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Abstract

We consider the problem of coupling Galilean-invariant quantum field theories to a fixed
spacetime. We propose that to do so, one couples to Newton-Cartan geometry and in ad-
dition imposes a one-form shift symmetry. This additional symmetry imposes invariance
under Galilean boosts, and its Ward identity equates particle number and momentum
currents. We show that Newton-Cartan geometry subject to the shift symmetry arises
in null reductions of Lorentzian manifolds, and so our proposal is realized for theories
which are holographically dual to quantum gravity on Schrodinger spacetimes. We use
this null reduction to efficiently form tensorial invariants under the boost and particle
number symmetries. We also explore the coupling of Schrédinger-invariant field the-
ories to spacetime, which we argue necessitates the Newton-Cartan analogue of Weyl
invariance.
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1 Introduction

Consider coupling a relativistic field theory to a curved background spacetime M. The reasons
for doing so are manifold. The partition function of the theory on M as a functional of the
spacetime metric g and other background fields, Z[g; M ], efficiently encodes a host of local
and non-local data about the theory. To wit, correlation functions of the stress tensor follow
from the functional variation of Z, and the Ward identities for the stress tensor from the invari-
ance of the partition function under reparameterizations of coordinates. Z may instead have
an anomalous variation under reparameterizations, in which case one can deduce the various
local and discrete anomalies from the variation. And, of course, coupling to a background
spacetime prepares the way for coupling the theory to dynamical gravity, provided that it does
not suffer from gravitational anomalies.

Remarkably, almost all of the things we take for granted about coupling relativistic field
theory to M are ill-understood when it comes to non-relativistic field theory, and in particular
Galilean-invariant field theory. Part of the problem is that there are many ways to couple to
M if one does not have an underlying Lorentz invariance. Recall that in the relativistic set-
ting, there is more or less a unique way of putting a theory on M given special relativity and
the equivalence principle. The Minkowski metric appearing in flat space field theory is just a
particular example of the more general case where we endow M with a (pseudo)-Riemannian
metric, to which we couple the theory in such a way as to be invariant under reparameteri-
zations of the coordinates. To our knowledge, there has yet to be a corresponding recipe for
coupling Galilean-invariant field theory to M. That is, there is no fully covariant prescription
in terms of a geometric structure to which one couples whilst maintaining particular symme-
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tries under which Z is invariant.!

The role of anomalous symmetries in non-relativistic field theory is rather murky for this
reason. After all, one must first specify the symmetries in order to classify the potential anoma-
lies of a field theory. But this is tantamount to deducing the correct and covariant couplings
to a background spacetime and gauge fields, which is the very thing that is not understood.

In a nutshell, the particle number symmetry is the culprit responsible for this difficulty.
Recall that a non-relativistic free field is invariant under a U(1) global symmetry which acts
projectively on the field. The corresponding conserved charge M is often called mass or particle
number. A non-relativistic free field is then invariant not under the Galilean algebra, but under
its central extension known as the Bargmann algebra with M the central charge. (In a slight
abuse of nomenclature, we will henceforth refer to a theory invariant under the Bargmann
algebra as being “Galilean invariant.”) Unlike an ordinary conserved charge Q, however, M
appears on the right-hand-side of a commutator. The bracket of momenta P; and Galilean
boosts K; is

So the particle number symmetry is intimately related to the spacetime symmetries. Now
consider a Galilean-invariant field theory, which necessarily has a conserved particle number
current J* to which we may couple a background gauge field A,,. Imagine also coupling the
theory to spacetime. One would reasonably expect that the commutator (1.1) rears its head
in the local symmetries, via interrelations between A,, and the rest of the spacetime geometry.
In this sense, A, should not be an ordinary U(1) connection.

Son has been progressively solving this problem, beginning with a paper with Wingate in
2005 [3] and continuing into the present [4—-6]. The end result of this work is a non-relativistic
notion of “general covariance,” which enumerates a list of tensors to which one couples a
Galilean-invariant theory when putting it on M, along with the transformation properties of
these tensors under coordinate reparameterization. Recently, Son has observed [5] that these
tensors constitute the defining data of Newton-Cartan geometry (see e.g. [7]). Regrettably,
this “general covariance” suffers from the fact that it is not entirely covariant. In the state of
the art [6], the transformation laws of all of the tensors can be formulated in a coordinate-
independent way, with the exception of the transformation of the gauge field A,.

Nevertheless this approach is on the right track. It satisfies a number of a priori require-
ments, perhaps the most crucial of which is that this collection of background fields and sym-
metries is realized holographically. By this, we mean in the sense of holographic duality, in
which certain quantum field theories are dual to quantum gravity in a higher number of di-
mensions. There are consistent string theory realizations of so-called Schrédinger hologra-
phy [4,8-10], in which a Galilean-invariant field theory is dual to string theory on an asymp-
totically Schrodinger spacetime. Already in a paper [4] that initiated Schrédinger holography;,
Son showed that his “general covariance” is realized in this setting.

Inspired by Son’s work, we seek to deduce the correct coupling to spacetime in a com-
pletely covariant way. Our approach is somewhat experimental: we make a proposal in Sub-
section 2.3, which we then subject to a number of tests. The essence of our proposal is that one
should couple to the data of a Newton-Cartan structure whilst maintaining a one-form shift
symmetry, which is known in the Newton-Cartan literature as invariance under Milne boosts.
These boosts are absent in Son’s construction. Gauge-fixing this shift symmetry leads to Son’s
formalism, as we explain in Subsection 2.7.

Two brief comments are in order. First, the situation is much better understood for non-relativistic theories
without Galilean boosts, albeit only recently [1,2]. Second, there is a significant body of work on coupling Galilean
theories to spacetime. Much of that work was groundbreaking, but each element in that set suffers from at least
one of the two deficiencies mentioned in the main text. See Section 2 for details.
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Perhaps the strongest check of our proposal comes in Section 3. We find that Newton-
Cartan geometry and the shift symmetry automatically arise in the reduction of Lorentzian
manifolds in one higher dimension along a null isometry. This is exactly the boundary geom-
etry that appears in stringy holographic duals of Galilean-invariant field theories, and so our
proposal is realized holographically.

In Section 4, we extend our proposal to account for the symmetries of scale-invariant
Galilean field theories coupled to spacetime. These are the Galilean versions of conformal
field theories, and the scale symmetry is specified by a dynamical critical exponent z. We
remind the reader that at the particular value z = 2, the Galilean conformal symmetry is en-
hanced to the Schrdédinger group. Our proposal is that Galilean CFTs are invariant under a
“Weyl” rescaling of the Newton-Cartan data, wherein z encodes the relative scaling of the time
and space data. Our proposal satisfies a number of checks as we describe there.

Finally in Section 5 we revisit the definition of symmetry currents and the stress tensor of
the field theory, and the Ward identities obeyed by them. Our discussion strongly parallels that
of [6]. These are conjugate to the Newton-Cartan data (n,, h*”,v#,A,) — the energy current is
conjugate to n,, the spatial stress tensor to h*”, the momentum current to v*, and the particle
number current to A,. Exploiting the invariance of the generating functional W under the
various symmetries, we then compute the Ward identities for the one-point functions of these
currents. The U(1) gauge invariance implies that the number current is conserved, the shift
symmetry establishes the folklore result that equates momentum and number currents,? and
reparamaterization invariance computes the non-conservation of the energy current and stress
tensor in terms of the other data. We also use the shift symmetry to efficiently simplify the
Ward identities as in (5.21).

We conclude in Section 6. Since this article is fairly lengthy, we present a summary of
our results along with a discussion of open questions that are naturally raised by our analysis.
Various technical results on Newton-Cartan geometry are relegated to the Appendix.

2 Coupling to spacetime

This Section is a composition of three major themes. The first is a review of some prerequisite
material on Newton-Cartan geometry, the second a statement of our proposal for coupling
Galilean-invariant theories to spacetime, and the third a sequence of sanity checks on said
proposal. At the end of the Section, we make two excursions, one on Galilean-invariant Wilson
lines, and another on the realization of our construction in terms of frame fields and the spin
connection on the tangent bundle.

2.1 A lightning review of Newton-Cartan geometry

We begin with a discussion of Newton-Cartan (NC) geometry. Since this subject is rather
foreign to the average high energy or condensed matter theorist, our review here will be self-
contained. In preparing this review, we found the works [7,12-15] to be especially helpful
and recommend them to the interested reader. Throughout, we will quote the results from a
number of calculations whose details may be found in Appendix A.

2As an aside, one can add disordered sources in a way consistent with this shift symmetry, so that the relation
P! = J' can hold even in impure systems (this is in contrast with commonly and reasonably held beliefs about
this equality, as found in e.g. [11]). For example a random potential V(¥)|¥|? is Milne-invariant. That being said,
the shift symmetry is rather delicate insofar as it is broken by generic higher-derivative interactions, which are not
necessarily suppressed by factors of the inverse speed of light. Thus, even in the non-relativistic limit, we expect
Milne invariance to only be a low-energy symmetry in real-world systems.
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First things first, consider a d-dimensional, orientable manifold M to which we will couple
our favorite Galilean-invariant field theory. We proceed by equipping this manifold with a
nowhere-vanishing one-form n, and a twice-contravariant symmetric tensor h*”. The latter
is semi-positive-definite with rank d — 1, satisfying h*”n,, = 0. Roughly speaking, n,, defines
a local time direction and h*” gives an inverse metric on spatial slices. Together, (M, n,, h*”)
defines a Galilei structure. In virtually all of the NC literature, n,, is taken to be a closed one-
form, dn = 0. However, as emphasized in [1,2,6], n,, should be understood as a source which
couples to the energy current of quantum field theories coupled to NC geometry, and so it is
expedient to not restrict its derivative. In fact, restricting n to be closed may lead to a number
of misleading conclusions about NC geometry, as we will see below.

The only reference we are aware of which investigated NC geometry with dn # 0 in any
detail is [16], which has a great deal of overlap with the results obtained below. Their results
agree with ours upon translation, and we refer the reader there for further reading.

Next, we would like to define a covariant derivative, which acts on e.g. a (1, 1) tensor ¥*,
as

D", =03,3 ) + 17,57, —T7 %, . 2.1)

In analogy with Riemannian geometry, one natural possibility would be to define a torsionless
derivative under which the Galilei data (n,,h"") is constant. This does not work for two
reasons: (i.) when n, has a nonzero exterior derivative, dn # 0, we cannot simultaneously
maintain both torsionlessness and the constancy of n,, and (ii.) even when dn = O, the
resulting derivative is only determined up to a two-form F,,,.

One criterion that leads to a unique choice of the derivative is the following. We introduce a
two-form F,, along with a nowhere-vanishing velocity vector v* satisfying v#n,, = 1. Together
with the Galilei data, the velocity algebraically defines a twice-covariant symmetric tensor h,,,
(which we caution is not the inverse of the non-invertible tensor h*”) satisfying

h,,v'=0, huph”p = PJ = 5; —v'n,. (2.2)

With this data in hand, we demand that the covariant derivative keeps (n,,,h"”) constant and
that the torsion is purely temporal. By this, we mean that the torsion T#,, = T*,, —T#,,
satisfies h,;T7,, = 0.3 Then the derivative is still ambiguous up to a two-form, which we
take to be F,,,. The end result is that the connection and its torsion are (see Appendix A.1 for
details)

1
™, =v"d,n,+ Eh‘“’ (8hpo + Bphye — Bphtyy ) + hH4O N, F

2.3)
T“wO =yH (apnv — avnp) ,
where we denote (anti-)symmetrization with (square) round brackets,
Al — 1 (A% + A™) Alwv] — 1 (AF” —A™H) . (2.4)
2 ’ 2

It is easy to check that I'*,, transforms as a connection under coordinate reparameterizations.
It also does not take too much work to derive the identity

FI“’ = —ZhP[MDv]Vp , (25)

from which it follows that the geodesic acceleration v* = v*D,v* and curl D*v” — D*v* of the
velocity are given by
v =—F* v’ DMy’ —D'WH=FM", (2.6)

3In this work we exclusively consider Newton-Cartan geometry with vanishing spatial torsion. However there
is no technical obstruction to restoring it, as may be appropriate for the study of elastic media with dislocations.
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where we have raised the indices on F,, and D,, with h*?, i.e. D" = h*”D,,. So the two-form
ambiguity in the derivative precisely corresponds to the anti-symmetric part of the derivative
of v¥.

Before going on, we observe that the term with F,, in (2.3) amounts to a tensorial redefi-
nition of the connection I'. As a result, it is a convention to include it in the definition of the
covariant derivative.

As a byproduct of defining the velocity vector and so h,,,, we obtain a local expression for
the volume form on M. First, we define the rank d tensor and its determinant

Yuy =nyny, +hy,, y =det(yyy)- 2.7)
Then the volume form is
1
vol(M) = aeulm“ddx“l Ao Adxtd, €uyoptg = VY €pyopig > (2.8)
where €, . is the fully antisymmetric tensor density with €y; 4—; = +1. In simpler terms,

the volume form is just d%x /7.
The curvature of the derivative is defined in the usual way, through

RY, e =0

pr“m—aorﬂvp +F”apFam—F“aoFaw. (2.9)

When dn = 0, one can further restrict the connection I' to be Newtonian, which means that
one demands that the curvature satisfies

R,y =0, (2.10)

where the third index is raised with h*” (see e.g. [12]). In ordinary Riemannian geometry,
this is a symmetry of the curvature provided that we raise the third index with the inverse
Riemannian metric. However, since the underlying geometry here is not Riemannian, (2.10)
is a non-trivial constraint on the connection. One can straightforwardly obtain

1

RW¥(,PLoy = ZhP* P (dF) pyap » (dF)yvp = 8,F,p + 8,F 5, + 0, F

=3 ' Fus (2.11)

where we have assumed that n is closed. Thus, when dn = 0, the Newtonian condition is
equivalent to the constraint that F is closed, dF = 0, in which case it may be represented
locally through a U(1) connection F = dA. We have not found a suitable generalization of the
Newtonian condition when dn # 0. So we will make our own definition, which amounts to
the choice which retains dF = 0. This condition is cumbersome and unenlightening, and so
we relegate it to Appendix A.2. In Section 3 we will see that a Newton-Cartan structure with a
Newtonian connection in this sense emerges from the null reduction of Lorentzian manifolds,
and so is a natural definition after all.

How should we think of F,,,? We remind the reader that Galilean invariance in flat space
is tied up with spacetime symmetries. Here, we find a U(1) connection whose field strength is
naturally twisted into the gravitational connection I'. So it is not unreasonable that A, should
be understood as the U(1) connection which couples to the particle number current. We will
soon provide evidence that this is the case.

In summary, a Newton-Cartan structure with a Newtonian connection is a quintuple
(M, n,,h*",v#,A,)), which admits a covariant derivative defined through the torsionful con-
nection (2.3). In a slight abuse of terminology, we will refer to this ensemble as a Newton-
Cartan structure, and drop the reference to Newtonian connections.
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2.2 Milne boosts

In order to define the covariant derivative in the previous Subsection, we introduced the ve-
locity vector v* normalized such that v#n, = 1. This introduction is not unique. We could
define another velocity vector (v/)* which still satisfies (v/)#n,, = 1 via

(VI =y 4+ Ry, (2.12a)

Correspondingly, we redefine hW so that the relations (2.2) continue to hold, which fixes

(W)yy = hyp — (nupf + n,,P[j) Y, +n,n,hP% 4 (2.12b)

Let us take n,, to be closed for the moment. There is a unique additive redefinition of A,
which together with (2.12a) and (2.12b) leaves the connection I in (2.3) invariant. It is

1
ANy =Ay+Pipy— oy Pi iy (2.12¢)

When n, is not closed, the story is slightly more complicated, as we explain below. In the
Newton-Cartan literature (see e.g. [14]), the redefinitions (2.12) are known as Milne boosts.
Note that these transformations mix the geometric data v with the connection A,,. Moreover,
the Milne boosts only depend on the transverse part of ¢,,.

Before seeing what happens to the Milne boosts when dn is nonzero, let us first make a
comment about how we should regard the Milne boosts. If we couple a field theory with a
U(1) global symmetry to the Newton-Cartan data (n,,h"”,v*,A,), we can of course do so
in a way that respects coordinate reparameterizations and U(1) gauge invariance, but not
the Milne boosts. It is a further choice not contained in Newton-Cartan geometry to impose
invariance under the boosts. This point is sometimes worded unclearly or incorrectly in the
Newton-Cartan literature, as in [14,15].

Now let us not restrict n,, to be closed. Denoting the additive variation of an object under
the Milne boosts with a A, we find that the connection I' in (2.3) varies as

,LI)Z
Awl—va = htO {(a[pnv]Pg + 3[O.HV]PS + 8[Unp]P:j‘) I,L’a + 7 (nva[p No1 + N, 8[vna]) (2.13)
1 1
+ nva[p (AwAU] —Pg]ll)a + Ena]lﬂz) +Tlp a[v (Aon‘] — Pg]’(,ba + Ena]lpz)} .

At dn =0 (2.12¢) is indeed the unique redefinition of Ay which leaves I invariant. However,
no such redefinition exists when dn # 0. That is, the variation of T is
¢2
ATPFMW) = hto {(8[pnv]Pg + a[gn,,]Pg + B[Unp]Ps‘)Q/)a + 7 (nvﬁ[png] + npa[vna])} .

(2.14)
We can ameliorate this problem by redefining I' with terms that explicitly involve the U(1)
connection rather than its field strength. To be precise, we define

(FA)Mvp = F'uvp + hte (—Aga[pnv] +Av8[pna] +Ap8[,,na])
u 1 uo (2.15)
=Vy 8pnv + Eh (av(hA)pa + ap (hA)va - ao(hA)vp) 5
where in the last line we have simplified the connection by defining the Milne-invariant (but

not U(1)-invariant) objects

vi =vE—h"A,,  (ha)uy=hyy+ A+ 1A, (2.16)

7
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The connection I, is invariant under Milne boosts (2.12), but it has a nonzero variation under
U(1) gauge transformations 6,4, = 9, A,

ST yp =hH7 {—=8,A 1y + B,A BN + By A By} - (2.17)

So we can choose for the covariant derivative to be either U(1)-invariant or boost-invariant,
but not both simultaneously.

At this stage, it may strike the reader as strange to consider a redefinition which gener-
ally changes the covariant derivative or makes the derivative non-invariant under U(1) gauge
transformations. Nevertheless we will provide evidence that imposing invariance under Milne
boosts amounts to imposing Galilean boost invariance, and we will thereby find much fruit.

2.3 The proposal

We are now in a position to precisely state our proposal. Given a Galilean-invariant field theory,
it should be coupled to a Newton-Cartan structure (n,,, i*”,v#,A,) in such a way that the action
is invariant under coordinate reparameterizations, U(1) gauge transformations, and the Milne
boosts (2.12). Correspondingly, the generating functional W of correlation functions (where
we take W = —iln Z for Z the partition function) is an invariant functional of the Newton-
Cartan data W = W[n,,h"”, v, A, ].

Later in Section 5, we will define various currents through variations of W with respect
to the Newton-Cartan data. The invariance of W under reparameterizations, &c, will thereby
lead to Ward identities which we compute there.

2.4 Relation to the Galilean algebra

Having made our proposal, we now perform a sequence of basic sanity checks on it. The first
is to verify that the global symmetries of the flat Newton-Cartan structure on R? are generated
by the Galilean algebra. This computation was originally performed in [13]. We reproduce it
here, and extend it to deduce the global symmetries of a Galilean CFT in Subsection 4.2.

Consider an infinitesimal coordinate reparameterization &", Milne boost v,,, and U(1)
gauge transformation A, which we collectively notate as y = (&, ,,A). The infinitesimal
variation 6, of the Newton-Cartan data (n,, h"”,v*,A,,) under the transformation y is given
by

6,mn, =8, = 5”8vnu +n,0,87,
6, h"” = §:ht" = EP O, h*Y —hH7 3, &Y —h7 75, &+,

o,V =8+, =&YV =3, + R,
6,A,=8:Au+P,+N=C8"0A, +A, 0,8+ P Y, + A,

(2.18)

where $; is the Lie derivative along &". These transformations generate an algebra with
_ — (gB i : o
[6,,,6,,]1 = 6}([12], where y; = (&, “,Ai) and x[1p] is the commutator of variations,

21 = (& Flz]’ 1/)52], A[12)) and is given in terms of the individual variations as
Eio = 96,85 = £10,85 —£30,E1,
w[12]2$ 1/)2_$ wlzgva ,(/)2+1/)28 gv_gva wl_wla gv (2.19)
u &1t &2 7 p 17 u y U1 27V Ty you=20 .
A12) = $, Ao — 8¢, A = E1 9Ny — E59, 1, -
The flat Newton-Cartan structure on RY is given by*

n,dx*=dx°, h"9,®0,=60,®08;,, v*3,=8,, A=0, (2.20)

4Any background with a constant v* 0,=0,+ v, and A = 0 is related to this one by a Milne boost and U(1)
gauge transformation.
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where we have labeled the coordinates as (x°, x') fori = 1,...,d—1. The global symmetries of
the flat structure are generated by those infinitesimal transformations K such that d vanishes
when acting on (2.20). After some straightforward computation we find that the most general
such K in d > 1 is a linear combination of,

H =(—8,,0,0), P, =(—0,,0,0), (2.21a)
R;; = (x/9,—x'3;,0,0), K; = (—x°3,—dx', x1), (2.21b)
M =(0,0,1). (2.21¢0)

We compute the algebra of these generators via (2.19), from which we find
[RijRi] = 8"Ry = 8" Ry + 8" Ry = 87" Ry
[Ri;, P]=6"P;— &P,  [Ry,K]=6"K;—8"K;, (2.22)
[P,K;]=—6"M, [H,K;]=—P;,

with all other commutators vanishing. Note that M is central. This is of course the Gailiean
algebra expressed in terms of anti-Hermitian generators. To obtain a Hermitian basis, one
could redefine all of the generators by a factor of —i, which would have the effect of redefining
the right-hand-side of each commutator by a factor of i.

(2.21) and (2.22) are the first successes of our proposal. It is worthwhile to examine
how the various parts of our proposal were required in order to get (2.21) and (2.22). First,
if we did not impose invariance under Milne boosts, then it is easy to show that the global
symmetries would have instead been generated by the subalgebra spanned by {H, P;,R;;, M}.
Second, if we did not demand the Newtonian condition (effectively F = dA), then there would
be no U(1) connection A, no invariance under U(1) gauge transformations, and so no cen-
tral extension M. Moreover, (2.21) and (2.22) implicitly support our identification of A, as
the connection which couples to particle number. The generator M in (2.21), which we inde-
pendently understand as the particle number charge operator, generates constant phases for
quantum fields charged under the U(1). So M is exactly the conserved charge for the current
which couples to A,,.

2.5 Galilean free fields

Our next sanity check is to show that the simplest Galilean-invariant theory, that of a free
charged field (a scalar or fermion), can be coupled to Newton-Cartan geometry in an invariant
way. Consider the free-field action

P N 5U .
Sfrec =Jddx{é(\IJ'DO\IJ—(DO\I/‘)\IJ)—f-ﬁDi\I"Dj\I/}, (2.23)

where W couples to A, with charge m, i.e. its covariant derivative is given by
D,¥ = 3,¥ —imA,¥. We will henceforth shorthand \IJ"L(B)H\I/ = \Il'rDu\I! - (D“\IIT)\I/. Note
that m appears as the charge fields carry under particle number. If one has a system in which
all fields carry charge m, then one can rescale the gauge field as mA,, = Au so that all fields
have charge 1.

The natural covariant generalization of (2.23) is

d iV e RMY
Seov = | dixy/7 7\1: DM\II—%DM\I’ D,V¢. (2.24)

This action is obviously independent under coordinate reparameterizations and U(1) gauge
transformations, but what about Milne boosts? Although Yuv defined in (2.7) transforms under

9
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Milne boosts, ,/y is Milne-invariant. Next, we rewrite (2.24) as

_ dd m MY g T L B_ puy T Fl
Seor = xX+/7 ——( A A, —2VPA, )T + 5(v —h*A) T 3w
(2.25)

uv
AP \p}
2m

and recall that v —h*¥A, and h*” are Milne-invariant. It is easy to show that the scalar
h*¥A,A, —2v"A, is also Milne-invariant, which shows that S, is invariant too.

Indeed, one could have deduced the Milne boost symmetry by observing that the free field
action (2.24) is invariant under (2.12).

It is easy to add interactions. Any action of the form

S = J dhx 7L (K, v, w)),

.U RMY
=Y t Nw D,V D, ¥
ij:_(mi\pi D“\I’J—m](DM\I/l) J)_T u*iv¥i,

(2.26)
K

where ¥; carries charge m; and £ is a U(1) singlet, is automatically invariant under coordinate
reparameterizations, U(1) gauge transformations, and Milne boosts.

2.6 Magnetic moments and modified Milne boosts

In two spatial dimensions, Son [5] has added a magnetic moment g, to the field theory of
the previous subsection, in such a way that it is invariant under his “non-relativistic general
covariance.” Very recently [6], that theory has been coupled to a more general spacetime
background. This theory has a significant connection to the phenomenology of quantum Hall
physics. Here we would like to understand the g; coupling in a fully covariant way:.

The action written down in [6] is

Sson = f dx°d*x/ge™?® {—\Iﬂ D (W — L (gij + ﬁsij) ﬁi\lf"rDj\I'} , (2.27)
2 2m 2
where g;; is a spatial metric which depends on space and time, ,/g is the square root of its
determinant, and g is its inverse. Furthermore D; = D; + f3,D, for ; a vector which depends
on space and time, and €' is a spatial epsilon tensor. It is e/ = €/ /,/g with € the two-
dimensional epsilon symbol under the convention that €!2 = +1 and €% = 0.
There is an obvious covariant generalization of (2.27), namely

)
[ i T (Yoo e

where it only remains to specify what we mean by ¢“”. Recall that the volume form on M is
given by &,,, = /T €., With €,,,,, the three-dimensional epsilon symbol. Similarly, we can
define a fully antisymmetric contravariant tensor e*”? = e#**? /,/y with e*”? again the epsilon
symbol. From this we define a spatial epsilon tensor
ePH’n
etV =gl = L. (2.29)

T

which is Milne-invariant, and this is the object which resides in the last term of (2.28).
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Each term in (2.28) is manifestly invariant under coordinate reparameterizations and U(1)
gauge transformations. What about Milne boosts? As in the previous Subsection, it is useful
to rewrite the action, this time as

S,= | ey {-2(a2—av.at B emen a0, ) otw+ Lok — A wiT

¢ = xJr —3 —2v- 2me n,A,0, 2(v — ) u
W o o w— 8 euwn 5 9t @ 2.30
Com R _4m€ Muoy= ™y - (2.30)

Integrating the g, term in the first line by parts, we see that the action S, is Milne invariant if

the objects
s

A—2v-A+ 20y (n,4,),  v—h"A,,

are all invariant under Milne boosts (as h*” is already invariant). This is a necessary and
sufficient condition, provided that we do not endow the quantum field ¥ with transformation
properties under the boost. Since the Milne transformations of v* and h*” are fixed, we can
only modify the transformation of A,. Then the unique redefinition of A, which leaves this
scalar and vector invariant is

1
(W) = A+ Py = Sk ooy + nuf—;swoav (n,P%4p,) . 2.31)

Putting the pieces together, the theory (2.28) with a magnetic moment is invariant under
coordinate reparameterizations, U(1) gauge transformations, and Milne boosts provided that
we modify the Milne transformation of A, to be (2.31) rather than (2.12c).

Before going on, consider rescaling the gauge field so that ¥ has charge 1. Then the action
of the Milne boost is

- - m g
(A/)u =A,+ mPJi,bv — Enud)z + nuzse”paﬁv (ing a) . (2.32)
If one takes the m — 0 limit (as was used to great effect to study lowest Landau level physics
in [6]), one must rescale Ay this way in order for the theory (2.24) and the transformation

laws to be non-singular.

2.7 The relation to Son’s non-relativistic covariance

Ever since a paper with Wingate in 2005 [3], Son has progressively developed a notion of
non-relativistic “general covariance,” which should be regarded as a definition of invariance
under coordinate reparameterization for Galilean-invariant field theories. Unfortunately, as
we mentioned in the Introduction, his transformation laws are not defined in a coordinate-
independent way. The three major highlights of this development since [3] may be found
in [4-6]. We also refer the reader to [17] for some applications of this machinery.

In 2008 [4], Son first wrote down his “general covariance” in terms of the action of in-
finitesimal reparameterizations of space and time, and showed that this invariance naturally
appears in Schrodinger holography. He also showed that the free field theory in (2.23) is
covariant in this sense. Five years later, Son observed [5] that his construction is related
to Newton-Cartan geometry. In the same paper he introduced the magnetic moment g, and
derived modified transformation laws so that the theory with g is invariant under spacetime-
dependent reparameterizations of space. Most recently in [6], Son and collaborators have
derived the infinitesimal transformations so that the theory with g, is invariant under repa-
rameterizations of space and time. They also showed how all of these transformations can be
understood in a coordinate-independent way, modulo those of A, for which they require some
choice of coordinates.
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For our third and final sanity check, we will show how our proposal for covariance reduces
to Son’s upon gauge-fixing the Milne symmetry. To do so, we will consider the theory with
nonzero g,. The relation with g, = 0 may be obtained by simply substituting g, — 0 in what
follows. We first recall the result of [6] for the variations of (®, g;;, 8;,A¢,A;, ¥) under a coor-
dinate reparameterization £* and U(1) gauge transformation A which leave the action (2.27)
invariant. They are

= g“au(l) + ﬁiéi - 50’
5B = &9 + B0, — 5,E° — Bi(E°— B;E),
58 =E"0,8i; + 8x;0E" + g ;X + (Bigjn + Bigin)E",
640 :guauAO"'Aué _4_El][a (g;k§ )+/518]k§ ]+A (2.33)

= EFOA; +A, B E" + g +—/518]k[ (gu&) + Bigut' |+ oA,
oW = &5, ¥ +imAyp,

where 8; = 8, + B;3,, a dot refers to a derivative with respect to x°, and our convention for
&M is minus that of [6]. Note that W is the only field which transforms like a tensor under
reparameterizations.

We would like to recover (2.33) from our construction. To do so, we first observe that the
theory (2.27) they write down is of the manifestly covariantly form (2.28) upon the identifi-
cation

n,dx* = e *(dx®— Bidx’),
h"9,®08, =P8 +p (®d+3'®3)+g0,®7,
o, = e®d,,

hy,dxt @ dx” = gl-jdxi ®dx’,

(2.34)

where B! = g/ B;. As we showed in the previous Subsection, the covariant theory (2.28)
is invariant under coordinate reparameterizations, U(1) gauge transformations, and modi-
fied Milne boosts (2.31). The infinitesimal form of those transformations under a variation

x =&y, A)is

o,m, =&"0,n,+n,0,&8",
0, h‘” EPO,h"Y —hHP 5, 8" —h"P 0, X",
5 W =79 v —vY9,E* + "y,
Oy hyy = &P Fphyy +hypd €£+hvp 0,8F — (nMPf+nvP£)¢p, (2.35)
§,A, =E"0,A, +A,8,8" + Py, + mn“ema (n,P%a) +3,A,
5,V =E"9, U +imAV.
Now we come to the crux. Given (2.34), we can completely fix the Milne symmetry by de-

manding that v! = 0. Under an arbitrary reparameterization £, we must also perform a Milne
boost to keep v' = 0, which fixes the boost parameter v, in terms of . We have

§,v'=—e® +h"P, =0, (2.36)

which then implies

h, = Bl + g7 = el (2.37)
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or equivalently Py, = e®g;;&/ (note also that P’ = 0).

We will now show that the infinitesimal transformations (2.35) subject to this constraint
lead to exactly Son’s non-relativistic “general covariance” (2.33). We begin with ®, using that
we can write the variation of v° in two ways,

5,0 =¢e%6,8 =519,y =00 +h"y,,. (2.38)
Using that v = e® and
WO, = B2+ Blop; = Bi(B'po + 874 ;) = e®BiE, (2.39)
we find . N
5,2=¢819,—E"+ B, (2.40)

which exactly reproduces the variation of ® in (2.33). Similarly, we write the variation of f3;
in terms of variations of n; and @ to obtain

o,Bi=—-96, (e‘bni) = —e¢5xni +pi=06,%
=—e? (Eua,u(_e_@/ji)+e—¢ai£0_e_¢/3jaiﬂj)+ﬂigua,uq>_/3i (SO"'ﬁjéj) (2.41)
= &1, — 0,E° + B;0,E — B; (éo—ﬁjéj) >

which is the variation of f3; in (2.33). Because 6 xvi = 0 under these constrained transforma-
tions, it also follows from hy,,v" = 0 that 6,h, = 0. The only part of h,, which varies is its
spatial part, giving

5,8i; =06,hij=E"3,8;; + gud;E" + g1 0,E" _(niPJH + ani“)%bM
=£H8,g;; + g 0;E" + g1 085 + (Bigj + Bigin) &,

coinciding with the variation in (2.33). We are then left with A,.  Substituting
n,dx* = e ®(dx®—p;dx") and P!+, = e®g;;&/ into the infinitesimal variation of A, in (2.35)
immediately gives the variations of Ay and A; given in (2.33).

We see that the coordinate reparameterizations of Son’s non-relativistic “general covari-
ance” [4] (and its most recent incarnation in [6]) are nothing more than the infinitesimal
reparameterizations acting on a Newton-Cartan structure subject to invariance under Milne
boosts (2.35) under the constraint that vi = 0.

This is not the whole story. After writing down an action of the form (2.27) and infinitesi-
mal symmetries (2.33), the authors of [ 6] restore the most general configuration for the veloc-
ity v#. The most general v consistent with the background for (n,, h*”) appearing in (2.27),

(2.42)

n,dx" =e *(dx®—p;dx"),h""3,® 8, = p*5,® &+ ' (6, ® 3, + 3, ® 3)) + 873, ® 3;,
can be parameterized by the spatial covector u; to give
vHg, =e?9y +e? (ﬂiui80+ui8i) , (2.43)

where u' = gl/u j, which in turn leads to

hyydx" @ dx” = gijdxi ® dx’ —e®y; (nudx“ ®dx'+dx'® nudx“) + e2¢u2nunvdx“ ®dx”.

(2.44)
The authors of [6] then claim that the inhomogeneous infinitesimal transformations (2.33)
are a consequence of a tensorial variation under coordinate reparameterization, e.g.
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ohy, = $¢h,,. From this they obtain the infinitesimal variations of u; and u?, which they
use to construct a new, twisted U(1) connection A, from A, u;, and u?. It is®

- 1 o .

Ag=Ay——e®u®— 85 ij (aiuj + ﬁiuj) ,
ame | (2.45)

Ai :Ai + e‘bui + Eeq)uzﬂi + 4—;1/31'23]]( (8juk + ﬁjuk) .

This connection has the virtue that it transforms as a one-form under their infinitesimal vari-
ations
5Au = $€Au + 8HA. (2.46)

They then claim that the generating functional is a functional of (n,,h"”, v“,AH), in such a
way that it is invariant under redefinitions of AM and v* that leave A, invariant.

How do we understand these results in light of our construction? There is no covector
in the Newton-Cartan data gnu, h*”,v#,A,) by which we can covariantly redefine A, to give
something like A,,. That is, A, cannot be constructed from the Newton-Cartan structure with-
out picking a coordinate system.

Nevertheless there is a way that we can make sense of A“. The covector u; parameterizes
an arbitrary Milne boost,

YPdxt = e®u;dxt. (2.47)

That is, the Milne variation of v*J, = e®d, under this boost is
V)8, = (W +h*",) 8, = e®8y + e (B'w; 8y +u'5;) (2.48)

which coincides with the velocity (2.43), and in the same way the Milne boost of h,,, coincides
with the expression in (2.44). The Milne boost of Ay, (2.31), gives

(A/)O :AO + Pgwu - lnolﬁz + noﬁ"?m}‘o au (nvpawo)
2 4m p

1oy 8 i ' ) (2.49)

=Ay— Ee u®— 4_m€ J (aiuj + ﬂiuj) =A,

and similarly we find (&'); = A;. So Au is just the Milne-boosted A, and redefinitions ofAM and
v# which leave A, intact are shifts of the u;, which we recognize as Milne boosts. In this sense,
the authors of [6] agree with our proposal: when they demand invariance under redefinitions
of AM and v* that leave A, unchanged, they effectively demand Milne-invariance.

Let us summarize. First, the infinitesimal reparameterizations appearing in Son’s non-
relativistic “general covariance” are the infinitesimal reparameterizations/Milne boosts in
Newton-Cartan geometry subject to the condition v\ = 0. Second, the new gauge field A“
appearing in [5,6] is the Milne-boosted gauge field where initially v! = 0. Third, the condition
introduced in [6] that the generating functional W should be equal for different choices of
AM and v* which leave A, intact is essentially our condition that W is invariant under Milne
boosts. Finally, the formalism of [6] is almost, but not quite fully covariant. As an intermediate
step in their analysis, they require the variations of A, in (2.33) and the boost parameter u;,
both of which are inherently non-covariant.

2.8 Frame formulation

We would like to deduce an equivalent formulation of Newton-Cartan structure and Milne
boosts in terms of the spin connection. Recall how this works for Riemannian geometry. Here

5The expression for A; in [6] agrees with ours, insofar as they ignored O(f32) terms.
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one has a positive-definite non-degenerate metric g on spacetime, and derivatives are taken
using the Levi-Civita connection constructed from g. In addition to the tangent bundle T M
we require the frame bundle FM. Recall that at any x € M, the tangent space T, M is
isomorphic as a vector space to RY. Denote a basis of d vectors for T .M as /3;‘ (x), and its
inverse as (ﬁ_l)‘:(x). The fiber of FM at x is just the union of all such bases.

In any coordinate patch on M, we can choose a basis via a section of F M, which we notate
as /3;; and which we refer to as a frame. The transition maps which relate the frame in two
overlapping coordinate patches are valued in GL(d), and so FM is a GL(d) bundle. In this
frame the metric g,, can equivalently be expressed as g5 = /Q’X Bg &y, and the connection
I'*,,dxP is equivalent to a spin connection coABde“ by demanding

Du(B™Y, = 0,(B71Y, — TP, (B~ + o, (B)5 =0, (2.50)

where ﬁu refers to the spin covariant derivative. This gives

w'g, =(B1YiD.B, (2.51)

where here D,, only acts on the spacetime index of ;. Equivalently, ', ; is determined from
the frame and the spin connection. Here T'*,  is the part of the connection which acts on
spacetime indices, and the spin connection w”g, the part which acts on frame indices. One
can restrict the frame to be orthonormal with respect to the metric g,

8AB = ﬂgﬁgg,uv = 6AB . (2.52)

Then the frame is usually called a vielbein, is denoted as E%, and its inverse as eﬁ. The transition
maps which preserve the orthonormality condition (2.52) are valued in O(d) ¢ GL(d), and
so in the Riemannian case F M can be reduced to an O(d) bundle. In an orthonormal frame,
gap = O4p is an invariant tensor of O(d) which descends to a covariantly constant tensor on
M. By (2.50) and the constancy of g, we have f)MnAB = 0 which implies that 6C[ch Blu=0,
so that the connection one-form «w”j is valued in o(d). So holonomies of tensor fields are
valued in O(d).

What is the corresponding situation for our local Galilean invariance? Our approach is
to determine the correct formulation by the same logic we reviewed above. We start with
Newton-Cartan geometry and Milne/U(1)-invariance on M and reduce the structure group
on FM from GL(d) to the smallest possible subgroup. Our results have some overlap and
variance with those obtained in [1,2, 18], as we discuss at the end of the Subsection.

In our version of NC geometry, the derivative is specified by demanding that the tensors
(ny,h"") are covariantly constant, the torsion satisfies T#n, = —dn, and

—2h,, Dy VP = F,, . (2.53)

Because (n,,,h"”) are constant, we then further restrict our choice of frame to be a Galilei
frame, which we notate Fﬁ and the coframe as f‘j‘. We restrict n, = f£ and h*” = §'F} F}.
The transition maps that preserve these conditions are valued in the Principal Galilean group,
PGal(d). 1t is a semi-direct product O(d — 1) x R4~ (isomorphic to ISO(d — 1)) which is
faithfully represented by matrices of the form

M:(1 0), (K eR* ,Reo(d—1)}, (2.54)

K R

which acts on the coframe (;’f ) via right multiplication, and the frame (F(‘f F l“ ) via inverse
u

left multiplication. So F M reduces to a PGal(d) bundle, and the spin connection "y is valued
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in the algebra of PGal(d), and so has nonzero components wij and w'y, with 6w/l = 0.
The K part is a local boost and the R a local rotation. Under an infinitesimal PGal(d) rotation

0 0 g ,
M, = exp (—i( : ; )) ) v =yl (2.55)
v 0 Vj

the coframe and spin connection vary as

5, f=—"5fr, 8,0y =i+ o v =iy, (2.56)

The torsion is a vector-valued form

T4 =—(df*+ "5 AfB), (2.57)
with T® = —df% = —dn. So it only remains to impose (2.53). To do so we use that since
anu =v#n, =1, we have

Fy=vt+w#,  Tkn, =0, (2.58)

that is, one can use a Milne boost to set v* = Fé‘ . We can think of ¥* as a “bifundamental”
object which transforms under both Milne boosts and local Galilean boosts. After some work,
we find that we ought to demand

: 1
woAfi=F+dt—t,T", tuz\IJH—EnM\IJZ, (2.59)

where we have f; = 6;;f J and have lowered indices with h,,,. Crucially, both sides of this
constraint transform in the same way under local rotations of frame, and so this is a consistent
restriction.

At this stage the Milne boosts have nothing to do with action of PGal(d) on the frame and
spin connection. Furthermore, v* and A, are inert under the action of PGal(d).

However, in a sense which we will now make precise, the Milne boosts are (almost) the
boost part of the local Galilean rotations, at least for g, = 0. Suppose we solder the action of
the Milne boosts and local Galilean boosts together by setting ¥* = 0. To retain (2.58) under
both local Galilean rotations, we must accompany local rotations with a compensating Milne
boost. Then v* is no longer inert under local Galilean boosts, (2.54), but transforms as

VW =vH+yH, (2.60)

where o
P! =—F'(R'Y K, (2.61)

which looks just like the Milne boost. Similarly, A, inherits a transformation under local
Galilean boosts. The action of PGal(d) can then be efficiently described by combining the
n

u
coframe with A, into a column vector f‘i , on which PGal(d) acts by right multiplication
Ay
via matrices of the form
1 0 0
M,=| K R 0], {KeR¥ T ReO(d—-1)}. (2.62)
—1Kk?2 —K'R 1

But this is a little deceptive. If we demand ¥* = 0, then the final constraint (2.59) on
the spin connection is no longer a consistent constraint: the left and right sides would trans-
form differently under local Galilean boosts. For this technical reason, the Milne boosts are a
different transformation than local Galilean boosts.
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This point is further underscored when we reintroduce the magnetic moment g, so that the
Milne transformation of A, must be modified as in (2.31). Since the modified transformation
involves a derivative of the boost parameter v,,, it cannot be realized via any linear action of
PGal(d) on A,.

We now compare and contrast these results with those appearing in the recent works [1,18]
which also claim to describe the coupling of non-relativistic theories to M in terms of spin
connections.

1. Strictly speaking, one should not compare our results with those of [1], as those au-
thors consider the coupling of non-relativistic theories without boost-invariance to M.
However, there is some overlap. Suppose that v* (and so h,,,) is also covariantly con-
stant.® We can then restrict our choice of frame fields to be of the form (V“ F l” ) with

h,, = 6;; f; fg . By assumption, v* is covariantly constant, so T M can be further reduced
to an O(d — 1) bundle, where O(d — 1) is embedded in GL(d) via

10
M=(O R), {Reo(d-1)}, (2.63)

which again acts on the coframe via right multiplication.

This is exactly the spacetime geometry to which [1] couples non-relativistic theories
without the Galilean boost symmetry. So in the language of our work, they couple the-
ories to Newton-Cartan geometry (n,,,h"”, v*), for the special case when v* is also con-
stant. Since theories without boost invariance do not necessarily possess global symme-
tries, they do not necessarily include an A, and when they do it is not twisted into the
connection I'*,, ;. In this context, the generating functional W of the theory is a func-
tional W = W[n,, f;, w! 7> v#;A,] where A, collectively denotes a background gauge
field which couples to any global symmetry currents. W is invariant under coordinate
reparameterizations, local O(d — 1) rotations, and gauge transformations. Equivalently,
W is a functional W = W[n,,h"”,v¥;A,] invariant under coordinate reparameteriza-
tions and gauge transformations.

2. Unlike [1], the authors of [18] claim to couple Galilean-invariant theories to M. Their
approach is rather different than ours, and we postpone a detailed comparison with our
work until Appendix B. For now we give the highlights. While they manifestly realize
the rotational and U(1) subgroups of the Galilean symmetry, they impose the Galilean
boosts through the addition of a dynamical field u'. Integrating over u' enforces the
boost symmetry. Already, this should alert the reader that their work presumably makes
contact with the physics of spontaneous symmetry breaking, rather than the coupling of
a general Galilean-invariant theory to spacetime.

In their construction, quantum fields are coupled to a coframe f“;‘, a vector-valued one-

form Ql“ in which the connection w'(, appears, and a connection with components w',

and A,. The coframe f 4 and the connection coefficients (' AurAy) transform in the same
way as the coframe and connection in our analysis in (2.56). However the Milne boosts
do not appear in their setup.

There is another difference between their work and ours. Their auxiliary field u! appears
algebraically in the coframe f; and A,,, but through a derivative in QL Given a local

microscopic action in which QIM does not appear, u' is an auxiliary field and may be inte-
grated out to give a new local microscopic action with the same symmetries. However,

®Since we are coupling theories without boost-invariance to M, we no longer require invariance under Milne
boosts.
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when the microscopic theory has couplings to QL, u' appears through derivatives in the

action and is not an auxiliary field: integrating over u' produces a non-local action.

Nevertheless, we find that the construction of [18] can be healed as we describe in Ap-
pendix B.4. The resulting geometric structure is equivalent to writing F M as a PGal(d)
bundle and restricting the frame so that the Galilean boosts on F.M become the Milne
boosts as in (2.62).

3 Galilean boosts from null reductions

Holographic duality relates quantum gravity on certain spacetimes with boundary to quan-
tum field theories that, roughly speaking, “live” on the boundary. The canonical example
of holography is the equivalence between type IIB string theory on AdSs x S° (here AdSs
is five-dimensional Anti-de-Sitter spacetime) and four-dimensional ' = 4 super Yang-Mills
theory [19]. There are also holographic dualities that equate quantum gravity on so-called
Schrodinger spacetimes with Galilean-invariant field theories [4,8-10].

Holography has the very useful feature that it dynamically incorporates the coupling of
field theories to curved spacetimes. The dual field theory simply couples to the geometry on
the boundary of the higher-dimensional spacetime. This geometry is not arbitrary: it must
be realized dynamically in a consistent theory of quantum gravity. In this way, holography
implicitly answers the question of how to couple Galilean-invariant theories to spacetime.

In this Section we show that our proposal in Subsection 2.3 describes the boundary geome-
try of asymptotically Schrodinger spacetimes. That is, our proposal is realized holographically.
To do so, we first recall that the boundary geometry of Schrédinger spacetimes is a Lorentzian
manifold with a null isometry, and second show how the reduction of these manifolds along
the isometry leads to a Newton-Cartan structure and Milne invariance.”

3.1 Manifolds with null isometries, Newton-Cartan structure, and boosts

Consider a d + 1-dimensional Lorentzian manifold M, ; with metric G and a null isometry
generated by n™ 3),. The geometry of M. is that of a fiber bundle over a d-dimensional base
My, where the fibers are either S' or R depending on whether the integral curves of the null
isometry are compact or non-compact. We choose coordinates on My, x™ = (x*, x7) so that
the null isometry is n™ 8,; = 8_, where x~ denotes the affine parameter along integral curves
of n, and the components of G are explicitly independent of x~. The x* furnish coordinates
on M.

Locally, we can parameterize the most general such G that manifests reparameterization
invariance on M along with reparameterizations of x~ of the form (x’)™ = x~ + f (x*). It is

G =2n,dx" (dx_ +A“dx“) +hy,dxtdx”, 3.1

where h,,, is a positive semi-definite tensor of rank d — 1. However, this parameterization is

redundant: the most general G with n3,; = 8_ null has w —1= @ independent
d(d+1) _ q _ d(d+1)-2
2 =7 2

components. There are 2d independent components of (n,,,A,,) and the
independent components of the degenerate h,,,, so that there are d —1 redundancies. We will
see shortly that these are exactly the d — 1 Milne boosts.

7Our results have some overlap with those of [7,20] and especially [16]. The first showed how Newton-Cartan
structures with dn = 0 arises via a null reduction, the second considered null reductions of Einstein manifolds,
and the third investigated Newton-Cartan structures with dn # 0 from null reductions from the point of view of
non-relativistic holography.
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The inverse of G is

G =3 ®(W—h"A,)3,+ (v —h""A,)3,®08_+h""3,®3,+(A*—2v-A)d_®3_,
(3.2)

where A% = h‘“’AMAv. Here, v”ﬁu is the unique zero-eigenvector of huv which (i.) does not
have a component along x~ and (ii.) satisfies n,v* =1, and h*” satisfies

u
h*"'n, =0, huph”p = PJ = 5Z —v¥n,,. (3.3)
The measure is
V=G = \/det(nyn, +hy,) = VT (3.4)

The components along M of the Levi-Civita connection I; built from G are
" 14 1 o =
(FG) vo = EVA a(vnp) + Eh (av(hA)pa + ap(hA)vo - aa(hA)vp) = (FA) vp > (3.5)

where v§ = v# —h*’A, and (ha)yy = hyy + 1A, +n,A,. Here we recognize Iy; to be the
torsionless part of the Milne-invariant, but not U(1)-invariant connection Iy which we defined
in (2.15). Because nV generates an isometry and is a null vector, its covariant derivative under
T, satisfies

1
(Dg)uny = EFIKI/IN’ Fyn = Ouny — Onny Fpun" =0, (3.6)

where we denote this tensor with an F in analogy with the field strength of a U(1) connection.

In fact, in (3.1), (3.2), (3.4), and (3.5) we recognize all of the tensor data (n,, h"”,v*,A,)
and a derivative that defines a Newton-Cartan structure. Note that A, is the graviphoton of
the reduction. This verifies our claim that the Newton-Cartan data automatically arises on the
base manifold M. One can also turn our logic around, and build a d + 1-dimensional M,
from a Newton-Cartan structure on M,. This higher-dimensional construction also clears
up one nagging aspect of the Newton-Cartan analysis, namely that there was no connection
on M which was simultaneously Milne-invariant and U(1)-invariant. On M, U(1) gauge
transformations are additive reparameterizations of x~ along M. The gauge variation of
the torsionless part of T, (T,)* vp» 18 just the tensorial transformation of (T)",, under this
reparameterization.

The other part of our claim is that Milne boosts naturally arise from the null reduction. To
see this, note that the identification of Ay and huv from the metric G (3.1) is not unique. We
could just as well have identified

A, =A,+%,,  (W)yy=hu—(n,%,+n,9,), (3.7)

for an arbitrary W,. That is, G = 2n,dx*(dx~ +A’) + (h'),,dx"dx". However, requiring that

h,,, remains rank—(d — 1) fixes ¥, to be of the form

1
W, =P, — gnlﬂl’z- (3.8)

Of course this redefinition is just the Milne boost (2.12). So we see that Milne boosts are indeed
realized on M, ;: they correspond to an ambiguity in the identification of the Newton-Cartan
data from the higher-dimensional metric G.

It is clear that a different organizing principle is required to obtain a magnetic moment
from the null reduction and so from holography. We leave this question for future work.
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We conclude this Subsection with a study of F.M ;. along the lines of Subsection 2.8. We
can define a torsional connection I’y on M, ; under which G and n are covariantly constant,
so we can restrict the frame to be a vielbein E}' so that e}, dx" = n,dx*, EM3, =n" 0y =02_,
and the metric is

G=eo®e_+e_®eo+51'jei®ej. (3.9)
That is, the metric in this frame is the flat Minkowski metric where (0,—) are null directions.

It almost immediately follows that F M, can be reduced to a PGal(d) bundle over Mg,
where PGal(d) is embedded into GL(d + 1) via matrices of the form

1 0 o0
M;=| K R 0|, {KkeR¥',Reo(d-1)}. (3.10)
—1g2 k'R 1

In this way, PGal(d) acts on the coframe | e, | via right multiplication and the frame

o
T T ~T o

(Ef E! E")via inverse left multiplication.

In Subsection 2.8, we found that the action of the Milne boosts was not a consequence of
the action of PGal(d) on the tangent space data. However, by restricting the Galilei frame
further so that Fg = v#, the Milne boosts could be realized through the action of PGal(d), at
least for g; = 0. PGal(d) then acted on the coframe and A, via (2.62), that is through matrices
of the same form as M;. Can we understand this from our higher-dimensional construction?

There is a natural restriction of the frame on M ; which indeed leads to (2.62) upon the
null reduction. Restricting the coframe (and so the frame) to be

n,dx*
(eydx™)=| e dx* |, (EYay)=(v(8,—Au0-) F!'(8,—A,0-) 8), (3.11)
dx~ +A

where we denote F l“ = h“"6ije£, then the action of PGal(d) on the coframe via (3.10) de-
n
scends to the action (2.62) on | e
A
Cartan geometry. Similarly, the action (3.10) on the restricted frame (3.11) descends to the
action of PGal(d) on the restricted frame (v“ Fl”) in (2.54).

=

" ]. So eL becomes the spatial coframe flj in the Newton-

= T

3.2 Using the reduction to construct tensors

Let us briefly return to our discussion of Newton-Cartan geometry in Subsections 2.1 and 2.2.
One of the results in Subsection 2.2 was that there was no way to define the covariant derivative
that was simultaneously invariant under Milne boosts and U(1) gauge transformations. As a
result it is cumbersome to construct Milne/U(1)-invariant tensorial data out of the background
fields. One approach would be to build Milne-invariant tensors from the Milne-invariant
derivative defined through (2.15) and the Milne-invariant combinations of background fields
(ny, "7, vX ), and then afterward deduce U(1)-invariant combinations.

Thankfully, we do not need to determine tensors in that thankless way. We can instead use
the embedding of the Newton-Cartan data into a metric G and null isometry n on M, which
automatically incorporates the Milne and U(1) symmetries. It is easy to compute tensors on
M1 built from G and n, and thereby obtain Milne/U(1)-invariant tensors from reduction.

This is a particularly simple task when it comes to finding scalars, as we now show. At
zeroth order in derivatives, the tensor data on M, is just the metric G, the epsilon tensor
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EM].

“Ma+1and the null vector n. There are no scalars, on account of the fact that n is null. At
first order in derivatives one can construct tensors from (Dg)yny. However, the symmetric
part of this tensor vanishes by the fact that n generates an isometry, and so we only have the
antisymmetric part dn,

F'=dn. (3.12)

By the isometry condition and n being null, we also have
FZEINnN =0,
so that in the coordinates (x*,x™) in which n = d_ and G is given by (3.1), we have
n_ Lon M N_ L. v
F'= EFMNdx Adx" = EFde“ Adx”. (3.13)

At second order in derivatives, one has the Riemann tensor RM npqs the second derivative
of n, Dy Dyynp, and tensors built from two factors of F". While there are many tensors that
can be formed from this data, there are few scalars. The scalars that can be constructed from
the Riemann tensor are the Ricci scalar R and R, = Ryyn™n" for R,y the Ricci tensor.
However one can easily show that the isometry implies

Ron = %(F")MNFA’}[N. (3.14)
Similarly, all scalars that can be built from the second derivative of n are proportional to (F™)?.
As a result the independent two-derivative scalars are R and (F™)?.

So far we have considered scalars on M, ;, which reduce to scalars on M. There are
also objects which are not quite scalars, but whose integral over M is invariant under the
symmetries of the problem up to boundary terms. Here we follow the discussion of [21], and
a similar discussion may be found in [22]. Consider a current X which is identically con-
served on M, ; and which moreover is explicitly independent of x~. Then its — component
transforms under reparameterizations y = y(x) as

_ oy~
X M2 3.15
- Mo (3.15)
so that
Jddx,/—y X~ (3.16)

is reparameterization-invariant up to a boundary term. In this way, this object is a Chern-
Simons term on My,

We can also obtain invariant tensors which include quantum fields on M. For instance,
consider a complex field ¥ on M as in the free-field theory (2.24). We can extend ¥ to a field
¢ on M, in the coordinates used in (3.1) by letting ¢ = ™ W(x*). Note that ¢ is not
invariant under the the action of n, but is an eigenfunction thereof,

$,p=1imyp. (3.17)
Then the free field theory (2.24) is efficiently written in terms of ¢ as

b R 1
SCOV:fddx\/?{%\p*?’uxp—z—puqﬁpvq}}=_2_JddXV—GGMNaMgo'aN<p.
m m

(3.18)
Similarly, suppose that we wish to write down the action of a point particle coupled to the
Newton-Cartan data on M. We can deduce the correct Milne/U(1)-invariant action by starting
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with a point particle on M, ;, whose worldline time is parameterized by T and whose position
is given by the fields X™ (7). At leading order in gradients, the most general action for a point
particle on M4, that couples to G and the null isometry n is

_ cM YN
S}(Jcéﬂ):deXMnuf(\/ GM{V(X)X X ), (3.19)

XPnp

The analogue of (3.17) here is that the momentum along x™ is constant. Denoting said mo-
mentum as m, it is a straightforward computation to show that the point particle action be-

comes

m [ X"Kh, J

S =—Jdr.—+m P[A]+q | P[n], (3.20)

pp
2 XPn,

where the details of f are absorbed into a constant q, P refers to the pullback of a form on M
to the worldline, and we recognize the usual U(1)-invariant “electromagnetic” coupling in the
P[A] term. Observe that if one chooses 7 such that X?n_ = 1, then the first term is effectively
the %mv2 kinetic energy of a point particle.

o

3.3 An aside on Galilean-invariant gravitation

We now have an algorithm to determine U(1) and Milne-invariant tensors via the null reduc-
tion. With this technology, there is a toy problem we can efficiently attack: namely, imagine
promoting (a subset of) the Newton-Cartan data to be dynamical fields, and writing down the
most general low-derivative effective field theory that describes their dynamics. Suppose we
let the Newton-Cartan data (n,,h"”,v",A,,) be dynamical. This would be a sort of Galilean-
invariant gravitation.

To our knowledge, there are a variety of papers which study this toy problem, none of
which derives field equations from the most general two-derivative action consistent with the
symmetries of the problem. It seems that the reason for this oversight is that most of the
literature on this subject is focused on Newtonian gravity, rather than effective field theory.
The equations of motion we find below do not yield Newtonian gravity.

From the previous Subsection, there are no invariant scalars with zero or one derivatives,
and there are two independent scalars with two derivatives, R and (F")2. (Here we assume
that parity is preserved, so that we do not include scalars with an epsilon tensor.) So the most
general two-derivative effective action that describes Galilean-invariant gravitation is

167G

It is easy to verify that the Euler-Lagrange equations that come from varying the NC data are
not those that arise in the Newtonian limit of GR.

Soar = J dix 7 {L(R—zAH %gz(F“fm(a%} . (3.21)

4 “Weyl invariance” and Schrodinger symmetry

In certain field theories the Galilean symmetry is enhanced to its conformal extension, known
as the Schrodinger group. Recall that the Schrodinger group has a dilatation subgroup un-
der which time scales twice as much as space, that is Schrodinger-invariant theories are
characterized by a dynamical critical exponent z = 2. There are other examples of scale-
invariant, Galilean-invariant theories with z # 2. In any case, we would like to understand
non-relativistic conformal symmetry in the same way as relativistic conformal symmetry, which
we remind the reader is invariance under coordinate reparametrizations as well as under Weyl
transformations of the background metric.
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4.1 Weyl rescalings of Newton-Cartan geometry

Our proposal is that in order to couple Schrédinger-invariant field theories to curved space-
time, we must couple to a Newton-Cartan structure (n,,h"”,v#,A ) in a way that is invariant
under reparametrizations, Milne boosts, U(1) gauge transformations, and “Weyl” transforma-
tions

n, — emn“ , hHY — 208 yH o2 u

. A DA, (4.1)
where 2 is a general function on M. These rescalings preserve the defining relations
h*"n, = 0, &c of the Newton-Cartan structure. There is an immediate generalization of
this proposal for Galilean-invariant, scale-invariant theories with z # 2. Namely, couple to
a Newton-Cartan structure so that the theory is invariant under the modified “Weyl” transfor-
mations

n, — emnM , Y — e 20pHY v e E Y A, — e(Z_Z)QAM. (4.2)
The peculiar transformation of A, when z # 2 is required in order for the Weyl and Milne
symmetries to generate an algebra. However, this is not completely satisfactory, as then the
Weyl and U(1) gauge symmetries no longer generate an algebra. So we henceforth restrict
ourselves to consider z = 2.

4.2 Relation to the Schrodinger algebra

In the same spirit as in Subsection 2.4, we would like to perform a couple of sanity checks
on this proposal. First, we will recompute the global symmetries of the flat Newton-Cartan
structure where we now include the action of Weyl transformations. For z = 2, the symmetry
algebra should be the Schrodinger algebra.

Collectively denoting an infinitesimal reparameterization, Milne boost, U(1) gauge trans-
formation, and Weyl transformation as y = (£"9,,v,dx",A,Q), the action of 6, on the
Newton-Cartan background is

5,n =$§n +2Qn, =£&"9,n, +n,0,&" +20n,,
6" = §:hH" — 201" = EP G, h*Y —hHP 3, 8" —h"P 3,EH — 2Q A1,

X
E)'%vM =$ v +h", —zQvH = V0,0 —v7 3, EH + ', —2QvH, (4.3)
Ay =8A,+ Py, +0,A=E"0,A,+A,9,&" +P b, + G A.
These transformations generate an algebra [6,,,6,,1=6 102) with
X121 = (5[12] w[lz]dxu A2, Q[12]) given by
[12 $€1€H $§2€H Tavgg— gavguﬁ
1/),[}2 = $€1¢121 _$£2¢1 — vavwz + 1/)%8“};1’ — 5;8,,1% — 1,0},8“5;, 4.4)

Ap12) =8¢, A — 8¢, A = 819, Ay — 859,
Qiz) = $e, 0% — 82,01 = €10, — £, -
The global symmetries of the flat Newton-Cartan structure on R¢ are generated by those

infinitesimal transformations K for which &y annihilates the structure. Recall that the flat
structure is specified by n,,dx" = dx®, h""9,® 0, =6"0;®3;, v'J, = Gy, and A= 0. It is easy
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to show that the space of such K is finite-dimensional for d > 1 and is spanned by

H =(—0,,0,0), P, =(—0;,0,0,0), (4.5a)

Rij =(xj3i—xi3j,0,0,0), Ki =(—X08i,—dxi,xi,0), (45b)

M =(0,0,1,0), D =(2x°3,+x'8,0,0,—1),  (4.5¢)
2

C= (—(xo)zao — x%x13,, —x'dx’, %,xo) . (4.5d)

We compute the brackets of these generators by (4.4), and find that they satisfy the Galilean
algebra (2.22) along with the extra commutators of D and C. The latter are given by

[H:D]ZZH: [Pi)D]:Pi) [Ki)D]:_Ki: (46)
[D,C]ZZC, [HJC]:DJ [Pl,C]:_Kl,

with all other commutators vanishing. (2.22) and (4.6) are just the brackets of the Schrodinger
algebra expressed in a basis of anti-Hermitian generators.

4.3 Conformally coupled free fields

As a second sanity check, we would like to exhibit a free field theory coupled to M which
is invariant under reparameterizations, Milne boosts, U(1) gauge transformations, and now
Weyl transformations. So we return to the free field theory of a complex scalar coupled to
M (2.24),

vt e h*” .
- f ddxﬁ{7\y‘ D ,v— %Diqﬁpjxp} .

In Subsection 2.5 we showed that this theory is invariant under reparameterizations, Milne
boosts, and U(1) gauge transformations. In order to also be invariant under Weyl transfor-
mations, we require z = 2 so that v* transforms with the same weight as h*”. Note that ,/y
transforms under Weyl transformations as

JT — eld1492 4.7)

so S.,, is invariant under position-independent Weyl rescalings (4.2) provided that ¥ also
transforms as i
U —oe 2Ny s (4.8)

and the same for W'. However S.,, is obviously not invariant under general Weyl rescalings.
The remedy is to add a term to the action which couples ¥ to the background curvature,
analogous to the conformal mass coupling in relativistic quantum field theory.

In this instance, this is more than analogy. Recall that we can obtain S.,, from a null
reduction of the free field action (3.18) in one higher dimension, where ¢ carries momentum m
along the extra null direction. Now, note that in terms of the d + 1-dimensional metric in (3.1),
the Weyl transformation (4.2) for z = 2 is just a higher-dimensional Weyl transformation

G — e*(2n,dx*(dx™ +A,dx") +hy,,dx*dx") . (4.9)

As a result, the action of a conformally coupled free field ¢ carrying momentum m in the null
direction reduces to the action of a free ¥ conformally coupled to M. This is

1 d—1
Sconformal = _ﬂf ddxﬁ{GMNaM(pTath + ERQOT(,O} P 5 = 4—d 5 (4~1O)

where R is the Ricci scalar curvature of the d + 1-dimensional metric G in (3.1). Note that
the scale dimension of a free relativistic scalar in d + 1 dimensions is %, which is exactly the

weight with which W scales here. This action has been obtained previously in [23].
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5 Currents and Ward identities

As a basic application of our machinery, we now define various symmetry currents conjugate to
the Newton-Cartan data (n,,h"",v#,A,) and compute Ward identities for them. We express
all of the Ward identities in terms of the U(1)-invariant, but not Milne-invariant derivative
defined from the connection I' in (2.3). Our results in Subsections 5.1 and 5.2 have a great
deal of overlap with those obtained in [6]. However, there are some differences between the
two analyses, as we detail in Subsection 5.2.

5.1 Constrained variations

When defining the various currents and stress tensor, we will vary the generating functional
W with respect to the background fields (n,,, h*”,v*,A,). However, these variations cannot be
arbitrary: they must be consistent with the relations

n,h"" =0, n =1, vth,, =0, h,,h"" =Pll’.
As a result, choosing to let the variations of n,, be arbitrary, the variations of (h*”,v",h,,,) are
constrained. For instance, we have
5(n“v“) =v#6n, +n,6v* =0, (5.1)
from which it follows that
ovt =—vHv"6n, + PI'6VY, (5.2)
where 6V is unconstrained. Similarly we have
Oh*" = —(v*h"P + v h"P)én, + PPPYShPY
P (5.3)

hyy =—(nuhyp, + 1k, ) 69° —hyh,s5R%F
where §h*” is unconstrained.

We define connected correlations of operators through the variations of the generating
functional W with respect to the conjugate background fields. We take the gauge field A, to
be conjugate to the particle number current J#. The velocity (or more precisely, the uncon-
strained variation thereof) is conjugate to momentum P,. The clock covector n, is conjugate
to the energy current, and the spatial cometric h*” (again, the unconstrained variation) to be
conjugate to the spatial stress tensor T,,. In an equation, we have

] ] SR
5W:fd x,/?{5AM(J“)—5v“(73ﬂ)—5nu(5“)— : (Tw}, (5.4)

where (P,) and (T,,) are transverse.

5.2 Ward identities for one-point functions

In order to obtain the Ward identities, we require (5.4) as well as the variations of the
(nu,fz“”, v",A,) under the local symmetries. For now, we will take the magnetic moment
g, of Subsection 2.6 to vanish, and restore it below in Subsection 5.6.

The derivation of the Ward identities is straightforward, so let us present the main ingredi-
ents that go into their computation. First, one needs the variations of the NC data under an in-
finitesimal reparameterization, Milne boost, and U(1) gauge transformation y = (", ,,A),
which may be found in (2.18). For example,

5xnu=$€n“:—F£v§v+DH(§”nv), (5.5)
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where F" is given by

n —_— —_—
Fj, = Ouny, —ayn, .

We then plug the infinitesimal symmetry variations (2.18) into the variation of W (5.4), and
use that W is invariant under the action of the symmetries

5,W=0. (5.6)

Schematically, one uses (2.18) and (5.4) to write the variation & W as

5XWdedxﬁ{/\j+h“ku-/\/lv+g“7;}’ (>.7)

from which the Ward identities are simply 7 =0, PJ M, =0,and 7, =

The gauge parameters A and £ appear through their derivatives in the symmetry varia-
tions (5.5). So to proceed we must integrate variations of the gauge parameters A and £* by
parts. Using

GuVT =TT, (5.8)
and following [6], we define
G, = T”Mv:—FZvvv, (5.9)

so that for any vector field v* we have
D b=10,+T" rr r” b= L ) » 5.10
(Du=Gu)o" =3, +T7 = (I —T",,) Jv 7 u (V%) (5.10)
which gives the integration by parts formula
Jddxﬁ(D“—gu) p" = (boundary term). (5.11)
We may now proceed efficiently.

After some computation, we find that the full set of U(1), Milne, and reparameterization
Ward identities for (J#,P,,&", T,,,) are

(Du_g )<J“) 0,
(Pu) =hy, (T7),
(Du—Gu) (") —V“(Fn (& — FW<JV>)_%(D“Vv-l-D"v“)(Tm), (5.12)

(D, —G,)(T"") =v"D¥(P,) =D, (v"(P¥))) + F*,{J ") — (F")*,(€7) .

The first line is the U(1) Ward identity, the second stems from Milne invariance, the third is
the longitudinal component of the diffeomorphism Ward identity, and the last the transverse
part. Further, indices are raised throughout with h*”.

There are two minor differences between the final result (5.12) obtained here and that
in [6], both of which stem from the same fact. As we explained at the end of Subsection 2.7,
in Son’s “general covariance” one can combine A, u;, and u? (where we remind the reader
that u; and u? are secretly components of h,, in a particular coordinate system) to obtain a
new U(1) connection AM (2.45). This new connection has the virtue that it transforms like a
one-form under Son’s non-relativistic diffeomorphisms.

However, as we pointed out in Subsection 2.7, there is no generally covariant version ofAH.
That is, A, does not exist in Newton-Cartan geometry. Our reparameterization Ward identities
then differ from those in [6] in that (i.) our field strength is the curvature of A, whilst theirs
i§ the curvature of AM, and (ii.) our current J* is conjugate to Ay, whilst theirs is conjugate to
A,
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5.3 Milne variations of currents

The various currents and stress tensor defined in (5.4) have non-trivial transformation laws
under Milne boosts. For instance, the momentum current has a Milne variation which is deter-
mined by the variations of h,,, and (J*) via the Milne Ward identity (5.12). We will presently
determine the variations of (J#) along with the transverse variations of (P,) and (T,,,). Be-
cause the momentum current, spatial stress tensor, and energy current are defined through
constrained variations of W, our method is not sufficiently refined to directly compute the
longitudinal variations of (P,) or (T,,), nor the variations of the energy current. Rather, we
obtain the variation of energy current at the end of Subsection 5.5 using the Milne-invariance
of the Ward identities.
To proceed we exploit the Milne-invariance of W,

W[n'l,L} hMVS V“’AM] = W/ = W[nlu,’ huv} (V/)I"L’ (A/)‘u,] 3 (5'13)

which implies that

f p { ) ShHY }
SW = | dlxy7{6A,(J") —5VH(P,) —&n, (EH) — 5 (T,,)

7 (5.14)
= f ddxﬁ{6(A’)“(J“)’—5(17’)“(Pu)’—5n“(5“)’— 2 (Tw)'} .
Using (v/)* = v# +h*”¢, and (A"), = A, + P, — %nuwz, we find
(VY =56 +60""y,,  8(A),=6A,—n, (517% + %5?1”%1/;,)) . (5.15)
Substituting into (5.14) we obtain
Gy =", (5.16)
and
pM/: PrY — pv » JP,
(P = (P*) Yyn, (JP) (5.17)

(TH) = (TH") = ((P")R™ + (PM)RHP) oy + REPR™ 4 1p g (7).

Note that the Milne variation of (P*) is exactly what we get from the Milne Ward identity
(P%) = P* (J”) upon using that the U(1) current is Milne-invariant. From (5.16) and (5.17)
we define a Milne-invariant stress tensor

(THY) =(TH") + (PHWY + (P )M + vy n, (JP), (5.18)

which will be rather useful below and in our companion papers.

5.4 Weyl Ward identity

Recall our proposal in Subsection 4.1 for the coupling of scale-invariant, Galilean-invariant
field theories to M, namely to impose invariance under the action of “Weyl” transforma-
tions (4.2). The corresponding Ward identity comes from 6oW = 0, where 6, denotes the
action (4.3) of an infinitesimal Weyl transformation. For z = 2 this readily gives the Weyl Ward
identity

2n,(E¥) —h*(T,,,) = 0. (5.19)
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5.5 Ward identities, simplified

In obtaining the reparameterization Ward identities in (5.12), we did not use the Milne Ward
identity. We presently use it and the Milne-invariant stress tensor (5.18) to dramatically sim-
plify the result.

After some straightforward manipulations which frequently involve the decomposition

1 1
Dyv'=-n,E"+ -B,,+0,"+—-——P¥, 5.20
u 2 d—1# (5.20)
where
E,=F,", By, =PPPIF,,,
1 2
¥ =D,v", ol == (D“v“’ +D"yH — h‘”"ﬁ) ,
2 d—1

we find that the reparameterization Ward identities in (5.12) simplify to

(Du - gu) (EF) = GulEM) = hpuDyv?(TH")

5.21
(Dy— G) (TH) = —(F™Y,(€7). 2D

Using n,(T*”) = (J*), the U(1) Ward identity is just the longitudinal part of the stress tensor
identity,
nu (Dv - gv) <7-uv> = (DM - gM) (JM> =0.

With (5.21), it is easy to tie up the remaining loose end from Subsection 5.3 and compute
the Milne variation of (£#). Using that (7"} is Milne-invariant and the Milne variation of the
connection (2.14), the left-hand-side of the stress tensor Ward identity has a Milne variation

Am,b [(Dv - gv) (TPWH = (Awrupv) <Tpv>

1 (5.22)
=", (BSwo = 31,97 ) (TP),
Comparing with the right-hand-side of the stress tensor Ward identity, we find
1
ey = (€)= (Prw, = gn? ) (7). .29

5.6 The story at g, # 0

So far we have derived Ward identities and Milne variations of the currents in the absence of
a magnetic moment coupling g,. We will now do so for g, # 0, where we remind the reader
that the Milne variation of Ay is modified as (2.31)

1 g
ANy =Au+ P, — Enu‘pz + nu4_m8vPaav (npP5va) -

The U(1) and reparameterization Ward identities in (5.12) did not depend on the Milne vari-
ation, and so they are unchanged. But now the Milne variation of W is modified as

SyW = f d3xf ”1/),,+—n "3, (n,P? a)](J“)—h“”z,bM(P,,)} (5.24)

= J d3x JYh* "), {hvp [(Jp) — f—r;spaaa (ng (J"))] — (Pv)} + (boundary term),
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where we have used that /7 e = e*PY is just the epsilon symbol along with ¢*” = ePton,,.
So the Milne Ward identity becomes

(Pu) =B {0") = 268, (no (1D} (5.25)

We deduce the Milne variations of (J*), (P,), and (T},,) via (5.14). Setting the variations
of n,, to vanish as we are not computing the Milne variation of (£#), we now have

=V 1 Y & 5}_lvph
6(A’)M=6Au—nu(5v ¢v+§5h pwva)+nu4_mTvp€aﬁY8a(nﬁPf1l)5), (5.26)

afy . . .-
where we have used that *%7 = EW with P the epsilon symbol, the variation of the measure
for 6n, =0is
u

o 1 1_-
%7 = _56}/!“)7/;“/ = —§5hl‘whuv, (527)
Y
and no term comes from the derivative by virtue of 5P;S = —5175n},. The same logic that led

to (5.17) now gives the transverse Milne variations of the momentum current and stress tensor,
which in turn gives

(PH) = (PH) =", (J7),
(TR = (TH) = (PR + (PR ), + RER T ona0®) (5.08)
+ huvf_;gaﬁrga (Tl/;Pf“t/’s) n,(J°).

This implies that the object (7*”) we defined in (5.18) is no longer Milne-invariant for g, # 0.
Its variation is g
(TH) = (TH) + Y e 7g, (ngPops)n, (7). (5.29)

Note that the variation of the momentum current in (5.28) is what follows from the Milne
Ward identity (5.25) upon using that (J*) is Milne-invariant.

6 Discussion and outlook

In this work we have sought to answer the question of how to couple Galilean-invariant
field theories to a background spacetime M. Our proposal is that one couples the theory
to a Newton-Cartan structure, which is parameterized by the data (n,,h"”,v*,A,) on M.
Here n,h*” =0, vn, =1, A, is a U(1) connection, and the covariant derivative is defined
through (2.3). In coupling the theory to this data, one should maintain invariance under co-
ordinate reparameterization, U(1) gauge transformations, and the Milne boosts (2.12). This
last transformation is a spatial vector’s worth of shift symmetries, which imposes the covariant
version of Galilean boost-invariance.

This proposal passes several tests. In Subsection 2.4, we recovered the centrally extended
Galilean algebra as the isotropy algebra of the flat Newton-Cartan structure on R?. Galilean
field theories can be covariantly coupled to M as in (2.24). The infinitesimal form of the
reparameterization/U(1)/Milne symmetry transformations reduces to Son’s non-relativistic
“general covariance” [4], even with a magnetic moment [5, 6], upon gauge-fixing the Milne
boost symmetry. See Subsection 2.7 for details.

A somewhat orthogonal check on our proposal comes from holography. In Section 3 we
found that Newton-Cartan structures subject to the Milne symmetry come from the boundary
geometry of asymptotically Schrodinger spacetimes. So the field theory duals to quantum
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gravity on Schrodinger spacetimes (see [4, 8]) naturally couple to Newton-Cartan geometry
with a Milne-invariant partition function. Somewhat relatedly, as these field theories are often
conformal, we also proposed that scale-invariant Galilean theories coupled to M are invariant
under a “Weyl” transformation (4.2) of the Newton-Cartan data.

With the background fields and symmetries in hand, it is easy to derive Ward identities
for the one-point functions of the energy current, stress tensor, &c, as we did in Section 5.
For the most part, these agreed with the results recently obtained in [6], and the differences
can be traced to the fact that one can form tensorial invariants of the non-relativistic “general
covariance” in [6] which are not tensors of the Newton-Cartan geometry. We also used the
underlying Milne invariance to compute the Milne variations of one-point functions and to
greatly simplify the Ward identities, as in (5.21).

We conclude with some open questions and obvious directions for future work.

1. Many Galilean-invariant field theories are the ¢ — ©o limits of relativistic field theories.
How is the ¢ — oo limit related to what we have done here? Does a Newton-Cartan
structure automatically appear in that limit, replete with the derivative (2.3) and Milne
boosts?

2. There are also holographic questions. In Section 3 we showed that a Newton-Cartan
structure with the symmetries above appears in the reduction of Lorentzian d + 1-
dimensional manifolds along a null isometry. So the field theory duals to quantum
gravity on asymptotically Schrodinger spacetimes naturally couple to Newton-Cartan
geometry. In particular, the Milne boosts (2.12) correspond to an ambiguity in the iden-
tification of the Newton-Cartan data from the d + 1-dimensional metric.

If our proposal is correct, then Milne boosts must act on the boundary geometry of all
gravity duals of Galilean-invariant field theory. Recently, it was claimed [24, 25] on
symmetry grounds that Horava-Lifshitz gravity [26] on spacetimes with certain asymp-
totics is holographically dual to some Galilean-invariant field theories. In particular, [24]
showed that the boundary geometry is comprised of the various background fields ap-
pearing in Son’s non-relativistic “general covariance” and that bulk symmetry transfor-
mations with support at the boundary act as Son’s non-relativistic diffeomorphisms on
that data. If the claim of [24,25] is correct, then there must be a whole Newton-Cartan
structure on the boundary of these gravitational backgrounds, complete with invariance
under Milne boosts. The simplest example of the Horava-Lifshitz holography arises from
a null reduction of Einstein gravity on AdS,,, so in that case there will indeed be a
Newton-Cartan structure and Milne invariance. The question is whether the more gen-
eral Horava-Lifshitz gravities lead to this boundary geometry.

3. Relatedly, there are consistent string theory embeddings of quantum gravity on so-called
“Lifshitz” spacetimes (introduced in [27,28]), dual to non-relativistic field theories with-
out Galilean boost invariance. What is the boundary geometry in this case?® In field
theory terms, what is the correct geometry to which one should couple a non-relativistic
field theory without Galilean boosts? A potential answer to this question was given in [1]
(which we reviewed in Subsection 2.8), which amounts to a Newton-Cartan structure

8After this work was completed, two works appeared [29, 30] which argue that this boundary geometry is
NC geometry in a similar sense to what we have described, and in particular there is a “hidden” Galilean boost
symmetry. It is our opinion that these works represent several steps in the right direction, but that there are
some remaining puzzles surrounding the particle number symmetry that should be solved before accepting this
conclusion. Should these puzzles be resolved in such a way that these authors’ conclusion is unaltered, i.e. theories
of gravity on “Lifshitz” spacetimes are dual to Galilean theories, then we must ask: what sort of gravitational theory
is dual to a non-relativistic theory without the Galilean boost symmetry?
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(n,,, h*”,v*) where all of this data is covariantly constant. We are very sympathetic to
this proposal, and would like to see it verified or ruled out by a holographic analysis.

4. What is the Galilean-invariant version of a spinor on M? Perhaps one can define
a Galilean spinor through the null reduction we mentioned above, provided that the
higher-dimensional Lorentzian manifold is spin.

5. Consider a gapped Galilean theory at zero temperature, coupled to M such that the
Newton-Cartan data varies over length scales parametrically longer than the inverse
gap. The low-energy effective action may then be expressed as a local functional in
a gradient expansion of the background fields. Recently, there has been a great deal
of attention devoted to this gradient expansion for topologically non-trivial phases of
matter in two spatial dimensions (a partial and somewhat idiosyncratic list of such work
is[1,2,5,6,31-34] and references therein). There one can form Chern-Simons terms
out of the background fields, e.g. A A dA, which encode transport phenomena of the
edge states on the boundary of a finite slab of such material.

These effective actions must be invariant under the symmetries of the problem. In the
Galilean-invariant context, Son’s non-relativistic “general covariance” has been used to
parameterize the most general low-energy effective action. So presumably the effective
actions appearing in e.g. [31] can be written in a way that is invariant under coordinate
reparameterizations, U(1) gauge transformations, and Milne boosts. However, there is
a puzzle in that we have yet to find the Milne-invariant version of the topological terms
appearing in these works. The Chern-Simons term A A dA illustrates the puzzle nicely.
The Milne variation of this term at g, = 0 is 2 A dA+ ® A d® where

1
d= (PJ% — En,ﬂpz) dx*. (6.1)

We have yet to find a U(1) and reparameterization-invariant term which can cancel this
Milne variation. Similarly, we have yet to see how to redefine the Chern-Simons three-
form built out of the gravitational connection (2.3) in a way that is invariant under U(1)
gauge transformations and Milne boosts.

At least when g, = 0, it should be possible to construct such a Milne/U(1)-invariant
Chern-Simons term from the null reduction of a Lorentzian manifold in one higher di-
mension, as we describe in Subsection 3.2. We expect that the Chern-Simons term is
encoded in an identically conserved vector built out of the higher-dimensional back-
ground.

6. Relatedly, it should be clear that one cannot take various results about Chern-Simons
terms and anomalies from relativistic field theory and naively apply them in the Galilean-
invariant setting. We further underscore this point below, but for now we explain our
concern with an example. There is a folklore theorem (see e.g [35-38]) in the con-
densed matter community which implicitly assumes that many features of anomalies in
relativistic field theory are present in non-relativistic theories. The claim is that the ther-
mal transport on the boundary of a two-dimensional topologically non-trivial phase is
governed by a gravitational anomaly on the edge, signaled in the bulk via a gravitational
Chern-Simons term in the low-energy effective action. This chain of logic is fraught with
peril. In order to verify it, one must do three things. First, one should obtain the U(1)
and Milne-invariant completion of the gravitational Chern-Simons term. Second, one
must verify whether the boundary variation of said Chern-Simons term indeed corre-
sponds to an anomaly on the edge. That is, one must see whether that variation may
be removed by the addition of a suitable local counterterm on the boundary. Finally,

31


https://scipost.org
https://scipost.org/SciPostPhys.5.1.011

Scil Select SciPost Phys. 5, 011 (2018)

one must use the symmetries of the problem to relate the anomaly to thermal transport.
However the only non-perturbative arguments of this sort are those used in [21,22] for
relativistic field theory. Those works crucially employed Riemannian geometry and so
do not obviously generalize to the Galilean setting.

7. There are two other questions about Galilean field theory which we tackle in our com-
panion papers [39,40]. The first is to revisit these theories at nonzero temperature, and
the second to initiate a study of anomalies in the context of Newton-Cartan geometry.
At nonzero temperature, we recast non-relativistic fluid mechanics in a manifestly repa-
rameterization, U(1), and Milne-invariant way, which we then couple to M. As a useful
example, we determine the first-order hydrodynamics of parity-violating systems in two
spatial dimensions, which end up looking rather like the corresponding results [41] for
relativistic hydrodynamics in the same setting. We also construct the hydrostatic thermal
partition function using the same logic as in relativistic field theory [42-44].

In the second companion paper, we explore two potential classes of anomalies. The
first are pure Weyl anomalies for z = 2. Exploiting the map in Section 3 between the
Newton-Cartan data and a metric on a higher-dimensional manifold with a null isome-
try, we efficiently solve the Wess-Zumino consistency condition to determine the spectra
of potential Weyl anomalies. We do so in detail for theories in two spatial dimensions.
We also consider potential flavor and gravitational anomalies. Our approach is selective:
we study the anomalous variations that would be natural in a holographic setting, cor-
responding to Chern-Simons terms in a dual gravitational description on asymptotically
Schrodinger spacetimes. However, it turns out that these anomalous variations can be
removed by the addition of a suitable local counterterm, which we compute via the trans-
gression machinery of [45]. However this counterterm violates the Milne symmetry, in
such a way that cannot be removed by the addition of any other local counterterms. So
these Chern-Simons terms do correspond to mixed anomalies in the NR theory, where
the anomalies are “mixed” between the flavor/gravitational symmetries and the Milne

symmetry.
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A Details of Newton-Cartan geometry

A.1 The covariant derivative and Milne variations thereof

Here we justify various results quoted in Subsections 2.1 and 2.2. We begin with the covariant
derivative D,, given the Galilei data (n,,h"”). To define D,, we also introduce v" satisfying
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nuv“ =1 and so h,, via (2.2). We demand that this derivative is compatible with (nu,h‘“’),
that is

D,n,=0, D" =0, (A1)

as well as that the spatial part of the torsion T, , =T*,, —T*,, vanishes, i.e. h,;T7,, =0.
To determine the constraints this imposes on the connection, we decompose I'*,,; into com-
ponents along and perpendicular to n via

T,y = VH(T,)yp + 7 (T)gyp - (A.2)

Spatial torsionlessness implies that (I},) 5, = (I)sp»- Demanding that n,, is covariantly con-
stant, we find

D,n,=3d,n,—TI"

w i = a,unv - (Fv)vu =0, (A.3)

wllp
which immediately gives
(T)yy = Ouny - (A.4)

This also demonstrates our assertion that we cannot simultaneously maintain the constancy
of n,, and torsionlessness of the derivative when n,, is not closed.
Covariant constancy of h*” is then equivalent to

havhp,Dyh"P =0, (A.5)
as n,D,h"" =—h"PD,n, = 0. Simplifying, we have
0 =hgyhp, D" =hyyhg, (8,77 +T75,h7° +TP 5 h"7)

_ P P)
= —P)PE3,hy, +2PLPE (D) oy

(A.6)

where we have used

RahppBuh™ =Ry [3, (hgph"P) =P 8,hg, ] = —haynpd,v” — P2 (PT +v7n5) 3,0y,

=ng (—hgy+PPh,,) 3,V — p;P;; d,h,, = —p;p;; Ayhyp -
(A.7)
Using that (T;),,, = (Th)upv» (A.6) can then be solved to give
1
(T)uvp = 3 (Byhup + Bphyy —Buhyp) + nuF oy, Fuy=—Fy,. (A.8)

At this point, F is an arbitrary antisymmetric tensor. Putting the pieces together, the connection
is the result we quoted in (2.3),

1
I, =v'd,n, + Eh“" (Bvhop + Bphoy—Bphyy) + hH47 N F oy, . (A.9)

Next, we compute the antisymmetric part of the derivative of v*. We have

2h,[, D, VP = hop, (8, vP +TP ,v9) —hgy (8Mvp + I‘pauvg)
=P (8uhvp - avh,up) +v (PS(Fh)aUv _Pg(rh)aoy)
=2vPGuhp + 97 (Fohipn) + Guhyio — Guhnie)

- vavﬁ (8ahﬁ[vnu] + n[uav]haﬁ - 8ahﬁ[vnu]) + P[O;

plu

Fv]a + VGP[(LHVJFU(X

= —Fuy =V ([ Fyja = Fagunty) + npunyvPFag)

=—F,,.
(A.10)
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This implies that

F¥ v”=—v"D vP +v*n_D vP = —y* —y*yPD n
b L Py nP (A.11)
=,
where we have defined the geodesic acceleration
vW=v"D,v*. (A.12)

Raising the indices on both sides of (A.10) with h*”, we find that the curl of the velocity is
D*yY — DYyH = F¥V (A.13)

where D¥ = h*”D, and F*” = h*Ph"? F . Putting these together, we see that the necessary
and sufficient condition for F,, to vanish is if v* is both geodesic and curl-free. In this case the
Newton-Cartan structure is called a Newton-Cartan-Milne structure [14].

Next we obtain the variation of the connection I'*, , under Milne boosts. The velocity
and h,,, transform under the boost as (2.12a) and (2.12b), and we leave the variation of A,

arbitrary. Then the variation of T*, ,, which we notate with a A, is given by

1
ATty = W2 Byn, + - h [0, (—(=1,P% + 1 PO, + 1,012 )
+3, (—=(n,P* + ngP*)py + nyn p?) — 0, (—(nng +n,Pi), + nvnpl,bz):l
+ hte (nva[p AwAU] + Ny 3[VA¢,AO.])
= hHo {(a[p 1P§ + 8oy PS + Ot pa)wa ac, (n,n,v?)
( (AwAa] 2‘]%) + Eapnawz) (A.14)

1
( (Aaya0— ;‘]wa)+§3vna¢2)}
wZ
:hua{(a[p 1PS + Joy1PS + Gont pP$)¢a+ (n48pm01+ 15 35m01)
+n,4, (AwAa]_Pg]wa"'Eno]wz) +n a["(AwA ]¢a+ na]w )}

The expression in the last equality is the one (2.13) which we quoted in the main text.

A.2 Properties of the curvature tensor

In terms of the connection one-form I'*,, =T*, ,dx?, the curvature tensor R*,,; is equivalent
to the curvature of T*,

1
RV, =dTH, +TH ATP, = ERM”p"dxp ANdx?, (A.15)
which immediately leads to the Bianchi identity

DR, =0. (A.16)

Here we have implicitly defined the exterior covariant derivative D which acts on matrix-valued
two-forms as DR", = dR*,, + [T, R]",. The covariant constancy of n,, and h"” also implies

n,R", e =—[Dp,Ds]n,, =0,

1 (A.17)
hPRY) o = 5D Dp " =0
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We now turn to the Newtonian condition, which we discussed at the end of Subsection 2.1.
After some straightforward and tedious calculation using the definition of the connection (2.3),
we find that the Riemann curvature obeys

1
R[H(VP]U) = Eh‘uahvﬁ n(v(dF)U)aﬁ + 2(Fn)[:U«ahP][Yva]n(vhg)ﬁDYvﬁ , (A].S)
where we remind the reader that we have denoted

(dF)yyp = GuF,p + 0,F,, + O Fy, .
So when dn = F" = 0, demanding that the left-hand-side of (A.18) vanishes imposes dF = 0.
The analogous condition at dn # 0 is

RGP gy = 2(FH b1 oy Dy vP =0, (.19

which we find rather unenlightening.

B A detailed comparison with Brauner, et al.

In this Appendix we compare our construction of Newton-Cartan geometry with the proposal
for coupling Galilean theories to M outlined in [18]. We do this in steps. First, we review the
basics of the coset construction of nonlinearly realized symmetries, including an alternative
approach to Riemannian geometry. We then recap their work, compare it with our own, and
find that the two methods give different results. The work of [18] seems more appropriate
to describe the effective action of systems with spontaneously broken spacetime symmetries.
However, we find in the last Subsection that their approach can be modified so as to give a
coset construction of Newton-Cartan geometry, which matches our results in Subsection 2.8.

B.1 Basics of the coset formalism

Consider a theory with a global symmetry group G which is spontaneously broken to a sub-
group H. The coset formalism is designed to compute the G-invariant tensors which may ap-
pear in effective actions using the Goldstone modes of the symmetry breaking. Another way
of thinking about it is the following: given a theory which manifestly preserves a symmetry
group H embedded in a larger group G, one can add extra degrees of freedom parameterizing
a coset G/H so that the full symmetry group is G.

Let us warm up with the case G = U(1), H = 1 for a relativistic field theory, as in the abelian
Higgs model. The coset construction involves two ingredients: (i.) the Goldstone mode ¢
which transforms under local U(1) transformations as ¢ — ¢ + A, and (ii.) a background
gauge field A, which couples to the U(1) symmetry current. The Goldstone mode only appears
through its derivative via

D, =23,p—A,. (B.1)

Now consider a field theory whose effective action S, is a functional of D, ¢ alone, rather
than J, ¢ or A, separately. Integrating over ¢ enforces the U(1) Ward identity, as

1 6 1 6S,
W):( 7y —o. (B.2)

V=g 6A, v—g o¢

The coset construction generalizes the elements in this basic example. ¢ becomes a field
y*(x) which parameterizes elements in the coset G/H. A coset is not usually a Lie group in

D,(J*) = Du(
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its own right, but its elements can be represented as elements of G. Let T, be the generators
of the Lie algebra of H and B, the remaining generators of the Lie algebra of G. Also, suppose
that G/H is connected. Then elements of G/H may be represented as

UeG/H U=exp(iy*(x)B,), (B.3)

Group multiplication endows U with a left G action. For the G = U(1) example, G/H is the
Lie group U(1) and its elements can be parameterized as

U=-exp(iy). (B.4)

The second ingredient is to introduce a connection .4, valued in the algebra of G. The final
step is to define the Maurer-Cartan (MC) form, which generalizes D, ¢ above. It is

wye=iU1(d—iA)U. (B.5)

In order to build actions which are invariant under G, one uses the components of the Maurer-
Cartan form rather than the connection A. Under gauge transformations g(x) € G, the con-
nection transforms as

A—g(A+id)g". (B.6)

Meanwhile the y* transform in a non-trivial way which depends on the G action,

exp (i(y')*B,) = g -exp(iy*By) - (B.7)

To see how this works, consider a case with an arbitrary G which is completely broken.
Then the coset is just G and the G action is just left multiplication. Under a gauge transforma-
tion, the MC form is invariant

wye — iU g (gAg ™t —igdg ™t +id) gU =iU (A—id) U = wyc - (B.8)

So a theory whose effective action is a functional of wj;. is indeed invariant under G upon
integrating out the coset fields y“.

B.2 Riemannian geometry from cosets

Following [ 18], we will now use this formalism to reconstruct (pseudo-)Riemannian geometry.
We will start with G = SO(d—1, 1), the Poincaré group and H its Lorentz subgroup SO(d—1, 1).
This is guaranteed to work. The tangent space to a point in M is isomorphic to R? and in an
orthonormal frame the metric is just the Minkowski metric 5. Of course RY equipped with
Nap can be represented as the coset ISO(d —1,1)/SO(d — 1, 1), where 7,z is inherited from
the invariant tensor 1,5 of the Poincaré group. So there is a natural ISO(d — 1, 1) action on
FM.

We continue with the Poincaré algebra. It is generated by rotations R*; and momenta P,,
and we use 7,5 to raise and lower indices. The algebra is defined through

[R,RCp] =i (nACRBD - 5?)RBC - 5§RAD + nBDRAC) )

. (B.9)
[RAB:PC] =1 (52})3 _nBCPA) .
Elements of G/H ~ R can be represented as
U =exp(iy*P,) . (B.10)

Unlike in the usual setting, the y* will not be dynamical fields. They will instead serve as a
means to building a vielbein.
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We parameterize the connection A as

1
A=piP, + EcoABRBA, (B.11)
where w?j satisfies w? = —w?4. The MC form is
A A_ A B 1 4 o A L 4 pB
COMC=(p —d_y —wW gY )PA+§O) BR A=E€ PA+§CO BR Ao (B.12)

where in the second equality we suggestively define a vector-valued one-form e” through the
expression in parenthesis. Under an infinitesimal gauge transformation

g = exp (i [)LAPA + %VABRBAD , (B.13)

with v = —v34 the y# and components of A vary as

5,y =M= vAyy®,
5pr=d/1A—vABfB+wABkB, (B.14)

5waB = dVAB + C()ACvCB —VACcl)CB .

The last line gives the transformation rule for the spin connection, and substituting these
variations into the definition of ¢” in (B.12) gives the variation of e,

5t =—vAgel. (B.15)

Two observations are in order. First, the elements of the MC form are invariant under local
translations A”. Second, in (B.14) and (B.15) we recognize the transformation laws of the
inverse vielbein eﬁ and spin connection under local Lorentz rotations. So the coset formalism
gives us a vielbein and a spin connection and so the basic building blocks of Riemannian
geometry, provided that the y* are non-dynamical. When the y* are dynamical, this formalism
still gives a vielbein and spin connection, but in a way that is ready-made to address aspects
of spontaneous symmetry breaking.

B.3 The comparison

In the same spirit let us now take G to be the centrally extended Galilean group. The algebra
is spanned by the generators of spatial rotations R ; with RY = —RJ!| Galilean boosts K;, time
translation H, spatial momenta P;, and particle number M. We use 5 to raise and lower
spatial indices. Expressed in terms of Hermitian generators, the algebra is

[R;,R,]=1(5%R; — 6IR;* — 6*RL + 5 ;R ,
[Rij’Pk] = i(51i<Pj _5jkpi) > [Rij,Kk] = i(5]i<Kj —5iji) 5
[PUK]]:_151]M) [H’Kl]:_lpl

with all other commutators vanishing. We collectively denote H and P; as P,, with P, = H.
The authors of [18] proceed by taking H to be the subgroup SO(d — 1) x U(1) generated
by R j and M. Then the coset G/H is not a subgroup, as the remaining generators (K;, P)
do not form a subalgebra. Moreover, the tangent space to M has nothing to do with G/H.
Nevertheless the authors of [18] forge ahead by parameterizing G/H through elements of the
form
U=exp (iyAPA) exp (iuiKl-) , (B.16)
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where as above the y# are non-dynamical. However and crucially, the u' are dynamical.
Parameterizing the connection .4 as

. 1 . .
.AszPA+a>‘OKi+mM+§wljR]i, (B.17)
with w¥ = —w/t, the MC form is

wye = (P’ —dy°)H+(p' = dy' = o'ay* +u'(p° = dy®)) P + (0o — du' — ' W) K;
0 0
p —dy”

. 1 . .
2
5 U +co”yiuj)M+§coljR1i

+ (m —o'o(y; +uy®) +u'(p —dy) +
. 1 . .
= fAP, + Q'K; +AM + EwljRJi, (B.18)

where in the last line we have implicitly defined the vector-valued one-form f4, Q, and A.
Under an infinitesimal gauge transformation

. 1. .
g =exp (i [AAPA +vioK; +AM + EVljR]iiD , (B.19)
with v/ = —Ji| the y4, u!, and components of .4 vary as
5,y =24 =vpy", Sy =vig—viul,
5pr=d7LA—VABpB + wpA8, SXcoiO =dvi0+wijvj0—vijcoj0, (B.20)
5xm = dA—Viopi + liwio, 5XCL)ij = dVij + Q)ikvkj —Vik(l)kj .

From this we determine the variation of the components of the MC form
5, fA=—vPpfB, 5,0 ==, 5,A=d(A—Viy). (B.21)

Note that the f4, w'y, and ! j transform in exactly the same way as the Galilean coframe f A
and spin connection of NC geometry as we described in (2.56). So this construction succeeds
in that it gives a Galilean coframe as well as the various connections (w'4,A) of NC geometry.
However, there are no Milne boosts.

The other major difference with our analysis is the following. For a local field theory which
couples to the coframe f* and the (! j,A) components of the connection, the dynamical field
u' only appears algebraically in the action through those fields. Integrating it out yields another
local action invariant under the symmetries of the problem. Now consider a local theory which
couples to the w', components of the connection. In the construction of Brauner et al, those
couplings would be introduced through !, in which u! appears through derivatives. In this
instance integrating out u' will not lead to a local action. At best one might hope to make the
u' parametrically heavier than the other degrees of freedom in the system, so that the effective
description at lower energies is a local Galilean-invariant theory coupled to M. However it is
not clear if the most general Galilean theory may be coupled this way. In particular, it seems
unlikely that Schrodinger CFTs can be coupled to M using this method.

B.4 Newton-Cartan and Milne boosts from cosets

We now present an alternative use of the coset construction that will give NC geometry without
introducing additional, dynamical fields. As above, take G to be the Galilean group, but now
take H to be the subgroup generated by rotations R j» boosts K;, and particle number M. (This
possibility was raised in [ 18] but not studied in detail.) Then G/H is a Lie group isomorphic to
RY, which as a vector space is isomorphic to the tangent space to M. Moreover, the invariant
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tensors of the Galilean group descend to invariant tensors 5/ and 52 on the tangent space.
These are the invariant tensors of NC geometry, and so this construction is guaranteed to
recover the NC structure.

We proceed by parameterizing the elements of G/H by

U=exp (iyAPA) . (B.22)

As in Appendix B.2, the y will be non-dynamical fields which we use to obtain a Galilei frame.
Next we parameterize the connection A as

A=p'Py+mM + (K, + %winji, (B.23)
so that the MC form is
Wyc = (po —dyO)H + (pi —dyi — wiAyA)Pi + (m— wioyi)M + inKl- + %winji )
= fAP, +AM + 'K, + %winji , (B.24)

where in the last line we have implicitly defined f# and A. Under an infinitesimal gauge
transformation (B.19) the y* and components of A transform as

5,y =24 —vApyP, §,p% =dA*t —vpp” + 52", (B.25)

o,m= dA—vigp; + A0, 5xwiA =dvi,+ o)ijvjA—vijij.
We remind the reader that v°, and w®, both vanish. From this we find the gauge variations

of the remaining components of the MC form,
5, =—vfB,  §,A=d(A—viy)—Viofi- (B.26)

Note that w,, is invariant under translations A*. The f# and spin connection w', trans-
form in exactly the same way (2.56) as the Galilei frame and PGal(d) connection in our frame
formulation of NC geometry in Subsection 2.8. So the f# defined here furnishes a Galilei
coframe on M. Finally, the gauge field transforms under Galilean boosts in the same way as
we found in our analysis at the end of Subsection 2.8, wherein we fixed the 0-component of
the frame as Fé‘ = v, To summarize, the data (f*, w,,A) obtained here gives the building
blocks of NC geometry, provided that we realize Milne boosts through the action of PGal(d).
However, note that wio is not constrained as in (2.59). So this is a slightly different version of
NC geometry than that considered in this work.
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