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Abstract

Semi-Dirac fermions are known to exist at the critical points of topological phase tran-
sitions requiring fine-tuning of the parameters. We show that robust semi-Dirac points
can appear in a heterostructure consisting of superconducting Sr2IrO4 and a t2g elec-
tron system (t2g-ES) without fine-tuning. They are topologically stable in the presence
of the symmetries of the model, metallic t2g-ES and a single active band in Sr2IrO4. If
the t2g metal is coupled to two different layers of Sr2IrO4 (effectively a multiband su-
perconductor) in a three-layer-structure the semi-Dirac points can split into two stable
Dirac points with opposite chiralities. A similar transition can be achieved if the t2g-ES
supports intrinsic triplet superconductivity. By considering Sr2RuO4 as an example of a
t2g-ES we predict a rich topological phase diagram as a function of various parameters.
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1 Introduction

Native triplet superconductivity is typically fragile and appears only at very low tempera-
tures [1-4]. Therefore, driven by the desire to realize exotic topological phases and Majorana
zero modes [4-8], a great deal of research has been invested in different ways of engineer-
ing materials so that their low-energy theory is described by effective triplet pairing correla-
tions [2,9-16]. Recently, the idea to utilize strong intraionic spin-orbit coupling in a middle
layer to convert singlet Cooper pairs into triplet ones in a three layer heterostructure was pro-
posed [17], and the growth technology for the realization of such kind of heterostructures is
under development [18]. The advantage of this idea is that the conversion from singlet to
triplet Cooper pairs can take place in a single atomic layer, so that the induced superconduct-
ing order parameter is determined by microscopic energy scales given by tunneling amplitudes
between the layers and the superconducting gap in the singlet superconductor.

In this manuscript we explore the possibility and consequences of triplet pairing correla-
tions in a heterostructure where doped superconducting Sr,IrO, with strong intraionic spin
orbit coupling is tunnel coupled to a t,, electron system (t,-ES). Sr,IrO, is a layered 5d° tran-
sition metal oxide (TMO) where the strong spin-orbit coupling mixes the t,, orbitals (|yz),
|zx) and |xy)) [19-21] so that there exists only one active band described by the hybridized
Jjeff = 1/2 states labelled by the pseudospin

1 .
|f;ﬂ> - E[lx}’, T) + |yzzl> +l|xza l)]:
1 .
If,4) = ﬁ[lxy,l)—lyz,T)+llxz,T)]- €y

Due to strong correlation effects SryIrO, is a Mott insulator at half-filling [22-24] and it is
expected to become a high-temperature superconductor upon doping [21, 24, 25]. It may
be considered as the best studied member of the family of the iridate compounds which are
anticipated to support a zoo of topological spin liquid and superconducting phases due to co-
operative action of spin-orbit coupling and Coulomb interactions. These topological phases
include the Kitaev spin liquid phase [19, 26], different types of three dimensional spin liquid
phases [27-30], the chiral d-wave superconductor phase [31, 32], p-wave superconductors
with helical, chiral and flat Majorana edge modes [32-35] and three-dimensional nodal su-
perconducting [36] phases. In contrast to these more complicated compounds, Sr,IrO, has a
square lattice and upon electron doping it is expected to support a d-wave superconducting
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Figure 1: (a) Due to the strong spin-orbit coupling the active pseudospin orbitals in Sr,IrO,
are described by strongly entangled spin and orbital degrees of freedom. (b) When Sr,IrO, is
tunnel coupled to a t,, electron system, the tunneling of the pseudospin singlet Cooper pairs
[described by the order parameter A;(k)] into the t,,-ES leads to an apperance of singlet
A, (k) and triplet d,,(k) components of the induced order parameter in each band n = a, 3,y
of the t,,-ES. These order parameters can have similar magnitudes A, (k) ~ |d, (k)| leading
to a possibility of a robust semi-Dirac phase.

phase analogously to the cuprates [21,24,25]. Moreover, the first experimental signatures of
the d-wave superconductivity have already been observed in doped Sr,IrO,4 [37,38]. However,
in contrast to cuprates, the strong spin-orbit coupling in Sr,IrO,4 causes the Cooper pairs to be
formed as pseudospin singlets, where the pseudospin [Eq. (1)] describes entangled orbital and
spin degrees of freedom (see Fig. 1). This has no consequences in the earlier studies where the
isolated Sr,IrO, was studied. However, we show that the differences to cuprate superconduc-
tors become evident when Sr,IrO, is tunnel coupled to another system in a heterostructure.
In this paper we consider a heterostructure consisting of a doped superconducting Sr,IrO,4
tunnel coupled to a reasonably thin layer of a t,,-ES. Suitable candidates for the t,,-ES are the
extensively studied 4d TMOs Sr,RuO, and Sr,RhO, because they have similar crystal struc-
tures as SrpIrO,4 [3,39-42]. Sr,RhO, is observed to be metallic down to the lowest experi-
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mentally accessible temperatures and Sro,RuO,4 supports an interesting superconducting phase
at low temperatures, where the order parameter is of multi-orbital nature and not yet fully
understood [43-46]. We show that the tunneling of the pseudospin singlet Cooper pairs from
Sr,1r0, into the t,,-ES naturally leads to an apperance of both triplet and singlet Cooper pairs
in the t,,-ES, so that the triplet and singlet components of the induced order parameter are
of similar magnitude (see Fig. 1).

We find that in the case of a metallic tye-ES the Bogoliubov-de Gennes (BAG) Hamiltonian
generically supports robust semi-Dirac points. Moreover, we generalize this result for a class
of superconductor-metal heterostructures. The semi-Dirac points can be described with an
effective low-energy Hamiltonian

Hgp = hvq,0, + 61(6q, + 2q,)°0, )

where g, and g, are the deviations of the momentum from the two-fold degenerate nodal
point in the quasiparticle spectrum perpendicular and parallel to the Fermi line of the t,,-
ES metal, respectively. The descriptive picture of the semi-Dirac Hamiltonian (2) is that the
quasiparticles are (massless) relativistic particles along the g, -direction with velocity v but
they are nonrelativistic in the g, -direction with an effective mass % = 6,2° [47-54]. For
generality we have allowed two dimensionless constants ¥ and 2 in addition to v and %, but
these parameters are not important for the qualitative low-energy properties as long as v # 0
and 6, 2% # 0.

Semi-Dirac nodal points are previously known to exist in different systems as critical points
of a topological phase transition where as a function of some parameter .# two Dirac points
with opposite chiralities will meet and merge in the momentum space [47-50, 54]. In the
presence of chiral symmetry this transition can be described with an effective Hamiltonian of
the form

H=h,(q)o, +h,(q)o,, 3
h(Q) = vy, hy(Q) = 61(6qy + 2q,)* — (M — M),

where ﬂ(q) describes an effective momentum-dependent pseudomagnetic field in the vicinity
of the merging point and .# is a parameter which drives the quantum phase transition at
M = M. For simplicity we assume % =6,9%> >0, #, > 0 and € = 0, but these assump-
tions are not important as long as v, 6, 2 # 0. The spectrum of this Hamiltonian is then given
by

h%q2 2
Ei(qQ)==%E(qQ) == h2v2q§+[2—my—(//l—/ﬂc)] . @
For .# > _#_. this Hamiltonian describes two Dirac points located at g, = 0 and

q, = v/ 2m(M — M_)/h (see Fig. 2). These two Dirac points are described by low-energy
Hamiltonians
Hp(qy» 5qy) =hvq,o, * hvy5qy0y: (5)

where the velocity in y-direction is v, = v/ 2(# — #_)/m, and 6q,, = q, F +/ 2m(M — M)/
describes the deviation of the momentum from the Dirac point. The pseudomagnetic field
Tl(q) forms vortices around the Dirac points [Fig. 2(a), (b)], and based on the direction of the
winding of Tl(q) around them it is possible to define topological charges QP = %1 for the Dirac
points. When .# approaches .. from above the two Dirac points with opposite topological
charges approach each other in the momentum space and they meet at .# = _#, forming a
semi-Dirac point described by Hamiltonian (2). For .# < _#, the vortices are annihilated and
the spectrum E(q) is fully gapped. Although this type of merging transitions have been ex-
perimentally observed in different systems [55-59], it is difficult to study the phenomenology
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Figure 2: Illustration of the appearance of a semi-Dirac point as a critical point of a topological
phase transition described by Hamiltonian (3). Figures (a)-(d) show the direction of the pseu-
domagnetic field _ﬁ(q) / |T1(q)| [Eq. (3)] and figures (e)-(h) the energy spectrum E(q) [Eq. (4)] as
a function of momentum q for different values of ./ : (a),(e) A4 =24, (b),(f) A =134,
(c),(g) # = M, and (d),(h) .# = 0. For .# > /. this Hamiltonian describes two Dirac
points located at q, = 0 and q,, = ++/2m(4 — #_)/h [(e), ()]. The pseudomagnetic field
Tl(q) forms vortices around these points with opposite chiralities (i.e. a vortex-antivortex pair)
[(a), (b)]. Therefore, it is possible to define topological charges QP = 1 for the Dirac points
based on the direction of the winding of ﬂ(q) around them [(a), (b)]. When .# approaches
M, from above the two Dirac points with opposite topological charges approach each other
in the momentum space and they meet at .# = ./, forming a semi-Dirac point described by
Hamiltonian (2) [(c), (g)]. For 4 < _#. the vortex-antivortex pair is annihilated and the

spectrum E(q) of the system is fully gapped [(d), (h)]. We have chosen % = 6,9% > 0,
AM.>0and € =0.

of the semi-Dirac points in these systems, because the semi-Dirac point appears only at the
critical point at A4 = ..

In the presence of additional symmetries and constraints the semi-Dirac points may how-
ever become stable against small perturbations of the parameters of the model. Such kind of
situation has been predicted to occur in a specific model [52], where there exists two overlap-
ping bands which are not coupled directly but only virtually via a third band, and there exists
a specific symmetry (mirror symmetry) which forbids this coupling to the third band within a
particular high-symmetry line (mirror line). In this kind of situation the semi-Dirac points are
stable and they always appear at the high-symmetry line. The robust semi-Dirac points of the
Bogoliubov quasiparticles discussed in this manuscript have a very different origin. They do
not require the existence of a high-symmetry line, which means that they can appear anywhere
in the momentum space. Moreover, their robustness is of topological nature so that they carry
topological charges Q5P (definition will be given below). This is a surprising result because
the semi-Dirac points are not associated with Berry phases and therefore one might expect
them to be unstable towards gapping or splitting into Dirac points. We also show that semi-
Dirac points with opposite charges are always nucleated/annihilated in a pairwise manner as
a function of the parameters of the model. The merging transitions of the semi-Dirac points
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Figure 3: Different types of topological phase transitions occurring in heterostructures where
Sr,1r0, is tunnel coupled to a t,,-ES. (a) Lower plane: a pair of semi-Dirac points carrying
topological charges Q5P = £1. They are protected against small perturbations in the presence
of symmetries of the model, metallic t,,-ES and a single active band in Sr,IrO,. Upper plane:
Each semi-Dirac point can become gapped or split into two Dirac points with opposite topo-
logical charges QP = =1 if these conditions are intentionally broken so that the tye metal is
coupled to two different layers of Sr,IrO, (effectively a multiband superconductor) or the t,,-
ES supports an intrinsic superconducting order parameter. These transitions are described by
Hamiltonian (3). (b) In the constrained parameter space, where the semi-Dirac points are sta-
ble against small perturbations, two semi-Dirac points with opposite topological charges Q5?
can be nucleated or annihilated in a pairwise manner. These merging transitions are desribed
by Hamiltonian (6). (c) In the unconstrained parameter space, where a semi-Dirac point can
split into two Dirac points, the Dirac points can move in the momentum space and merge with
Dirac points (carrying opposite Q) that have emerged from other semi-Dirac points. When
this merging occurs at the mirror lines (thick blue lines) these transitions lead to topological
mirror superconductivity.

can be described with a low-energy Hamiltonian
. 2
H = hvq,0, + 61 [ 6qyx + 99% — (M°P — MiP)] oy, (6)

Interestingly, at £ = .« CSD the dispersion is linear along the g, direction and quartic along
the q, direction. The merging point of two semi-Dirac points may be considered as a si-
multaneous merging of four Dirac points. Such kind of transitions can usually only exist if
several different parameters are simultaneously fine-tuned to particular values [60]. In the
heterostructures studied in this manuscript they appear as critical points between the semi-
Dirac phase and trivial phase (or two topologically distinct semi-Dirac phases as discussed

6
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Model Constr. Topologically distinct phases
parameter
space
Bi-layer: Yes Stable semi-Dirac points
.. SC / metal
Minimal Model . L . . .
Tri-layer: No Semi-Dirac points can be gapped or splitted into
SC / metal / SC Dirac-points. Topological mirror superconductivity.
Bi-layer: S .
51,110, / metallic ty, ES Yes Stable semi-Dirac points
. . Tri-layer: Semi-Dirac points can be gapped or splitted into
Microscopic Model SryIrOy / metallic t5,-ES / SrpIrO, No Dirac-points. Topological mirror superconductivity.
Bi-layer: No Semi-Dirac points can be gapped or splitted into
Sr,1r0, / superconducting t,-ES Dirac-points. Topological mirror superconductivity.

Table 1: Summary of the models discussed in the paper. For each model it is specified whether
it is in the constrained parameter space, and we have also summarized the topologically dis-
tinct phases it can support. The minimal models are discussed in Section 2 and the microscopic
models in Sections 3-8.

below) and therefore they can be realized as a function of any single parameter which can be
used to drive a quantum phase transition between these topologically distinct phases.

We find that the semi-Dirac points in the superconductor-metal heterostructures are topo-
logically stable in the presence of the symmetries of the model (time-reversal symmetry, two-
fold rotational symmetry and inversion symmetries within the layers), metallic t,,-ES and a
single active band in the superconductor. This finding opens a path for breaking the protection
of the semi-Dirac points intentionally in a controlled manner. Namely, each semi-Dirac point
can become gapped or split into two Dirac points with opposite topological charges Q” = 1
if the t,, metal is coupled to two different layers of Sr,IrO, (effectively a multiband super-
conductor) or the t,,-ES supports intrinsic triplet superconductivity. These transitions are
described by Hamiltonian (3). Moreover, arbitrary weak perturbations breaking this protec-
tion will lead to these transitions demonstrating the nature of the semi-Dirac points as critical
points of topological phase transitions in the unconstrained parameter space. In addition to
the splitting-merging transition of Dirac points described by Hamiltonian (3) and the merg-
ing of semi-Dirac points (6), we find that systems supporting an additional mirror symmetry
can support a third type of topological phase transition. Namely, in the unconstrained pa-
rameter space, where a semi-Dirac point can split into two Dirac points, the Dirac points can
move in the momentum space and merge with Dirac points (carrying opposite QP) that have
emerged from other semi-Dirac points. When this merging occurs at the mirror lines [as il-
lustrated in Fig. 3] these transitions lead to topological mirror superconductivity [61-63]. All
these different types of topological phase transitions are summarized in Fig. 3. By consider-
ing Sr,RuO, as a specific example of t,,-ES we predict a rich topological phase diagram as
a function of various parameters. Moreover, we discuss the properties of the surface states
and the other experimental signatures of the different phases and phase transitions. In Table
1 we have summarized the conclusions for the different systems studied in this work. In the
next section we study two simplified models: a bi-layer superconductor/metal heterostructure
and a tri-layer superconductor/metal/superconductor heterostructure. The simplified models
allow to analytically demonstrate the main result discussed above. From Section 3 onwards
we show that similar results are obtained by studying more realistic microscopic models: a
bi-layer Sr,IrO,/metallic t,,-ES heterostructure, a tri-layer Sr,IrO,/metallic ty,-ES/Sr,IrO4
heterostructure and a bi-layer Sr,IrO,/superconducting t,,-ES heterostructure.
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2 Minimal model for robust semi-Dirac points and unconventional
phase transitions

The full model for Sr,IrO, tunnel coupled to t,,-ES is a reasonably complex system so that
we need to partially rely on numerical calculations. Therefore, it is useful to first illustrate the
basic ideas using the simplest possible model that already gives rise to the robust semi-Dirac
points and unconventional topological phase transitions illustrated in Fig. 3. We stress that the
model used in this section is constructed mainly for illustration purposes, and we are not aware
of suitable materials and conditions under which this model would be realized. However, given
the simplicity of this model it seems plausible that in the future it will be possible to identify
physical systems where this model is faithfully realized.

Namely, in this section we first consider a single-band s-wave superconductor tunnel cou-
pled to a single-band metal. The Hamiltonian for the s-wave superconductor can be written
in the Nambu basis \Ifll = (c;iﬂ, cii;u, C_gefy> C—ky)) @S
Esc(K)og  iAgcoy ) %)
—1Agco, —Esc(k)og )’

Hgc(k) = (

where o; are the Pauli spin matrices. We have assumed that the superconductor obeys time-
reversal and inversion symmetries so that there exists degenerate Kramer’s partners |k 1) and
|k ) at each momentum, and the singlet pairing takes place within this internal degree of
freedom. It turns out that the dispersion of the superconductor £g-(k) is unimportant (see
sections below) so in this section we neglect it by assuming &g-(k) = 0. We fix the gauge so
that the superconducting order parameter satisfies Ag; > 0. In this section we also neglect
the possible momentum dependence of the singlet order parameter Ag., because it is not
important for the appearance of the semi-Dirac points and unconventional topological phase
transitions (see sections below). We assume that the metal obeys time-reversal and inversion
symmetries so that there also exists degenerate Kramer’s partners at each momentum in the
metal. In general these internal degrees of freedom in the metal and superconductor are
different from each other, and this is important in the following. The Hamiltonian of the
metal in the basis of the eigenfunctions of the metal (in Nambu space) can then be written as

En(K)og 0
Hy (k)= . 8
ud ( 0 —£y(Wog ©®
For simplicity, we assume that the metal has a spherical Fermi surface with dispersion
En(k) =hv(|k| —kg). 9

The metal and the superconductor are tunnel coupled via a tunneling matrix T (k), so that the
Hamiltonian for the full system (in the Nambu space) is

S i) UC (| a0
We assume that the tunneling matrix obeys time-reversal
o, T*(-k)o, = T(Kk), (11)
and two-fold rotational symmetries
o, T(—k)o, = T(k). (12)
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In the following the essential requirement for the tunneling matrix is that it contains both
diagonal and off-diagonal elements (momentum even and momentum odd components) of
similar magnitude so that it mixes the internal degrees of freedom in the metal and supercon-
ductor. Such kind of tunneling matrices have been rarely considered in the literature because
it is not obvious how they can be realized in physical systems. However, this kind of tunneling
matrix is naturally realized when one of the layers (metal or superconductor) has a very large
intraionic spin-orbit coupling so that the internal degree of freedom in that layer is the pseu-
dospin discussed in Section 1. In the following sections we consider situations where the very
strong intraionic spin-orbit coupling appears in the superconducting layer, but we point out
that similar tunneling matrices are obtained also if the metallic layer has a strong intraionic
spin-orbit coupling instead of the superconductor. To be explicit we assume
%00+ 2B%(ox sink, — o, sink,), (13)
where t| describes the overall magnitude of the tunneling, and A and B are dimensionless
constants describing the relative magnitudes of momentum even and momentum odd compo-
nents of the tunneling matrix. We discuss one possible realization of the tunneling matrix (13)
below, but in this section this can be considered just as a simple model giving rise to semi-Dirac
points.

The superconductor is fully gapped, so we can concentrate on the metallic layer. The low-
energy BdG Hamiltonian for the metal can be expressed as

51\/{_(k)00 Aipa(k) )
ALK —Ey(K)og )’

where A, 4(k) is the induced order parameter i.e. the anomalous part of the self-energy eval-
uated at the Fermi energy. It is given by

T(k) =

H(k) = ( (14)

(15)

.
Apa(®) = i[AK)oy+d(K)-Glo, = i[w}a},,

Agc

where A(k) and d(k) are the induced singlet and triplet superconducting order parameters. To
arrive to this expression we have utilized the time-reversal symmetry of the tunneling matrix
[Eq. (11)]. The induced order parameter A;,4(k) satisfies A; 4(—=K) = —Ajpq(k), which means
that A(—k) = A(k) and d(—k) = —d(k). Moreover, d,(k) = 0 due to symmetries. For the
explicit form of the tunneling matrix (13) we obtain

d. (k) YU psink., d ) Y B ink
= Sin , = — sin B
x 3ASC Y Y BASC *
2
_ 8 e 2fein2 . 2
Ak) = hee [A +4B*(sin” k,, + sin kx)]. (16)

By diagonalizing the Hamiltonian (14) we find that the quasiparticle energies are
E(k) = £E.(k), where

EL (1) = /22,00 + [ AGR) + [d(0)| T a7)

The BdG Hamiltonian (14) contains a particle-hole redundancy, which gives rise to a Majorana
constraint Fg (k) = I'_g(—K) for the creation and annihilation operators obtained as solutions of
the BdG equation. Therefore, the positive and negative energy solutions do not describe inde-
pendent degrees of freedom and the quasiparticles can be considered as their own antiparticles
i.e. they are Majorana fermions [64-67]. This is a generic property of all Bogoliubov quasi-
particles, which means that all the quasiparticles considered in this paper have this Majorana
character.
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It is easy to see from Eq. (17) that there are nodes in the quasiparticle spectrum at the
momenta where £,,(k) = 0 and A(k) = |d(k)|. Importantly, it follows from the symmetries
(11) and (12) that the matrix elements of T (k) satisfy Ty;(k) = T,(k) and Ty,(k) = T, (k) so
that det[ T(k)] € R. Moreover, it is possible to show that

1 det?[T(K)]
Age (I T ()] + [T (K)[)?
Thus the induced singlet order parameter is always larger or equal to the induced triplet order

parameter A(k) > |d(k)| and they are equal if and only if det[ T (k)] = 0. The conditions for
the appearance of the nodes in the quasiparticle spectrum can therefore be expressed as

A(k) —|d(k)| = (18)

E(k) =0 < det[T(k)] =0 and &y (k) =0. (19)

The appearance of the nodes when these conditions are satisfied can be verified also using the
Hamiltonian (10).

At first sight it seems that the conditions given in Eq. (19) are difficult to satisfy simul-
taneously, since in general det[T(k)] € C, and therefore three equations would need to be
satisfied by varying two variables k, and k,. However, as discussed above, in the presence of
the symmetries of the model det[T(k)] € R, and therefore these conditions can be satisfied
in a robust manner if det[ T (k)] changes sign along the Fermi line where &,,(k) = 0. We will
now illustrate the appearance of these robust nodal points in the case of the specific tunneling
matrix (13). In this case

t2 2
A0 14091 = 5|11~ 218ly sink, + s, |
2

det[T(k)] = %[AZ — 4B?(sin? ky + sin? kx):|. (20)

Therefore, it is possible to realize the situation illustrated in Fig. 4 where the regions of
En(k) < 0 and det[ T (k)] < 0 partially overlap, and due to continuity of these functions there
must exist values of k, and k,,, where &,,(k) = 0 and det[T (k)] = O are simultaneously satis-
fied. Furthermore, these nodal points are robust against small variations of parameters because
the only way to remove them is to deform the regions of £,,(k) < 0 and det[ T (k)] < 0 in such a
way that their boundaries no longer cross each other in the momentum space. Thus the nodal
points exist in a full phase in the parameter space and they are always nucleated/annihilated
in a pairwise manner (see Fig. 4). Using Egs. (9) and (20) and assuming k; < 7, we find that
the condition for the existence of nodes is

A
dk s.t.E(k) =0 < 2sink; < B

< 2ﬁsin(%) (21)

and the system is fully gapped otherwise.

We can formalize the topological protection of these nodal points by defining a topological

charge QiD for the mth node at k =k, as
QP=—L1¢ ax.

m 2n J, Z5DP(k)

Z5P(K) = &y (K)/(Avkg) +idet[ T(K)/t, ], (22)

Vi Z5P (k),

where the integral is calculated around a path enclosing the nodal point at k = k,,,. anD are
always integers, and the nodal points can be considered as vortices in the k-space formed in
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Figure 4: Illustration of the apperance of robust semi-Dirac points. (a) In the semi-Dirac phase
the regions of &,,(k) < 0 and det[ T(k)] < 0 partially overlap, so that there exists robust nodal
points at the intersection points of the lines &,,(k) = 0 and det[ T (k)] = 0. These nodal points
are therefore stable against small perturbations of the parameters of the model and they carry
topological charges Q5P = +1 [Eq. (22)]. The low-energy theory in the vicinity of these nodal
points is described by the semi-Dirac Hamiltonian [Eq. (2)] i.e. the dispersion is linear in the
direction perpendicular to the Fermi line, and quadratic in the direction along the Fermi line.
(b) Phase diagram for the model described by the Hamiltonian (10) with tunneling matrix
(13). The semi-Dirac phase appears for 2sinky < |A/B| < 24/2sin (kF/\/E). Outside this
region of parameters the system is in a trivial fully gapped phase. The semi-Dirac points with
opposite topological charges are nucleated/annihilated in a pairwise manner, so that in the
vicinity of the transition points between the semi-Dirac phase and the trivial phase the system
is described by the Hamiltonian (6). At \A/ B | = 2sinky the merging of the semi-Dirac points
occurs at (ky,k,) =: (£kg,0),(0,+kp). At |A/B| = 24/2sin (kF/«/i) the merging occurs at
(ky, ky) =: (£kp, £kp)/+/2. In the figures we have chosen kp = 571/6.
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the field defined by Z5P(k). The pairs of the nodal points which are nucleated/annihilated
together carry opposite topological charges.

By projecting the Hamiltonian (14) to the basis determined by the eigenvectors at the nodal
point where &,,(k) = 0 and det[ T (k)] = O we find that the generic low-energy theory for each
band can be expressed as

H (k) = &y (K)o, + [A(K) —|d(K)|]oy. (23)

Because [A(k) —|d(k)|] o< det’[T(k)], we can usually expand the Hamiltonian (23) around
the nodal point in a form described by the semi-Dirac Hamiltonian [Eq. (2)]. Here we have
used the polar coordinates q, = |k| —ky and q, = kp(¢ — ), where ¢ is the polar angle and
k,, = kp(cos ¢,,,sin,,). Therefore, the nodal points discussed above are semi-Dirac points
and the corresponding phase in parameter space, where the semi-Dirac points are present, can
be called semi-Dirac phase.

The phase diagram for the model described by the Hamiltonian (10) with tunneling matrix
(13) is shown in Fig. 4(b). The semi-Dirac phase appears if the conditions given in Eq. (21)
are satisfied. Outside this region of parameters the system is in a trivial fully gapped phase.
The semi-Dirac points with opposite topological charges are nucleated/annihilated in a pair-
wise manner, so that in the vicinity of the transition points between the semi-Dirac phase
and the trivial phase the system is described by the Hamiltonian (6). At |A/B’ = 2sinkp
the merging of the semi-Dirac points occurs at (ky,k,) =: (£k,0),(0,+ks), whereas at
|A/B| = 2+4/2sin (kF/ﬁ) the merging occurs at (k,, k,) =: (£kg, +kp)/ V2.

As discussed in Sec. 1, the semi-Dirac points, described by the low-energy Hamiltonian
(2), are known to exist in different systems as critical points of a topological phase tran-
sition where two Dirac points meet and merge in the momentum space. In contrast to
these previous studies, the semi-Dirac points in the kind of superconductor-metal heterostruc-
tures are stable against small perturbations so that they exist within a full phase in the pa-
rameter space. The reason for this stability is that the induced order parameters satisfy
[A(k) — |d(K)|] o< det?[T(k)] and this quantity determines one of the components of the
pseudomagnetic field h, (k) = A(k) — [d(k)| in the low-energy theory of the system (23). On
one hand, it follows from these relations that the induced singlet order parameter is always
larger or equal to the induced triplet order parameter |A(k)| = |d(k)|. This immediately re-
sults in no-go theorems as it prevents the possibility of topologically nontrivial fully gapped
triplet dominating superconducting phase in this kind of systems in agreement with previous
findings [68,69]. Moreover, it also prevents the possibility of a gapless nodal superconducting
phase with a Dirac Hamiltonian (5) around the nodal point because h, (k) does not change
sign at the nodal point.! On the other hand, the fact that h,(k) o< det?[T(k)] means that
it is possible to define a generalized square root of h, (k) in such a way that it is a polyno-
mial function of the parameters of the Hamiltonian. This generalized square root is essentially
det[ T (k)] which then enters into the definition of the topological charge for the semi-Dirac
point [Eq. (22)]. The generalized roots which are polynomial functions of the Hamiltonian
parameters are in general a resource of topological invariants because they can change sign
when the energy gap closes as a function of various parameters [70]. However, to our knowl-
edge the topological charge for semi-Dirac points [Eq. (22) ] has not been previously proposed
in the literature. The significance of this result is that for the realization of the semi-Dirac
phase one only needs to find superconductor-metal heterostructures supporting topologically

IThis statement is true as long as we are considering time-reversal invariant single-band singlet superconduc-
tors where Ag-(k) does not change sign. In the case of more general singlet order parameters (e.g. d-wave
superconductors) Dirac points can appear. However, they are still constrained to exist within particular lines in the
momentum space where Ay (k) changes sign.
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nontrivial tunneling matrices T (k) such that det[ T (k)] changes sign along the Fermi line of the
metal &,,(k) = 0.

In the following sections we identify more carefully the conditions under which the semi-
Dirac points are stable. We find that they are topologically stable in the presence of time-
reversal symmetry, two-fold rotational symmetry, inversion symmetries within the layers and
a single active band in the superconductor. If parameters of the model are changed within the
constrained parameter space where these conditions are satisfied the semi-Dirac points are
stable against small perturbations and they are always annihilated/nucleated in a pairwise
manner. However, we can also break the protection of the semi-Dirac points intentionally in a
controlled manner. Namely, each semi-Dirac point can become gapped or split into two Dirac
points if the metallic layer is tunnel coupled to two separate superconducting layers in a three-
layer-structure. In this case there are two distinct superconducting bands so that the system
is effectively coupled to a multiband superconductor. Alternatively, this kind of splitting can
occur if the metallic layer is replaced with a superconductor supporting an intrinsic supercon-
ducting order parameter. Moreover, arbitrary weak perturbations breaking this protection will
lead to these transitions demonstrating the nature of the semi-Dirac points as critical points of
topological phase transitions in the unconstrained parameter space.

We can demonstrate the different types of possible transitions in the unconstrained param-
eter space using a simple modification of our minimal model

[ Em(k)oy Aing(K) + A(K)
H) = (A;d(k) AW —Euog ) : (@4
where
A(k) = i[A(k)UO —+ (_l(k) . 5‘]O'y (25)

is a perturbation in the order parameter, which can originate either from an intrinsic order
parameter or it can be an induced order parameter from another superconducting band or
another independent superconducting layer. In this section we choose a specific form for A(k)

A(k) =—(E/t1)*AK), d(k) = (F/t))*d(k). (26)

In Sec. 6 we show that this can be realized in a three-layer heterostructure where the metallic
layer is tunnel coupled to two different superconductors with relative phase difference of the
order parameters ¢ = 7. In this setup t; describes the overall magnitude of the tunneling to
the second superconducting layer. However, in this section | /t, | can simply be considered
as a dimensionless parameter, and we can study the behavior of the system when it is varied.
Without loss of generality we assume |t /t || < 1.

The Hamiltonian (24) satisfies particle-hole symmetry

7,00HT (—K)7,,09 = —H(K) 27)
and time-reversal symmetry
TOO'yHT(—k)TOO'y = H(k), (28)

where the Pauli matrices 7; and o; act in the particle-hole and the "spin" (Kramer’s partners
in the normal state Hamiltonian of the metal) spaces, respectively. Together these two sym-
metries give rise to a chiral symmetry

CH(k)C =—H(k), C=1,0,. (29)
Therefore the Hamiltonian (24) can be block-off-diagonalized into a form
. 0 D(k)
I —
V'H(k)V = (D"'(k) 0 ) (30)
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Figure 5: Phase diagram for the system described by the Hamiltonian (24) as a function of
the parameter |t /¢t | describing the breaking of the protection of the semi-Dirac points. The
parameters |A/B| = 1.5 and ky = 57/6 are chosen so that for |, /t|| = O the system is in
the semi-Dirac phase [Eq. (21)]. For |, /t;| = O (within the constrained parameter space)
the system supports 8 semi-Dirac points carrying topological charges Q5 = +1 [Eq. (22)].
By increasing |t /t,| (entering the unconstrained parameter space) each semi-Dirac point
splits into two Dirac points [Eq. (3)], so that for 0 < |t,/t,| < |t,/t |1 [Eq. (35)] the
system is in a Dirac phase supporting 16 Dirac points. Each Dirac point carries a topolog-
ical charge Q° = +1 [Eq. (34)]. At |f,/t,| = |f,/t,|.; there occurs merging transitions
of Dirac points at (k,,k,) =: (£k,0),(0,+ks) [Eq. (3)]. These Dirac points were nucle-
ated from two different semi-Dirac points and due to this merging transition the topological
mirror invariants Wi”’o and W;V[ 0 [Eq. (46)] change from zero to —1 and 1. Therefore, for
[t /t 1] <|t /t | <|t /t|l.[Eq. (47)] the system is in a topologically nontrivial mirror su-
perconducting phase, and additionally there exists also 8 Dirac points. At ||/t || =]t /t ||
there occurs another merging of Dirac points at (ky,k,) =: (£kp,+kp)/ v2 [Eq. (3)]. For
[t /t | >t /t]|.o the system is in a fully gapped topologically nontrivial phase in class DIII,
which is topologically equivalent to a helical p-wave superconductor.

where D(k) = &y (K)o, + Ajpq(k) + A(k) and V = (140, + iryay)/ﬁ. We find that the
conditions for the existence of nodal points in the quasiparticle spectrum are now
E(k)=0 < det[A;q(k) + A(k)] =0 and &,,(k) = 0. (31)

Using the explicit form of the order parameters (16) corresponding to the tunneling matrix
(13), the conditions for the existence of nodes can be written as

3 ||A| —2|B|\/sin2 k, + sin? ky| 32)
|A| + 2|B| \/sin2 k, + sin? k, .

£y
ty

&Ey(k) =0 and

In the following we choose |A/B| = 1.5 and ky = 57/6 so that for |t, /t || = O the system is
in the semi-Dirac phase [Eq. (21)]. This means that for |t, /t ;| = 0 (within the constrained
parameter space) there exists 8 semi-Dirac points located at the momenta where conditions

Eu(K) =0 and |A| = 2|B|/sin’ k, +sin’k, (33)
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are satisfied (see Fig. 5). In the unconstrained parameter space the system is fine tuned to
criticality when |, /t | | = 0. Therefore, by increasing | | /t | | we find using Eqgs. (32) that each
semi-Dirac point splits into two nodal points (Fig. 5). (With a different type of perturbation in
the unconstrained parameter space the semi-Dirac points can also become gapped as discussed
in sections 6 and 8.) After this splitting the dispersions around the nodal points obtained
from Egs. (32) are linear in both directions i.e. they are described by a massless Dirac cone,?
and these splitting transitions where each semi-Dirac point splits into two Dirac points are
described by the Hamiltonian (3). The systems satisfying a chiral symmetry are known to
support gapless topological phases and topologically protected flat bands at the surfaces [35,
71-76]. Namely, it is possible to define a topological charge QQ for each Dirac nodal point
k =k, in the quasiparticle spectrum

' 1
Q= —i dk: Sz, (34)
K,

where Z(k) = det[D(k)]/|det[ D(k)]|, D(k) is the block off-diagonal part of the Hamiltonian in
Eq. (30), and the integral is calculated around a path enclosing the nodal point k,, [8,73,75].
These topological charges are always integers, and from the viewpoint of topological defects
the nodal points can be considered as vortices in the momentum space with winding numbers
QE . According to the bulk-boundary correspondence of topological media, Qg determine the
momentum space structure of the topologically protected flat bands at the surface. We discuss
this correspondence in detail in Sec. 4. Because each semi-Dirac point splits into two Dirac
points the system supports 16 Dirac points if

t t A| — 2|B|sink
Dirac phase 0 < R 1 = M (35)
t| ta |A|+2|B|51nkF
At |t;/t;| = &, /t)].; there occurs merging transitions of Dirac points at

(ky,ky) =: (£kp,0), (0, +kg) [Eq. (3)]. These Dirac points were nucleated from two different
semi-Dirac points and this merging transition leads to a change of topological mirror invari-
ants. Namely, due to the fact that T(k,, k, ) obeys mirror symmetries

oy, T(ky,ky)o, =T(ke,—ky),

O-xT(kx: ky)o-x = T(_kxa ky)7 (36)

the BAG Hamiltonian (24) obeys mirror symmetries

M H(k,,k, )M, = H(k,,—k,), M, =—ito0,
M;H(kx,ky)My =H(—ky,k,), M, =—it,0,. (37)

The mirror symmetry operators M; (i = x, y) can be diagonalized with transformations

0 —i 0 i 0 10 —1
1[0 1 01 110 10 1
Ux_ﬁ —i 0 i o)V ,»3|l-1 01 0 (38)
1 010 1 01 0

2In three dimensional semimetals the four-fold degenerate nodal points are called Dirac points and the two-
fold degenerate nodal points are called Weyl points. In the two dimensional case the terminology is not well
established: In some references both two- and four-fold degenerate nodal points are called Dirac points, whereas in
other references two-fold degenerate nodal points are called Weyl points. Depending on the choice of terminology
the two-fold degenerate Majorana nodal points in two dimensional superconductors can either be called Majorana-
Dirac points or Majorana-Weyl points. For brevity, we often call these nodal points just Dirac points.
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At the mirror lines k, = 0 and k, = 7 the y-component of k satisfies k, = —k,,, and there-
fore the mirror symmetry M, at these lines allows to block-diagonalize the Hamiltonian.
Similarly at the mirror lines k, = 0 and k, = 7 the mirror symmetry M, allows to block-
diagonalize the Hamiltonian. Therefore the Hamiltonians at the mirror lines can be expressed
as [H)™(k,) = H(ky, k, = {0,7}), H)"(k,) = H(k, = {0, 7}, k)]

X’y

HY"(k,) 0
THO,n — x,+\™Mx
U H:"(k,)U, ( 0 ngf(kx) (39)

and o
. H)T (k) 0
UTHY™ (k U, = : 40
vty ( x) y ( 0 H?zf(kx) ( )
Because the chiral symmetry operator C [Eq. (29)] commutes with the mirror symmetry oper-
ators M, and M, [Egs. (37)] the transformations (38) also block-diagonalize the chiral sym-
metry operator

C 0
cu x()+ ) : (41)
Uy CUxn) = ( 0 Cyy)—

Therefore, each block of the Hamiltonian now obeys a chiral symmetry
0,7 _ 0,1
CentH () (K ())Cox,x = —H () 2 (Kx1))- (42)

in
( )+
each mirror line. Due to the presence of chiral symmetries Cy,) , we can block-off diagonalize

the Hamiltonians with the transformations

In the formulation of a mirror invariant we can concentrate only on one of the blocks H®

UTH™ (k, )T, _(

x Tx,+

0 DY%"(k,)
[D7(k,)]" o )

o - 0 DO"(k,)
Uyt )0y = ([D%“(km*' o) 42
where
- 1 (1 -1 - 1 (i —i
and

DO T (ky )—{5(kx’ y i(1_|fl/tL|2)A(kx’ y) l(1+’tl/tL| )d (ky, y)}|k =0,m
Don(k )_{g(kx’ y i(1_|fl/tL|2)A(kX’ }') l(1+’tL/tl| )d (kx’ky)Hk =0,7 (45)

The four different topological mirror invariants W o {) "™} for each mirror line can be defined
as

0,1
M,{0,m} __ —i fﬁ k 1 de(y)(kx(y))
~ o x(y) s
) 2 - x(y)(kx()’)) de(y)
det[D%™ (K.(,)]
( YR (y)
Ziop (s = 46)

|det{ D ()]l
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From these equations we find that the mirror invariants W% and WyM 0 change from zero to

—1 and 1, respectively, at |t /t || = |t /t |1, so that the system is in a topologically nontrivial
mirror superconducting phase (TMS) [61-63] for

ty
ty

2v/2|B| sin(%) — 4]

£y
2 2v2|BIsin(15)+A]

t

£y
ty

TMS < (47)

cl

where there exists additionally also 8 Dirac points. The Dirac points give rise to Majorana flat
bands at the edge of the system, where the momentum space structure depends on the direc-
tion of the edge in a similar way as discussed in Sec. 4. Due to the mirror superconductivity
there exists also helical Majorana edge modes if the direction of the edge is such that the edge
remains invariant in the mirror symmetry operation [61-63].

For |t /t,| > |t,/t||.o the system is in a fully gapped topologically nontrivial phase in
class DIII, which is topologically equivalent to a helical p-wave superconductor [77]. It sup-
ports helical Majorana edge modes independently on the direction of the edge.

3 Model

The Hamiltonian for the system H = H; + H r2g A 1,12 consists of the Hamiltonians H; and
A r2¢ for the doped superconducting iridate and the thin layer of the t,,-ES, respectively, and
the Hamiltonian A 1,t2¢ describing the tunneling between them.

Sr,IrOy is a layered material so that it can be described with a standard two-dimensional
single band Hubbard model on a square lattice where the spin is replaced by the pseudospin de-
gree of freedom [Eq. (1)1 [20,21]. It supports a Mott insulator phase at half-filling [22-24],
and therefore according to the resonating valence bond theory of high-T. superconductiv-
ity [78-81] one expect that the electron doped Sr,IrO4 will support a high-T, d-wave super-
conducting phase where the usual spin-singlet Cooper pairs are now just replaced by pseu-
dospin singlets [21,24,25]. The BAG Hamiltonian for the doped superconducting Sr,IrO, in
the Nambu-pseudospin basis \Ifl'( = fljﬂ, fljU’ f—kq» f—xy) can then be written as

_ &1(k)oy iAI(k)Oy
Hilk) = (—iAI(k)oy —5I(k)oo)’ (48)

where &;(k) = —2t;(cosk, +cosk,)—4t; cosk, cosk, —u; and A;(k) = Aq(cosk, —cosk,)
describe the single particle dispersion and the momentum dependence of the superconducting
order parameter in the iridate layer, respectively. We assume that the tight-binding parameters
satisfy t; = 0.23t; [21], which produces Fermi surfaces with a similar shape as observed in
experiments [82]. The hopping t; is renormalized by the strong correlations and it depends on
the doping level. We assume that u; = 0.9t;, which corresponds to the electron doping cho-
sen close to the optimal doping for superconductivity, which according to Ref. [25] is around
20%. Based on the bare value of the hopping amplitude [21] and the crudest approximation
for the renormalization of the hopping amplitude [80], we estimate t; ~ 0.05 eV. We assume
Ay = 0.2t;, which is consistent with the experimentally observed d-wave gap [38] and theo-
retical estimates based on the resonating valence bond theory [80].

3We do not take into account the lattice distortion caused by the rotation of the oxygen octahedra around the
Iridium sites by £11°. It is known that this kind of structural distortion can cause non-perturbative effects in
Sr,RhO, because it couples the |xy) and |x? — y?2) bands, which both exist in the vicinity of Fermi level in this
material [40]. However, in Sr,IrO, the |x*— y2) band does not exist in the vicinity of Fermi level and therefore we
expect that this structural distortion can be treated perturbatively, and it will not change our results qualitatively.
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For the t,,-ES we first consider the 4d TMOs Sr,RhO, and Sr,Ru0, in their normal states.
In these systems the intraionic spin-orbit coupling is significantly smaller than in Sr,IrO,4, and
as a consequence also the correlation effects are expected to be much weaker. While the
Sr,RhO, is observed to be metallic down to the lowest experimentally accessible temperatures,
Sr,RuO,4 supports an interesting superconducting phase at low temperatures, where the order
parameter is of multi-orbital nature and not yet fully understood [43-46]. These intrinsic
superconducting correlations can be neglected as a first approximation if the induced order
parameter from the Sr,IrO,4 is much larger than the intrinsic order parameter of Sr,RuO,
or the temperature is much larger than the critical temperature of Sr,RuO,. Because the
critical temperature and superconducting order parameter are much larger for Sr,IrO, than
for SroRuOy, there exists a large parameter regime where these conditions are satisfied. The
advantages of Sr,RuO, in comparison to Sro,RhO, are the very pure crystal structure with long
mean free path and the fact that in Sr,RhO, a structural distortion causes mixing of |xy) and
|x%2—y?2) orbitals so that the |xy) band is completely below the fermi level [40,41]. Therefore,
in the following we mainly use the bulk tight-binding parameters for SroRuO, although we
expect that our results are also qualitatively applicable to Sr,RhO, especially if it is slightly
hole doped so that the |xy) band becomes active. Via epitaxial stabilization it is also possible to
realize thin films of Ba,RuO, which are isostructural and isoelectronic to Sro,RuO,4 [83], so that
this material is also a suitable candidate for metallic t,,-ES. Moreover, it is possible to control
the lattice constants and the electronic structures of Sr,RuO, and Ba,RuQO, in a disorder-free
manner by growing thin films of these materials on lattice mismatched substrates [83].

The use of the bulk tight-binding parameters for SroRuO, is a simplification because the
Fermi surfaces have a weak dependence on the out-of-plane momentum [84] and in thin layers
the y band can be closer to a Lifshitz transition than in the bulk system [83]. However, these
effects and the number of atomic layers in the t,,-ES are not important for our qualitative
conclusions, because the semi-Dirac points are robust as long as the symmetries are present and
the tunneling matrices are topologically nontrivial as discussed in the previous section. The
modifications of the tight-binding parameters result in a renormalizion of the critical points
of phase transitions in the phase diagrams discussed below. Thus, the possibility to control
the tight-binding parameters for example by chemical doping, gates and strain engineering is
interesting because it may allow to drive the system through topological phase transitions in
a controlled way.

The Hamiltonian for the metallic tyg-ES in the basis

T T T T T T T T T T :
. = (cksz,ckyzl,cksz,ckle,ckxyT,ckXyl) [here Cryzo? Chxzo and Clyo aT€ the creation

operators for |yz), |zx) and |xy) bands, respectively] can be written as

C

H t2g = Z CihO(k)Ck, (49)
Kk
where " "
<Eyz(k)o-o gD(k)O-O + %O-Z _lfo-y
ho() = | Ep(Kog—F0o, &Ko i50,
S0y —i5o, &Koy
Here
iyz/xz(k) = —2ty cosky, —2tgcosk,/, — U,
€y (k) = =2t (cosk, + cosk,) — 4t} cosk, cosk, —Ap —u
and

Ep(k) = —4tpsink, sink, .
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We assume the relative strengths of the tight-binding parameters from Ref. [45]. They can be
understood in the following way. The |xy) orbitals are in plane producing equivalent tight-
binding hopping parameters t; and t; = 0.4t; in all directions. The two other orbitals have
lobes both in plane and out of plane giving rise to one large t; and one small tg = 0.1¢;
hopping elements. Additionally the |yz) and |xz) orbitals are hybridized by a diagonal hopping
tp = 0.1t;. Due to the layered structure the |xy) band is lowered in energy by Ay = 0.2¢;
with respect to the other bands. The chemical potential is chosen so that the bands have correct
fillings, and it is approximately yu = 1.1t;. By comparing the experimentally measured value of
the spin-orbit coupling to the width of the energy bands [42,43] we estimate that the strength
of the spin-orbit coupling in SroRuO,4 is A = 0.17¢t;. The Fermi surfaces for a, f and y bands
obtained by diagonalizing the Hamiltonian (49) and using these tight-binding parameters are
shown in Fig. 1(b), and they are in good agreement with experimentally measured Fermi
surfaces in Sro,RuO, [42]. The band width in Sr,RuOQy, is significantly larger than the estimated
renormalized hopping amplitude in Sr,IrO,, so that we choose t; = 0.1t;. In the following
we will also consider a t,,-ES with various values of A but if not otherwise stated we use the
value A =0.17¢t;.

We will also consider situations where the t,,-ES supports intrinsic superconductivity in
sections 7 and 8. When this kind of intrinsic order parameter is present the BAdG Hamiltonian
for the t,,-ES in the Nambu space [<I>l = (clt, cx)] becomes

o _ [ ho(k)  Apg(k)
Ht2g - (Azzg(k) —hgf—k)) 5 (50)

where the intrinsic order parameter A;,(k) should be solved self-consistently taking into
account also the induced order parameter from the Sr,IrO4. We postpone the discussion of
the self-consistently solved intrinsic order parameter A, (k) to Section 7.

We now turn to the description of the tunneling Hamiltonian H;,; when a heterostruc-
ture consisting of the SryIrO,4 and t,,-ES is formed.* This can be obtained by identifying the
tunneling paths between the layers allowed by the symmetries and projecting the Hamilto-
nian obtained this way to the pseudospin orbitals [Eq. (1)]. By taking into account only the
dominant tunneling paths we obtain after a lengthy calculation®

Hpy = Z (fljﬂ’fljU)Tf,Q(k) (Ckm) +h.c., (51)

C
k,0=yz,xz,xy kol

where the tunneling matrices are

At 2Bt _ ‘
T xy(K) = T;ao + ﬁ(ax sink, —o, sink,),

2iBtJ_ . itJ_
Tf,xz(k) = 7 o smky + on,

2iBtL . itJ_
Tf,yz(k) = —1/§ OpSsin kx — Eo‘y, (52)

Here t| describes the interlayer hopping parameter for a process where a tunneling occurs
between two orbitals directly on top of each other which have lobes out of plane.® Therefore,

“We do not expect the interface effects to be dramatic because we consider materials with similar crystal struc-
tures. Nevertheless, when a heterostructure of two different materials is constructed the layers will always undergo
electronic reconstruction where electrons will be transferred from one layer to the other. As the lowest order ap-
proximation this will only result in renormalization of the tight-binding parameters, and small renormalization of
the parameters will not influence our results qualitatively.

®See the Appendices for more details.

®See footnote 5.
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it is expected to be the largest interlayer hopping amplitude. The dimensionless parameter A
describes the reduction of the tunneling amplitude when the tunneling occurs between two
orbitals which have lobes only in the plane and the dimensionless parameter B describes the
reduction when the tunneling occurs between two orbitals which are not directly on top of
each other but have lobes out of plane.” Therefore we expect |A|,|B| < 1, but their signs and
relative magnitudes are not known. Due to the layered structure we expect that t| < t;, and
in the following we use t| = 0.04t;. This tunneling Hamiltonian (51) is consistent with the
symmetries of the system.®

4 Topological properties of the superconducting Sr,IrO,

As discussed above Sr,IrO, supports a d-wave superconducting phase so that the only dif-
ference to the cuprates is that the Cooper pairs are formed as pseudospin singlets, where
the pseudospin describes entangled orbital and spin degrees of freedom. This has no conse-
quences if SryIrOy is isolated and therefore the topological properties of isolated Sr,IrO, are
similar to the other d-wave superconductors studied earlier [71,72]. In this section we will
briefly review these properties so that they can be compared to the topological properties of
the heterostructures in the following sections.

The Hamiltonian (48) satisfies particle-hole [Eq. (27)], time-reversal [Eq. (28)] and chiral
[Eq. (29)] symmetries, where the Pauli matrices 7; and o; act in the particle-hole and the
pseudospin spaces, respectively. Because of the chiral symmetry, the Hamiltonian (48) can be
block-off-diagonalized into a form

(53)

V"fHI(k)Vz( 0 D’(k)),

Di(k) ©

where D;(k) = [£;(k) +iA[(k)]o, . Itis easy to see that there exists nodes in the quasiparticle
spectrum if &;(k) = 0 and A;(k) = 0. Because A;(k) = O along the lines at k, = +k,,
nodes are found at the four momenta k, =: (+k, £k,) where also £;(k,) = 0 [see Fig. 6(a)].
The low-energy theory around the node at k = k,, consist of two copies of a massless Dirac
Hamiltonian on top of each other

H = (k—k,) - [Vi&; (0], gy, 0 + Vil K)oy 0y ] (54)

so that the velocity of the massless particle in the direction perpendicular to the Fermi line is
determined by V& (k)lk:k and along the Fermi line by VkA(k)|k:k . The BAG Hamiltonian
(48) contains a particle-holne redundancy, which gives rise to a Majoranna constraint. Therefore
in the description of the theory where the nodal points are four-fold degenerate the quasi-
particles should be considered as Majorana fermions. In the case of a singlet superconductor
with SU(2)-symmetry, such as Hamiltonian (48), it is possible to describe the quasiparticles
with usual fermion operators without the Majorana constraint and in this kind of description
the nodal points are just two-fold degenerate. However, the description with the Majorana
constraint is necessary when the system is tunnel coupled to t,,-ES, and therefore we will
consistently use the Majorana fermion basis everywhere.

The systems satisfying a chiral symmetry are known to support gapless topological phases
and topologically protected flat bands at the surfaces [35,71-76]. To understand these flat
bands, we utilize the topological charges Q’rf for each nodal point k,, which can be calculated

7See the Appendices for more details.
8See footnote 7.
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Figure 6: (a) Quasiparticle dispersion E(k) = \/Sf(k)+A?(k) for the Hamiltonian (48)
describing an isolated d-wave superconductor. There exists four nodes at momenta
k, =: (£ko,xky) where &;(k,) = 0. The topological charges for these Dirac nodes are
QP = +2. (b) The edge state spectrum depends on the direction of the edge. We illustrate
the appearance of the flat bands at the edge for the specific direction shown in the figure. (c)
The period d along the edge is in general different from the lattice constant. Therefore the
momentum along the edge is restricted to the reduced Brillouin zone —nt/d < Tcx < m/d. In
order to cover the full Brillouin zone we need to consider an extended Brillouin zone in the
perpendicular direction —ntd < 1~<y < nud. (d) The topological invariant WI(IEX) can be defined
as a function of the momentum along the edge and it determines the number of Majorana zero
energy states at that momentum. The topological invariant Wl(fcx) changes only at the values
of k, corresponding to the projected nodal points k,, and the corresponding jumps in W;(k,.)
are determined by the topological charges QP. (e) If the Sr,IrO, layer is tunnel coupled to
a ty,-ES the four-fold degenerate Majorana nodal points are split into two-fold degenerate
nodes. Each of these nodes carries a topological charge Q° = +1. (f) The splitting of the
four-fold degenerate nodal points leads to the appearance of odd number of Majorana flat
bands at edge in certain intervals of k,.. The value of t, has been increased fourfold compared
to the value in the text to make the changes clearly visible. The tight-binding parameters
are described in the text. For the tunneling amplitudes we have used values A = —0.2 and
B =—-0.62.
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as discussed in Sec. 2 [Eq. (34)]. The topological charges Qg = %2 obtained for the nodal
points of the d-wave superconductor are shown in Fig. 6(a).

According to the bulk-boundary correspondence of topological media, these topological
charges determine the momentum space structure of the topologically protected flat bands
at the surface. Namely, we can consider an arbitrary direction of the edge of the sample as
illustrated in Fig. 6(b). There exists a translational symmetry along the direction of the edge,
which means that the momentum k, along the edge is a good quantum number. The period of
the system d along this direction is in general different from the lattice constant (normalized
to 1), and it depends on the chosen direction. Therefore, we can restrict Ich to the reduced Bril-
louin zone |IN< | < t/d. Moreover, we can perform a coordinate transformation of Hamiltonian
(53) k=k(k,, y) so that we can identify a matrix D;(k,, y) and correspondingly Z, (k,, y)
These quantities are periodic as a function of the momentum component perpendicular to the
edge I~<y with a period 2ntd defining an extended Brillouin zone in this direction |l~<y| < nd [see
Fig. 6(c)]. Therefore we can define a topological invariant (winding number)

nd 7. 1

i . dZ;(k,, k
Wl(k )__21 ky 1 1(~ )
n —nd ZI(kXJ y) dk

> (55)

for all values of k, where there is no gap closing as a function of l~<y, and this invariant is
an integer which determines the number of Majorana zero energy edge states for each k.
Moreover, WI(I~<X) can change only at the momenta Ich where there is a gap closing as a function
of 7{ Therefore, a fixed number of zero energy Majorana edge states exist in the interval of
k in between the projected nodal points, forrnmg Majorana flat bands at the edge. The jumps
in W;(k,) occurring at the edge momenta k,. corresponding to the prOJected nodal points k,
are given by the topological charges Q’If . The number of flat bands W;(k,.) as a function of k,
for an isolated d-wave superconductor and a particular direction of the edge is illustrated in
Fig. 6(d).

The linearly dispersing Majorana-Dirac points in the Sr,IrO,4 layer discussed in this section
are present also when this system is coupled to the t,,-ES. The only possible effect of the tunnel
coupling to the t,,-ES is a small splitting of the four-fold degenerate Majorana nodal points
into two-fold degenerate nodes with linear dispersions around each of them. To illustrate how
this splitting occurs we first find that the low-energy effective Hamiltonian for the Sr,IrO,
layer in presence of the tunnel coupling to the t,,-ES can be expressed as

Hfff(k) _ (51(1{)00 + 6H; (k) iA(k)o, ) (56)

_iAI(k)Uy —&1(k)oy— 5HIT(—k)

where 6H;(k) is the self-energy induced by the coupling to the t,,-ES. In the vicinity of the
nodal points k = k,, the self-energy can be evaluated at the zero energy, and it can be expressed
as

1

§H;(k) = T'(K)T,(k), (57)
' Z E.(l) "

where T, (k) are the tunneling matrices from the iridate to different bands (n = a,f3,y)

in the t,,-ES and &,(k) are the dispersions of these bands. Furthermore, by utiliz-

ing the time-reversal symmetry of the tunneling matrix, which in a suitable basis’ can

be written as o, T (—k)o, = T,(k), and the inversion symmetry £,(k) = &,(—k), we

°In particular, the time-reversal symmetry will take this form when we fix the overall phase of the single particle
eigenstates of Hamiltonian (49) in such a way that the eigenvector components corresponding to the |xy) orbitals
are real and positive. We will use this gauge choice in all calculations presented in this manuscript. If A = 0 some
of the eigenstates will have zero weight in the |xy) orbitals, but this situation can be considered as the limit A — 0.
See the Appendices for more details.

22


https://scipost.org
https://scipost.org/SciPostPhys.3.6.041

Scil SciPost Phys. 3, 041 (2017)

find that the Hamiltonian (56) satisfies particle-hole, time-reversal and chiral symme-
tries. Therefore, it can be block-off-diagonalized, and the block-off-diagonal matrix is now
Dleff(k) =[&;(kK)oo+0H(kK)]o, +iA(k)o,,. This way we can find the nodal points for Hamil-
tonian (56) and compute the topological charges for them. We generically find that each of
the four-fold degenerate Majorana nodal points at k, with topological charge Qg = +2 splits
into two two-fold degenerate Majorana nodal points at k, 4, and k,z each carrying a topological
charge QQA = QB = +1. This leads to an appearance of odd number of Majorana flat bands
at the edge in the interval of edge momenta between the projected nodal points sz’nA and
sz’nB. The splitting of the nodal points and the Majorana flat band spectrum at the edge are
illustrated in Fig. 6(e) and (f) for particular values of the tunneling amplitudes.

In the following sections we do not concentrate on these nodes appearing in the SryIrO4
layer since they are present in all regimes of the parameters considered in this manuscript.

5 Induced order parameters in the t,,-ES and the appearance of
robust semi-Dirac points

The main goal of this section is to show that robust Majorana semi-Dirac points appear in the
heterostructure consisting of Sr,IrO,4 tunnel coupled to a t,,-ES layer as a result of the mixture
of the induced singlet and triplet order parameters. We also generalize the results of Sec. 2 to
more complicated situations and we identify the conditions under which the semi-Dirac points
are stable in this kind of heterostructures. Moreover, we will compute the phase-diagrams to
demonstrate that the stable semi-Dirac points appear in a large portion of the parameter space
of the model.

The momentum dependent energy gap for the full model is shown in Fig. 7 for a specific
choice of the microscopic parameters illustrating the type of nodal points generically present in
the spectrum in one quarter of the Brillouin zone (the other quarters are related to each other
via the mirror symmetries). There exists 8 Dirac points (two for each band of the model) at the
diagonal lines where A;(k) = 0. These Dirac points are present independently of the choice of
model parameters, and they are similar to the Dirac points discussed in Sec. 4. Therefore, in
the following we focus on the additional nodal points appearing outside these high-symmetry
lines, and we show that they are semi-Dirac points localized in the t,,-ES layer similarly as in
Sec. 2.

In order to study the nature of the nodal points localized in the t,,-ES layer we first notice
that if the t,,-ES, described by the Hamiltonian (49) is isolated, there exist both inversion
symmetry and time-reversal symmetry, and therefore each band is doubly degenerate with
dispersions &,(k) = £,(—k) (n = a,f3,y), i.e. due to this combination of symmetries there
exists Kramer’s partners at each momentum separately. Thus, when we couple the t,,-ES to
the iridate, the low-energy BdG Hamiltonians for each band can be expressed as

En(kK)og + 6Hy(K) Ajng,n(k) )

Hn(k):( Al (00— 6H! (—K) G8)

where 6H,,(k) and Aj,q ,(k) are given by the normal and anomalous (induced superconduc-
tivity) part of the self-energy evaluated at the Fermi energy. They can be obtained from the
expressions

SH,(K) = hyo()og + hy (k) - 3
Aing a0 = i[2, (K00 +d, () - 3o, (59)
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0 k. T

Figure 7: The momentum dependent energy gap E(q) for the full model. The semi-Dirac
nodes (green) and the Dirac nodes (red) are also shown. The splitting of the Dirac nodes
along k, = k,, is too small to be visible in the plot. The tight-binding parameters are described
in the text. For the tunneling amplitudes we have used values A= 0.68 and B = 0.44.

QP =(-1,1)
Q;° =0

Qs” = (-1.1)

Q37 =(-1,1,-1,1) QP =(-1,1)
Q=0 Q"=(-1,1)

=0 QP=(-11

=0 Q"=

QY =(-L1,-1, 1) Q5" =0
Q=0 Q"=0

Figure 8: (a)-(d) Phase diagrams for the system as a function of the interlayer coupling
strengths A and B for different spin orbit coupling strengths A =: 0,0.06¢t;,0.12¢;,0.17¢;, re-
spectively. Each phase is characterized by three vectors QiD (n = a, f3,7) labeling the charges
of the semi-Dirac nodes as illustrated in (e). The semi-Dirac points shown in (e) are realised
for A =0.17t; and A= —0.68 and B = —0.34. The tight-binding parameters are described in
the text.

where
L 5w :
hpo(k)og +h,(k) -G = E2() + A2 T,(K)T, (k)
L AW )
A,(K)og+d,(k) -7 = —if(k) n A?(k) Tn(k)Tn (k). (60)
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Here h,o(k) and h,,(k) describe the renormalization of the dispersion and the induced spin-
orbit coupling in the t,,-ES due to the coupling to the iridate, A, (k) and d,,(k) are the induced
singlet and triplet superconducting order parameters, and T, (k) are the tunneling matrices
from the iridate to different bands (n = a, 8, ) in the t,,-ES.

The semi-Dirac nodes outside the high-symmetry lines appear if the conditions &,(k) =0
and det[T(k)] = O are satisfied, and they can be understood in the same way as in Sec. 2.
Namely, the tunneling matrices T,(k) satisfy the time-reversal (11) and two-fold rotational
(12) symmetries so that det[T, (k)] € R. Therefore, the semi-Dirac points carry topologi-
cal charges Q%” = %1 [Eq. (22)], they are robust against small perturbations, and if one
considers large perturbations semi-Dirac points with opposite topological charges are always
nucleated/annihilated in a pairwise manner. The low-energy theory can be expressed as

HE(1) = hy (W0, + B, (00,
(1) = (1) + o) — sgn[An(k)]%
gy G det?[ T, (1)]
")~ 2200+ AZ00 (T3, (0] + | T (002
(1) = Ay (1) — sgnl A,(10]1d, ()
A1) det?[ T, (1)]

= . (61)
£1(Kk) + A7 (k) (IT11 (K| + | T12(K)])2
Therefore, we can expand the Hamiltonian (61) around the semi-Dirac points as
H® =[hvq, + 6,(6q, + 2q,)*|o, + 61 (6q, + 9q,)°0,. (62)

Here we have used a curvilinear coordinate system, where £(q,,q,) = fivq, and q, is the
deviation from the nodal point along the constant £(k) curves, so that £(q,, q, ) is independent
of q,. Therefore, these nodal points generically are described by a linear dispersion in the g,.-
direction and a parabolic dispersion along g, i.e. they realize the semi-Dirac points described
by Eq. (2). (We have included also an additional term proportional to %,, but this term is
unimportant for qualitative considerations.)

In contrast to the simple model considered in Sec. 2 there can now be a varying number
of semi-Dirac points present in the different bands. This gives rise to a rich phase diagram
as a function of the tunneling amplitudes and spin-orbit coupling strength as shown in Fig. 8.
Similar phase diagrams are expected as a function of arbitrary parameters of the model. There-
fore, we expect that it is possible to tune the system through the phase transitions with the
help of externally controllable parameters such as gate voltages and strain [85]. At the phase
transitions between topologically distinct phases semi-Dirac points with opposite topological
charges are nucleated/annihilated in pairwise manner similarly as discussed in Sec. 2.

In this section we have found semi-Dirac points, which are topologically stable in the pres-
ence of time-reversal symmetry, two-fold rotational symmetry, inversion symmetries within
the layers, metallic t,,-ES and a single active band in the superconductor. In the following
sections we consider two possible ways for breaking the protection of the semi-Dirac points
in a controlled manner. First we show that each semi-Dirac point can become gapped or split
into two Dirac points if the metallic layer is tunnel coupled to two separate superconducting
layers in a three-layer-structure. In this case there are two distinct superconducting bands so
that the system is effectively coupled to a multiband superconductor. Secondly, we show that
these transitions can occur also if the metallic layer is replaced with a superconductor support-
ing an intrinsic superconducting order parameter. These transitions demonstrate the nature
of the semi-Dirac points as critical points of topological phase transitions in the unconstrained
parameter space.
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Figure 9: Phase diagram for the three layer system as a function of the tunneling strength
t| to the upper Sr,IrO, for the phase difference between the superconductors ¢ = 7. As t
is increased the system goes through several phase transitions as Dirac nodes are nucleated
and annihilated close to the Fermi lines of the a, 3 and y bands. In the last transition shown
with increasing t; the system becomes a topological mirror superconductor with W)ﬁ” 0 =1
and WJ],V’ ‘0 =1 as pairs of Dirac nodes on the Fermi line of the y band annihilate at the k, =0
and k, = 0 lines. The tight-binding parameters are deiscribed in the text. For the tunneling
amplitudes we have used the values A=A = 0.68 and B = B = 0.44.

6 Topological phase diagram for the three layer heterostructure

We now consider a three-layer-structure, where there are superconducting Sr,IrO, layers both
below and above the t,,-ES layer. We assume that the lower superconducting Sr,IrO,4 layer
has the order parameter A;(k) and it is tunnel coupled to the t,,-ES via the tunneling matrices
(52). Moreover, we assume that the upper superconducting Sr,IrO, layer is identical to the
lower one except that we allow the possibility of applying a phase-bias between the supercon-
ductors so that the order parameter in the upper layer is A;(k)e'?. In order to preserve the
time-reversal symmetry we only consider the two possibilities ¢ = 0, . Due to the nature of
the orbitals the tunneling matrices between the upper layer and the t,,-ES layer can be written
as the following®

8 At 2Bf _ '

Tt vy (k)= T;O'O — ﬁ(ax sink, — o, sink,),

g 2iBE, . it

Tp s (k) =— 75 00 sink,, + 737

N 2iBE, . it

Tf,yz(k) :—WUO smkx—ﬁoy. (63)

If the two interfaces are equivalent A=A, B =B and f, = t |, the system obeys an inversion
symmetry.

We assume that A = A, B = B and consider , as a parameter which can be controlled
with the help of a tunnel barrier. (We have checked that introducing small asymmetries A # A
and B # B does not change the results qualitatively.) Under these conditions we find that
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if ¢ = 7 the two induced order parameters satisfy the relations (26), whereas the signs in
these relations are changed for ¢ = 0. As a result, we find that for ¢ = 0 the introduction of
t | # 0 always leads to an opening of a gap at the semi-Dirac points, and for ¢ = 7 we gener-
ically obtain similar splitting transitions and phase diagrams as a function of t; as discussed
in Sec. 2. The only difference is that splitting transitions can now occur in all three bands
(a, B,7) leading to much richer phase diagrams. A phase diagram for particular values of the
tunneling amplitudes as a function of , is shown in Fig. 9 demonstrating the appearance of
different types of Dirac phases and a topologically nontrivial mirror superconducting phase.
We point out that the fully gapped topologically nontrivial phase cannot be realized in this
system because nodal points always exist at the lines k, = £k, due to the d-wave nature of
the order parameter A;(k) in SryIrOy.

7 Intrinsic order parameter in Sr,RuQ, in the presence of induced
superconductivity from Sr,IrO,

The superconductivity in Sr,RuO, has been studied extensively [3], because Sr,RuOy, is of-
ten considered to be a candidate material for supporting chiral p-wave superconductivity.
However, in reality the order parameter is of multi-orbital nature and not yet fully under-
stood [43-46], and Sr,RuQ, is likely to be characterized by a subtle competition between
different phases. The important consequence of this is that there exists many nearly degener-
ate solutions for the superconducting order parameter making the system sensitive to all kinds
of perturbations. In our system, the proximity induced superconducting order parameter acts
as a strong perturbation causing a Josephson coupling between order parameters in Sr,IrO,
and Sr,Ru0,. Therefore, we may expect that this coupling selects a particular order parame-
ter in Sr,RuO,4, which obeys the same symmetries as the proximity induced order parameter.
Below we demonstrate that this is indeed the case by utilizing a similar approach as used in
Ref. [35]. In that reference it was studied how a Zeeman field can lead to a reconstruction
of the order parameter when several different superconducting order parameters are nearly
degenerate, which is practically always the case in triplet superconductors. Here, the physics
is very similar but the reconstruction just appears because of the Josephson coupling to the
superconducting order parameter in SryIrQOy,.

The intrinsic singlet and triplet order parameters in Sr,RuO,, A,z(k) and d,z(k) (for
each band n = a,f3,7), can be expressed with the help of basis functions Agl‘)(k), dgr’ll)(k)
(m=1,2,3...) as

Anr(8)= D 19 AT(K) (64)
m

and
dr(K) = > 1, d(K), (65)

where 1,,, and 7,,, are complex coefficients. We express them as ¢, = I/J‘Zm + it/);ﬁ;
('l,b‘r?m,'lﬁ% €R) and N, = nfm + in;{; (fr)fm, n;{‘; € R). The superscripts refer to the parts of
the order parameter obeying & and not obeying .4 time-reversal symmetry. The basis func-
tions Agr’ll)(k), dgr’l’)(k) can be obtained by projecting the most general singlet and triplet order

parameters into the irreducible representations of the symmetry group G of the model [2,86].
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They can be written as

A(")(k) = al'i)(cos k, —cosk,) + a(”)[cos(zk )—cos(2k,)] + a(”)[cos(zkx) cosk, —cos(2k,)cosk, ]+ ..,
A(”)(k) = a('{) A(")(k) = a(") sink, sink, + .. A(”)(k) = a(") sink, sink, (cosk, —cosk,) + ..,

d(ln)(k)— b(")(e sink, +e, sink )+b(")(cosk —cosk,)(e, sink, —e, sink,) +..,

dg“)(k) = b(”)(e sink, —e, sink,) +.. d(”)(k) = b(”)(e sink, —e, sink,)+..,

dP(k) = b{)(e, sink, +e,sink,) +.., d2)(k) = b7 e, sink, +.., d) (k) = bl e, sink, +.. . (66)

These basis functions are a natural starting point for the development of the free en-
ergy expansion because the linearized gap equation is an eigenvalue problem, where the
eigenvalue determines the critical transition temperature, and therefore the possible super-
conducting order parameters corresponding to the largest transition temperature must form
a basis of an irreducible representation of the symmetry group of the model [2]. Each
of these basis functions contains in general an infinite number of terms and transforms in
a specific way in the symmetry transformations gk (g € G). For singlet basis functions
there exists four different possibilites dinstinguished by the different signs in the transfor-
mations A%’:)(—kx,ky) = :I:Afg)(kx,ky) and A%’:)(ky,kx) = :I:Agf)(kx,ky) All of these irre-
ducible representations are one-dimensional. For the triplet order parameters there exists
similarly four one-dimensional irreducible representations where the basis functions are dis-
tinguished by the different signs in the transformations d(“)( —ky,ky) = :I:d(”) +(ky, k) and

d,(,?,i(ky» k)= id,(,g,(kx; k,). Additionally, there exists one two-dimensional 1rreduc1b1e rep-

resentation where the basis functions d(n)(k) and d(n)(k) are parallel to e, and transform as
dg?z( ky,ky) = —dg;)z(kx, k,) and dég)’z(kx, —k,) = —dég)z(kx, ky ). For the singlet basis func-
tions the full expressions consistent with these transformations are given in Ref. [86] and for

the triplet basis functions they can be obtained in a similar manner. The coefficients afglz eR

and bg:]z € R are in principle variational parameters (for each band n independently of the
others), and they should be chosen so that the free energy is minimized. Therefore, we have
included a superscript (n) in all basis functions indicating that these coefficients can be differ-
ent in each band n = a, 3, y. As explained below the exact values of these coefficients are not
important for our qualitative results, and therefore in the end we will select the relevant coef-
ficients phenomenologically for each band so that the overlap between intrinsic and induced
order parameters is maximized.

In the discussion above, we have assumed that the order parameter for each band can be
solved independently of the other bands, and we have neglected the possibility of interband
order parameters. However, due to similar arguments as presented below, we expect that the
intrinsic interband order parameters do not spontaneously break any of the symmetries of the
model, and therefore we do not expect them to change our results qualitatively.

The intrinsic order parameter can then be obtained by minimizing the free energy of the
system with respect to v,,,,, and 7,,,,- It is possible to show that due to symmetry reasons the
order parameter pairs (Y ms ¥um)s Mnms Mame) @A (Y s Mrme) Will couple to each other in
the quadratic order in the expansion of the free energy only if m = m’.!° We assume that
the temperature is above the critical temperature of the superconducting instability of any of
the eigenmodes obtained by diagonalizing the quadratic terms in the expansion of the free
energy. There exists a large range of temperatures where this assumption is valid because the
critical temperature in Sro,RuO, is expected to be much lower than the critical temperature in
SryIrO,4. Furthermore, this assumption is made in order to simplify the technical calculations
and to make them analytically tractable, but in fact we expect that the same intrinsic super-
conducting order parameter is realized also at low temperatures because it is always favored

195ee the Appendices for more details.
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by the Josephson coupling, and in the absence of Josephson coupling the different options
for the order parameter are nearly degenerate. With this assumption the only nonzero order
parameters are the ones which obey the same symmetries as the proximity induced order pa-
rameters.'! Therefore, 1, = 0 and 1,,, = 0 for m > 2. Morever, the proximity induced
order parameter couples only to the part of the v,; and 7,;; obeying time-reversal symmetry,
so that also 1/)‘/‘/ 0 and n‘;‘{ 0.!2 Therefore the free energy F, corresponding to each band
n=a,p,y can be written as the following'?

Fp = Fpo— 1Py — il + m¥ 7 2 +m" 7 12— k3797 n 7, (67)

where F, is a constant, r}* and r]* arise due to the Josephson coupling, m™ and m"* are the
Ginzburg-Landau coefficients for singlet and triplet order parameters (renormalized due to the
presence of induced order parameter), and K’lﬂ is the coupling between the singlet and triplet
order parameters which appears only because of the presence of the induced order parameter.
By minimizing the free energy we obtain

Kn9 nt+2mnt ns

T _ 1
’lpnl - mnsmnt . | Tllg|2 (68)
and - .
Tl T'LS +2mns n
07, = -1 1 (69)

4mnsmnt _ |Kn9|2

Because the magnitudes of the order parameters depend only on the ratios of the Ginzburg-
Landau coefficients, we expect that we can roughly estimate them with the following Fermi

surface integrals'*

d(K) - d,(k
T =2j dk[ay (102,(K) + ap (0], (K] ]AT 10, 7] —2J dk[ @, (0)]d,, (K)] + @, (K) A, (K) ] ————— 19 4, ¢ ),
£S FS |d,, (k)
1 (2, w4709 - d (k)
m'" = LS K e = a1 (K) = 4b, ()AL (2, 137 = st Ak @ (K) + 4byy (K) A )(k)lldT,

AZ(K) + |h, (W)

1
= f dk{[——anl(k)—aﬂ(k) ]|d(”)(k)|2
rs \L4kpTer o) 20080 1 A (10]d,, (01

A2(K) + [h, (k)2 } [d (1) - d, (k)2 }
hao(R) 208500 4 A (1, (01 1daGOR)

[ 4009 - 2,000
1 (1) = (1) (1), By (K) = by (] A ) + 1k ()] T + by (O] A1) — 1k (),

A2 (K) = g (K) = @ (K), by () = by ([ A (1) + 1d, ()| * = by (10[ 2,00 — I, (K| T,

tanh [BIE2, (191/2] 1B (09— 2tanh [ B1E2, (91/2] ~ B1E3, (9] tank? [ BIED, (19/2]
a9 == D (19 = ; ,
PENC) 32080, GO
i i(k)|—¢[hno(k)i aag ] +an00 18,0017 70)

Here the subscript FS indicates that the integrals are computed over the Fermi surfaces £,,(k) =0
of each band n (n = a,f3,y), T.s and T,, are the native critical temperatures of singlet and
triplet superconductivity in SroRuO, (for simplicity we assume that they are independent on
the band index n but this is not essential for our qualitative results), Er(l’ . (k) are the quasi-
particle energies at the Fermi surfaces, and h,q(k), h,,(k) and A,(k), d,(k) are the normal

11See the Appendices for more details.
125ee footnote 11.
13See footnote 11.
14See footnote 11.
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and superconducting parts of the self-energy induced by the Sr,IrO, to the different bands
discussed in Sec. 5. In order to be able to compute the coefficients 1/)“;71 and nnyl, we need to

fix also the coefficients ag';() and bg’,? in the expressions of A(ln)(k) and d(ln)(k) for each band
n = a,f,y. In principle they should be fixed so that the free energy is minimized. Thus, we
expect that the momentum dependence of A(ln)(k) and d(ln)(k) in each band n is determined by
the competition between the type of order parameter favoured by the intrinsic interactions and
the type of order parameter which has maximum overlap with the induced order parameter.
Since the full interacting model is not available, we cannot use these coefficients as variational
parameters but we have to fix them phenomenologically. Therefore, we will fix them so that
the overlap with the induced order parameter is maximized. Since the singlet [triplet] order
parameters A(ln)(k) and A, (k) [d(ln)(k) and d, (k)] transform in the same way in the symmetry
transformations gk (g € G), we can simply choose

A, (k) d,(k)
max{|A,(k)[}’ max{|d,(k)[}’

where we have normalized the basis functions by dividing the induced order parameters A, (k)
and d, (k) with their maximum values at the Fermi surfaces max{|A,(k)|} and max{|d,(k)|},
respectively. We point out that the normalization of the basis functions can be chosen arbitrar-
ily because it will be compensated in the values of ll)nyl and TTZ calculated from Egs. (68) and
(69). The advantage of our convention is that the parameters 1,[:;171 and 7);171 directly describe
the relevant energy scales of the intrinsic singlet and triplet order parameters. We also stress
that the exact expressions for the basis functions are not important as long as they will have
sufficiently large overlap with the induced order parameters.

We point out that although the absolute values of the Ginzburg-Landau coefficients are
incorrect due to the fact that we have computed the integrals only over the fermi surface, we
expect that their ratios will be approximately correct in the vicinity of the critical temperatures.
For example in the case of the standard BCS superconductivity using a free energy calculated
around the Fermi surface gives rise to a reasonably good agreement with the results obtained
with the full free energy if the temperature is reasonably close to the critical temperature.
Therefore, we expect that for our qualitative analysis (see below), where the exact quantitative
values of 1/),1‘671 and nnf]l are unimportant, this approach should be sufficient.

AP(K) = dM () = (71)

8 Topological phase diagram for the Sr,RuO,/Sr,IrO, heterostruc-
ture

We can now follow a similar approach as used above to study the phase diagram of the
SryRuQ,4/Sr,IrO,4 heterostructure. The basic idea is that once the temperature is lowered so
that it approaches the critical temperature of Sro,RuO, an intrinsic order parameter appears in
the Sr,RuO, layer breaking the protection of the semi-Dirac points. Therefore, this intrinsic
order parameter is expected to cause an opening of a gap at the semi-Dirac point or a splitting
transition similar to the ones studied in sections 2 and 6 depending on the nature of the in-
trinsic order parameter. We compute the intrinsic order parameter using the Ginzburg-Landau
theory derived in Sec. 7. Since this theory is valid only at finite temperatures we have to fix
the temperature so that T > T, T.,. In order to study the more relevant T — O limit we
would need to specify the full microscopic theory. However, we emphasize that the nature of
the order parameter is not expected to change dramatically as one lowers the temperature.
Therefore the intrinsic order parameter obtained at the finite temperature is representative
for all temperatures and the phase diagram which we obtain using this order parameter is ex-
pected to qualitatively represent the phase diagram at T = 0 limit. Due to the approximations
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Figure 10: Phase diagram for the two layer system in the presence of intrinsic order param-
eters in the t,,-ES as a function of T./T.,. The tight-binding parameters are described in
the text and the tunneling amplitudes are chosen to be A= B = —0.7, so that in the absence
of intrinsic order parameters the system supports semi-Dirac points in a and y bands. For
0.035 < T,,/T.; < 0.085 the system supports a Dirac phase, where each semi-Dirac point has
splitted into two Dirac points. For T,; < T, (the leftmost phase) the system supports topolog-
ically nontrivial mirror superconductivity with W-° = 1 and W}* = 1. For T,;/T,, > 0.085
the semi-Dirac point in the y band becomes gapped but Dirac points still exist in the a band.
If T,/ T., would be further increased also the Dirac points shown in the a band would even-
tually become gapped. Because the Ginzburg-Landau theory is valid only for T > T, T,; we
have computed the intrinsic order parameters at finite temperature T. However, we expect
that the nature of the intrinsic order parameters does not change dramatically as a function
of temperature. Therefore, we expect that the phase diagram will stay qualitatively similar if
the intrinsic order parameter is calculated in the limit T — O, but the locations of the phase
boundaries will change quantitatively. In the calculation of the intrinsic order parameter the
temperature is chosen to be kg T = 5-10"%¢t; and the triplet critical temperature T,, = 0.95T.

used in the derivation of the Ginzburg-Landau theory the predictions concerning the intrinsic
order parameter are not expected to be quantitatively correct anyway.

On the level of the approximations discussed above the phase diagram of the
SryRuQ,4/Sr,Ir0O,4 heterostructure therefore depends only on a single parameter T,/ T,, in ad-
dition to the parameters of the non-interacting model. We have extensively studied the phase
diagrams as a function T,,/T.,; by fixing the other parameters to different values. This way
we generically find that if the triplet instability is the dominating one T,, > T., we find split-
ting transitions of semi-Dirac points, whereas for dominating singlet instability T,, > T., the
semi-Dirac points become generically gapped by lowering the temperature. Additionally, if
T,.; > T, it is possible to find situations where additional merging transitions lead to an ap-
pearance of topologically nontrivial mirror superconductivity similarly as discussed in sections
2 and 6. An example of a phase diagram as a function of T,,/T.; demonstrating these different
possibilities is shown in Fig. 10 for a particular choice of other parameters.
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9 Summary and discussion

In the absence of constraints the semi-Dirac point can always be considered as a critical point
of a topological phase transition where two Dirac points meet and merge in the momentum
space. However, we have found that in a specific type of superconductor-metal heterostruc-
tures there naturally exists constraints which guarantee the topological stability of the semi-
Dirac points. Furthermore, we have proposed that this kind of stable semi-Dirac phases can be
realized if one of the layers in the heterostructure supports a large intraionic spin-orbit cou-
pling. These systems can also support topologically distinct semi-Dirac phases with varying
number of semi-Dirac points in the system. Therefore, it may be possible also to experimen-
tally observe merging transitions of semi-Dirac points in these systems. Finally, we have shown
that the protection of the semi-Dirac points can be broken in a controllable manner in a three-
layer heterostructure and alternatively the protection can also become intrinsically broken if
the metallic layer undergoes a transition to a superconducting state supporting an intrinsic or-
der parameter. In the unconstrained parameter space where the protection of the semi-Dirac
points is broken, these systems can support topologically distinct phases with various number
of Dirac points in the different bands. The merging transition of Dirac points at the mirror
lines can also lead to appearance of a topologically nontrivial mirror superconducting phase.
If the superconducting layers support a fully gapped superconducting phase, it is possible also
to obtain fully gapped topologically nontrivial phases in these heterostructures.

There are various experimental signatures of the topologically distinct phases and phase
transitions discussed in this manuscript. The existence of semi-Dirac points and the various
merging transitions shows up for example in the density of states of the system. In particular
the density of states D(E) o< +/E in the presence of semi-Dirac points whereas the Dirac points
lead to D(E) o< E. The density of states shows up in thermodynamic observables such as heat
capacity, and it can also be studied with the help of tunneling voltage-current characteristics
and ARPES. The different topological phases can also be probed with the help of surface states.
In particular, the Dirac points give rise to Majorana flat bands at the edge and the topologically
nontrivial mirror superconducting phases support helical Majorana edge modes.

There are also interesting directions for future research. The splitting-gapping transitions
appearing in the three layer structure can be induced dynamically by applying a voltage be-
tween the superconductors. We expect that this will lead to interesting signatures in the ac
Josephson effect of this system. On the other hand, the fact that the variation of the different
parameters of the model only moves the semi-Dirac points in the momentum space allows for
a possibility to design artificial gauge fields similarly as in the case of Weyl points [4]. In this
manuscript we have studied clean systems. However, we point out that the effects of disor-
der may be different in the system with protected semi-Dirac points in comparison to those
appearing at the critical points of the merging transitions [87,88]. From the viewpoint of phe-
nomenology we expect that the systems supporting semi-Dirac points will also share common
features also with their three dimensional analogues. A three dimensional analog of the semi-
Dirac dispersion (masless relativistic particle in one direction and nonrelativistic dispersion in
the other two directions) can take place in double Majorana-Weyl superconductors [89] and
double Weyl semimetals [90,91]. Furthermore, they can be stable in condensed matter sys-
tems because of the symmetries of the system [91]. The existence of such kind of fermions has
been speculated also in the particle physics context based on the assumption that special and
general relativity are emergent properties of the quantum vacuum and the Lorentz invariance
may be violated at very low energy [89]. Another 3D analog (massless relativistic particle in
two directions and nonrelativistic parabolic dispersion in the third direction) is the merging
point of two Weyl points with opposite chiralities [92-94].
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A Detailed description of the symmetries of the model

The symmetries of the system put strong constraints on the Hamiltonian. We will here con-
sider the invariance of the system under mirroring about the x-axis, %, : (x,y) — (x,—y),
mirroring about the y-axis, .#, : (x,y) — (—x,y), 90° rotation about the z-axis,
Z :(x,y) — (y,—x), and time reversal, 7.

In the basis C; x = (Cy,i k1 Cyzik | Cxzik1 Cxz,ik, Cxy,ik] ny,i,k,l)T: where i is a layer index
(i =1 for iridate and i = M for tog electron system), an operator O in the Hamiltonian can be
expressed in terms of a matrix O as

0= Cl0;K)Cjy. (72)
k
Invariance of the Hamiltonian under .#,, #,, %, and J means that
0;j(ky, ky) = M,0;(ky,—k, )M/,
Oij(kx: ky) = Myoij(_kxa ky)MT’
Oij(kX7 k_y) = Roij(k_y: _kx)R] )
Oij(kx: k_y) = @Oj}(—kx, _k_y)@T: (73)

respectively, where

; (74)

ioc, 0 0
M,=| 0 —ic, 0 |, (75)

0 e—inaz/4 0
R=| —eimo:/4 0 0 , (76)
O O _e—iTEO‘Z/4
ioy 0 0
e=( 0 io, 0 |. (77)
0 0 iay

A tunneling Hamiltonian between all states in the iridate layer and the t,, metal can be
expressed as

I/_I\IM = Z C’szIM(k)CM,k + h.C., (78)
k

where Cpy = (fiop ficy 8ip 8ip Py Piy)” = UsoCr - Here
i i 1

Uso=| 3% 739 0 (79)
i i 2
7% TYE%x ~/300
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diagonalizes the atomic spin-orbit coupling term in the Hamiltonian. Because the atomic spin-
orbit coupling in the iridate layer dominates all other terms, f, g and h orbitals describe the
eigenstates in the iridate layer. Moreover, g and h orbitals are fully occupied and the low-
energy theory for the iridate layer can be constructed using only the f orbitals. We can now
apply the constraints (73) to U;O Ty (k), which is expressed in the t,, basis. We find

Tim(ky, ky) = Ugo M, U;Lo Ty (ky, —ky)ML

Ty (ky, ky) = USOMyU;roTIM(_kx’ky)MT,

Ty (ky, ky) = USORU;OTIM(ky,_kx)RT,

T (ky, ky) = Uso®Ug, Trh (—ky, —k, )O". (80)

The tunneling matrices T¢ y;, Tf v, Tf x, corresponds to the first row of 2 x 2 matrices of Tjy;.
If we express the tunneling matrices as

T (k) = Tf 5 0(K)og + Ty (k) -0 (n=yz,x2,xy), (81)

it follows from the constraints (80) that

Tt yz0(K) = idpg(ky, k)
Tf,yz,y(k) = iJSS(kx: ky)
Tf,xz,o(k) = iJAS(ky: kx)
Tt vz,y (k) = —iJan(ky, ky)
Tt xy,0(K) = Kgg(ky, k)
Tt xy,y(K) = —Kgalk,, ky)

Tt yzx(K) = 1aa(ky, ky)
Tt ys:(K) = Jsalky, ky)

Tf ez (K) = —iJgs(ky, ki)
Tt vz 2(K) = —Jgalky, ky)
Tt vy x (k) = Kgalky, ky)

Tf,xy,z (k) = lKAA(kx: ky) (82)

Here the functions K and J are real and the subscript S (A) designates that the function is
symmetric (anti-symmetric) with respect to the corresponding momentum component. For
example Kg4(k,, k) means that Kg(—ky, k,) = Ksa(ky, k,) and Kga(ky,—k,) = —Kga(ky, k).

We also need the tunneling matrices T, (k) from the iridate f-orbitals to the n =: a, 3,y
bands in the t,,-ES. Therefore, we rewrite the tunneling Hamiltonian as

I/_I\IM = ZGZRTIM(k)CM,k-i_h'C’ (83)
k

where Cyrie = (oot Catol St Spcl Syt Eriel)T = Uo(K)Cirior Tran(K) = Ty (KU (), and
Uy(k) diagonalises the Hamiltonian of the t,4-ES,

| £.Ko, 0 0
Uk U= 0 Moy 0 | (84)
0 0 &0,

Uy (k) is in general not unique. However, the derivations can be simplified considerably if we
fix a particular convention for it. Therefore we fix the structure of Uy(k) to be

0 ua,yz(k) 0 u/j,yz(k) 0 uy,yz (k)
—uj;’yz (k) 0 —uz’yz (k) 0 —u; Ve (k) 0
. 0 Uy z(K) 0 Ug (k) 0 U, ., (K)
| — a,xz ,XZ Y,X2Z
GlO=1 s w0 0 w0 0 —w, () 0 (85)
ua,xy(k) 0 uﬂ,xy(k) 0 Uy xy (k) 0
0 ua,xy (k) 0 uﬁ,xy (k) 0 uy,xy (k)
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Here

0 —u; (&) 0 —u (k) u,,, & 0)

n,yz
and
(un’yz(k) 0 un,xz(k) 00 un’xy(k))T

for n = a, B,y are normalized eigenvectors of hy(k) with eigenvalue &,(k). Notice that we
have used here the fact that in an individual layer there exists both time-reversal and inversion
symmetries which guarantee that the eigenvalues are doubly degenerate. Moreover, we fix
Up (k) to be real and positive. With these conventions Uy (k) is unique. (This procedure is
not well-defined if u, ,, (k) = 0, but in these cases Uy(k) can be constructed using analytic
continuation.) By using that hy(k) satisfies (73) we find that

Ug (e, —ky) = MIUG (ky, ky ).,
Up(—ky, k) = MIUS (kg K, )M,
Ul(k,,—k,) =R'U(k,, k, )R,
Ul (—k,,—k,) = 0TU! (k,,k,)O". (86)
Here we have introduced matrices M s M s R and 6 in order to guarantee that the structure
of Uy(k) [Eq. (85)] stays invariant in the transformations. We find that these matrices can be

arbitrary block-diagonal matrices and Uy(k) still diagonalizes the Hamiltonian hy(k), but the
structure described in Eq. (85) is obeyed with a specific choice

o, 0 0 o, 0 O
=il 0 o, 0], My'zl 0O o, 0|,
0 0 o 0 0 oy
1[0 +io, 0 0 . o, 0 O
R'=— 0 Og+io, 0 , ©6,=—11 0 o, 0 ]. (87)
V2 0 0 Og+io, 0 0 o
By using Eq. (86) the invariance of T;); under ./#,,, My, Ry and T leads to
TIM(kx: k_y) = Uso M, U§o TIM(kxa —ky)ML
TIM(kx: ky) = USOM_)/ US'O TIM(_kX) ky )MT:
Tym(ky, ky) = UsoRUg o T (k. —k R,
TIM(kx’ ky) = USOeUsToT[*M(_kx7_ky)éT- (88)

By considering only the tunneling between the f-band and the a, § and y-bands in the t,,-ES,
Eq. (88) reduces to

Tn(kxyky) = O-yTn(kxa_ky)O-y: (89)
Tn(kx)ky) = O-xTn(_kx)ky)o-x} (90)
Og—10y, Ogt+ioy,
Tn kx:k = —Tn k >_kx - = > (91)
(kysky) 7 (k, ) 7
To(ky,ky) =0, Ty (—ky,—k,)oy, (92)
wheren=aq,f3,7.
From Egs. (89) and (90) it follows that T, is invariant under 2D inversion if
Tn(kx: ky) =0y Tn(_kx: _ky)Uz- (93)
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Similarly it follows from Egs. (89) and (91) that T, is invariant under mirroring about the
diagonal if

Tn(kx’ ky) = Md Tn(k_y; kx)Md’ (94)

where My = %(ax —0,).

The symmetries (92) and (93) are used in the main text to guarantee the stability of the
semi-Dirac points. The mirror symmetries (89) and (90) are needed to prove the existence of
topological mirror invariants. All these symmetries are also used to simplify the expressions
in the Ginzburg-Landau theory derived in Sec. C of this supplementary material.

B Microscopic analysis of the tunneling matrices

An explicit form for the tunneling matrices can be found by considering the dominating tun-
neling paths between two t,, layers on top of each other. The orientation and shape of the
tye orbitals are shown in Fig. 11(a). We assume lattice matched square lattices for the layers.
The hoppings between a yz orbital in the bottom layer to the t,, orbitals in the layer above
are shown in the left column of Fig. 11(b). The system is seen from above. Due to the orien-
tation of the lobes we see that the tunneling matrices from the yz orbital located at the two
dimensional position r in the bottom layer to the yz orbitals in the neighbouring sites in the
top layer are given by

(yz,t,r|H|yz, b,1) = —ty;”gz , (95)
(yz,t,r+de,|H|yz,b,r) = —t;g”’;z , (96)
(yz,t,r+de |H|yz,b,1) = t;ggvz , (97)

where t and b designates the top and bottom layer, respectively. We assume that the spin
is conserved in these hopping processes. Similar considerations show that there will be no
coupling between an yz orbital in the bottom layer to the nearest neighbour xy orbital in the
top layer, as well as to the next nearest neighbour xy orbitals along the y-direction in the
top layer. However, there will be a coupling to the next nearest xy orbitals above along the
x-direction, but these matrix elements come with opposite sign

(xy,t,r|H|yz,b,r) =0, (98)
(xy,t,rtde,|H|yz, b,1) = q:t;l;’”;z , (99)
xy,t,r+xde,|H|yz,b,r) =0. (100)

y

In a similar way we find that there are no coupling between a yz orbital in the bottom layer
and xz orbitals in the top layer up to next nearest neighbours.

To reduce the number of free parameters we will only keep the matrix elements of dom-
inating order for each pair of orbitals in the two layers. By similarly considering the xz and
xy orbitals in the bottom layer and the t,, orbitals in the top layer the tunneling part of the
Hamiltonian H,, takes the form

A __.th0 ¥ . thx T T )
th - Z I: t}’ZJZC}’Z,f,I‘CyZ’b’r txy,yz (ny,t,r+dex ny,t,r—dex C)’Z,byl‘
r

_¢thO (i _ptby (o .t
txz,xzcxz,t,rCXZ,byl‘ txy,xz (ny,t,r+dey ny,t,r—dey Cxz,b,r
_ +thx T T
tyz,xy ( yz,t,r+de, Cyz,t,r—dex) ny,b,l'
__4thy T T th,0 .1
txz,xy (sz,t,r+dey sz,t,r—dey) ny,b,l‘ + txy,xycxy,t,rcx}’,b,l‘] +hec. (101)
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Y2y —tyiye t;f;’zy
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tyzi,z 0

tb,y
% twy’mz

Figure 11: (a) The different t,, orbitals and their orientation. (b) The possible tunneling
paths between an orbital (thin lines) in the bottom layer to the nearest and and next nearest
orbitals (thick lines) in the layer above. Also the corresponding matrix elements are shown.
The orbitals are seen from above.

th,
th,x =t Y

Due to the assumption of a square lattice it is from Fig. 11 apparent that teyys = bxyz

thx _ .tby th,0 _ ,tb,0 . ;. thx _ .tbx :
tyrxy = Lezxy and tyyys = Lyzxg FOT simplicity we assume also that thaxy = Leyys but this

is not important for the qualitative results. After a Fourier transform the tunneling part of the
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Hamiltonian takes the form

A

— _ T 3 : il _ T . ; T
Hep = Z tL [ Cyz,t,kCyZ,b,k 12Bsin kxcxy,t,kCyZ,b,k sz,t,kcxz;b:k 12Bsin k}’cxy,t,kCXZ,b,k
k

i . . i . . 7
+Acxy,t,kcx)’,b,k i2Bsin kx Cyz,t,kcxy,b,k 12Bsin ky sz,t,kCXy,b,k] +he., (102)

where we have defined t| = t;l;:‘)),z and A= t;l)’;’?{y / t;i’f}z and B = t;l;”’;y / t;lgzg,z. Based on this
kind of simple analysis we can not say anything definite about the magnitude and the sign
of the parameters t |, A and B. However, since t; = t;’;”gz corresponds to hopping between
orbitals directly on top of each other with out of plane lobes, we expect this energy scale to be
dominating so that |A|, |B| < 1. Moreover, based on the nature of the tunneling paths shown
in Fig. 11 we expect A and B to be roughly of similar magnitude.

The tunneling matrices between the f orbitals in the bottom iridate layer and the t,,
orbitals in the top layer can be found by projecting the t,, operators for the bottom layer onto
the f-band

i i 1
Cyzbla = —ﬁay,a/jfk,ﬁa Cxzbka — Eax,aﬁfk,fa” Cxybka ﬁao,aﬁfk,ﬁ: (103)
where a and 3 are the spin and the pseudospin degree of freedom, respectively. The tunneling
matrices are then easily found to be

it

Ty (k) = 7% |:2B sink, 09— ay] s (104)
it .

T (k) = 7% [ZB sink, 0 + O'x] . (105)
t

Ty (K) = 7% [Ac +2B(sink, 0, —sink,o,)]. (106)

These tunneling matrices are used in the main text.
If the iridate layer is on the top of the t,, layer we use Eq. (102) and project the operators
for the top layer onto the f-band. This yields

1

Tf’yz(k) = 1/—% [—2[3 sink, 09— oy] ) (107)
Tra(k) = 17% [—2Bsin kyoo+ o, (108)
g t, - N

T oy (K) = ﬁ [Aao —2B(sink, 0, —sin kxay)] . (109)

These tunneling matrices are used in the main text in the case of the three-layer heterostruc-
ture, and we have denoted the parameters as f |, A and B to allow the possibility of different
magnitudes of the tunneling amplitudes to the top and bottom layers.

C Derivation of Ginzburg Landau theory for Sr,RuO, in the pres-
ence of induced order parameter

The intrinsic order parameters can be obtained by minimizing the free energy of the system

with respect to them. The total free energy consist of the term F; arising from the decoupling
interaction term (see below) and the free energy for the Bogoliubov quasiparticles

Fop =Y Fop(k)=—p71 > > In[2 cosh(BE,,(K)/2)]. (110)
k k m
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Here f3 is the inverse temperature, E,,(k) are the positive quasiparticle energies, and the mo-
mentum summation should be calculated over the Brillouin zone. For the sake of analytical
transparency, we will make several simplifying assumptions. First, we assume that the order
parameters for the different bands a, 3 and y can be computed independently of each other
i.e. we neglect the effects of the interband order parameters. Secondly, instead of computing
the Free energy of the full Brillouin zone we will calculate it only over the Fermi surfaces for
each of the bands i.e. over the lines £,(k) =0 (n = a, 8, 7). This approximation is reasonable
since we expect that the behavior of the free energy in the vicinity of the Fermi surface will
be qualitatively similar as elsewhere in the Brillouin zone and the intrinsic order parameter
will have the largest effect on Fy,(k) in the vicinity of the Fermi surface. Finally, we assume
that the overal magnitudes of the intrinsic order parameters in all bands satisfy f|d,z| < 1,
BlA Rl €1 (n=a,p,y), and the temperature is above the critical temperature of the super-
conducting instability in SroRuO,. We expect that these assumptions do not affect the results
qualitatively, so that all the qualitative results presented in the manuscript will remain similar
also in the parameter regimes where these assumptions are not satisfied.

In the vicinity of the Fermi surfaces &, (k) = 0 the BdG Hamiltonians can be written in the

form -
_(h@ A0
H“(k)‘(ﬁj;(k) —h,{(—k))’

where h,(k) = h,o(k)oy + h,(k) - G is the induced normal part arising due to the coupling to
the iridate, A, (k) = i{[A, (k) + Az (K)]oo+[d, (k) +d,z(k)]- Gloy, and A,(k) [Ar(k)] and
d, (k) [d,z(k)] are the induced [intrinsic] singlet and triplet order parameters, respectively.
Assuming that the self-energy arising due to the coupling to the iridate can be evaluated at
zero energy (which should be a reasonably good approximation close to the Fermi surface),
the induced terms in the Hamiltonian satisfy

(111)

L 5m )
oI + (1) & =~z 2 T T 00

L AW .
A9+ 8y(1)- & = 9= AT, (112)

where T, (k) is the tunneling matrix from iridate to the band n = a, 3, y in the ruthenate.
The free energy for the Bogoliubov quasiparticles over the Fermi surfaces (n = a, 3,7) can
be expressed as

Fopm = f dk Fyp (k) = —p f dk > In[2 cosh(BE,, (k)/2)], (113)
FS FS o=%
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where

f dkF(K) = J dkF(K),
Fs {KIE,(1)=0}

Ene(K) = 1/ |E% ()12 + €, (K),

] 2
B2, ()] = J [hno(k) + M] (8,00 £ d,(0[ T

|d,, (k)
d7(K) - d, (k)
|d,, (k)|

€ (1) = 2[ A, (K) % |d, (k)| AT, (1) +2[ |d, (1) £ A, (K) ]

nR(k) ' dn(k)
d, (]
N [ . A2(K) + [, (K)|? ]
o () 225 + A, (K)d, (k)
A2(K) + |, ()] [d7,(K) - d, ()]

:F

hao (k) 20 1+ A (K)|d, ()] 1da (P2

d4 (k) - d, (K)

|, ()]

+]AZ (K> £ 247 (k)

a7 (k)?

+]AX (K2 £2A% (k)

1, (1) L 1d,00] [d50) - d, (0
*[1 n(k)]'d OF=F5,0  [aap
MM o) o A0 xd,(K)

80 200+ az00 " 140

Here we have separated the intrinsic order parameters Ar(K) = AZR(k) + iAjLVR(k) and
dz(k)= (k)+ld =(K) to the contributions obeying [ A (k) ER, df{R(k) € R3] and breaking
[A{R(k) € R, d (k) e R>] the time-reversal symmetry. Using these expressions we obtain

(114)
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qu,n ~ FO,n _J dk Z [ana(k)ena(k) + bno(k)eig(k)}
FS

o=%

~ Fon —J dk{2[an1(k)An(k) + apa(K)|d,, () ] AT, (k)
FS

d7 (k) - d,(k
+ 2Ly, (01, (0] + () A ()] ) 4n 1)

14,0
7.(0) - d, ()
2 nR n
+an1(k)|A 9] "’2an(k)A (k)w
A (1) - d, ()
+ ap (KA (K + 2an2(k)AW(k)R|dnT
A2(K) + [, (]2
1K) + a5k L d7,(k)|?
+[a 1K) +a0( )hno(k)hnl(g).(%l(k)+An(k)|dn(k)|:|| r(K]
d, (1)
a0+ 2,000 2 5 1o
g 2509+, (0P [d7,(1) - d, ()12
Ca,
T o0 BAW | A (9)d, 00 1P
PN L] [d,r(K) - d,(K)]*
2N T 14, 00P
4 2@208,00 +ay 0,001 huo) 5 1 45609 ¥ 419
A, (K) 2 (K) + A2(k) |d, ()]
[d7,(1) - d,,(K) ] 7.(0) - d, (K)
2 n del) - (k)
e e L CIACEE et

(115)

where Fj,, does not depend on the intrinsic order parameters, a,;(k) = a,.(k) + a,_(k),
s (1) = (1) = @ (K), by (1) = by (W[ A,(10) + [d, (0] + b, (W[ A, (K) — 1d, ()| ],
bz (1) = by (O] A, () +1d(1)]]” = b, ([ A,(1) — |d,, ()] and

tanh [ B|E, (k)|/2]

4|EQ. (K)|
BIES, (k)| —2tanh [ B|ES, (K)|/2] — BIES, (k)| tanh® [ B|E, (K)|/2]
32|Ey. (k)3 '

an:l:(k) =

5

(116)

bn:l: (k) =

We can express the intrinsic singlet [triplet] order parameter with the help of basis functions
for irreducible representations Agr’ll)(k) [dgr’ll)(k)] (m=1,2,3...) as

AZR(k)zzwfmAgl)(k) A (k) = Zw‘;an%’P(k)

7 (k) = Znnmd(”)(k) d:4 (k) —Znnmd(”)(k) 117)

where wnm,wnm, nnm, nnm € R. The basis functions Ag’;)(k), dgg)(k) can be obtained by pro-
jecting the most general singlet and triplet order parameters into the irreducible representa-
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tions of the symmetry group G of the model. They can be written as

A(”)(k) = all)(cos k, —cosk,) + a(")[cos(Zk ) —cos(2k,)] + a(”)[cos(ka) cosk, —cos(2k, ) cosk, ]+ ..,
AP =al? + ..,

A(")(k) = a(';) sink, sink, +..,

Ai")(k) = af&) sink, sink, (cosk, —cosk,)+...,

d(ln)(k) = b(")(e sink, +e, sink, )+ b(”)(cos k, —cosk,)(e,sink, —e, sink,)+...,

d(")(k) = b(")(e sink, —e, sink, ) +.

d(”)(k) = b(")(e sink, —e, sink,) +.

d’(k) = b{)(e, sink, +e,sink,) +.

d(s’/?(k) b("le sink, +.

d(srg)(k) = bég)le sink, +. (118)

Each of these basis functions contains in general an infinite number of terms and transforms in
a specific way under the symmetry transformations gk (g € G). The coefficients a,(:]z € R and

bf:lz € R are in principle variational parameters (for each band n independently of the others),
and they should be chosen so that the free energy is minimized. Therefore, we have included
a superscript (n) in all basis functions indicating that these coefficients can be different in each
band n = a, 8, 7. As explained below the exact values of these coefficients are not important
for our qualitative results, and therefore in the end we will select the relevant coefficients
phenomenologically for each band so that the overlap between intrinsic and induced order
parameters is maximized.

This way we get (notice that n = a, 3, v denotes the band index and m = 1, 2, 3... describes
the basis functions)

qu, NFOn Z[rnswnm_i_r nnm]

n59 ns A ntg .9 I ntA N N
Z [ m m’ nm’ f w w m, m' Tm Mnm + m,m’ nnmnnm’:l
m,m’
T T N TN T N
o Z I:Knm,m’wnmnnm’ + Kn wnmnnm ]_ Z K:ln m’ MamMame (119)
m,m’ m,m’
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where

T = 2[ dk[ ap1 ()2, (K) + a2 (K)|d, () JAR (1),
FS

d{V(K) - d, (k)

M =2 LS Ak a1 (01, (0] + 4o () A, (1) | = =5 =

f = f dk[ @y (K) + 4b,y () JAD 1) AD (),
FS

fr —J dk a1 (ADAY(K),
FS

AZ(K) + |, (K)|?
7 — | dkq | ap(K) + a,n(k i -
mm .Ls {[a 110 ol )hno(kf‘“fg‘j'&;f“)+An(k)|dn(k)|
AZ(K) + [h, (1) ] [d(K) - d, ()] (K) - d,,(K)] }
oo (K) 2irat + A, (K)d, (k) |d, (k)2 ’
ntA _ |dn(k)| (n) . (n)
gt = | {9+ 0002 a00- P

1d, ()] [d(K) - d, (1017 (k) - d,(K)] }
AL (K) |d,,(K)[2 ’

}d&:}%k) 4"

¥ [4bn1(k)—an2(k)

—dp2 (k)

(n)
A7) - d, 1)

M) m >Z "~
K7 =2 f k| ara(k) + 4bra () JAT ()= =

(n) .
Kl =2 f dk a,5(K)AM (k) G 19 4, (k)

d, (K
TH s f 098,00 + (000 oK) 900 % (K0
T A (k) V2 00+ 8200 " |, (0]

(120)
By utilizing the symmetries (89)-(94), we obtain h,,(k) = d,,(k) =0,

Ap(Eky, ky) = Apky, ky ), Apky, £ky) = Ap(ky, ky), Ap(ky, ky) = —=An(ky, ky),
o (Fkye, ky) = dnye (ks ky ), die (ke £k ) = Fdpye (kys ky ), di(ky, ki) = diy (ks ky ),
dny (Fky, ky) = £dyy (ky, ky), dny(ky, £hy) = dy (kys ky ), dyy (ks ki) = diye (ks ky ),
hno(Fky, ky) = hyo(ky, ky ), hg(ky, £ky ) = huo(ky, ky ), Ruo(ky, ki) = hig (ki ky ),
s (ks ky ) = e (ks Ky )y By (ke £k ) = Fhy (ks ky ), e (ky s ki) = =iy (ke ky ),

hny(ikx: y)_:thny(kx: y) hny(kx::tk )_ ny(kx: y) hny(ky’k )__hnx(kxa y)
(121)

The basis functions in Eqgs. (118) have been chosen in such a way that they all behave dif-
ferently in these transformations. Moreover, we have ordered them so that A;(k) and d, (k)
behave similarly as A, (k) and d,,(k), respectively. Therefore, we can straightforwardly show
that

ns

—_ ns
o —5m,1r1 , T

nt
m

=&, (122)

By utilizing the transformations (121) and the corresponding transformations for the basis
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functions, we obtain

fmm/_ fnsy fnsﬂ 6mm’fn5JV fnt9:6 fnty fntJV 5 fntJV’
mm’ = 6mm mm’ K?n{n/ = 5”1”1 nm{n’ Knmgrr{ 0. (123)

The equation K“g " = 0 also directly follows from the transformation of the integrand k — —k
in Eq. (120). We have also fixed the relative ordermgs of the singlet and triplet basis functions

in a specific way in order to make sure that K o and K , are non-zero only if m = m’. Since
x"7  and K , are only nonvamshmg for m =m’, we w111 in the following simplify notation
m m

by renammg K 9m, and KHJ:; to K 7 and K ~ respectively.

Additionally the free energy contams also the term arising from the decoupling of the
interaction term

FI,H=Z[ W7 A7 +p ap Y (nnmnnernnmnnm)] (124)

m nms nmt

where g,,.,s and g,.,, describe the strengths of the effective attractive interactions in the singlet
and triplet channels, respectively. Their calculation would require the specification of the full
microscopic interaction model. However, the exact values of g,,,; and g,,,,, are not important
in the following.

This way we obtain

F, ~F0n+z [F7 . +F" ],

Fr?m = |: nswnl +r¥tn%]+(w m’nnm) (1/) m’nnm)T’
(wnm’nnm) nm(wnm’nnm) ’ (125)

where the stability matrices Mn’m are

M:? = (gnms fnsy ny/zg) A — (gnms fHSJV nﬂ/zw)
i m /2 gnmt fnt L m /2 gnmt fnt

Since the intrinsic order parameters are obtained by minimizing the free energy;, it is clear from
this expression that each pair of order parameters (wnm, nnm) and (wnm, nnm) respectively,
can be solved independently of each other. Furthermore, we can diagonalize the stability
matrices by introducing a change of variables

(126)

g _ ., TN 404 T(AN) TN
w()xnm 97 (AN) _ QWE),

sin@, Xims, . COS
TN TN
n‘zn(l”) = xnns )cos Qr‘?m(ﬂ) + Xnn”(LZ )sm Qngng'/‘/),

1 g -1 _ ntT(N) _ g_l nsT (AN)
sin07M = L nme — Jmm nms + Jmm ,
V2 \/(gnmt _ nty(m —gl + fnsy(m)z + (Knm9(aV))2
1 Kn?(ﬂ) _entI() 4 nsT (AN)
cos 99(”/) =———"T__ Same — fm nms -1 (127)
ng (A) TN TN TN g
V2 |7 \/(gnmf TN o1 4 g7y 4 (T
For these new variables y (‘1/8), which are the eigenmodes of the linearized gap equations and

describe specific linear combinations of singlet and triplet order parameters, the free energy
becomes

T 1.7 ny . 2 2
Fpm==0mn 1|:r11 Xn11 T 712 anz] mllxnmll + A mzlxnm2|
F(/V - '//lr1m1|%nm1|2 + '//tnmzlxnm2|2 (128)
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where the Josephson couplings ;¥ and r;7 for the eigenmodes y7, and y 7., respectively,
are

rif =r]sin Qrﬁ +r]* cos Qr‘z, ri4 =—r cos Qr‘z +r]sin Qr‘z (129)
and
- TN TN
9(,/V)_gnms fns ( )+gnmt fnt )
'/ﬂnml - 2
tT(N) _ T(N) T(N)\2
\/(gnmt - rgm nr}zs +f”5 ) ( ; )
2 J
- TN TN
%ﬂ;‘/):gnms fns ( )2 nmt fnt “
tﬂ(ﬂ) T(N) F(AN)\2
\/(gnmt n gnms +fns ) ( Z”l )
2 . (130)

The instability for the different eigenmodes (corresponding to the appearance of supercon-

ducting order parameters) appears when J[ﬂ{g becomes negative. In order to simplify the

theory, we assume that the temperature T is above all the critical temperatures for supercon-

ducting instability in SroRuO,4. This means that xg('ljg) =0form=2,y }1/1/1 =0 and x;ﬁ/z =0
ie.
me):OformZZ ng(“y)=0f0rm22,1/)ﬁ=0ﬂ’lﬁ=0> (131

and thus we only need to solve y7 -1 and anz determining 1,[1‘;71 and 77}171 for each band
n=a, f,y. By minimizing the free energy, we obtain

T rlf T rlg
Xn11 ™= 7 > Xni2a = 7 - (132)
! 2‘//4111 " 2'/ﬂn12
Thus
T T
w? _Xﬂ sin6 X COS@ KT nt (gnlt_ 1n§ ) 1
1= Xn11 12 s
" ! " 4(gnls 1n519 ( nlt_f1m9) |K1y|2
K’ilyr?s +2( nls nsg)r
T)nl Xnn cos 9n1 + anz s1n0 (133)

4(gnls nsﬂ (gnlt _flntg) nf7|2'

The effective interactions g,,;; and g,;, are related to the native critical temperatures for singlet

. and triplet T,, superconductivity (observed in the absence of induced superconductivity)
in SrzRuO4, respectively. In the framework of our approximations (where all the coefficients
are computed as if the contribution would only come from the Fermi surface) we can express
these relations as

1
-1 _ () (1,12
8nis — 4kBT J dk Aln (k) s
cs JFS
e dk [d™ (k)2 13
e = T d; ()|~ (134)
ct JFS
By denoting
mns:grjlls_ 1739’ m"™ _gnlt_ 1,159’ (135)

we arrive to the expressions used in the main text.
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