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Abstract

We compute exactly the von Neumann entanglement entropy of the eta-pairing states
- a large set of exact excited eigenstates of the Hubbard Hamiltonian. For the singlet
eta-pairing states the entropy scales with the logarithm of the spatial dimension of the
(smaller) partition. For the eta-pairing states with finite spin magnetization density, the
leading term can scale as the volume or as the area-times-log, depending on the momen-
tum space occupation of the Fermions with flipped spins. We also compute the correc-
tions to the leading scaling. In order to study the eigenstate thermalization hypothesis
(ETH), we also compute the entanglement Rényi entropies of such states and compare
them with the corresponding entropies of thermal density matrix in various ensembles.
Such states, which we find violate strong ETH, may provide a useful platform for a de-
tailed study of the time-dependence of the onset of thermalization due to perturbations
which violate the total pseudospin conservation.
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1 Introduction

The question of how equilibration and thermalization arise in isolated quantum (many-body)
systems led to the eigenstate thermalization hypothesis (ETH) [1-4]. ETH states that in the
thermodynamic limit, the eigenstate expectation value of a few-body operator in a typical
eigenstate of a many-body Hamiltonian at energy E is equal to the microcanonical average at
the mean energy per volume E/V. The two main interpretations of the ETH, the weak versus
strong ETH, state that almost all versus all the finite energy density eigenstates of a many-body
Hamiltonian appear thermal to all local measurements [5].

The ETH also has fundamental implications on quantum information-inspired quantities
that characterize the excited states. More specifically, the entanglement spectrum and the
resulting entanglement entropy have long become powerful diagnostics of topological order,
gapless or gapped nature of ground-states, and other properties [6]. One implication of the
ETH is that thermal states have volume law entanglement as opposed to area-type entangle-
ment entropy of the ground state and low-lying excited states of the system. The volume law
entanglement is then thought to return to an area law entanglement when/if the many-body
localization sets in [4].

Unfortunately, the paucity of exact results makes it difficult to test or demonstrate ETH
and its consequences in generic, non-integrable, many-body models in more than one space
dimension with realistic electron-electron interactions. Numerical studies are limited to the
very small system sizes imposed by the exact diagonalization. Motivated by the fact that a
class of exact excited eigenstates of the Hubbard model is known [7, 8], that the number of
such states is a exponentially large in volume [9], and that their energy density differs from the
ground state energy density by a finite amount, here we obtain the closed form exact expres-
sions for the entanglement spectrum, the von Neumann entanglement and Rényi entropies
of such states. The entanglement entropy for these states shows either a In(V') law, or a V
(volume) law, or even an area-times-log law, depending on the number and the momentum
space distribution of the flipped spins in the state. When their entropy is sub-extensive, such
states therefore clearly violate strong ETH. Even when the entropy scales with V, the pref-
actor is independent of the Hubbard U, and is not expected to correspond to the entropy in
the microcanonical average, which should be a non-trivial function of U. Despite being in
the middle of the full Hubbard spectrum, the pure spin singlet eta-pairing states, which show
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In(V') entanglement, are simultaneously the ground-states and the most excited states in their
specific quantum number sectors. Kantian et.al. proposed an interesting way to prepare the
eta-pairing state with cold atoms in optical lattice [10]. If successfully implemented, our re-
sults make a concrete prediction about the reduced density matrix of a small subsystem, and
the precise way that the remainder serves as a thermal bath.

The eta-pairing states with flipped spins are richer. They display either volume or
area-times-log entanglement, depending on the momentum space occupation of the flipped
Fermions. We find that even for the states with volume law entanglement, the entanglement
Rényi entropies do not match those of the thermal density matrix in the canonical ensemble.
They match the Rényi entropy of the thermal density matrix in a grand canonical ensemble,
but with additional constraints on the quantum numbers of the states.

2 The model

We consider the Fermionic Hubbard model on a hypercubic lattice in any dimension. The
Hamiltonian is H = T + V where

S NG, e ®
(rr’),o ro
V=U> ehentl iy, ®)

6;"0 is the Fermionic creation operator at a site r (belonging to the hypercubic lattice) and spin
projection o =7 or |. The total number of sites is M and the first sum is over the nearest
neighbor links.

The exact, 2N-particle, spin-singlet, normalized, eta-pairing eigenstate [7] of H that we
firstly focus on is

N
l¥n) = Cy (Z ei”‘l‘é:l@:T) |0), 3

r

where Cy = 4/ %, and 7 = (7, 7,..., ). This follows readily from the commutator of H
and )., ei"'ré:lé;'}; its energy is E,, . = (U —2u)N [7,8]. As shown by C.N. Yang [7], this state
is not the ground state of the Hubbard model for either U < 0. At half filing, u = U/2 and
the energy of this state vanishes. For repulsive U, the ground state at half filling is an anti-
ferromagnetic insulator [11] with negative energy per particle (see e.g. [12]). For attractive
U the ground states are an s-wave superconductor and a charge density wave [13], also with
negative energy per particle. At weak coupling (U < t) and near half filing, |4y) sits near
the middle of the energy spectrum. That is because the weakly perturbed filled Fermi sea with
momenta centered near k = 0 is near the bottom of the many-body band and with momenta
centered near k = 7 is near its top. In the Appendix we introduce a generalization of the
Hubbard model Eq[2] for which there exist similar eta-pairing eigenstates.

We partition the M sites into a group A with M, sites and a group B with My = M — M,
sites and compute the reduced density matrix p, by tracing all the degrees of freedom in the
group B. We then take the thermodynamic limit N — 0o, M — oo such that the boson filling
N/M — v ~ O(1). After this limit, we then take M4 > 1. The system A is therefore small
compared to B so that B can serve as its bath, but still large enough to allow scaling of its
entanglement entropy.
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3 Reduced density matrix

We now sketch the derivation of the reduced density matrix.! We use integration over the

contour ¢ encircling the origin in the complex z-plane counterclockwise to re-write the eta-
pairing state as:

dZ 1 2 elﬂ.’r l T
) = CuN! @ o —g e 2e ¢ uf|). @
¢ 2Tz
Terms in the sum ), ei”'réjlé:T commute, therefore we can write the exponential of the sum

as the product of the exponentials. Moreover since (6;16;})2 = 0 we see that the operator part

of Eq. 4 becomes [ [, (1 + zel™Te “' el ) |0). We then obtain:

Pa=Trg (|1Yn) Yy
_ M- N)'N'é dz1j€ dzy (1+312y)" UA22) o Sese™re) el

2mi [, 2mi (229)N ! 166110,) (04 €% Zrea® el (5)
122

|04) denotes the state with all sites in the region A empty. Only the same powers of z; and 2,
survive the contour integration. Expanding (1+2;2,)"? using binomial expansion, performing
the contour integration and eliminating the sum coming from the binomial expansion, gives
the entanglement spectrum:

! L))
A N_
A=§me;a= (M) :
N

We assumed M, < N. The states |k) are orthonormal eta-pairing states of the A side:

k
=1\ (Mp— k)t in-rat af
|k) = W (;6 Crl I‘T) |0A> (7)

A Vandermonde convolution confirms that Z]lf[:o Ax = 1. Similar result for a ferromagnetic
Heisenberg model appears in Ref. [14]. Ref. [15] also studies the n-pairing state, but uses
a different normalization; an expression for A; in which N appears only via N/M is quoted
in [16].

Eq. 6 shows that for each k, the eigenvalue of the density matrix is equal to the number
of ways to simultaneously place k pairs on M, sites and N — k pairs on Mz = M — M, sites,
divided by the number of ways to place N pairs onto M sites. The system is subject to the
constraint on no double pair occupancy. In the thermodynamic limit, the largest number of
configurations corresponds to the uniform particle density, i.e. A; should be very sharply
peaked about k,,, = M4(N/M).

In the limit of interest, we can use the Stirling formula n! ~ v27nne
large. Then,

6)

n(nn—1) where n is

1
B ®)
K

!We provide detailed derivations of our results in the Appendix, including an extension to the “generalized”
Hubbard model.
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where k = ¥(1 — v)M,. This form is valid as long as v is not infinitesimally close to O
or 1. Substituting the above Gaussian form into the von Neumann entanglement entropy
Sy = —Zfﬁo A In A, and replacing the discrete sum over k with an integral we obtain that
S, scales as the logarithm [15,16] of the number of sites in the region A:

S, = %(1+1n[27‘cv(1—v)MA]). ©)

The small value of S, seems to be in a contradiction with the ETH motivated expectation
that finite energy density excited states in the middle of the many-body spectrum should ther-
malize with the entanglement entropy scaling as the volume ( ~ M,). However, it is not, due to
the existence of additional pseudospin symmetry operators [8], and the eta-pairing states are
the only states in their symmetry sector. The existence of a global conserved pseudospin [7, 8]
is special to the Hubbard model, and the corresponding operator is [7, 8]

Jr==(JJ_+J )+ J (10)

N | =

where J, =3 ei”'réjléjT, J_=J,and J, = (N — M). Because Jj2 commutes with J,, the
state |y ) corresponds to the maximal eigenvalue of the J2, namely % (% + 1), independent
of N. Different members of this highest J = % multiplet have a different value of J, (hence
different particle number). Note that the spin singlet pairs in |v)) are not severed by the A—B
partition. If each state in this multiplet was equally likely, the entropy within this sector would
be the logarithm of the multiplicity of the multiplet. There are ~ M, states in the multiplet
which are accessible in the region with M, sites, hence S, ~ In M. The pre-factor % originates
from Eq. 8 being Gaussian distributed with the width ~ /M,.

The eta-pairing states have a natural generalization when J, acts on any fully polarized
states instead of the vacuum. This class of spin-flip eta-pairing states is:

N
y') = é};(Zel‘“egeg) & ()0), an
keZ

r

where ¢, (k) = \/LM > e ikTe, . The set & consists of any of the wavevectors in the 15t Bril-

louin zone. We denote the number of K’s in & by N,. We normalize these states by computing
ek =4/ %‘W, where clearly N + N, < M. For large M, there are ~ M2 x 2M~2 of such
eigenstates [9]. Although this is a very large number, the total number of states in the Hilbert
space is larger i.e. 4M. Thus the relative fraction of eta-pairing states vanishes as M — oo [9].
The eigenenergy of |1/)]{\}(}) is

Eyn = (U—zu)N+]§(ek—u), (12)

where €y are the energies of the kinetic term (i.e. in two dimensions €, = 2t(cosk, +cosk,)).
Consider first the states in Eq. 11 with N = 0; all such states can be easily constructed, as
they are non-interacting. For a given Ny, such fully spin polarized states are highest weight
spin states S, = S = % They also have J, = —J = %(Nk — M), i.e. they are lowest weight
pseudospin states.

The states in Eq. 11 are the J, = % (2N + Ny, — M) states of the J = %(M — Ny) pseudospin
multiplet and highest weight spin states S, =S = % Up to global spin SU(2) rotations — ob-
tained by repeated application of §, — the states of Eq. 11 are the only states with J +S = % If
there were others, we could lower their J, by applying J_ N-times until we got to J, = S— %M .
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From the definition of J, below Eq. 10, this is a state with 2 spin-1/2 Fermions and total spin
S - therefore fully spin polarized. The only such states are non-interacting.

The reduced density matrix p{ V= =Try (le{\}(}) (wl{\}(} I) can be computed using the Schmidt
decomposition of the Slater determinant part of Eq. 11,

N
[Teiwioy = [ [(vrmal+vI=7nb)0). (13)
ke m=1
Here
AT 1 1 ikr k)
=—— , (14)
& w—m@(% Pl )

A 1 1 iker o % N
b = —WTMZ(Z k ¢m”‘)) o )

and y,, and ¢,,(k) are respectively the eigenvalues and orthonormal eigenvectors of the Her-
mitian Ny X Nj matrix [17] Ty = 1\31 ZreAei(k_k/)'r with k and kK’ € &. The Fermion operators
in Egs. 14-15 obey {a Apy } {b } Omm > and, because they live in different regions
in real space, {&;, f)m/} =0.

Using Eq. 13, we can write

E[I0) = Y tfmyl{ma}) @ [{ms}), (16)

ke {mu}

where the sum is over all the different 2Vk ways to partition the Ny “orbitals” m into those
occupied by a'’s, denoted by the set {m,}, and the complementary set {mp} occupied by bTs.
If, for any given partition, there are N, “orbitals” in the set {m,}, then there are Ny — N4
“orbitals” in the set {my}. Here,

a{mA}Z( l_[\/ﬁ)( HM) 17)

me{my} me{mp}

The states in Eq. 16 are

[tma) =] Jailo),  lmg}) =] [b}l0). (18)

me{m,} me&{mg}

The reduced density matrix can again be calculated with the help of the contour integral rep-
resentation of W}{\}(})

Mp— (Nk—NA)
PR =TS a2 AN =, ma) (N - j, {my)
{mA} j=0
(MB_(Nk NA))( NA)
N
2k — ] J 19

| ()

where |N — j, {m,}) are orthonormal.
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The von Neumann entanglement entropy is then

Mp—(Nii—N,)
k_ 2 9k 2 4k
Sy = {Z:} Z(; a{mA}Aj In (a{mA}Aj). (20)
my J=

Using the Vandermonde convolution, we can write the above as

Mp—(Ny—Np)
k_ gk_ 2 ki, 7k
Sk=8k—>" > a2 A¥Inak 21)
{m,} j=0
where §X =-> (m} a%mA} In afmA} is the von Neumann entropy of the free Fermi gas. As

computed in Fig. 1 (for the two dimensional case) and as discussed by Lai and Yang [18], it
can result in either the volume or the area-times-log “law”, depending on which k-points are
occupied.

To analyze the second term in Eq. 21, we note that the sum over the partitions is sharply
peaked around N, ~ %MA, which is large in the limit of interest. Therefore, A? is peaked
about a large value of j and we can use Stirling’s approximation. Again, replacing the discrete
sum by an integral, we finally find

~ 1 1 %
Sk=Sk+—+—ln(27'cv(1— )M) 22
AT AT 9T 9 1-n /) 2 (22)
where v, = Ni /M. We see that the leading order scaling comes from the free Fermion part
(i.e. Sg), and the correction scales with the logarithm of the number of sites in the region A.
Logarithmically diverging subleading contribution was also argued for in Ref. [19] , but with
a different prefactor.

The Rényi entropy, SX’(H) = 1Tln In (TrApAX), can be computed for the states Eq. 11 using
similar techniques. In the same limit as before, we find
(n)
~ 1 In 1 v 1=
ghim —ghtm - B0 4“1y 27[1)(1 - ) Ay, |. (23)
2n—1 2 1— Yk 1— Yk
where §X’(") is the Rényi entropy of the free Fermi gas and
1 1
vgl) =— > — (24)

MA m (%—1)’14-1.

Note that vgl) = MLATrI‘ = ¥. The formulas Eq. 22 and Eq. 23 are therefore identical as n — 1.
Again, the leading scaling comes from the free Fermi part and the correction scales as ~ In M,.

In the context of the ETH, it is interesting to ask whether the entanglement entropy density
— be it von Neumann or Rényi — for the above mentioned exact eigenstates of the Hubbard

model match the entropy density for the thermal density matrix p,, = e " CETRUST with
H being the Hubbard Hamiltonian. We included ,ugl’z) to separately control the average value
of Ny and N. If the trace of g, is to be performed over all the states in the Hilbert space of the
Hubbard model, then they should not match, because Trj,;, should depend on the interaction
U while pjxk} is U-independent. However, if the trace is restricted to states of the type Eq. 11,
and the distribution of the occupied k states results in the “volume” law (see Fig.1), then the
first (leading) term in Eq. 23, indeed matches the “thermal” Rényi entropies computed in the
grand canonical ensemble:

n 1 n 0
Sin = —1_nzln(fk +(1—£J"), (25)
k
- : 26
fie= ebBlex—i) 4+ 1° (26)
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Figure 1: Upper panel: SX computed from Eq. 21 for three different distributions in the Brillouin
zone: a Fermi sea distribution (a), a regular pattern with a small random offset (b) and a fully
random distribution (c). The distributions are shown as an inset of the lower panel, each black
pixel being an occupied state. The system has M = 256 x 256 sites with N, = 16384 particles
and N = 2048 pairs. The region A is a square of perimeter L. We actually show S}\‘/ L and
we have rescaled the values obtain for (a) by a factor of 10. The lines are the free Fermi gas
entropies S}Af. Note that the distribution (b) has a crossover between area law (for small L)
and LInL (for large L). Lower panel: Difference between S}“ and the von Neumann entropy of
the free system §§ as a function of L for the three distributions. The dashed line is the analytic
difference given by Eq. 22.

syWm, | sU/m
0.560261 | 0.562334
0.468519 | 0.470002
0.412948 | 0.413339
0.379767 | 0.379486
0.359168 | 0.358576

sy, | st /m
0.345661 | 0.344944
0.336312 | 0.335553
0.329527 | 0.328758
0.324403 | 0.323636
0 | 0.320407 | 0.319645

gua b~ wWNRRS
= O 0N Q=S

Table 1: Rényi entropies per unit of volume. The second column is the Rényi entropy per unit
of volume computed for a 16 x 16 patch using the same system than in Fig. 1 and the random
distribution (c). The third column is the thermal Rényi entropy per unit of volume evaluated
using the fitted parameters of  and (.

provided the values of 8 and {1 are selected so that ), €} = X €1fi and Ny = > fi. For
the k-distribution shown in Fig. 1, the comparison is shown in the Table 1. We note in passing
that if the thermal Rényi entropy density is computed in the canonical ensemble, they do not
match SX’(H)/MA for n > 1.
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4 Conclusion

In conclusion, we have obtained the exact closed-form expression for the entanglement spec-
trum of exact many-body excited eigenstates of the Hubbard model. Despite being exact ex-
cited eigenstates with finite energy density above the ground state, these states violate strong
ETH. This is either because their entanglement entropy is sub-extensive or because it is inter-
action independent. Nevertheless, despite an exponentially large number of these states [9],
the fraction of these state in the Hilbert space vanishes in the thermodynamic limit. As such,
they may provide a useful starting point for studying the onset of thermalization due to per-
turbations which violate the total pseudospin conservation.
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Appendix

In this Appendix, we provide detailed derivations of our results discussed in the main article.
We also discusses extensions to the “generalized” Hubbard model and to a larger class of spin-
flip eta-pairing states.

A Hubbard Hamiltonian and SO(4) symmetry

In this section, we introduce the extended Hubbard model and its symmetries. We consider a
Hamiltonian

A=1+7, @27)
where the kinetic energy T is
= (en—m)E,é,) (28)
k,o

while the potential energy is a density-density "shifted" interaction:
Vs =U D el prbeeprtl ey (29)
r

The case considered in the main text of the paper is f = 0, but for now we keep a generic f3.
For notation simplicity, bold symbols (such as r or f3) represent vectors in the d-dimensional
space. We also define the shifted momentum

A 1 AT A AT A
pP= Z (k— EG) (C:(TCkT + ClLlel) (30)

k

where G is a given vector on the lattice, to be determined later.

9
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A.1 Spin symmetry

An extension of the usual SU(2) spin symmetry exists in Eq. 27. We define the operator:

Ca= D brrarll, = D ™ eel, 31)
r k
We have
(85,8l =D (ehen —el &) (32)
r

Using [5 0> [8 ];, f J1= 28 ¢ we find that any of the f » operators and the §, "spin" operator can
form a SU(2) algebra:

CL=8:+i8,, &=2 > (Ehen—el&) (33)
r

S, clearly commutes with H and for any a we have [fa, 1= [fa,ﬁ] =0 For @ = p, the fﬁ
operators also commutes with the density density part of the Hamiltonian:

[5/5,‘7/5]20 (34)
é’ﬁ, f;,ﬁz form an SU(2) spin algebra.
A.2 71 symmetry
We now define an 1} operator:
g = Z e e a1l = Z e “ylaiq (35)
r k
with an algebra:
[l el = D (el + 8] 6)—M (36)
r

where M is the total number of sites in the problem. The general commutation relation
[y [ﬁg,ﬁa]] = 21)44y—¢ means that any of the 7, operators and the number of particle
operator form an SU(2) algebra:

A SN | At A At oa 1
Ng =Jx +iJy, J,= 5 E (cr'Tcl.T +&6n)— EM (37)
r

with the usual [J,,J y]= iJ,, relations of the SU(2) algebra. This algebra is true for any a.
The 1), f o Operators commute, forming an SU(2) x SU(2) algebra

[Ma> Cal = [}, Cal =[], L1 =[C,5.1=0 (38)
For any G, we have [1),, P] = 0. We now check the general conditions when 17, has interesting
commutation relations with the Hamiltonian. For the kinetic term of the Hamiltonian we find:

(g, T1= €™t iy (ex + €1+ 200) (39)
k

For any (ey + €g_x) independent of k the right hand side is just 1),. For the nearest neighbor
(or any "odd" neighbor) hopping where € = 2t Y. cos(k;) and hence

i=x,Y,...

G=m (40)

10
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where 7t is a d-dimensional vector with all components equal to . In that case, we have
[M g, T1= 2u7,. However, only 7 p (i.e. for @ = 5) commutes with the potential part \A/ﬁ from
Eq. 29:

[Mp, Vpl=Unp (41)
Hence:

(g, H]=(2u+U)ip (42)
We now have proved that 7, ﬁ;,jz and 5,3, Z:'}j, $, form and SU(2) x SU(2) symmetry gener-
ators that inter-commute. 7)g also has a nice commutation with the Hamiltonian H. In fact,
we can shift uy = —U/2 and have 1) commute with the Hamiltonian T+ \7,5.

B Explicit eigenfunctions of H

The spectrum of H can be placed in eigenvalues of J2,J,,8%, 8, H,P. We will now write
down a large number of exact eigenstates. Out of J,, S, we can make two (linearly dependent
operators) quantum numbers, Ny = > éjTérT and N, =Y éjlér L

a _NT+Nl_M n _NT_Nl

ST T
The numbers of T and | spins are independently conserved and will be used to interchangeably
denote states.

(43)

B.1 Set of eigenstates

First consider the eigenstates of the Hamiltonian for which the number N, of T particles is zero.
For these states, the interaction do not appear and we have N| = Ny noninteracting fermions,
each with their momenta:

‘\p“‘} = [k ook ) = [ el G0 [0) (44)
kes

where & consists of any set of N, wavevectors in the 15 Brillouin zone. The energy and
momentum of these states is:

E‘\ng> = lgg €k — MNk (45)
‘\P{k} Z k— %Nkn mod 27 (46)
ke

We can see that these states have:

n,;‘qf” =0, gﬁ.\p“‘} =0,

J, gl =tk .\Il{k}> 8, (w9 ) =~ o) 47)
and hence these are the lowest weight states of a multiplet:
K ot k

[, ) = Ry [wld) 48)

with N1 =0,...,M — Ny, N, = 0,...,Ny. These states have the quantum numbers under
A,P,J,,8, respectlvely

Ny—M N,
BN,

+ N.
5 p) (49)

E —( —lU)N P
‘\Zﬁ?) w 5 1> ‘Wéko}y
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M ) for a total of

This is a large number of states: the different & configurations are ( N
l

MM
> ( N, )(M—Nl+1)(Nl+1). (50)

Nl:O

The state in Eq. 11 of the main text, is the N; = N,N, = 0, Ny = N| representative of Eq. 48
and was first introduced by C. N. Yang in Ref. [7].

In Ref. [7], C.N. Yang built the one state |[N7, 0, 0) of the set Eq. 48, the so-called eta-pairing
states. He then proceeded to building another set of states, ﬁ’l\; ﬁ(‘x |0) which he then proved

\pl{\/liNz >

and hence not a new state. CN Yang’s state |a) = 7| [0), V a # B has the J,,S, quantum
numbers J, |a) = # la), §,|a)=0. It belongs to a multiplet |N3,N4, a> = (ﬁL)N3(€;j Wa | a)

were also eigenstates of the Hamiltonian. This state is, however, linearly dependent on

where and N3 =0,...,M —2 and N, = —1,0, 1 (the notation is (8"3 )yl = fﬁ). By direct calcu-
lation we find that the lowest weight states |0,—1, @) are (an energy —2u) linear combination
of the states ’\IIIEII?N) =0,0;k, m —k) of Eq. 48:

Epla) = e P-Dkel(K)E] (k) [0) (51)
k

This in fact had to be so because we will now prove that the states Eq. 48 are the only states
(and their n and ¢ ) in the J + S = M /2 sector. Since |N3,N4, a) also have J +S = M /2, they
must hence be a linear combination of the states in Eq. 48 .

B.2 Completeness

The states in Eq. 48 have J, S quantum numbers that satisfy the relation J +S = M /2: given a
configuration of momenta &, they have the same .J, S quantum numbers Eq. 47 as their lowest
weight counterparts Eq. 44, which immediately satisfy the aforementioned identity. We now
prove that all the states with J +S = M /2 are part of multiplets where the lowest (and highest)
weight states are noninteracting. In other words, the set of states in Eq. 48 saturate the Hilbert
space of quantum numbers J +S = M /2 (irrespective of J,, S,, P)

Pick any states |J, S, J,, S,, P) in the Hilbert space of the Hubbard model, with J+S = M /2.
We can always apply the 7)g, 4 p lowering operators the appropriate amount of times to
bring this state to the lowest weight of both SU(2) ® SU(2): |J,S,J, =—J,S, =—S,P). For
this last state, we have J, + S, = —(J + S) = —M/2. Eq. 43 relates the quantum num-
bers to the number of T,| particles existent in the system. It is then trivial to see that the
states |J,S,J, =—J,S, =—S,P) has N; = 0 (without any restriction on N). Since only N|
particles are present, there is no Hubbard U interaction, and all the lowest weight states
|J,S,J, =—J,S,=—S,P) (J +S = M/2) can be labeled by the momenta of the | particle,
as in Eq. 44. No other states can exist in these quantum number sectors.

B.3 Norm of the

{1
YN N, > states

To fully define the states, we compute their norm. We first present a method which will be
used extensively in the calculations in this section. First, we note that we can write a Kronecker
6-function using contour integration as

dz 1

O = —
i c 2mi g+l

z™ (52)
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where the contour C encircles the or1g1n in the complex z-plane counterclockwise. Using this
and the commutation relations &' Cr € 0 we re-write the states:

Tl r’+[5T’ r+[3T] -

o0

{k} | dzl dzz 1 1 1 int/ ot At ny
‘\IJNl,Nz = N1 IN,! §§ 271 270 4 N1+1 ZN2+1 Z nll(zlge rl’ r’+[5T)

n;=0
<>, 2 2l )"
ny:

nz—O

im aT At A af
— NN dzl dZZ 1 1 ezl > e””cr',lcr,erezzzrcrchm \Il{k}
1:4%2¢ 271 27i 4 N1+1 ZN2+1 0,0

2

dz; dzy 1
= Ny IN! §§ 270 271 N1+1 N2+1 l_[(1+zle r’l r’+[5T)

A k
X l_[(l +chrlcr+m) ‘\p{ }

¥50)

dzl de 1 in- rﬂ A {k}
= N;IN,! j(§ i omiy N1+1 N2+1 l_[(l +z1e"7C 8 r+m+22crlcr+m).\y (53)

The product over r is taken over all lattice sites. We are now in a position to calculate the norm.

Using the fact that \I/(EIB}> contains only Ny b- particles, and with the help of the identity

AT A .
el =1+ (e* — 1)l &y, (54)

we find

K} o™\ NN I dz, dz, dzs dz, 1 1 1 1
<\I:N, N,I\IJ > N{IN,IN;IN,! Tio o 2 T N2+1 v
%1 2

z;'
{k’}
<\IIN’ N

k
| |(1 +21236 € +2224Crlcrl)“1’{ } (55)
r

The integrand can be massaged

K} M [ (K} log(1+22421% )¢l &, {k}
<qu, N, el af: >_ (1+2,25) <\1/0,0 e T )b \1;0,0>
r
’ 1+292,
— (1 +2,2)" <\Il{k} Mo 2 ey q,ék0}>
1 1+2924 N, K
= (1 +2,25)M %215 M <\I’({),o} 00!
= (14 2123)" ™M (1 4 292,)"6 5 (56)

and provides the first Kronecker delta function of the momenta configurations & and Z’.
Simple integration then provides for:

<\1/{k}| ol >: N !N /(M — Ny ) !Ny !
N{,N;' “Ni.N, (Nx—N3)!(M — Ny —N;)!

N16N2/,N269/,g (57)

C Entanglement spectrum of ‘\IIIE,IE}N) states

The entanglement spectrum of the states ‘\I’zirlj}NJ can be analytically computed for f = 0. We
sketch this calculation in the current section. The strategy to diagonalized the reduced density

13
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matrix will be to first perform the Schmidt decomposition of the non-interacting lowest weight

states ‘\I/({)ko}> In this basis, we then form the states ‘\IJEI}NJ and apply techniques similar to

those of Eq. 53 and Eq. 57 to diagonalize the density matrix. In all our calculations, we will
assume that a partition of the space of M sites has been performed in an A and B parts.

C.1 Schmidt decomposition of

{k}
)
The strategy for performing a Schmidt decomposition of a non-interacting state

‘\Il({)f‘o}> = [ lkes éiii |0) into A (left) and B (right) regions is well known and has been first

presented by Peschel in Ref. [17]. We build and diagonalize the one-body density matrix of
the A side:

1 et
e =37 2, and Y Ruedn(K) =190, ke 2
reA kKeF

where we normalize our complete basis: Y . 5 ¢ (K)* ¢ (K) = 6,y Any eigenvalues which
are 0,1 and their respective eigenstates are discarded. Using this complete basis we want to
build eigenstates with support fully in either region A or B. If for any v,, # 0, 1, we rescale

1

=— ikrg, (K), r€A 58
Prm(r) mméf Pm(k), TE (58)

and ,
Pu(1) = ————= > "¢, (K), reB (59)

m\’ 1_Ymk€9

we have found normalized operators in the A and B side of the system:

Z¢:n(r)¢m’(r) = Ml Z (qu(k)*(j)m,(k)ze—i(k—k’)-r)
reA Y oA

myxkeF
1 .
== > $uk) ¢
mxkeF

= ¢y (K) =8 (60)

keg

And similarly for the B region.
We are now ready to Schmidt decompose the state. As ¢,,(k) is a unitary transformation
(keep all the v,,,’s, even if 0, 1), we perform the canonical transformation:

&=, om0 (61)

keZ

which keep the state ’\I/({)ko}> invariant:

‘@“) =1 10) (62)

14


https://scipost.org
https://scipost.org/SciPostPhys.3.6.043

Scil SciPost Phys. 3, 043 (2017)

We now separate 6; into orthogonal left and right second quantized operators:

&= buc!(K)

kegZ

=3 2 2" 600

reA+BkeZ

= VT D b + V170 > ()]
reA

reB

= VTma ++/1—y,b! (63)

Where a,, = D s @m(1)ér, by = Docp Pm(r)é; are canonical fermionic operators with support
exclusively on the left and right hand side respectively. Hence:

“P§5}> = | [(Wrmal,+ vVT=rnb)10) (64)
m=1

No T fermions are present in the state. The many-body Schmidt decomposition of the state
can be decomposed in sectors that contain N, particles in the A side and Ny — N, particles on
the B side. Each N, sector on the A side can be obtained by filling a set of {m,} single-particle
eigenstates m. Written like this, the state is easily decomposed in

“I’éﬁ)}> = Dy Hmy{mal) ® [{mz}),
(65)

where the sum is over all the different 2V ways to partition the Ny |-“orbitals” m
into those occupied by a'’s, denoted by the set {m,} - for the N, particle state
{m,}) = l_[me{mA} ajn|0), and the complementary set {m} occupied by b'’s for the Ny, — N;-
particle state [{mp}) =] ] ?);lo). Here

me{mg}
Uy =( [1 \/Ym)( [ «ﬂ—m) (66)
me{m,} me{mg}
The entanglement entropy is then
Zaz log a? =Zy logy,, +(1—1v,,)log(1—1v,,) (67)
i {my} {mu} —~ m m m m
my

For the below, it is important to remember that N, is a good quantum number of the decom-
position.

C.2 Entanglement spectrum of all the ‘\IJIE,I?N) states for § =0

Having obtained an A/B decomposition of the states ‘\Iféko} >, we now obtain the decomposition

for the full states \IIIEIII}NZ) We start by building a new orthonormal basis for the A and B

sides away from the lowest weight limit. We build the 7} and 4 operators on the A and B sides
respectively:
AT inral af A A AT
Mg = Z € b CA/B = Z CrCppo (68)
reA/B reA/B
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Using the Schmidt decomposition of left and right parts in ‘\Péko}> Eq. 65, we define the eta-

pairing states of the A and B sides:

Iny, g, {ma}) = ()" (£3)" {ma}) (69)

Using the same steps as in Eq. 57, it is easy to prove orthonormality of |ny, ny, {mu}):

< { }| { }> dZ3 dZ4 dZZ dzl 1 1 1 1
n 7n 5 ny, Ny, 1m 7 7
P2 L2t nl'nz'nl'n2 2mi 27i 27i 27 ;11“ 222“ 2;11“ g2t

1
}|l_[(1 +2,4,¢ l)l_[(l +29€ i"'r/&rlér/l)

r'eA
X l_[(]. +Z3elnr A::/;l r//) l_[ (1 +Z4br”/ar///) |{mA}>
rNEA rllleA
B 1 é}% dzs dzgs dzydz; 1 1 1 1
nyny!nf Ins)! 2mi 27 27 2mi Zgﬁl Z;lz“ Z;’IH ZT’ZH
miH [ ]+ 2024 6y + 2omaéy &) 1Hmad) (70)

reA

We have followed the same steps as in Eq. 57. The manipulations of the operators inside
the expectation value so far do not depend on the states as long as the left and right states do
not contain any 7 particles, which the states [{m,}) satisfy. Using then the identical steps as
below Eq. 57 we have:

( o { / }| { }) d23 d24 de le 1 1 1 1

n.,n m Ny, Ny, 1My _—2___T__ 2

1> Moo Uity > 1825 nllnzlnlln/ | 271 271 271 2711 Z:r))11+1 ZZZ+1 Zn’l+1 zn’2+1
2 1

x (1+ zng)MA_NA(l + 2426)NA5{mg},{mA}

M,—N, N
= 5{m1'q},{mA}5n1,n’15n2,n’2( Anl A )( Tl? )(nll)z(nzl)z (71)

We now can find, using the normalized ‘\If,ﬁ,l:}NJ we find (the limits in the sum are obvious,
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for example in binomial coefficients, etc ):

{k} {k}
Tra "I’leN2> <\PN1,N2

1 le dZZ dZ3 dZ4 1 1 1 1
M — Ny Ny 27i 27i 27 27w 211\’1“ z’z\’zﬂ 213\’1“ 22’2“
Ny N,

M,—N, N 1
2 A A A n n 2 : N3 N4 Ns _nNg
" Z o Z ( m )( L) )(2123) (%) ng!n4!n5!n6!zl %2 %3 %4

{myu} n,ny N3,Ny4,MN5,N6

x (A5 [{mp}) ({mp} (Ep)e (ip)"s

3 1 ) M,—N, \[ N, 1 1
_ ( T )( N ) Z i fhzn:z( ! )( ny )((Nl —np)1)? (N2 —np)h)?

Nl Nz {mA}
x (AN (N2 | {mg}) ({mp} ()22 (g )™

_ 1 2 Mp—Ny Ny My — (N —Ny)
_(M_Nk)(Nk)Za{mA}anl:z( n )(”2)( Ni—my )

{mu}
Ny N,
N, —N
X( Nk_ 4 )|N1_n1;N2_n2,{mB}) (Ny —ny, Ny —ny, {mg}| (72)
21y

where |[N; —nq, N, —ny, {mg}) is a normalized state of Ny — N, — N, + n, + N; —n; | particles
and N; —n; + N, —n, T particles on the B-side. The limits in the summations over n;,n,
are implicit from the binomial formulas. The above expression gives the exact entanglement
spectrum. By Vandermonde identity, one can check that the trace of the density matrix is unity.
With the exact entanglement spectrum, it straightforward to obtain the expression of the Von
Neumann entanglement entropy

Sll: - Z a%mA} log (a%mA}) + Z afmA} Z )Llftl,nz log (Al’il:nz) (73)

{my} {myu} 1,1y

( My —Ny )( Ny )( My — (Nic—Ny) )( Ny — Ny )
Ak = m o Ny —my Ny —n,
1,2 M — Ny Ny
N, N,
Note that for Ny = N and N, = 0, Egs. 73 and 74 reduce to Egs. 21 and 19 in the main
text.

where

(74)

D Thermodynamic limit and scaling

In this section, we give a detailed derivation of the entropy formula in the thermodynamic
limit discussed in the main text. For sake of simplicity, we will focus on the case where N; = N
and N, = 0.
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D.1 Von Neumann entropy in the thermodynamic limit

The factor | (.} a? |, inEq. 73 is peaked about Ny~ %Nk which is large. Therefore, My—N,

{ma}
in AI;’O is large, and so is M — Ny, — (M, — N,). This forces the peak of AI;,O to appear at large
n. Thus we can use the Stirling’s approximation, which gives

1 1

LSRN e 2 (1 max)’ (75)
i 27K
N N M
_ (1 _ ) (1 A~ )(MA Ny 76)
M—N.JM—N, M —Ny
Mp—Ny [e'e) dn 1
A Ik |~ ™2 Mma)” I (—e—%("—”max)z) = 77)
Z —oo V2TK V21K
1
= —3 (1+In(27K)) (78)
So,
—Z Z o2, Ina? | +Z Z o2, 2 L +m@m)
Np {m,} Ny {my}

1

~ 2 2 1
N2 D ah, g, + 2 (1+In(2mxy; ) (79)

Ny {my}
where
N N M,—Yan, M
Kyn: = (1 - ) 1— — M2 (M, — ANy, (80)
A M—N.) M—N, M —N, M

and using that ). (my) a%mA} is sharply peaked about Ny ~ %Nk and that %(1 +In(27k)) is a
smooth function of N,.
Define the density of pairs and the density of k’s (magnetization density) as

y=— and "N = — 81
[v; k= (81)
then
v My
KN;_V(l_l—vk)(l_ﬁ)MA, (82)

which gives

S};N—ZZOL lna{m} ;(1+ln(2nv(1—1 4 )(1—%)MA)) (83)

— Y
Ny {my} k

as given in the main text.

D.2 On why there must be a single peak in )’ (ma} a{m yasa function N,

Start from the saddle point equations (without the Gaussian correction, this does not change
the existence of the peak):

Za{ g R —(Na+ ) Inzo+ 2K In(1=y+207m) — p@(Ny) (84)

{ma}
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where z; is defined by the implicit equation

Ny+1

2, (85)
’ Z (1~ m) + 207 m
Note that #(N,) depends on N, both explicitly AND implicitly through the dependence of z,
on Ny.

Then,

d®(N,) 1 dzg N Z — Ym dz, 86)

=1 Ns+1
dN, nzo— (N )OdNA 207 AN,

= —].nZO (87)

because the last two terms cancel due to the saddle point equation. Therefore, the extrema
occur when zy = 1.

If we understand the dependence of z;, on N,, we understand how many extrema there
are in ® and therefore in Y (my} a%mA}. But, we will now show that z,(N,) is a monotonically
increasing function of its argument. First, note that we can solve the saddle point equation
by taking z, — 0, which makes the right-hand-side vanish, therefore z, = 0 is the solution

for Ny = —1. Similarly, for z; — o0, the right-hand-side gives Ny, therefore, z, — oo for
N, = Ny — 1. Now we have the two limiting cases: z,(—1) = 0 and z,(Ny, — 1) — o0, and at
these two points de ( 49W4) - 0 and dq)(NA) < 0, respectively.

Now, take the der1vat1ve of both sides of the saddle point equation with respect to N,. We
get,

N,
B 1 222 dN,
=1 (Z_O(l_Ym)"i'Ym) 0
leading to
2
dzo _ % >0 (89)

dNy4 Ne  _ ymU=ym)
i (%(1_Ym)+)/m)2

because 0 < y,, < 1. This proves that z,(N,) is monotonically increasing from O to oo as N,
goes from —1 to Ny — 1. Therefore, there is a single value of N, at which z, = 1, which is

d®(N,) d<I>(N ) d®(N,) . _
dNAA | _ 1 >0and dNAA O < 0, the value N, at which zy =1

where = 0. Since

is the maximum of ®.
How sharp is the maximum? Denote the value of N, which maximizes & by N;. As shown
above,

zo(Ny) =1. (90)
Thus,
. N,—N;)? d%®
Z a? | ~ e exp (Na —Ny) (91)
{mu} 2 dN*Z
{mu} A
But,
d2<1>(NA) _ _i dZO __ 20 (92)
dN? 2gdNy SN tnllorw)
m=1 (Zlo(l_}/m)'H/m)
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Evaluating this at N gives

d?® 1 1
0> 2~ Th = TIT — TrT2

M 1
R " e wﬁ(N—) 93)

MuNi (1— 52— 5%) k

where
1 N
g = 52 ¢ 0 94)
reA

is the one-body density matrix already introduced in Eq. 58. Therefore,

i N, —N* 2
Sla2 net™exp _(Na=Na)
{ma}

~ 0(1 5
2 oM, ),p (1) (95)
my

The width of the peak is therefore of order /Ny. Therefore, as long as N; > 1, the peak is
sharp.
But we can actually determine the value of N;. Indeed going back to the saddle point
equation, we must have
Ni
Ni+1= >y, =TT (96)

m=1

Since the trace of the one-body density matrix satisfies

TrT= Y T = 3N (97)
k
we get,
My
N} = AN, 98
A= Nk (98)

leading in the thermodynamic limit to the formula

(99)

2 1 (Ny—TrT)?
Z Xm,y} eXP| — o o oy
4 V2r(Tr T —TrI2) 2(Tr I —TrI'2)

{mu}
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