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Abstract

We study (1+1)-dimensional non-linear sigma models whose target space is the flag
manifold U(Nl)xuU(g\]]B___U(Nm), with a specific focus on the special case U(N)/U(1)". These
generalize the well-known CPY~! model. The general flag model exhibits several new
elements that are not present in the special case of the CPY~! model. It depends on
more parameters, its global symmetry can be larger, and its 't Hooft anomalies can be
more subtle. Our discussion based on symmetry and anomaly suggests that for certain
choices of the integers N; and for specific values of the parameters the model is gapless
in the IR and is described by an SU(N); WZW model. Some of the techniques we present

can also be applied to other cases.

Copyright K. Ohmori et al. Received 25-10-2018 ®
This work is licensed under the Creative Commons Accepted 31-01-2019 ek
Attribution 4.0 International License. Published 04-02-2019 updes
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.6.2.017
Contents
1 Introduction 1
2 The Lagrangian and the Parameters 6
2.1 The Lagrangian 6
2.2 Counterterms 9
3 Discrete Global Symmetry and ’t Hooft Anomaly 9
3.1 Sy Symmetry 9
3.2 Zy Symmetry 10
3.2.1 Zy Invariant Deformations 11
3.3 Z, Symmetries 12
4 Deformation of the WZW Model 13
4.1 Global Symmetry 14
4.2 Deformation to the Flag Sigma Model 15
4.2.1 The WZW Action 16
4.3 Symmetry-Preserving Relevant Deformations 17
5 Renormalization Group Flow 18
5.1 The General Flow 18
5.2 Zy Invariant Flow of G;; 20
5.3 Zy Invariant Flow of By, 22


https://scipost.org
https://scipost.org/SciPostPhys.6.2.017
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.6.2.017&amp;domain=pdf&amp;date_stamp=2019-02-04
http://dx.doi.org/10.21468/SciPostPhys.6.2.017

SCIl SciPost Phys. 6, 017 (2019)

6 SU(3)/U(1)? 23
6.1 The Lagrangian 23
6.2 Renormalization Group Flow 24

6.2.1 Z; Invariant Flow 24
6.2.2 Away from the Z5 Symmetric Point 25

7 General Flag Manifolds 25
7.1 General Considerations 25
7.2 CPN! 27
7.3 CP! 29
74 U(rM)/UM) 31

8 Summary of Results 31

A The Trace Conditions 32

B Counting Invariant Deformations 33
B.1 Generality 33
B.2 PSU(N) Invariant Deformations 34
B.3 PSU(N) x Zy Invariant Deformations 35

C Symmetric Space SU(N)/SO(N) 35

D Supersymmetric Flag Sigma Model 37
D.1 Kahler Moduli Space 37
D.2 Twisted Chiral Ring 38

References 41

1 Introduction

The goal of this paper is to explore two-dimensional sigma model whose target space is a
generalized flag manifold
_ UN)

U(Ny) x U(Nz)---U(Np)

MNl,N2,..‘,Nm
>IN =N. (1.1)

A special familiar case is m = 2 where M, y_, is a Grassmannian and an even more special
case is M y_; = CPN~!. As we will see, the generic case exhibits a number of new elements
that are not present in the familiar CPY ! sigma model.

The CPV~! model depends on a single relevant parameter, the overall size of the target
space 4/T; i.e. the metric is proportional to r and perturbation theory is an expansion in %
The theory is asymptotically free, as r shrinks in the IR. In addition, the theory depends on a
2m-periodic 0-parameter. A combination of techniques has shown that for generic 0 the model
is gapped and the 8 dependence is smooth. The only exception is the physics at 8 = 7, where

the system has another Z, global symmetry. For generic N this Z, symmetry is spontaneously
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broken there and the system has two gapped vacua. For N = 2 the system is gapless and the
IR dynamics is that of the SU(2); Wess-Zumino-Witten (WZW) model. See, for example, the
introduction of [1] and references therein for a review of this classic story.

.....

the latter depends on more parameters. For example, the more general model depends on m—1
2m-periodic O-parameters. Other continuous parameters arise because the SU(N) invariant
metric on My, y, n is not unique. Finally, we can also have SU(N) invariant two-form
background fields B. There are various loci on the parameter space where the model has
enhanced discrete global symmetry, which can be imposed to constrain the renormalization
group flow.

In most of the paper we will focus on the extreme case m = N where the target space is
the flag manifold

_UWN) _ su)
~UQ)N  UQ)N-1C

M=Mi1.a (1.2)
The model has a global PSU(N) symmetry (the center of the naive SU(N) symmetry acts
trivially on all the physical operators). The sigma model on M can be thought of as a different
SU(N) generalization of the CP! model than the CPY~! model. By contrast to the CPN~!
model with N > 2, we will argue below that the flag sigma model M has an interesting
gapless phase.

Returning to the general N case, the theory depends on
N(N-1)
2

w continuous PSU(N) in-

variant metric parameters and continuous PSU(N) invariant B parameters. N — 1 of
the B parameters have H = dB = 0 and they lead to N — 1 0-parameters. The remaining B
parameters label deformations with nonzero H = dB.

On certain subspaces of the parameter space the model has additional global symmetries.
The most symmetric model has an Sy permutation symmetry. We will discuss the details of
this symmetry below. Imposing this symmetry most of the parameters of the metric and the
two-form B deformations are set to zero and the theory depends only on the overall scale of
the target space r. In the IR this model is expected to be gapped and trivial. Therefore, it is
interesting to impose only a smaller discrete symmetry.

An interesting symmetry to impose, in addition to the obvious PSU(N), is Zy . We will see
that if we impose this symmetry, the model depends on [%J continuous metric parameters and
[I%J continuous B parameters. In addition, there are some discrete B parameters, which are
associated with nontrivial 6-parameters. Depending on the values of these discrete parame-
ters, the model has a mixed anomaly between the PSU(N) global symmetry and the discrete
Z, symmetry. These anomalies arise from the fact that the Lagrangian of the theory with these
values of the 0-parameters is not invariant under the global symmetries unless we use the 27
periodicity of the 0-parameters. The existence of these anomalies means that the IR theory
cannot be trivial. The global symmetry could be spontaneously broken, or the system could be
gapless, or it could be gapped with some topological quantum field theory (TQFT).! We will
argue that in some of these cases the long distance behavior of the system is gapless and it is
described by the SU(N); WZW model.

The global symmetries we have discussed so far are the global symmetries of the UV theory,
Gyy- Not knowing what the IR dynamics is, we should explore various possible candidates.
Since the IR symmetry G; can be larger than the UV symmetry, we should examine how it
could be embedded in it Gy C Gyz. In particular, PSU(N) is always a global symmetry of
our UV model. In a gapless phase, the PSU(N) global symmetry necessarily enhances to a
full-fledged su(N); x su(N)g current algebra. The most natural and minimal candidate for the

!The case of spontaneous global symmetry breaking is a special case of such a TQFT.
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UV of WZW model Potential on the
G WZW target space
wzZw
UV of the flag sigma model
Gyv(C Gwzw)
Standard WZW
flow
" The flow we
' explore
L
WZW CFT
Gwzw

Figure 1: The UV WZW model flows in the IR to the WZW CFT. This flow preserves the
full Gy global symmetry. Here we deform this UV theory by a potential that restricts the
field to take values in the flag M and breaks the WZW symmetry to Gy C Gy zy- Then we
explore whether the sigma model can flow to the WZW CFT (dashed line in the diagram).
The global symmetry of each theory in the figure is written below it.

IR conformal field theory (CFT) is therefore the SU(N) WZW model, which has

SU(N), x SU(N)
LZN R % z$ (1.3)

Gir = Gwzw =

global symmetry, as well as parity symmetries.> Once we find how the symmetries are embed-
ded, we should make sure that they have the same anomalies. We will present a powerful tool
to do that.

We would like to examine whether our flag sigma model can flow to the WZW CFT. The
WZW Lagrangian, which is a group manifold sigma model at large radius plus a quantized
Wess-Zumino (WZ) term, gives us a flow from a free UV theory to a nontrivial conformal field
theory in the IR [2]. Unlike our flag theory, here the global symmetry (1.3) and its various
anomalies are present throughout the renormalization group flow (see the left flow in Figure
1). Then we will turn on a suitably chosen potential in the UV of this model that restricts the
WZW field to take values in a subspace of field space. We will arrange it such that this subspace
is our flag target space. This method has been used in [3,4]. This potential breaks the WZW
symmetry Gy zw to a subgroup Gyy C Gy zw, Which is the UV symmetry of our flag sigma
model. Clearly, when the coefficient of the new potential terms is large we first flow from the
UV of the WZW to our sigma model (the top flow in Figure 1) and then we flow from there to
the IR. We explore whether this last flow is to the WZW CFT (the dashed flow in Figure 1).

One aspect of this construction is that it guarantees that our UV symmetry Gy is properly
embedded in the symmetry Gy, of the explored IR behavior and that they have the same
anomalies.

Another aspect of this construction is that it gives us another tool to examine such a possible
flow. Consider the WZW conformal field theory. If the dashed flow in Figure 1 exists, then it
reaches the WZW point along an irrelevant operator, which is invariant under Gy but not
invariant under Gy, ;. Furthermore, we would like all the Gy -invariant deformations of
the WZW theory that are not Gy, invariant to be irrelevant. This would guarantee that if
the flow (the dashed line in Figure 1) arrives close to the WZW point, it will be attracted to

2Z¢ is charge conjugation and it is absent for N = 2. In Section 7 we will discuss the action of these symmetries
in more detail.


https://scipost.org
https://scipost.org/SciPostPhys.6.2.017

SCIl SciPost Phys. 6, 017 (2019)

it. Alternatively, if the WZW model has a relevant Gy -invariant deformation (other than the
identity operator), then a generic flow from the IR would miss it. See, for example, [5, 6] for
applications of this type of argument.

Specifically, we will study the theory with a global Gy, = (PSU(N) x Zy) % Zg symmetry
and non-trivial 6-angles, generalizing the N = 2 case of CP! model at 6 = 7.2 We will argue
that it flows to the SU(N); WZW model where the global symmetry is enhanced to Gy, 7y .
First, we will show that we can add a potential to the WZW model to restrict the target space
to be the flag manifold. This guarantees that the these two models have the same anomaly
under Gy . Second, it is significant that the only Gy -invariant relevant operator in the WZW
CFT is the identity operator. This means that for a range of parameters the flow from the sigma
model can hit this fixed point. In other words, no fine tuning is necessary.

The SU(N)/U(1)N~! sigma model was derived from the spin chain in [7,8]. The N = 3
case was subsequently studied in detail in [1]. The authors proposed that the Zs-symmetric
model with nontrivial 8-angles flows to the SU(3); WZW model. The global symmetry and
anomaly of the flag manifold for general N were later studied in [4]. Their proposal about the
IR phases is similar, but not identical, to ours.

What if we start with the Sy invariant model with trivial 8-angles? In this case the UV
global symmetry is

Gy = (PSU(N) x Sy) X ZS . (1.4)

In the N = 2 case this reduces to the CP! model at § = 0.

Can this Sy invariant model flow to the SU(N); WZW CFT? If so, the symmetry Gy,
cannot be embedded into Gy as in the previous case. One possibility is that the Sy C Gy,
is unbroken and acts trivially in the IR, and there is another emergent Z, symmetry that
combines with PSU(N) to form Gy, . In this case we can no longer use the Zy C Sy to
restrict the relevant deformations in the SU(N); WZW model. In fact, there are many PSU(N)
invariant relevant deformations in the SU(N); WZW model. For the higher level WZW models
there are even more symmetry-preserving relevant deformations. Hence, we do not expect the
model to hit the WZW fixed point without fine tuning. An identical argument carries over as
long as the flag sigma model on M does not have the global symmetry PSU(N) x Zy with
the same anomaly as in the SU(N); WZW model. Another possibility is that the entire Gy,
symmetry decouples in the IR.* In this case we do not expect the IR phase to be gapless because
there is no symmetry argument to forbid any relevant deformation in the candidate CFT.

An important part of analyzing the renormalization group flow from the flag sigma model
is to explore its various operators in the UV. Here we should turn on all possible operators that
are invariant under Gy and explore their beta-function. We will not do it in full generality.
Instead, we will expand around the Sy invariant theory with only one parameter, the overall
size square r. This theory has G, = (PSU(N) x Sy) Zg global symmetry. We will explore
small Zy invariant deformations of the metric and the background B around this model. At
leading order this will allow us to organize them in terms of Sy representations. We will
examine the renormalization group flow for this range of parameters and will see that for
N > 6 the Sy violating but Z invariant deformations are irrelevant.®

*Similar to the WZW model, Z§ is absent in the CP! model compared to the higher SUN)/U(1)¥ .

“The continuous global symmetry PSU(N) cannot be spontaneously broken in two dimensions.

®Logically it is possible that the IR phase is a CFT without any relevant deformation, e.g. the E; WZW model
at level 1. However, by modular invariance, it is known that any 2d unitary CFT with ¢ < 8 must admit relevant
deformations [9] (based on earlier work [10,11]). Therefore as long as the UV central charge c;, = N> —N is
smaller than 8 (which is the case for N = 2,3), we can confidently conclude that the IR phase must be gapped if
the entire UV symmetry acts trivially in the IR. We assume the same conclusion is true for all N.

SHere, when we say irrelevant, relevant, or marginal we mean relative to the flow of the overall radius square
r. We will explain it in detail in Section 5.
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An extreme version of this range of parameters is obtained when we start with the Sy in-
variant model with its unique parameter r and turn on only the Zy invariant 6-parameters,
but not the other Zy invariant deformations. Strictly, this is an unnatural thing to do. How-
ever, in perturbation theory such a setup is actually natural. Since the violation of the global
Zy is only due to instantons and their effect is invisible in perturbation theory, the remaining
Sy violating but Zy invariant parameters are not activated. Of course, non-perturbatively, in-
stantons make them non-zero. Yet, it is technically natural to explore this range of parameters.
The reason this range of parameters is significant is that to all orders in perturbation theory
the flow preserves the global Sy symmetry and possible operators that can take us afar are not
present.

Our general arguments fall into two classes. Kinematical considerations involve the global
symmetry Gy in the UV and its 't Hooft anomalies. These are matched with putative IR CFTs,
specifically WZW models. Once a flow from the UV sigma model to the putative IR theory is
kinematically possible, we apply more dynamical considerations. These are associated with
Gyy-invariant, relevant deformations of the putative IR theory. For every such operator one
fine tuning is needed in order to hit the IR theory. And if no such relevant operator exists, the
fixed point is attractive and no fine tuning is necessary.

However, even if no Gy -invariant, relevant operators exist in that theory, we are still not
guaranteed that the renormalization group flow from the UV indeed hits that theory. Instead,
what this shows is that if the flow gets to the vicinity of that theory, it will be attracted to it.
But there is no proof that the UV theory gets to the vicinity of that IR point in the first place.
For this reason, whenever we say that we can hit a certain IR CFT, what we really mean is
that this IR behavior is kinematically possible and if we get close to it, we end up there; i.e.
that point is attractive. This falls short of a proof that the long distance behavior is indeed
described by this theory.

In all our examples Gy has nontrivial 't Hooft anomalies, which can be matched by the
proposed IR CFT. If however, as we have just said, the long distance theory is gapped, then
these anomalies mean that Gy, should be spontaneously broken and the vacuum is not unique.

The paper is organized as follows. In Section 2 we write down the Lagrangian for the
SU(N)/U(1)¥! flag sigma model and classify the PSU(N)-invariant parameters. In Section
3 we discuss the discrete global symmetry of the model and its 't Hooft anomaly. In Section
4 we deform the UV WZW model to the flag sigma model, establishing the top line in Figure
1. This ensures that the global symmetry and anomaly are the same in the WZW CFT and the
flag sigma model. We further discuss the symmetry-preserving relevant deformation in the IR
WZW CFT point to determine whether fine-tuning is needed to hit the fixed point. Based on
the above considerations, we argue that the flag sigma model with special parameters flows
to the SU(N); WZW CFT in the IR. In Section 5 we compute the one-loop beta functions of
the flag sigma model and use various discrete symmetry to constrain the flow. In Section 6 we
specialize to the SU(3)/U(1)? model and study the renormalization group flow in details. In
Section 7 we extend our argument to the more general flag manifold. In particular we argue
that the U(rM)/U(M)" sigma model with special parameters and with r, M sufficiently large
flows to the SU(rM); WZW CFT. We also apply our discussion to the classic CPY ! model and
recover known results. We summarize our results in Section 8.

In Appendix A, we prove a technical identity that we use in analyzing the deformation
from the UV WZW model to the flag sigma model. Appendix B counts the two-derivative
deformations around the UV WZW model and matches them with the counting in the flag
sigma model. In Appendix C, we use the same techniques to analyze the sigma model on the
coset SU(N)/SO(N). In Appendix D, we discuss some aspects of the flag sigma model with
N = (2,2) supersymmetry.
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2 The Lagrangian and the Parameters

2.1 The Lagrangian

We are interested in a theory of several complex scalar fields ¢ lI . There is an SU(N) symmetry
acting on the lower case index i =1,2,---,N. The scalars qbl.l are constrained to satisfy

> iolei=5]. (2.1)
We will also often use
D@eNdi==> ¢]34!, (2.2)

which follows from (2.1).
We impose gauge invariance under

Pl —etipl. (2.3)

We can do that by adding U(1) gauge fields a; and use the covariant derivatives D¢ lI =(0 +ia1)¢i1
and D¢; = (0 —ias)¢;. We can also replace a; by

aI=—EZ(¢58¢;—¢;6¢{)=—IZ¢{6¢;- (24)
With this a; it is convenient to use
> $iDg! =0. (2.5)

Our model has the gauge symmetry (2.3) either in the formulation with independent gauge
fields a; or if we use (2.4). Correspondingly, the scalar fields ¢’ might not be single valued —
we might need to cover our spacetime with patches with transition functions between them.

One special case is based on N complex scalar fields ¢; and then the index I is suppressed.
It leads to the CPN ! = % model. We will focus on the theory with I ranging from 1
to N. The resulting theory is a nonlinear model with the target space

SU(N)

TIER (2.6)

This is a different SU(N) generalization of the CP! sigma model.
Several comments are in order:

1. Because of (2.1), the scalars d){ can be viewed as a unitary N x N matrix ¢ with a global
PSU(N) action ¢ — V¢ and a local U(1)" action ¢ — ¢ M, where V € SU(N) and
M a diagonal U(N) matrix. However, the continuous global symmetry of the system is
PSU(N)=SU(N)/Zy instead of PSU(N). The quotient by Zy follows from the fact that
each gauge invariant operator must have equal numbers of qbl.[ and qgf and therefore it
transforms trivially under the center of SU(N).

2. For some purposes we will find it convenient to express qbfv in terms of the other ¢)lI .
However, this might obscure some of the symmetries of the problem.

3. For N = 2 the two special cases CPY~! and SU(N)/U(1)"~! coincide. This will allow
us to compare the analysis here with the well studied CP! model.
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4. One important difference between the CPN~! theory and the SU(N)/U(1)Y™! theory
(for N > 2) is that the CPV~! space has a unique (up to rescaling) SU(N) invariant met-
ric, while the SU(N)/U(1)N~! space has a multi-parameter family of PSU(N) invariant
metrics. In addition, we can have a multi-parameter family of PSU(N) invariant torsion
terms. This means that our model is characterized by several parameters. Below we will
describe these parameters and will show how they can be restricted by imposing more
global symmetries.

The simplest terms in an invariant Lagrangian are
O O
EZZrllDM¢iI|2+1Z ﬁe‘“’aua” , (2.7)
Li I

where the coefficients r; and the phases 0; are arbitrary. Here we can also substitute (2.4).
Below we will impose additional discrete symmetries that will constrain the parameters r; and
0;. The Lagrangian (2.7) describes N copies of the CPY~! model that are coupled through
(2.1).

What other terms can we add to (2.7)? Using (2.1) it is easy to see that the only U()N
invariant potential without derivative is a constant. Let us move on to the two-derivative
terms. U(1)N gauge invariance and the conditions (2.1) restrict the allowed terms. The gen-
eral term has fields with derivatives, e.g. D¢ D¢, multiplied by some ¢’s and ¢’s. Any i, j
indices that are contracted entirely within the factors without derivatives become trivial using
(2.1). Therefore, we can limit ourselves to terms of the form

> 6!éID¢¥D! . (2.8)
i,j

Note that using (2.2) we can write terms like Zi’j qquBiDd)JKDd)lI as (2.8).
We will use the formulation where the gauge field a; has been replaced by (2.4). Because
of (2.5), the only two derivative term we need to consider is

D bl EIDFND),  T#J. 2.9)
L,J

Here the a;’s in the covariant derivative are understood in terms of (2.4). Let us write this
term as well as the original kinetic term ), |D¢>{ |2 directly in terms of ¢ alone:

2.IDgiF = 10¢{1P =1 609!
D¢l IDENDSN =D ¢/ $1(@hi— D pLaGLIN@P! + > pladle))
i,j i,j k [
=D ¢]061=> 013655 $j0¢1 + > 6]0615))
i k j 1

:{ OITHED 0N q5§8¢§) for1 #J

2.10
0 forI=J. ( )

We conclude that we can allow arbitrary r; and 6; in (2.7) and we can have an arbitrary
linear combination of term like (2.9) with real symmetric coefficients %GI ; (and we can set
the diagonal elements G;; to zero) with a symmetric contraction of the Lorentz indices and
with arbitrary real antisymmetric coefficients %B ;7 With an antisymmetric contraction of the
Lorentz indices.
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Explicitly, these two-derivative deformations terms are:

Z (G, 6" + By e") (Z ¢gaucﬁ;') (Z 43}8@11.) ) (2.11)
j

1<I<J<N i

The terms with G;; lead to modifications of the target space metric and the terms with B;;
can be viewed as torsion. We can also extend the range of I and J and let G;; be a symmetric
tensor (with vanishing diagonal elements) and B;; an antisymmetric tensor.

To summarize, we have the following Lagrangian for the SU(N) theory parametrized by
r;, Gy and 0;,B;;:

N
2. ( (Z 0{1 =1 $i09] |2) b ket S 3,1 M;)

I=1 i
+ > (Gy8" +Be) (Z ¢{8u¢3}) (Z qE{avqu) . (2.12)
1<I<J<N i 3

There are redundancies between the parameters r; and G;; and also between 6; and B;;.
To see this, let us first note that from (2.1), we have

> iole] =5, (2.13)
i
from which it follows that
>SI>6!GI0ENDEN = (0D, 2.14)
J i, i

which is the same as the terms in (2.7). Therefore, we have the freedom in shifting the co-
efficients r; — r; + ¢; combined with G;; — G;; — ¢; —¢; (recall that G;; is symmetric) and
similarly, 6; — 6; 4+ 2nb; combined with B;; — B;; —b; + b; (recall that B;; is antisymmetric).
In particular, we can set r; = 6; = 0 using this freedom. This makes it clear that the theories
are labeled by G;; and B;;. However, this might not be a convenient choice. In particular, it
does not make the 27 periodicity of 6; manifest. Alternatively, we can use this freedom to
set ry = Oy = G;y = B;y = 0, such that qblN does not appear in the Lagrangian. This can be
understood as using (2.1) to eliminate it in terms of d)il withlI =1,...N—1.
A special case of the redundancy transformation is b; = b for all I. This shifts all the 6;
by:
6,—6;+b, VI=1,---,N, (2.15)

without changing B;;. In other words, we are always free to shift all N 0-angles by the same
amount.

With the above redundancy taken into account, we conclude that there are N(N —1)/2 G
deformation terms (including r; and G;;) and N(N —1)/2 B deformation (including 6; and
B;;) terms preserving the PSU(N) global symmetry.

2.2 Counterterms

The continuous global symmetry of the system is PSU(N) = SU(N)/Zy. As commented ear-
lier, the quotient by Zy follows from the fact that every gauge invariant operator transforms
trivially under the center of PSU(N). Hence, we can couple the system to classical background
PSU(N) gauge fields.

We denote the PSU(N) bundle by P. It is characterized by the second Stiefel-Whitney class
w4 (P), which is an integer modulo N. As in the CPY ™! model, for PSU(N) background fields

9
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that are also SU(N) bundles (i.e. w,(P) = 0) the N gauge fields a; are ordinary U(1) gauge
fields satisfying f % € Z. But for nonzero w4(P) the U(1) the gauge fields have

da; _waP) a1 (2.16)
27 N

The introduction of these background fields allows us to add to the Lagrangian a countert-
erm

2
Wnpwﬂp) , (2.17)

with p an integer modulo N. This integer p does not affect any local physics in the bulk.

The model is characterized by N angles 6; as in (2.7). Each is 27 periodic. However, when
wy(P) is nonzero the fluxes of a; are fractional multiples of 27t (see (2.16)) and 6; are not
quite 27 periodic [12]. As in the CPN~! model, a shift of any 6; by 27 does not leave the
theory invariant, but shifts p by 1. Therefore, the theory is characterized by (6;, 6, ..., O, P)
with the identifications

(91, 02, veey GN,p) ~ (91 + 27'[, 92, ceey 9N7p + ].) ~ (01, 92 + 27'[, veey QN’P + ].) ~ ...
N(91,92,..., QN)p +N) . (218)

Physically, p labels the N-ality of the PSU(N ) representation on a boundary. Shifting any 6,
by 27 leads to a pair creation of ¢! particles to screen it, but since they transform nontrivially
under PSU(N), this pair creation changes the N-ality of the representation on the boundary
and leads to (2.18).

3 Discrete Global Symmetry and ’t Hooft Anomaly

In addition to the continuous PSU(N) global symmetry, the SU(N)/U(1)N~! sigma model
(2.12) has various discrete global symmetry at special loci on the parameter space of
11,01, Gy, Byy. In this section we analyze these global symmetries and their 't Hooft anomalies.
Our discussion on the 't Hooft anomaly will follow [12].

3.1 Sy Symmetry

Consider the Sy, symmetry that permutes the index I. We will be mostly interested in the case
when this S, symmetry is explicitly broken by generic values of the parameters r;, G;;, 61, B;;,
but it would still be convenient to organize the couplings using this broken symmetry.

Let N — 1 be the standard representation of Sy associated to the partition (1, N —1).

The parameters r; and G;; are subject to redundancies we discussed above. The set of
distinct parameters transform in the symmetric product representation of two (N—1) (see,
for example, [13]):”

N(N—3)

Sym*(N—1)=1e(N—-1)® 5

3.1)

where w is the Sy irrep associated to the partition (2, N —2). The r;’s can be invariantly

identified as the parameters in the 1 @ (N — 1) representation, while the remaining G;;’s can

’In our convention the trivial Sy representation corresponds to the partition (N), while the one-dimensional
sign representation corresponds to the partition (1V).
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N(N—3)
2

be identified as the part. In particular, the trivial representation 1 corresponds to the
overall size of the flag manifold.

The distinct parameters 8; and B;; transform in the antisymmetric product representation
oftwo1®&(N—1):

N—-1)(N—2
Az(le(N—l))z(N—l)e%, (3.2)
where N-UIN-2) _ A?(N—1) corresponds to the partition (12,N —2). The 6,’s can be in-
2 > . I

variantly identified as the parameters in the N— 1 representation, while the remaining B;;’s
(N-1)(N—2) .
correspond to the *——5— representation.

3.2 Zy Symmetry
Below we will be interested in the Zy global symmetry that cyclically shifts
Zy : ¢iI - ¢l~[+1 » o ar = dpgq, (3.3)

with I = N maps to I = 1. Let us determine the conditions on the parameters so that the
theory is invariant under this Z, symmetry. Clearly we need

rr=r,

2l (3.4)
91290+n%, I=1,2,---,N,

where n = 0,1,2,---,N — 1. Note that two configurations labeled by n and n’ with
ged(n,N) = gcd(n’,N) are related by a field redefinition and will not be distinguished.
When we turn on a nontrivial PSU(N) background, we can add to the Lagrangian a coun-
terterm (2.17) with p an integer modulo N. Let us study the Z, global symmetry when this
counterterm is taken into account. We start with the Zy symmetric 6 angles labeled by n:

27n 4nn 2n(N —1)n
(01: N ’92: N :"':QN—IZ :QNZO:p)

4mn 67n 21n
Z—N>(91—T,Qz—T,“',QN_1—O,9N—T,P)

271n 4mn 271n
_)(9127592=T:"':QN—lz_T:QN:O:p)

2 4 2
N(le%:92:%:"':QN—IZZRH_%)QN:O:p-Fn)' (35)

Let us explain each step. In the second line we perform the Zy symmetry transformation on
the gauge fields a;, whose effect is equivalent to changing the 6 angles as given in the second
line. In the third line we use (2.15) to shift all the 6 angles simultaneously by —2zn/N. In
the forth line we shift only 8y_; by 27tn, at the price of shifting p by n at the same time. We
see that the previous Z, symmetric configuration is no longer invariant when the counterterm
(2.17) is taken into account. Instead, the parameters are shifted as

2rnln 2rnln
(Glz N ,p)—>(912 N ,p+n). (3.6)

The shift (3.6) means that at the Z,, invariant point (3.4) there is a mixed 't Hooft anomaly
between the PSU(N) and the Zy global symmetries [4], labeled by an integer n modulo N .8

charge

8A similar thing happens in the CPV~' model. There this discrete Zy symmetry is replaced by a Z; charge
conjugation symmetry, which is present at 6 = 0, 7. And there is a nontrivial mixed anomaly between the global
PSU(N) and this Z3"“"¢* symmetry at 6 = 7. It leads to the conclusion that the IR physics must be nontrivial at
0 = m. See Section 7.2 for more details.
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This anomaly can be represented as the three-dimensional term

2
% AUwy(P), 3.7)

where P is the background PSU(N) bundle and A is a background Zy gauge field. Physically,
it means that the action of the global Zy symmetry must be accompanied with changing the
N-ality of the SU(N) representation at the boundary by n units. This anomaly means that
at these values of 6 the IR system cannot be trivial. Either there is a first order transition
associated with the spontaneous breaking of this Zy, or there is a nontrivial fixed point there.

3.2.1 Zj Invariant Deformations

We have studied the constraints on the original Lagrangian (2.7) by the Zy symmetry. Let us
proceed to study the Zy invariant two-derivative deformations (2.11). Let us define

Gy =6"" (E ¢} anS;) (E q%am;) : (3.8)
i j

BIJ = 6[‘”’( E (b;]au(ﬁ;) ( E é;avd);\) . (39)
i j

We will first count the Zy invariant G deformations. When N is even, we have N /2 such
deformations. Each one of them can be obtained by starting from G;; withJ =2,--- ,N/2+1
and adding its Zy images. Explicitly, they are

Gra+ 0oz +--+0n1,
Gi3+Gag+ - +0n2,
(3.10)
Gy +Goniz + o+ Gyna,
Guez +Gonaa +---+ Gy, (N : even).

Note that the last term is special; it only has N /2 terms, whereas the other terms have N terms.
When N is odd, we can start with G;; withJ =2,--- (N + 1)/2 and add its Zy images:

Gia+Gos+-+0n1,
: (3.11)
g1%+g2%+---+gm%, (N : odd).

Hence, there are [%J Zy invariant G deformations.

Moving on to the B deformations. The analysis is almost identical except that the last term
in (3.10) becomes 0 when we add up all the Z, images, due to the antisymmetric property of
B;;. It follows that there are only (N —2)/2 B deformation terms when N is even, while there
are still (N —1)/2 terms when N is odd.

To summarize, there are N(N — 1)/2 G deformations and N(N — 1)/2 B deformations,
before imposing the Z, symmetry. Imposing the Zy symmetry, there are L%J Zy invariant G
deformations and L]%J Zy invariant B deformations.
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3.3 Z, Symmetries

For special choices of the parameters, there are various enhanced Z, global symmetries. We
will analyze these Z, symmetries and their anomaly.”
Consider the following Zg charge conjugation action:

Zg : ¢lI - qSIiV_IH » o 4> —ay_j41- (3.12)

It is a global symmetry if the parameters r;, 6;,G;;, B;; are chosen to be Zy symmetric as
discussed in Section 3.2. In particular, Zg is preserved only if the 6-angles are given as in
(3.4),i.e. 6; = n% for some integer n.

Is there a mixed anomaly between Zg and the PSU(N) symmetry? To settle this, we turn
on a PSU(N) background and add to the Lagrangian a counterterm %V—” pwo(P) (2.17). Next,
we ask whether the Zy symmetric 8-angles are still invariant under Zg when the counterterm
is taken into account:

271n 271n 271n
0 =—,0,=2——,--- ,0h_1=(N—1)—, 0y =0,
( 1 N 2 N -1 = ( ) N o p)
27n 2mn 2mn
0,=0,0,=—N—-1)—,---,0y_1=—2—,0y =————,—
Z—g’( 1 2 ( ) N IN—1 N N N p)

271n 21n 2mn
- (0= o2 b =6 =0

2 2 2
N(leﬂ’ezzz mn "',QN_lZZﬂH—%,QN:O,—p'i‘n(N_z))

N N’
2nn 2nn 2nn
~M O =——0y=2—, Oy =(N—1)—,0y =0,—p—2n|. 3.13
( 1=y %2 N 1= ( ) N N p n) (3.13)
We can choose a counterterm p = —n such that the configuration (6;,p) returns to itself

under Zg, so there is no mixed anomaly between PSU(N) and Zg in the flag sigma model

SU(N)/U(1)Y~1.10 The same conclusion was also arrived in [4] via a different computation.
charge

2 action

We can consider another charge conjugation Z
charge I Ti
Z, ¢, ¢, a——a. (3.14

It is a symmetry if all the 6;’s are either O or 7. Without loss of generality consider the point
in the parameter space

nw forlI=1,..,L
| = (3.15)
0 forI=L+1,..,.N—1.
Then the Z;harg ¢ charge conjugation symmetry acts as
(6;,p) > (=6;,—p) ~ (6;,—p+1L), (3.16)

°Some of these Z,’s will be referred as charge conjugation. However, the notion of charge conjugation is
not invariant under field redefinition nor unique. For example, we can always combine a charge conjugation Z,
with another Z, global symmetry. The combined Z, can also be called the charge conjugation. Furthermore, the
charge conjugation in one presentation of the model might become a symmetry that does not involve any complex
conjugation in another presentation (see Section 7.3 for example). Below we will choose to call some Z,’s the
charge conjugation simply because they involve complex conjugation of the ¢ field, but the reader should not
assign any invariant meaning to this terminology.

°In the N = 2 case, this Z§ is an element of PSU(2). On the other hand, there is a mixed anomaly in the CP!
model between PSU(2) and the Zy_, discussed in (3.3). Below in Section 7.3 we give a detailed discussion on the
global symmetry in the CP! sigma model.
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where we used (2.18).
When L is odd and N is even, there is no choice of p such that the above configuration is

Z;harge invariant, so there is a mixed anomaly between the continuous PSU(N) global sym-
metry and Z;harg ¢. This anomaly can be represented by the 3d term

2nL

T CUWZ(P) , 3.17)

where P is the background PSU(N) bundle and C is a background Z;harge gauge field. (Note
that this is meaningful only for even N and is nontrivial only for odd L.) Physically, the sym-
metry action involves a shift of 8; with I = 1,...,L by 27 and this leads to L pair creations
of ¢! quanta, which move to the boundary. Consequently, the N-ality of the representation
on the boundary changes by L units. This anomaly means that except for L = 0O, the long
distance physics at these points cannot be trivial. Either the system is gapless there, or this
discrete symmetry is spontaneously broken. (The continuous PSU(N) symmetry cannot be
broken because we are in two dimensions.)

If on the other hand L and N are both odd, we can choose a p such that the above configu-
ration is Z;harg ¢ invariant. Similarly, when L is even there is also such a choice of p to preserve
the Z;harge symmetry. In these cases there is no mixed anomaly between PSU(N) and Z;harge.

Our system also has a CP symmetry at any 6, so the discussion in this section can be stated
equivalently as associated with a parity transformation rather than charge conjugation. CP
acts as

¢/ (x,t) > d;Ii(—x, t), ap(x,t) > —(=D"a;,(—x,t), wu=0,1. (3.18)

Note that both the Zj invariant G and B deformations are even under the Zg defined

in (3.12). On the other hand, the G and B deformations are even and odd under Z;harge,
respectively:
h
Zg TE L Gy = 4Gy,

(3.19)
By — =By .

This can also be seen by noting that both the G and B deformations are CP invariant but the
former is P even while the latter is P odd. Hence, the G deformation is C even and the B
deformation is C odd.

4 Deformation of the WZW Model

The SU(N)/U(1)V~! sigma model with special parameters admits an alternative description in
terms of the SU(N') WZW model deformed by certain potential terms (top arrow in Figure 1).
In particular, we will restrict to the Z, symmetric choice of parameters discussed in Section
3.2. The global symmetry of the flag sigma model is then

Gyy = (PSU(N) X Zy) X Z . (4.1)

Gyy is embedded into the global symmetry Gy, ;) of the WZW model via the deformation,
and they share the same anomaly. This embedding makes it manifest that the flow we want to
explore is at least kinematically possible as far as the anomaly is concerned. The embedding of
the CP! sigma model (which is the N = 2 case of the flag sigma model) into the SU(2); WZW
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model was discussed in [3]. The general N case was first discussed in [4]. Our discussion is
slightly different. The anomaly in the SU(N) WZW model was discussed in [4, 14, 15].

Let U € SU(N) be the fundamental field in the WZW model. The UV WZW model is the
group manifold sigma model plus a WZ term:

B miguervie =k | miwidvy], (4.2)
2y 127 |,,
2 3

where M, is the two dimensional spacetime and M, is a three-manifold whose boundary is
M,, i.e. 9M3 = M,. The coefficient k is quantized to be a positive integer. In the UV, the
coupling constant R, which is the square of the size of the target space, is large and the theory
is approximately N2 — 1 free bosons. As we flow to the IR, the coupling R decreases and
eventually hit a fixed point at R = 4%, which defines the WZW CFT [2].

4.1 Global Symmetry

Let us analyze the global symmetry of the WZW model. For generic N, the global symmetry
SU(N) xSU(N)g x 7.6
Zy 2>

actsonU as U —» V; UV}:. Here V; € SU(N); and Vi € SU(N ) and they are subject to the
identification (V, Vg) ~ (V;w, Vgw) with w = e*™/N_ We will pay special attention to the
subgroup (PSU(N) x Zy) X ZS , where PSU(N) is the diagonal subgroup with V; = Vj and the
Zy factor actson U as U — wU.

The global symmetry for N = 2 is different. The global symmetry of the SU(2) WZW
model is W, which contains a subgroup PSU(2) x Z,. The Z, acts on the WZW
fundamental field U as U — —U. Notice that U — U* is included in PSU(2).!!

To summarize, the global symmetry Gy z of the SU(N) WZW model is

_ SU(2), x SU(2)x

. SU(N), xSU(N)
is where the Zg acts as U — U*. The * flavor symmetry

SUQ2): Gyzw = Z > PSU(2) x Z, (4.3)
2
SU(N); xSU(N
SU(N): Gygw = ( )LZ ( )RXZgD(PSU(N)XZN)NZC, N>2, 4.4)
N

where we have highlighted a particular subgroup on the right that will be of importance.
Let us also translate the action of the two Z, symmetries (3.12) and (3.18) discussed in
Section 3.3 in terms of the WZW fundamental field U:

Z$: U(x,t) > U(x,t)*, CP: U(x,t) > U(—x,t). (4.5)

4.2 Deformation to the Flag Sigma Model

We now discuss the deformation of the UV WZW model to the flag sigma model, illustrated
in the top line in Figure 1. The main point is that the flag manifold is a subspace of the WZW
model target space SU(N). We look for a potential as a function of U, which is invariant under
Gyy and restricts U to take values in that subspace.'? Starting from the UV WZW model (4.2),

11 To see this, let us parameterize the fundamental field U € SU(2) as U = ( _aE 2 ), la> + |b|? = 1. The

action U — U* is included in PSU(2) as U — ( _01 (1) )U( (1) _01 ) =U*

12Generally, we can restrict the field of the sigma model on a manifold Y with isometry Gy to take value in a
submanifold X C Y by turning on a potential V on Y satisfying V|y = 0 and V|,\x > 0. For example, we can
choose V to be a positive constant away from X, and smoothly interpolate to zero on X. Furthermore, we need
the potential to be invariant under the subgroup Gy of Gy that stabilizes X. This can be achieved by averaging V
over the action of Gy. This discussion guarantees that we can always find an appropriate invariant potential. The
construction (4.6) is a concrete realization of such a potential.
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we turn on the potential:

[N/2] .
> g UM T (U] (4.6)

n=1

Note that we only sum the power of U up to |[N/2], instead of N — 1.' This potential term
preserves the diagonal PSU(N) as well as the Zy symmetry. If we send g, — +09, the above
potential restricts the fundamental field U to satisfy

T{U"]=0, n=1,2,3,---,N—1. (4.7)

It is obvious that the traces with n = 1,2,---,|N/2] are forced to vanish by the poten-
tial. In Appendix A we further show that this also implies the vanishing of Tr[U"] with
n=|N/2]+1,---,N —1. For any such U, the characteristic polynomial reduces to

det(AI —U) = AN — %Tr[UN ]. (4.8)

It follows that the N eigenvalues are the distinct N-th roots of unity multiplied by an overall
constant. The overall constant is fixed by detU = 1 so that the eigenvalues are:

W ND2(1 65 w2 N, (4.9)

To conclude, we turn on the potential (4.6) to restrict the WZW fundamental field U to
satisfy (4.7). This means that

U= (]f) Q0 ¢T >

—(N—-1)/2 3; 2 N—-1 (4.10)
QO:(Q dlag(lzwnwa"'zw ):

where w = ¢*™/N and ¢ € U(N). More explicitly, Ul.j =2 ¢{(Q0)/ dgj There are redun-

dancies in this parametrization: two different ¢’s might give identical U, and should therefore

be identified. The redundancy is U(1)" which acts on ¢ as

UV : ¢ — ¢ diag(e!™,---,el®). (4.11)

Hence, the distinct ¢’s take values in U(N)/U(1)". We identify these ¢’s with the fields in the
description of the model presented in Section 2.1.

Let us discuss how the global symmetries act both in terms of the flag sigma model field
¢ and the WZW fundamental field U. The PSU(N) symmetry acts on qbll as ¢ lI — Vij ¢ ]I with
V € PSU(N). The WZW fundamental field U is related to ¢ as U = ¢Q¢p'. Hence, the
PSU(N) symmetry indeed translates into the diagonal subgroup of w in the WZW
model that acts on U as U — VUV,

The Z, global symmetry, on the other hand, acts on the ¢’s as cyclic permutation (3.3),
while it acts on U as Zy : U — wU.

In Appendix B we will enumerate the number of PSU(N) and PSU(N) x Zy invariant de-
formations of the flag sigma model in terms of the WZW fundamental field U. This reproduces
the counting from the original Lagrangian (2.12) in terms of ¢ lI in Section 2.1 and in Section
3.2.1.

BUnlike [4], for N > 3 we extend the sum beyond n = 1.
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4.2.1 The WZW Action

Below we will substitute (4.10) into the WZW Lagrangian (4.2) and rewrite the Lagrangian
in terms of ¢ lI . In particular we will discuss how the Wess-Zumino term in the WZW model
reduces to the 0-angle terms plus the B deformation terms. This was done in [4] and we
repeat the calculation here for readers’ convenience.

In this section we will assume a more general £2; matrix than the one (4.10) that is relevant
for the Zy symmetric flag manifold SU(N)/U(1)V ™. We will take

Qo = diag(el¥1,el?2 ... el¥n), (4.12)

For the SUN)/U(1)N™! case, ¢; = _27_51\2_;,1 + 2711%. This generalization will be useful in
Section 7 when we talk about more general flag manifolds.
Using (4.10), the kinetic term of the WZW action (4.2) can be easily computed as:

R . —. . . _. _
5 Tl8,U2"U"] =R 3,¢!0" —R;e“‘”_‘% (Z ¢{au¢;) (Z ¢;a“¢j) . (4.13)
Li , i J

Let us proceed to compute the WZ term. We will take M3 = M, x Z where Z = [0,1] is
an interval. This choice of the three-manifold will prove to be computationally convenient.
However, the boundary of M3 consists of two copies of M,, instead of one. To remedy this,
we will consider a field extension such that only one of the two boundaries contributes. Let
us denote the coordinates on M, by %, %, and the coordinate on Z as y € [0, 1]. Since the WZ
action (after exponentiation) doesn’t depend on the extension, we will proceed our calculation
with a particular choice:

Uz,2,y) = (2,20 (2,2)", (4.14)

where

Q(y) = diag(e'#1(), 19200 ... elon()y

e1(0)=¢;, ¢/(1)=0,
such that Q(0) = Q,, (1) = I, and Q(y)'Q(y) = I. We will also extend Q(y) in a way that
detQ(y) = 1 so that U(z,%,y) is in SU(N). Note that even though such an extension of U
does not minimize the potential (4.6) in the bulk of M3, it does not affect the WZ action since
the latter is insensitive to the extension as long as the boundary values are unchanged. The

extended U has the property that at y = 0, it reduces to the original field configuration (4.10),
while on the other end it reduces to the identity matrix:

U(z>5,y = 0) = U(zaé) = ¢QO¢TJ
Ulz,2,y=1)=1.

(4.15)

(4.16)

Since U reduces to the identity matrix on the other end y = 1, the WZ term will only receive
contribution from one copy of M, located at y = 0. Another way to say this is that since
U(z,%,y = 1) is a constant for all z, Z, we can effectively compactify that boundary to a point.

Let us proceed to the actual calculation by substituting (4.14) into the second term of
(4.2). First we note that UTdU = ¢pQ¢pTdpQoT + ¢Q7'dQ¢ T + ¢pdep’. To compute the WZ
term, since only the factor Q(y) depends on the y-direction, we need to have exactly one
factor of dQ2 when taking the cubic power of UTdU. We have

Tr[(UTdU)?] =3Tr[—Q dQd¢ Tdp — A deTde
—dQ¢TdeQTepTde +dQ ¢ dpQeTde]. (4.17)
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The first two terms give us the 0-terms at the Z, symmetric configuration:

»1(0)

i . o k .
e | Steradies [ aam= [ SeerTades!. @
M, 1T i

M, I,i er(1

Note that the WZ term is indeed independent of the extension ¢;(y) to the three-manifold M
but only depends on the boundary values ¢;(0). In the case of SU(N)/U(1)N7L,

p; = —ZNI% + 271:%, we obtain the Zy symmetric 6 angles in (3.4) with n = k:

2nl
0,=90+k%, I=1,2,---,N, (4.19)

where 6, = —ZnR%. As noted below (3.4), any n with gcd(n,N) = k is related to (4.19)
by a field redefinition. Therefore the Zy-symmetric flag sigma model with any such n can be
embedded into the SU(N); WZW model.

The last two terms in (4.18) give us the B deformation terms:

. »1(0)

1 . . s s . - -

E(_Bkl)GW/ZJ d(p,(y)(e“p’(y) s () 4 1¢z()/)+1¢1(y))2 ¢;3M¢{¢j3v¢]{
T 1#J Y 91(1) i,j JM;

k . .
= ~an Z sin(p;(0) — ¢;(0)) e"” JMZ (Z ¢{3M¢}) (Z]: ¢j3vq’>§) , (4.20)

I#J

where we have used ¢;(1)=0forall =1,---,N. In the case of SUN)/U(1)"N™}, this gives
By = —4% sin(w). Again the WZ term is independent of how ¢;(y)’s are extended to M,
but only depends on the boundary values ¢;(0).

4.3 Symmetry-Preserving Relevant Deformations

In Section 4.2 we have discussed the deformation of the UV WZW model to the flag sigma
model and how the global symmetry G;; is embedded into the WZW symmetry Gy, (the top
line in Figure 1). This embedding makes the flow from the flag sigma model to the WZW model
kinematically possible. Next, we discuss the behavior around the IR WZW point (bottom of
Figure 1) and examine the relevant deformations there. If there is no Gy -preserving relevant
deformations at the WZW CFT, then it is likely that the flow from the sigma model will hit the
WZW fixed point without fine-tuning. We will see that it is indeed the case for the proposed
flow from the SU(N)/U(1)V~! sigma model with 6; = nZNﬂ and gcd(n,N) =1 to the SU(N),
WZW model. .

The WZW CFT has the marginal operator Zi;mlG j4j%, where j¢ and j¢ are the holomorphic
and antiholomorphic currents. Other than that, only a current algebra primary operator can
be relevant or marginal, since the descendants are necessarily irrelevant. Since we only care
about operators that are invariant under PSU(N), the group indices of the current algebra
primaries are always understood to be contracted between the left and the right to preserve
this diagonal PSU(N).

A current algebra primary of the theory is labeled by a representation R of su(N) and will
be denoted by O. The allowed representations R in the SU(N ), WZW model are those whose
sum of the Dynkin labels are less than or equal to k.

For k > 2, the WZW CFT always has a relevant primary operator Opg;. It is invariant
under the center Zy and the charge conjugation Zg. Hence, it is a Gy -preserving relevant
deformation in the SU(N ), WZW model with k > 2 [3,16]. The physical consequence is that
at least one fine-tuning is necessary to hit the SU(N); WZW fixed point with k > 2 along a

18


https://scipost.org
https://scipost.org/SciPostPhys.6.2.017

SCIl SciPost Phys. 6, 017 (2019)

Table 1: Relevant and marginal deformations in the SU(N); WZW CFT. Marginal
operators are in the square brackets. The operator O,y is abbreviated as O,, and
we have Oy = Oy_,. The third column shows the subgroups of the center Zy in
(4.3) or (4.4) under which all the relevant and marginal primary operators transform

nontrivially.
N | relevant or marginal O, | Z,CZy
N<7 Opfor1<{<N-1 Zy
8 01’02’03: [041505106’ 07 ZS
9 01,0,,[03],[06], 07, Og Zo
N=>10 01,0,,0§_2,0n_1 Any subgroup other than Z, and {1}

flow from the flag sigma model. In fact, for k > 2 and gcd(k,N) = 1, it was conjectured that
the SU(N); WZW model perturbed by O,g; flows to the SU(N); WZW model in the IR [17].

Let us restrict to the k = 1 case because of the above reason. The nontrivial primaries are
Open for £ =1,2--- N —1, where AN is the ¢-th antisymmetric power of the fundamental
representation N. In particular, the theory does not have Opq;. Note that the complex con-
jugation A!N of AN is equivalent to AN*N and hence Opry = Opv—y. The holomorphic
conformal weight h, of the primary Oy is

_ ((N—-1)

h
t 2N

(4.21)
In the diagonal SU(N); WZW CFT, the primary O,y is relevant if h, < 1. The relevant and
marginal primary operators in SU(N); WZW CFT are listed in Table 1.

Next, we discuss how the Z, symmetry acts on these PSU(N )-invariant operators. The
importance of this Zy symmetry in the SU(N) WZW model has been emphasized in [6]. Since
the Zy generator acts on the fundamental representation N a phase e2™/N it acts on the
rank ¢ antisymmetric tensor representation A'N by a phase e2™/N | so does the corresponding
primary O,. Hence, there is no Gy -invariant relevant deformation in the SU(N); WZW CFT.
This suggests that the flag sigma model with 8; = n% and gcd(n,N) = 1 can flow to the
SU(N); WZW model without fine-tuning.

In Section 7.1, we will discuss more general flag sigma model whose global symmetry
does not contain Zy, but a subgroup thereof. In Table 1, the subgroups of Z, that can be used
to exclude all the relevant and marginal operator in the SU(N); WZW CFT are also listed.'*
When we further impose the charge conjugation symmetry Zg : U — U*, only the sum of a
primary and its conjugate is allowed to be turned on.

5 Renormalization Group Flow

5.1 The General Flow

The SU(N) invariant metric on SU(N)/U(1)¥~! can be parameterized by the r;,’s and the G,,’s,
subject to the redundancy r; — r; + ¢; and G;; — G;; —c¢; —c¢;. We can remove the redun-
dancy by setting all the r;’s to be zero. Similarly, the SU(N) invariant B-field deformations are

“When (N, £) = (8,4),(9,3), (9, 6), the primaries O,y are marginal (but not exactly marginal). If the marginal
deformations are marginally irrelevant in a (codimension zero) region around the CFT point, it is sufficient to only
exclude the relevant operators to reach the WZW CFT, and the minimal subgroups are Z, and Z; for N =8 and 9,
respectively.
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parameterized by the 6;’s and the B;;’s, subject to the redundancy 6; — 6; + 27b; combined
with B;; — B;; — b; — b;. We again remove the redundancy by setting all the 6;’s to be zero.

The SU(N) invariant metric and the B-field for the non-linear sigma model on
SU(N)/U(1)¥~! are then parameterized by N(I\;_l) Gy,’s and N(l\;_l) By,’s, respectively, with
1 <1 <J < N. In this section we will write down the one-loop beta functions for both G;;
and Bj;.

Consider a general non-linear sigma model with Lagrangian

1 b v a
5 (86 (X)3"” +ibp(X)e")3,X2,X", (5.1)
a,b

where g,,(X) and b,;,(X) are the metric and the B-field on the target space, respectively. Here,
a, b, ¢ are the indices of the tangent bundle on the target space. X%’s are the (real) coordinates
on the target space. The one-loop beta functions of a general non linear sigma model with
metric g, and b, are [18-20]

L — LR _ LH cdpp 4
dlogugab - o ab 87 a bcd >
d 1 (5.2)

———bgp =——VHgp+--,

dlogu “® 7 4g = b

where R, is the Ricci tensor associated to g,p, V is the covariant derivative (for the affine
connection), and the field strength H,;, is defined by

Habc = aabbc + ac bab + ab bca . (5-3)

The - -+ represent correction from higher-loop contributions in the sigma model. To use these
formula, we need to explicitly know the metric g,;, and the b,; on the flag manifold as func-
tions of G;; and B;;. We expand the ¢ field as

1 1
¢l =1+i0! - 5 > elek+ iz > elekel + 0. (5.4)
k k,l

¢ being unitary implies that © is hermitian, (@})* =0/ . We use the U(1)""! gauge
©;=0 foralll. (5.5)

It follows that @{ with I > i forms N(N —1)/2 complex coordinates of the flag manifold
around the origin. A pair (I,i) can be thought as an index of the coordinates @f , and its
complex conjugate index (I,1) is identified with (i,I). Substituting the expansion (5.4) into
(2.11) (with r; = 6; = 0), we get the linearized Lagrangian

1
2 Z (&u.,w,j(©)0"" + b(I,i),(J,j)(@)EW)au@f5v@]J-, (5.6)
T#iJ#]

where the the metric g(; ;) y,;)(©) and the B-field b(; ;) s ;7(©) are functions of the coordi-
nates G){ and Gy, B;; that can be explicitly computed up to a given order of ©. Notice that
8w = &anGn and by iy 1y = —bin,- In particular, the metric and the B-field at
the origin G)I.I =0is

GIJ ifl:J,]:I,

S o(0) =
g(I,l),(J,])( ) {O otherwise,

f (5.7)
_BIJ l l = J;J = I )
bir,iy.)(0) = {o

otherwise.

>Note that by ;) 7,j is real and the second term in (5.6) is purely imaginary in Euclidean signature as it should
be. There is no i in front of b ; ; ;(©) because our coordinates ©?’s are not real.
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To compute the beta functions (5.2) at © = 0, it is sufficient to expand ¢ up to the third order
in ©, since the beta functions includes two derivatives.'® For N = 3, 4, an explicit computation
(with the help of Mathematica) shows

1 Gr) Gk Gk
R(I,J),(J,I)(®=O)=N+_ Z ( - - )

2 Gy \GixGx Gy Gk 5.8)
Gy (Bry —Bjx — Bgy)
Z VEOH G o.an.0.n©=0)=2 Z o C ,
K,k K#£LJ IKHJK

and we conjecture the above form for all N. In fact, the Ricci tensor for the SU(N) invariant
metric on the flag manifold SU(N)/U(1)V~! was derived in [21] and [22], which agrees with
(5.9).

Therefore, from (5.2), (5.7), (5.8), we obtain the one-loop beta functions of G;; and By,

d 1 1 G? Gx G
— Gy =— N+_Z(¢_£_ﬂ) e, (5.9)
dlogu 2m 2 G GGk Ggy - Gix
d 1 G;;(B;;—B;x —B
= — 17(Byy 1x — Bky) e (5.10)
dlogu 21 fore) Gk Gk
The --- in the first line contains the H? term in the one-loop beta function (5.2). In the

following we will study the RG flow in the large volume limit, where the H? term is suppressed
by powers of 1/G.

5.2 Z, Invariant Flow of G,
Let us consider the special case when all the G;;’s are identical:
Gy =Gy, Biy=0, VI, J. (5.11)

This locus preserves the Sy symmetry that acts on the I,.J indices. G, is the modulus for the
overall volume of the manifold.
The Ricci flow equation for G, on this Sy invariant locus is

d 1 N+2

—Gy=——. 5.12
dlogu °Tox 2 ( )

The one-loop beta function for G is positive as it should be. Indeed, as we go to higher energy,
the size G, grows and the sigma model becomes weakly coupled.

Next, we consider a small perturbation 6G;; of G;; around the Sy invariant configuration
(5.11). To leading order in 6G;;/G,, the one-loop beta function for G;; has an Sy symmetry
which will be used to organize our parameters. As commented in (3.1), the G deformations
transform in the Sym?(N — 1) representation of Sy, which can be further decomposed into

N(N-—-3)
5 .
The trivial irrep 1 is the overall volume G, while the perturbation 6G;; can be decomposed

into the other two irreducible representations. By the Sy symmetry, the one-loop beta function
for 6 G;; must take the form
d 6Gy;

Gr, =
dlog 1J = 8r Go

16In fact it suffices to expand to second order, since the third order can be absorbed by a coordinate change.
However we keep the third order here for clarity.

loe(N—-1e (5.13)

+--+, 86Gy€R (5.19)
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to this order in the expansion of 6G;; /G, where R is one of the latter two irreps in (5.13). Im-
portantly, the constant gz only depends on which irrep & G;; belongs to, but not on the specific
component of 6G;;. This symmetry argument greatly simplifies the analysis to determining
only two constants gg at this order. Similarly from the Sy symmetry, the correction to the flow
(5.12) can only arise at order (§G;;/Go)?.

We would like to further restrict ourselves to the Zy (which is a true symmetry non-
perturbatively) invariant flows. This amounts to identifying the trivial Zy representations
in the decomposition of the Sy irreps in (5.13) into Zy irreps.

The trivial Sy irrep 1 obviously descends to the trivial Zy irrep, which is the overall vol-
ume modulus Gy. The standard Sy irrep N—1, on the other hand, does not contain any Zy
invariant. It follows that all the remaining L%J — 1 nontrivial Z, invariants come from the
Sy irrep w The flow of these Zy invariant 6Gy; is completely determined by a single
constant gm in (5.14).

We will determine this constant gnw-3y below. Since all the nontrivial Zy invariant G

2
deformations belong to a single irreducible Sy representation, it suffices to turn on one such
deformation and set the others to be zero. For example, we will choose (see Section 3.2.1)

G12:G23:"':GN1:G0+5G,

2 (5.15)
Gy =Gy— m5G, for all other Gy,

in such a way that the average of G;; is G,. Let us substitute the above G;; into the one-loop
beta function (5.9) with I = 1,J = 2 and expand to leading order in 6G/G:

1 N+2 1 5G 5G?
(Go+6G)=———+—N-1)—+0| — |. (5.16)
21 2 2m Go G:

dlogu

Since the flow (5.12) of G is corrected only at the order of & G?/G2, we have

1
d 5G=—(N—1)5—G+---. (5.17)
dlogu 21 Gy
That is, gNN-3) = ﬁ
2
The physical coupling is not 6G, but the ratio

0G
656G, = —*=. (5.18)

Go

There are several ways to see this combination is the physical coupling constant we should
be interested in. From the Lagrangian point of view, this is the coupling constant when we
canonically normalize the field. From the geometric point of view, this is the relative “ripple"
of the metric normalized with respect to the overall size G of the manifold.

The one-loop beta function for the relative G deformation 6G = 6§G/G, is then

dlogu ~on

5 o= —————— 4. (N24) (5.19)

d 5C 1(N— N+2)5_G ) _1N—45G

G, 21 2 G,
Recall that for N = 3 the only Z; invariant G deformation is the overall volume, and there is
no &G to talk about. For N = 4 the one-loop beta function vanishes at leading order in 6 G/G,,.
The next contribution will come from two-loop diagrams, which are of order 1/ G(Z). For N > 4,
the beta function of 5G is negative, meaning to leading order around the large volume point,
the “ripple" 5G decreases when we flow to the IR and hence is irrelevant.
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5.3 Z, Invariant Flow of B,

Consider a small perturbation of B;; around the Sy invariant configuration (5.11). We will
again use the Sy symmetry to constrain the flow. As stated in (3.2), the B deformations trans-
form in the Sy representation:

N-1)(N—-2
(-1 B0 520
The Sy symmetry constrains the one-loop beta function for B;; to take the form
d By,
—B;y=bg—=+:-+, Bj;€R, 5.21
dlogp = "RG, 1 (5.21)

where the constant by only depends on which one of the two Sy irreps in (5.20) B;; belongs
to, but not on the specific component.

We now further impose the Zy symmetry. Since the Sy irrep N — 1 does not contain any Zy
invariant, all | N /2] Zy invariant B deformations belong to the Sy irrep (N_l)zﬂ =A’(N-1).
Let us determine b n-nw-2 below.'”

As discussed in Secztion 3.2.1, the Zy invariant B-deformations are

B, = Bl,a+1 = BZ,a+2 == BN—a,N = BN—a+1,1 = "‘BN,a 5 (5.22)

fora=1,---,N—1. Only [%J of them are independent since B, = —By_,. Using (5.10) with
GIJ = Go, we have

d 1

5 — N B,
dlogu a_ZnGOK

Z (Bij+a —Bik —Bra+a) = - - (5.23)
#1,1+a 27 Go

. N
That 18, b(N—l)(N—Z) =54
2

The physical coupling is not B, but B, = G, 3/ 2Ba. To see this, we note that B is the

coefficient of a three-form flux H on the target space. H integrates to an order one number on
the target space, i.e. fdgqu ~ 1. Hence, the true coupling is B divided by the cubic power
of the radius (note that G, is proportional to the radius square on the target space). The flow

equation for the physical coupling B, = G, 3/ zBa is

d - B, N 3
Bi=—+(——2)+-, (5.24)

dlogu

which is irrelevant for N > 6. The - - - represents higher-loop corrections to the beta function.'®

6 SU(3)/U(1)?

In this section we focus on the special case SU(3)/U(1)? sigma model, which was studied
extensively in [1, 7].

7More precisely, the 0,’s transform in N— 1, which does not have a Z, invariant. Yet, because of their 27-
periodicity, they do have Z, invariant values, which we use heavily. However, since 6, do not affect the perturbative
behavior of our theory, they can be ignored in this discussion.

18We thank I. Affleck and M. Lajko for discussions on the beta function of B,,.
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6.1 The Lagrangian

We start with the most general Lagrangian (2.12) without a;, but before eliminating ¢ ?

Z(n (wa—@cﬁ;a«p{ﬁ) + f—;ewzam{avé;)
I=1 i i i
+ > (Gy&" +Byye™) (Z ¢! am‘) (Z $10,¢] ) : 6.1)
i J

1<I<J<3

We can rewrite the Lagrangian by substituting

¢ = el*®;
&= edldk 6.2)
ik

with some phase a, which is related to det ¢ = el®. With this we find (using (2.4))

3
3a+2a1=0, (6.3)
=1

and therefore we can choose the gauge a = 0 and remain with U(1)? gauge freedom in the
phases of ¢! with I =1,2. In the following we will replace ¢? by

¢{3 :Zeijkff’{dglz(- (6.4)
jk
We use
2
Z|a¢?|2—|2q5§a¢?|2=Z(Z|a¢3;'|2—|Z¢S;a¢{|2)—22¢3';¢?a<5{a¢;
i i I=1 i i jk
2
€ 0078, 5L =~ DD 18,6(0,]
i I=1 i
2
O 028,600 930,01 = > 8,818,6! = > > ¢73,41610,0! 6.5)
i j i J=1 ij
to write (6.1) as
2 . 0, — 05 +21B .
;(m+r3+G13)(Z|a¢{|2—|Z¢;a¢{ |2)+%e“vzau¢{8v¢})

+ ((G13 — G153 — Gz —213)0"” + (By; — By3 + Byz)e”) ( E qbl.laqué) ( E :(ﬁiav(ﬁ?) .
i J
(6.6)

This indeed shows that some of the coefficients in (6.1) are redundant. The Lagrangian does
not change under r; — r; +¢; combined with G;; — G;; —c¢; —c¢;, so we can set G;; = 0. Simi-
larly, the Lagrangian does not change under 6; — 6;+2m7b; combined with B;; — B;;—b;+b;,
so we can set some of them to zero, e.g. 63 = B;3 = 0. We conclude that we can write (6.1) as

2 2
D +r3) (Z EEHE —|Zq5;a¢{|2) +> f—;ewz 8,$10,8!
I=1 i i 1 i

I=

—(2r;36" = B12e") (D | 18,0 . 610,62 . 6.7)
i j
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However, in this form some of the global symmetries at special values of the parameters are
not manifest.

If we impose the Z; symmetry, the parameters are restricted to r; = 0, G135 = Go3 = G31; = Gy,
Biy = By3 = B3; = B, and 6; = 2nnl/3 as in (3.4). Using the redundancy r; — r; + ¢; com-
bined with G;; — G;;—c;—c;, we can alternatively set G;; =0 and r; = ry = r3 = G, /2 at the
Z3 symmetric point. The Z3 symmetric Lagrangian is parameterized by G, B, and n =0, 1, 2:

E GO E 12 E i 112 9[ I _.
— a e la I HV: :a a i
1:1( 2 ( i | ¢l| | i ¢ ¢l| +2n6 : H¢z v P
, my I3 i J I+1 . _2nIn
+BZE Z¢iau¢1+1 E :¢13v¢j , with 6; = =
=1 ; 7

Our parameters G, and B are related to the g and A in [1] as G, =1/g and B = A/(2m).

(6.8)

6.2 Renormalization Group Flow
6.2.1 Z; Invariant Flow

Let us impose the Z; symmetry and set Gy = G5 = Gy3 = Gy3 and B = By, = By3 = B3;. From
the one-loop beta functions (5.9) and (5.10), we obtain

d 5
=>4 6.
dlogu °  4n ’ 6.9
B
d B= 3 +e, (6.10)

dlogu~ 2n G_O
N _3
and the flow equation for the physical coupling B = G, *B is

d - B
B =—i—, (6.11)
dlogu 87 Gy

which means that B is relevant at one-loop.

6.2.2 Away from the Z; Symmetric Point

Here we discuss the renormalization group flows of G;; near the Z; symmetric point Gy = G5 = Go3 = Gy3.
In fact at this point the one-loop beta function of G;; even enjoys a bigger S; symmetry that
will be useful below.

The one-loop beta functions (5.9) for G;; in the N = 3 case are:

d 1. 1( G? Gis Gy ]
T Gn=5-(3+3 2 BB 1 0(1/Gyy),
dlogu 2| 2\ Gy3Gys  Gyz Gy /|
d 1[. 1( G5 Gy Gps)]
Gpy= — |3+ =212 7B )1, (1/G,), (6.12)
dlogu 2n | 2\ G13G1a  Gy3  Gos
d 1[. 1( G5 G Gy)]
—G13:_ 34+ - 13 —ﬁ—ﬁ +O(1/GIJ)
dlogu 2| 2\ Gy3Gry Gy Goz )|
Let us move away from S; symmetric point by expanding G;; as
G12 = GO + 5G1 N
G23 = GO + 5G2 N (6.13)

G13 = G0_5G1_5G2,
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with 6G, < G,. Note that these deformations not only break the S; symmetry, but also the Z5
symmetry. Under S;, Gy is in the trivial representation 1 while 6G;, G, are in the doublet 2.
The one-loop renormalization group flows to leading order in O(6G,/G,) are

d 5 1 (686G,
G, :——l—O —_—, Cl) , 6.14
dlogu °7 4n (Go ( Gy ) ( )
d 3 6G 1 [(6G,)?
5Ga:_ N +O _,( a) ) a:1:27 (6'15)
dlogu 41 Gy Gy \ Gy

where the correction terms come from both the higher loop contributions suppressed by pow-
ers of 1/G, as well as higher order terms in the small deviation 6G,/G,. Let us understand
the above beta functions using the S; symmetry. First note that 2®2 =1 1’ ® 2 where 1’ is
the singlet representation that is odd under the odd permutations. Since G is in the 1 of S5,
the 6G,/G, correction can only arise at quadratic order to make a 1 out of two 2’s. On the
other hand, since 6G, is in the 2, its beta function to leading order must be proportional to
itself. .
The beta function of 6G, is

d
dlogu

11
060G, =———06G,+---. 6.16
a 2T GO a ( )

This means that the relative metric g&; deviated from the Z; symmetric point is relevant under
the flow.

This behavior is consistent with what we saw earlier about the Zy violating deformations
of the IR WZW model.

7 General Flag Manifolds

7.1 General Considerations

Following the strategy in the previous sections, below we give a general discussion on flag
manifold sigma models, both encompassing the well-known CP¥~! model and extending the
analysis to more general flag manifolds. Consider the flag manifold

_ U(N) _
MuNar o = GO X UN,) % UNy) ;N’ =N 7.1

The case N; = 1 for all I reduces to the flag manifold that was discussed in the previous
sections. The case N; = 1 and N, = N — 1 is the CP¥~! model.

The sigma model on (7.1) can be constructed in a similar way as in Section 2.1 using N xN
complex scalar fields ¢ lI subject to the unitarity constraint (2.1) and the
U(N;)xU(N,) x---x U(N,,) gauge symmetry. The model has m—1 0-angles, and also various
r;, Gy, By parameters as in (2.12). In the case of SU(N)/U(1)Y ™1, each r;, G;;, and B;; term
is individually gauge invariant. For the more general flag manifold (7.1), only certain linear
combinations of them are gauge invariant.

The continuous global symmetry of the model is PSU(N), which acts on the i index of
qb{ . When the 6 angles are either O or 7, there is discrete symmetries including the Z, global
symmetry that maps ¢ lI — ql;} and a; — —aj. If some of the N;’s are identical, we might also
have an enhanced discrete symmetry for some special choices of the parameters. For example,
in the case of SU(N)/U(1)"~!, we have a Zy global symmetry that cyclically permutes the
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U(1)’s when the parameters are chosen at the Zy symmetric configuration as discussed in
Section 3.2.

After giving a basic description of the sigma model, we then ask whether for special choice
of the parameters, this sigma model can flow to a gapless phase. In two-dimensional unitary
compact CFT, continuous global symmetry always enhances to a full-fledged current algebra.
Hence the most natural candidate for the gapless phase is the SU(N ), WZW model.

We review our strategy to analyze this putative flow from the sigma model to the WZW
model:

1. First, we look for a deformation of the UV WZW model by certain potentials to restrict
the fundamental field U to to take values in the flag My n, .. N .12 This restriction gives
an embedding of the global symmetry G of the sigma model into the WZW symmetry,
i.e. Gyy C Gyzw. Furthermore, the anomaly, if any, must match in the two theories.
This procedure ensures that the flow is kinematically allowed.

2. Next, we ask the dynamical question. Using the embedding Gyy C Gyzw, we ask
whether the WZW CFT has any G -preserving relevant deformation that would take us
away from the fixed point. If yes, the flow would miss the WZW fixed point without any
fine-tuning. If no, there is a range of parameters the flow from the sigma model can hit
the fixed point.

Let us start with step 1. The more general flag manifold sigma model My, y, ... n, , With
special choices of the parameters, can be embedded into the SU(N);,, WZW model as

U= ¢QO¢T:
QO = diag(eial,. .. ’eial’ . ,giam,.. . ,eiam)’
v

N, N, (7.2)

m
D> Njoa;=0 mod 21, a;#a, if [#J,
I=1
where U € SU(N) is the fundamental field of the WZW model. The constraint on the sum of
a;’s is such that det U = 1. The angles a;’s have to be distinct so that ¢ and ¢V are identified
only when V € U(N;) x - -- x U(N,,). By substituting (7.2) into the WZW action, we obtain the
action (4.13), (4.18), and (4.20) in terms of the ¢ field.

We then proceed to step 2. Dynamically, there are generally symmetry-preserving relevant
operators in the SU(N ), WZW model that can be generated and take us away from the fixed
point. In this case, the flow generically misses the WZW fixed point without fine-tuning. For
example, the relevant deformations in the SU(N); WZW model are tabulated in Table 1.

To forbid such a flow away from the fixed point, one would like to impose as much discrete
symmetry as possible, under which the relevant deformations are charged. In the case of
SU(N)/U(1)¥~! sigma model at special values of the parameters, we have a PSU(N) x Zy
symmetry that forbids the relevant deformations in the SU(N); WZW model. However, as
discussed in Section 4.3, for higher level k > 1, the symmetry PSU(N) x Zy is not enough to
remove some of the relevant deformations in the SU(N);, WZW model.

Below we first apply this strategy to the familiar CPN~! sigma models and derive some
known results on the flows.

Next, we consider a special case of (7.1), but still more general than the flag manifold
SU(N)/U(1)Y7L. Let N = rM where r, M € N. Consider the flag manifold:

U(rM)

T (7.3)

19See footnote 12 for a general construction of the required potential.
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The r = 2 case is a Grassmannian. The r = N case is the flag manifold (1.2) studied in the
previous sections. We will argue that for N sufficiently large and r > 2, the sigma model hits
the SU(N); WZW CFT fixed point.

7.2 CPV!

Let us illustrate the above idea in the classic example of the CPVN~! model. We will discuss
how the global symmetry and anomalies of the CPY ! model are embedded into the SU(N),
WZW model. In this subsection we focus on the case when N > 2, while the case of CP' is
more special and deserves a separate discussion in Section 7.3.

In the CPY~! model, we have N complex scalar fields z; satisfying

N
Dzl =1. (7.4)
i=1

There is a U(1) gauge transformation acting on z! as
Z; — eilzl- . (7.5)

There is also an SU(N) symmetry that rotates the different z,’s in the fundamental repre-
sentation. The center Zy coincides with the U(1) gauge symmetry, and should therefore be
excluded from the global symmetry. The continuous global symmetry of the CPY ! model is
hence PSU(N). \
. . . . . C

Let us discuss the discrete symmetry. Consider the charge conjugation Z,

aS20

98¢ that acts

ZUE g 7, (7.6)

where bar denotes complex conjugation. Z;harge also flips the signs of the gauge field, and
hence that of the 8 angle as well. It follows the CPY ! model has a Z;harge
symmetry only when 8 is either O or 7.

To summarize, at @ = 0 or 7, the global symmetry Gy, of the CPN~! with N > 2 model is

charge conjugation

CPY"': Gy =PSUWN)%Z)"*, N>2. (7.7)
Let us study the mixed anomaly between PSU(N) and the charge conjugation Z;harge,
following a similar discussion in [12]. At 6 = 0, there is no mixed anomaly. Let us restrict
to 6 = © from now on. As in Section 2.2, we turn on a PSU(N) background. With this
background, we can add to the Lagrangian a counterterm ZN—" pw,(P), where p is an integer

mod N. Under the Z5"8¢

9 charge conjugation

charge
2

@=mnp) —» (O=—m-—p)~O=mn—p+1). (7.8)
Z

We would like to impose p = —p + 1 mod N for some choice of p. If this can be done, then
there is no anomaly. Otherwise there is a mixed anomaly between PSU(N) and Z;harge.
When N is odd, we can choose p = (N + 1)/2 such that the above configuration goes back
to itself. Hence there is no mixed anomaly when N is odd at 6 = .
When N is even, however, there does not exist a choice of the counterterm p such that the

, . . ch
configuration is Z; arse

h
and Z; "¢

invariant. This means that there is a mixed anomaly between PSU(N)

at 6 = T when N is even.

20We use the same notation as the ZJ'*% : ¢! — ¢! symmetry (3.14) in the flag sigma model SU(N)/U(1)¥
because they reduce to the same symmetry in the case of CP'. We will come back to this in Section 7.3.
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[PN_l

We now discuss how the global symmetry of the C model can be embedded into the
SU(N); WZW model. To do this, we consider the following restriction of the WZW fundamen-
tal field:2!

U=¢Qo",

. I ) (7.9)
Qo = e'*diag(1, el elP ... elf)

where ¢ € U(N). For U to be an element of SU(N), we need Nao + (N — 1) = 0 mod 27.
There is a U(1) x U(N — 1) gauge symmetry acting from the right of ¢ that leaves U invariant.
Therefore the distinct ¢’s take value in % = CPV~!. We can use the U(N — 1) gauge
symmetry and the unitarity constraint to solve all the qblI ’s in terms of cj)lI =1, The latter is
identified as the z; coordinates discussed earlier:

7=t (7.10)

We now substitute (7.9) into the WZ term as in Section 4.2.1 to determine the 6-angle in
the CPY~! model

. N
ka T[(UTdU)®] = k—af e“vzaquia@HMZf e B, P50,
127 M 2 M, i 21 A=2J M,

i

N
_ % Zsinﬁ ewf (Z ¢1-13H¢_>,f\) (Z ql;/];é‘vq’)}) ) (7.11)
A= M, ;

i

The Lagrangian takes the form of (2.12) with By, = —% sinf3, 6; = ka, and 6, = k(B + a).
Although the Lagrangian is the same as the flag manifold case with a special choice of the pa-
rameters, now the ¢ fields are subject to the U(1)x U(N —1) gauge symmetry instead. We have
the same redundancies of the parameters 6; — 6; +2nb; combined with B;; — B;; —b; + by,
which follow from the constraint that ¢lI is unitary. Setting b; = —% sinf3 and b, = 0, we
can eliminate the B;; term. The 6 angles for the U(1) and U(N — 1) gauge fields are then
Oy = ka—ksin 8 and Oy(y_1y = k(B + ). The physical 0-angle of the CPY ! model is the
difference between the above two, which is

0 =k(B+sinp). (7.12)
Let us restrict to 8 =  and k = 1 so that
Qo = e“diag(1,—1,—1,---,—1). (7.13)

This choice describes the deformation of the SU(N); UV WZW model to the CPY ! sigma

model at 8 = 7. The angle a is then restricted to obey
20—(N—1
a= Qn , (7.14)
N

for some integer £.
The charge conjugation Z;harge (7.6) in the CPY~! model acts on the coordinates ¢ as
¢{ — ¢;. Itis embedded into the WZW model as

29U ¢l gl = U ¢*ue” = eHU*, (7.15)

21See footnote 12 for a general construction of the required potential.
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Since we have embedded the global symmetry of the CP¥~! model at & = 7 into the WZW
model with a restriction of the field, the anomaly, if exists, in the former theory must be
matched by that of the latter.

Let us take a closer look on this charge conjugation Z;harg ¢ when embedded into the WZW
model. When N is odd, we can choose a = 0 to satisfy (7.14), so the charge conjugation in
the CPN~! model descends to U — U* in the WZW model. When N is even, we can choose
a=7z. Z;harge descends to U — e2™/N* in the WZW model.?

In all cases above, the mixed anomaly (or the absence thereof) between the PSU(N) and
Z;harg ¢ in the CPV~! model at = 7 are reproduced by the WZW model with the appropriately
identified Z,. However, for N > 2 there are Gy -preserving relevant deformations in the
SU(N); model that can take us away from the fixed point as can be seen from Table 1. Indeed,

it is believed that for N > 2 the CPY ™! does not undergo a second order phase transition.

7.3 CP!

The CP! sigma model is at the intersection of two series of models, CPN~! and SU(N)/U(1)N L.
It is special relative to both generalizations and deserves a separate treatment. We will discuss
its global symmetry and anomalies using three different representations:

1. The N =2 case of CPN! (the z; fields).
2. The N =2 case of SU(N)/U(1)N™! (the ¢/ fields).
3. Deformation of the SU(2); WZW model (the U field).

We first remind the reader about the relations between the above three presentations. The
CPN! field 2 is related to qblI via (7.10). In the N = 2 case, this becomes

I=1 1=2 _
= =1 i=1 _ Z1 —2Zy
i _( o 65 )_( 7 ) ’ (7.16)
The WZW fundamental field U is related to ¢ as (7.9)
— —i 0\ 4
U_¢( 0 i)d) ' (7.17)

The PSU(2) continuous global symmetry acts on the three fields as, £ — VZ, ¢ — Vo,
U — VUV, respectively.

There are various Z, symmetries. In Section 3.2 we discuss a Zy—, symmetry (3.3) in
SU(2)/U(1), which acts as

Zy : (zl )—>( __52 ), ¢il—>qbl.l+1, U—-—U. (7.18)

29 2

Also, we discuss a Zg symmetry (3.12) in Section 3.3 , which can be thought of as the charge
conjugation in the flag sigma model. It acts as

c . % %2 I i
Zy € PSU(2): ( iy ) - ( . ) , =Py, U—UN (7.19)
21n the special case when N = 2 mod 4, we can actually choose a = 7/2 so that Q, = (i,—i,—i---,—i). In

this case Z3'“"® in the CP¥~! model descends to U — —U*. Recall that the global symmetry of the WZW model
contains a Zy X Z,. When N is even, there is a Z, subgroup of the Z, that commutes with the other Z,. The charge
conjugation Z;harge is the diagonal of the above two Z,’s.
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Zg is in fact an element of PSU(2) by choosing V = (

0
1

of the CPN~! model, we have Z;harg ¢ defined in (7.6), which acts on the three fields as

-1
0 ) Finally, from the perspective

258 = diag(Z$ x Z,) : ( 2 ) - ( 2 ) . Pl g, U--U. (7.20)
Note that this is also the Z;harge in (3.14) we defined for the flag sigma model SU(N)/U(1)N 1.
It is the composition of (7.19) and (7.18).

Each Z, above is natural from at least one perspective, but might seem ad hoc from another.
The Z, in (7.18) has the distinguished feature that it commutes with PSU(2), while the other
two don’t since they involve a PSU(2) element.

CP! sigma model is a perfect example illustrating that there is generally no canonical
choice of the charge conjugation symmetry. What might be called the charge conjugation in
one presentation might not even involve any complex conjugation in another presentation.
For example, while the Zg action on the ¢ field involves complex conjugation, its action on z;
does not.

To summarize the discussion so far, the CP! sigma model at 6 = 0, 7 has global symmetry

CP': Gyy =PSU(2)x Z,=0(3), (7.21)

where the Z, is given in (7.18). For 8 = 7 it is embedded into the symmetry of the WZW
model as in (4.3).

As analyzed in Section 3.2, there is a mixed anomaly between the two factors in (7.21)
at 8 = m [12,23]. On the other hand, there is no mixed anomaly between Zg and PSU(2)
because the former is an element of the latter and there is no pure anomaly of PSU(2).

So far we have embedded the global symmetry PSU(2) x Z, of the CP! sigma model at
0 = 7 into the SU(2); WZW model and match the anomaly. Dynamically, we need to ask if
there is a symmetry-preserving relevant deformation in the WZW CFT that can take us away
from the fixed point. Unlike the N > 2 case, the only PSU(2)-invariant relevant deformation
O; (in the notation of Section 4.3) in the 2 of SU(2) is odd under the Z, (7.18), and is
therefore forbidden. Indeed, it is well-known that the CP! sigma model at 8 = 7 does flow to
the SU(2); WZW model [3,16,24].

74 U(rM)/UM)

Let us move on to the more general flag manifold % (7.3) with N = rM.?® This sigma

model, for special choice of the parameters, has a Z, global symmetry. It is a straightforward
generalization of the Zy symmetry in Section 3.2 in the SU(N)/U(1)N~! sigma model.
The Z, symmetry acts on the qb{ field as

Z,: ¢ —>PpI™, (7.22)

and cyclically permutes the r U(M) gauge fields.
We can embed this target space into the SU(N) WZW fundamental field as>*

U=¢Qoo’,
—2mi(r—1) | 2mi 2mi 2mi(r—1) 2mi(r—1)
Qoze or dlag(lj...,l’er’...’er’...’e T ’...’e r ). (7~23)
—— ~ J ~

M M M

BThe case of CP!, which corresponds to N = 2, M = 1, r = 2 is as always special and has already been
considered separately in Section 7.3. Below we will exclude that case.
24See footnote 12 for the potential that enforces this field restriction.
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Then the Z, symmetry acts on the WZW fundamental field as

2mi

Z,: U—-er U. (7.24)

There are r 0-angles associated to the r U(M) gauge fields. From (7.23), we see that they
take the following Z, symmetric values, 6, = 2”“ ,a=1,2,-
There is also a charge conjugation symmetry (3 12)

Z$: ¢l > ¢y ., U—-U*, (7.25)

where we have used (Q0); = (Q)y—_1+1-
The global symmetry of the sigma model (7.3) is then

Gyy = (PSU(N) x Z,) X ZS . (7.26)

Gyy is embedded into the WZW symmetry Gy, 7w S[](N)sz b ZC via (7.23).

Are there Gy -preserving relevant deformations in the S U(N),; WZW model that can take
us away from the fixed point? Using Table 1, we see that when N > 10 and r > 3, there is
no Gyy-preserving relevant deformation, and we expect the sigma model to hit the SU(N);
WZW CFT fixed point.?> The other possibility is r = N and M = 1, which is the flag manifold
SU(N)/U(1)¥! that we have already discussed. As before, we do not expect it to hit the
higher level WZW model without fine-tuning, because of the relevant deformation caused by
the primary in the adjoint representation.

8 Summary of Results

We have studied various aspects of the (141)-dimensional sigma model on the flag manifold
U(N)/U(M)" with N = rM. Imposing the Z, global symmetry, we argue that if

e r=N and M = 1, i.e. the flag manifold SU(N)/U(1)"~!, or
e r>3and N > 10,

the U(N)/U(M)" sigma model with the r U(M) 6-angles chosen to be 6, = 2““ (with
ged(n,r) = 1) flows to a gapless phase described by the SU(N); WZW model. ThlS gen-
eralizes the flow from the CP! sigma model at 8 = 7 to the SU(2); WZW model and the flag
with N = 3 of [1]. (For larger values of N see also the discussion in [4], which slightly differs
from ours.) Our argument is based on the following facts:

* Kinematics: The global symmetries and their anomalies in the flag sigma model can be
embedded into the WZW model.

* Dynamics: The fixed point is robust in the sense that there is no symmetry-preserving
relevant deformation that can potentially take us away from the WZW CFT.

As we emphasized in the introduction, these arguments make it possible to find the SU(N),
theory at long distances, but they do not guarantee it.

Z5Because of the marginal deformations in the SU(8), and the SU(9), WZW CFT discussed in footnote 14, a
more detailed analysis is needed for the flag models U(8)/U(4)? and U(9)/U(3)%.
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A The Trace Conditions

In this appendix we show that if a unitary matrix U satisfies

Tr[U"]=0, n=1,2,---,|[N/2], (A.1)
then

T{U"]=0, n=1,2,---,N—1. (A.2)

Let us start with a formula relating the determinant of a matrix to its traces:

det(U)= (1" >’ ]—[( D Tr[Un ]k (A.3)

ko 1
kq,ko, ky n=1 kn

where the sum is over all non-negative integers k,, such that

N
> nk, = (A.4)

n=1

Among all the tuples (k;, ks, -+ ,ky), every term except for (0,0,---,1) has at least one k,
nonzero with n < [N /2]. It follows that if (A.1) is satisfied, then

1
det(U) = (—1)NﬁTr[ uN]. (A.5)
Taking the absolute value on both sides, we have
ITr[UN]|=N. (A.6)

Since the eigenvalues of a unitary matrix are all phases, the above equation is only possible if
all eigenvalues of UV are the same, i.e.

UN =er. (A.7)
Using the complex conjugate of (A.1):
0=Tr[(UN"]=eT[UN™], n=1,2,---,|N/2]. (A.8)

This completes the proof.
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B Counting Invariant Deformations

B.1 Generality

In this appendix we will enumerate PSU(N) and PSU(N) x Zy invariant deformations in the
SU(N)/U(1)"~! sigma model by embedding the latter into the WZW model.

Let us consider the possible PSU(N) invariant deformations in terms of U satisfying (4.7).
In particular, (4.7) (see also (4.10)) implies that

UN =(-1)N11. (B.1)
This gives the following identity that will be useful later:
0=d(U")=dvu™ ! +UudvUuN 2 +...+UNdU. (B.2)
Also, (B.1) implies that we can always replace U by powers of U:
U =(=1)N 1oVt (B.3)

Demanding PSU(N) invariance, there are two types of two-derivative terms we can write
down. We will call them the type G and type B terms for reasons that will become obvious
momentarily. They are

G: Tr[U'dU A+U®dU], a>=b>0, (B.4)

B: Tr[U%dU AU®dU], a>b>0. (B.5)
Note that the type B term vanishes if a = b. Thus without loss of generality, we will assume
a > b for such a term.

Let us now rewrite the above deformations in terms of ¢’s. The relation between the two
bases is U = ¢p§y$ . A general G type term Tr[UdU A +UPdU] can be expanded as follows

Tr{U%dU A xUdUT = Tr[¢p Q5 (dp Q09T + pQ0d @) A% Q0D (dp Q0" + pQod 9 T)]
=Tr[2087 ¢ dp A+Q) ¢ Tdp — Q3 Tdp A+QET2pTdp — Q29 Tdd A+QbpTd ],

where we have used dp ¢’ + ¢dp’ = 0. All three terms above are of the following form,
which can be computed straightforwardly:

Tp dpQBPT Ardp] = 0™ T B S AI-DHBU-D (GiakeT) (13,61

L,j,1.J

_ _w_’%(Aw) Z WAITBJ (Z (t‘);'auqbl!) (Z ¢;au‘¢;})' (B.6)
1,J i J

Summing over three such terms, we obtain the G type term in the ¢ language (a < b,
a,b=0,1,--- ,N—2)

Tr[U%dU A +UPdU]
_ w—NT“(a+b+2) Z (wa1+bJ + waJ+bI)(wI _wJ)Z 5;”(2 <5§3u¢f)(2 ¢JI~3v¢;§)-
1<I<J<N i J
(B.7)
Similarly, the B type term can be written in the ¢ basisas (a < b, a,b=0,1,--- ,N—1)
Tr[U%dU A UPdU]
— w—l\%(a+b+2) Z (waI+bJ . waJ+bI)(wI _ wJ)Z b (Z GB;E/’M%J) (Z ¢]I-3v¢;j)~
1<I<J<N i j
(B.8)

34


https://scipost.org
https://scipost.org/SciPostPhys.6.2.017

SCIl SciPost Phys. 6, 017 (2019)

B.2 PSU(N) Invariant Deformations

In this subsection we will count the number of PSU(N ) invariant deformations from the WZW
model point of view. Naively, the range of a,b is 0,1,2,--- ,N —1. However, because of (B.2),
there are relations between terms with different a, b. If a = N — 1, we can rewrite such a type
G term as

Tr[UNTIdU A +UPAU] = —Tr[UN2dU A »UP1dU] — T [UN3dU A «UPT2dU ] — - -

—Tr[UPdU A +UN1dU ] —Te[ U1 ]dU A »UNAU] — - - - — Te[dU A sUP™1dU].  (B.9)
Since the Ax product is symmetric, we can move the first term in the second line to the left,
and solve for Tr{UN~'dU AxU?dU] in terms of other type G terms with a < N—1. We conclude
that it suffices to restrict the range of a,b t0 0,1,--- ,N — 2 for the type G terms.

However, the same argument does not hold for the type B terms, because the first term in
the second line above now becomes Tr[UN~'dU A UPdU], which is the same as the LHS. In
fact, this identity is trivial for the type B terms and cannot help us solving terms witha = N—1
in terms of others.

To conclude, we record the ranges of a, b below for the type G and B terms:

G: T[UdUA»UPdU], a>b, a,b=0,1,2,--- ,N—2, (B.10)
B: Tr[UdUAU’dU], a>b, a,b=0,1,2,---,N—1. (B.11)

Let us now count the PSU(N) invariant deformations. For the type G terms, there are

N-—1 _NIN-1)

terms. These are the G-deformation in the qbll language. On the other hand, there are

(V)= 20D B3

type B terms, which are the B-deformation in the qb{ language. These altogether reproduce
the counting of G and B deformations in Section 2.1 in the ¢ language.

B.3 PSU(N) x Zy Invariant Deformations
Next, we further impose the Zy invariance condition. Recall that Zy acts on U as
Zy: U—wU. (B.14)

Hence the Zy invariance condition further demands the following relation between a and b
for both type G and B terms:

Zy invariance: a+b+2=0mod N. (B.15)

Let us enumerate the number of PSU(N) x Zy invariant deformations. When N is even,
we have the following choices of (a, b):

N-—-2 N—Z), (B.16)

G: (N—2,0),(N—-3,1), -+ ,| —,——
(=20, W-3,1), -, (25

N—2 _ N-2
B: (N—2,0), (N—3,1), ( +1, —1).

2 2 (B.17)

Hence there are N /2 type G terms and (N — 2)/2 type B terms when N is even.
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Next, when N is odd, we have the following possible (a, b):

G: (N—2,0), (N—3,1), ,(u u),

, B.18
2 2 (B.18)

N—1 N_S). (B.19)

B: (N—2,0), (N—3,1), --- ,( SRR
Hence there are (N —1)/2 type G terms and (N — 1)/2 type B terms when N is odd.

To conclude, we have |[N/2| PSU(N) x Zy invariant type G terms, and [(N — 1)/2]
PSU(N) x Zy invariant type B terms. This matches perfectly with the counting in the qb{
language. These altogether reproduce the counting of Zy invariant G and B deformations in
Section 3.2.1 in the ¢ language.

C Symmetric Space SU(N)/SO(N)

In the main text we discuss how the sigma models with target space (7.1) can be embedded
into the SU(N);,, WZW model by restricting the WZW fundamental field. This procedure au-
tomatically shows that the sigma model has the same anomaly as the SU(N);, WZW model,
and can be applied to any submanifold of SU(N). As another example, here we apply this
strategy to the symmetric space SU(N)/SO(N). This model is interesting because an inte-
grable flow from the SU(N)/SO(N) sigma model with nontrivial 8 angle to the SU(N); WZW
fixed point is worked out in [25], generalizing the result for the CP' = SU(2)/S0(2) sigma
model [26,27].2°
The symmetric space SU(N)/SO(N) can be embedded into SU(N) as

SU(N)/SO(N) ~ {U € SU(N)|3¢p € SU(N) s.t. U= ¢}, (C.1)

since a matrix U = ¢ ¢! is invariant under the right action of an orthogonal matrix on ¢. This
variable ¢ can be thought as the field of the SU(N)/SO(N) sigma model. Furthermore, the
same embedding can also be characterized by

SU(N)/SO(N) ~{U e SUN)|[U=UT}. (C.2)

Obviously, a matrix U = ¢ ¢! is symmetric. Conversely, a symmetric special unitary matrix U
can be represented as U = ¢ ¢! with

¢ =0D207, (C.3)

where O is the orthogonal matrix diagonalizing U as OUOT = D, and D2 is a matrix satisfying
(D%)? = D and det(D?) = 1.7

The isometry group Gj,, of SU(N)/SO(N) is the subgroup of
tion 4.1) preserving the condition U = U”. This means a pair (V,, V) inside the identity
component of G, should satisfies

w X ZS (see Sec-

V.UV = (uv)T = viuvT (C.4)
for any U = UT. This condition is equivalent to

Vi=wtv, (C.5)

26We thank Ho Tat Lam for a discussion about this coset.

27Existence of such O can be proven as follows: A symmetric unitary matrix U can be written as X + iY with
real symmetric matrices X and Y. Since U is unitary, we have 1 = X2 + Y2 +i(XY — YX) and therefore X and Y
commutes with each other. Hence we can take a orthogonal matrix O which simultaneously diagonalizes X and Y.
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with some { € Zy. Therefore, we can label an element of the identity component of G, as
(V;,£) with V; € SU(N) and £ € Zy. The quotient in (SU(N); x SU(N)g)/Zy implies

(Vy, Vo = @' V) ~ (0Vy, 0 2(w0V})), (C.6)
which, in terms of the labeling (V;,£), means
(V,0) ~ (wV;, € +2). (C.7)
We can describe the group Gj,, as

SUN)X Z
Gigo = Z—N X 75 . (C.8)
N

The action of the charge conjugation is (V;,£) — (V;*,—{). We can also write the same isometry
group as

P

SU(N)

2

X ZS, (C.9)

Giso =~

where o
SU(N) = {V € U(N)|detV = +1}, (C.10)

and Z, quotient is generated by —1 € U(N). The isomorphism (C.9) is given by

(Vy,0) = w2y, (C.11)
Note that the ambiguity of the definition of w /2 is absorbed by the Z, quotient of S%(N).

The restriction of the field U in the WZW model to be symmetric can be realized by ;dding
the potential

g (U —-UT)U-UN) =g > |Uy—Uy|" = g1 —UU* —(UUY),  (C12)
L,J
and then taking the coefficient g to infinity.?® This potential is invariant under the symmetry
Gis, Since an element (V;, V) in Gy, acts on the term TrUU™ transforms as
Tr(UU*) = Tre(V UV, VUV = Te(V, U (o' VIV U* (0t V,)) = Tr(UUY), (C.13)

because of (C.5). This shows that this potential indeed restricts the field to the desired sub-
space.

D Supersymmetric Flag Sigma Model
In this appendix we consider the V' = (2, 2) sigma model on SU(N)/U(1)V~1.

D.1 Kaéhler Moduli Space

For concreteness, we will restrict to the SU(3)/U(1)? sigma model in this subsection.

N = (2,2) supersymmetry requires the target space to be a Kdhler manifold. However, not
all the SU(3) invariant metrics on the flag manifold are Kihler. By the corollary in IV.5 of [28],
the dimension of the SU(3) invariant K&hler moduli space is 2. We would like to determine
how this subspace of Kahler metric is embedded into the larger metric moduli space.

28We can alternatively use the more general construction described in footnote 12.
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3

Figure 2: The gauged linear sigma model description of the flag manifold
SU(3)/U(1)?. Each node represents a U(1) vector multiplet and the square rep-
resents the SU(3) flavor symmetry. A;,B' and C denote the chiral superfields in
the fundamental representation of the two gauge groups connected by the corre-
sponding arrow. i = 1,2, 3 is the flavor SU(3) index. There is a superpotential term
W =37  ABIC.

To determine the Kéhler moduli space, it will be useful to have a gauged linear sigma
model description of the model. The SU(3) model can be described by a gauged linear sigma
model via the Abelian quiver shown in Figure 2 with a superpotential W = Z?ZlAiBiC.

Let us analyze the global symmetry of this quiver theory.  The superpotential
W = Z?ZlAiBiC breaks the two SU(3)’s that rotate A; and B! independently to the diago-
nal SU(3). Furthermore, the Z5 center of the diagonal SU(3) acts in the same way on A; and
B! as the two U(1) gauge symmetries, and should therefore be excluded from the global sym-
metry. To conclude, the continuous global symmetry of the quiver is PSU(3), consistent with
our description of the model in terms of ¢ in Section 2.1.

The space of zeros of the classical potential of this quiver gauge theory is as follows.?° It
is described by the complex coordinates (A;, B!, C) satisfying the D-term equations:

3 3
—CP+ Y AR =¢,  —ICP+ Y IBIP=0s, (D.1)
i=1 i=1
(¢; are the coefficients of Fayet-Iliopoulos (FI) terms) and the F-term equations:
3 . .
> AB'=0, CA;=0, CBi=0, (D.2)
i=1

and it should be subject to the identification under the U(1)? gauge symmetry. Here {; are
the two Kéihler moduli of the quiver moduli space.

We will take the FI parameters (' 5 to be both positive. For this choice of signs, the F-term
equation sets

C=0. (D.3)

The quiver moduli space is now described by the complex coordinates (A;, B!) satisfying

3 3

3
ZlAilzzgla ZquZ:gZ: ZAiBi :0: (D4)
i=1

i=1 i=1

»In similar higher dimensional systems this is the moduli space of classical vacua.
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and modulo the U(1)? gauge transformation:

UQ);: A ~e%4;, B'—B, (D.5)
U(1),: A;~A;, Bi—e®%Bl '

We recognize that the variables A; and B’ are related to the ¢ fields in (6.7) as

A=V elP,  Bi=C 9L, (D.6)

Note that ¢ lI =3 has already been solved in terms of ¢i1=1,2 (to be more precise, their complex

conjugates) via (6.4). Also note that the choice of the complex structure in the ¢ language is
different than that in the quiver presentation.

The two Kéhler parameters (; , parameterize a real two-dimensional subspace M of the
total three-dimensional moduli space M of the SU(3) invariant metrics on SU(3)/U(1)?.

Let us write down the bosonic part of the Lagrangian for the gauged linear sigma model. In
the IR of the model, both the gauge coupling and the superpotential coupling flow to infinity
so that A;, B! are restricted to obey (D.4) with C = 0. In this limit we can integrate out the
two U(1)? gauge fields and write the Lagrangian solely in terms of A;, B'. This computation is
identical to that in Section 2.1. We obtain

2 3 3 2 3
. 0 .
Losu =D, L1 (ZW{ 21> ¢ia¢! |2) D o€ D 2ubi8,d] (D.7)
I=1 i=1 i=1 I=1 i=1

Since we start with the gauged linear sigma model description, this Lagrangian depends only
on the 2 Kihler moduli (along with the corresponding 6 angles) but not the most general
SU(3) invariant metric deformations. Comparing Ls; sy With (6.7), we find the embedding
of the 2-dimensional subspace My into M:

MK == {(rl, ry, r3) S M

Py = 0} . (D.8)

Let us discuss the discrete symmetry action on the moduli space. The S; symmetry acts on
the moduli space M by permuting the r;’s. There is a Z, subgroup, which exchanges r; with
ry, of S5 that leaves My invariant. The Kahler moduli {; , fall into the 1 and 1’ representations
of the Z,, which are paired with the two 6 angles in the same Z, representations.

The locus r; = 0 on M naively gives a divergent Ricci tensor by inspecting (6.12). How-
ever, (6.12) is only valid when all the r,’s are large and cannot be trusted on the submanifold

M.

D.2 Twisted Chiral Ring

In this subsection we discuss the twisted chiral ring of the SU(N)/U(1)¥~! sigma model with
N =(2,2) supersymmetry. The twisted chiral ring of this model is worked out in [29]. Define
the following N x N matrix

X1 q1 0o ... 0
-1 x2 q 0
A=| 0 —1 x 0 (D.9)
. . : an-1
0 0 0 -1 xy
In other words,
Ajj=x;0;j—16; 11 +q;0; 1. (D.10)
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The g;’s are related to the N—1 complexified FI parameters. The twisted chiral ring is generated
by x1, x5, , xy with relations given by the coefficients of A in the polynomial

—AN +det(A+ AD). (D.11)
For example, when N = 2, the relations are
X1 +X2=0, X1X2+q1 :0, (D.12)

which gives the familiar twisted chiral ring C[x;]/{(x1)? = q;} of CP.
Next, the relations in the N = 3 case are

Xq +X2 + X3 = O,
X1Xg + XoX3+X1X3+q1+q2 =0, (D.13)
X1XX3+qax1 +q1x3 =0.

Using the first relation, we can solve x, as —x; — x3 and get x;x3(x; + X3) = gux7 + q1X3
and x% +x1x3+ xg =(q; +q,. Since both g;,q, are nonzero, the relations forbid either x; or
X5 to be zero. Therefore, we can further simplify the two relations by multiplying the second
relation by x; and x5 to get

x:f =qq(x1 —x3), X§ = qa(x3—x1). (D.14)
To conclude, the twisted chiral ring of SU(3)/U(1)? is
(C[xl,xg]/{x:f =q1(x; —x3), Xg = qa(x3—x1)}. (D.15)

Let us reproduce this twisted chiral ring from the Abelian quiver description in Figure 2.
Denote the bottom component scalar fields of the two U(1) vector multiplets by 3; and %,
respectively. Integrating out the chiral multiplets A;, BY, C gives us the following quantum
twisted superpotential

~ . 3
w =1t121 + 1t222 + 2_21 (log 21 — 1)
T
3 1
——2(logZy — 1)+ — (2 —%1) (log(2, — 21) — 1), (D.16)
27 27

where t; = ir; + 0, /27 is the complexified FI parameters with periodicity t; ~ t; + 1. From this
twisted superpotential, we obtain the following relations

3 =—e (T - 1),

. D.17)
2 = (8, — 1),
which agrees with (D.14) if we identify the variables on both sides as
X1 = 21 , X3 = 22 B q1 = _e—ZTEitl 5 qs = eZTL’itZ . (D].S)

There is an alternative non-Abelian quiver description (see Figure 3) of the SU(3)/U(1)?
sigma model [30], which is related to the Abelian quiver in Figure 2 by a duality move [31]. We
will derive the same twisted chiral ring from this non-Abelian quiver. The general equivalence
of the twisted chiral rings from dual quivers is discussed in [32].

Let the bottom component of the U(1) vector multiplet be %', and let %7, %7, be those of
the Cartan of the U(2) vector multiplet. Let t; and t;, be the complexified FI parameters of the
U(1) and the U(2) nodes, respectively. The twisted superpotential is

2

2

) 1 3

W =it ity (Z) + ) — o~ > (- ) (log(z, — =) — 1) + o > % (logx, —1),
a=1

a=1

(D.19)
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O——3

Figure 3: The non-Abelian gauged linear sigma model description of the flag mani-
fold SU(3)/U(1)2. It is related to the Abelian quiver in Figure 2 by a duality move
on the middle node.

from which we obtain the following equations
e 2 = (2] — 7)) (2, - %),
o 2mit} 2/13 — 2/1 —5, (D.20)
2mith /3 _ s/ /
2t 75 =5 — 3.

Note that %2/ ’s are not good coordinates of the ring. The two fields %] and ¥/, are exchanged
by the Z, Weyl group. The Weyl invariant coordinates are

— 5 / _ /v
A=3%[+3%,, B=%%,. (D.21)

We can rewrite the above equations in terms of %, A, B:

e 2M = B AYY + 72, (D.22)
e2mh A(A2 — 3B) = A— 2%, (D.23)
A2 B = 2mity (D.24)

Importantly, we have assumed %] # % to avoid the massless W-bosons to obtain the above
relations [33,34]. We can use (D.24) to solve B as B = A2—e 27 and then substitute it back
into (D.24) to obtain

A3 = 2m (A4 YY), (D.25)
Finally, we multiply (D.23) by A+ %’ and use the last equation (D.25) to get
3 = 2 (A4 ). (D.26)

We therefore have derived the same twisted chiral ring as (D.15) if we identify the variables
as

=%, I,=-A, (D.27)
1
t; =t + > ty=—t,. (D.28)
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