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Abstract

We construct gauge theories with a vector multiplet and hypermultiplets of (1,0) super-
symmetry on the six-sphere. The gauge coupling on the sphere depends on the polar
angle. This has a natural explanation in terms of the tensor branch of (1,0) theories
on the six-sphere. For the vector multiplet we give an off-shell formulation for all su-
persymmetries. For hypermultiplets we give an off-shell formulation for one supersym-
metry. We show that the path integral for the vector multiplet localizes to solutions of
the Hermitian-Yang-Mills equation, which is a generalization of the (anti-)self duality
condition to higher dimensions. For the hypermultiplet, the path integral localizes to
configurations where the field strengths of two complex scalars are related by an almost

complex structure.

Copyright U. Naseer.

This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received 29-10-2018 .')

Accepted 19-12-2018 —
Check for

Published 08-01-2019 updates

doi:10.21468/SciPostPhys.6.1.002

Contents
1 Introduction and summary
2 Warm-up in four dimensions

3 (1,0) vector multiplet on s°
3.1 Lagrangian and supersymmetry transformations
3.2 Closure of the supersymmetry algebra
3.2.1 The gaugino
3.2.2 Auxiliary fields
3.2.3 The closure

4 (1,0) hypermultiplet on S°
4.1 Free hypermultiplet
4.2 Coupling to a vector multiplet
4.3 Off-shell interacting hypermultiplet

5 Localization of the path integral
5.1 Vector multiplet
5.2 Hypermultiplet

N

O O 00 0 O O

11

11
12

13
13
15


https://scipost.org
https://scipost.org/SciPostPhys.6.1.002
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.6.1.002&amp;domain=pdf&amp;date_stamp=2019-01-08
http://dx.doi.org/10.21468/SciPostPhys.6.1.002

Scil SciPost Phys. 6, 002 (2019)

6 Conclusions and outlook 16

7 Acknowledgements 17

A (Clifford algebra conventions 17

A.1 Clifford algebra in even dimensions 17

A.2 Fierz Identities 18

A.3 Explicit gamma matrices and Killing Spinors 19

B Technical details of some computations 19
B.1 Covariantized supersymmetry variation of covariantized Lagrangian in 4D and

6D 19

B.2 Two covariantized supersymmetry variations in 4D and 6D 20

B.3 Two supersymmetry variations of the hypermultiplet 23

B.4 Almost complex structures 24

References 25

1 Introduction and summary

The study of supersymmetric theories on curved spaces has led to insights into the dynamics
of strongly coupled theories. Several exact results for partition functions and other supersym-
metric observables have been obtained using supersymmetric localization. One of the simplest
curved spaces that admits global supersymmetries is a d-dimensional sphere, S¢. Since S? is
conformally flat there is a canonical way to put a superconformal field theory (SCFT) on it. For
non-conformal theories, radius of S¢ serves as an IR regulator which preserves supersymmetry.
Following the seminal work of Pestun [1], theories on S¢ for d < 7 and with various number
of supersymmetries have been studied in [2-7] (see [8] for a review). All known results for
supersymmetric partition functions on S¢ can be expressed as analytic functions of d [9]. This
analytic continuation is consistent with the decompactification limit of corresponding theo-
ries [10]. In [11], partition functions for theories with four and eight supersymmetries were
obtained, treating the dimension of S¢ as an analytic parameter.

A generic feature of theories that have been studied using localization is the existence of
a Coulomb branch. Exact results remain elusive for theories with minimal supersymmetry in
four and six dimensions. For S*, the localization computation has not been possible due to
a technical difficulty [12, 13]: no suitable localization term is known. For S® there was no
known construction with eight supercharges.

The case of supersymmetric theories on S° is intriguing. Based on the approach of [14] a
limited analysis of the off-shell 6D supergravity was carried out in [15]. It did not find S° to be
a supersymmetric background. Group theoretic arguments of [16] also seem to suggest that
theories on S® with eight supersymmetries do not exist: there is no supergroup which con-
tains the isometry group of S® and only eight supercharges. An implicit assumption in these
arguments is that the bosonic symmetry group of the theory contains the full isometry group
of the sphere. However, it is possible that the Lagrangian explicitly breaks part of the sphere
isometry. This can be done by adding terms in the Lagrangian that depend on the position on
the sphere. Such constructions, though somewhat exotic, are not unfamiliar in supergravity
and field theory. From the perspective of supergravity one can have a supersymmetric solution
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with non-trivial values of background fields that do not necessarily preserve the isometries of
the metric. From the perspective of field theory such situations arise by promoting the param-
eters to be space dependent. For example, maximally supersymmetric theories with varying
gauge coupling and theta-angle in four dimensions were considered in [17-19]. Theories with
eight supercharges and space dependent coupling on certain four-manifolds were constructed
in [20].

Another motivation to look for the construction of (1,0) theories on S° is their relation to
6D (1,0) SCFTs [21]. These SCFTs have a tensor branch of vacua on which the low energy
theory is the (1,0) super Yang-Mills (SYM). The gauge coupling in the IR theory is related to
the VEV of the scalar in the tensor multiplet. Being an SCFT, it can be naturally put on S°
while preserving all supersymmetries. The IR theory on the tensor branch on S® will then be a
conventional supersymmetric gauge theory on S°. The scalar field gets a conformal mass term
on S°® and a constant non-zero value is no longer a solution of equations of motions (EoMs). It
is conceivable that the VEV on S° gives a supersymmetric theory with non-constant coupling.

Let us demonstrate this point in a little more detail for the case of 4D N = 4 SYM. In flat
space the theory has a supersymmetric Coulomb branch of vacua parameterized by the VEVs
of the scalars. In the notation of [1] the conformally coupled theory on S* of radius r is

L= 3FyyFM"N —upu+ 23¢9, 64y =(eTyV), 66U =3F"Ne+3¢, TV e (1.1)

Let us look for a supersymmetric solution where A, = ¥ =[¢,, ¢;] = 0. Such solution has to
satisfy
Vil =3¢, VoI e+ 3¢, TV, e=0. (1.2)

Clearly a non-zero constant value of the scalar fields does not satisfy the above constraints.
The simplest solution to the EoM is ¢! = ¢! (1+ p2x2), where ¢! is constant, § = 5-, and
x* are stereographic coordinates on S*. This solution breaks half of the 32 supersymmetries.
Broken supersymmetries correspond to special conformal supersymmetries in the flat space
while the Poincaré supersymmetries are preserved. This analysis is closely related to the ex-
istence of half-BPS scalar field configurations of maximally supersymmetric theories on AdS
spacetime [22].

Let us now turn to 6D theories. The scalar in the tensor multiplet couples to the vector
multiplet in the following way

f¢Tr(FA*F)+%8M¢8“¢+-~-, (1.3)

where ... denote terms irrelevant to our discussion. On the tensor branch this interaction
gives rise the effective gauge coupling of the theory

— = (¢). (1.4)

S

On S°, however one has a conformal mass term %qﬁz for the scalar field in (1.3). In its
presence a constant ¢ with other fields vanishing is not a solution of the EoMs. The simplest

solution is ¢ o< (1 + ﬂzxz)z. The effective theory on the tensor branch on S® has a position
dependent coupling. It remains to be shown that such a solution preserves some amount of
supersymmetry on the sphere.

We shall see in this paper that the heuristic picture presented above emerges from a more
rigorous analysis. In this paper we construct theories on S® with features described above,
i.e., a non-constant coupling and (1, 0) supersymmetry. We first construct Lagrangian for the
(1,0) vector multiplet. We start from a flat-space theory and then deform the Lagrangian
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and the supersymmetry transformations to obtain sufficient conditions to put this theory on a
curved space while preserving supersymmetry. Indeed we find that by allowing the coupling
to depend on the polar angle, we can construct a supersymmetric theory on S®. We find the
following profile for the effective coupling.

1oL a+p) (1.5)

Seff  8ym
where gy is a constant parameter with the dimension of length. The coupling is zero at the
south pole (x — 00) and smoothly varies to a non-zero value gy at the north pole (x — 0).
The position dependence of the coupling is the same as argued above. The resulting La-
grangian is invariant only under an SO(6) ¢ SO(7) isometry group of S®, which leaves the
polar angle fixed. We then carry out a similar analysis for hypermultiplets and construct a
supersymmetric Lagrangian on S°.

With an eye towards application of localization we give an off-shell formulation of these
theories. For the vector multiplet, we start from an off-shell formulation on R® for all su-
persymmetries and obtain an off-shell formulation on S° for all supersymmetries. For hyper-
multiplets, however, we give an off-shell formulation only for a particular supercharge. This
involves introducing pure spinor-like objects as is familiar from off-shell formulation of higher
dimensional SYM [23].

Using localization, we show that the path integral for the vector multiplet localizes onto
solutions of the Hermitian Yang-Mills (HYM) equation on S® which is a generalization of the
(anti-)self-duality condition on gauge field in 4D. Solutions of the HYM equation correspond
to extended non-perturbative configurations in 6D. The path integral for the hypermultiplet
localizes onto configurations where the 1-form field strengths of two complex scalars of the
hypermultiplet are related via an almost complex structure. In the perturbative sector (i.e.,
vanishing gauge field) a simple solution of the localization locus is also a solution of the EoMs
of the classical action. This solution, however, diverges at the south pole which leads to a
divergent classical action.

The rest of this paper is organized as follows: In section 2 we start by introducing nec-
essary notation and our approach in 4D. We then explicitly construct the action and off-shell
supersymmetry transformations for the (1,0) vector multiplet in section 3. In section 4 we do
the same for interacting hypermultplets. In section 5 we apply the localization procedure to
these theories and obtain the localization locus. We present our conclusions and discuss fur-
ther issues in section 6. Appendices contain our conventions and technical details of numerous
computations.

2 Warm-up in four dimensions

Before considering S°, it is instructive to do the analysis in a familiar four-dimensional setting.
Curved four-manifolds admitting supersymmetric gauge theories have been studied in detail
using supergravity techniques (see for example [24-26]). Our goal here is simple. We start
from a theory on R* and modify the Lagrangian and supersymmetry transformations explicitly
to put it on a curved manifold M*.

One can not impose a real structure on the minimal complex super-Poincare algebra in Eu-
clidean 4D. So the construction of a minimally supersymmetric theory requires one to double
the number of degrees of freedom (DoFs). Formally, this can be done by considering a field and
its hermitian conjugate as transforming independently under the supersymmetry transforma-
tions. The path integral over the bosonic fields is understood as a choice of a half-dimensional
contour in the space of complex fields. The path integral over the fermionic fields is an al-
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gebraic operation defined by the rules of Berezin integration. With this understanding, the
Lagrangian for the minimally supersymmetric theory on R* is?

Lo = 3F> + 391 39% —39°39" +3D% @1
where D is an auxiliary field. The supersymmetry transformations are given by

5A, = (&' Ly?)—(ET,91), §D= —(&@y? +&23yY),

(2.2)
syl = —3F,,["EL +DEL, sy? = —3F,,T"E> —DE2

In Minkowskian signature 11(&1) is related to ¥?(&2) by complex conjugation but in Eu-

clidean signature they are a priori independent. 2! (5 1) have positive chirality while 2 (5 2)
have negative chirality.
Let us introduce the following useful notation,

. 1 _ 1
Pt = (iz), g = (gz) (2.3)

The indices i, j, ... take values 1 and 2. They are raised and lowered by the antisymmetric
matrix &;; defined as

0 1 . 0 1 ;
= (—1 0)’ = (—1 0)’ ejel = 5. 2.4)
The auxiliary field can also be expressed as the 2 x 2 matrix
. 01
ij — _
D D(l 0). (2.5)

With this notation, the Lagrangian and the supersymmetry tranformations can be written in
a compact form. To put the theory on a curved four-manifold M* we start by covariantizing

the Lagrangian and the supersymmetry transformations.
Ly = 3F* +39'Vy) g; —3DYDy;, 2.6
64, = (&pl)e;,  8Y' = —3F, "¢ +DUE;, 6D = 280y,

The change in £ ,+ under a supersymmetry transformation is (see appendix B.1 for derivation)

§Lpgs = 5F,u, (Y, TPTHV,E1). (2.7)
The action of two consecutive supersymmetry transformations on fields is given by (see ap-
pendix B.2)
§%A, = LA, -V, (A",
52t = VAV Pt +THE (T, V. ET ), (2.8)
§2pii = VMVHDU +2 (g(ivgk)Df)k _ FAW (g(irprlva gj)) ,

where v* is the vector field v* = ETHE.. The first term in & ZAM is a Lie derivative along the
vector v while the second term is a gauge transformation w.r.t parameter —A,v". To complete
the construction, we need to show that the r.h.s of eq. (2.7) vanishes up to total derivatives
and 52 generates a bosonic symmetry of the theory.

We drop the overall factor if inverse coupling squared for notational simplicity throughout this paper.
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There are two simple ways to satisfy both of these conditions. One is to assume that the
supersymmetry parameter is a Killing spinor (KS)

v,E = 0. (2.9)

This ensures that 6L+ = 0 and v* is a covariantly constant vector. All but the first term in
524 and 62DV vanish and the supersymmetry algebra indeed closes on a bosonic symmetry.
The integrability condition implies that for a non vanishing solution of the KS equation one
must have R, = 0. This gives a way of putting minimally supersymmetric theories on Ricci
flat spaces.

Another way to satisfy both conditions is to let the supersymmetry parameter be a confor-
mal Killing spinor (CKS), in which case

v, & =T,&. (2.10)

6L y+ and the last term in & 2DU vanish due to a numerical accident, i.e., I’ I,,I, =0 in four
dimensions. The second term in §2D" does not vanish or take the form of a bosonic symmetry
for arbitrary £'. However, for &' o< &2,

gly g, Dk = 4£0E Dk =0, 2.11)

Using the Fierz identity in eq. (A.10) one can explicitly show that the second term in 52!
becomes
gL (T, V,87) = 3 (EL,,&;) Tyt = $V,v,T*yl (2.12)

This along with the first term forms the spinorial Lie derivative along the vector field v#. The
condition &! o< & ; also ensures that v* is a Killing vector field and hence the supersymmetry
algebra closes onto bosonic symmetries of the theory.

Since S* admits non trivial CKS, we conclude that a minimally supersymmetric theory can
be defined on S*. The Lagrangian we constructed is the same as the one found in [12] by the
dimensional reduction of 5D SYM.

3 (1,0) vector multiplet on S°

We now perform an analysis, similar to that of the previous section, in 6D. We will focus on
putting the (1,0) theory on S®. We shall see that the situation is different in this case as a
mere covariantization does not give a supersymmetric theory on S°. One has to modify the
Lagrangian and the supersymmetry transformations further.

3.1 Lagrangian and supersymmetry transformations

On-shell (1,0) vector multiplet consists of a gauge field and a Weyl-fermion with four DoFs
each. Off-shell, they have five and eight DoFs respectively. For off-shell supersymmetry we
need three auxiliary fields. They fit nicely with the notation already introduced, where we
impose

DY =DpJt, i,j=1,2. (3.1)

but the components are otherwise independent®. The flat-space Lagrangian and the super-
symmetry transformations have the same form as in eq. (2.6) with an important difference:

2The proportionality constant is 3 for S* and is fixed by the integrability condition.
3Usually, one would use three real auxiliary fields K;, K, K; in terms of which the auxiliary field contribution is
manifestly positive-definite ( proportional to K? + K2 +K2) .
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Yl ap?, £l and £2 have the same chirality. The field content contains eight fermionic DoFs of
the same chirality and supersymmetry transformations are generated by eight parameters of
the same chirality. The Lagrangian and the supersymmetry transformations depend on these
parameters holomorphically and the theory is chiral.

To put the theory on a curved manifold M®, we proceed as in the case of four dimensions
by covariantizing the flat-space theory. The variation of the Lagrangian under a supersymmetry
transformation and two supersymmetry transformations of the fields are given by

SLYS = 3F,u, (Y, TPTH'V,EN) +td,
§%A, = LA, —V,(AY"), &%t = vVt +THE (Y1, V), (3.2)

52D = v*v, DY +2(glyg, ) Dk —3F, v, (ETPHEN) — F,, (EUTVVHED),
where t.d is a total derivative term
td=—3V, (Fuy (0iTPHEN)) + 3V, (F* ($iT,E)) — 3V, (DY (ETPY5)).  (B3)

For a KS, the supersymmetry algebra closes off-shell and the Lagrangian is invariant. In this
way we can construct supersymmetric theories on CY3-folds as was done in [15]. For a CKS,
6L 46 does not vanish. This is essentially because I'*T},,T,, # 0 in 6D. A modification of the
covariantized Lagrangian and (or) supersymmetry transformations is required to construct a
supersymmetric theory.

To proceed, we specialize to S® and choose a set of CKSs. The round metric on S° is

2 1

— = ayB gyl — L0
dsSG (1+/32x2)2dx dx elel, (3.4)

where indices with a hat are the flat indices. Indices on coordinates and their differentials will
always be flat indices, i.e., x* = x* = x, = x;,. A set of frame fields is defined by e" as

u
el =el dxt = ;dx“. (3.5)
# 1+ B2x2
We choose spinor parameters &' to be
4 1 .
&= ——€, (3.6)

Vv 1+ B2x2
where €' is a constant spinor. This is a particular set of solutions of CKS equation with*
§ = 9,fTHE, f=—3log(1+pB%x?). (3.7)

We take the Lagrangian on S° to be the covariantized Lagrangian multiplied with a factor
of e®, where ¢ is a position dependent function on S°. Using the supersymmetry variation in
eq. (3.2) and the total derivative term eq. (3.3) we get

5’6‘8]2(: = e? (apf +£ltap¢)[FM(‘l’inW€i) —2va(1/)i1“”§i)] +%e¢ap¢ DY (wirpgj)-
(3.8)
If we choose ¢ = —4f, then

SLY = e DU(VEY)). 39

rhxh

Wevrers

“The other set is given by €. In r — oo limit this corresponds to conformal supersymmetries of flat

space.
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We can get rid of this last term by modifying the supersymmetry transformation of the auxiliary
fields to

§'DV = DY +3(ygliy?). (3.10)
This gives a Lagrangian on S® which is invariant under eight supersymmetry transformations
generated by eight independent solutions of the CKS equation given in eq. (3.6). The overall

factor of e? captures the position dependence of the inverse squared coupling and it matches
with the heuristic argument given in the introduction.

3.2 Closure of the supersymmetry algebra

We now compute the action of two supersymmetry transformations on fields in our construc-
tion of (1,0) vector multiplet on S®. For covariantized transformations, this is already given
in eq. (3.2). The supersymmetry transformation of the auxiliary field is modified from the
covariantized version as in eq. (3.10). Only the variation of the gaugino and auxiliary fields is
affected by this modification.

3.2.1 The gaugino

For the gaugino we get ' , o
5/2,4)1 — 52¢l + % (w(le])) 5},_ (3.11)
We do the computation explicitly for i = 1. After using eq. (B.29) and CKSE we get
52! = vVt =T, (ETPTH ;) 8, f +2(y'THE)) €0, f +2(y/THEY) E;9,f. (3.12)

Using the second Fierz identity in eq. (A.13) we can write

. ) . ) .
L,,& (ETPT*y;) 8, f = pr (E'ro&N) L, TPy + 4p—§ (E'To%T gL, I, 5, TPTH ;.
(3.13)

After simplifying the gamma matrix structures appearing on the r.h.s®> and expanding the con-
traction over the j index we get

T, (E7TPTH";) 8, f = —5v, 0, f TH " + 2vH3, fapt — 23, f (E1THPE2)T, 0!
+20,f (ET*PEY)T, 2.

The third term in eq. (3.12) can be written in the following way by using the second identity
in eq. (A.13).

20,f&; (W'TE") = 38uf (E &7 )T T ! + 538, (ETp0 &) TPV
=BT b
Similarly, using Fierz identity the fourth term in eq. (3.12) becomes
20,f & (Y€)= —38,f (E'T,EN) T T"; — 330, f (§'T,p0 &1 ) IPOTHY

= 30uf (&8N T, — 30, (£T4E) v — 38, (ETTPEN) Ty,
(3.16)

(3.14)

(3.15)

Expanding the contraction over j index we get
28,f & ($ITHEY) = —1v, 8, f TH" 1 — Jviig, fyp?
—29uf (ETHPEN T, 92 + 20, f (E'THPEX)T, .

>We use mathematica package FeynCalc [27,28] for gamma matrix manipulations

(3.17)

8
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Finally, combining all the terms we see that

57l = v“V“wl —v“avfr%pl + 3v“3uf1/)1

=V Pt + 3V, v, TPt 4 3vHG, fapl, (3.18)
A similar result holds for 1p? with 1 — 2 in the above equation.
3.2.2 Auxiliary fields
We have
6”DY = 62DV — gF,,, [(ETHYE) + (i & )]+ 3 [D7* (& V&) + (i = )]
= v, DY +[('VE) D + (i = D]+ 3 [P (8xVET) + (i )] (3.19)

-3 ,”[(5 TPTH'V &) + (i e )| — §Fu, [(ETYE) + (i — /)]

We now simplify above terms using CKS equation and Clifford algebra commutation relations.
For terms involving the auxiliary fields we get

(&'vEL) DIF + (i > j) =3v¥0,f "t D/* + (i > j) = 6v*3,f DY.

D (£, VE) + (i j)=v"9,fer' D/* + (i > j) =—2v#3,f DY, (3.20)
For terms involving the gauge field we have
-3 W[(E LIV, E) + (Lo )] = —2F,,0,f (£T°E), (3.21)
sF [(ETYE) + (i & )] =—2F,,3,f (&1 ¢).
These two terms precisely cancel each other. So we conclude that
§?DY =v*3,DY + 4v*3, f DY. (3.22)

3.2.3 The closure

The non-trivial part of two supersymmetry variations (i.e., the part without gauge transforma-
tion term) of a field & is

5% = L,+Q(2v40,f)®=5,9, (3.23)

where the second term is a Weyl transformation with weight Q4. We have Q, = 0,Q,, = %,

Qp = 2. We now show that the action is invariant under the bosonic transformation §,. We
note that v* is a conformal Killing vector (CKV). Using the CKS equation and the gamma matrix
identities, we find

V. y =4 ,f vy +2vP 0, f gy (3.24)
Moreover v is actually constant,

. eH’a N AN

—rl — 1 — 1
v =EThE, = T1p222 +[3’2x2€ I'e; =64 e'The, (3.25)

The transformation &, acts only on dynamical fields and leaves the background fields invariant.
In particular

6vg;w = 'Cvg;w + 5Weylgpw = 0. (3.26)

The Lie derivative of metric along v* is

L,8uy=4vP0,f gy (3.27)

9
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Then the Weyl transformation of the metric is fixed to be

6Weyl Euv = _4Vpapf Euv- (3.28)

We now examine the variation of the action S = f d®x ﬁE‘S’EC under 6,,. We first consider

the action of the Lie derivative. The factor ﬁe¢ transforms as a scalar density of weight %,
ie.,

2
L,J/ge?® = vko, (1/§e¢) + g\/§e¢8“v“. (3.29)

Since J,v* = 0, this terms essentially transforms as a scalar. Since all indices are contracted
properly the rest of the terms in the Lagrangian also transform as a scalar, hence

ts = [ aonvea(vaes) = [ a0 vacs) o (3.30)

We next look at the action of the Weyl transformations with respect to a parameter Q = 2v¥J, f .
It is easier to work with a finite version of the infinitesimal Weyl transformation appearing in
6,. Under a Weyl transformation g,,,, — emgm and ® — ¢ %%®, The Weyl transformations
of different terms in the Lagrangian are

Y —40 Y
g g" FyFyy — e gt g F L F

Y'Yy - e (YPyy; + 3MQ¢iF“¢i),

ij —4Q nij
D]Dij—>e D]Dijﬂ

vge? —e*y/ge?.

Note that the second term in the Weyl transformation for the fermion kinetic term is trivially
zero. So the Weyl transformation leaves the action invariant. We have shown that the su-
persymmetry algebra closes off-shell for the supersymmetry parameter &'. This conclusion is
true more generally when one considers the anti-commutator of two supersymmetry variations
w.r.t two different parameters &' and ¢'. In that case v¥ = £'T#{;. The supersymmetry algebra
here is isomorphic to the (1,0) superPoincaré algebra in R®.

We have only focused on an abelian gauge group but all the analysis goes though for
any gauge group by merely gauge-covariantizing different terms appearing in the action and
supersymmetry transformations. To summarize, the Lagrangian®

(3.31)

¢

e . . ..

Ly = gT[gpz + 3y Py’ e;; —2DVD;], (3.32)
YM

is invariant under supersymmetry transformations

5A, = (T, )e;, oY'= —3F, W +DUE,, 6DV = 280yl + 2 (ylipeD),
(3.33)

where D, =V, + A, is the gauge-covariant derivative. We assume that the gauge indices
are contracted using an invariant bilinear form. We also assume the real form of the gauge
group so that generators are anti-hermitian. This completes the construction of (1,0) vector
multiplet on S®. One may wonder that the divergence of the overall factor might make the
action divergent for generic field configurations’ . However, one can scale all the fields by a
factor of gyye™®. This eliminates the overall factor and the Lagrangian in terms of new fields
is manifestly regular at all points on the sphere.

®Omitting the trace over gauge indices.
7We thank B. Assel for raising this point.

10
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4 (1,0) hypermultiplet on S°

We now construct the Lagrangian for (1,0) hypermultiplet on S®. We start by considering free,
on-shell hypermultiplet in R® and then systematically modify the Lagrangian and supersym-
metry transformations to obtain an interacting, off-shell hypermultiplet on S°.

4.1 Free hypermultiplet

The (1,0) hypermultiplet in 6D consists of four bosonic and fermionic degrees of freedom on-
shell. We denote scalars by 2 x 2 matrices ¢! and the fermions as y'. The fermion y' has
opposite chirality as compared to the supersymmetry parameter &', Both barred and unbarred
indices are separately raised and lowered by 2 x 2 antisymmetric matrices. The flat-space
Lagrangian

Lon = 30,70 b+ 518 20 4.1)

is invariant under supersymmetry transformations
5T =&y), sy =2v¢'¢; (4.2)
On S the covariantized version of above Lagrangian and supersymmetry transformations gives
SLEP =V,¢U (TP TV &) = —4v,07 (1;T4E), (4.3)
which does not vanish in general. We modify the supersymmetry variation of the fermion to
5yl =65 +colive,. (4.4)

Under modified supersymmetry transformations

élﬁgzp =Bc— 4)vu¢ij (;(J-F“Si) - %“ﬁﬁ (ngi) . (4.5)

First term vanishes if ¢ = %. The second term can be cancelled by adding a mass term for

scalars with a specific coefficient. It can be checked easily that the right term is %qbij ¢;5. 1€,
the conformal mass term in 6D.

4.2 Coupling to a vector multiplet

To include interactions with the gauge field we replace the derivatives with the gauge-covariant
derivatives in the appropriate representation of the gauge group. Supersymmetry requires ad-
ditional terms coupling the hypermultiplet to other fields in the vector multiplet. The minimal
terms which couple the gaugino ' and the auxiliary field D; ; to the hypermultiplet are

¢i¢ij)(j, Dij¢ii<¢ﬂ(, (4.6)

where we have suppressed the gauge group indices. We claim that the supersymmetric cou-
pling of the hypermultiplet to the vector multiplet is given by the following Lagrangian.

h Py . Py P . .7
L= 3Dy UD b+ 22 Bri+ 5 d b+ 107 x5 — 3Dy 'k’ (4.7)

To prove our claim we explicitly compute the variation of the above Lagrangian under super-
symmetry transformations. Due to the coupling with the gauge field, the variation of the first

three terms is no longer zero.
5(%DM¢UD“¢U" +3x' B+ %‘Pijfﬁij) 48
= 150 (£ E) — 2 () (1) (4:8)
25 uvYij X 4 uri Ai X )
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The variation of the fourth term in £}Slzp gives

5 (ip ;) =— 3Fubis (2 TH7ED) —_Dl-jdf'k (&76) + (i) (1)
—2D, "5 (Y T*E) N —8 (9,E;) 9T %

The third term in above equation can be modified using the Fierz identity on the second line
of eq. (A.13).

(v (8127) = 2 (5Tws) (1 27) — 25 (ETunppd) (1T 1) = 3 (ETw) (2.
(4.10)
Last equality follows due to the fact that 1); is antisymmetric in the gauge indices but the

(4.9)

bilinear ( x TP xi) is symmetric. Hence we see that the combined supersymmetry variation

' . hyp .
of the first four terms in ESZP is

_Dijqﬁii( (&7xz) _2Du¢ij (rTHE) oM — 8(i&r) ¢ij¢kj- (4.11)

The supersymmetry variation of the term involving the coupling of auxiliary field with hyper-
multiplet bosons can similarly be computed.

%5 (Dif(t)i’zqﬁjk) =-8 (wlgk) ¢ij¢kj - ZDud)ij (Y ITHEY) (ibkj - Dij¢>”_‘ (éjx,-() . (4.12)

First two terms come from variation of D;; and by doing an integration by parts to remove
derivatives acting on the gaugino. Last term comes from the variation of hypermultiplet
scalars. This cancels the supersymmetry variation of the first four terms and we conclude
that the Lagrangian Egzp given in eq. (4.7) is invariant under supersymmetry transformations.

Notice that we did not use the explicit form of the CKS in above argument. The hypermul-
tiplet can be coupled to a background vector multiplet while preserving all sixteen conformal
Killing supersymmetries. The gauge field can be made dynamical only for the choice of su-
persymmetry parameters we made for the vector multiplet. Moreover, we do not have the
position dependent coupling factor in front of the hypermultiplet Lagrangian. It can be put in
the same form as the vector-multiplet Lagrangian by scaling all the fields in the hypermultiplet

¢
by e2. This then introduces a position-dependent mass term for the hypermultiplet scalars.
We find it convenient to work with the form of the Lagrangian given in eq. (4.7).

4.3 Off-shell interacting hypermultiplet

So far we have only realized supersymmetry on-shell. For a particular choice of supersymme-
try parameter we can realize the supersymmetry off-shell. To match eight off-shell fermionic
degrees of freedom of hypermultiplet we need four bosonic auxiliary fields K¥/. Supersymme-
try can be realized off-shell by appropriately modifying the supersymmetry transformations
and the Lagrangian. One adds K/ v; to the supersymmetry transformation of x'. Here v' is a
spinor of negative chirality which is to be specified in terms of £!. This is similar to the use of
pure spinors in realizing off-shell supersymmetry for maximally supersymmetric gauge theo-
ries. One adds %K inl-J- to the Lagrangian. The supersymmetry transformation of K/ is then
obtained by requiring the modified Lagrangian to be invariant under supersymmetry transfor-
mations. This leads to ) ) i
SKY =29yl —4viap ;i (4.13)
We relegate the details of the computation of two supersymmetry transformations of fields
to appendix B.3. It is not possible to close the supersymmetry algebra off-shell for arbitrary
v, We require
VITHy) 4 ETHET = 0. (4.14)
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An explicit example of such ' is given in appendix A.3. Two supersymmetry variations of
hypermultiplet fields are computed in appendix B.3. For fermion y' it take the form of a Lie-
derivative and a Weyl transformations as in eq. (3.23) with Q, = g For scalars and auxiliary
fields we get

5291 = L£,¢7 +20, vH3,f ¢V + viE KT,

o - - ; 0 i 6 4 _— - (4.15)

§2KY = £,KT +2Qy v3,f KT —4vE; (D297 — S ¢ + DI M + 4T 7).
where Q4 = 2 and Qy = 3. The last term in two variations of the scalar (auxiliary) field
is proportional to the EoM for auxiliary (scalar) field. It is straightforward to verify that the
Lagrangian is invariant under such a transformation of scalar and auxiliary field. Spinors 1,
however, can be chosen so that this transformation is trivially zero.

The invariance of the action under £, follows just as in the case of the vector multiplet.
Under a Weyl transformation all but the scalar kinetic and mass terms get scaled by e ®?. This
cancels against the transformation of ,/g in the action. The kinetic term for the scalars change
as

12D, D ;5 — (3D, D 5 + 29U 58,08 2 — 2979, ¢,;0"Q) (4.16)
the conformal mass term for the scalar receive extra modification because of the change of the
scalar curvature under Weyl transformation

VeI = 15vED b5 — VEDT 5 (15 —20,00"2—V?). (4.17)

The second terms above and in the transformation of the scalar kinetic term cancel. The third
term combine to give a total derivative and we deduce that the action is invariant.

5 Localization of the path integral

In this section we apply the localization procedure for theories constructed in this paper. We
will show that for the vector multiplet, the partition function localizes onto solutions of HYM
equations, everywhere except at the south pole. Computation of the full partition function
needs a detailed knowledge of solutions of HYM equations and is beyond the scope of this
paper. Similarly the path integral for the hypermultiplet localizes onto configurations where
the gauge-covariant field strengths of the two complex hypermultiplet scalars are related by
an almost complex structure on S°. In the perturbative sector, a simple solution of localization
locus is also a solution of EoMs of conformally coupled scalar field.

5.1 Vector multiplet

To implement the localization procedure we choose a supercharge Q which generates super-
symmetry transformations w.r.t a specific parameter &' as defined in eq. (3.6). We normalized
E'(o< €') such that

€"e' =1, no sum over . (5.1)

We next take the Q-exact Lagrangian to be QV where
V' = (Q 1), Qv =(ayh) (Qy!) +(Qy?) (Qy?), (5.2)

where (Q"a,bi)T is defined in terms of the holomorphic fields and the spinor parameter £ i, We
will define it in such a way that it coincides with the complex conjugation of Q1" along the con-

tour {E =—D; jJA_u =A,}. Along this contour the auxiliary field D2 isreal while D11 = —D?2,
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The bosonic part of the standard action of the (1, 0) vector multiplet is positive definite along
this contour. Terms involving the gauge field are manifestly positive definite. The auxiliary
fields contribute —}‘Dij D;; = % ((Dlz)z + |D11|2), which is also positive definite.

To proceed we assume

g=¢, e=¢l (5.3)
Note that this is a consistent condition®. Supersymmetry transformations still depend on the
two parameters £ and &2 holomorphically. We define

(Qll)l)—'r _ %ngzrw_Dzzgl —pi2g2, (sz)ﬁ' _ %nglrw +D2g1 4 DUE2.  (5.4)

A straightforward computation then gives’

T 1 ij
(1+82x2) (Qy1) Q") = 3, F" — §FuyF oo I3 e47P91% — DU D,
+ %FHV (Dllezl—-quZ + D2261l—-yv61) _D12 (D116262 + D226161) ,
i 1 1 2 1 ij
(1+82x%) (Q9?) (QU?) = 3Fu " = §FuyFpo I3 €°77% — $DUD
(5.5)
where we have defined _ . .
Q) = ie"'T, €. (5.6)

Ig) ¥ provide two almost complex structures on S® which are equal if £ = i&;. The vector field
v# vanishes identically under this condition. Nevertheless this condition is consistent with
eq. (5.3) and &; = ¢;; £J. We impose this condition and drop the superscript ). It is shown in
appendix B.4 that 7" satisfies following identities.

I,I, =—=6,P,  "POIL, T 5 =—8T". (5.7)
Combining the two terms in eq. (5.5) we get the following simple form for the localization
Lagrangian.

1

vec __ uy 1 uvpoyYd _ niiny. .
Qv _1+/52x2(FWF aFuvFpo Lys € D DU)’ (5.8)

We next write the localization Lagrangian in a manifestly positive-definite form. The term
involving auxiliary fields is already positive-definite as argued earlier. For the term involving
the vector field, we decompose the 2-form field strength w.r.t to the almost complex structure
as follows.
-1
Fuy=Ff +F +§F°T,,  F*=£x(FAI). (5.9)

where F*(7) has six(eight) independent components. More explicitly
1 1
Ff=3 (Fur+Z,PT,°Fpp — 31, (IP7F,0)),
Fpuy=3(Fu—T,°T, Fpo), (5.10)
FO=1IP°F,,.

8For A = 1 theory on S* such a condition will not be consistent because £! and &2 have opposite chirality. This
remains a key obstacle in doing a localization analysis for A" = 1 supersymmetry on S*.

°Bilinear in this equation are simply inner products of spinors and various Gamma matrices, without the usual
insertion of the charge conjugation matrix.
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The localization Lagrangian can now be written as

vec _ 1 —\2 2
V=T e (2(F) +3(F°) +2(ID2P + D). (5.11)

Hence the localization locus is given by
F°=0, F~=0, DY=o, everywhere expect at the south pole. (5.12)

First two equations are called Hermitian Yang-Mills equations [29]. These are natural ana-
logues of (anti)-self-duality condition in four dimensions which describe instanton configura-
tions. For the case of six-sphere these are studied in [30,31]. We leave a detailed analysis of
the localization locus and computation of partition function for future work.

5.2 Hypermultiplet
Localization analysis for the hypermultiplet can also be performed in a completely analogous
manner. We choose a localization Lagrangian QV™P oc (Q;(i)r Qy', with Q being the same

supercharge as the one used in the case of vector multiplet. (Q )(i).i‘ is defined as
(Q2') =20,¢%E'TH +20,¢1E2TH + K30 + K592, (5.13)

where O, = D, + 4& f. This definition coincides with the complex conjugation along the

contour {¢pij = ¢l~]-,Kif = K;;}. We choose the spinors v as v' = C&2, > = C&', where C is
the charge conjugation matrix. A straightforward computation gives the following

(1+B%x2) QUM = 40,070 ¢ —8T** (0,120, + 0,150, ¢17 ) + KUK;;. (5.14)

The term involving auxiliary fields is positive definite. First two terms can also be written as a
manifestly positive definite form by completing the square

(1+p2x) QV¥? =8(0,¢12— 1,70,¢13 ) (0 3 — 70,91 ) +KUK;.  (5.15)
Auxiliary fields vanish at the localization locus and scalar fields satisfy
quﬁli —17,”0,¢11 =0, everywhere except the south pole. (5.16)

This is one complex and two real constraints. We do not attempt to solve for a general solution
to this constraint here. A simple solution is O, ¢" = 0. This corresponds to

$ij =Cyi;Pp (1+/52X2)2; (5.17)

where C;; are dimensionless constants valued in the appropriate representation of the Lie
algebra. This ¢;; is actually a solution of the EoMs of the classical action. The value of the
classical action, however, is divergent unless C;; vanish identically. Moreover one can explicitly
check that this a UV divergence localized at the south pole where the value of the scalar field
diverges. So the path integral for the hypermultiplet does not receive contribution from this
simple solution of eq. (5.16).

We conclude this section by showing that for the fields satisfying eq. (5.16) the supersym-
metry variation of hypermultiplet fermions is zero. We focus on 6 y !, computation for & y? is
analogous. We argue this point by showing that all bilinears of 5y with £! and &€ = CE
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vanish. We first show this for £1¢. The even ranked bilinear vanish trivially as both & xi and
&£1¢ have negative chirality. A short computation gives

glerisyl =— (012 + 17 0,¢1) —i (01T - 170,921, (5.18)

which vanishes on the locus eq. (5.16).
For the rank-3 bilinear we get

§1CF“VP5)(1 = —(anbﬂ — iOU(f)ﬂ) (%S“Vp"“ﬂIaﬁ —i(ZP86"7 + cyc. perms.)) . (5.19)
Using the second identity in eq. (5.7) we can write
%e“”poa/jlaﬁ = —IMVIPY + cyc. perms. of {u, v, p}, (5.20)
Using this we get

gleppe gyl =1 (Ot =11 0,2 ) —iT" (0412 + T4 O, ¢ 1) + cyc. perms.,
(5.21)
which again vanishes on the locus in eq. (5.16).

For £, the odd-ranked bilinears are identically zero due to the opposite chirality. The zero-
ranked bilinear is proportional to the vector field v* and hence vanishes identically without
using the localization locus equations. For the rank-2 bilinear we use Fierz identities to reduce
it to the bilinear that we have already computed.

glFMV5xi — £1FMFV5X1 oc 511—‘”1—‘1)5}61 (glcgl)
=3(e'mre) (g ey t) —g (et (e my ) (5.22)
+ 41; (gll—vauvgl) (glcl—‘a5xi) =0.

In the first line we have proportional sign because (E leg 1) = Hﬁl—zxz The second line follows
from the Fierz identity on the third line of eq. (A.13). All bilinears on the second line involve

&l and 6! and vanish as we have shown earlier.

6 Conclusions and outlook

In this paper we constructed theories on S® with (1,0) supersymmetry. We wrote down explicit
Lagrangians for vector and hypermultiplets with off-shell supersymmetry. We also determined
the localization locus for the path integral in these theories. We showed that the path integral
for the vector multiplet localizes onto solutions of Hermitian Yang-Mills equations. In the
perturbative sector we showed that the path integral for the hypermultiplet localizes to field
configurations where the field strength of two hypermultiplet scalars is related to each other.
There are a number of issues left open for future research on which we comment now.

First one would like to compute the partition function and other supersymmetric observ-
ables for these theories. This requires a complete analysis of the localization loci derived
above. One also needs to understand how to take into account the configurations localized at
the south pole. It will be worthwhile to explore various approaches to this problem. One can
modify the Lagrangian near the south pole to capture the contribution from the singular scalar
field configurations discussed in previous section. Such singularities are generally related to
operator insertions at the south pole. This is similar to the singular field configurations pro-
duced by surface operators in N’ = 4 SYM [32]. It is also possible to use a different supercharge
for localization which may give a different and simpler localization locus. This may also be

16


https://scipost.org
https://scipost.org/SciPostPhys.6.1.002

Scil SciPost Phys. 6, 002 (2019)

achieved by suitably modifying the localization term. Computation of partition function in the
non-perturbative sector is even more challenging. Non-perturbative configurations of gauge
fields in higher dimensions are not well understood!®. Any progress in this direction will be
an important step towards understanding the structure of partition function of these theories.

A possible extension of this work is to construct supersymmetric theories with non-constant
coupling on spheres of different dimensions. A simple example will be 6D (1, 1) theory which
arises by taking the hypermultiplet in our construction to be in the adjoint representation of
the gauge group. This would be a construction of the maximally supersymmetric theory on
S® different than the one given in [7]. This hints at the existence of different formulations of
maximally supersymmetric theories in other dimensions. One can consider the dimensional
reduction of 10D SYM but allowing for a non-constant coupling. We report this analysis in a
companion paper [33].

Another interesting issue is to extend our analysis to include tensor multiplets on S°. For
consistent theories in 6D with different gauge groups one needs to include a certain number
of tensor multiplets [34,35]. Due to the self-duality constraint on the 3-form field strength
the Lagrangian for the tensor multiplet cannot be written in a simple manner. However it
is reasonable to expect that the analysis of supersymmetry can be performed at the levels of
EoMs and the correct form of supersymmetry transformations can be determined. This would
be of significant importance because the detailed structure of the partition function depends on
the supersymmetry transformations (a la localization) and the actual Lagrangian only appears
in the weighting factor multiplying contributions to the path integral from different loci. We
hope to explore these issues in future.
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A Clifford algebra conventions

A.1 Clifford algebra in even dimensions

Here we list our spinor conventions and useful properties of Clifford algebra in 4D and 6D
Euclidean space. We start with some generalities about Clifford algebra d = 2n dimensions.
The charge conjugation matrix C and gamma matrices satisfy the following:

n(n+1) n(n+1)

Cctr = =)z ¢, Cc*=(—-) =z C_l, Fﬁr — (_)n C_ll"MC = r:, (A.])

From these one can derive following useful identities

k(k—=1)

tr nk @ -1 _ . _ nk ~—1 T
) =(=)"0E) ¢ F.ul.U«z"'NkC_(_) FHLU«z'“Hk_(_) ¢ (F‘J‘l“z"'“k) C.

(A.2)

(F“1U2"'“k

Covariantly transforming bilinears of spinors are defined as follow:

(WYx) =y Ccy. (A.3)

1%We thank D. Harland for pointing out that there is precisely one known solution of HYM equations on S° given
in [30].
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Using this definition and anti-commutation relations of gamma matrices we can obtain the
following identity:

n(n+1)

lpF“l H... F'U'k)( - o (_)nk (=) 2 Xruk THk-1...T%1 P, (A.4)

where 0 = +(—) for commuting (anti-commuting) spinors. From this identity one can imme-
diately derive the following.

k(k—1)

wr‘ﬂlﬂz"'ﬂkx — O'(—) pl

n(n+1)

()™ ()72 Ttk g, (A.5)

For 4D and 6D, following special cases of above identities will be frequently used.

wl"ll«x — _pruw, 1)[,1"“1“2“3% — +O')(F“1“2“3’L/), wl"ﬂl Fuzr‘usx — _O-Xl"ﬂs Fuzr‘ulw_
(A.6)
One can define a chirality matrix I" in even dimensions as follows:

T = ()" (A7)

For even n, the irreducible chiral representation of Spin(2n) is real and for odd n it is complex.
A useful identity relating different clifford algebra elements is

n

_ i ey +1
FN1M2"'NP = (2n——p)!€M1M2“'Md [THaHpT2 (A.S)

For two positive chirality spinors, we have the following identity:
P THTH L THEy, = (_)"+k P TR Ty (A.9)

where the subscript denote the chirality of the spinor. For opposite chirality spinors we have
an extra minus sign on the right hand sign.

A.2 Fierz Identities
For 4D we have the basic Fierz identity which can be derived by usual methods:
2T =3 () C+z (YY) THC—g (YI*' )T, C—3 (YTHT ) TTC+5 (YTx)TC. (A.10)
From this we can obtain following four identities:
Y (Panz) =0=—3 (YT x )T, 04,

2 (WPins) = %(wixi)ni+%(wiF“vxi)Fuv’r)i, (A.11)
X+ (1/&7&) = % (wiF“XZF)Fun:I:'

In 6D the basic Fierz identity takes the following form :

29" = W) C +5WTHOTLC — 35 (T )T, C — gig (WT*P 1) (T, C)

(A.12)
— 5 (TY)(TC)— § (WPT T y) (T,IC) + 55 (YT’ Tyx) (T, IC) .

From this we obtain following identities for 6D spinors

2+ (ping) =0= _% (YT x4) Luvp N,
X+ (ll):tn$) = 41; (QP:I:FMX:‘:) Fp,niF - 4l8 (QPiFW’)Xi) Fp,vpn:p (A.13)
X:F (win;) = ;l; (d’:l:%?) 7); - % (¢iF“vX¢) prnx-
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A.3 Explicit gamma matrices and Killing Spinors

A set of explicit Gamma matrices in Euclidean 6D is given by

1 0 0 0 0 0 0 o0 0 -4 0 0 0 0 0 0
0 -1 0 0 0 0 0 © i 0 0 0 0 0 0 0
0 0 -1 0 0 0 0 © 00 0 i 0 0 0 0
rl=|o o o 1 0o 0o 0o o 2—=|° o = 0o o o0 0 o
=]lo o o o -1 0 0 o =1lo o o o o i o0 o
0o 0 0 0 0 1 0 0 0 0 0 0 — 0 0 0
0o 0 0 0 0 0 1 0 0 0 0 0 0 0 0 —i
o 0 0 0 0 0 0 -1 0o 0 0 0 0 0 i ©
00 1.0 0 0 0 O 00 - 0 0 0 0 ©
00 0 1 0 0 0 © 00 0 — 0 0 0 0
1 0 0 0 0 0 O O i 0 0 0 0 0 0 ©
3_]lo 1 0 o o o o o 4_lo i o o o 0o o0 o0

r 00 0 0 0 0 -1 0 =16 0 0o o 0o o i o (A.14)

00 0 0 0 0 0 -1 o0 0 0 0 0 0 i
00 0 0 -1 0 0 © 00 0 0 — 0 0 ©
00 0 0 0 -1 0 0 00 0 0 0 —i 0 0
00 0 0 1 0 0 0 00 0 0 — 0 0 0
00 0 0 0 1 0 0 00 0 0 0 —i 0 0
00 0 0 0 0 1 0 00 0 0 0 0 —i O
S=[° © 0o o 0o o0 o1 F6 _]lo o o o o o o i
=11 0 0o 0o 0o 0 o o =1i o o o o o o o
01 0 0 0 0 0 0 0 i 0 0 0 0 0 O
00 1 0 0 0 0 0 00 i 0 0 0 0 ©
00 0 1 0 0 0 0 00 0 i 0 0 0 ©

The indices on gamma matrices are the flat ones. A spinor of positive(negative) chirality has

the general form
€+ :(a):Fa; b::l:b)c;:l:csd;:':d)- (A-]-S)

For the hypermultiplet a supersymmetry is realized off-shell if we choose e! and »! to be
the positive and negative chirality spinors specified by

a=e%cos(®), b=esin(©)cos(¥),
c = e'%25in(@) cos(X) sin(¥), d = e'® sin(©)sin(X)sin(¥). (A.16)

We choose €2 and v? to be complex conjugates of e and »' respectively.
To carry out localization analysis we imposed another consistence condition on supersym-
metry parameters, i.e., &' = i&;. Spinor parameters which satisfy this requirement are specified

by.
(01,0, =1{(%.7).(5.—F). (=% 5). F.—F) (A.17)

B Technical details of some computations

In this appendix we give details of some computations whose results are used in the paper.

B.1 Covariantized supersymmetry variation of covariantized Lagrangian in 4D
and 6D

Covariantized Lagrangian in both 4D and 6D has the following form:

In 4D, 1! has positive chirality while 1> have negative chirality. In 6D, however, they both
have positive chirality. The supersymmetry variation of the first and the last term in the La-
grangian is straightforward to evaluate:

5(3F%) = F*'V,(8T),
1nij _ ij
§(—3D"Dy) = —DV (&:¥Y;).

(B.2)
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The supersymmetry variation of the kinetic term for fermion takes the following form:

§(3y9iv;) = s9ivy; + 3V, (59, I*y), (B.3)

where we have kept a total derivative term for future reference. After using 5+)', the first term
becomes

5PV =—F,, 8 T"VHp; + DY (E, V1) = 38 TPV 1 F . (B.4)
Using Bianchi identity for the gauge field, the last term on the r.h.s can be written as
—3ETON A Fyp = 5F, V ,ETP0p; — 3V (ETTHP,F,,). (B.5)
Combining all these terms, the total change in the Lagrangian becomes
SL = FM'V,E T+ 3F,, V,ETPa; +td = SF*(V,ETTP;) + td ®.6)
= 1F,, (¥;IPT*'V ') + td.

The last equality follows by using the identity in eq. (A.6) for anti-commuting spinors. t.d
denotes the total derivative term

td=3V,(8y,I*p")— 3V, (ET"Py;F,,). (B.7)
Using dv;, the first term on the r.h. s becomes:
19, (59) = —29, (ET ) Fyy + 19, (FUET )~ 59, (DUETM,), B.8)
so the total derivative term is
td = =3V, (Fu (Wil?780)) + 3V, (F* (vi1,€1) — 3V, (DY (E1°%5)). (B9

Note that the results in egs. (B.6) and (B.9) hold in 4D and 6D.

B.2 Two covariantized supersymmetry variations in 4D and 6D

Now we compute the change in the fields under two successive covariantized supersymmetry
transformations. We will find the following two relations useful in our computations:

ETHEl = Qe Mgl = gregl (B.10)
It follows from the second relation that £TH"P£; = 0.

(1) The gauge field

Using the supersymmetry transformation of gauge field and fermion given in eq. (2.6) one
gets . o
§%A, = —3F"PET,I"PE, —DYET,E,. (B.11)

Using eq. (B.10), this becomes

§°A, =—v'F,, = L,A—3,(A,v"). (B.12)

Since we did not assume any specific form of the supersymmetry parameter, the above relation
holds in general, as long as the supersymmetry transformations of gauge field and the fermion
have the form given in eq. (2.6).
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(2) The gaugino

Using the covriantized supersymmetry transformations of eq. (2.6), we get the following:
52" =T (T, V87 ) + & (&7Vy;) —T'T7E (8T, V)
+&; (YY) +&; (ETVy').

For simplicity, let us do the computation for i = 1. The i = 2 case is completely analogous. We
get:

(B.13)

52! =1"g! (1, v,87) — 28" (8'yy?) + T'THE! (£'T, v ,192)

(B.14)
+282(E'Yy!) —ITHE (820, V).
Let us now specialize to 4D and 6D separately to simplify the above expression.
4D
In this case, the first term on the second line in eq. (B.14) is zero and we can write:
52t =TWE (YL, V&) —THTVE (EMT, V 2 ) — ' THE (82T, V 1), (B.15)
Now we use Fierz identities of eq. (A.11) to see that
et (gvaVuz/)z) = ZF“VMIIJZ (‘5151) =0, (B.16)

rregt (821, v, pt) =2v ! (ErHe?).

The second equality on the first line follows from eq. (A.6) because £! is a commuting spinor.
So
52t = vVt + THE (YT, V). (B.17)

For 12 we get a similar expression with 1 — 2 in the above equation.

If the supersymmetry parameters are Killing spinors then the second term on the r.h.s of
52)! vanishes. Moreover one can show that v* is a Killing vector in this case. Hence 521" is
equal to the Lie derivative of the spinor ' along a Killing vector.

If £ satisfy CKS equation, \M3 f= rué i = BT,&;, then we need to analyze the second term
appearing on the r.h.s of 521! further. This term can be written as

e (0, v, ) = =& (P2VE) +THIVE (P2, V,E7)
—&g (ylyg?) + el (Y, v ,E2). (B.18)
Now we use 4D Fierz identities to simplify above terms. We have

—&' (y?yel) =—3 (Ve )T, = 26 (£'T#E%) [92,
rrYe! (Y2, v, &) = —2ryp? (81 ,&1) = —2B (' THE?) T2

So these two terms cancel each other. The next two terms become:
—& (y'yE?) =3 (vE2E )y + 3 (YT, 0! = =4 (ETE ) Ty

+ITRE (Yi1, v, 8%) = 241 (v, E2THEY) = 8Byt (£1EY) =0.

(B.19)

(B.20)

So,
08 (1,9,87) = =4 ('8 ) o ®.21)
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For CKS, the vector field v = E/THE j is a Killing vector field and it satisfies the following:

Vv, =2BE'T,,EN +2BE%T,,E°%. (B.22)

From this we can write

Vv, Tyt = 2BET, ETH L. (B.23)
The term involving & 2 vanishes due to the first Fierz identity in eq. (A.11). Similar conclusions
hold for §2)2. Combining everything we conclude that for CKS in four dimensions

521/)i = v“le’i + %v“vvruvwi = ﬁvwi‘ (B24)

6D

Now we start wit the general form given in eq. (B.14). Using the second Fierz identity in
eq. (A.13), we have

—28" ('Vy?) = 5 (81PN T, VY2
= —2i4ro [(elrree?) prvowz] + % (glrrrrgl) vapwz (B.25)
= %(gll—v,uvpgl)l—‘uvvaz,

where the last equality follows due to the first Fierz identity in eq. (A.13).
Using the third identity in eq. (A.13), we get

(gt (&, v, y?)) =T[5 (8T NV, — 5 (ST T, T, v 7]

= _41; (gll—‘uvpgl) Fuvvazz
where the second equality follows by using Clifford algebra commutation relations and noting
that E'T#EY = 0. Hence we see that the second and the third term in 52! as given in B.14

cancel each other. Other terms appearing there can also be simplified in a similar fashion. For
the fourth term, upon using Fierz identity and after some algebra we get

282(E'yyl) = PPV — 3 (E'THPE)T,, V (B.27)

(B.26)

And the last term in 62! takes the following form after using Fierz identity and Clifford
algebra commutation relations.

I [MEN(E2T, V) | = vEv pt + 3 (TP E2) T, — SV, Yyl (B.28)

Hence these two terms combine to give V“VMIIJI. One gets a similar result for 2. So two
supersymmetry variations of the guagino take the following form in both 4D and 6D:

§2pt = VIV apt+ THVE (T, E7). (B.29)
For a KS, the second term vanishes and we get a Lie derivative along the Killing vector field
Vi,
(3) Auxiliary field
For auxiliary fields, using covariantized supersymmetry transformations, one gets
52D =—3 (E'TPTWE)V F,, — 5 (§'TPT¥V E7)F,,

: ) . ) (B.30)
+(ETHEL) VDR + (E'VE ) DR+ (i ).
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The first term in the above equation actually vanishes due to Bianchi identity and i < j anti-
symmetry of £'THE.

—3 (E'TPTENV F, 4+ (i e ) =— (TP EN)V F,, —v,V,F¥ (7 + ') =0. (B.31)
The third term in §2D¥ just becomes
vy Koy o Y jk —H ij
(&'rrE) VDK + (i > j) = S € kVuD 4 = T = vV, DY, (B.32)
So the full action of two supersymmetry transformation on D becomes
52DV = vy, D +2(glyE, ) Dk —1F,, (ETPTWV & +i o j). (B.33)
In 4D, the last two terms vanish for all KS and CKS. In 6D, they vanish for KS but not for CKS.

B.3 Two supersymmetry variations of the hypermultiplet

Here we give details of the computation of two supersymmetry transformations acting on fields
in the hypermultiplet.

Scalars
We have
529U = £l5y) = 2E'THED, PN + 8ETHE PN, f + &l v KN (B.34)
= VD, ¢ +4vP 3, f $U + (£1w) KM,
Fermions

The two supersymmetry various of the fermion x{ take the following form

6%y =100, 115, (&11) + 20,/ 1,E; (£T7&T) + 208 (£1D,7) + 20 (L) ¢

-2 (vjlpx{) v, —4(vy) qbk{vj.
(B.35)

These terms can be brought in the desired form by using Fierz identities and relations satisfied
by ¥'s.
109, fT48; (E/x7) = 3va,f 1 ' — $vH8"F .1,
20,fT,&; (&1 E) = 5vHa, £ 1+ V40 f T2,
2r¢; (£/D,77) = $"Dur’ — §v.I"'D, 1"

(B.36)
2rME; (£ T ape) M = —vI T, 597,
-2 (vjlﬁxf) v; = %V“D“X{ + %V“FWDV)({,
—4(vj1/)k) Pk v; = V‘ul—'ull)j(ﬁji.
Combining all these we get ) )
8%y =L,y +5v"9,fx". (B.37)
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Auxiliary fields

We have ) } .
52K = 2915 (B ) — 496 (119", (B.38)

After using the supersymmetry transformation of y! and the vector field Ay, the first term in
above equation becomes

—2918 (By!) = v#D,KY +6v19, FKY —2(vTH'E,) F,, M

. . : . - (B.39)
—4(v'gl) (D2M — M) +2(viTHyT ) (EFT, ).
Last term can be modified using Fierz identities resulting into
—2v'6 (By7) =vDyp! + 6v43, FKT — 2 (v TH'E, ) F,, M
(B.40)

—4(v'g) (D?9M — SN + 2ykyT ) = 3 (vTER) (YT’
Second term in 52K/ takes the form
4915 (M) = 2(VTE) Fp® — 4 (g ) DR o + 4 (i) (8717). (B.41)
After using Fierz identities to simplify the last term, we get
495 (YoM ) = 2(vTE) F,,9t —4(vig) (Dol + Tyt i)
+3 (1) (YiTr?). (B.42)
Combining all the term we finally get

52K = £,K7 +20, v'3,fKT —4(vig;) (D2p7 — ST + DI oM + i) (B.43)

B.4 Almost complex structures

Here we prove the identities of eq. (5.7) for Z,,,, = ieJ"I‘We, where € is a constant spinor. Using

Fierz identity on the third line of A.13 we can write:

L, = —%EJ'TMPFP”E + %eJ"FMPFMFP”eeTFOge (B.44)
5,1 & :
= éuv(—z +5€'T7%€'T, 5¢) -7,°1,".

The second equality is obtained by using standard gamma matrix relations and the definition
of Z,,”. The same Fierz identity also gives €'T9%¢€e'T, 5e = —6. Using this on easily obtains

T,PT,"=-5,". (B.45)

To prove the second identity we start by using eq. (A.8) to write

1 o s U s Ue — 97t Tt pas
grirararat IM3H4IM5M6 =2i€e FH3H466 [Tfarsfie
=2ie'T, , ee'THakaT ik2e 4 4ieTTHiM2e (B.46)
— —81'6.?1—'“1“26 — _8IH1H2’
where the second equality follows by expressing the rank four gamma matrix in terms of lower
rank matrices. The third equality follows by using Fierz identity.
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