Scil SciPost Phys. 5, 041 (2018)

Fusion and monodromy in the Temperley-Lieb category

Jonathan Belletéte * and Yvan Saint-Aubin3'

1 Institut de Physique Théorique, Université Paris Saclay,
CEA, CNRS, 91191 Gif Sur Yvette, France
2 Département de mathématiques et de statistique,
Université de Montréal, Montréal, QC, Canada, H3C 3J7

* jonathan.belletete@ipht.fr, { yvan.saint-aubin@umontreal.ca

Abstract

Graham and Lehrer (1998) introduced a Temperley-Lieb category TL whose objects are
the non-negative integers and the morphisms in Hom(n, m) are the link diagrams from n
to m nodes. The Temperley-Lieb algebra TL, is identified with Hom(n, n). The category
TL is shown to be monoidal. We show that it is also a braided category by constructing
explicitly a commutor. A twist is also defined on TL. We introduce a module category
Mods; whose objects are functors from TL to Vect. and define on it a fusion bifunctor
extending the one introduced by Read and Saleur (2007). We use the natural morphisms
constructed for TL to induce the structure of a ribbon category on Mod+ (f =—q— qah),

when ¢ is not a root of unity. We discuss how the braiding on TL and integrability of
statistical models are related. The extension of these structures to the family of dilute
Temperley-Lieb algebras is also discussed.
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1 Introduction

The (original) family of the Temperley-Lieb algebras was cast into a categorical framework by
Graham and Lehrer [1] in 1998. A decade later Read and Saleur [2] introduced a product
—1 X — between two modules over two (maybe distinct) Temperley-Lieb algebras. Still later
this product was computed between several families of modules by Gainutdinov and Vasseur
[3], and Belletéte [4]. Their recent results (obtained in 2012 and 2015 respectively) lead
to natural questions: how can one define the module category over Graham and Lehrer’s
category? Does the natural braiding that exists on Graham and Lehrer’s category (described
for example by Turaev [5]) extend to this module category? And how many of the defining
properties of tensor categories does the module category satisfy? The present paper answers
these questions.

Statistical models in two dimensions are defined by an evolution operator or a transfer
matrix acting on finite-dimensional vector spaces. The sizes of both the lattice and the vector
spaces are parameters of the formulation. The limit when these parameters go to infinity is
known in some cases (numerically or rigorously) to be a conformal field theory. For several
XXZ and loop models [6,7], the Hamiltonian is first defined as an element of a Temperley-Lieb
algebra TL,, or one of its generalizations, and the actual linear operator is obtained as the
representative of this element in some representations over the algebra. The fusion product
is an algebraic construction, actually a bifunctor, that associates to two modules M and N
over TL,, and TL, respectively a module over TL,,,,. As said above, for the Temperley-
Lieb algebra, such a fusion product —; X; —; was introduced by Read and Saleur [2] and
computed in many cases by Gainutdinov and Vasseur [3] and Belletéte [4]. It is associative
and commutative, and the braiding gives the isomorphism between M x ¢ N and N x; M.

There are reasons to believe that algebraic information obtained from the finite algebras,
either the Temperley-Lieb family, its dilute counterpart or any other one, is intimately related to
analogous structures of the CFTs and should help understand them. First there is compelling
evidence that, in the limit when the size of the lattice goes to infinity, the spectrum of the
Hamiltonian, properly scaled, reproduces characters of the Virasoro algebra. Second, in some
representations of the TL family, the Hamiltonian has Jordan blocks (of size 2 x 2) [7, 8],
indicating a possible link to logarithmic CFTs. Third, when restricted to TL-modules that are
known to give rise to the Virasoro modules appearing in minimal CFTs, the highly non-trivial
fusion product defined between TL modules does reproduce the simple fusion rules of these
minimal CFTs. Since the operator product expansion of CFTs leads to a fusion product between
modules over the Virasoro algebra whose many properties are captured into a tensor category,
it is natural to ask how many of these properties are shared by Read’s and Saleur’s fusion.

The (original) family of the Temperley-Lieb algebras was cast into a categorical framework
by Graham and Lehrer [1] while they were actually studying another family, the periodic (or
affine) Temperley-Lieb algebras. The construction brings together all algebras TL,(),n > 0,
in the same category :I:[(/j). Their formulation will be the starting point of 2 where the re-
quirements for a category to be monoidal and then braided will be fulfilled for the TL family.
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Even though the braiding on :I:I:([i) is already known, the twist presented in this section is
new to our knowledge. _
Section 3 defines a module category Mods; whose objects are functors from TL to Vectc.

The associator, commutor and twist defined on TL are shown to induce similar natural trans-
formations on Modsy . 4 then shows how the integrability of two-dimensional statistical mod-
els and the components of the commutor 7,.; defining the braiding are related. 5 extends the
results to the family of dilute Temperley-Lieb algebras dTL,,. A short conclusion follows.

2 The Temperley-Lieb category

Graham and Lehrer [1] showed that the algebras TL, (), n = 0, can be studied as a whole
and given the structure of a category TL. The goal of this section is to recall the definitions
of monoidal and braided categories and show that the Temperley-Lieb category TL is braided.
Some of the data necessary to define a braided category are known for the TL family (see
for example [5]). However giving the details here fulfills several goals. It provides a peda-
gogical introduction to these structures with detailed proofs. It also establishes many of their
properties that will play a crucial role in Section 3.

2.1 :I:[([J’) as a monoidal category

The first step is to cast the family of algebras TL,,n > 0, into a category and show that the
additional requirements of a monoidal category are easily fulfilled.

We take the convention that morphisms and functors acts on the left, so that (FG)(X) = F(G(X)).

The Temperley-Lieb category TL is defined as follows. The objects of the category are the
non-negative integers: .
ObTL=N,=1{0,1,2,...}.

The sets of morphisms Hom(n, m) from n to m is empty if n and m do not have the same parity
and, if they do, are defined as the sets of formal C-linear combinations of (m, n)-diagrams. A
(m,n)-diagram a € Hom(n, m) is composed of two vertical columns of m nodes on the left,
and n nodes on the right, linked pairwise by non-intersecting strings. For instance, here are a
pair of (4, 2)-diagrams and one (2, 4)-diagram:

.\. ./0
O v G
Note that the third diagram can be obtained from the first by reflection through a vertical
line midway between the two columns of nodes. We will call the result of this reflection the
transpose of the diagram. The identity morphism 1, € Hom(n, n) is the (n,n)-diagram where
every point on the left is linked to the one at the same height on the right. (The identity
morphism 1, € Hom(0, 0) exists (by definition), but it represented graphically by an empty
space.) Compositions of morphisms are defined by linearly expanding the composition rules
for diagrams. For an (m, n)-diagram b and a (k, m)-diagram c, the composition co b is a (k, n)-
diagram defined by first putting c on the left of b, identifying the m points on the neighboring
sites, joining the strings that meets there, and then removing these m nodes. If there is a string
no longer attached to any points, it is removed and replaced by a factor 3 € C. Here is an
example of the composition of (4, 2)- and a (2, 4)-diagrams:

) - B - B

AR R AR X

3
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and of the same diagrams in the other order:

/ o .\o = 0/.\0 = pfe—— =p-1,.
('\C.) (.:)/0) O\C?/C P o 2

The associativity of the composition of diagrams is easily verified. The depiction of 1, by a
simple space is consistent with the depiction of the composition by concatenation of diagrams.
For example the following product of the (2,0)-diagram d and (0, 2)-diagram e

H)e(cq) = v ¢

could equally be understood as d o 1, o e. Note finally that End(n) = TL,(B) is the usual

Temperley-Lieb algebra TL,, (). The category TL can be easily enriched to become a monoidal
one.

A category C is said to be monoidal if it is equipped with the following structures [9-11]:

1. A bifunctor —® —: € x € — C, called the tensor product;
2. An object | € Ob(C) called the identity;
3. Three natural isomorphisms':

¢ a:(— ®—)®—3— — ®(—y ®—3), called the associator.

o A:|l®——> —, the left unitor.

e p:—®|— —, the right unitor.
Moreover these structures have to satisfy the triangle and the pentagon axioms. These axioms
require that the diagrams in Figures 1 and 2 commute for all A,B,C,D € Ob C. Finally, if the

associator, the left and right unitors are all identity isomorphisms, the category is said to be
strict.

(A®1)®B A®(I®B)
PA®N ﬁéka

Figure 1: The triangle diagram

(A®B)®C)®D
Aap.c® 1/ WE,C,D
(A®(B®C))®D (A®B)®(C®D)
aA,(B@C),DJ

A®((B®C)®D)

l a4 B,(C®D)
1,®apcp

> A®(B®(C®D))

Figure 2: The pentagon diagram

We recall that a natural isomorphism u : F — G between two functors F,G : €, — C, associates to
each A € Ob(C,) an invertible morphism u, € Homg,(F(A), G(A)) such that uz o F(f) = G(f) o u,, for all
f € Homg, (A, B). The morphism u, is called the component of u at A.

4
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Definition 1. Let C be the Temperley-Lieb category TL Define the bifunctor —®— in the following
way. For objects n,m € ObTL, simply set > n ® m = n + m where “+" stands for the addition in
Ny and, thus, the identity object is | = 0 € ObTL. For a (k,n)-diagram b and a (t, m)-diagram
¢, the (k + t,n + m)-diagram b ® c is obtained by simply drawing b on top of c. For example,
taking b, c as in the previous example gives

=) -

]

AVIA

This is then expanded bilinearly to all morphisms. The associator a, ,y is the isomorphism
(m+n)+k— m+ (n+k) and the unitors are 0 + m — m and m + 0 — m respectively.

Since (Ny, +) is a monoid, the axioms are trivially verified for the objects. It is easy to verify
that the axioms also hold for the morphisms and, thus, TL is a strict monoidal category.

2.2 :I:[(ﬁ) as a braided category

Let C be a monoidal category and let the opposite tensor product between two objects A,B € Ob ¢
be defined as A®°? B = B ® A. The category C is braided if there is a natural isomorphism
N :—® — — — ®°? — such that the two hexagon diagrams in Figures 3 and 4 commute for all
A,B,C € ObC. When such a natural isomorphism exists, it is called a commutor. If, for all
A,B€ODbC, nyponga= lpga, the category is said to be symmetric.

NABeC
A®(B®C) . (B®C)®A

aA,B,/ \\aB,C,A

(A®B)®C B®(C®A)
NaB ® 1& /13 ® Nac
(B®A)®C B®(A®C)

Apac

Figure 3: The first hexagon diagram

In a strict braided category, the hexagon diagrams are equivalent to the two following
identities:

Nasec = (13 ® ’f)A,c) o (ﬂA,B ®1c), (@))

NBeca = (T)B,A ® 1c) ° (13 ® 7)c,A) . (2)

To endow TL with a braiding requires more work than to define its monoidal structure.
We start by outlining the strategy. Since TL is strict, the hexagon diagrams are equivalent to

NMnm+k = (1m ® T)n,k) o (nn,m ® 1k) B (3)

2The category TL is not additive. Indeed one of the requirements for additivity is the existence of direct sum
objects for any finite set of objects. The direct sum of two objects m,n € ObTL would be given by an object
(men)€ObTL together with maps m LN (me@n)andn N (m@n) satisfying some universal property. However
if m and n are of different parity, one of the two sets Hom(m, (m @ n)) and Hom(n, (m @ n)) is empty and the basic
requirements for the existence of the direct sum cannot be met.
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NasB,C
(A®B)®C ——— C®(A®B)

-1 -1
Aap.c / \\ac,A,B

A®(B®C(C) (C®A)®B

1,® TIB,N /M,c ®1g

A®(C®B) —— (A®C)®B
AacB

Figure 4: The second hexagon diagram

T)u+v,w = (T)u,w ® 1\/) ° (111 ® nv,w) . (4)

It follows that, if we can find 7, ;, the other 7, ,,, n,m > 1, will be uniquely defined by
these two conditions, provided that they are consistent, that is, if n,, ,, satisfy the above two
conditions, then so does 1,41, = (fr]n’m ® 11) o (1n ® nl’m), for instance. Proposition 2.1 will
establish this consistency. We shall then build the 7, ,, recursively. It will then remain to prove
that these 7, , define natural isomorphisms. This will require several steps: Lemma 2.2 will
express the morphisms 7, ; in terms of 1; ; only and a short computation will express 7, ; in
terms of the generators e; of Temperley-Lieb algebras. Lemmas 2.3 to 2.5 show how the 7,
braid with the e; and some diagrams in Hom(n, 0) and Hom(0, n). Then Proposition 2.6 proves
that the 7, form together a commutor for the category TL.

The hexagon axioms fix the isomorphisms 7, o and 7, ,,. Indeed, when all integers are set
to 0, (3) gives 1y = (19 ® Mg,0) © (10,0 ® 1¢) and thus ny o = 1. Similarly the same equation
for 1, 041 leads to n, o = 1,. Hence n,g =1, =1, foralln > 0.

SISV

0<nu+v<rand0<m+k,w<s, then so do 1, and 1, defined as

nr+1,s = (nr,s ® 11) o (1r ® nl,s) and nr,1+s = (11 ® nr,s) o (nr,l ® 15) . (5)

Proof. We only give the proof for n,,,; and equation (4), as the other checks are similar.
Suppose that n+ m=r+1with0<n <r and 1 < m <s. The steps are the following:

(nn’s ® 1m) o) (ln ® nm’s) = (nn’s ® 1m) o (1n ®Np—1,5® 11) o (ln ®1,.1® 7)1’5)
= (nn,s ®ly1® 11) ° (1n ® Nm—1,s ® 1;)o (1n+m—1=r ® 771,5)
= (((nn,s ® 1m—l) ° (1n ® nm_1,s)) ® 11) ° (1r ® 771,5)
2 (@10 (1, ®n1,)
5

=Mr+1s-

Steps 1 and 4 are obtained by using the fact that 7, ; and 7, satisfy the hexagon identity
(4). Steps 2 and 3 use the property 1; ® 1; = 1;,; of identity morphisms that holds for all
non-negative integers i, j. Finally step 5 is the proposed definition of 7, ;. O

The next lemma solves the recursive expressions (5) in terms of the “elementary compo-
nent" 7, ; only.
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Lemma 2.2. The morphisms n,.;, with r,s > 1, satisfy equations (3) and (4) if and only if they
are given by

s—1

l_[( l_[ fz+](r+5) l_[ l_[tl+1(r+s) 6)

i=1 j=r-1

where t;(n) = 1,_; ® N7 ; ® 1,_;_; € Hom(n,n) and the factors in a product are listed starting
. . 1
from the right, that is, | |§:1 t; =tit_q...tot; and | |l.:S t; = tqty... ts_qt,.

Proof. The proof of the first part is obtained by induction on r and s. Taking the induction first
on r, then on s gives the first expression, while doing the inductions in the reverse order yields
the second. The proof of the former is given as example. When r = s = 1, the first expression
is simply 77 ; and the statement is trivially true. Assume therefore that the result stands for
Nr1- If 411 satisfies equation (4), then in particular

Nr+11 = (nr,l ® 11) ° (1r ® 771,1)>
~——
tr+1(r+2)

which is 1, ; as given by the first expression in (6). Assume then that the result stands for
some r,s = 1. Then (3) gives

nr,s+l = (15 ® nr,l) o (nr,s ® 11)

0 s 0
=( l_[ tj+s+1(r+s+1))01_[( l_[ tii(r+s+1)),

j=r—1 i=1 j=r—1

which is the expression for 7, ;,; given in (6).
The converse can be obtained as follows. The first expression gives

k 0 m 0
(1m ® nn,k) o (nn,m ® 1k) = (l_[ l_[ ti+j+m l_[ l_[ tl+])
i=1 j=n—1 i=1 j=n—1
m+k 0 0
=(TT ITedo(TTTT &)
i=m+1 j=n—1 i=1 j=n—1
m+k 0
= ( l_[ l_[ ti+j) = Nn,m+k
i=1 j=n—1

and, thus, satisfies (3). The second expression is shown similarly to satify (4). The proof that
the first expression satisfies (4) is harder and it is then easier, though tedious, to prove that
the two expressions are equal. It is done using the identity t;t; = t;t; for |i —j| > 1, that
follows from the definition of the t;(n). Here is an example. The two expressions for 7, 5 are
(t3tg)(tat3)(tity) and (tstaty)(t4tsts) and those for ny, are (tat3)(tity) and (tati)(tsts).
Assuming that the latter are equal, the former are shown to be equal by

(ts t4)((t2t3)(t1 tz)) = (t3t4)((tzf1)(t3t2)) = (tstat1)(tatsts)

where the two expressions for 71, , gives the first equatlity while the commutativity of t, with
t, and t; gives the second. The argument can be extended into a proof by induction on the
sum r + s of the indices of 7,.;. O
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The next step is to find an expression for 7, ;. Since ;;:1®1 — 1®1 is an element of
End(2) ~ TL,(), which is two-dimensional, there exists a, y € C such thatn; ; = aly+ye;(2),

where the notation
ei(n) =1,,1® :) C: ®1n—(i+1)

is used. It can be checked directly from this definition that the e; satisfy the Temperley-Lieb
defining relations:

ei(n)e;(n) = Be;(n), ei(n)e;+1(n)e;(n) = e;(n), 7)

ei(n)e;(n) = e;(n)e;(n), if |i —j| > 1. (8)

In fact, it can be proved that the set {e;(n)};<;<, generates End(n) = TL,(B). Using these
relations, it can be seen that 7, ; is invertible provided that a # 0. Now, if the family of 7, is
to define a commutor then, in particular, it must verify

N1262(3) =e1(3)N12 and MN12(1:©2)=(2®11)n1 9

where
z= 3 €Homs(0,2) (10)

and n]_’z = (11 ®7]1’1)0(7)1’1 ® 11) = a213 +aY(61(3)+62(3))+Y262(3)61(3). The ﬁI‘St equation
of (9) will be satisfied if and only if a? + Bay + y? = 0, while the second will be if and only if
ay = 1. Solving these equations yields

where g € C* is such that § = —q — ¢! and the two + signs are independent. There are
thus four solutions. Note that one of the + is responsible for an overal sign on 7 ; while the
remaining one mirrors the invariance of B under q¢ — q~!. Without loss of generalities, we
shall concentrate on the following choice:

ti(n)=q"?(1,+q 'e;(n)) and ()t =q2(1, +qe;(n)) (11)

and ;7 :1®1 — 1®1 is simply 7 ; = t;(2). These building blocks t;(n) of the 7, have
appeared numerous times in the literature. The identity (16) below was recognized by Chow
[12] as crucial to identify the center of braid groups. Much later Martin [13] used the t; (up
to a factor) to construct central elements of the Temperley-Lieb algebra.

It can also be useful to introduce diagrams representing t;(n) and t;(n)"}; we choose the

following
t,(2) = >l (271 = < (12)

The other t;(n) can be built from these by using the tensor product of morphisms. These
diagrams are concatenated using the same rules as for the other diagrams representing mor-
phisms in the category, so diagrams with isotopic strings are equivalent. Note however that
diagrams related through a Reidemeister move of type I are not necessarily equivalent; for

instance,
0@e = > =@ a=-@72 5 ¢ (13)

The following lemmas will give the behaviour of these crossings under the Reidermeister moves
of the two other types. .

It now remains to show that this choice does defines a braiding on TL, but doing so requires
a few lemmas. From now on, we shall omit the arguments specifying the Hom-space, unless

8
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they are needed to avoid confusion, and assume that these arguments are large enough for
the expressions to make sense. For example the next lemma proves that ¢;t;,e; = e;;1¢e;. The
statement stands for t;(n)t;,,(n)e;(n) = e;;1(n)e;(n) for all i +2 < n as t;,;(n) and e; ;(n)
act non-trivially on nodes i + 1 and i + 2 of the elements of Hom(n, n). The next three lemrpgs
prepare the proof that the 7, ’s are natural isomorphisms and thus define a braiding on TL.
The first is obtained by direct computation.

Lemma 2.3. The morphisms t; and e; satisfy

titiv1€6; =€i116; = €qtitiyy, (14)
tivitieir1 = e€ieip1 = eitit;, (15)
titiv1t; = ip1titipg. (16)

In terms of diagrams, this lemma can be written

tytye; E;X;\;;) C; = :D;\’_‘(E = o :i\,\\: =e,tqts, (17)

=€

tytie, E;y/:': (i = ./C‘ = ;) C:‘/ > o = eytqty, (18)

=e1€

titot; = = ;.yl/\.\\‘; = totyty. (19)

Combining these identities with the definition of the braiding 7, ,, gives its diagrammatic
picture, for instance

Q’

4

4

[N
X//
//X

N32= XN s N2,3

%

The next one is almost as easy.

Lemma 2.4. Forall1<i<n—1,1<j<m-—1,

nn,mei = em+inn,m and T)n,men+j = ejnn,m- (20)
Thus, for all f € End(n) and g € End(m),
T)n,m(f ®g):(g®f)nn,m' 21)

Proof. If 1 <k <1i and thus k <i < k+n—1, the preceding lemma and equation (8) give

Eeliesn -+« Liepn—1€i = tielpgr -+ - Lilign1€ Ligp oo Lpn—1 = €ip1 bpelieqn + - - Leqn—1-
eir1titivy

It follows that

m
Nn,m€i = l_[(tk S I A | )ei

k=1
m 1
= l_[(tk tht1 -« Lign—1) (ei+1 l_[(tk b1 -+ tk+n—1))
k=2 k=1
m 2
= l_[(tktk-H oo teyn—1) (€i+z l_[(fktkﬂ cos tk+n—1)) =...
k=3 k=1
= em+inn,m-
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The second identity in (20) is proved similarly using the second expression of (6). Finally,
(21) follows from the fact that End(n) ~ TL,, is generated by the e;. O

Lemma 2.5. For positive integers p and n
Mnzp(1n ®2F) = (@ @ 1)nn0 and mo,(E)7P @ 1L)=(1,8 =) )Ny,  (22)

where N9, = Mno = 1, 2z is defined in equation (10), ()" is its transpose, and
2P =z2®2®...9z,
—

p times

Proof. We prove the first identity only as both proofs are nearly identical. We proceed first by
induction on n and then on p. If p = n = 1, the equation is the second of the two equations
in (9) that were solved to construct the t; and obtain (11). Suppose therefore that the result
stands for p =1 and some n > 1. The hexagon identity (4) gives

Nni1,2(1ns1 ®2) =(M12©1,)(1; ® 1 0)(1; ® 1, ®2)
=(M1,291,)(1; ® (n,2(1, ®2)))
=(M201,)(1;,©2®1,)
=M1, ®2))e1,
=z2®1,,1.

Assume then that the result stands for some p > 1 and all n > 1. The hexagon identity (3)
gives

nn,2p+2(1n ®Z®p+1) = (12 ® nn,2p)(nn,2 ® 12p)(1n ®zQ Z®p)
= (12 ® T)n,2p)(nn,2(1n ®2) ® Z®p)
=z® (nn,Zp(ln ®Z®p))
=z%*1e1,

which ends the proof. O

In terms of diagrams, this lemma simply states that the two points linked together on the
right side of the diagrams in equation (17) can be moved over the underlying links.

= (13 ®Zt).

i

RN
M32(2' ®13) = o\.\\~\\.\o?o. =
\/‘

With these three lemmas, we are now ready to prove the main result of this section.

Proposition 2.6. The category TL is braided with a commutor having components

nr,s:ﬁ( ﬁ i +9)) = ] (

i=1 j=r-—1 i=r j=

s—

1
ti+j(r +S)) (23)
0

and t;(n) = q/*(1, + g 'e;(n)).

Proof. The category TL will be braided if the components 7, ; are natural isomorphisms satisfy-
ing the hexagon axioms. Lemma 2.2 has already showed that the proposed expressions for the
components 7, ; satisfy the hexagon axioms. Moreover, since t;(n) is invertible, so are the mor-
phisms 7,.;. There remains only the naturality condition to prove. It states the following: For
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all pairs (n,m) and (r,s) in Ob TLxTL and all pairs of morphisms (¢, d) € Hom(n, r)xHom(m,s),
the following diagram commutes

c®d
nem-——res

nn,m nr,s
d®c

me®n ——s®r

Since the Hom-spaces are spanned by diagrams and that the 7, ; are bilinear, it is sufficient to

prove that
(d® Iy =15(c®d) (249

for any (r, n)-diagram c and (s, m)-diagram d.

Consider then ¢ € Homsy (n, r) a diagram having k through lines, that is, precisely k nodes
on the left side of ¢ are connected to k nodes on its right side. Any such diagram can be
expressed as

c=a(1,®2%7 )(1, ® (21)°"7 )b, (25)
where a € Endr and b € Endn. The hexagon identities and lemma 2.5 give
r—k r—k
nr,s(lk ®z°7 ® 15) = (nk,s ® 1r—k)(1k ® nr—k,s)(lk ®z°7 ® 15)
r—k
= (T)k,s ® 1r—k)(1k ® nr—k,s(z® 2 ® 15))
r—k
= (nk,s @1 )1 ® 1 ®2%72 )
=(1,®1; ®Z®%)ﬂk,s~
The same arguments also give
n—k n—k
nk,s(lk ® (Zt)® 2 ® 15) = (15 ® 1k ® (Zt)® 2 )nn,S'

Using lemma 2.4, it follows that

r—k n—k
nr,s(c ® ]-s) = nr,s(a ® 15)(1k ®Z® 2 ® ]-s)(]-k ® (zt)® 2 ® ]-s)(b ® 15)

n—k

= (1, @ a),,(1; ©2°7 8 1)1, ®(=')°7 ®1)(b®1)

= (1, @ a)(1, 8 1, ®2°7 )0y (1, ® (2')°7 ®1,)(be 1)
r—k n—k

= (13 ® a)(]-s ® 1k ®z%7 )(15 ® 1k ® (zt)® 2 )nn,s(b ® 15)

= (1s®c)nn,5'

The same steps are used to prove that any diagram d € Hom(m, s) with ¢ through lines satisfies
Nns(1,0d) = (d®1,)n, 1. Then, for any (r, n)-diagram c and (s, m)-diagram d, these identities
give
nr,s(c ®d)= nr,s(c ® 13)(111 ®d)= (15 ® C)nn,s(ln ®d)
= (15 ®c)(d® 1n)nn,m =(de® C)nn,m
which closes the proof. O

Note that with this braiding, TL is not symmetric.  In general, the element
Nom © Nmn € End(n + m) is not even central. For instance, 175 =q - 13+ (e; +e3) +q 'ese;
and 11 =q-13+(e; +ey) + q leje, and thus

N2,1°M1,261—€1M21°N12 = g 2(q—q ")(eres —eqey) #0.

We shall come back to the morphism 7, ; o 1 . in 3.3.

11
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2.3 The twist 6

The previous section established that the category TL is braided. It has even more structure:
It has a twist.

A twist 0 on a braided category C is a natural isomorphism of the identity functor whose
components{6, € End(A),A € Ob C} satisfy

Ores =Mpa°Nap(64®0p),  forallAand B€ObC. (26)

This section constructs such a natural isomorphism for the Temperley-Lieb category TL. The
first step toward this goal is to solve a subset of these equations, namely those that have either
r or s equal to 1. The next lemma is a corollary of 2.3.

Lemma 2.7. The morphisms t; satisfy

titivg---tnoitntn1---tig1ti = tptn_q---tig1titipy---th_1tn- 27

Proof. 2.3 provides the cases t;t; 1t; = t;t;t;1 for alli > 1. Then, for a fixed i, induction
on n gives

titivy o bpatntnoy.o tipnt = Gty o [q ttp g ] gty
= titip1---[ttpata]. o i €
= toltitip1 - thalp1tn .. Lip1ti]t,
=tytyg-.tiz1titisg .. tnqts.

O

The solution of (26) when either r or s is 1 is given by a family of central elements c,
whose main properties are proved in A. (To our knowledge, as an element of TL,,, the element
¢, appeared first in Martin’s book (see section 6.1 of [13]), but was actually defined much
earlier by Chow [12] to study braid groups.)

Lemma 2.8. The central elements ¢, = q°"?(t,_q...tot1)" = ¢®2(t1ty...t,_1)" n > 2,
together with ¢y = 1y and ¢; = q¢*/?1; satisfy

Cht+1 = 7fll,n o nn,l(cn ® Cl) and Ch+1 = nn,l o 771,n(C1 ® Cn)’ n=0. (28)

Proof. Note first that the two equations are trivial for n = 0 and, for n = 1, they both give
Monii(c; ®c)= qg(n1,1)2 = q3(n1,1)2 =q¢*(t))* =c,

as claimed. Suppose now that the ¢, k < n, all satisfy both equations. Then

q—3(n+1)/2

N1n © M1 ®c1) = (tn .. tat1)(Erty .o t)(Epy - Eaty)"
=(ty...tot)[t1te. .ty qtntn q...tot;(tp g .. tot) "
= (tn... tot)[(ty- .. tat1)(tats .ty g t) )ty - tot7)" "
=(t,...tot1) 2 (totg ...ty qt,)(Epq... . tot])"
==ty tp0)) (g ) (Epg - - - 217
= (tn... tt1)" Mty 1tnty )tz tot1) (g .. tot1)"
= (tn.. . tpt)" tyty 1ty )(tys .. tat1)(tyoy ... t11)"
= (ty... tot)"" T =D 2
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where the identity (27) was used repeatedly to transform the sequences of generators be-
tween square brackets. Since, by A.2 (d), the central element c, can be written both as
@2 (t,_q ... tot)" and ¢*3(t t,...t,_1)", a similar argument using the latter form may
be used to show that the family {c,} also solves the second identity in (28). O

The diagram representing c, is quite convoluted, but we nevertheless illustrate the first
identity in (28) for n = 3 and with the symbol ~ meaning “equal up to a power of q":

0\ .\
~ <* . . .
(29)
The final identification of the twist {6,, n € Ny} requires yet another technical lemma.

Lemma 2.9. The commutor {n,} satisfies

ns+1,r—1(ns,1 ® 1r—1) = ns,r(]-s ® nl,r—l): (30)
nr—1,5+1(1r—1 ® nl,s) = nr,s(nr—l,l ® 15)' (31

for all r and s € N such that all indices in these identities are non-negative.

Proof. The proof of the first identity proceeds as follows and uses the explicit form (23) of the
commutor:

Ms+1,r—1 (M50 ® Lr1) = (1,1 ® M5 1)N541,r1 by the naturality (24) of 1

1 r=2
=t [ [] ]t
i=s+1 j=0
= (trtr+1 cee tr+s—1)[(tr—1 cee tZtl)(tr te t3t2) s (tr+s—2 cee ts+1ts)](tr+s—1 cee ts+2ts+1)

and then moving the leftmost t,,¢t,,q,..., and t,,,_; to their rightmost possible positions
within the square brackets

= [(trtr—l cee t2t1)(tr+1tr tee t3t2) s (tr+s—1tr+s—2 cee ts+1ts)](tr+s—1 cee ts+2ts+1)
1 r—1

= l—[ l_[ ti+j : (15 ® nl,r—l) = ns,r(ls ® nl,r—1)~
i=s j=0
The second identity is obtained from the first by the substitutions r —1 —s,s+1 —r. O

In terms of diagrams, the identity (30) (withs =r =3) is

A N
\
'{.\\\ = b\‘:/‘\.\ = n33(13®1M12)- (32)
\M‘
S~

This lemma simplifies considerably the proof of the existence of the twist.

Na2(N31 ® 1) =

i

Proposition 2.10. The morphisms in End(n) given by the multiplication by 6, = c,,n € N,
define a natural isomorphism 6 between the identity functor and itself, and is a twist for the
commutor 1) .
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Proof. 2 The first step is to prove that the family {6, = c,,, n € N} satisfy (26), which amounts
to establish

ns+1,r—1 o nr—l,s+1(9r—1 ® 93+1) = ns,rnr,s(er ® 95) (33)

Indeed 2.8 has proved 7, ,,n,, 1(6,®6;) = 0,,,; and, starting from the latter, the above identity
proves recursively the identities (26) for all r and s such that n+1 = r +s. Note that equation
(28) holds also for the components 6, = c,.

We first rewrite (6,_; ® 6,,,) in terms of (6, ® 6;):
(6,1®6:41) =(6,1®111)(1,; ®6y1)
= (6,21 ® 1;41)(1,—1 ® (n5111,4(61 ® 6))), by (28),
=(6,-1©1,1)(1,—1 ® M5 1M1,5)(1,— ® 6, ® )
=(1,,8151M )0, ®6; ®1)(1, ®6), because 6; =14,
= (1,1 @011, 1116, ®1,)(1,®6,),  again by (28),
= (1,1 @0y 1My 07y ®1,)(6, ® 6)).

It is then sufficient to prove

Ns41,r—1Mr—1,541 (11 ® 775,1771,3)(7):_11’17711_1 ® 1) = 1N 1 Nrs-
With the technical 2.9, this is now straightforward:
Ns41,r—1Mr—1,541(1r—1 ® 7)s,17)1,s)(7)r__11,1 nf}_l ®1)
= Nss1,r—1[Mr—1,541(L1 ® M5 D111 © 771,5)(71:_11’17711_1 ®1)
=[Ms31,,-1(M5,1 ® L) [Mr—1 512 (1, 1 © 771,5)(7):_11,1 ® 15)](ﬂilr_1 ®1,),
by the naturality (24) of 7,

=05, (1;,®M1,—1)Ns(n7 41 ® 1), by (30) and (31),
= fr)s,r(ls ® nl,r_l)(ls ® 771_}«_1)%,5: again by naturality,
= Ns,rMrs>

which ends the proof of (26).

It remains to prove that 6 defines a natural isomorphism of the identity functor, i.e. that
for all f € Hom (m, n)

9nof =f09m, (34)
Let f € Hom(m,n) be a diagram with k through lines. As before (see equation (25) of the
proof of proposition 2.6), such a diagram can be written as

ao(1;® 28(h/2y o (1 ® z8m=K/2y o p, (35)
for some a € End (n), b € End (m). Since 8, is central in End (n) by proposition A.2,

0,0 f Lao 0,0 (1 ® z8(1K)/2) o (14 ® z8Mm=K)/2) o p

ao nn—k,knk,n—k(ek ® 9n_kz®(”_k)/2) o (1k ® §®(m—k)/2) ob

2 a0 (1, ®281/2) 6 6, o (1, ® 28m1)/2) 0 p

[+

ao (1, ®z°0/2)0 (1, @ 222y M mtc(Ok ® Oi) 0 b
fob,.

3The very last line of this proof rests on a basic property of standard modules S, ; over TL,. The reader not
familiar with these might want to postpone the reading of the proof after the introduction of these modules in the
next section and the computation of v, in part (b) of proposition A.2.

[[en
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Steps 2 and 5 were obtained by using equation (26). Steps 3 and 4 rest on two observations.
(It is here that the factor ¢>"/? plays an essential role!) First 1 is a natural transformation and
thus 1,k M (L ® Oiz® %) = (14 ® 6,422 ) imy o = (1 ® 6,422 /2),
Second proposition A.2 gives 8,_;z®"K)/2 = z8—K)/2 since Hom (n, 0) =~ S0 as left End (n)-
modules. 0O

3 The category of modules over Temperley-Lieb algebras

3.1 Braiding modules

The representation theory of the family of TL,,n € N, was cast into a categorical framework
by Graham and Lehrer [1] as follows. Let F € Funct(:I'T_, Vect) be a functor from the category
TL to that of finite-dimensional vector spaces over C. Then each F(n), n € Ny, is a vector space
and each F(a), for « € Hom(n,n) ~ TL,, is a linear map F(n) — F(n). Since F preserves com-
position, F(n) is naturally a TL,-module, but the functor F is somewhat richer than a choice of
a TL,,-module for each n > 0. Indeed the functor F also gives linear maps F(y) : F(n) — F(m)
for all y € Hom(n, m) between modules over distinct algebras of the Temperley-Lieb family.
These linear maps must also preserve the composition of diagrams. We now give examples of
such functors taken from [1]. .

Let k € Ny. A functor Sy € Funct(TL, Vect) is defined as follows. If the parities of n and k
are distinct, then the vector space S;(n) is set to 0. If their parities coincide, then S;(n) is the
formal span of (n, k)-diagrams with exactly k through lines. If @ € Hom(n, m) with m,n and k
having the same parity, then Si(a) : Si(n) — Si(m) is the linear map defined by its action on
(n, k)-diagrams with k through lines. If y € S;.(n) is such diagram, then S;.(a)y € Hom(k, m) is
aoy if aoy has k through lines and 0 otherwise. For all other a € Hom(m’, n’), that is with m’
or n’ not sharing the parity of k, the linear map Sy (a) is zero. It is straightforward to check that
Sy is a functor and that S;(n) is the usual standard or cellular TL,-modules S, ;. The functor
Sk just described is simply S¢(—) = Hom(k,—) ®t|, Sk where S; is the one-dimensional
standard TL;-module.

Any module M over TL,, is the evaluation of a certain functor F at m, for example the
functor Hom(m,—) ® M, that will be denoted by either F, \y or simply Fy;. (Recall that
Hom(m,m) = TL,, and Fyy(m) = Hom(m,m) ®1, M ~ M.) We shall use the letter
| € Funct(TL, Vectc) for the functor I(—) = Homs (0,—) ®11, TLy ~ Homs(0,—). Recall
that TL, ~ C and Hom(0, 0) = C. The functor | is thus Fo 1.

Our first step is to define a category of modules associated to TL compatible with Graham
and Lehrer’s framework. The examples given above, F,, \y and stsk,k’ should be objects of
this category, but slightly more general functors will be useful. Let m be a positive integer
and m = {my,m,,...,m,}, where the m; > 1,1 < i < a, be a partition of m = ), m;. For
each i, let M; be a TL,, -module. Clearly M =M, ®: M, & ---®: M, is a module over the
product Tl = TL,, ® Tlpy, ®47 -+ ®y Ty, of the algebras TL,, . The data (m, M) define
naturally a functor FE,M € Funct(ﬁ, Vectc) (or simply Fi7) by

F o m(—) = Homg (m,—) @1 M (36)

= Homgy (m, —) & TL,,, (M1 ®c My ®c -+ ®c My),

my ®FL T by 8O

with the action on morphisms f : n — k given by

Fam((aer x)=(foca)®r X, (37)

15


https://scipost.org
https://scipost.org/SciPostPhys.5.4.041

Scil SciPost Phys. 5, 041 (2018)

for @ € Hom(m,n) and x € M. L
Note that, given a pair (m, M), the functor F_ is isomorphic to a functor F,, \y for a
certain TL,,-module M’. Indeed

Fo: (=) = Homsp (m,—) @11, M ~ Home (m, =) @11, (TLyy @71, M) = F,_ 57.(=)

where M 1= M’ is the induced module from TLy, ®57 TLy, ®57 -~ ®57 TLy,, to TL,,. Despite
this observation, the definition (36) will show its usefulness below.
Definition 2. The category Mod+; has as objects the functors F for all partitions m and

choices of modules M (together with the functor I(—) = Hom(0,—) ®t TLy) with their di-
rect sums (as functors), and as morphisms HomModﬁ(Fm wi> Fr7g) the natural transformations
Nat(F 17, F; i) between these functors.

Note that, since clearly Mods; C Funct(:I'T_, Vectc), the direct sums are defined in the
same way on both. In particular, F, N en, = Fon, © Fon,-

Here is a simple example of a natural transformation between F,, and Fy where both
M and N are TL,,-modules with m = n. In this case both partitions m and n are simply
{m}. Let f : M — N be a morphism. Define ¢, : F\y — Fy by the linear transformations

¢5(k): Fpm(k) — Fy(k)
a®y, x—a®y fx

if a S Homgy(m,k) and x S M. Clearly this is well-defined:
fla®T, cx) =a®t, f(cx) =acer, f(x) = f(ac &y, x) for any ¢ € TL,. The nat-
urality of ¢ is easily checked. For b € Hom(k,[)
Fn(b) o ¢s(k)(a®T, x) =Fn(b)(a®T, fx)
=(ba)®T, fx
=¢s(1) o Fym(b)(a ®TL, x),

that is Fy(b) o ¢¢(k) = ¢ (1) o Fp(D) if b € Hom(k,1). Other examples are given below.

Let M and N be a TL,,- and a TL,-module, respectively. A fusion product M x; N was
first defined by Read and Saleur [2] and later on computed systematically by Gainutdinov and
Vasseur [3] and Belletéte [4]. To endow Modsy with a braided structure,* we extend their

definition to pairs (m, M) and (7, N) of partitions and choices of modules:
M x¢ N =Tl @710 11, (M & N). (38)

The fusion M Xg N is thus a left TL,,+,-module. This (slightly more general) definition makes
the introduction of a bifunctor —; x;—, on Mody straightforward:

FE,M X Fﬁ,ﬁ(_) = Hom(m +n,—) ®TLW®:I'T_TLH (M Q¢ N) (39)
which can be rewritten as

~Hom(m+n,=) &, (TLyin ®T1 0 T1; (MecN))
~Hom(m+n,—)®1__ . (M Xg N)
= Fm+n,M><fN(_)' (40)

“The concept of fusion category exists in the literature (see, for example [10]). Even though it describes cate-
gories equipped with a bifunctor —; ® —, (among other structures), the categories of modules under study here
are not fusion categories, as the latter contain only semisimple modules.
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The bifunctor’s action on morphism is defined in the obvious way, that is, for g : F,, y = F,, ¢
a morphism, then the morphism g x; F, \ is defined through its components (removing the
overhead bars for simplicity)

(g %f Fun)di : Hom(m +n, k) @1 o711, (M®c N) = Hom(u + n, k) &1 g1, (U®c N)

a®T o7, (X®cYy)— Z ao(Yyx ®7 1,) &1L, 07L, (2®CY),
zeU

(41)

for all « € Hom(m + n,k), x € M, y € N, and {y,,},ey € Hom(u,m) is such that
gm(1y &1, X) = Drsct Yo ®7L, 2. The morphism F, \ x¢ h for h : F,y — F, is then
defined in an analogous manner.

The functor I(—) = Hom(0, —) acts as the identity for this product:

I%¢ F (=) = Hom(0 + m, =) @11 611, (TLo ®c M)
~ Hom(m,—) ®_ M, since TLy~C
= FE,M(_)
and this isomorphism Ix¢F_ & — F. 5 defines a left unitor A on Mods;. A right one p is
defined similarly.
With the definition of the bifunctor x, more examples can be given of functorial mor-
phisms between objects of Mod4;. The following ones turn out to be natural isomorphisms.

Proposition 3.1. If f # 0, then Fys, ~Fo 1.
Proof. Let ¢ : Fys, — Fo 1L, be defined by
@(k) :Fys, (k) >~ Fo 1, (k)
fer,d —fodp &c(1/p),
where f € Hom (2, k). Then, if a € Hom(k, I):

p(D)(aof®r,p)=acfob & (1/f)=ao(p(k)(f &L, ),

that is, ¢ is a morphism or, in other words ¢ € Nat(F,s, ,Fo1L,) Clearly ¢ has an inverse
defined by ¢ (k)(f ®cc) =c(f o ¢) ®7L, b force C=TL, and f € Hom(0, k), and o lis
also a natural transformation. Thus ¢ is a natural isomorphism. O

Corollary 3.2. Let § # 0 and F_+; € Ob(Mod<y). Then F—+ ~F . In particular

m+2,M><fSZ’O
Frso = Frionseone  forallk,n=0. (42)

Proof. By equation (40),

~ j—

Fm+2,ﬁxf52’0 - Fﬁ,m Xf FZ,SZ!O =~ Fﬁ,m Xf FO’TLO =~ FE,M Xf | =~ FE,M'

The isomorphism (42) follows from the identity Sy, x Xf S20 2 Ska(i+1),x that holds when
B # 0 (see Prop. A.1 of [4]). O

The set of natural transformations from the functor F, 1 , where TL, is seen here as
the left regular module, to the functor F— 7 can be made explicit. Indeed, by definition of
Fn1L,(—) =Hom(n,—) ®y TL, ~Hom(n,—). Thus

Nat(F, 1., F ) = Nat(Hom(n, —), F ) = F— w(n), as vector spaces,
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where the last isomorphism follows from Yoneda’s lemma. In particular

Homyoq— (Fo,c, Frzip) = Nat(Fo ¢, Fr i) 2 Fr37(0) 2 Sy g ©71 M,

again as vector spaces.
The definition (36) of objects in Modﬁ allows for an easy definition of an associator, also
noted a, on Mods;. Let F; 1, F 17 and F- be three objects in Mods; . Then

m+n

Fioxe (FamxrFan) = Hom(l+m+n, =) ®1Le_TL (L& (TLyn OTL o TLi (MecN)))

~Hom(l +m+n,—) @TLe—TL,,, [(TLy®F TLin) OTL o Tl e TL; (Lec (M®c N))]
~Hom(l +m +n,—) @7 e Tirox TL; (Loc (MecN)).
Similarly

(FroxpFam)xpFrn = Hom(l+m + 1, =) ® 16— T1 0= TL; (Lec M) ®c N).

Letk € Ny, f € Hom(l+m+n, k) and x € [, y € m,z € N. Then the associator a
must act as

(I,L),(m,M),(7,N)

f ®TLe Tlrer T (X ®c Y) ®c 2) — f 1L e TL o= TL; (X ®c (¥ ®c 2)).

The verification of the triangle and pentagon axioms for these unitors A, p and associator a
then mimics that for the usual tensor product of vector spaces.

A lighter notation will be used from now on. The tensor signs ®: and ®TL ex Tly will
be replaced by ® and ®z;; respectively and the functor Fm,ﬁ by Fg;. Furthermore, when

appearing in indices, we shall write only M instead of F&i- The braiding n of ﬁ:([&) induces
one on Mody; as follows:
n Py P — oy P (43)

(i k(@ @ (X ® ¥)) = a0 My S5 (v ® X), (44

for all x € M, y € N, a € Hom(n+ m,k), k € :I:I:, and extended linearly in the natural way.
The components of 1 are well-defined natural morphisms in Mods;. Suppose indeed that
c € Tls,d € TL;, b € Hom(k,s). Then
(M n)s(ba @7z (cx ® dy)) = ban, ;, O (dy ® cx)
= ban, m(d ®57 ¢) ®m (¥ ® x)
= ba(c ST d)nn,m ®n,m (ry®x)
= b(ngg i (alc ®57 d) @77 (x ® ¥)).
It is straightforward (but tedious) to show that 7, is natural in both entries. (An example of

such verification is done below for the twist 8.) The check of the hexagonal axiom is the last
step. Again any element of ((F-xFg7)%¢F)(k) is a linear combination of terms of the form

b®; - ((x ® y)®z) where b € Hom(l + m + n, k) for some k, and x € [,y €M,z € N. Then
the upper part of the hexagon gives (we dropped the k index to lighten the notation)

A NN N © CTMN(D B (X ® y) ©2))
= AN © Mg N (D Oz (x © (v ®2)))
= ag RN L(OMmint ®m1 (¥ ®2) ® X))
= bNmini ®mnl (yo(ze®x))
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and the lower one

(g ®npeayin© ey ® Ig)b ;77 (x ® y) ®2))
=A@ nry) e agrn(b(m © 1,) &7 7 (v ® x) ®2)
= (I @ ng)(b(nm ®1,) @7+ (y © (x ®2)))
= b1 © 1)1 ® 0y 1) @757 (¥ © (2@ x))
= bNming ®777 (Y ®(z®x)), by (1).
Since the two expressions coincide, the family of commutors N> for

(m, M), (7, N) € Ob Mody, satisfies the first hexagon axiom. The proof of the second is similar
and the above discussion establishes the braided structure of Mod;

Proposition 3.3. The category Mod<y together with the bifunctor X, the identity |, the associator
a, the unitors A, p and the braldlng n is a braided category.

3.2 Rigidity and Mods;

The representation theory of rational conformal field theories offers examples of modular cate-
gories. These categories satisfy even more structural constraints than the braided tensor ones.
This section identifies conditions under which the braided tensor categories Mods; can be
endowed with some of these additional structures.

Abraided category is rigid if, for every object F in the category, there correpond two others,
its right and left duals F* and *F, and morphisms

ep: FF*®@F — | tfp:l— F®F*, (45)
er :F®F—| el —"FoF, (46)
such that the compositions

L ®id E F ®efp

F—>F®F*®F—>F 47)
idpx ®LF ef Qidgx
IF*—— F®F®F —— F* (48)

are the identity morphism, on F and F*, respectively. If such morphisms exists, they are unique
up to isomorphism. Similar axioms hold for e;: and L’F. The rigidity axiom insures, in CFT, that
any primary field ¢ has a right partner ¢* and a left one *¢ such that the correlation functions
((¢*)¢p) and (¢p(*¢)) are non-zero. Often the left and right partners coincide. Actually in
all rigid braided category, the two duals are always isomorphic, since once can show that
(g) = nE}F* otp: 1= F*®F, and (eg) = ep o p- : 1 = F ® F, also satisfy the axioms for

the right dual. .
Note that the category TL is rigid, with n* = *n = n for all objects n € TL and duality
morphisms
m m
Uy = D | € Homs(0,2m), em= | € Homz (2m, 0) . (49)
m m

It is then straightforward to verify that (1,,®57 €)0(t,®3 1) = (€ ®57 1m)o (1@ tm) = 1y
The rigidity axiom is fulfilled for Mod+ when the algebras TL,(f) are semisimple for all
n, that is when q is not a root of unity (recall that = —q —q™'). For these values of 3, the
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cellular modules S, ;, 0 < k < n with k = nmod 2, form a complete set of non-isomorphic
irreducible modules of TL,,. All other (finite) modules of TL, are direct sums of these. Their
fusion product is known [3,4].

Proposition 3.4. If q is not a root of unity, then

m+n
Fux Fo @' Fi  with Fp=Fug
j=Im—nl|
and where &’ stands for a direct sum with a step equal to 2.

This simple fusion rule leads to the following result.

Corollary 3.5. If q is not a root of unity, then
2m
Frx Fn~@D'F;  and  Nat(Fo,F,, x; F,) ~Nat(F,, x; F,,Fo) ~ 5, ,C
j=0

as vector spaces.

In other words F,,, x; F,, has a direct summand isomorphic to | = F, if and only if m = n.
The left and right duals of F,, can thus be chosen to coincide with F,,. With this observation,
the construction of the four functorial morphisms ef, ¢, e’F and L’F is straightforward. We detail
that of eg and tg. To define t,,, note first that

is the only (0, 2m)-diagram whose tensor product with

= ol

is non-zero. Thus define the components v, (k) : I(k) — (F,, x; F} )(k) of the morphism

LF, = m to be
f%b—wcf@ & (= ® =)

where f € Hom(0,k) and a € C a constant to be fixed. A quick check shows that this is a
morphism. (This morphism ¢, exists even for q a root of unity.) Note that the definition of ¢,,
uses é,, € Hom(2m, 0) and, as will be seen below, that of e,, uses t,, € Hom(0, 2m), a fact that
could be confusing.

The definition of e, : Fp,, x; F;;; = | requires the primitive idempotent wj,, € TL,,, known as
the Wenzl-Jones projector. It is the unique non-zero element of TL,, such that wj,, - wj,,, = wj,,
and wj,, -e; = ¢; * Wj,, = 0, 1 < i < m [16]. Thus C-wj,, ~ S, ,, as a left module. Such
idempotents wj,, exist for all m if and only if q is not a root of unity. Moreover

- -

in S, ;,. The components e,,(k) : (F,, x; F,,)(k) — I(k) of e,, are linear maps defined by
g®m,m(Wim' E ®ij' E ) —_ a/go(wfim®ﬁ”{im)@ ®1
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for g € Hom(2m, k) some a’ € C. The two constants a and a’ are tied by the rigidity axioms
(47) and (48). For example (47) gives for f € Hom(m, k)

(idp @77 en)(tm B idn)(f B, (1® | )

= a(id, ®re m)(f )®m,m,m(|§ ® E ® E )

=ad/(f o @Whn@ ®n E)

zaa/(f o Wi ®m E )zaa/(f ®m E )

and (id,,, ® 3 em) © (,, ®77 id,,) is the identity if and only if aa’ = 1. The second axiom (48)
does not add any constraints and, if @ and a’ are chosen to be 1, e and ¢ satisfy all the axioms.
The constructions and verifications of this section and the previous one prove the following
result.

Proposition 3.6. If q is not root of unity, the category Mod+y together with the blfunctor xf, the
identity |, the associator a, the unitors A, p, the braiding and the morphisms e, t,e’ and /,
rigid.

A ribbon category is a rigid category endowed with a functorial isomorphism 6 and a dual
isomorphism 0* satisfying (6g)" = 0. and *(6¢) = 6.f. The isomorphism 6 is called a twist.
The duals are defined by the composition (omitting associators and unitors)

dps ®Lp idps ®9F®1dF* ep®idpx
(Bp)" - F*—>F*®F®F*—>F QF®F" —— F*,

and similarly for the left duals. The natural isomorphism 6 for Mod will first be constructed
and then the compatibility between duals checked.
The twist on TL induces a twist on Mods; as follows. For ¢ € Hom(m, k) and x € M

define me(k) = Oy;(k) by

¢ @ x — O(k)(c ®m x) = cO,, B x. (50)
Since the elements 6,, € TL,, are central, Om(k) is well-defined. Since its (unique) eigenvalue
on an indecomposable module is never zero, 67(k) is also invertible. The next step is to prove
that it is a natural transformation of the identity functor of Mody ; to see this, one must prove

that for all functors Fg,Fy € Mods;, and all natural transformation
kg — Fy € Homyoq_ » the components of (u o 65) and (6 o u) must be equal on all

objects k € TL. Leta ®+ x be some element of Fg(k), so a € Hom(n, k), x € N, and write
ur(a ® x) = > bi ®<7 i, Where the sum is over some finite set, the b; are in TL,, and the

y;in M. One then verifies that

(10 O)k(a &z x) = pg(ao 6, ®y x)
= ur(Bx 0ca®x x), by (34)

= Orux(a @37 x) = QkZ b;®y;
i
= Z b0, ®7 ¥i, again by (34)
i

= (070 ila @ X),
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where we used the fact that 0 is a natural transformation on TL and u is natural on Mod<; .
Since (u o 6g)k and (O o u) are both linear, it follows that they must be equal on Fg(k).

Finally, let a € Hom(m + n, k) and x € M and y € N such that a Cmn(x®y)e mefﬁ. Then

mefﬁ(a ®ma(X®Y))=abpn ®mn(x®y)
=(aoNym© Nmpn © (0 77 6,)) mn (x ®y), since 6 is a twist on TL
=(ao(6p ®7 On) My © M) ®mm (x®y), by2.4
=Nl (6 @5 0,) 0Ny O7m (¥ © X))
= Ngm © Mvin(a e (6 ®5p 6,) @7z (x ® )
=N © M © (O 1 O)(a ®mq (x ® ¥)),

and the twist 6 on Mod:I.T_ verifies the axiom (26).

It simply remains to verify that the twist is compatible with the duals; we show that it is
compatible with right duals, as the proof for the left ones is very similar. First note that for all
1<i<m,

tiLm = t2m—iLm: emti = emtzm—i’

where i, ¢, are the duality morphisms from 'ﬂ:, introduced in equation (49). It therefore
follows that

(6,, ®Fr 1,0, =0, O 0,)tm and en (6., O 1) =en(1,, O 0..)

where e, and t,, are now the components of e and tg. Using this observation with the

definition of the twist and duals in Mod+7, one quickly sees that for all F € Mod<¢

(9|:®1)L|: :(1®9F)LF and e,:(6|:®1)=e|:(1®9|:).
The right dual of 6 is thus

(0r)" = (er ®idf) o [(idr ®0F ® idf) o (idF ®tf)]
= [(er ®idf) o (idr ®idr ®6F)] o (idF ®tF)
= (id) ®0F) o [(ef ® idF) o (idF ®¢f)]
= (id; ®6F) = O

where we have used the fact that F* = F and, to get the last line, that Mod+y is rigid. The
twist 0 in Modqy is thus compatible with its duals.
These checks on 6 holds for any q. However, for a category to be a ribbon category, it needs

to be rigid and thus, for Mods;, ¢ may not be a root of unity.

Proposition 3.7. If q is not root of unity, the data (Modﬁ_, Xe, |, a4, p,m, 8,1, e’, 1/, 0) define a
ribbon category.

Note that we also proved that the twist in TL is also compatible with its duals, so TL (with
the appropriate data) is also a ribbon category.

The categories appearing naturally in minimal conformal field theories are the modular
tensor categories. Beside being ribbon categories, the modular ones require among other
things that all objects can be written as a finite direct sum of simple objects and that the
number of (isomorphic classes of) simple objects be finite. (An object A in an abelian category
C is simple if any injective morphism B — A is either 0 or an isomorphism.) When g is not
a root of unity, the simple objects are the standard modules S, n € Ny, and 0 < k < n
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with n = kmod 2. Corollary 3.2 shows that F,, 5 ,n € Ny, are all simple objects and non-
isomorphic. However their number is infinite and the ribbon category Mods; cannot be a
modular one.

The category Mod+; cannot be rigid when g is a root of unity. Indeed rigidity would imply
the exactness of the bifunctor x; which it is not when q is a root of unity [4]. But it turns out
that x; is closed when restricted to projective modules, even when q is a root of unity. It is thus

natural to consider the full subcategory Modfil_rli_)J with objects restricted to projective modules
(or, more precisely, functors of the form F,, p where P is projective TL,-module). The fusion
coefficients are more intricate than those of Corollary 3.5. (See Proposition 4.1.1 of [3] or
Section 4.1 and the quick computational tool 5.4 of [4].) However the Corollary’s key feature,
the one that allows for the introduction of morphisms ef, ef:, (g and L;:, still holds:

Nat(Fy, F,, x¢ F,,) >~ Nat(F,,, x; F,,Fo) ~6,,,C

as vector spaces, when q is a root of unity such that the smallest positive integer £ such that
q% = 1 is larger than 2. Here F, stands now for Fn’pm. The morphisms (45) and (46)
thus exist. We have checked on a few cases that the rigidity conditions (47) hold for proper
choices of the e’s and ’s. The full subcategory Modf’lﬁ_rlf_)J has an unexpected feature however:

it is not any more an abelian category, a characteristic that is usually assumed in the study of
fusion. Recall that, in an abelian category, every morphism has a kernel and a cokernel in the
category. But, when a projective module P, ; has three or four composition factors, there are
morphisms P, ; — P, ; whose kernels and cokernels are not projective and thus absent from

the subcategory Modr%c_)j.

3.3 The monodromy 7y © NN

Since the commutor 7) is a natural isomorphism, the composition NFFrr © NFe Fr is a natural
isomorphism of mefﬁ onto itself. In conformal field theories the eigenvalues of this isomor-

phism are related to the monodromy of correlation functions of primary fields. We shall refer
to this map as the monodromy as in the study of modular tensor categories. Because of the ax-
iom (26), the monodromy is completely determined by the twist (see Proposition 3.8 below).
But the definition of the twist (50) shows that the definition of Gpmﬁ(k) depends only on m
and not on the component k. Moreover every TL,,-module M is the éomponent m of a functor
in Ob(Mods7). We thus restrict our study of the monodromy to the fusion of the TL,,- and
TL,,-modules M and N.

The nature of the monodromy is easy to describe in the semisimple case, i.e. when ¢ is not
a root of unity. However the morphism may have a nilpotent part when q is a root of unity,
as will be seen below. In the following we use fairly standard notations, writing |, x, S, x and
P,k for the irreducible, standard and projective modules over TL,. The standard S, ; was
described at the beginning of 3.1, the irreducible |, ; is its irreducible quotient and P, ; the
projective cover of |, ;. (See [4,14], and also [1] where S,, ; is denoted by W;.(n).)

The twist 0 defines isomorphisms of modules over the Temperley-Lieb algebras. Indeed
they are defined through the invertible central elements 6, of TL, and thus define isomor-
phisms of modules by left multiplication. The defining property (26) of the twist 6 gives a
rather explicit expression for the monodromy. We choose to state this (obvious) fact in a
proposition to underline its crucial character and ease further references.

Proposition 3.8. The monodromy ny v © v N s expressed in terms of the twist as

INM © IMN = On (O ® On) 7 (51)
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When g is generic (not a root of unity), then the algebras TL,, are semisimple for all n
and the standard modules S, ;, with 0 < k < n and k = nmod 2, provide a complete list of
non-isomorphic irreducible modules. Their fusion was given in terms of the associated functor
in Proposition 3.4. Here is a simpler statement in terms of the modules themselves.

Proposition 3.9 ( [3,4]). Let ny,ny, > 1 and kq, ky such that 0 < k; < n; and k; = n; mod 2.

Then

Snlykl ><f nyky = @ S”1+”2

k=|k1—ks|

when q is not a root of unity. Again @’ indicates a direct sum whose index step is two.

3.8 then gives a complete characterization of the monodromy of standard modules in this
generic case.

Proposition 3.10. The monodromy g
of S, k, Xf Sn,k, aS the identity times

nkg Snr ks OIS k1S i, ACES OTL the direct summand Sy, 1, x

when q is not a root of unity.

Proof. The central elements c, = 6, act as multiples of the identity on the irreducible S, ; by
Schur’s lemma. The eigenvalues y,  of ¢, on the standard modules S, ; are obtained in A.2.
Thus

1
6, ®6, )" =——--id.
nl " Sy k1 % Snakz Ynyk Vg ko
The restriction of the monodromy to the direct summand
S, +nyk Of the fusion is then v, i, /(Yn &, Vnyk,)- A direct computation leads to the desired
expression. O

It is worthwhile to note that the multiple of the identity is independent of n; and n, whose
only role here is to fix the parities of k; and k.

When q is a root of unity, the monodromy 1y p © 1 N is still given by 3.8, but it might not
be a multiple of the identity. Indeed the action of the central elements ¢, on TL,-modules is
in general not such a multiple. The A.3 and the paragraph leading to it show that such a non-
trivial action, i.e. a non-diagonalisable action, might occur only on projective modules with
three or four composition factors. Let P, ; be such a projective module. Then Hom(P,, x, P, ;)
is two-dimensional. Beside the identity id, there is a map sending the head of P,  to its socle,
both being isomorphic to I, ;. Let f be this map, that is, a map such that im f is the socle of
P.k- This map is nilpotent: f 2 = 0. We now give two examples of such non-trivial action of
the monodromy.

One of the simplest cases occurs when g% = 1 for £ = 3. Then, even though the standard
modules S, , and S, ; are irreducible, their fusion S, 5 X¢ S;; is not. Using the expressions
computed in [3,4], one finds S, , X; S; 1 = P35 where Pj 5 is an indecomposable projective
module. This projective is three-dimensional, has three one-dimensional composition factors:
l3.; once and |5 5 twice. The latter composition factors are isomorphic to the socle and head of
the module. Hence, even though 6, and 60, act as multiples of the identity on S, , and S, ;, the
morphism defined by c; is not diagonalisable on Pj 3. In fact a direct computation shows that
the monodromy in this case is 15, s,, ° 71s,,5,, = = ¢*7/3 . id +vf if q is chosen to be 2™/3,
Here v is a non-zero constant (that depends on the basis) and f is the map described above.
Note that the (unique) eigenvalue of the monodromy is still correctly predicted by (52), as it
should be: py 3 =q? = e*™/3.
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Our second example is more intricate: we shall study the monodromy on the product
TL, % TL, for q generic and q = v—1. If q is generic, then TLy >~ S, s ® S, ,. The linearity
of the fusion together with 3.9 gives

TL2 Xf TL2 jal TL4 jacd S4’0 D 54’0 D S4’2 & S4’2 52 S4’2 D 54’4.

Since q is generic, the monodromy 0|, 11, °NTL, 7L, is diagonalisable with eigenvalues given
by 3.10. The eigenvalues on the two copies isomorphic to S, o are q 8 and 1, on the three S42
they are ¢~#,1 and 1, and on Sy4itis q*. (Note that MTL,,TL, °NTL,, TL, does not take the same
eigenvalues on isomorphic copies of the standard modules in TL,, since the multiple uy, , «
depends also on the modules begin fused.) If ¢ = v—1 and thus f = 0, then TL, =~ P, and
the fusion is then

TLy Xe TLy 2 Py X Pop > Pyy @ Pyy @ Pyy.

At this value of a the 1som'orph1'srn MTL,,TL, © NTL,TL, is even more compl.lcategl because
none of the three 1somorp.hls.ms in GTL‘E(QTLZQ 61,)"" is a multiple of the identity on tbe
modules they act upon. Still it has a unique eigenvalue as uy 50 = g2 = Uz 24 = 1. While
MTL,,TL, © MTL,TL, is non-diagonalisable, it is possible to find two subspaces A and B, both
isomorphic to P, 5 that allows for an easy description of the morphism. Let C be the other
summand P44. Then 6 = ny, 11, © 71,71, can be broken down into its action on each
summand as

OAA OB A ocA
oaB | :A—Tly, o | :B—TL,, ocg|:C—TLy.
SacC oB.C 6cc
They are
oaa=id+of, Spp=idap, oa,c =0,
6B,A:0: 5B,B:id+vf, SB,CZOJ
6C,A =0, 6C,B =0, 5C,C =id +pf,

where o, v, p are non-zero constants and ida g stands for the isomorphism between A and B.
From these maps, it is straighforward to compute the Jordan form of 7). Its non-trivial Jordan
blocks are 2 blocks 3 x 3 and 2 blocks 2 x 2.

The root ¢ = v/—1 is somewhat special in the representation theory of the algebra TL,,: It
is the only value for which the semisimplicity of TL,, varies with the parity of n. (For all other
roots g% = 1 with £ > 3, the algebra TL,( = —q—q '), n > £, is never semisimple.) Although
the example above was given at this particular value ¢ = v/—1, it seems to be representative
of what happens at other values of q.

4 Braiding and integrability

One of the most profound uses of Temperley-Lieb algebras in physics is in the study of solvable
models, like the XXZ Hamiltonians or loop models on two-dimensional lattices. The goal of
the present section is to tie braiding and integrability in some of these statistical models. The
former will appear through the elementary brainding 1, ; (or t;(n)) that was used in 2.6 to
write all other components 7, ; of the braiding natural isomorphism. The latter will also be
cast in terms of a fundamental “face operator" that must satisfy three identities. The physical
object, that is, the Hamiltonian or the transfer matrix, is then defined in terms of several copies
of this face operator.
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In the literature on statistical models, the face operator X;(q,u) is also an element of one
of the algebras TL,(f). It depends on several parameters: The spectral parameter A, tied to
B by B =—q—q ' and q = e'*, and the anisotropy parameter u that measures the ratio of the
interaction constants along two linearly independent vectors spanning the lattice. As for the
t;, the X; is usually a linear combination of TL, generators and it is represented graphically

by
KO

Since all faces will be evaluated at the same value of the parameter q (or A), this parameter
is often omitted. In terms of the face X;(q,u), the transfer matrix D,(A,u) € Hom(n,n) on n
sites is constructed out of 2n tiles organized in diagonal lines. For example the case n = 3 is
depicted as follows:

In the notation of the previous section, it is thus

D,(A,u)=(1,®z") O(I_IX (q,u)l_[X (q,u)) o (1, ®z) € Hom(n,n). (53)

i=n

Its physical properties are revealed through its spectrum in some representations. It was rec-
ognized by Behrend, Pearce and O’Brien [17] that some algebraic conditions on the face oper-
ator X;(q,u) ensure that the transfer matrix, constructed from it, will have the properties that
D, (A,u) o D,(A,v) — D, (A,v) o D,(A,u) = 0 in TL,. This means that, in any representation
¢ : TL, — gl(V) with V some vector space, the matrices ¢(D,(A,u)) and ¢(D,(A,v)) will
commute for all values u and v. The modes ¢(D,(A,u)) in any expansion with respect to u
(Taylor’s expansion, Fourier’s, ...) will commute, that is, they will be integrals of motions.
Thus the integrability of the models based on such a transfer matrix D,, follows from these
algebraic conditions. Here they are.

Proposition 4.1 (section 3.4 of [17]). If X;(q,u) verifies the following three conditions, then
D, (A,u) oD, (A,v)=D,(A,v)oD,(A,u), for all u,v € C:

(Yang-Baxter equation)  X;(q, u)X;41(q, v)X;(q, v/u) = X;11(q, v/u)Xi(q, v)Xi11(q,u), (54)
(inversion relation) X;(q,u)X;(q,u™") = p(q,u)id, (55)

(boundary Yang-Baxter) X;(q,u)X;;1(q,v)o(z®2)
=Xi(q,u)X;_1(q,v) o (2 ®2) (56)

for some non-identically zero function p(q,u).

These conditions are found in the literature drawn as follows:

(Yang-Baxter equation)

(inversion relation) °x® = p(q,uw)id

(boundary Yang-Baxter) % i % = @
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It is not too difficult to construct such a face operator X; out of the elementary braiding
element 1, ; = t;. As an intermediary step, consider

-1 -1
yilu)=u""t; —ut;

Both products y;(u)y;+1(v)yi(w) and y,;,1(w)y;(v)yi+1(u) contain eight terms, each cubic in
the generators t;, t;,; and their inverses. The identity (16) gives rise to the six following ones:

— -1 _ -1 —1_ -1
t‘ti+1t‘ _ti+1t'ti+1: Liplit =t "t t, titiyit; " = tigtitiprs

_ 1.1 1_,—1,-1 1,1 -1 _ -1 ,—1,-1
bty G =6 Gt GGt SN G Gt S

Thanks to these identities, all sixteen terms of the difference of triple products of the y; cancel
pairwise, but four:

Yi)yip1(V)yiw) = yip1 W)y (v)yi1 () (57)

-1, 11 -1
ir1ti l+1) —u-vw (tlt1+1t: tiyrl; tiy1)-

=w w(t; it —t
Moreover it is easily verified that

-1 -1 -1 -1y _ -1
(67 tipat; —titit) = (tltlJrl —tiyt; tip1). (58)

So the difference (57) will be zero if quv_lw = ulyw™l. This is easily achieved with the
following definition of the x;.

Proposition 4.2. Let n > 2. The x;(q,u) defined by

x;(q,u) = ﬂti - Lti_l, fori<n, (59)
u

Vva
satisfy the three conditions (54)-(56) with p(q,u) = ((q> +q2) — (u® + u™2)).

Proof. With the new weights u — u’ = u/,/q, the relation qu'v'~"'w’ = u~1v/w~! with
w’ = v//u’ is true and the Yang-Baxter is verified. The other two equations are obtained
by expanding the x;. O

The solution x; of the three conditions in 4.1 is well-known. For example, Section 3 of [7]
is devoted to this solution and its relationship with the Temperley-Lieb algebra. (Note that
their A and our q is related by q = e'* and their u and ours is also related by an exponential.
Their B is ¢ + q~* while ours is —q — q~*. Finally they consider a larger class of boundary
conditions that those abolg.) However the above discussion shows how the braiding of the
Temperley-Lieb category TL and integrability of statistical models are intimately related.

5 The dilute category dTL

The dilute Temperley-Lieb algebras dTL, () are a family of algebras defined through diagrams
similar to_thc those appearing in the orlgmal algebras TL,(f). This family can be cast into a

category dTL similar to the category TL introduced in 2.2. This new category can also be
given a braided structure. This section introduces this structure and discusses the relationship
between the braiding on dTL and the integrability of dilute statistical models.

We start by giving the definition of the category ﬁl:, while recalling the definitions of the
algebras dTL, themselves. (See [18] for further details on the dilute family.) The objects of
the dilute Temperley-Lieb category dTL are the non-negative integers. The morphisms between
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two integers n and m are defined as linear combinations of dilute (n, m)-diagrams. These
dilute diagrams are defined in the same way as the (n, m)-diagrams appearing in TL except
that nodes on either sides of the diagrams are now allowed to be free of strings; a node without
a string is called a vacancy. For example, the following are all acceptable dilute diagrams:

/

. and

~

The first two are elements of Hom(2, 4) and the last of Hom(4, 5). Composition of morphisms
is defined by extending bilinearly the following composition rule. For b and ¢ dilute (m, n)-
and (k, m)-diagrams, the composition b o ¢ is a dilute (k, n)-diagram defined by first drawing
b on the left of ¢, identifying the points on the m neighbouring sites, joining the strings that
meets there, and then removing the points on this side. If a string is closed in this process, it is
removed and the diagram obtained is multiplied by = —q —q~! € C. If a string is attached
to only one of its extremities (because it was joined to a vacancy during the composition), the
result b o ¢ is the zero morphism®. Here are few examples of these compositions. In the first
b € Hom(4,5),c € Hom(2,4) and b o c € Hom(2, 5).

. E.:: and No:/:z.p\\)/:=0

o)
For a stricly positive integer n, the algebra dTL,(f) is identified to the set Hom(n, n) with the
product being the composition just defined.

Endowing this category with a monoidal structure is a straigthforward generalisation of
the one on TL. Again define n ® m = n + m. For morphisms, if a and b are dilute (n, m)-
and (r,s)-diagrams, define their tensor product a ® b as the (n+r, m +s)-diagram obtained by
simply putting a on top of b, as in TL, and extend this bilinearly to all morphisms. With the

\7/
N

/

.
AV

associator and the unitors as identities, this tensor product makes dTL into a strict monoidal
category.

The commutor for dTL is obtained similarly to that of TL. We only outline the computation
of 11 1. The space End 2 is spanned by the following 9 diagrams:

*——=e [ [ ] *——e [ ] [
*——=o *——=o L] [ ] ° L]

[ ] [ ] [ ] [ ]
P T I S
and the elementary commutor 7 ; is a linear combination of these nine diagrams. Alinee - -e
in any diagram will mean the sum of two diagrams, the first with a straight line between the

two nodes, the second with nothing between these nodes that are then vacancies. The identity
1, € Hom(1, 1) is thus such a dashed line and the identity in End 2

1, = &--o
2 o --o

is the sum of the first four of the nine diagrams above. Four of the coefficients of 7, ; are easily
set to zero by the following requirements:

M1y .= o e Miy = o oM

Note that the case of a string ending at a vacancy can also be resolved by simply removing it and replacing its
two ends by vacancies. This then yields a different structure, the planar rook algebras (see, for example, [19]).
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and

M1y o= e ima Mg e=0 oh-

The commutor 7, ; is thus found to be a sum of the remaining five diagrams:

Ny, = al'—'+a2:\: +a3:/: +a4: :+a5:) (:

As in 2.2, we define t;(n) = 1,_; ® n;; ® 1,_;_; € Hom(n,n) and write 1, , = t,t; and
72,1 = t1te. The conditions are then

MN2(a®b)=(b®a)n and N21(b®a)=(a®Db)ny;

forallaedTL,; and b € dTL,. Choosing a as 1; and b as one of the following ones

¢ 0. oQ
gives the algebraic equations

af+a1a5/3+a§:O and a§:a§=aﬁ:a1a5.
Finally the conditions 1; ;(a® b) = (b®a)n;p=b®aand n;1(b®a)=(a®b)ny; =a®b
with a € dTL; and b € Hom(0, 1) give a, = a3 = a4 = 1. The first equation above becomes
a% +p+ al_1 = 0 whose solutions are a; = :l:qi%, the two + being independent. We shall
choose both upper signs. This determines completely 1, ; and it is possible to check that all
other conditions on 75 1, 17 5 = tyt; and 1y, = tyt, are satisfied.

Proposition 5.1. The category dTL is braided for a commutor with components 7, given by
(23), t;(n)=1,;®1n,1®1,_;_; and n;; and n;ll now given by

Mi=q e o +q779 G +o v+ +o o (60)
and
Mi=q20 e+ D CHi v DS +0 L 61)

It follows that a disjoint module category Mod_7; can be defined along the lines introduced
in 3.1 and that it is also braided.

In the case of the original Temperley-Lieb algebras, the construction of x;(q, u) satisfying
the three conditions (54)—(56) rested on the identities (16) and (58). These can be shown to
be satisfied by the t; defined with 71,1 in (60). The elementary braiding (60) thus leads again
to the following non-trivial solution of the Yang-Baxter equation (54):

xi(q,u) = ﬁti - ifi_l,
u Va
where 7, ; is now given by (60) and the x; are understood as elements of Hom(n,n). Does
this solution also satisfy the two other conditions (55) and (56)? For the latter, one has first
to decide what is to replace the “boundary terms" (z ® z). A direct calculation shows that (56)
is satisfied by the dilute x; for only three boundary conditions, namely

o)

2

o)

fori<n,

LN
°’
o. .
°’

and
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Finally the dilute x; does not satisfy the inversion relation (55):

x(@ux(gu ) =(g+q D) —-P+u N+ (> —q—q ' +q¢ ) T 2.
While this non-trivial solution only partially satisfies (54)—(56), there is another one that solves
the three conditions. It uses Boltzmann weights discovered by Izergin and Korepin [20], and
Nienhuis [21]. Itis

fgw=u? -y, +utw, +z+ru-w_+u*-y_, (62)
where
gt
e T ha e hl e =D TN Y
= (e D0 e )

2= ey ( (B ERR0 MEPAEY bam iR )
+Hgr—1+q72)(DNI+07))

Like x;, this x; solves the Yang-Baxter equation. But it also satisfies the inversion relation
(with a new function $) and the boundary Yang-Baxter equation with particular boundary
conditions [22, 23]. Notice that, up to a global factor, the y, are the commutors nﬂ that

would have been obtained if a; would have been chosen as —q%. The other three termsw,,w_
and z are however completely different. It is not clear whether the integrable model it defines
is related to a braiding for a different bifunctor — ®" —.

6 Conclusion

The main results of this article lie in Sections 2 and 3. In Section 2, the category TL was given
the structure of a braided category. Even though several of the functors and natural morphisms
were already known, casting them in TL pursues Graham and Lehrer’s goal of understanding
the family of Temperley-Lieb algebras as a whole. This goal highlights properties of the family
that are shared by all TL,, independently of n. It is also very natural physically speaking as
the continuum limit of the lattice models defined using the TL family is often their raison
d’étre. Section 3 introduced the category Mod; of modules over TL and used the functors

and natural morphisms of TL to induce the structure of a ribbon category on Mods; when g
is generic. The tools developed showed how non-trivial can the monodromy be, even for the
finite associative TL algebras.

Section 3 also explained that rigidity cannot be implemented straightforwardly on Mod
when q is a root of unity. The subcategory Modl_il_rlf_’J of projective modules might satisfy the
axioms (47) and (48), but it fails to be abelian. Another possibility would be to consider the
subcategory of irreducible modules |, , with k on the left of the first critical line. Theorem
6.11 of [4] shows that X¢ is closed on this subset of modules. But a more central question is
what are “approriate" weaker forms of rigidity for Mods; at g a root of unity.

The question also arises of the existence of a commutor for other family of algebras and its
eventual link to integrable models defined using them. 5 showed that the “elementary braiding
M1,1” does not reproduce the transfer matrix defining dilute loop models. Is it possible to
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understand better the link between this 1; ; and the integrability of the dilute models? There
are other algebras physically relevant in statistical physics, for example the one-boundary TL
family (also known as the blob algebra [24]) and the affine (periodic) TL family. It is not
known whether one can define a fusion product between their modules or even make a braided
category out of their link diagrams.

A The central element c,

We gather in this appendix the properties of the central element ¢, € TL, together with their
proofs. Some of these results are to be found in [13].
The two elements of TL,,

Pn=1t1ty.. .ty and Ap=tn,_q1...totq,
are invertible since each of the t; is. Define e, and e, as
e, = pnen_lprjl and eg= Anellgl.
Then the following properties hold.

Lemma A.1. The action by conjugation of p, and A, on elements of TL, amounts to right and
left cyclic translations:

preip,t =ei1, 1<i<n-—1, AneAt=eq, 1<i<n-—1,
pnenp;1 =é1, AnGOA;1 =én-1,
€n—-1€n€n—-1 = €n—-1, €p€1€9 = €p,
€n€n—1€n = €n, €1€p0€1 = €1,
e,%:ﬂen, engo’eo.

Proof. The first relations follow from 2.3. The repeated use of the same identity (15) proves
the second:

PrenPy = Pren 10y = (t1ta. ..ty 1 )t1ty. tyen 1 (60t (2 65 )
= (t16g. ..ty o)ttty 3)(tpor tyg)en g (0 2 (62, e ey (e, e e )
=(t1ty... tho)(tita. ..ty s)en oty 1tn ot Lt 1 )6 st ey L, e )
=(t1ty... tao)(trty. .. ty3)eno(t oty e, 65T ET)

—1y(,—1,-1 -1
== (tytp)(t)ex(t] )t "t ") =tieqt] =ey.

The cubic relations are straightforward. For example

€n€n—1€n = Pn€n—1 (pglen—lpn)en—lpgl = pnen—len—2en—1p;1 = pnen—lp;1 =én-
Finally the square of e, is obtained by ei = (pnen_lp;l)2 =p.(B en_l)p;1 = fe,. O

The definition and properties of the elements c,, € TL,, that are used in the study of the
twist 6 are contained in the next Proposition. The statement refers to the standard modules
Spx> 0 <k < nwith k =nmod2, over TL,. These were defined in 3.1. Again a basis for S, x
can be chosen to be the (n, k)-diagrams in Hom(k, n) with k through lines. (More information
on these modules can be found in [13-15, 25]).
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Proposition A.2. The elements c, def ¢ ZP: and d, def ¢ ZAZ e TL,, satisfy the following
properties:

(a) c, and d, are invertible central elements of TL,;
(b) c, and d, act on the standard modules S, ;. as v, x = q%k(k”) times the identiy;

(c) if q is not a root of unity, then the powers {1, ¢, ¢y, .. .,c," 21} of ¢, form a basis of the
center of TL,;

(d c,=d,.

The factor ¢>"/? is the definition of c, and d,, will be useful in the identification of the compo-

nent 6, of the natural isomorphism 0 with c,,.

Proof. Statement (a) follows from the invertibility of the t;’s and the cyclic property proved in
the previous Lemma. For (b), note that ¢, and d,, being central, they define endomorphisms of
the standard modules S, ; by left multiplication. Since Hom(S,, x, S, x) > C, these morphisms
must be multiples of the identity. Let v, be the multiple for the morphism defined by c,.
Then, on S,, , (q_3”/2}/n’k)dimsn’k = det(q%"2c,) = (det p,)". But all the t; are conjugate and
detp, =det(t t,...t,_;) = (dett;)" . Thus

(q—?;n/ZYn’k)dimSn’k — (det tl)n(n—l).

To compute the determinant of t;, choose a basis where (n, k)-diagrams with an arc be-
tween position 1 and 2 appear first. There are dim$S,,_, ; such diagrams and e, acts on them
as 3 times the identity. Moreover, on any other (n, k)-diagrams, e; acts either as zero or gives
a diagram with an arc between 1 and 2. Therefore e; takes the form

_(p1 2
‘= ( 0 0
in this basis. (Here I is the identity matrix of size dim$S,,_, ; x dim$S,,_, ;.) The matrix repre-

senting t; is thus
L((A+q7'B 2
q2 ( O 1-/

%dims

and (

nk (_q—Z)dim Sn—2k )

The dimension of the standard module S,,  is ((n_ri) /2 ) —( (n_kr)1/2_1 ) and a direct computation
shows that n(n—1)dimS,_, , = %r(n —k)(n+k+2)dimS,, ; which gives

dett; =q

Vg =W X q%k(k-t-z)

where w is a root of unity such that w%™Swk = 1. The central element ¢, is a Laurent poly-

nomial in q. (There are n(n — 1) factors t; = q%(ln +q7'e))in ¢, = (t1ty...t,_1)" and their
factors q% are thus in even numbers.) The eigenvalue y,; will thus be continuous, except
maybe at ¢ = 0 or co. The root w must thus be constant. At g = 1, the Temperley-Lieb alge-
bra TL,(f = 2) is known to be a quotient of the group algebra of the symmetric group S,, and
the elements t; are then the transposition (i,i + 1). Thus p,, is the permutation (1,2,...,n)
and the central element c, is the identity permutation. Hence y,; =1 at ¢ = 1 and the only
possible choice for w is 1.
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If g is not a root a unity, then TL,(8 = —q — ¢~ ') is semisimple and is known to have
[n/2] + 1 inequivalent irreducible modules. By Wedderburn’s theorem the algebra then de-
composes into two-sided ideals, one for each inequivalent irreducible, and each ideal is iso-
morphic to the algebra of d x d-matrices, if the corresponding irreducible is of dimension d.
The dimension of the center of TL, at such a q is thus [n/2] + 1. Moreover the eigenvalues
Ynk 0 < k < n with k = nmod 2, computed in (b) are distinct when g is not a root of unity.
Therefore the minimal polynomial of ¢, in the (faithful) regular representation has degree
|n/2]+ 1 and the powers {1,,¢,,c,2, ..., c,"/2!} are linearly independent. They must form a
basis of the center of TL,,.

The computation of the determinant of d,, follows the same line than that of c,. Since c,
and d,, contain the same number of generators t;, their eigenvalues on the standard modules
thus coincide. When q is not a root of unity, these eigenvalues completely determine the linear
decomposition in the basis obtained in (c) and d,, and c¢,, must be equal. By continuity, they
must also be equal at roots of unity. O

When q is a root of unity, the algebra TL,(8 = —q—q ') is in general not semisimple. A
list of its indecomposable modules is known ( [15], see also [25]) and the only indecompos-
able modules M whose endomorphism groups Hom(M, M) are larger than C are the projective
modules P, ; that have three or four composition factors. Statement (b), above, can be ex-
tended to all others.

Corollary A.3. Let M be a module over TL,, such that Hom(M, M) ~ C and let |,, ;. be one of its
composition factors.® Then c, acts on M as Ynk - id.

If M is an indecomposable projective such that Hom(M, M) =~ C2, then c, will still have
a single eigenvalue on M, but it might not be a multiple of the identity. Such possibility will
occur in the examples of the monodromy 1y m © v N given in 3.3.
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