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Abstract

Foliated fracton order is a qualitatively new kind of phase of matter. It is similar to
topological order, but with the fundamental difference that a layered structure, referred
to as a foliation, plays an essential role and determines the mobility restrictions of the
topological excitations. In this work, we introduce a new kind of field theory to describe
these phases: a foliated field theory. We also introduce a new lattice model and string-
membrane-net condensation picture of these phases, which is analogous to the string-net

condensation picture of topological order.
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1 Introduction

Fracton order [1,2] is a recently theorized and remarkable type of phase of matter which
is characterized by topological excitations with various kinds of mobility constraints. Fracton
order has garnered much attention from the community recently, likely because the field is mo-
tivated from many different directions. Motivational examples include: analytically tractable
models of glassy physics and localization (which results from the mobility constraints of the
particles) [3-8]; dualities to elasticity theory of two-dimensional crystals [9-13]; quantum
information [14-21]; connections to quantum gravity [22] and holography [23]; and classi-
fication and characterization of exotic phases of matter [1,24-32]. Fractons have also been
studied from a wide variety of perspectives, including gauging and ungauging [33-39]; gen-
eralizations of symmetry protected topological (SPT) order [40-43]; entanglement [44-47];
deconfined criticality [48]; and the search for more experimentally relevant models [49-52].

There are currently three known kinds of (robust or gauged) fracton models, which are
summarized in the table below:
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U(1) symmetric tensor foliated
gauge theory (type-I) type-Il
example X-cube [37], Haah’s code [14],
models scalar charge [53] string-membrane-net Yoshida’s
(Sec.3) fractal liquids [54]
spectrum gapless gapped gapped
charge conserved conserved on stacks conserved on
conservation dipole moment of 2D surfaces fractal subsets
spacetime Einstein manifolds [55] | foliated manifolds | discrete groups? [56]
structure

The above models are gauge theories, and have been argued [53,57] or proven [14, 37, 58]
to be stable to arbitrary perturbations as non-trivial zero-temperature phases of matter (in
the sense of Ref. [59]). Ungauged versions of the above models also exist [10,33-37]; such
models require global, subsystem, or fractal symmetries to protect from perturbations that
could lead to a trivial (e.g. a direct product state) phase of matter.

The type-II fracton models [14, 37, 54] remain the most mysterious. They have mostly
consisted of exactly-solvable Zy qudit models with a gapped energy spectrum. Fractons can
be created at corners of fractal operators, and the fracton number is conversed (modulo N)
on fractal subsets of the system [37]. Most type-II models do not have any mobile excitations,
which allows them to be a partially self-correcting quantum memory [15,18,60]. (Some mod-
els, e.g. the Sierpinski prism model [54, 61], mix characteristics of type-I and type-II models
and have both fractal and string operators.) Recently, these models have been generalized
to gapless U(1) models with a proposed field theory description [62]. The fractons are even
less mobile in these models, which, unlike the gapped type-II models, may allow for a self-
correcting quantum memory [63]. The spacetime structure of the type-II fracton models may
have recently been generalized beyond flat space in Ref. [56]; however, an explicit example
of a generalized type-II model is currently lacking.

The U(1) symmetric tensor gauge theory models [53,57,64—67] generalize U(1) Maxwell
gauge theory. This is done by breaking Lorentz-invariance to impose higher moments of charge
conservation, such as conservation of dipole or quadropole moments, or by generalizing scalar
charges to e.g. vector charges. These models often (but not always [65]) respect spatial
rotation symmetry. As a generalization of U(1) gauge theory, symmetric tensor gauge theories
are naturally written as field theories, often with an E2+B? kind of Hamiltonian. The stabilility
of these theories to spatial curvature was recently studied in Ref. [55]. The traceless scalar
charge theory was found to be the most stable to spatial curvature and maintained gauge
invariance on Einstein manifolds. Other theories required Einstein manifolds with constant
or no curvature. The loss of gauge invariance on manifolds with forbidden kinds of curvature
physically manifests itself as lifting the mobility constraints of the subdimensional particles,
making all particles fully mobile on generically curved manifolds.

Foliated (type-I) fracton models [1, 3, 32,68,69] can be characterized by their subdimen-
sional particle excitations and a foliation structure [24], which is specified by stacks of layers
in various directions. Subdimensional excitations are particles that have mobility restrictions
when isolated from other particles. There are three kinds of subdimensional particles in foli-
ated models in 3D:

e planons, which can only move along the 2D layers;
e lineons, which move along the intersection of two layers; and

e fractons, which are stuck at the intersection of three layers.
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The layers in the foliation structure can be curved, which results in curved lattice models
[24,70].

The type-I models have mostly consisted of exactly-solvable Zy qudit lattice Hamiltonians.
Recently, field theories for the X-cube model and a 2-foliated lineon model have been derived
in Ref. [71] and Appendix B of Ref. [27]. However, these field theories can only be applied to
flat foliation structures (e.g. cubic lattices with no curvature).

In this work, we introduce a generalized field theory description of foliated fracton phases
with curved foliations. The field theory can describe a large class of abelian foliated fracton
phases (see Tab.1 for examples). This is a new kind of field theory, which couples to the
foliation structure instead of a Riemann metric. The foliation structure is described by a set of
closed one-forms.

The field theory is inspired by a string-membrane-net model® of foliated fracton order,
which generalizes the X-cube model. The string-membrane-net model is presented in a similar
spirit to the Levin and Wen string-net models [72,73]. Indeed, the ground state wavefunction
can be pictured as a large superposition of 1) strings bound to the two-dimensional layers of
the foliation and 2) membranes permeating the three-dimensional bulk, where the strings and
membranes are subject to various constraints.

One can view the string-membrane-net model and field theory as a 3D toric code (or 3+1D
BF theory) that is penetrated by and strongly coupled to multiple stacks of 2D toric code (or
2+1D BF theory) layers (arranged as in Fig. 1, for example). The coupling of the 3D toric code
to the 2D layers results in the mobility constraints of the excitations. For example, when a 3D
toric code charge passes through a 2D layer, it leaves behind a 2D toric code charge on the
2D layer. As a result, it costs energy each time a 3D toric code charge moves through a layer,
which makes it an immobile fracton at low energy (when there are at least three stacks of
layers).? In the magnetic sector, 2D toric code fluxes are attached to the end-points of 3D toric
code flux string excitations. As a result, a pair of 2D fluxes on two intersecting layers behaves
as a lineon since the two fluxes must move along the intersection of the layers since they are
bound together by a high-energy 3D toric code flux string.

In Sec. 2, we introduce and study the foliated field theory from a purely field theoretic
perspective. In Sec. 3, we introduce a string-membrane-net picture of foliated fracton order
and a dual coupled-string-net picture. In Appendix A, we generalize the string-membrane-net
model to (Z,;, Zy) qudits on generic lattices (analogous to Refs. [24,70]). Both sections are
self contained.

1.1 Notational Conventions

We always work in three spatial dimensions, i.e. 3+1 spacetime dimensions. Greek letters
u,v,p,0 = 0,1,2,3 denote spacetime indices. Repeated spacetime indices are implicitly
summed over. The foliation index k is never implicitly summed over; sums over k are al-
ways explicitly written. &, denotes a Kronecker delta where &', = 1 if u = v, and &% = 0 if
u # v. We index some of the gauge fields using the foliation index k as a superscript: e.g. A’;.
When e.g. k = 2, this appears as Ai, which should not be confused with the square of A,; we
have not used integer superscripts to denote powers of gauge fields in this work.

In lattice models, X and Z denote anticommuting Pauli c* and o operators.

! An equivalent model was independently derived in Section IIL.B of Ref. [39] by gauging the subsystem sym-
metries corresponding to stacks of membrane logical operators of 341D toric code.

2 This is depicted in Fig. 3, where the 3D toric code charge is sourced by j* and the 2D toric code charge is
sourced by J#*. We refer to the 2D toric code charge as a dipole because it can decay into a pair of oppositely
charged (in a Zy model) 3D toric code charges on opposite sides of the layer.
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(a) (b)

Figure 1: (a) A foliation structure consisting of three stacks of layers (red, green,
and blue), which are often referred to as leaves. In the coarse-grained continuum
limit, we will think of the layers as being infinitesimally close to each other. If the
layers have a finite separation, then the intersections of the layers results in a cubic
lattice. (b) A foliation structure consisting of four stacks of layers (red, green, blue,
and yellow), which results in a stack of kagome lattices when the layers have finite
separation.

2 Foliated Field Theory

Before we can write down a foliated field theory, we must first understand how to describe
the foliation structure. Since our focus is on the case of three spatial dimensions, a foliation
structure corresponds to a layering structure of one or more stacks of two-dimensional surfaces,
exemplified in Fig. 1.

To describe a foliation structure, we introduce a 1-form foliation field eX for each
k =1,2,.,ns. k indexes the different foliations (stack of layers), u is a spacetime index,
and n; is the number of foliations. Each e, covector points orthogonal to the foliation layer

so that a line integral
f ek = J elljdx“ (D
p p
k

of e, over some path p schematically counts the number of layers that the path p crosses; see
Fig. 2. However, in the field theory, the layers are spaced infinitesimally close to each other. A
cutoff can be added to give a physical meaning to this integral.® (On the left-hand-side of the
above equality, we are using differential form notation.)

If the path p is open (i.e. is not a closed loop), then the integral fp ek € R could be any real
number. If the path is closed and contractible, then _(fp ek = 0 must vanish (Fig. 2). Therefore,

eﬁ must be a closed 1-form (dek = 0):

d,ek — aveﬁ =0. (2)

Physically, this implies that the lattice has no dislocations (where a layer ends), or from another
point of view, that spacetime geometry has no torsion [74].

3 We elaborate upon this later in Sec.4.1.1.
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Figure 2: A 2D slice of 3D space showing a single foliation of 2D layers, which appear
as red lines in this cross-section. The foliation field e,, points orthogonal to the layers
such that fp ek = fp eﬁdx“ counts the number of layers that the path p crosses. In
the figure, we show two paths and the resulting integrals. A contractible closed path,
e.g. the composition of the cyan and purple paths, results in §p ek = 0. In the field
theory, the (red) foliating layers are infinitesimally close to each other. A cutoff can
be added to allow for a notion of finite layer spacing.

We can now write down the Lagrangian for a foliated field theory*:

_N k x nk k k k
L—%[Zk:e ABKAdA +bAda—) ek AbAA

k
N nf rlf (3)
= kpk k ‘ y
= % |:Z e,quapAa + bw,apaa - Z e“bvaa:| eHvpo
k=1 o

The first line is written in differential form notation, while the second is written with indices.
A’;, Bﬁ, and a, are 1-form dynamical gauge fields, and b,, = —b,,, is a 2-form dynamical
gauge field. u,v,p,0 = 0,1,2,3 are spacetime indices which are implicitly summed over.
k=1,2, s Tf indexes the different foliations. After quantization, we expect that N should
correspond to the level such that the appropriate lattice model is composed of Zy qudits.

The first term in the Lagrangian describes a (continuous) stack of 241D Z, gauge theories
for each foliation. The second term describes a 3+1D Zy gauge theory.” The third term couples
the 241D layers to the 341D gauge theory.

k

e, is static (i.e. nondynamical) and describes the foliation structure of space. The above

field theory is a foliated field theory since it couples to the foliation structure eﬁ instead of
e.g. a metric g,,, to which most field theories couple. When we want to describe the foliation
structure eﬁ using a lattice model Hamiltonian, we will require that eI’j has no time component

and is constant in time:
615:0, 306520. (4)

In Sec.2.1.1, we show that the number of foliations n; greatly affects the mobility of the
charge excitations that couple to a,. Typical examples include are shown in Tab. 1. Lattice

models typically consider flat foliations, for which aue’; = 0. When ny < 3, it is convenient

to choose eﬁ = 651, where 55; denotes a Kronecker delta. Fig.1 (a) and (b) show foliation
examples where ny = 3 and ny = 4, respectively.

4 In Sec. 3.3.3, we explain how this field theory was derived.
> The first two terms of the Lagrangian utilize 2+1D and 3+1D Z BF theory L = ;’—nB AdA, which are continuum
descriptions of 241D and 3+1D toric code, as reviewed in Appendix A and B of Ref. [71].

6
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Table 1: Charge mobility (to be derived in Sec.2.1.1) and example models that can
be described by different numbers of foliations. It is expected [27] that n; = 4
foliations can describe Chamon’s model [3]. (The checkerboard model is equivalent
to two copies of the X-cube model [25], and can therefore be described by two copies
of the n F=3 foliated field theory.)

charge mobility planon lineon fracton fracton
example stack of anisotropic Chamon’s
lattice models | toric codes | lineon model [27] X-cube [37] model? [3]

The field theory has a subextensive ground state degeneracy, which we discuss in Ap-
pendix B.

2.1 Gauge Symmetry and Mobility Constraints

The most interesting aspect of foliated fracton theories is the mobility constraints on their
excitations, and that is what we study first. To study excitations, we must first couple the
Lagrangian to matter currents (J*, I#K j* and i*?):

L' =L— ) Jrkak = [Pkt —jta, —i""b,, . (5)
k k

The original Lagrangian [Eq. (3)] is invariant under the following gauge symmetries

A’;—>Aﬁ+8ugk+akeﬁ, au—>au+8ua—2(:kek,
k
k k k k
Bl — By + 03, x" + A, + Bef, buy = by + 30,4, — 38,4, (6)

where ¥*, X, o, Aus ak, and B are arbitrary functions of the space-time coordinates. It
is noteworthy that when b, is transformed by J,4,, BE also transforms; similarly, a,, also
transforms when A’; is transformed by J,{ k. This results from the third term in Eq. (3), which
strongly couples the A’; and b, fields.®

When we require that L’ is invariant under these gauge transformations, we have to impose
constraints on the currents:

8,1k & —kjt, 8,i* Zo0, ekyik Lo, %
kX o A k kpuk £
" Lo, RIS L ekIMk £ 0. ®)
k

The symbol over each equality sign above denotes which gauge transformation imposes the
constraint.

® As explained around Eq. A12 (and 12) of Ref. [71], the gauge transformations of BF-like field theories can
be derived from the equations of motion for the currents [Eq. (11) and (12)]. The mixing of a, and A’; (and also
b,, and BZ) fields under gauge transformations can then be thought of as resulting from the fact that the currents
also mix the gauge fields. In the lattice model [Sec. 3.3], this mixing corresponds to Hamiltonian terms that mix
link and plaquette operators.
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2.1.1 Fracton/Charge Mobility

Let us now consider the constraints imposed on the currents J* and j* in Eq. (7). We refer
to j* as a charge current, and J*¥ as a dipole current, for reasons that are explained below.
When there are at least three (linearly independent) foliating layers (n; > 3), then j* will
correspond to a fracton current while J*¢ will describe a planon current.

9,j" = 0 tells us that the charge current j* must be conserved. However, J,,J pk — —eﬁ jH

implies that for a given foliation k, the divergence of J** must be equal to minus the amount
of charge current passing through the foliation k. This implies that the J*¥ current can be
converted into a dipole of charge current j*.

As an explicit example, if a stack of yz-planes is one of the foliations, e.g. if e; = 5;, then
the following currents satisfy the continuity current constraints [Eq. (7)]:

j* =-0(t)3,6°(x)55 + 5(t)5°(x)5%,

JH = e(—t)53(x)s", ©
where © is the Heaviside step function, which obeys 8,0(t) = 6(t). The above currents de-
scribe a particle of J#! current being transformed (at time t = 0) into an x-axis dipole of j*.”
Therefore, it makes sense to call J** a dipole current since it can be interchanged for a dipole
of charge current j*.%

eZJ #k = 0 implies that for each foliation k, the dipole current J** must be orthogonal to
eﬁ, which means that the dipole current is constrained to only move along a layer.

Let us now consider the charge current j* in more detail. Recall that J,,J pk — —eﬁ j* implies
that for a given foliation k, the amount of charge current passing through the foliation k must
equal the divergence of the dipole current J*¥. Therefore, in order for charge (j*) to pass
through a foliation layer k, dipoles (J*¥) must be created or absorbed, as depicted in Fig. 3.

If we do not allow the creation of additional particles, this implies that the charge current j*
can not pass through foliation layers. If space is foliated by at least three linearly independent
foliations, then this implies that the charges are immobile fractons. With only one or two
foliations, the charges are planons or lineons, respectively, and as claimed in Tab. 1.

Alternatively, if we start with the vacuum, we can create four charges in the following way.
Create a dipole particle (sourced by (J**)) and two charges on opposite sides of a layer. The
dipole, which is a planon, can then move along the layer and decay into two charges elsewhere.
In this way, we see that charges can be created in groups of four, just like the fractons in the

X-cube model.

2.1.2 Lineon Mobility

Now consider the constraints imposed on the flux currents I** and i*”. We will see that I**
describes a conserved flux particle current; but the fluxes will be bound together into lineons,
which can only move along the intersection of two foliation layers. i*” will describe flux string
excitations which are less important due to their high energy cost.

oul #k — 0 implies that the flux I*¥ is conserved, while eﬁI #k — 0 says that for each foliation

k, the flux can only move along a layer. However, 9,i™ =Y, I kK tells us that the sum of flux

7 For t > 0, the electric dipole moment is given by p = f 'x==%.

8 We can translate Eq. (9) into the lattice model that we introduce later in Sec. 3. J*! = ©(—)5°(x)5} describes
an excitation of the plaquette term [Eq. (21)] for time t < 0. §(t)5%(x)5Y says that at time t = 0, we act with a A
operator on the plaquette, which annihilates the plaquette excitation, but creates two cube excitations [Eq. (20)]
on the two sides of the plaquette. The two cube excitations that exist for t > 0 are described by —9(t)3x53(x)5g .
In the dual coupled-string-net language, this corresponds to taking Fig. 8(c) to Fig. 8(b).
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Figure 3: A 2D slice of 3D space showing two foliations (red and blue). (a) When
in isolation, a charge (sourced byj*) cannot move through a foliation layer, which
results in the mobility constraints tabulated in Tab.1. However, a dipole J*! can
move along a red layer and be absorbed by the charge to move the charge to the
right, as depicted in (b).

currents (for the different foliations) must be equal to the divergence of the string current i*”.’

However, it costs a lot of energy to make large string excitations. Therefore, we can understand
the low-energy mobility restrictions of the particles by only considering small string excitations.
If we consider the simplest case of no string excitations, then i*” = 0, which implies that
0 = 8,i™ = >, I"k. Therefore, the sum of charge currents for the different foliations must
cancel. This implies that the only way a charge on one layer can move is if there is an opposite
charge moving along with it on an intersecting layer.

For example, if there are at least two foliations (n; > 2) and e"i =0 "j for k =1, 2, then the
following currents describe a lineon excitation at the origin:

M =—1" = 53(x)5}, . (10)

The lineon can’t move in the x or y direction because eﬁ[ vk = 0 forbids the I*! (or I*?)
current from moving in the x (or y) direction, and 8,i"* = Y, I** keeps the I"! and I*?
currents bound close together (in the absence of high-energy string excitations i*"). In other
words, I"* describes what would be a planon current (along the yz and zx axis for k = 1 and
2),but3,i"™ =731 kk confines these planons together into a lineon that can only move in the
z-direction.

2.2 Equations of Motion

The equations of motion for the foliated field theory [Eq. (3)] coupled to source fields [Eq. (5)]
are

k k A 2Tk a 27
e’ (=3,B; +byg) = FJH , e""P73,b, o et F]M’ 11
Bk 2T p 27T .
—e“"poelf)apA’; e FIUk’ etvre (apaa —ZeﬁAI;) = Fl’“’. (12)
k

k
By “EAZM”, we mean that the equality only holds as an equation of motion for the A* field, and
O

similar for the other equations.

9 Since i*” = —i** is an antisymmetric tensor with two indices, it describes the current of moving strings. For
example, if I** = 0, then i’° = —i" = §(y)&(2) (and all other i*” = 0) satisfies 9,i™ = >, I"* and describes a
motionless string excitation along the x-axis.


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043

Scil SciPost Phys. 6, 043 (2019)

The equations of motion for BX and b [Eq. (12)] can be thought of as imposing the string-
membrane-net picture [Eq. (18) and (19), or Eq. (15) ], which we introduce in the next section.
The equations of motion for A* and a [Eq. (11)] impose the dual string-net picture, which we
describe in Sec. 3.4.

3 String-Membrane-Net

After reviewing the string-net condensation picture of topological order in Sec. 3.1, we intro-
duce a string-membrane-net picture of foliated fracton order.

3.1 String-Net Review

In Ref. [73], Levin and Wen introduced a string-net condensation picture for a wide class of
241D topological orders. In this picture, the ground state is given by a weighted superposition
over allowed string configurations. In the string-net lattice models, the allowed string configu-
rations and weights are determined by some algebraic data known as a fusion category. Rather
than giving a detailed description of this class of models in terms of abstract algebraic data,
we demonstrate the construction through a simple example: the toric code, a lattice model for
Z, gauge theory.

The string configurations for toric code are given by coloring the edges of a 2D lattice with
Z,, variables. The coloring is “allowed" if the colored edges form closed loops. The ground
state wavefunction is given by an equal-weight superposition of all closed loop configurations:

0 —ho -

) =---+ + + + - (13)

. :

The resulting topological order is known as the quantum double of Z,, sometimes written as
D(Z,) [72].

One can specify a Hamiltonian (the toric code [72]) that realizes this wavefunction as its
ground state. One can arrive at the Hamiltonian by defining projectors that enforce the two
required conditions of the ground state wavefunction: (i) the strings form closed loops, and (ii)
all possible closed loops appear with equal weight. To keep track of the string configurations,
we place a qubit on every edge and identify the presence of a string with the qubit’s eigenvalue
under the Z operator (short-hand for 0*). If Z = —1 on an edge, then we say there is a string on
that edge. Condition (i) is enforced by requiring every vertex has an even number of strings
entering it, equivalently that A, = ]_[eev Z, (shown in Fig.4) has eigenvalue +1 on every
vertex. Condition (ii) requires all strings fluctuate and “condense”; this is done by adding a
term to the Hamiltonian that creates, destroys, and deforms closed strings. Such operations
are generated by the plaquette operator B, = ]_[eep X, (also shown in Fig.4), and thus the
ground state wave function must be a +1 eigenstate of B, on every plaquette. Hence the
Hamiltonian is given by a sum of commuting terms:

H==>B,— > A, (14)
p v

where the first sum is over all plaquettes, and the second is over all vertices. Violations of
these terms correspond to local excitations. For example, a charge excitation will have an odd
number of strings terminating at a vertex, violating .A,, while a flux excitation corresponds to
a violation of 5,,.

10
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Figure 4: A graphical representation of the two types terms appearing in the toric
code Hamiltonian [Eq. (14)]. We use a red cross to represent a product of four Z
operators on the edges around a vertex and a red zig-zag to represent a product of
four X operators around a plaquette.

3.2 String-Membrane-Net

Similar to the toric code example, we begin by introducing the allowed string-membrane-net
configurations as an ansatz for the ground state wavefunctions of a fracton model. We then
construct a lattice model by writing down a Hilbert space to keep track of these configurations
and a Hamiltonian that fluctuates over all allowed configurations. For a certain 3-foliation,
the resulting model is equivalent to the X-cube model (up to trivial degrees of freedom and a
local unitary), which we show in Sec. 3.3.2.1°

For expository purposes, we view the cubic lattice as a foliation of either R* or T3, depend-
ing on context. Following Refs. [24] and [70], we extend this model to any foliated 3-manifold
in Appendix A. The leaves (i.e. layers) of the foliation are given by stacks of xy, yz, and zx
planes. The edges of the cubic lattice correspond to the intersections of two leaves, while the
vertices are given by intersection points of three leaves, as shown in Fig. 1.

A string-membrane-net is given by specifying both a membrane configuration associated
with the plaquettes, and a string-net configuration associated with the leaves of the foliation.
Here, we focus on the case where the membranes and nets are labeled by Z, variables; see
Appendix A for the more general construction. Thus, a membrane configuration is specified
by an assignment of either +1 or —1 to each plaquette, indicating the absence or presence of a
membrane, respectively. For each leaf, a string configuration is specified by an assignment of
+1 or —1 to each edge in that leaf, which corresponds to the absence or presence of a string on
those edges. Since the edges always occur at the intersection of two planes, one must specify
a pair of Z, values on each edge to specify the entire string-net configuration.

Let M be the set of all possible membrane configurations and S be the set of all possible
string configurations residing on the leaves. A string-membrane-net (m,s) € M xS is “allowed"
if it satisfies:

leaves
dm= Z S and ds; =0, (15)
]

where £ runs over all leaves of the foliation, and s, is the string configuration on leaf £. The
first equation says that all edges with an odd!! number of strings (s;) must be attached to the
boundary of a membrane (dm). The second equation requires that the strings on each leaf

10 In Refs. [69] and [26], p-string condensation and loop condensation pictures of the X-cube model [37] model
were presented. Here, we present a similar picture using a string-membrane-net condensation. Our picture has the
advantage that it can be realized explicitly as an exactly-solvable lattice model, while the previous condensation
pictures were understood perturbatively. We achieve this by introducing quantum degrees of freedom on the faces
of the lattice to track the p-strings/loops in the previous condensation pictures.

1 Here, since there can be at most two strings on an edge, an odd number of strings means exactly one string.
In Appendix A, we consider lattice generalizations where multiple leaves can intersect along the same edge so that
there can be three or more strings on an edge.
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form closed loops (similar to toric code). These constraints are equivalent to the field theory
equations of motion in Eq. (12).

In analogy to the toric code, we now stipulate that the ground state wavefunction is given
by an equal-weight superposition of all allowed string-membrane-net configurations. Hence,
the (un-normalized) ground state wavefunction is given by:

allowed

W)= > |(m,s)). (16)

m,s

In a very similar way to Eq. (13), we can picture this (unnormalized) wavefunction as

|

I
+
+
+

[w) +-, (A7)

/

where the red, green and blue strings belong to the xy, yz, and zx planes, respectively. Edges
with a single string always appear at the boundary of a membrane, shown by the shaded purple
area. When two different-colored strings overlap on an edge, a membrane does not need to
terminate on the edge; one can imagine that there is an infintesimal membrane connecting
the two strings.

The excitations in this model correspond to configurations which either do not satisfy the
constraint [Eq. (15)] or are not equal-weight superpositions of all possible nets. Before de-
scribing the various kinds of excitations, we first define a Hamiltonian.

3.3 Lattice Model

We now define a Hamiltonian whose ground state is exactly given by Eq. (17). We first intro-
duce a Hilbert space that allows us to keep track of the string-membrane-nets. We place one
qubit on each plaquette p and identify the presence of a membrane with the eigenvalue under
Zy. If Z, = —1, then a membrane is present on plaquette p. Each edge lives at the intersection
of two leaves and therefore requires two qubits to keep track of the string configurations com-
ing from the two leaves. It is convenient to denote the operators acting on this Hilbert space
with a superscript that indicates which layer they belong to. For example, an edge e parallel
to the x-axis will have two Z operators denoted Z* and z2 . If Z7* = —1 then we say there is
a string present the edge e where the string belongs to an zx plane.

The Hamiltonian has four types of terms. The first two enforce the condition that we
have an allowed string-membrane-net. The latter two give these string-membrane-nets dy-
namics and require the ground state is an equal weight superposition over all allowed string-
membrane-nets.

Let’s first look at the terms that force each layer of the foliation to have a valid net. This is
done by the familiar vertex term from the toric code, but applied to every leaf:

A Ay Az
Hyere = _Z 74 + + (18)
v

=—> [ZXYAZXYAZXYAZXYA 47V 7 7 gV 4 giX g gmx g ]
v

V+HXTv+y T v—Xx"Tv—y v+y T v+ v—y T v—2% v+ T+ Tyv—xTv—2
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where a colored edge corresponds to a Z operator acting on that edge in the plane denoted
by the superscript of A,. In the second line, we have written out the operators explicitly.
The Hamiltonian is a sum over all vertices (Zv), and at each vertex we have a cross operator
oriented in one of three directions. The cross operator is a product of four Z operators neigh-
boring the vertex. fo’rx denotes a Z* operator on the edge in the +x direction from the vertex
v.

We now define the terms enforcing the constraint dm = ».;s,. This constraint can be
implemented by requiring that the number of membranes whose boundary coincides with a
given edge is equal to the number of strings on that edge modulo two. Hence,

x-edge fL y-edge z-edge =
Huge==), === =D - (19)
e e .ZE €
x-edge y-edge
_ zx 7 5 5 Xyyyiy 7 7 7
= — Z Ze Zé(yze_l_yze_,_ﬁze_yze_ﬁ - Z Zeng’ Ze+che+£'Ze—>”cZe—ﬁ
e e
z-edge

- Z ZgZZeZXZe+)%Ze+§/Ze—che—j/'
e

The colored lines denote Z operators acting on the edges from the appropriate leaves, and the
purple squares denote Z-operators acting on the plaquettes adjacent to each edge.

We now add terms to the Hamiltonian that force the ground state wavefunction to be an
equal weight superposition of the allowed string-membrane-net configurations. We do so by
adding terms to the Hamiltonian that fluctuate and condense the allowed string-membrane-
nets by creating, destroying, and deforming the strings and membranes. These are generated
by two types of terms. The first wraps a membrane over a cube and is given by,

Hyo = _Z B, = _Z l_[XV > (20)

c ; ¢ pec

where the orange sheets represent the action of an X operator on the corresponding plaquette.
]_[pec is a product over the six plaquettes around the cube c. The second type of term lives on
the plaquettes in the xy, yz, and zx planes, and is given by,

xy-plane yz-plane & zx-plane
Hyog == 2, -2 s -2 s @
p p . p
xy-plane yz-plane zx-plane
- 2 Xy _ e vz __ e zX
SRS JEERS YA L WA
p ecp p e€p p e€p

We have used a notation where a red, green, or blue squiggly line denotes a Pauli X*¥, X¥*, or
X operator on that edge, respectively.

13


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043

Scil SciPost Phys. 6, 043 (2019)

(a) (b)

Figure 5: (a) A lineon excitation: two different-colored strings that end at a point.
(b) The lineon can only move in a straight line since if its path bends, another lineon
excitation is left behind at the corner. This occurs because the red string cannot
follow the blue string in the z-direction as the red string is not allowed on edges in
the z-direction. The green string is then necessary to avoid excitations of the edge
term [Eq. (19)]. But an excitation remains at the corner since the red and green
strings both have endpoints there.

Altogether, the Hamiltonian is a sum of four types of terms'?:

H = Hyert + Hegge + Hplag + Hyol - (22)

plaq

Next, we describe the excitations found by violating various subsets of these terms.

3.3.1 Excitations

In this subsection, we analyze the excitations of the string-membrane-net model.

Let us first consider the string-membrane-net configuration in Fig. 5(a), which shows two
overlapping strings along a straight line. The strings end at a point, which violates the closed
string constraint [Eq. (18)]. This excitation is a lineon excitation (equivalent to the one in the
X-cube model [37]). Lineons can only move along straight lines. If the lineon tries to turn a
corner, it will leave behind another lineon excitation at the corner, as shown in Fig. 5(b). If the
two different-colored strings try to separate, this will violate the edge term in Eq. (19), which
requires that single strings are attached to membranes.

A pair of lineons can form a planon, which can move along a two-dimensional plane. This
scenario is depicted in two different ways in Fig. 6.

Excitations of the cube operator [Eq. (20)] correspond to fracton excitations, which are
immobile in isolation. In the string-membrane-net picture, fracton excitations correspond to
string-membrane-net configurations where negative amplitudes are present in the wavefunc-
tion [Eq. (17)]. The fracton excitation is easier to understand in the dual coupled-string-net
picture, which we discuss in Sec. 3.4.

A pair of adjacent cube excitations (often called a fracton dipole) is a planon, which can
move in the 2D plane straddled by the pair of cubes. This excitation is equivalent to one which
only violates the plaquette straddled by the adjacent two cubes [Eq. (21)].

3.3.2 Equivalence to X-cube

In this subsection, we show that the low-energy physics of the string-membrane-net model is
equivalent to that of the X-cube model [37] by explicitly constructing a local unitary circuit
that maps between the two models. In Appendix A, we carry out a similar mapping of the

12 For reference use, we show all of the terms together in Appendix D.
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/ | / | /

(a) (b) ()

Figure 6: (a) A pair of displaced lineons at the two endpoints of the red/green
strings. The pair of lineons is a planon, which can move along a two-dimensional
plane. This is because, as shown in (b), they can turn a corner (without leaving any
excitations behind) by exchanging a blue/green lineon. (c) A string-membrane-net
configuration that is equivalent to (b) and can be obtained from (b) by applying the
string-membrane fluctuation operators in Eq. (21).

S
.
@D

(a) (b) (c)

Figure 7: The three components of the unitary transformation given in Eq. (23). The
solid dot in the center of each plaquette represents the control qubit for the target
qubits on the edges.

)

once and twice foliated string-membrane-net model on a cubic lattice and show that they are
equivalent to a stack of toric codes and the anisotropic lineon model [27], respectively.
Consider the unitary circuit

xy-plane yz-plane zx-plane
u=| I Tlex®|l TT1Tex |l T11]]ex]- (23)
e€p e€p e€p

p p p

The components of this unitary are depicted graphically in Fig. 7. ;X is the controlled-X gate
that applies a Pauli X operation to qubit j controlled by the state of qubit i, i.e. if Z; = —1.
C;X; can also be defined by the following commutation relations:

(CX)X;(CX) =X, (CX)X: (CX)) =XX;, (24)
(CX)z(Cx)' =2, (CX)Z;(CX)) =2,Z;.
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The unitary U acts on the string-membrane-net Hamiltonian [Eq. (18)-(22)] as follows:

UHyernU" = Hyert (25)
x-edge y-edge z-edge
UHeqqeU' =— > 2529 — 7 z92¥*— " 7¥°72%, (26)
e e e
o' == 315 =~ (%[1x). “
¢ pec ¢ pec e€p
xy-plane yz-plane zx-plane
UHppoU == > X,— > X,— > X,. (28)
p p p

In Eq. (27), k(p) denotes the xy, yz, or zx plane parallel to the plaquette p.
Since Eq. (26) and (28) are sums of terms that each only act locally on a single edge or
plaquette, we can view these terms as local constraints that impose
7579 =1, 7977 =1, 7Vz% =1, X,=1. (29
After imposing these constraints, we are left with a Hilbert space consisting of one effective
qubit per edge. The two operators on each edge can be then be mapped to a single operator
as follows:

9 7, Z% ' Z,, XZXY > X, (30)

for an x-edge e, and similar for y and z-edges.
Within this subspace, we recover the X-cube Hamiltonian from Eq. (25) and (27):

UHU" —Hy cype (31)
=— Z [ZV-H?ZV-U”/ZV—J?ZV—}? + Zv+j/Zv+£Zv—j/Zv—£ + Zv+)”<Zv+z°Zv—f(Zv—f2] - Z l_[Xe .
v

c e€c

In Eq. (29), we imposed local constraints on the Hilbert space. This is allowed since we
are only trying to show that the string-membrane-net model is in the same phase (as defined
in Ref. [59]) as the X-cube model. That is, one can interpolate between the string-membrane-
net and X-cube models without passing through a phase transition. If we did not impose the
constraints, then we would just be adding trivial gapped degrees of freedom to the X-cube
Hamiltonian.

3.3.3 Connection to Field Theory

We can make a connection between the lattice model and field theory in the same style as
Ref. [71]. See Appendix A of Ref. [71] for the analogous connection between toric code and
BF or Chern-Simons theory.

We begin by assuming a rough correspondence between fields and Pauli operators:

ZekNexp(ifAk) , Xffvexp(ika),

é e

Zp ~ exp (1J a) s )?p ~ exp (1f b) . (32)
p p

Zi‘ and X f are the Pauli operators on the edges e of a cubic lattice where k labels the different
foliations. In this section, we continue to use k = yz,zx,xy as an informal version of the
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k = 1,2,3 labelling of the foliations on a cubic lattice. Zp and )?p are the Pauli operators on
the plaquettes. The integrals in Eq. (32) denote small integrals over the appropriate edges e,
dual (on the k-plane) edges é, plaquettes p, and dual edges p that are dual to the plaquette p.

To make a connection to the lattice Hamiltonian, we expand the Lagrangian [Eq. (3)] by
separating the time and space parts of the index contractions:

N
L=+ Py (ZeﬁB'gaoA'é + ba,,aoac)eabc
k

conjugate fields

N N
k k k b b
+ Ek Ay _2756‘1(_ OpB; + bbc)ea “+ag _2na“bb“6a ¢

~ (33)
JOk jo
N k 4k _ab k N ka ak_ab
+2b0a g(abac—;ebAc)ea C_;BO %eaabAcea c ,
-
~~ —J0k

0a

where we have made use of the fact that e* is closed [Eq. (2)] and eé = 3Oeﬁ =0 from Eq. (4).
The a, b,c = 1,2,3 superscripts and subscripts denote spatial indices (which should not be
confused with the @, and b, fields).

The first line in Eq. (33) implies that A and B are conjugate fields and that a and b are also
conjugate fields. More precisely, if e.g. e(ll = 6(11 (where 6% denotes a Kronecker delta), then
B} and Aj are conjugate fields, and similar for B and A.!

The last four terms are Lagrange multipliers (A’(‘), ag;, bogs Bé) multiplied by expressions that
are equal to the equations of motion for the current densities (J, j°, i%, 1°%) in Eqs. (11)
and (12). When the Lagrange multipliers are integrated out, this results in a constraint that
all of these currents are zero. Nonzero currents correspond to excitations. Therefore, the
Lagrangian [without coupling to currents in Eq. (5)] describes the ground state Hilbert space
with no excitations. Roughly, nonzero currents correspond to excitations of the following
operators in the lattice model:

Bk~exp(ifJ0k), grvexp(ijjo),
A~ exp (1J ioa) , A ~ exp (1[ IOk) . (34)

The integrals above integrate over small spatial regions.
For example, we can view the right-hand-side of the below equation as a continuum version
of the I3 operator on an zx-plane plaquette when k = 2:

B, ~ exp [1J e": (8be + bbc) gabe ] s when k = 2 and eg = 52. (35)

v
Jok NBk

B is a product of X* operators on the edges around a zx-plane plaquette and an X operator at
the center of the plaquette. es 3beeabC gives the curl of BX in the y-direction for k = 2 (since

eg = 53), which corresponds to a product of X** operators around a zx-plaquette on a lattice

13 A simple example of similarly conjugate variables is the Lagrangian for a single Harmonic oscillator where x

and p are conjugate variables: L = p 3,x — 3p* — 3x%

17


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043

Scil SciPost Phys. 6, 043 (2019)

[since X** ~ exp (1f Bkzz) in Eq. (32)]. e’;bbC corresponds to an X operator at the center of
the plaquette.

We actually originally derived the foliated field theory by making use of the above connec-
tion. That is, we first wrote down the string-membrane-net model, and then used relations
like Eq. (35) in order to systematically discover the field theory.

3.4 Dual Coupled-String-Net Picture

The string-membrane-net picture also has a dual coupled-string-net picture. In this dual pic-
ture, we replace the membranes on the direct lattice by strings on the dual lattice. We refer to
the strings dual to membranes as “3D strings". Similarly, on each leaf we dualize the strings
on the direct square lattice to strings on the dual square lattice. We refer to strings on the
2D leaves as “2D strings". In this dual picture, if X = —1 (instead of Z = —1) on a edge we
say there is a string on that edge. Thus Egs. (20) and (21) become constraints for the dual
coupled-string-net picture. The constraint in Eq. (20) says that the dual 3D strings on the
dual cubic lattice must form closed loops. The constraint in Eq. (21) says that the number of
dual 2D strings meeting at a vertex from each leaf must equal the number of bulk 3D strings
transverse to that vertex modulo two. Egs. (18) and (19) provide the nets with dynamics and
force the ground state to be an equal-weight superposition of all possible nets satisfying the
constraints.

In a nutshell, in the dual picture, we have strings on the 2D leaves, and strings describing
the 3D toric code; but the 3D toric code strings have to be bound to the endpoint of a 2D
string whenever it passes through a layer. This results in a nice picture for the ground state
wavefunction:

The purple 3D strings live on the dual cubic lattice and must always form closed loops. The
colored red, green, and blue 2D strings live on the dual square lattice within each leaf. A
plaquette can be penetrated by a purple string if and only if a red, green, or blue string ends
at the plaquette. This model is equivalent to the string-membrane net, but written in terms of
the dual variables.*

3.4.1 Fracton Excitation

These dual variables give a nice picture of the fracton excitation, and the fracton dipoles. In
Fig. 8(a), we see that fractons are given by the nets that don’t satisfy the closed loop condition
of the dual 3D toric code strings. In Fig.8(b), we show a fracton dipole, which is mobile in
the plane transverse to the dipole moment. Two of these dipoles can be created locally from
the vacuum, which shows that fractons can be created in groups of four, just like in the X-cube
model. In Fig.8(d), we show a gauge-equivalent'® planon given by a 2D string that is not
bound to a 3D string.

14 The coupled-string-net picture can also be viewed as a “p-loop condensate" [69] where the p-loops are given
by closed loops of toric code vertex excitations from each layer, rather than plaquette excitations as originally
presented in Ref. [69].

15 In this context, the gauge transformation is generated by the operators that fluctuate the strings: Egs. (18)
and (19) after dualizing the edges and plaquettes, as explained at the beginning of Sec. 3.4.
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(@) (b) (c) (d)

Figure 8: (a) An open string (dual to the membranes), which corresponds to a fracton
excitation. (b) A fracton diople given by two fractons seperated by a plane. It is
mobile in the plane orthogonal to the green strings and is therefore a planon. (c) A
fracton dipole that differs from (b) by only local excitations. (d) A planon given by
an open string in a 2D plane. This is an equivalent excitation to (c) since both break
the constraint that a plaquette can be penetrated by a purple string if and only if a
red, green, or blue string ends at the plaquette.

4 Conclusion

We have introduced a new foliated field theory and string-membrane-net model of foliated
fracton order. The field theory and lattice model (after generalization in Appendix A) both
seem to be capable of describing all currently-known abelian foliated fracton orders, such as
the ones shown in Tab. 1.

The novel fracton physics of the foliated field theory results from the static foliation space-
time structure, which is described by the foliation fields eﬁ. This is in contrast to most other
field theories which couple to a Riemannian metric g,, (e.g. U(1) Maxwell gauge theory
L=—3;g""g"F,,F,, where F,,, = 8,A, — 3,A,).

It is interesting to note that a foliated field theory can result from a singular limit of the
tetradic Palatini field theory of gravity, which we elaborate upon in Appendix C.

A Chern-Simons-like term, which is somewhat similar to the first term of the foliated field
theory, also occurs in the topological response of Weyl semimetals [75].

4.1 Future Directions

4.1.1 Quantization

One issue that we have left open concerns how to properly quantize the foliated field theory.
(The field theory in Ref. [71] also has this issue.) For instance, the field theory naturally
describes a continuum of infinitesimally spaced layers along each foliation. But if there is a
continuum of layers, it is not clear how to interpret integrals of the foliation field fp ek (Fig. 2).

Note that the integral fp ek is dimensionless if we take e to have units of inverse length, and

it is therefore tempting to interpret noncontractible integrals 55p ek as an integer number of
layers. But this does not make sense if there is a continuum of layers. The tendency for a
continuum of layers can be seen from Eq. (77), which describes a continuum of degenerate
degrees of freedom in the ground state Hilbert space. One could also consider the braiding
statistics of the particles (e.g. as in Ref. [71]), and see that there is a continuum of planon
particles with nontrivial braiding.

In Appendix B, we show that introducing a cutoff can be used to calculate a finite ground
state degeneracy. However, the cutoff methods used in Appendix B was not rigorous. It would
be desirable if the ground state degeneracy could be calculated more rigorously.
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4.1.2 Lattice Model Generalizations

The string-membrane-net picture developed here suggests a generalization by coupling a
(34 1)D TQFT to layers of (2 + 1)D TQFTs. This could be achieved on the lattice by coupling
a generalized Walker-Wang model [76-78] to layers of string-net models. This construction
includes models equivalent to the recently introduced cage-net models [32]. The construction
can also be viewed as a 3D TQFT with 2D defects, which could provide a possible framework
for the future classification of fracton phases. We plan to elaborate on these directions in a
forthcoming work.

4.1.3 Field Theory Generalizations

One could also imagine generalizing the foliated field theory. For example, we could introduce
another 3+1D Zy gauge theory and couple it to B¥ instead of A:

— N k k k / / k k ’ k
L_%[Zk:e AB*AdA*+bAda+b Ada —Zk:e A(bAA"+d ABY) | (37)

In the above, a’ is a new 2-form gauge field, while b’ is a new 1-form gauge field. It is not
clear if the above Lagrangian can be described by an exactly-solvable lattice model of qubits
using the method in Sec. 3.3.3. One could also consider further generalizing the Lagrangian
by adding M;;, N;, and P;; matrices and vectors as follows:

1 k k k k k
L——EMe/\A/\dA+ENb/\da—EPe/\b/\A. 38
27T|:1Jk J I J : 191 I £ 1J I J (38)

Studying these Lagrangians would be an interesting direction for future work. These La-
grangians may be capable of describing the (abelian) twisted fracton lattice models [31,41].

4.1.4 Dynamical Foliations

The field theory allows us to consider dynamical foliations; i.e. we can consider integrating
over all configurations of the foliation field eﬁ. This can be done by adding an additional

term with a new gauge field f;fv to the Lagrangian L [Eq. (3)] in order impose the torsion-free
constraint [Eq. (2)]:

N
L= eIk a,e) . (39)
k

We emphasize that we are now considering both f:v and eﬁ as dynamical gauge fields that are
integrated over in the path integral. L+L’ is not a foliated field theory. Instead, it appears to be
a topological quantum field theory (TQFT), similar to the ones studied in e.g. Refs. [79-81].
However, L+L’ does not appear to fit into the framework of these works since e.g. the foliation

form eﬁ does not appear to have a gauge symmetry of the form eﬁ — eﬁ +9,& k. even when

the other fields are also allowed to transform under &X.

4.1.5 More General Foliations

In the math community, it is known that a 1-form foliation field e actually only needs to satisfy

de=eAf (40)

for some 1-form 3. In many simple cases, 3 can be chosen to be zero, which we assumed
in Eq. (2). But in some exotic cases, § must be nonzero [82,83]. In fact, the cohomology
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class of B A df is an invariant of the foliation, which is known as the Godbillon-Vey invariant
[84,85]. We leave for future work the generalization of the foliated field theory to foliations
with nonzero f3.
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A Generalized String-Membrane-Net Model

In this appendix, we extend the string-membrane-net model introduced in Sec. 3 to include
more general lattice geometries with Zy membranes in the 3D bulk and abelian Zy,, strings
on each leaf. The model is defined on a 3D lattice of vertices, edges, and plaquettes, together
with a specified set of layers £ in the lattice.

More formally, the model is defined on any sufficiently-nice'® cellulation C of 3D space
with a specified family of sufficiently-nice!” cellulated 2D layers £ C C, embedded in the 2-
skeleton C, of C. In many cases of interest, the layers ¢ are the leaves of a foliation. We
furthermore require that the edges in the 1-skeleton K; are directed, and that an orientation
of the total 3D space, as well as all 2D layers, has been specified.

The Hilbert space is given by a Zy qudit on each plaquette and a Z;, qudit on each edge
of each layer (i.e. an edge has a qudit from each layer that contains it):

H=)c¥ QR cM. (41)

peC L el

In the above equation p runs over plaquettes in C, £ runs over layers, and e runs over edges
in the {th layer. Similar to the main text, Z, and X, Pauli operators act on the plaquettes p,
and Z,, and X,, act on the edge e from layer ¢.'® The nontrivial commutation relations are

5% _ omiNT
Zpo—e m Xpr, 42)
Z,X, =e*™Mx 7

e;“rep T e ey

The Hamiltonian is roughly given by coupling together a 3D Z, toric code on the cellulation
C with a 2D Z,, toric code on each layer . To define such couplings, we take as input an

16 We require a regular CW complex [86] partitioning space into cells, isomorphic to open balls, such that the
boundary of any cell contains a finite number of lower dimensional cells, and any cell only appears in the boundary
of finitely many higher dimensional cells.

17 We assume that each layer is also a CW complex embedded into C, which allows the layers to intersect one
another, but not themselves. Generalizing to the case of self intersections along edges is straightforward. Unlike
Refs. [24,70], we allow more than two layers to intersect along an edge and more than three layers to intersect
at a vertex.

18 Similar to the main text, there can be multiple qudits on an edge, which are distinguished by the layer they
belong to. In the main text, we used a superscript to denote which foliation the qudit acts on; in this appendix, we
instead use a subscript for the edge label so that we can reserve the superscript for multiplicative powers.
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integer n, for each layer such that

Tl[Mg = m[N mod M(N, (43)

for some integer m, so that the terms in the resulting model commute with each other.
Let us elaborate on the origin of Eq. (43). We want to allow a subset of the Zy membranes
to terminate on the Zy, strings. Let this subset be determined by a map

G Zy, = Ly, (44)

so that if x € Zy, labels a string residing in layer ¢, then it must live at the boundary of a
membrane labeled by ¢,(x) € Zy. The map ¢, is not arbitrary, but must be compatible with
the fusion rules of the strings and membranes. In particular, the trivial membrane can always
terminate on the trivial string, which implies that ¢,(0) = 0 mod N. More generally, we
must have ¢,(a) + ¢,(b) = ¢,(a+ b) mod N. These two relations tell us that ¢, is a group
homomorphism.'® The kernel of this group homomorphism is composed of the strings in Z,
that do not need to be attached to a bulk membrane. The image of this group homomorphism
is composed of the membranes that are allowed to terminate (on an appropriate string).
Similar to Eq. (22), the Hamiltonian is given by>°

H=H vert T Hedge +H plaq + Hvol 5 (45)

with Eq. (18)-(21) generalized as follows:

ZZ]_[ZQ +h.c. (46)

vel 39‘/
b —— S T2 T2 + e @)
e (e poe

Hpaq=— ), 2 X0 | | x5 +he., (48)

{ pel ecp
3-cells o
Hoa=— > [ [%" +he. (49)

c pec

0'2 = =1 is 1 if the orientation on a matches the one induced by b. By convention, we take
all vertices to be positively oriented, which means that o} = 1 if e is directed towards v; but
this choice does not affect the Hamiltonian. “h.c.” denotes the Hermitian conjugate of the
preceding terms. e, denotes the qudit on edge e of the layer £, p denotes a plaquette, and ¢
denotes a 3-cell (i.e. a volume enclosed by plaquettes). v € £ denotes a vertex in the layer £.
¢ > e denotes a layer that contains the edge e. e € p denotes an edge e at the boundary of
the plaquette p. p > e denotes a plaquette p that has the edge e at its boundary. e € £, p € £,
p €c,e>vand p € ¢ are similar.

19 Specifying a group homomorphism is equivalent to Eq. (43) because, in order to be a homomorphism, ¢,
must satisfy ¢,(M;) = 0 where ¢,(x) = n,x mod N; this implies that n,M, = m,N for some integer m,, which
satisfies Eq. (43).

20 When some of the layers have noncontractible loops with length that does not diverge with system size, the
model can have some ground state degeneracy that is not robust to perturbations. This non-robust degeneracy
results from the finite-sized (and therefore not robust) logical operators around these finite-sized noncontractible
loops. To lift this non-robust degeneracy, additional terms can be added to the model, similar to case for the X-cube
model (see e.g. Fig. 4(b-c) of Ref. [70]).
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A.1 Examples

In this subsection, we consider some examples of the string-membrane-net model and show
that they map onto previously known models for certain simple foliations. In Sec.3.3.2, we
showed that the string-membrane-net model maps to the X-cube model for n; = 3 orthogonal
foliations. More generally, when there are ny = 3 orthogonal foliations with M, = N and
my, = n, = 1, the model is equivalent to Zy X-cube [26]. Another simple example is obtained
by setting m, = n, = 0, in which case the model reduces to a 3D Zy toric code and decoupled
layers of 2D Z,, toric codes.

A.1.1 Planon model (nf=1)

In this subsection, we show that a cubic lattice with a single (n; = 1) foliation given by a
stack of xy planes with M, = N = 2 and m; = n, = 1 [defined in Egs. (42) and (47)-(48)] is
equivalent to a stack of decoupled 2D toric codes.

The Hamiltonian for this 1-foliated string-membrane-net model is given by the following
terms:

AP
1) _ Z XY XY X Xy
Hvert__z ZZv+va+y V— va—y (50)
v

x-edge A, y-edge z-edge k&

Hae==2, —— -2 A -2 (51)
A
x-edge y-edge z-edge
Y 2SS s.
e poe p>e e p>e

xy-plane xy-plane

M =~ 2, - 2 B[ 52)

H)=->" |& =>TI%. (53)

c , ! c pec

In the above equations, we have used the same graphical notation as in Sec. 3.
In order to map the model to decoupled layers, we consider the following unitary operator

xy-plane yz-plane y-edge zx-plane x-edge
o (T e ) (T e )(T1 THew). 0

e€p e€p e€p

where C,X, are controlled-X gates, as defined in Eq.(24). The first term is depicted in
Fig.7(a). The second term is a product of controlled-X* gates acting on the two neighbor-
ing y-axis edges of each yz-plane plaquette. ZZS &

neighbor the plaquette p. The third term is similar.

is a product over the y-axis edges e that
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The above unitary acts on the 1-foliated model as follows:

UHGU' == 3 = =3 2 2 2 [1 % [ % o9

pav+2 pav—2

x-edge y-edge z-edge
M
UH U =— > 79— Z zv->"11%. (56)
e e Dp3e
xy-plane
) 4
UH ) U = Z X, (57)
1)
vH)U" = Z [1%- (58)
¢ pec
In Eq. (55), v +£ denotes the edge in the +£ direction from the vertex v, and ]_[pav 44 denotes

the product over all plaquettes p that has the edge e = v + 2 at its boundary.
The above Hamiltonian contains terms that act on single edges and plaquettes. Following
Sec. 3.3.2, we view these terms as local constraints that impose

Z:;y =1, Xxy-plaquette =1. (59)

This leaves us in a subspace where only the plaquettes in the yz and zx planes are not frozen
out.
On this subspace, the Hamiltonian is mapped to

z-edge

UHOUT =" . =D : —> e | (60)
4 e

C

z-edge yz-plane zx-plane
:_Z l_[ Zp l_[ Zy — Z l_[ZP_Z l_[ Xp l_[ X
vV pav+zZ p'ov—2 e pde c pec pEC

The third term is a sum of products of )?p operators on two yz planes and two zx planes
neighboring each cube c¢. This Hamiltonian has the same ground state as a stack of 2D toric
code Hamiltonians. The second and third terms behave as 2D toric code cross and plaquette
operators (Fig.4). The first term just changes the energies of the excited states.

A.1.2 Lineon Model (nf =2)

In this subsection, we show that a cubic lattice with ny = 2 foliations along the yz and zx
planes with M, = N = 2 and m;, = n, = 1 [defined in Egs. (42) and (47)-(48)] is equivalent
to the anisotropic lineon model in Ref. [27].
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The Hamiltonian of this 2-foliated string-membrane-net model is given by

(61)
v
— yz yz yz yz
==& anal 2l 2R N
>
x-edge A, y-edge z-edge Ae
@ __ S _ 1 _
== 3, Yowmeo -y | @
e e i e
x-edge y-edge z-edge
B T N I § O P g O
pe pe pe
@) yz-plane F zx-plane
2
Hia=— 2, {65 — 2, § & (63)
p S p
yz-plane zx-plane
== 2 %] - 20 %] X
P ecp p ecp

HY ==, |& =>T1%. (64)

c . } c pec

where we have used the same graphical notation as in Sec. 3.
In order to map to the lineon model, we consider the following unitary operator

xy-plane y-edge x-edge yz-plane zx-plane
U= ( [T TTcx? ] cpxjx)( [T I ng)( [T 1I1e ij) , (65

p e€p ecp ecp e€p

where CpX, is defined in Eq. (24). The first term is a product of controlled-X¥* and controlled-
X gates acting on the two y-axis and two x-axis edges that neighbor each xy-plane plaquette,
respectively. Z:; & is a product over the y-axis edges e that neighbor the plaquette p. The

second and third terms are depicted in Fig. 7(b-c).
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The above unitary acts on the 2-foliated model as follows:

) 7t =
UHZD U == I + L
v
— yz Yz 5yzZ yz = 7 7 7
=— Z [Zv+yzv+gzv_yzv_gzv+&+yZv—;%+yZv+;%—yZv—;%—y (66)
v
+ZfiycZjigz‘fifcZ‘fiﬁzvﬂ”c+j/Zv—fc+j/Zv+fc—j/Zv—fc—}"/:| ’
x-edge y-edge z-edge
@) 7t =
UHG U == > Z2%= > 2= > 227, 67)
e e e
yz-plane zx-plane
@ i = 5 5
UHP U =— > X,— > X, (68)
p p

§

P ' v z-edge
vHAU" == $:.84 ¢ = >TI% [ ] x> (69)
vol 4: 4: P ete”
c < < ¢ pec eec
< <
< 4

In Eq. (69), ]_[z:fge is a product over the four z-edges e around the cube c.
Again we follow Sec. 3.3.2 and treat the terms acting on a single edge or plaquette as local
constraints:

— yz — yz — YyZ — YIZX
Z)f_’;dge =1, VAN =1, Zz_edgeZZZ_’;dge =1, X;’Z =1, X;X =1. (70)

This freezes out the x and y edges, yz and zx plaquettes, and leaves one qubit for each xy
plaquette and z edge, which we identify via the following mapping:

yz
Z - Zz-edge ) z

ZX Xy
z-edge z-edge - Zz-edge ’ X X dge = Xz-edge : 71)

z-edge“ z-e

Within the subspace satisfying these constraints, the Hamiltonian is mapped to

UHP Ut ——2 Z @ — Z c (72)
v C

xy-plane z-edge

=_ZZZv+£Zv—£Zv+fc+f/Zv—)”c+§/2v+fc—f/2v—fc—j/_Z l_[ X, l_[ Xes
v

¢ pec eec

where ]_[?;flane denotes a product over the two xy-plane plaquettes on the boundary of the
cube c. There is only one flavor of qubit per z-edge, so the color of the z-edges in the graphical
notation is not important. This Hamiltonian is equivalent to the anisotropic lineon model

introduced in Ref. [27].

B Ground State Degeneracy

Similar to Ref. [71], a finite and subextensive ground state degeneracy of the foliated field
theory can be calculated by adding a cutoff to describe the spacing between the foliating layers.
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Let us consider a 3-torus with coordinates 0 < x <[, 0 <y <[, and 0 <z <[, and
periodic boundary conditions. We shall consider a flat 3-foliation described by

ek = ZX gk (73)

for k = 1,2,3 where L, is an integer. This choice of foliation corresponds to a continuum
version of the X-cube model on an L, x L, x L, cubic lattice. On a periodic L, x L, x L, lattice,
the Zy X-cube model has degeneracy [46,71]

GSD = N2Lx+2Ly+2Lz_3 . (74)

We will now attempt to reproduce this expression from the field theory.
Fist, we must solve the equations of motion [Eq. (11) and Eq. (12)]. There are many dif-
ferent gauge choices; one choice is the following:

k ay kep ok N keo ok
Ay = 0(xM)qg(t, x*)—o(x*)o(x") 2 q.(t,y")+(a k),
yk
B = €***5(x")pj(t,x), (75)
a, =0,
bab _0’
1 k=2
q’;(t,O) = ps(t,O) =0foreachk=1,2,3andwitha=42 k=3 (76)
3 k=1

The solution is parameterized by functions ¢ a(t x¥) and p a(t x¥). We remark that q only
depends on two coordinates: time t and the spatial coordinate x. g and p are effectively
nonlocal fields that describe the ground state Hilbert space. They require a spatial coordinate
for parameterization because the degeneracy of the X-cube model increases with system size.
The constraint in Eq. (76) avoids a redundancy and is necessary to reproduce the —3 in the
degeneracy equation [Eq. (74)].

We can now plug the above solution [Eq. (75)] into the action S = f L [Eq. (3)]. The result
is

Iy
lkJ dx® ph(t,x*) 8,k (t, x5), (77)
k;éb

where 7, ,, sums over all 6 different choices of k,b = 1,2,3 such that k # b. If we ignore
quantization issues for the moment, then the above action describes the degenerate Hilbert
space of a degree of freedom for each k # b and x*, which would give an infinite amount of
ground state degeneracy.

In order to obtain a finite ground state degeneracy, one could consider imposing cutoff
lengths a; ~ i—’;{ in the x*-direction. x* can then effectively take £, /a; = L different values,
and Eq. (77) roughly becomes

S~—Z DT Pk XM k(e x"). (78)
k#bxk Oak (Lk—l)ﬂk

Eq. (78) effectively describes 2L, + 2L, + 2L, —3 many Zy qudits [where the —3 comes from
Eq. (76)], which matches the ground state degeneracy in Eq. (74). However, a more rigorous
derivation of a finite degeneracy (if possible) is left for future work.
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C Foliated Field Theory from Singular Tetradic Palatini Gravity

In this appendix, we note the interesting curiosity that the Tetradic Palatini action for gravity
results in a foliated field theory when linearized about a singuar field configuration.

The Tetradic Palatini action [87] is an alternative to the Einstein-Hilbert action of gravity
which has an advantage that it can be written nicely using differential forms. The Lagrangian
is

1 1
L= ﬁj €apys e*NeP AQYO = ﬁ E.U«VPO'GaﬁYE egegggi d4x, (79)
= Gul + gl ),

where u, v,p,0 =0,1, 2,3 are spacetime indices and a, 3,7,6 = 0,1, 2, 3 are internal indices,

which are both implicitly summed over. eg is called a frame-field and factorizes the usual

. . . . . . . 5 .
Riemannian metric tensor as g, = efjnaﬁ eﬁ where 7,4 is the Minkowski metric. Q%U is the

curvature of the non-abelian SO(3,1) gauge field wzﬁ , which wzﬁ is called the spin connection.

(The frame field is antisymmetric in its upper indices: wzﬂ = —wﬁa.) The spin connection is

related to the usual Christoffel symbols l“c’r’M as wzﬁ Npy = e‘;‘l“(;’uE;’ + e‘;‘auE;’ , where E} is the

inverse matrix of efj: Eﬁeﬁ = 65 and Ege‘;‘ =5h.

At each point in space, the frame field ez can the thought of as a matrix (since it has two
indices). We can now imagine naively expanding ez about a noninvertible rank-1 matrix with
only one nonzero value:

a

+AZ =65e, +AZ, where ¢, = 153. (80)

o

I
© ooo
© ooo
©ooo
> o oo

7

AZ will be thought of as a small perturbation. This is an expansion about a singular spacetime
geometry; Minkowski space is described by an identity matrix eﬁ = 53. Next we expand the
frame field about zero:

Bg a,pf=1,2
o ={B. a,p=02. (81)
Bﬁ a,f=0,1

We are essentially just relabelling the wzﬁ fields in terms of B* fields.
If we linearly expand the Tetradic Palatini action in this way, and only keep terms that are
quadratic in A and B, then we obtain the following foliated Lagrangian:

L= > "9 B53 A, (82)
k=0,1,2
where e, was defined in Eq. (80). This is very similar to the first term in the foliated field theory

[Eq. (3)] for a single foliation, which roughly corresponds to a single stack of toric codes on a
lattice.

This suggests that in this singular limit [Eq. (80)], tetradic Palatini gravity has a gapped
energy spectrum (with no gravitons) and exhibits a ground state degeneracy that is exponential
large with the length of the system. The possible existence of this large amount of degeneracy
may not be surprising since gravity and linearized gravity have recently been argued to exhibit
an extensive amount of ground state degeneracy [89-91].
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D Table of Hamiltonian Terms

For reference use, we show all of the string-membrane-net model operators together:

A

e

Az/'z A(: y
: e B,
Arx
7 B,
A/(Z
References
[1] S. Vijay, J. Haah and L. Fu, A new kind of topological quantum order: A dimensional hier-

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

archy of quasiparticles built from stationary excitations, Phys. Rev. B 92, 235136 (2015),
doi:10.1103/PhysRevB.92.235136.

R. M. Nandkishore and M. Hermele, Fractons, Annu. Rev. Condens. Matter Phys. 10, 295
(2019), doi:10.1146/annurev-conmatphys-031218-013604.

C. Chamon, Quantum glassiness in strongly correlated clean systems: An ex-
ample of topological overprotection, Phys. Rev. Lett. 94, 040402 (2005),
doi:10.1103/PhysRevLett.94.040402.

C. Castelnovo, C. Chamon and D. Sherrington, Quantum mechanical and informa-
tion theoretic view on classical glass transitions, Phys. Rev. B 81, 184303 (2010),
doi:10.1103/PhysRevB.81.184303.

C. Castelnovo and C. Chamon, Topological quantum glassiness, Philos. Mag. 92, 304
(2012), doi:10.1080/14786435.2011.609152.

I. H. Kim and J. Haah, Localization from superselection rules in translationally invariant
systems, Phys. Rev. Lett. 116, 027202 (2016), doi:10.1103/PhysRevLett.116.027202.

A. Prem, J. Haah and R. Nandkishore, Glassy quantum dynamics in translation invariant
fracton models, Phys. Rev. B 95, 155133 (2017), doi:10.1103/PhysRevB.95.155133.

S. Pai, M. Pretko and R. M. Nandkishore, Localization in fractonic random circuits, Phys.
Rev. X 9, 021003 (2019), doi:10.1103/PhysRevX.9.021003.

M. Pretko and L. Radzihovsky, Fracton-elasticity duality, Phys. Rev. Lett. 120, 195301
(2018), doi:10.1103/PhysRevLett.120.195301.

29


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043
http://dx.doi.org/10.1103/PhysRevB.92.235136
http://dx.doi.org/10.1146/annurev-conmatphys-031218-013604
http://dx.doi.org/10.1103/PhysRevLett.94.040402
http://dx.doi.org/10.1103/PhysRevB.81.184303
http://dx.doi.org/10.1080/14786435.2011.609152
http://dx.doi.org/10.1103/PhysRevLett.116.027202
http://dx.doi.org/10.1103/PhysRevB.95.155133
http://dx.doi.org/10.1103/PhysRevX.9.021003
http://dx.doi.org/10.1103/PhysRevLett.120.195301

Scil SciPost Phys. 6, 043 (2019)

[10] A. Kumar and A. C. Potter, Symmetry enforced fractonicity and 2d quantum crystal melting
(2018), arXiv:1808.05621.

[11] M. Pretko and L. Radzihovsky, Symmetry enriched fracton phases from supersolid duality,
Phys. Rev. Lett. 121, 235301 (2018), doi:10.1103/PhysRevLett.121.235301.

[12] A. Gromov, Fractional topological elasticity and fracton order, Phys. Rev. Lett. 122, 076403
(2019), do0i:10.1103/PhysRevLett.122.076403.

[13] S.Paiand M. Pretko, Fractonic line excitations: An inroad from three-dimensional elasticity
theory, Phys. Rev. B 97, 235102 (2018), doi:10.1103/PhysRevB.97.235102.

[14] J. Haah, Local stabilizer codes in three dimensions without string logical operators, Phys.
Rev. A 83, 042330 (2011), do0i:10.1103/PhysRevA.83.042330.

[15] S. Bravyi and J. Haah, Energy landscape of 3D spin Hamiltonians with topological order,
Phys. Rev. Lett. 107, 150504 (2011), doi:10.1103/PhysRevLett.107.150504.

[16] S. Bravyi, B. Leemhuis and B. Terhal, Topological order in an exactly solvable 3D spin
model, Ann. Phys. 326, 839 (2011), doi:10.1016/j.a0p.2010.11.002.

[17] I. H. Kim, 3D local qupit quantum code without string logical operator (2012),
arXiv:1202.0052.

[18] S. Bravyi and J. Haah, Quantum self-correction in the 3D cubic code model, Phys. Rev. Lett.
111, 200501 (2013), doi:10.1103/PhysRevLett.111.200501.

[19] R. Raussendorf, C. Okay, D.-S. Wang, D. T. Stephen and H. P Nautrup, A compu-
tationally universal phase of quantum matter, Phys. Rev. Lett. 122, 090501 (2019),
doi:10.1103/PhysRevLett.122.090501.

[20] T. Devakul and D. J. Williamson, Universal quantum computation using frac-
tal symmetry-protected cluster phases, Phys. Rev. A 98, 022332 (2018),
doi:10.1103/PhysRevA.98.022332.

[21] D. T. Stephen, H. P Nautrup, J. Bermejo-Vega, J. Eisert and R. Raussendorf, Subsystem
symmetries, quantum cellular automata, and computational phases of quantum matter
(2018), arXiv:1806.08780.

[22] M. Pretko, Emergent gravity of fractons: Mach’s principle revisited, Phys. Rev. D 96, 024051
(2017), d0i:10.1103/PhysRevD.96.024051.

[23] H. Yan, Fracton topological order and holography (2018), arXiv:1807.05942.

[24] W. Shirley, K. Slagle, Z. Wang and X. Chen, Fracton models on general three-dimensional
manifolds, Phys. Rev. X 8, 031051 (2018), doi:10.1103/PhysRevX.8.031051.

[25] W. Shirley, K. Slagle and X. Chen, Foliated fracton order in the checkerboard model, Phys.
Rev. B 99, 115123 (2019) doi:10.1103/PhysRevB.99.115123.

[26] S. Vijay, Isotropic layer construction and phase diagram for fracton topological phases
(2017), arXiv:1701.00762.

[27] W. Shirley, K. Slagle and X. Chen, Fractional excitations in foliated fracton phases (2018),
arXiv:1806.08625.

30


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043
http://arxiv.org/abs/1808.05621
http://dx.doi.org/10.1103/PhysRevLett.121.235301
http://dx.doi.org/10.1103/PhysRevLett.122.076403
http://dx.doi.org/10.1103/PhysRevB.97.235102
http://dx.doi.org/10.1103/PhysRevA.83.042330
http://dx.doi.org/10.1103/PhysRevLett.107.150504
http://dx.doi.org/10.1016/j.aop.2010.11.002
http://arxiv.org/abs/1202.0052
http://dx.doi.org/10.1103/PhysRevLett.111.200501
http://dx.doi.org/10.1103/PhysRevLett.122.090501
http://dx.doi.org/10.1103/PhysRevA.98.022332
http://arxiv.org/abs/1806.08780
http://dx.doi.org/10.1103/PhysRevD.96.024051
http://arxiv.org/abs/1807.05942
http://dx.doi.org/10.1103/PhysRevX.8.031051
http://dx.doi.org/10.1103/PhysRevB.99.115123
http://arxiv.org/abs/1701.00762
http://arxiv.org/abs/1806.08625

Scil SciPost Phys. 6, 043 (2019)

[28] A.Prem, S. Vijay, Y.-Z. Chou, M. Pretko and R. M. Nandkishore, Pinch point singularities of
tensor spin liquids, Phys. Rev. B 98, 165140 (2018), doi:10.1103/PhysRevB.98.165140.

[29] T. Devakul, S. A. Parameswaran and S. L. Sondhi, Correlation function diagnostics for type-
I fracton phases, Phys. Rev. B 97, 041110 (2018), doi:10.1103/PhysRevB.97.041110.

[30] A. T. Schmitz, H. Ma, R. M. Nandkishore and S. A. Parameswaran, Recoverable informa-
tion and emergent conservation laws in fracton stabilizer codes, Phys. Rev. B 97, 134426
(2018), doi:10.1103/PhysRevB.97.134426.

[31] H. Song, A. Prem, S.-J. Huang and M. A. Martin-Delgado, Twisted fracton models in three
dimensions, Phys. Rev. B 99, 155118 (2019), doi:10.1103/PhysRevB.99.155118.

[32] A. Prem, S.-J. Huang, H. Song and M. Hermele, Cage-net fracton models (2018),
arXiv:1806.04687.

[33] W. Shirley, K. Slagle and X. Chen, Foliated fracton order from gauging subsystem symme-
tries, SciPost Phys. 6, 041 (2019), doi:10.21468/SciPostPhys.6.4.041.

[34] M. Pretko, The fracton gauge principle, Phys. Rev. B 98, 115134 (2018),
doi:10.1103/PhysRevB.98.115134.

[35] A. Kubica and B. Yoshida, Ungauging quantum error-correcting codes (2018),
arXiv:1805.01836.

[36] D. J. Williamson, Fractal symmetries: Ungauging the cubic code, Phys. Rev. B 94, 155128
(2016), d0i:10.1103/PhysRevB.94.155128.

[37] S. Vijay, J. Haah and L. Fu, Fracton topological order, generalized lattice gauge theory, and
duality, Phys. Rev. B 94, 235157 (2016), doi:10.1103/PhysRevB.94.235157.

[38] A. T. Schmitz, Gauge structures: From stabilizer codes to continuum models (2018),
arXiv:1809.10151.

[39] D.J. Williamson, Z. Bi and M. Cheng, Fractonic matter in symmetry-enriched U(1) gauge
theory (2018), arXiv:1809.10275.

[40] Y. You, T. Devakul, E J. Burnell and S. L. Sondhi, Subsystem symmetry protected topological
order, Phys. Rev. B 98, 035112 (2018), d0i:10.1103/PhysRevB.98.035112 .

[41] Y. You, T. Devakul, E J. Burnell and S. L. Sondhi, Symmetric fracton matter: Twisted and
enriched (2018), arXiv:1805.09800.

[42] T. Devakul, Y. You, E J. Burnell and S. L. Sondhi, Fractal symmetric phases of matter,
SciPost Phys. 6, 007 (2019), doi:10.21468/SciPostPhys.6.1.007.

[43] T. Devakul, D. J. Williamson and Y. You, Classification of subsystem symmetry-protected
topological phases, Phys. Rev. B 98, 235121 (2018), doi:10.1103/PhysRevB.98.235121.

[44] W. Shirley, K. Slagle and X. Chen, Universal entanglement signatures of foliated fracton
phases, SciPost Phys. 6, 015 (2019), doi:10.21468/SciPostPhys.6.1.015.

[45] H. Ma, A. T. Schmitz, S. A. Parameswaran, M. Hermele and R. M. Nandkishore, Topo-
logical entanglement entropy of fracton stabilizer codes, Phys. Rev. B 97, 125101 (2018),
doi:10.1103/PhysRevB.97.125101.

31


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043
http://dx.doi.org/10.1103/PhysRevB.98.165140
http://dx.doi.org/10.1103/PhysRevB.97.041110
http://dx.doi.org/10.1103/PhysRevB.97.134426
http://dx.doi.org/10.1103/PhysRevB.99.155118
http://arxiv.org/abs/1806.04687
http://dx.doi.org/10.21468/SciPostPhys.6.4.041
http://dx.doi.org/10.1103/PhysRevB.98.115134
http://arxiv.org/abs/1805.01836
http://dx.doi.org/10.1103/PhysRevB.94.155128
http://dx.doi.org/10.1103/PhysRevB.94.235157
http://arxiv.org/abs/1809.10151
http://arxiv.org/abs/1809.10275
http://dx.doi.org/10.1103/PhysRevB.98.035112 
http://arxiv.org/abs/1805.09800
http://dx.doi.org/10.21468/SciPostPhys.6.1.007
http://dx.doi.org/10.1103/PhysRevB.98.235121
http://dx.doi.org/10.21468/SciPostPhys.6.1.015
http://dx.doi.org/10.1103/PhysRevB.97.125101

Scil SciPost Phys. 6, 043 (2019)

[46] H. He, Y. Zheng, B. A. Bernevig and N. Regnault, Entanglement entropy from
tensor network states for stabilizer codes, Phys. Rev. B 97, 125102 (2018),
doi:10.1103/PhysRevB.97.125102.

[47] D. J. Williamson, A. Dua and M. Cheng, Spurious topological entanglement entropy from
subsystem symmetries (2018), arXiv:1808.05221.

[48] H. Ma and M. Pretko, Higher rank deconfined quantum criticality and the exciton Bose
condensate, Phys. Rev. B 98, 125105 (2018), doi:10.1103/PhysRevB.98.125105.

[49] Y. You, D. Litinski and E von Oppen, Higher order topological superconductors as generators
of quantum codes (2018), arXiv:1810.10556.

[50] G. B. Halasz, T. H. Hsieh and L. Balents, Fracton topological phases from strongly coupled
spin chains, Phys. Rev. Lett. 119, 257202 (2017), doi:10.1103/PhysRevLett.119.257202.

[51] K. Slagle and Y. B. Kim, Fracton topological order from nearest-neighbor two-spin interac-
tions and dualities, Phys. Rev. B 96, 165106 (2017), doi:10.1103/PhysRevB.96.165106.

[52] T. H. Hsieh and G. B. Halasz, Fractons from partons, Phys. Rev. B 96, 165105 (2017),
doi:10.1103/PhysRevB.96.165105.

[53] M. Pretko, Subdimensional particle structure of higher rank U(1) spin liquids, Phys. Rev.
B 95, 115139 (2017), do0i:10.1103/PhysRevB.95.115139.

[54] B. Yoshida, Exotic topological order in fractal spin liquids, Phys. Rev. B 88, 125122 (2013),
doi:10.1103/PhysRevB.88.125122.

[55] K. Slagle, A. Prem and M. Pretko, Symmetric tensor gauge theories on curved spaces (2018),
arXiv:1807.00827.

[56] K. T. Tian, E. Samperton and Z. Wang, Haah codes on general three manifolds (2018),
arXiv:1812.02101.

[57] A.Rasmussen, Y.-Z. You and C. Xu, Stable gapless Bose liquid phases without any symmetry
(2016), arXiv:1601.08235.

[58] S. Bravyi, M. B. Hastings and S. Michalakis, Topological quantum order: Stability under
local perturbations, J. Math. Phys. 51, 093512 (2010), doi:10.1063/1.3490195.

[59] X. Chen, Z.-C. Gu and X.-G. Wen, Local unitary transformation, long-range quantum en-
tanglement, wave function renormalization, and topological order, Phys. Rev. B 82, 155138
(2010), doi:10.1103/PhysRevB.82.155138.

[60] B.J.Brown, D. Loss, J. K. Pachos, C. N. Self and J. R. Wootton, Quantum memories at finite
temperature, Rev. Mod. Phys. 88, 045005 (2016), doi:10.1103/RevModPhys.88.045005.

[61] B. Shi and Y.-M. Lu, Deciphering the nonlocal entanglement entropy of fracton topological
orders, Phys. Rev. B 97, 144106 (2018), doi:10.1103/PhysRevB.97.144106.

[62] D. Bulmash and M. Barkeshli, Generalized U(1) gauge field theories and fractal dynamics
(2018), arXiv:1806.01855.

[63] J. Haah, Two generalizations of the cubic code model, In Frontiers of Quantum Information
Physics. KITP conference (2017), URL http://online.kitp.ucsb.edu/online/qinfo c17/
haah/.

32


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043
http://dx.doi.org/10.1103/PhysRevB.97.125102
http://arxiv.org/abs/1808.05221
http://dx.doi.org/10.1103/PhysRevB.98.125105
http://arxiv.org/abs/1810.10556
http://dx.doi.org/10.1103/PhysRevLett.119.257202
http://dx.doi.org/10.1103/PhysRevB.96.165106
http://dx.doi.org/10.1103/PhysRevB.96.165105
http://dx.doi.org/10.1103/PhysRevB.95.115139
http://dx.doi.org/10.1103/PhysRevB.88.125122
http://arxiv.org/abs/1807.00827
http://arxiv.org/abs/1812.02101
http://arxiv.org/abs/1601.08235
http://dx.doi.org/10.1063/1.3490195
http://dx.doi.org/10.1103/PhysRevB.82.155138
http://dx.doi.org/10.1103/RevModPhys.88.045005
http://dx.doi.org/10.1103/PhysRevB.97.144106
http://arxiv.org/abs/1806.01855
http://online.kitp.ucsb.edu/online/qinfo_c17/haah/
http://online.kitp.ucsb.edu/online/qinfo_c17/haah/

Scil SciPost Phys. 6, 043 (2019)

[64] M. Pretko, Generalized electromagnetism of subdimensional particles: A spin liquid story,
Phys. Rev. B 96, 035119 (2017), do0i:10.1103/PhysRevB.96.035119.

[65] D. Bulmash and M. Barkeshli, Higgs mechanism in higher-rank symmetric U(1) gauge
theories, Phys. Rev. B 97, 235112 (2018), doi:10.1103/PhysRevB.97.235112.

[66] M. Pretko, Higher-spin Witten effect and two-dimensional fracton phases, Phys. Rev. B 96,
125151 (2017), doi:10.1103/PhysRevB.96.125151.

[67] A. Prem, M. Pretko and R. M. Nandkishore, Emergent phases of fractonic matter, Phys.
Rev. B 97, 085116 (2018), doi:10.1103/PhysRevB.97.085116.

[68] S. Vijay and L. Fu, A generalization of non-Abelian anyons in three dimensions (2017),
arXiv:1706.07070.

[69] H. Ma, E. Lake, X. Chen and M. Hermele, Fracton topological order via coupled layers,
Phys. Rev. B 95, 245126 (2017), doi:10.1103/PhysRevB.95.245126.

[70] K. Slagle and Y. B. Kim, X-cube model on generic lattices: Fracton phases and geometric
order, Phys. Rev. B 97, 165106 (2018), doi:10.1103/PhysRevB.97.165106.

[71] K. Slagle and Y. B. Kim, Quantum field theory of X-cube fracton topological or-
der and robust degeneracy from geometry, Phys. Rev. B 96, 195139 (2017),
doi:10.1103/PhysRevB.96.195139.

[72] A. Kitaev, Fault-tolerant quantum computation by anyons, Ann. Phys. 303, 2 (2003),
doi:10.1016/S0003-4916(02)00018-0.

[73] M. A. Levin and X.-G. Wen, String-net condensation: A physical mechanism for topological
phases, Phys. Rev. B 71, 045110 (2005), doi:10.1103/PhysRevB.71.045110.

[74] M. Nakahara, Geometry, Topology and Physics, Second Edition, Institute of Physics Pub-
lishing, ISBN 978-0-7503-0606-5 (2003).

[75] A. A. Zyuzin and A. A. Burkov, Topological response in Weyl semimetals and the chiral
anomaly, Phys. Rev. B 86, 115133 (2012), doi:10.1103/PhysRevB.86.115133.

[76] K. Walker and Z. Wang, (3+1)-TQFTs and topological insulators, Front. Phys. 7, 150
(2012), do0i:10.1007/s11467-011-0194-z, arXiv:1104.2632.

[77] S.X. Cui, Higher categories and topological quantum field theories, Ph.D. thesis, University
of California, Santa Barbara (2016), arXiv:1610.07628.

[78] D. J. Williamson and Z. Wang, Hamiltonian models for topological phases of matter in
three spatial dimensions, Ann. Phys. 377, 311 (2017), doi:10.1016/j.a0p.2016.12.018.

[79] Q.-R. Wang, M. Cheng, C. Wang and Z.-C. Gu, Topological quantum field theory for
Abelian topological phases and loop braiding statistics in (3 + 1)-dimensions (2018),
arXiv:1810.13428.

[80] P Putrov, J. Wang and S.-T. Yau, Braiding statistics and link invariants of bosonic /fermionic
topological quantum matter in 2+1 and 3+1 dimensions, Ann. Phys. 384, 254 (2017),
doi:10.1016/j.a0p.2017.06.019.

[81] A. P O. Chan, P Ye and S. Ryu, Braiding with borromean rings in (3 + 1)-dimensional
spacetime, Phys. Rev. Lett. 121, 061601 (2018), doi:10.1103/PhysRevLett.121.061601.

33


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043
http://dx.doi.org/10.1103/PhysRevB.96.035119
http://dx.doi.org/10.1103/PhysRevB.97.235112
http://dx.doi.org/10.1103/PhysRevB.96.125151
http://dx.doi.org/10.1103/PhysRevB.97.085116
http://arxiv.org/abs/1706.07070
http://dx.doi.org/10.1103/PhysRevB.95.245126
http://dx.doi.org/10.1103/PhysRevB.97.165106
http://dx.doi.org/10.1103/PhysRevB.96.195139
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1103/PhysRevB.71.045110
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/10.1007/s11467-011-0194-z
http://arxiv.org/abs/1104.2632
http://arxiv.org/abs/1610.07628
http://dx.doi.org/10.1016/j.aop.2016.12.018
http://arxiv.org/abs/1810.13428
http://dx.doi.org/10.1016/j.aop.2017.06.019
http://dx.doi.org/10.1103/PhysRevLett.121.061601

Scil SciPost Phys. 6, 043 (2019)

[82] K. Yamato, Examples of foliations with non trivial exotic characteristic classes, Osaka J.
Math. 12, 401 (1975), doi:10.3792/pja/1195519067.

[83] R. Bott and S. Gitler, Lectures on algebraic and differential topology, Springer-Verlag
(1972), ISBN 978-3-540-05944-8,

[84] D. Kotschick, Godbillon-Vey invariants for families of foliations (2001),
arXiv:math/0111137.

[85] C. Godbillon and J. Vey, Un invariant des feuilletages de codimension 1, C.R. Acad. Sci,
Paris 273, 92 (1971).

[86] A. Hatcher, Algebraic Topology, Cambridge University Press (2001), ISBN 978-0-521-
79540-1, URL http://pi.math.cornell.edu/~hatcher/AT /ATpage.html.

[87] C. Rovelli and E Vidotto, Covariant loop quantum gravity: An elementary introduction to
quantum gravity and spinfoam theory, 1st edition, Cambridge University Press (2014),
ISBN 978-1-107-06962-6.

[88] D. Kapec, M. Pate and A. Strominger, New symmetries of QED (2015), arXiv:1506.02906.

[89] S. W. Hawking, M. J. Perry and A. Strominger, Soft hair on black holes, Phys. Rev. Lett.
116, 231301 (2016), doi:10.1103/PhysRevLett.116.231301.

[90] A. Rasmussen and A. S. Jermyn, Gapless topological order, gravity, and black holes, Phys.
Rev. B 97, 165141 (2018), doi:10.1103/PhysRevB.97.165141.

[91] T. He, V. Lysov, P Mitra and A. Strominger, BMS supertranslations and Weinberg’s soft
graviton theorem, J. High Energy Phys. 05, 151 (2015), doi:10.1007 /JHEP05(2015)151.

34


https://scipost.org
https://scipost.org/SciPostPhys.6.4.043
http://dx.doi.org/10.3792/pja/1195519067
http://arxiv.org/abs/math/0111137
http://pi.math.cornell.edu/~hatcher/AT/ATpage.html
http://arxiv.org/abs/1506.02906
http://dx.doi.org/10.1103/PhysRevLett.116.231301
http://dx.doi.org/10.1103/PhysRevB.97.165141
http://dx.doi.org/10.1007/JHEP05(2015)151

	Introduction
	Notational Conventions

	Foliated Field Theory
	Gauge Symmetry and Mobility Constraints
	Fracton/Charge Mobility
	Lineon Mobility

	Equations of Motion

	String-Membrane-Net
	String-Net Review
	String-Membrane-Net
	Lattice Model
	Excitations
	Equivalence to X-cube
	Connection to Field Theory

	Dual Coupled-String-Net Picture
	Fracton Excitation


	Conclusion
	Future Directions
	Quantization
	Lattice Model Generalizations
	Field Theory Generalizations
	Dynamical Foliations
	More General Foliations


	Generalized String-Membrane-Net Model
	Examples
	Planon model (n_f = 1)
	Lineon Model (n_f = 2)


	Ground State Degeneracy
	Foliated Field Theory from Singular Tetradic Palatini Gravity
	Table of Hamiltonian Terms
	References

