor in (A.2)
represents the contribution of the transverse bosonic and fermionic oscillators, while the sum over
a, f implements the GSO projection. As a consequence of space-time supersymmetry, the integral

42


https://scipost.org
https://scipost.org/SciPostPhys.3.1.008

Scil SciPost Phys. 3, 008 (2017)

(A.2) vanishes pointwise, but it will no longer be so in the presence of vertex operators. Note that
the right-moving part in (A.2) will not play any role in our case, and will be later replaced by an
insertion of the polynomial P,;.4 (2.26).

Following standard rules, the one-loop partition function of the orbifold by o is obtained
by replacing .4 by a sum %Zh,ge{o,l} A[Z], where A[Z] is obtained by twisting the boundary

conditions of the fields by o¢ along the spatial direction of the string, and o™ along the Euclidean
time direction, so that %(A[g] + A[(l)]) counts ¢-invariant states in the untwisted sector, while

3(A[ (1) 1+A[ :1[ ]) counts o-invariant states in the twisted sector. Modular invariance permutes the
three blocks [ (1) ], [ (1) ], [ i ] according to

AL J(ES) = AL 1), A4

where h, g are treated modulo 2. In particular, the block [(1)] is invariant under the Hecke con-
gruence subgroup I,(2), and all other blocks can be obtained by acting on it with elements of
SL(2,7)/Ty(2) ={1,S,ST}.

In the case at hand, the involution o exchanges Q; « Q, and the corresponding oscillators,
so o-invariant states must have Q; = Q, and the same oscillator state on both factors, thus

2k @
Ze e 2(r) = = A5
EyxEsL1)(T) 52 (A.5)
The two remaining orbifold blocks are then fixed by modular covariance,
7 [0]: EA%(T) [0]: E,(27)
L OIT 1e(g) 0 TR p8(20) (A.6)
Ey(3) '

E4(3)
ZEBXES[(l)]:,',;T%)’ ZEsts[i]:

e2iff/3n8(TT+1) ’

As for the action of o on the torus T¢, it can be taken into account by replacing the partition
function I, , by

d . 12 _1n2
Hd,d[g]_Tz/z Z (—1)$0Qq2% g2 % (A.7)

h
QEId,d+§5

where & must be null modulo 2, and depends on the choice of circle S; inside T¢. The resulting
one-loop vacuum amplitude is then the modular integral of

']
orb_ Z ZngEs Fldd Z (— 1)0‘/5+a+/5 nsﬁlz’ (A.8)

hge{O 1} aﬁE{O 1}

where the one-half factor is explained above (A.4). Now, a key observation is that the numerator
in the blocks Zg,, ES[Z] for (h, g) # (0,0) can be written as a partition functions for the lattice

43


https://scipost.org
https://scipost.org/SciPostPhys.3.1.008

Scil SciPost Phys. 3, 008 (2017)

A = Eg[2] and for its dual A* = E8[1/2],

ZEsXEs[ Z q2Q2

QeE8 [2]
QZ
ZgyxigL o) S > g2 (A.9)
2 GES 1/2]
1 Q Qz
ZEstS[l] ST — Z (=1)<q2* .
e21ﬂ:/37«’8(”r ) Qea1/2]

Moreover, the untwisted, unprojected partition function satisfies
[0]_E4(27) E4(3) n E4(TT+1)
BsxEsL 01 ™ h8(ar) n8(%) eZi’T/?’nS(TTH) (A.10)
1
=Zggesg[ 1]+ Zeger 0]+ Znx[1] -

This relation can be checked using the explicit form of the blocks Zg g, [ (1) :|, but more conceptually,

it follows by decomposing Zg,x Es[g]’ the character of the level 1 representation of Eg & Eg, into

characters of level 2 representations of the diagonal Es [67]. It follows from (A.9), (A.10) that
the one-loop amplitude (A.8) can be written as

' Tragal” T8
Aorb=% > —d+8’d£g] > (—1yeprets 4[_’512] (A.11)
h,g€{0,1} AS[ g] a,pe{0,1} 2

where the sum over (h, g) no longer includes (0,0). Here, we defined the eta products
Ag[ 1= (In’(27) = 27401295 = Ag(x)
Agl o] =n*(Int(F) =020} = Ag(3), (A.12)
AS[l] e2im/3 B(T)')’)S(T Y=— 121?4 AS(T+1)’ )
satisfying
A[0)=1/0) =278 Ag[](1),  Ag[o](r+ D) =Ag[1](0), (A.13)

and the partition functions 'l:d+8’d are defined over Ad+8’d = Eg[2] ® II;4 and its dual
A§+8d =Eg[1/2]® 1, , as:

Truad[ =72 S [14+(-1)72]q2% 2%

Q€Agig4
1 1
1 d/2 12 142
Tgesal [ 22+ 2l (A.14)
Qery g4 QEN} 54t 3 36

Tsdil=7 2+ Y Jeutedied

+1
QeRy g4 QER} g 4*30

These relations were derived at the special point where the lattice ]\d+8,d is factorized, but it is
now clear that they hold at arbitrary points on the moduli space G454 C G41164 Where the Z,
symmetry exists.
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Choosing & = (04;0971, 1), so that the involution o acts by a translation along the d-th circle
by a half period, this can be further written as

1~
FAd+8’d =1 /2 Z qu ZQR = _Fd+8 d[o]

Q€A18,4

5/, 4 _ d/2 3Q2 202 _ = 1
(2°/7 )FAd+8,d(_1/T)_FAZ+8’ =1, QGAZ: q27iq2 R_Fd+8,d|:o:| (A.15)

d+8,d

1 1 ~
Lo [D¥]=717 >0 (—1)¥q2%q2% =Tyg4[1]

d+8,d
Q€A 54

where Ag,g 4 is related to Ay g 4 by rescaling a I ; summand’*,
Agrgg =Eg[2] @I 1[2]® T 3_1 41 - (A.16)

Here II; ;[2] is the usual sum over momentum my, and winding ny, with my running only over
even integers. The dual lattice is

A§+gd—Es[l/z]®H1,1[1/2]@Hd—1,d—1 ) (A.17)

where II, 1[1/2] is the usual sum over momentum m, and winding n4, with n4 running over Z/2.
For d = 6, since A4 C A] 46> We see that the electric charges carried by excitations of the het-
erotic string lie in the lattice A, = A] 4,6 IN agreement with the result stated in Table 1. Moreover,
it is apparent that the degeneracy of perturbative BPS states with charge Q € A} re.a0 Q & Ngrsa
in the twisted sector is given by the coefficient of q_Qz/ 2in 1/ As[é] = 1/Ag(7/2), or equiva-
lently the coefficient of q_Q2 in 1/Ag, while the degeneracy of perturbative BPS states with charge
Q € Agygq C A 4, has an additional contribution from the coefficient of g ~@*/2 in 1/Ag, in
agreement with (2 14) and (2.15), and the analysis in [66, 26].

At last, we can turn to the one-loop F# amplitude in this model. As is the case in the usual
heterotic string, the insertion of four vertex operators replaces the right-moving contribution in
the vacuum amplitude (A.11) by an insertion of the polynomial P,;.4 in (2.26). Thus, we get

d7,d7, FAd+8 d[ abed ]
| >

2
L2Z\H T2 yer,(2)\SL2.Z) As Y

F(l loop) __ — R.N

wbed ) (A.18)

where T, .. [Pspcq] denotes the lattice partition function I, . d[g] with an insertion of the
polynomial P as in (2.25). Equivalently, we can unfold the integral over a fundamental domain
IH(2)\H for the action of I;(2) on H, at the expense of keeping only the identity in the sum over

cosets,

> (A.19)

F(l loop) _ —RN. J dTldTZ FAd+8,d[Pade]
abcd L AB

2
OND
which demonstrates (2.24) in this case.

4Note that this rescaling implies an extra volume factor upon Poisson resummation, namely
— (95 /4 _
Ly, () =/, ,(-1/7).
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A.2 Z, orbifold with N =3,5,7

The construction detailed in the previous section can be easily generalized to Zy orbifolds, pro-
vided one can find a point in the moduli space G416 4 Where Zy acts on the lattice Ag4164 by a
permutation with cycle shape 1XN¥. It turns out that for N = 3,5, 7, such a lattice can be obtained
by applying a Wick rotation on the Niemeier lattices DZ, DE and Dg, respectively. Indeed, recall
that given an even self-dual Euclidean lattice

A=Ug gD+ M) & (A + 1) (A.20)

of dimension n, where the glue code G is a given sublattice of D;//D; & A/, one can obtain an
even self-dual lattice of dimension n — 8, by replacing D, by D;_g, while keeping the same glue
code G, using the fact that G, = D;;/Dy is invariant under k — k — 81s,

/A\ = U(A,A/)eg(Dk—s + A) @ (A/ + A,/) . (AZ].)

If 1 < k < 8, then D;_g should be understood as Dg_;[—1], so that the new lattice is a Lorentzian
lattice with signature (n — k,8 — k) [68, §A.4]. In this way, starting from the Niemeier lattice
A= D;(V *1 for N = 3, 5,7, which is symmetric under cyclic permutations of the N +1 Dy, factors, we
obtain an even self-dual lattice A = D,’(V ® Dg_;[—1] of signature (Nk,8 — k) with a Zy symmetry
o acting by cyclic permutations of the N D, factors. Using the explicit description of the glue
code for Niemeier lattices given in [69, Table 16.1], it is possible to check that the only elements
(A1,...Ay41) in the glue code G C QN *1 which are invariant under Zy are those of the form
(A,...,A) with A running over G;. The partition function of the lattice A with an insertion of the
element & with g # OmodN is thus

0 ﬁk+17k ﬁS k+,08 —k ﬁk ﬁk ﬂS k_,as —k
ZA[g] - 2nk4(N ) 218~ k 4(1\] ) 218~ k (A 22)
ﬁk+,0k 1‘}3—’<+q‘}8— ﬁk ,ak 1?8_ _ﬁS—k ’
+ (N T) g + e (NT)
The other blocks are obtained by modular covariance, leading for h # OmodN to
ﬁk-}-ﬁk ,08 k+,08 —k ﬁk—ﬁk ,08 98—k __ 98—k ,08 —k
|: ] - ( ) 218k ( ) 218k
k 8k, 98k k_gk 8—k_ g8k (A.23)
R0k B4 1? —gk B8k —pS
+ ;nk : (Iv) 42,,]8—k1 an ( ) ons—k >
while the remaining blocks with g # 0modN follow by acting with 7 — 7+ 1,
h h —
Zil I =23 J(v +gh™) (A.24)

where h™! is the inverse of h in the multiplicative group Zy. The untwisted, unprojected block is
then

Zilol=z[91+ > 2l , ], (A.25)

®Indeed, G, = Z, ® Z, is k is even, or Z, is k is odd, with the 4 elements in one-to-one correspondence with the
highest weights 0, s, v, ¢ of the adjoint, spinor, vector and conjugate spinor representations.
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i.e. a sum over images of ZA[?] under T,(N)\SL(2,%) = {1,S,TS,...,TN"1S}. As a consistency
check, one can verify that the analogous sum for the Euclidean lattice A reproduces the partition
function of the Niemeier lattice,

Opy _

= Z Zp[ ;] = = +48k— 768, (A.26)

where Z A[ (1)] is obtained by replacing ﬁ?‘k /18K by (8;/m)F in (A.22).

The integrand of the one-loop vacuum amplitude follows in the same way as in the previous
subsection, by combining the orbifold blocks Z Al: Z ](T) for the lattice A with the shifted partition
function for the remaining d — 8 + k compact directions (where d is assumed to be greater that

8—k
) d—8+k 8+k

h 2,50 102 _lo2
Tysikd—s+kl g ] =Ty ° Z (—1)ve0Qqa% 2% (A.27)

h
QEAj g1k d-s+kT N O

After eliminating Z f\[ 8] using (A.25), grouping terms into an orbit of I)(N)\SL(2,7Z), and rescal-
ing a I, ; factor in Ay ox—g4 as'®

Agiok—sa =Dy[N]®Dg [—1]® I 1[N]®Tj1k_g44k—9 > (A.28)

with a glue code {(0,0),(s,s), (v, v), (c, c)} for the first two factors, we find

Q? 34 a
I\ 1= 1 T« [(—1)%%] 1 19[ :|
Ay = “Ad+ok-8d +N Adtok-s8.4a XE Z (_1)aﬁ+a+ﬁT[i2’ (A.29)
Ak[ g=0 [ ] a,pe{0,1} Tomn
where we defined the eta products
AT =0T, Al ] =€ () n(5E)" (A.30)
and
d _Qz_le
Dgsocga = T2 Z q2-tq2-r
Q€A g 12k-8,d
d (A.31)
2 5 Q QZ
Ad+ 2k Sd[( D =7 Z (—1)6 q2%g2%
Q€A2+2k—8,d

From this description, it is apparent that the degeneracy of twisted perturbative BPS

. .o . —0?/2 -
states with charge Q € A} voksd Q ¢ Agiok—sq is given by the coefficient of g /2 in

1/ Ak[ ! ] =1/A(7/N), or equivalently the coefficient of g~V @/2in 1 /Ay, while the degeneracy

of perturbative BPS states with charge Q € Agyor—gq C Aj, o 8.d has an additional contribution

from the coefficient of q_Q /2in 1/ A, in agreement with (2.14) and (2.15). For four-dimensional
vacua (d = 6), we see that the electric charges carried by perturbative BPS states lie in the lattice
A, = A} where

. o 3 _
16Note that this rescaling implies I (v)=(2*/7k 4)17\(11+2k78’(1(—1/r).

d +2k—8,d
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3 : Am :D6[3]®D2[_1]®H1,1[3]@Hg,g
5: Am :D4[5]®D4[—1]®H1,1[5]@Hl,l (A32)
7: Ap=Ds[7]® Ds[—1]& I ;[7]

zZ =z 2
Il

This is in fact in agreement with the results stated in Table 1, thanks to the isomorphisms

Dg[3]® Dy[—1] A, @A, & 112’2[3]
Dy[5]® Dy[—1] > T, 5[S]@ Iy, (A.33)
Dy[7)@Ds[-1]~ (T T))em,[7]el,,

Indeed, both lattices on each line have the same genus, in particular the same discriminant group
L*/L = lefl. For N = 2 (hence k = 8), Eq. (A.28) continues to hold with the understanding that
Dg[2] ® Dy[—1] = Eg[2].

Finally, we can obtain the one-loop F* amplitude by replacing the last factor in (A.29) by an
insertion of the polynomial P,;.4 in (2.26), and then integrating over the fundamental domain
H/SL(2,7). As before, the integral can be unfolded onto a fundamental domain I,(N)\H for the
action of I[;)(N) on H, at the expense of keeping only the block [(1)],

FP =RN.

abcd

dt,dT, Ty, o g [ Pabed]
J T1AT9 "Ag+42k—8,dL" abc ’ (A.34)
Io

2
WN\H T2 A

where Ay = Ak[ (1) ], thus establishing (2.24) for this class of models.

B Ward identity in the degeneration O(p,q) - O(p—1,q—1)

In section 3.2, we proved that the differential equations (3.17) and (3.22) are satisfied by the one-
loop modular integral F,;.4 defined in (3.28). Here, we verify explicitly that the differential equa-
tion in (3.22) is verified by each Fourier mode in the degeneration limit O(p,q) —» O(p—1,g—1),
and that the solution is uniquely determined up to a moduli-independent summation measure.

Using the decomposition (4.4) and changing variable R = e~% for the non-compact Cartan
generator of O(p, q), the metric on moduli space reads

2pag}:)aB - 2d¢2 + 2pa/§Paﬁ + 32¢ (pLaIpL aJ +pR&IdeJ) daI daJ (B.].)
with ) )
Ppy=—d¢,  Pog= Eed)PRaz da',  P,= Ee"bpm[ da’ . (B.2)

Beware that in this section we use the same notations p; and pg for both O(p, q) and O(p—1,q—1),
50 p; 4;Q" is not p; ,7Q* for a = a.
One can compute the covariant derivative in tangent frame such that

dZ, = 2P*8y,:Z, = 2P*(Dye Zy — By o Z4), (B.3)
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and similarly for hatted indices. This way one computes that, for any tensor F, = (Fy, F,, F4, Fp),
F = (Fo, Fg, Fg, Fp), .

10
DyyFa = _EﬁFa :
_ 3
Da()Fa:Ee ¢yl agafats (F 84p5F0,0,0)
1 3
DOdFazﬁe Pyl a5t s (o 0,—54pFs Fa) , (B.4)

and finally the operator D, will only be acting on the moduli fields through the projectors pé ”
Ppy:
1
DopPiy = 30aPrp>  DapPLi = 104Pra (B.5)
Recall the differential equation (2.23)

—q
—— 0 Faped + (4— Q)6 ) Frypea + 30 (abFedyes - (B.6)

D(éeDf)éFabcd =2

For brevity we define the vector

= T
F= (FllllaFllla:Flla[j>Flaﬁy:F(xﬁy5) (B.7)

and ﬁQ such that F = ZQ ﬁQeZ”iQ'a. The first component (e, f) = (0, 0) gives

5(q —6)F1111
4(q9 —5)F111q
4Dy DyeFq = (84(8y +q— 1) —8m2e ?Q2)Fg =—| 3(q—4Fi1ap —264pF1111 | . (B.8)
2(q —3)F14py — 60 (apF111y)
(@ —2)Fqpy5 — 120(apFr1ys)

Then the action of the differential operator

2D D, :Fq + 2D, DpeFqg = —2miv2e7?(Qy, (8, +q—2)+2QzaD,")F,
4F 1119
q_2 3F11an_5naF1111
—(84) + T 2Flaﬁn - 257)((1F111ﬂ) , (B9)
Fapyn— 35n(aF11/5Y)
_45n(aF1ﬁy5)

allows to obtain the second component (e, f) = (0, a) of the differential equation

—27iv2e7%(Q1, (8 +q—2) + 2Qrs Dy )Fg
4(34 +4)F111y
3(0g + 3)F11an — 64a(0 +q—3)F1111
= 2(3¢ +2)F1aﬂn—25n(a(8¢ +q_3)F111/3)+25a[3F1111] . (B].O)
(9 +1)Fapyn —38,(a(p +q—3)F11py) + 65 (apFi1y)y
—45n(a(5’¢ + q— S)Flﬁyi’S) + 125(aﬂF1y5)n
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The final differential operator for (e, f) = (n, %)

4D(nCDﬁ)6ﬁQ = (4D(nYDﬁ)); + 6n08¢ — 87T26_2¢QL17QL17)1_§Q
4F1119)
3F11a19) — O9)aF1111
+47Ti\/§e_¢QL (n 2F1aﬂ|1?) — 2517)(01}?111[3)
Fapyio) —309)aF118y)
—409)al1py5)
12F 19 —400F1111
6F 1409 — 30 n9F1110 — 70 a(n F1119)
+ 2Fa[3"m? - 251)1‘}F11aﬁ - 105a)(nF111‘})([3‘ + 25a)(n51‘))([5F1111 5
—OnoF1apy = 90 aynFr9)(8y T 60a)(nO9)(p 111y
40 o) Foypys +120a)nO0)pFruys

(B.11)

gives a third differential equation

4F1119)
) 3F11a1%) — O9)aF1111
(4D(nypﬁ)? + 5nﬁ8¢ — 87'C2€_2¢QL7’QL ﬁ)ﬁQ + 47'Ci\/§€_¢QL ( ZFlaﬁ [8) — 2517)(aF111ﬁ)
Fapy) — 309l 11py)
—409)aF1pys)

(q— 6)5nﬁF1111
(@ —5)0n9F1110 + (@ —11)6 4 F1119)
=— (@ =40 9F11ap — 26 apF11n0 +2(0 — 9)8 o)y Fr10)( + 26 ay(n O y(p F1111
(q—3)0y9F1apy —60(apFryyms +3(4 = 7)0aymFr9) sy + 60 a)nOor(pF111y
(9 —2)8,9Fapys —128(apFysyne + 4Ha —5)0a)n Foyprs + 128y S0y Fr1vs

(B.12)

One can then check that the only exponentially suppressed solution to the three equations
(B.8), (B.10) and (B.12) is given, up to a moduli-independent prefactor, by

F®
Qo Fy
Fo= QLaQrpF D +8,5F , (B.13)
QaQupQurF + 8(0pQuy) (QFY
QLaQrpQr, Qs 5F§0 +0wpQryQL §)F£O) + 6(ap 5y5)F;§O)

2k+3—q

1 \k a2 q-3-2k q-1 =
F§’<)=(E) 27 (2m)"7 R'7 4/2/Q/? Kaess-a (27RY/21Qx 1)

i \k ot (4—Kk)(3—K), o5 g3 B
Fék)=—(ﬁ) 2T =2 (2m) T R 20Qp T Kaesa (27RY 21Q2)

e a7 g5 ot
FO =3x27(2n) T R'T 1/2|Qg? ° K7-4(2nRY/2IQz /), (B.14)

In particular, the tensorial part of the function ﬁQ is polynomial in Q;,, ..., and the rest only
depends on the moduli through Qi and R = e~®. We conclude that the Fourier coefficient ﬁQ for
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a fixed Q is uniquely determined by the differential equations (3.17) and (3.22) up to an overal
constant corresponding to the measure factor.

The power-low terms satisfy to the same equations for Q = 0. One easily computes that the
only two solutions are such that

(7—q)(9 aq)CORq_6
F= (7—q)c%Rq‘65a/s , (B.15)

— —1,g—1
3coRT°8(ap8,5) + REgg. 3

for an arbitrary constant ¢, and a solution F 5 /;;35(1_1 to (3.17) and (3.22) on Gp_1,4-1-

C Polynomials appearing in Fourier modes

In the degeneration limit O(p,q) — O(p — 1,9 — 1) studied in &4, the monomials
p® (Q) with £ > 0 are of degree 4 —2¢ —h in Q, and defined by

ah+1 Q4

© (0— _3 3
DZO Paﬁyg(Q = QL,aQL,[J’QL,yQL,E 2 5(ozﬁQL,)/QL,S) + 1672 5(aﬁ5y5):

O 3
Z Pa/}y(Q) =Qr,aQrpQLy — 4_nQL,(a5ﬂY)’

{=0

D P =0Q.Qp— —5aﬁ, C.1)
(>0 4m

> BOQ=Qu.

£=0

2 PP@=1

>0

In the degeneration limit O(p,q) — O(p — 2,9 — 2) studied in §5, the monomials
P (Q",S) with £ > 0 are of degree 4—2( —h in Q"' and defined by

Myee- Py Opyy---Qg

0 _ 3 . 3
ZP yﬁ(Qll §)= QL (a Q QL 5) 7 ﬂ5(aﬁQ/Ll, QL 5)M Tt 1672 O(apOys)s
£>0

) 7i A/ i /
ZpuaﬁY(Q 8)= QL,u(aQ QL ) a7 QL,u(a5/5Y)’

(>0
. 1 Q -qQ
i A/ / - u v
DZO o (@5) = Q) 0@ g el €.2)

: Q,-Q,
E: ) i — N i P
Puvpa(Q ’S) - QL ua >

>0 QT
/ / / /
Zp(e) Q",8) = Q(u QVQM Qo)
T~ wvpo ’ (Q/T_Q/r)z ’
where M;; j is the torus metric (5.4), and Q) - Q’, = i( Q+S$1P)  (Q+S1P)S,P )
VipV 1 uo ey T S \(Q+ S, P)S,P s53p?
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D Tensorial Eisenstein series

In the degeneration limit O(p,q) — O(p — 2,q — 2) studied in §5, the power-like terms in (5.29)
involve tensorial Eisenstein series that we rewrote as tensorial derivatives of real analytic Eisen-
stein series, using D,,, the traceless differential operator on SL(2,R)/0(2). Here we exhibit these
relations, and show how this operator can be rewritten in terms of lowering and raising operators
D,, and D,,.

The non-holomorphic Eisenstein series

>
20(29) 477 0.0 (€ + dSy*z(c+dS)y 2

Ew(S) = (D.1)

has modular weight (3,—%) under SL(2,7Z). The raising and lowering operators, D,, = 2iS,3s+%
and D,, = —2iS,0; — 5 act on &; ,,(S) according to

w

D, Ew=s+ g)ewﬂ, D& =(s- E)gs’w—z' (D.2)

Non-holomorphic Eisenstein series are thus eigenmodes of the laplacian A,, = D,,,,D,, with
eigenvalue (s + %)(s — % —1). .

Alternatively, one can denote the momenta and winding along a torus as z, = miVL with
(my,my) = (c,d), vui is the vielbein defined in (5.4), such that z,z" = Sizlc + dS|? is invariant
under SL(2,7Z). The traceless differential operator D, acts as

1 1
Dyyzp = §5p(“zv) - Zré'm,zp. (D.3)

One can show that they are related to the lowering and raising operator through
1 . 1 _ -
D,y=—zo0,,Dy,——-0,,D, (D.4)

where o* = %(03 +i0;) and o; are the Pauli matrices. By acting on non-holomorphic Eisenstein

series of weight 0 with D,,,, and D,,D,,+), one obtains the relations

s 4 s s 1 Zuzy 1 )
-0 Eo+ =0 E 5= —=0
2 wrTS2Z T o Tpyts2 2(2s) (]Z:p) (z.27) (szT 2%

s(s+1) s(s—1) _  _ _ 1
X To&vo;’a)gs,4 + TG(WOPU)E’S,_“ +5(s—1) O-a;wo-pa) — §5(uv5po) &o (D.5)

/
+1 1 2,222 O(yv2o2 1
_ss )Z u?vZp%s  O(ur?p 0)+_5(W5p0)

where the second line is traceless.

Now, the components FO(‘%’Z)V’LO and Ffﬁ,’g%,’l’o in (5.10) were obtained originally as

/
(p,9),1,0 __ —6C(0) 8_q 1 1 2u2y
Fa}/)it(iv =R 2( ) _ Z 8—q T’
41 2 727(8—q) (2,27) T %72

(J.p) D.6)
/ .
F(P.0).10 :Rq_6c(0)(8—q)( 10—q) 1 Z 1 2,220 %
uvpo 272 2 2 20(8—q) &3 (zrzf)s%q (z,27)2
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They can be written as in (5.10) by rewritting the relations above, for s # —1

/

s 1 2%y s n -
i 2 et = (a0 0)

sGs+1) < 1 2uZy%p3s  s(s+1) , | ss—1) . _
2(2s) (Z:)(zfzf)s (2,27)2 4 G(uvopa)gs,"f—i_ 4 Uwvapo)g&—"f
J.p

s(s+1) _
+ T((S(’”UJF 5572 + 5(!“,0'[)0_)55’_2)

po)
2
s _ 1 3s(s+1)
+ E(O-awo-po‘) - Zé(uvépr?))gs,o + 3 S (uv0pa)Es,0

D.7)

In other words, all the tensorial series in (5.29) appearing as low-energy propagators on the torus

. .. = =2 .. .
can be rewritten a combination of & o, DE; o, DE; o, Dzé’s’o and D & . This is used extensively
to rewrite the 1-PI effective action in four dimensions (5.39).

Similarly, they can also be rewritten using traceless differential operators D,,,, and

2 _ 1
Duvpa - D(IWDPU) - Zé(uv5pa)DrKDTK (D.8)

as

/

s 1 2%, /s
2¢(2s) (JZJP) (2:27) 2,27 (2 wy IW) 5,0

(D.9)

s(s+1) © 1 2u%,23,%s _( 2

3
2@,(23) & (ZTZT)S (ZTZT)Z \ivpa (s+ 1)5(IJ«VDPU) + gS(S + 1)6(,uv6pcr))€s,0
J,p

E Poincaré series and Eisenstein series for O(p,q,Z)

In this section, we evaluate the modular integrals (3.28) and (3.29) using the method developed
in [50, 44], which keeps invariance under the automorphism group O(p, q, Z) of the lattice A, ,
manifest. The result is expressed as a sum over lattice vectors with fixed norm, which is a special
type of Poincaré series for O(p,q, 7). In §E.2, we use a similar method to construct Eisenstein
series for O(p, q, Z.).

E.1 Poincaré series representation of FP1

The method developed in [50, 44] relies on expressing the factor multiplying the lattice sum in
the integrand in terms of a special type of Poincaré series for I;;(N ), known as the Niebur-Poincaré
series of weight w € 27,

1 )
Fn(s,x,w; )= 5 Z M (—KTy) e 2Ry (E.1)
YGFOO\FO(N)

where M ,(y) is the Whittaker function defined in [50, Eq. (2.7)], and |,y is the Petersson

slash operator, [f1,,y]1(7) = (ct + d)7*f (%) fory = (? Z). The series converges absolutely
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for Re(s) > 1, grows as %qﬂ near the cusp T — ioco and is regular at the cusp 7 = 0. It
ST

transforms under the Maass raising and lower operators according to

DFy(s,k,w) = 2K (s + "EV) Fn(s,k,w+2),

_ 1 (E.2)
DFy(s,x,w) = e (s — %)}'N(s, K,w—2),

which implies that it is an eigenmode of the weight w Laplacian on 7 with the eigenvalue
(s—%)(s—1+3). In particular, for w < 0 and s = 1 — %, Fy(s, k,w) is a harmonic Maass form of
weight w. In cases where there exists no cusp form of weight 2 — w, it is actually a weakly holo-
morphic modular form of weight w [49]. The Fourier expansion of Fy(s,k,w) = Feols, K, w; T)
around the cusps at oo and at 0 is given in [44, Eq. (5.8-10)], in terms of the Kloosterman sums
Zoooo(m,n;s) and Zyo(m, n;s) defined in Eq. A.3 and A.4 of loc. cit.

For N = 1, one has, by matching the residue of the pole at T = ico,

1 . Fl(s; 1:_12’ T)
=lim————=
A(T) -7 r'(2s)

For N =2,3,5,7, using the fact that A, is invariant under the Fricke involution, one has instead

(E.3)

1 Fu(s,1,—k; ©) + Fiy (s, 1,—k; 7)
~ lim [ Fy N ] ’ (E.4)
Ak(’r) s—>1+§ r(zs)
where f"N (s, x,w; 7) is the image of Fy(s, x,w; 7) under the Fricke involution.!”
We shall compute the family of integrals
1 dt,d _
FOD(,5,1) = T k=25 0),
F(Zs) I—-O(N)\'H Tz P-q (E 5)
1 dr,dt _ '
F(l;,qd)(q)’s’ K) = . - FA [Pabcd]]:N(S’ K7_¥_4; T) 5
abc 1"(23) L N)\H Tz D,q

which converges absolutely for Re(s) > ‘#. Here, Ty, q[Pade] is the partition function of

a N-modular lattice A, , of signature (p,q). It follows from the N-modularity property that

|A;}q /Ap’q| = N(p+q)/2, and that rAp,q [Pabcd] Satisﬁes

i —4=h 1
L [Parea)@ ) = (—ivVN) 7 T [Papea] (0 . q,,_ﬂ) (E.6)

where o is the O(p, q, R) transformation realizing the isomorphism A; .= A, ,[1/N]. The desired
integrals (4.1) are then obtain by taking a limit

1
FPO(g)= = limk [Fp’q(cb,s, 1)+ FPD(g- @5, 1)]

(p.q) S_>1+§( ) (.9) (E.7)
'y = i P, P,
Fabcd (@)= s—l}{ilk [Fabcd (®,s,1) +Fabcd (o-9,s, 1)] .

2

7 For N =7, 1/ A, is a modular form of odd weight with character y = (), so the Petersson slash operator |,y in
(E.1) involves an additional factor of ¥ (d)™!. This results in additional factors of y(d)™* and y(c)™* in the Kloosterman
sums Z, . (m,n;s) and Z,.,(m, n;s), respectively.

54


https://scipost.org
https://scipost.org/SciPostPhys.3.1.008

Scil SciPost Phys. 3, 008 (2017)

P+q

By unfolding the integration domain against the sum over y, one obtains, for Re(s) >
F(P Q)( ) d’L’ dr T m(frp%—’rp}%)M (—KT )e—2niT1K
abced 1—-(2 ) 1902 2 Pabed s,w 2 P (E.8)
QeA,,

where S denotes the strip —5 <1< 5, T, > 0. The integral over 7, enforces the BPS condition
Q%= Q% — sz = 2k. Decomposing

Pabcd(Q, 72) = Z Pabcd,Z(Q) ng 5 (E.9)

0<(<2

where P, bed,¢ 1S @ polynomial of degree 4 —2{ in Q, and integrating over 7,, we get

QZ f+1—s—%
60 =g 2 6 T P ()

0<(<2 QeApq
Q2=2x

2
xF(s+u—€—1)2F1(s+2, + 4= —0—1;2s; ';)
L (E.10)
2

1 Q t+1—s— 57
:@ Z (47TK)€+1 Z Pabcdl(Q)( R)

1<k<3 QeApgq
Q2=2k
q—w 2K
X F(s+——€—1) oF [ s— 2’5+T_€_1?25;_§
R

where in the second line, we used Pfaff’s equality ,F;(a, b;c;2) = (1 —2)"?,F;(b,c —a;c; =)
Similarly, for the scalar integral we get

1_ £ 1
(47x) 3 AN 4, pHe 2K
F(p,q)(s,K):W Z o oF S+Z,S+T—1;2S;—§ (E.11)

Qehpq R
Q2=2x

For g < 6, the series (E.10) and (E.11) are absolutely convergent ats = 1 + %, so the limit (E.7)
can be taken term by term. For q > 6, the limit must be taken after analytically continuing the
sum, and subtracting the pole when g = 6. In either case, the series (E.10) and (E.11) correctly
encode the singular behavior of the integral at codimension-q singularities in G, ; where Pg -0
for a norm 2x in A, q or Qi — 0 for a norm 2x /N vector in A;’ ¢ Near these loci, the leading
singular behavior of (E.10) is given, for k = 1, by

F00 r(%) QraQupQuQrd 6 0@QreQra) 3 O(abOcq)
b d —2 —2 _ q—4 _ _ q—6
fobet ™ (o2 @) =4 @  @-0a—% (@)%

(E.12)

and similarly for FP9.
Using the same argument as in (3.51) and making use of (E.2), it is easy to show that the
integrals (E.5) satisfy the differential equation

D2, FED(5) = (2— ) Sep F() + (16— 4q) Sey(q Fyb 1 (5) + 128 qp Feayef (5)
N f dt,d7, 2(2s + k) (E.13)
Io(N)\H

—k—2)T,
T% 2KF(2.S) ]:N(S:K ) Ap, [ abcdef]

55


https://scipost.org
https://scipost.org/SciPostPhys.3.1.008

Scil SciPost Phys. 3, 008 (2017)

The modular integral on the second line can again by evaluating by the unfolding trick, as a sum
over vectors Q € A, , with Q? = 2k . For the relevant value s = 1 + % with small |k|, such that
Fn (s, k,—k) is weakly holomorphic, Fy(s, x,—k —2) vanishes so the sum over Q must vanish. We
have checked that this is indeed the case in the Euclidean case ¢ = 0, N = 1, such that only a finite
number of vectors Q contribute.

E.2 Eisenstein series for O(p,q,7)

While the modular integrals (E.5) result into automorphic forms with singularities on Gp g5 due to

the pole of order k in the Niebur-Poincaré series Fy (s, k, w; T), it is useful to consider the analogue

dr,d _
E®D(d,s) = f ALl L, EnGs =551, (E.14)
LIN\H T2

where Fy(s,k,w; 1) is replaced by the non-holomorphic Eisenstein series for I,(N),

1 s—2
Eewit)=3 D, T 2l (E.15)
7€l \[H(V)

which can be obtained formally by taking the limit x — 0 in (E.1). The integral converges for
Re(s) > L +g_2, and can be computed using the unfolding trick, leading to a standard vectorial
Eisenstein series for O(p, q, Z), the automorphism group of A, ,

— 1
E(P,Q)(é,s) =1 T(s) Z m , (E.16)
Pen, 0} VL TR

P2=0

with ' = s + ¥ — 1. Another Eisenstein series for the same group is obtained by replacing
En(s,w;T) by its image under the Fricke involution, which amounts to changing & — ¢ - ® in
(E.16). Unlike (E.5), both Eisenstein series are smooth automorphic forms on Gpq- Their behavior
in the degeneration limits O(p,q) — O(p—1,g—1) and O(p, q) — O(p—2,q—2) is easily obtained
by %Vpplying the same methods as in §4 and §5. In particular, the constant terms proportional to

=9 1=s—5 . . . . .
T, 2 and to T, 2 in the Fourier expansion of Ey (s, w; 7) lead to power-like terms proportional

to R*' and RP*972-%" i the degeneration limit O(p,q) — O(p —1,q — 1).
By direct computation, or using the fact that Ey(s,w; T) is an eigenmode of the weight w
Laplacian on #H with eigenvalue (s — 5)(s —1 + %), one sees that

Ag, EPD(®,5) =525 —p—q+2)EPD(®,5) . (E.17)

For s’ = ‘%4, corresponding to s = 3 + I?, the eigenvalue coincides with the eigenvalue of F (P.a)

in (3.27) (the other value s’ = %, s =-2— % lies outside the fundamental domain, and is
related to the former by the functional equation s — 1 —s). Moreover, using the same methods as
in §3.2 it is easy to check that E (P’q)(<I>,s) satisfies the second constraint in (3.27). It is thus natural
to ask if the exact (V®)* coupling could involve an extra term proportional to E?D(®,3 + p%q)
in addition to the proposed formula (2.27). However, it turns out that the latter contains terms of
order RP** and R17° in the degeneration limit O(p, q) — O(p—1,q—1) with a non-zero coefficient,
respectively, and the first term RP*# is ruled out by the differential equation (3.22).
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