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Long-distance entanglement in Motzkin and Fredkin spin chains
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Abstract

We derive some entanglement properties of the ground states for two classes of quan-
tum spin chains described by the Fredkin model, for half-integer spins, and the Motzkin
model, for integer ones. Since the ground states of the two models are known analyti-
cally, we can calculate exactly the entanglement entropy, the negativity and the quantum
mutual information. We show, in particular, that these systems exhibit long-distance en-
tanglement, namely two disjoint regions of the chains remain entangled even when their
separation is sent to infinity, i.e. these systems are not affected by decoherence. This
strongly entangled behavior, occurring both for colorful versions of the models (with
spin larger than 1/2 or 1, respectively) and for colorless ones (with spin 1/2 and 1), is
consistent with the violation of the cluster decomposition property. Finally, we show that
this behavior involves disjoint segments located both at the edges and in the bulk of the
chains.
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1 Introduction

The study of nonlocal properties and their consequences on the dynamics in addition to the
violation of the area law for the entanglement entropy are certainly, at the present date, a
very challenging field of research. The concept of locality plays a crucial role in physical
theories, with far reaching consequences, a fundamental one being the cluster decomposition
property [1,2]. This property implies that two-point connected correlation functions go to
zero when the separation of the points goes to infinity. This is the reason why two systems
very far apart, separated by a large distance, behave independently.

Another aspect related to correlations is the quantum entanglement. In bipartite systems
the von Neumann or entanglement entropy quantifies how the two parts of the whole system
in a quantum state are entangled. This quantity measures non-local quantum correlations and
has universal properties, like the fact that, for gapped systems in the ground states, it scales
with the area of the boundary of the two subsystems [3]. This property is called area law
and is valid for systems with short-range interactions. In other words, if the interactions are
short-ranged the information among the constituents of the system propagates with a finite
speed involving a surface surrounding the source of the signal, like an electromagnetic im-
pulse propagating with the speed of light. For critical one-dimensional short-range systems
the area law is violated logarithmically [4]. Quantum spin chains are promising tools for uni-
versal quantum computation [5] and the efficiency may be related to the amount of quantum
entanglement. Spin systems with entanglement entropy larger than that dictated by the area
law can be used for quantum computing even more efficiently, and breaking down the speed
of the propagation of the excitations can represent a breakthrough for quantum information
processing.

Recently, novel quantum spin models have been introduced, with integer [6-8] (Motzkin
model) and half-integer [9, 10] spins (Fredkin model), which, in spite of being described by
local Hamiltonians, exhibit violation of the cluster decomposition property and of the area
law for the entanglement entropy, with the presence of anomalous and extremely fast propa-
gation of the excitations after driving the system out-of-equilibrium [9]. These models seem,
therefore, extremely promising for applications in quantum information and communication
processes. Very recently, also deformed versions of Motzkin [11] and of Fredkin [12] chains
have been introduced and studied [13, 14], which can exhibit a quantum phase transition
separating an extensively entangled phase [11,12] from a topological one [15].
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Quite recently, it has been given also a continuum description for the ground-state wave-
functions of those models, as originally formulated and in the colorless cases (spin-1 Motzkin
model and spin-1/2 Fredkin model), which can reproduce well some quantities like the local
magnetization and the entanglement entropy, and whose scaling Hamiltonian is not confor-
mally invariant [16]. Some results on the Renyi entropy for these models have been also
reported [17].

In this work we focus on the study of quantum entanglement after the discovery that cluster
decomposition property in such systems can be violated [9]. This behavior has been shown to
occur in the connected correlation functions of spins along z-directions for the colorful cases
(for spins larger than 1), when also the area law for the entanglement entropy is violated more
than logarithmically [7,9], and is more pronounced for correlation functions measured close
to the edges of the chains. What is presented here is the calculation of other entanglement
measures, the quantum negativity [18,19] and the mutual information [20,21] shared by two
disjoint segments of the chains in the ground state. The latter, also called the von Neumann
mutual information, is a measure of correlation between subsystems of a quantum state and is
the quantum analog of the Shannon mutual information. The negativity is also a measure of
quantum entanglement, based on the positive partial transpose (PPT) criterion of separability,
which provides a necessary condition for a joint density matrix p 5 of two quantum mechanical
systems, A and B, to be separable [18]. If the state is separable (not entangled) the negativity is
zero, therefore, if the negativity is greater than zero, the state is surely entangled, nevertheless
it can be zero even if the state is entangled.

We show that such systems exhibit long-distance entanglement [22], namely given a mea-
sure of entanglement, e.g. the mutual information, Z,5 for the system AU B made by two dis-
joint subsystems A and B, the quantity Z,5 does not vanish when the distance between A and
B goes to infinity. This result is consistent with the fact that also some connected correlation
functions do not vanish in the thermodynamic limit [9, 16, 23], being the mutual information
an upper bound for normalized connected correlators [21,24].

Moreover we show that this non-vanishing mutual information, persisting for infinite dis-
tances, is verified not only in the colorful cases, where the entanglement entropy scales as a
square-root law, but also in the colorless cases, where the entanglement entropy scales just log-
arithmically, as for critical systems. Finally, contrary to what found in the continuum limit [16],
this behavior occurs, and is even more pronounced, also when the subsystems are located deep
inside the bulk, showing a stronger entanglement as compared to the one obtained in confor-
mal field theories, where the mutual information vanishes upon increasing the distance with
a power law behavior [25]. On the other hand, quite surprisingly, we show that the mutual
information for two disjoint subsystems inside the bulk has the same form of the logarithmic
negativity and of the mutual information for conformal field theories of two adjacent inter-
vals [26].

2 Models

In this section we report the Hamiltonians for recently introduced half-integer and integer spin
models, referred to as Fredkin and Motzkin models, whose ground states are known exactly
and have the peculiarity of being related to some random lattice walks.
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2.1 Fredkin model
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The Fredkin model [9, 10] is described by the following half-integer spin Hamiltonian
)1+

H = Hy+ Hy, with
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composed by bulk, H,, and boundary, Hy, Hamiltonians, where P(|.)) = |.) (.| is a projector
operator acting on quantum states made by local spin-states, |T§), located on sites labelled by
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—
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—
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j with half-integer spins along z-quantization axis s, = (c - %) and |l§) with local half-integer
spins s, = (% — c), with ce N and ¢ =1,...,q. The maximum value of the index c is g that is
called the number of colors of the model. The quantum states appearing in Eq. (1) are defined

by
2= = (1515 k)= 15450 152)) ®)
Q) = 7= ([ 512 = [15 850 45.0)). @
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For colorless case, ¢ = 1 (spin 1/2), we have that the third and the last term, so-called crossing
term, in Eq. (1) are not present. In this case the bulk Hamiltonian, in terms of Pauli matrices,
reads

12
= Z [(1 +0,;)(1=0j41:Gj42)+(1—0;-7;,41)(1 —Uz,j+2)]- (6)
=1

In terms of Fredkin gates E ik (controlled-swap operators), the Hamiltonian in Eq. (6) becomes
Hy= Zﬁ_z(Z—ﬁj,j+1’j+2—of+2 ﬁj+2’j+1’j 0;‘+2), where ﬁi’j’k acts on three %-spins (three gbits),
swapping the j-th and k-th spins if the i-th is in the state |T) while does nothing if it is in the
state |]).

2.2 Motzkin model

The Motzkin model [6, 7] is described by the following integer spin Hamiltonian H = Hy +Hj

=Z{ (ls ) +P (|es,)) P (|e >)}+§:p( ) o
o = 2P (45)+ P ()] ®

c=1

where now P(].)) = |.) (.| acts on quantum states made by local integer spin-states, |ﬂ§ ) located
at sites j with integer spins s, = ¢, and [{}¢) with spins s, = —c, where, again, ¢ = 1,...,q.
Also in this case, g is called the number of colors of the model and, in the Motzkin case, it
corresponds to the maximum value of the spins. The quantum states appearing in Eq. (1) are
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defined by
Q) = 12(’0 1) = [1051)), ©
Q)= (’o V)= [U5050), (10)
Q) = 5(1010#1 105.1))- an

For the colorless case, ¢ = 1 (spin 1), we have that the last term in Eq. (7) is absent.

3 Ground states

The most important property shared by these frustration-free Hamiltonians is that their ground
states are unique, made by uniform superpositions of all states corresponding to Motzkin paths,
for the integer case (for the Motzkin model) and all states corresponding to Dyck paths for the
half-integer one (Fredkin model). These states are such that, denoting the spins up, f}, by /,
the spins down, |}, by \ and spins zero, 0, by —, one can construct a Motzkin path, while by
using only / for T and \ for | one can construct a Dick path.

A Motzkin path is any path on a x-y plan connecting the origin (0, 0) to the point (0, L) with
steps (1,0), (1,1), (1,—1), where L is an integer number. Any point (x, y) of the path is such
that x and y are not negative.

Analogously, a Dyck path is any path from the point (0,0) to (0, L) (now L should be an even
integer number) with steps (1,1), (1,—1). As for the Motzkin path, any point (x, y) of the
Dyck path is such that x and y are not negative.

The corresponding colored path are such that the steps can be drawn with more than one
color. The color attached to a path move is taken freely only for upward steps (up-spins) while
any downward steps (down-spin) should have the same color of the nearest up-spin on the
left-hand-side at the same level. This color matching is induced by the cost energy contribution
described by the last term, both in Eq. (1) and Eq. (7), which, in spite of being short-ranged,
it produces non a local effect in the ground state.

As a result, a colorless Motzkin path |m1()L)) or Dyck path |dl()L)) can be defined as a string of L
spins (or steps) such that, starting from the left by convention, the sum of the spins contained
in any initial segment of the string is nonnegative, or alternatively, any initial segment contains
at least as many up-spins (upward steps) as down-spins (downward steps), while the sum of
all the L spins is zero (the total number of upward steps is equal to the number of downward
steps). The colorful Motzkin or Dyck paths are the paths where, in addition, the upward steps
can be colored at will while the colors of the downward steps are uniquely determined by the
matching condition (any spin down has the same color of the adjacent upward spin on the
left-hand-side at the same height). Examples of colored Motzkin and Dyck states are shown
in Fig. 1.

The ground state of the Fredkin Hamiltonian is then obtained by a uniform superposition of
all possible Dyck paths at a given length L and a given number of colors q,

1
[PH)— D ld{), (12)
VD) ; P
where DU is the number of all possible colored Dick paths with q colors, which is
L
p® =q%C(5) PL, (13)

5


https://scipost.org
https://scipost.org/SciPostPhys.7.4.053

Scil SciPost Phys. 7, 053 (2019)

oy =/ LN ey TN
[t1 1243 12 15 46 13 45 13 1) 110213 U305 12 113 05 U3 000 U: Uho 1 U30)

Figure 1: An example of Dyck path (left panel) and of a Motzkin path (right panel)
with g = 3 colors, which contribute to the ground states for the 3-color spin models,
respectively, the spin-% Fredkin model and the spin-3 Motzkin model.

where C(n) = m are the Catalan numbers and p,, = (1—mod(n, 2)) selects even integers.
Analogously, the ground state of the Motzkin Hamiltonian is a uniform superpositions of all

possible Motzkin paths

1
IPL)_——— > ImP)y, (14)
M) ; ?
where the normalization factor
5] I
(L) _ ¢
M —;q ( o )C(e) (15)

is the colored Motzkin number, i.e. the number of all the possible colored Motzkin paths.
Because of this mapping between the ground states and the lattice paths, several ground state
properties can be studied exactly resorting to combinatorics.

3.1 Decomposition in two parts

The ground state for both the models can be written in terms of states defined on two subsys-
tems, A and B, as it follows

) Z\/Th Z PS e,

.....

P(L_eA)) (1 6)

ChseeesC1 2

.....

where, h,, = min({4, L —{,) and A; are some Schmidt coefficients depending of the number
of paths, whose expressions will be given in the next section for the two cases, in Eq. (19) for
the Fredkin model and Eq. (66) for the Motzkin one.

IP&A))C1 ,,,,, ¢, is an orthonormal state defined on the subsystem A made by a uniform superpo-
sition of lattice paths (of the Motzkin or Dyck type) which start from the origin and reach the
height h after £, steps, with, therefore, h unmatched up-spins with indices cy,...,c;. Analo-
gously, IP}%_Z’*)) c1,..c, 18 an orthonormal state defined on the subsystem B made by a uniform
superposition of lattice paths (of the Motzkin or Dyck type) which start from the point (£4, h)
and reach the ending point (L, 0) after {5 = L — {4 steps, with h unmatched down-spins with
indices cy, ..., Cp.

3.2 Decomposition in three parts

Let us now divide our spin chains in three parts, a left and a right part, A and B, and a central
part C, see Fig 2. The ground state can decomposed in terms of states defined in these three
regions as it follows

hy, h., min(h,k)

[4 L—L,—¢ [4
[P4) ZZ Z VA, Z P s Py ™) e [P Ve s A7)

heoh=0 =0  cChmmen T G ch/
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Figure 2: Tripartition of a spin chain into subsystems A, B and C.

.....

state defined on the region A as in Eq. (16), namely as a uniform superposition of lattice
paths starting from the origin and ending at ({4, h) with h unmatched colored up-spins and
|P15€3))5h/,.--,51 a uniform superposition of lattice paths defined on B, starting from the point
(L —{5,h") and ending at (L, 0) with h’ unmatched colored down-spins. Moreover
—0—t —0—t
|PIE£’(Z§ B)>Eh""’-cl - 50151 e 5Cz5z |P}(1L—z ;ﬁ_ZB)>_Ch,~--,sz1 (18)

CppeeesCt Cyt1seeesCht

is the orthonormal state uniformly composed by all the paths with (L—£,—{3) steps starting at
height h and ending at height h’, with (h —z) unmatched down-spins and (h’ —z) unmatched
up-spins, namely those paths which touch at least once the horizontal line defined by z but
never cross it. In our notation the indices in Eq. (18) for unmatched spins are useful also for
the colorless case to classify the paths by the level z. Actually the minimum value of z which
contributes to the sum appearing in Eq. (17) is ,,;,, = max (0, [w]).

This quantity, i.e. the horizon z, can be seen, therefore, as a quantum number classifying all

L—0,—0
P}(lh,( 3‘ B)) ¢1,..c, are orthogonal to
z El""Eh/

each other simply because composed by local spin states, expressed in the canonical orthogonal
basis. An example of this classification is shown in Fig. 3 for the Fredkin and the Motzkin cases.

the states in the central region C, since for any z the states |

«"..Cw Cq .,

¢y,

z=0

L'eA'eB L-eA-eB

Figure 3: Examples of Dyck (left) and Motzkin (right) paths to be taken in a central
region C of length L —{, —{p = 7 after a tripartition, which start at height h = 2
and end at height h’ = 3, classified by touching at least once, but not crossing, the
horizontal lines z = 0, 1, 2. The solid blue lines are all the paths which touch z = 2,
that contribute to IP(()?)Eg, the dashed red lines are all the paths which touch z =1,

that contribute to IPg)) cy,5,65» the dotted green lines are all those which touch z =0,

; (7)
that contribute to [Ps3)c, ¢, 21,60,
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4 Entanglement properties of the Fredkin chain

We will study the entanglement properties of the ground state for the Fredkin model, review-
ing the entanglement entropy after a bipartition, and then calculating the negativity and the
mutual information shared by the two spins at the edges, resorting to the decompositions in
Egs. (16), (17). We will show that these quantities, particularly the mutual information, revel
an unconventional long-distance behavior. Before to proceed we need to know the coeffi-
cient in Eq. (16) for the Fredkin ground state, decomposed in two parts, which is the Schmidt
number resulting from the product of the normalization factors of |73(()fl")) and |77}(£_6A)), when
expressed in the canonical basis, divided by the normalization factor of |P*)) and the number
of color degrees of freedom for h up-spins [9,10]

(a) y(L—€4) —h
Do Dro "4

h= D) (19)

The coefficient in Eq. (17), for the decomposition into three parts, analogously to Eq. (19),

is given by the product of the normalization factors of IP&A)), IP}EiIﬁ’)‘_Z“ )) and IP}(fg )), when

these states are expressed in the canonical basis, divided by the normalization factor of |P())
and the total number of color degrees of freedom for (h + h’ —z) up-spins, so that it reads
(€a) y(€p) ((y(L—La—Lp) (L—€s—Lp) —h'—h
Do Pro (Dh—z w— — DPplal h’B—z—l) q°

-Ahh’z = D(L) ) (20)

(n) nt+h’—h n n
Dy =q nelht| )T\ nthen’ g | [Prshak 1)
2 2

is the number of colored Dyck-like paths (q the number of colors) between two points at

positive heights h and h’ with n steps. We assume DS}? to be zero for negative h or h’

by definition. In particular we have Dgé) = p = qiC (%) DPn- Moreover we notice that

where

" n
Dé’;l) =q'% n’l;’il ( nth ) Pnih = th}(lr(l)). The quantity in the brackets of Eq. (20) counts the
z 2

number of just those paths which touch but not cross the level z. For example, in Fig. 3, for
z = 1 the paths are only those depicted by dashed red lines.

4.1 Entanglement entropy

In this section we will briefly review the calculation for the von Neumann entanglement en-
tropy [9,10]. The reduced density matrix after a bipartition of the whole systems into two
subsystems A and B, after tracing out one of them, is obtained from Eq. (16)

, (22)

.....

where A, is given by Eq. (19). Since, for any h, there are q" eigenvalues equal to A4, the
entanglement entropy is simply

(23)

hy y(€a) 5 (L—La) D(KA)D(L—ZA)
D(L) D)

Ay
SA:—thAhlog(Ah)=ZM hlogq—log(M
h h
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,D(ZA),D(L L)
Since ¢" A, = Sy is a normalized probability, Do q" A, = 1, the first term of Eq. (23) is

log g times the average height of the paths at a given position located at distance £, from the
edge

P pL—ta)

_ 0h_“hO
which, for large L and ¢4, when the binomial factors can be approximated by gaussian factors

and the sum by an integral, scales as a square root, (h) 0~ % M The second term,

instead scales as 5 1log (ML ZA)) therefore, for large systems and for a sizable bipartition one
gets

2v2| L — ) logg + 1 log(—gA(L _EA)) +0(1).
v L 2 L

Notice that this approximation is very good when the bipartition occurs in the bulk while
Eq. (23) is exact for any £, and L. For instance, if £, = 1, the entanglement entropy, from
Eq. (23), is exactly S, = logg, for any L, while Eq. (25) deviates from it.

Sy~ (25)

4.2 Reduced density matrix for the edges

Let us consider the system AUB made by the two spins located at the edges of our spin chains,
as shown in Fig. 4. We will study the entanglement properties between these two spins at the
edges for the Fredkin spin chain, tracing out all the spins between the first and the last one

[ HA+———————+—+1 |
A C B

Figure 4: Tripartition of a spin chain in three subsystems A, B, C, where the separated
regions, A and B are made by single spins at the edges.

described by
P =119), (26)
P = 115), 27)

so that Eq. (17), dropping the site indices to simplify notation, reads

[P®) Zm (VAL PE e + 8 VAT PY—2) ) |19). 28)

The joint reduced density matrix of the subsystem AU B, after tracing out all the degrees of
freedom of the central part, and keeping only the two spins at the edges, is

pa = Trc [PD) (PO] = 37 (g 1Y) (1 (U + Ao 1V ) (11 (1), 29)

c,C

where the coefficients, from Eq. (20), are

DIL-2)
A = B O (30)
Ao =+ DD 11 Dt 31)
0™y D) T q\q DW J
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The normalization condition is fulfilled since the trace of p,p is

Trpap = ¢ A1y + ¢ Agpo = 1. (32)

On the basis (111) [11), 112) 112}, ., 1T9) [L9), 1T 1L2), 112) 1115 1T 1D, 179 141),

112 113),113) 112),...)", where t means transpose, we can write the g x g* reduced density
matrix as it follows

= ( AlllJ%Xq +A110 1gxq 4 ?LqX(qz—q) )’ (33)
(a%—q)xq 110 +(g>—q)x(¢*>—q)

where J is a matrix with all elements equal to 1, 0 a matrix with all zeros and 1 the identity

matrix.

4.3 Negativity

We calculate now the quantum negativity which detects the entanglement between two disjoint
regions and can be defined as it follows

1
N = 52%' ) 34

where A, are the eigenvalues of the partial transpose of the reduced density matrix with respect
to a region (B, for instance), obtained by transposing the indices related to the degrees of
freedom of one part. The partial transpose of p,5 with respect to B, from Eq. (29), is

pi =2 (Arry TV ILE) (F{L] + Ao 116V 1U9) (114U ). (35)
¢,
Taking the same basis as for Eq. (33), the partial transpose of the reduced density matrix reads
Pay = ( (Al%;il)lxoq)quq Ao 1(27512;@7@ ®A ) (36)
where the last block is a Kronecker product of an identity matrix and a 2 x 2 matrix
()

The eigenvalues of plglfg are (Aqq; +.Aq10) with multiplicity q(q +1)/2 and (A9 —.A111) with
multiplicity g(q—1)/2, therefore the negativity is greater than zero if A;;; > A;1o, namely, if

DY ¢(L/2—1)  L+2 S 1
oy T~ e/ T HL-1) q+1

(38)

which is verified for q > 3, for any finite L. Therefore N' =0 for ¢ < 2 (and q = 3 in the limit

L — o) while
pL-2)

D)

/\/:(q%((q+1) —é),foquS. (39)

Some values of N as a function of the color number q are reported in Fig. 5. In the large L
limit the negativity does not vanishes for any g > 3 and goes to

N — (q—l)(q—B)‘

40
P (40)

10
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Figure 5: Negativity for two spins at the edges of a Fredkin chain with L = 1000, as
a function of the number of colors q.

We found, therefore, that, for ¢ > 3, the negativity A does not vanish even at infinite
distance between the two spins at the edges of the chain. This means that the quantum state in
Eq. (29) is surely distantly entangled. On the other hand, for ¢ = 1 the state is separable while
for g = 2 the state described by Eq. (29) is a Werner state with zero negativity, nevertheless
it is entangled, is a so-called PPT entangled state, as we will show in the next section using
another entanglement measure. For ¢ = 3 the negativity is N’ = 1/(L — 1), therefore the state
is surely entangled for any finite L. Also in this case we will see that, even if the negativity
goes to zero for infinite distance, the state in Eq. (29) is long-distance entangled, as shown by
the following calculation.

4.4 Mutual Information

The eigenvalues of the reduced density matrix p,g, from Eq. (33), are (A;;¢ + q.A11;) and
Ai10, the latter with multiplicity (¢% — 1), so that the entanglement entropy is

Sas =—(q* — 1) A11010g (A119) — (A1 + ¢A111) 108 (A110 + g A111), (41)

with 4;,; and A;;, given by Egs. (30) and (31). On the other hand, from Eq. (19), since
A; = g~ ! which is the eigenvalue of p, (and pp) with multiplicity q, we have

Sp=Sp =—qA; log(A;) =loggq. (42)

From these results we can calculate and study another entanglement measure which is the
mutual information

as a function of the size L, being L — 2 the distance between the two disjoint spins in A and B,
and also Z,p as a function the color number q.

Colorless case : For ¢ = 1, we have S,z = 0 as well as S, = Sz = 0, therefore Zyz5 = 0
exactly, for any size of the chain L. This is due to the fact that the first and the last spins of
the colorless Fredkin model are uncorrelated in the ground state. For that reason one has to
increase the size of the subsystems A and B including further spins, as done in the next section,
Sec. 4.5, where we will consider two spins at each edge, revealing in this way that there is a
long-distance entanglement even for colorless case.
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Figure 6: (Left) Mutual information between two spins at the edges of colorful Fred-
kin chains, as a function of the size L, for different values of q. (Right) Mutual
Information at long distance, L — oo, between two spins at the edges of colorful
Fredkin chains, as a function of the color number q.

Colorful case : For colorful cases (g > 1), instead, Z,z turns to be finite also for large

distances, namely for large L (L > 1), as shown in Fig. 6. Actually we can calculate the limit
pL—2)

of L — o0, since Zyp can be written in terms of —5g;

only and

) D(L—Z) 1
A Dm T g (44)

where lim means the limit of a sequence, therefore 4;,; — % and A;;9 — so that

3
i

2 2 2_
Ty — [210gq+(3+q )log(3+q )+3(q Dlog(f?)]. (45)

L—oo 4q2 4q2 4q2

We show therefore that the two spins located at the edges of the chain, even when the distance
is infinite, are strongly entangled for any g > 1. This behavior is consistent with the violation
of the cluster decomposition occurring in such colorful cases.

4.5 Entanglement between the two couples of spins at the edges

As we know, for the colorless case, the first and the last spins are completely uncorrelated in
the ground state, since for all the configurations of the spins in the bulk which contribute to the
ground state, the first spin is always up and the last is always down. For colorful case, instead,
they are correlated because of the color matching condition. For that reason we will consider
more than one spin at the edges, studying the entanglement properties of two couples of spins
at the borders, namely A and B made by two spins instead of one, as shown in Fig. 7.

Figure 7: Tripartition of a spin chain in three subsystems, where the separated regions
at the edges, A and B, are both made by two spins.
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In this case, for any g the states at the edges are given by

|7>(§‘;A‘2)>clcz 1), (46)
P ee, = L1 2D, (47)
e |7>(2> =D =10, (48)
Pog ) = 1P®) ch 5 =), (49)

so that, dropping the site indices to simplify the notation, Eq. (17) reads

IPB) = v/ Ao T W IPED) 1) + v/ g0 ) 11912) [PS )y, 1T1) (50)
+v/ Ap2o Z IT1) |73(§é_4)>5152 11%20%) + v/ Agyo Z 1717%) |7Déé_4))gz,§1 [4621%)
+v/ Az Z 1112) [P ), W21 + v/ Ay D 119112) [PE—9) |24 1),

where the coefficients are

(D)2 pL—9) ) pL—4)

000 — D(L) =q D(L) 5 (51)
D(Z)D(L—4) D(L_‘")
Az = 20— q 20 (52)
D) D)
(L—4) (L 4)
1 D@D 1D
Aoz =~ - = A0, (53)
q D) q ’D(L)
(L—4) (L—4)
A = 1 Dy, " =Dy (54)
220 — qz D(L) >
(L—4) _ ~(1—4)
1(Dy; D
Az = a (—D(L) s (55)
(Dg%)))z DI p-4)
Agzo = >100) =50 (56)

Let us now consider the colorless case (g = 1) for simplicity. The reduced density matrix
of AU B, after tracing out over the states of the central region, is

Pap = Aooo ITL ITL) (TLITL + Ao [T ITL) (T + Aggo ITL) 1LL) (TLH{LL
AgooAzaz (1T 1TL) (PTHLLL+ ITT) 1LL) (TLI (L)
+ (Ango + Agar + Agao) ITT) L) (TT1 (LI (57)

DL (1-4)
where (Ago + Aga1 + Aggp) = ZH- and Aggg = Aggp = DD(L)4 .
On the basis (|TT) [TL), ITLY ITL), 1T ILLY, 1T4) [L4))" the reduced density matrix can be written
as

(L—4)
Dyq 0 0 0
1 0o DU pl-4 g
PAB = =7y 1—4 (1—4) , (58)
pw| o D p, (?_4)
0 0 0 Dy

13


https://scipost.org
https://scipost.org/SciPostPhys.7.4.053

Scil SciPost Phys. 7, 053 (2019)

with Dgf)_d') = D(()é_d'). The corresponding partial transpose matrix with respect to B is

P,E\BB = Agoo ITU) ITL) (TUH T+ Aggo [TT) T (TTHTL 4+ Aggo TL) L) (TLI (L

4/ AgooAzaz (1T 1LL) (MM (TLL+ 101 114) (141 (L)
+ (A + Agap + Agn) [TT) L) (111 (UL, (59)

which, on the same basis of Eq. (58), reads

Y o o DU
6 1 o DI 9 0 .
Pas=pwy| o o DLY o |’ (60
D=9 o o DL
DY pu-a) D Lpl—4)

whose eigenvalues are S OREE0) and , and since Dgzon) > DY ¥n > 1, the
negativity is zero, N’ = 0.
Tracing out the degrees of freedom of one of the two parts we get py = TrgPa5, OF Pg = TraPap

which can be written as

D)

(L—4) | (L—4)
1 (D +D 0
—_~ |20 22
PA= DD ( 0 DU~ 4 D(()LZ_4)) ’
1 (D 4+ DY 0
PB= D ( o pl,pi): D
02 TP
: (L—4) (L—4) _ (L—-2) L—4 (L—4) _ (-2
One can notice that D, “+D,, ~ =D,, ~ and DL 4 Dy, "= DI=2) 5o that
— 02 =
Pa= D(L) ( 0 D(L_z) >, PBp= ,D(L) 0 ,Dgé—2) D (62)

which are the same matrices we get after a bipartition of the system, from Egs. (19), (22), with
£4,=2 (or L =2), since Déé) =D® =1. In the limit L — oo the reduced density matrices in
Egs. (60), (62) become

1

— , 63
L—>_o)o 16 (63)

PaB

O O W
O R~ O
S 0~ O
w o O O

0
whose eigenvalues are twice 3/16 and (5 + 17) /16, and

1(3 0 1(1 0
pALTo’oZ(o 1)’ pBL?o’oZ(o 3)' (&)

Now one can easily calculate S,5, S4 and Sg, finding as a result the large L limit for the mutual
information

1 5
Tis T2 1E [2\/ 17arcosh(—17) —18log3 + 1510g2] , (65)

which is Z,5 ~ 0.01745 using the natural logarithm. We have shown, therefore, that, even for
the colorless case, with the lowest value for the entanglement entropy, the mutual information,
shared by two couples of spins at the edges, does not go to zero but remain finite also for infinite
distance.
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5 Entanglement properties of the Motzkin chain

As done for the Fredkin model, we will study the entanglement properties of the Motzkin
model in the ground state, briefly reviewing the entanglement entropy after a bipartition, then
calculating the negativity and the mutual information shared by the two spins at the edges.
We will show that also in this case the latter quantity reveals long-distance entanglement.
The coefficients in Eq. (16) for the ground state of the Motzkin chain, after a bipartition,
analogously to Eq. (19), are given by [7, 8]

(€a) g 4(L—LA) —h
A = Ma" My "a
h — M(L) >

while the coefficients in Eq. (17), after decomposing the state into three parts, analogously to
what found for the Fredkin model in Eq. (20), are given by

(€a) p 4(5) (L—€s—tp) (L—L4—L5) —h'—h
M Mg (MY = MR, )

(66)

h—z—1h'—z—1
Ahh’z = M(L) ) (67)
where
=iy
(n) _ n (20+|h'—h[)

is the number of colored Motzkin-like paths between two points at heights h and h’. Moreover
/\/l(()r;l) = qh/\/lgz)), and Mg(l)) = MM = f:JO ql( zng )C(Z) which is the colored Motzkin
number.

5.1 Entanglement entropy

In this section we briefly review the calculation for the von Neumann entanglement entropy
for the Motzkin chain [7-9]. The reduced density matrix after a bipartition of the system into
two subsystems A and B, after tracing out the degrees of freedom of one of them, is obtained
from Eq. (16) and has the same form reported in Eq. (22) where now .4 is given by Eq. (66).
Since p4 have g eigenvalues equal to 4, the entanglement entropy reads as it follows

h h (€a) y ((L—E4) (€a) y ((L—Ea)
m m M MM
_ h _ on “V'ho _ on “"'ho
Sy= Eh q" Ay log(Ap) = Eh v h logq log(—M(L) ) . (69)

() y ()
MOh

Also in this case, since ¢" A, = —¥-om— is a normalized probability, > q" A, =1, the first
term of Eq. (69) is logq times the average height of the paths at a given position located at

distance £, from the edge
(€a) y 4(L—La)
Mo Myo "

(h)g, =D h—A— 10— (70)
"L MDD
which, for large L and £, scales as square root, (h),, =~ L‘/%_U M, witho =2,/q/(2,/q+1).

MLL—_[A)), therefore, for large systems and for a siz-

The second term, instead, scales as %log(
able bipartition one gets

2v2 (L —1¢ 1 Lu(L—1¢

&~ 74| bl 2) logq + —log(—A( A)) +0(1).
v L 2 L

As for the Fredkin case, this approximation is very good when the bipartition occurs in the

bulk while Eq. (69) is exact for any £, and L.

Sa (71)
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5.2 Reduced density matrix of the edges

Let us consider the system AUB made by the two spins located at the edges of our spin chains,
as shown in Fig. 4, and study the entanglement properties between these two spins at the
edges of a Motzkin spin chain by tracing out all the spins between the first and the last one
described by

IPSD) = 109), (72)

P =109), (73)
P“A—”> |7><”> 01), (74)
Py = 1PW) =10,), (75)

so that Eq. (17), dropping the site indices to simplify the notation, reads

[P®) = v/ Aogo [0) [PE2) J0) +@Zme ) 1P ) lo) +\/m2|o ) PG )z 16°)
+\/A1102|1TC MPE) e 109) +\/A1112|1TC ) IPA=2) 1. (76)

The joint reduced dens1ty matrix of AU B, after tracing out all the degrees of freedom of the
central part C (see Fig. 4) and keeping only the two spins at the edges, is

Paz = Aooo10)10) (01 (0] + A1 Y 119)10) {11 (O] + Agzo Y [0) [4°) (O] (U
o 1) IO (1 + Ava DI 1) (7] (4]

+v AgooA111 Z (10) [0) (Rl (U<l + In) [4°) (ol (ol ), (77)
where the Schmidt coefficients are given by
M(L=2)
Aooo =~y = Ann (78)
(L-2)
1 Mg
Ao1o ¢ MDD (79)
M
A0 Mo Ao1o; (80)
1 M(L_Z) _M(L—Z)
_ 11
A0 = 1 ( VO ) (81)

One can verify that the trace of p,p is one,
Trpap = «4000 +q (Ao + Ao1o + A111) + ¢ Ar1o

M(L) (M(L 24+ ME gD 4 gl 2)) 1. (82)

Writing p a5 on the basis (10)[0), 1) [41), ..., 119) [49),[0) [41) ..., 10) [U9) , IR} [0} , ...,
[09) 0}, 101) [42), 112) [81) ,...)" we get

-AOOO V AOOOAlll‘]lxq leq O1><q le(qz—q)
% AOOOAlll‘]qxl Alll‘]qxq + -Alloquq quq quq qu(qZ—q)
Pap = Ogx1 Ogxq A1001gxq Ogxq Ogx(q2—q)
Ogx1 Ogxq Ogxq AOlOquq Ogx(q2—q)
O(g2—q)x1 O(g2—g)xq Og2—g)xg  O(g2—q)xq AllOl(qz—q)X(qégg)
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5.3 Negativity

We can calculate the negativity defined as in Eq. (34) where now A, are the eigenvalues of
the partial transpose of the reduced density matrix with respect to B in Eq. (77)

Py = Ano [0)10) (0] <0|+A1002|ﬂc }10) ¢ ﬂCI(OI+A01oZIO ) 14°) {01 (U]
+AHOZ 1) 1U°) {091 (0] + Apy Z 1) 14°) {09 (]
+¢A000A1112 0145} (4101 + 19 10) (o1 W) 84)

Expressing this matrix on the same basis of Eq. (83) we can write

-AOOO leq 01><q olxq le(qz—q)
qul (Alll + AllO)quq quq q><q qu(qz—q)
p;% = qul quq Alooquq \% AOOOAlll 1q><q qu(qz—q)
0q><1 quq \% AOOOAlll 1q><q A0101q><q qu(qz—q)
O(g2—g)x1 Ot2—q)xq O(g2—q)xq O(g2—q)xq l(qzﬂﬂ @0 ®A
(85)
where the last block on the bottom-right corner is a Kronecker product of an identity matrix
and a 2 x 2 matrix y y
_ [ 110 A1
A (Alll -Allo) ’ (86)

where, according to Egs. (78-80), A;j11 = Aggp and A;gg = Ag1o- The eigenvalues of pf\% are
Agoo with multiplicity one, (Aggg+.4119) with multiplicity q, (Ao +.Agoo) With multiplicity g,
(A100—Agoo) with multiplicity q, (A;19+.Agg) With multiplicity g(¢—1)/2 and (A;10—A00)
with multiplicity q(g —1)/2.

Since A;gg = Aggg, namely M7, = M", ¥n > 1, the only possibility for having a negativity
greater than zero is when Agqq > A;19, which occurs for

(L-2)
q> My -1| — 3 (87)
M(L—Z) L—0o0 ’

Notice that even if M(lLl_z) and M©72) depend on q (see. Egs. (21), (68), (15)) their ratio,
in the limit L — 00, goes to 4 from below for any q. As a result, for any finite L, we have

(¢—1) MU= M
2 (q+1) MDD MWD

N = ),foquS (88)

and N = 0 otherwise (q = 1,2), as in the case of the Fredkin model, see Fig. 8. For L > 1, we
have that M(lli_z) — 4M=2) for any q so that Eq. (88) becomes

N @=D@=3) MO
L>1 2 M@ -

(89)

Also for the Motzkin model we have that, for ¢ > 3, the negativity N does not vanish
even at infinite distance between the two spins at the edges of the chain. This means that the
quantum state in Eq. (77) is surely distantly entangled. On the other hand, forg =1andq =2
the negativity is zero, nevertheless Eq. (77) is a PPT entangled state, as we will show in the
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Figure 8: Negativity for two spins at the edges of a Motzkin chain of size L = 1000,
as a function of the number of colors q.

next section. For ¢ = 3 the negativity is V' &~ 7/9L, therefore the state is surely entangled for
any finite L, but also in this case we will see that, even if the negativity goes to zero for infinite
distance, the state in Eq. (77) is infinitely long-distance entangled, as shown by the following
calculation.

5.4 Mutual Information

The eigenvalues of the reduced density matrix, Eq. (83), are

1
Ay = 2 [Auo + (g + 1 Agoo = v/ (A110)? +2(q — D AggpAr10 + (g + 1)2(“4000)2] 00

together with Ay, with multiplicity (q — 1), Ao with multiplicity 2q and A;;, with multi-
plicity (g2 — q). The entanglement entropy S5 is, therefore,

Sap =—[ A+ 10g(A;) + A_log(A_) + (g — 1)Agoo l0g(Agoo)+
2q A10010g(A100) + (¢ — q) A11g 108(-/4110)]; o1

with Aggo as in Eq. (78), A;qo in Eq. (80) and A;;( in Eq. (81). On the other hand

Sp=Sp =~ Aglog(Ay) +q.A; log(A,) ], (92)
with the coefficients ()
MEIT-D MY
A= —7> p=—1 (93)
MDD M@
fulfilling Ay + g.A; = 1. The mutual information that we report here for convenience

can be calculated for any value of L and g through Egs. (90), (91) and (92). Z,5 as a function
of the size L is plotted in Fig. 9 (left panel) for some values of q. As one can see, increasing L
the mutual information goes to some asymptotic value which depends on g. The asymptotic
values of 7,5 have been calculated and show in Fig. 9 (right panel) for several values of g.

18


https://scipost.org
https://scipost.org/SciPostPhys.7.4.053

Scil SciPost Phys. 7, 053 (2019)

(0.4 e ———— 0.2
Py ]
035t =2 - 41N e
g=3 o P e
03} ] oIt e
025, e
2 021 B 2 op T
0.15 F, v
01" ] 0.05 |*
'."“'--.....m
0.05 |
O ol
10 20 30 40 50 60 70 80 90 100 5 10 15 20 25 30 35 40 45 50
L q

Figure 9: (Left) Mutual information between two spins at the edges of colorful
Motzkin chains, as a function of the size L, for different values of q. (Right) Mu-
tual information at long distance, L — 0o between two spins at the edges of colorful
Motzkin chains, as a function of the color number q.

Colorless case : Let us focus on the simplest case ¢ = 1, in the long distance limit L — oo0.
The reduced density matrix, Eq. (83), becomes simply

0

1

Pas =69

) (95)

SO ==
S O b~
N O O O

0
2
0

whose eigenvalues are twice 2/9 and (5 + v13) /18. Summing over the right or left spin
degrees of freedom we get

1{1 0
PaA= P =2 003(0 2), (96)
so that the mutual information is given by
Tap 2 1—8[2v arcosh(m)—16log2+510g3], 97)

which is Z,5 ~ 0.05361, in natural logarithm, as shown in Fig. 9.

Colorful case : Here we derive an explicit expression for the asymptotic value of Z,5z as a
function of q. For a generic q¢ we can simplify the expression for Z,5, in the limit L. — oo,
writing it in terms of only one colored Motzkin ratio

(L-1) F(5E,2L 0 4
F,= lim A= lim 25— = fim 2 l(fL 2 q), 98)
L—oo L—oo M(L) L—oo ,F (7 7,2,461)
since A; = (1—.A4,)/q and, from Egs. (78)-(81),

lim AOOO =F2, (99)
L—oo
Jim Aygp = 7]_—(12’ (100)
lim AllO = —F 5 (101)
L—o0 q ¢
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where we recognize that M) in Eq. (15) can be seen as ,F; (=% 3 2 L '2,4q), an hypergeometric
serie reduced to a polynomial since at least one on the first two arguments is a nonpositive
integer number. Substituting these values in Eq. (90) we get

2

A* = lim A —i( 24 q+3++/q4+2¢3+7¢2—6 +9) (102)
= fim A =5 +a q*+2q° +7q*—6q

q

and, from Egs. (91), (92) we get, for the mutual information, the following asymptotic exact
expression

3F7 2F7
+3]~'2(q—1)log , +4f2flog 77 +A+logA++A log A, |. (103)

We showed, therefore, that the mutual information shared by the two disjoint spins at the edges
is always finite, even when the separation is sent to infinity, also for the colorless case which,
from the point of view of the entanglement entropy, resembles a critical system. The expression
in Eq. (103), as a function of g, perfectly agrees with the results reported in Fig. 9 (right panel)
obtained calculating the asymptotic Z,5 for several values of q. As one can see from Fig. 9,
comparing it with Fig. 6, unlike the Fredkin model, because of the greater complexity due to
the spin degrees of freedom, Z,5 for the Motzkin model does not monotonically increase with

q.
6 Entanglement properties in the bulk
Let us generalize what seen so far considering two disjoint subsystems also in the bulk. This re-

quires to divide our system in five subsystems with different lengths such that L = £, +{g+{-+Lp
+ {5, as shown in Fig. 10, and the ground state has to be decomposed in five parts

ZD gA éc éB eE
R
D A C B E

Figure 10: Pentapartition of a spin chain into subsystems A, B, C, D, E.

L)\ _ (¢ ) (f ) (€c) _ _
|’p( ))_ Z An 1hahshy Z Z |’P b | h?l e )>Ch1’"'icl|7)h2?13(22))fh2"":cl

21292
hyhohshy 1258 CpChy Byl foes Thy E1eonig
212923 €. Cpy &1y

| (t5) P ([E)>

h3h4(z3))ch3 ,,,,, C1 hy0 ! €nyseensly 2

(104)

where the states located in each region is defined as before, see Eq. (18), and the coefficients
depend on the model.

6.1 Fredkin model

For the half-integer spin model the coefficients appearing in Eq. (104) are the following
(p) p(a)  plc)  plls) (€x)
DL D
Ohy “hyhyzi ~hyhszy ~hshazs 40
Ah1h2h3h4 1 221 stzz 3haz3 hy qzl+22+23—(h1+hz+h3+h4)’ (105)
212923 D)
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where

£®

N N0 ©
hihjz — (D _Dh ) (106)

hi—zhj—z i—2—1hj—2z—1
Let us consider the case where both in A and B there is only a single spin ({4, = £z = 1). In

this case, using the definition given in Eq. (18) and remembering that non-zero contributions

©)
|Phihj(zi)

) come from
max (0, [(h; +h; —£)/2]) < z; < min(h;, ;) (107)

and that the difference of the heights is limited by ¢, namely |h; —h;| < {, we have only the
following possibilities for the states defined in A and B

(KA:U — E(h +1)
|7Dh1 h1+1(21)> alchl’é.(:ll) =IT ) 6zlh1 5C1:51 T 65’11’5’11 ? (108)
----- 1+
(Ly=1) — |1¢
|Ph1 h1—1(zl)> @l = 151) 62 -1 ¢z, - "5C(h1—1),5(hrl) g (109)
Clyeees C(hl—l)
|7;(€B:1) ) - |T@h4>5 S5+ » 5+ N (110)
ha—1hy(23) C(’IA4*1)"A"’C1 23,h—1 Y E1,6, 0 Clhy—1)C(hy—1) °
Clseeey Ch4
((p=1) B - — |1+ D)
|7>h4+1 h4(zs)>c(ﬁ4+1)’;“’c1 = [{70em) Ozyhy Ocyty -+ 55h4’éh4 ) (11

Cl,...,Ch4

Eq. (109) is null for h; = 0 and Eq. (111) if h, = 0, however the coefficients in Eq. (104)
take into account these possibilities when some heights in the argument of the Dyck numbers
become negative. Calling h = hy, h’ = hy, 2 = 2, and the residual spin indices ¢ = ¢(,41) and
¢ = 41y to simplify the notation, the ground state can be written as

(¢p) ey 1pllc) ey
PDY =3 PG el 2oV Vi TP 1 ) s 1T)
hh'z €1---Ch c C1oeensC(h/-1)
Cpee Cpt
I ¢ (tc) B é 11 (€c) e
+ 2V Vi TP o) 2t WO 4 Vi W PR ) ey 1159
B C1yeesCpt € C1senslnr—1)
04 ¢ 14
+Z V;ﬁlz |lCh) |7Dh—cl)h’+1(z)>céh_l)’é"’cc} |~LC> ]lp;(llg))éh/,...,él > (112)
¢ 15-+5Ch/ 5
where, from Eq. (105) and ﬁgllh) = Dgll) = q together with 411}1)—1 = D%) =1, we have
() (tc) () 3]
VIl — 4 Do’ (Dh—cz+1 w1~ Phs h’—z—Z) Do qz—h—h/ 1 (113)
hh'z — YYh(h+1) (W' —1)h = P
z i, DUp+ectis+2)
() (lc) (tc) (Lg)
1 N DOhD (Dh—cz+1 W—z+1 Dh—cz h’—z) Dh’g s—h—h'—1
Vs = Ah(h+1h)(2:+1)h’ = Dottt 72) q , (114)
Z
(tp) (c) (tc) (Cg)
V” - A DOhD (Dh—cz—l h—2—1" Dh—cz—z h’—z—Z) Dh’f) qz—h—h’+1 (115)
hh'z = Y H(h=1)(R'=Dh = )
z A DUp+ic+is+2)
p) (le) ) (¢g)
W _ DOhD (Dh—cz—l W—z+1 " Dh—cz—z h’—z) Dh’(E) s—h—h'—1
Viwz = An—1) 0+ 100 = P () q , (116)

(h—1)zh’

and where the sums over h is limited by min({, L — {}), the sums over h’ is limited by
min({g, L — ) and the sum over z is defined differently for the four terms according to the
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different heights of the borders of the central region as given by Eq. (107), where z; = z,
€ ="{c,hy=h=x1and h; =h’'£1. More importantly, we notice that in Eq. (112), for any z,
the central states in the first and in the last term are orthogonal to any other while the central
states in the second and third term can overlap, more explicitly any (z + 2)-th state of the sec-
ond term coincides with the z-th state of the third term. These overlaps produce the coherent
off-diagonal terms in the reduced density matrix p,z.

In order to calculate the mutual information between A and B we have to calculate also p, and
pg- This can be done exploiting the tripartition of the ground state, Eq. (17) and Eq. (20),

Pa= Z (thl(:(%H)h |TC> <TC| + qh—lAg‘(\;_l)(h_l) |~LC> (lcl) ) (117)
hc

PB = Z (qh_lAElenh(h—n 1) (11 + thE};ﬁl)hh 1) (lcl), (118)
hc

where, using the same notation of Eq. (20),

(lp)y(Lc+Ep+1)
A® _ Dor "Dri1o —h (119)
h(h+1)h DUp+H+Hp+2) a4
(€p) ylct+Ep+1)
A(A) _ DOh Dh—l,O —h (120)
h(h—1)(h—1) DUp+ec+lp+2) a-
(Ep+lc+1).(lx)
A(B) — DOh—l DhO 1-h (121)
(h—1)h(h—1) D(£D+€C+€E+2) q ’
(Ep+lc+1)y(L5)
A(B) — D0h+1 DhO —h—1 (122)
(h+1)hh DUp+ec+p+2) q ’

Colorless case. Let us consider for simplicity the colorless case (g = 1).
From Eq. (112) we can derive the reduced density matrix for the joint system AUB after tracing
out the rest of the chain

pas = VITINIT) (I + VIITIL) CTRL+ VAT IO (LT VDI (LKL (123)
VX1 CTILL+ IDIL) (L),

which, on the basis (|T) [T),[T) L), [L)IT), 1) 1)), can be written as

vyl o 0 o0
o YN Y o
Pa=1 0 VX VW o
0 0 o0 WH

, (124)

where the coefficients, from Eqs. (113)-(116), are
VTT = Z Viyz’z ’ V“ = Z V}I}%’Z > V” = Z Viﬂl’z > Vll = Z Vlﬁ’z (125)
hh’z hh’z hh'z hh’z
and the crossing term
X _ T T T _ !
V= Z V Viwz+a Vitre = Z Viwz =V (126)
hh'z hh’z

which is actually at the origin of the coherence and of the long-distance entanglement between
the spins. One can verify through Egs. (113)-(116) that

Tr(pap) = VT + VI 4+ VT Pl =1, (127)
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Eq. (123) is indeed the generalization of Eq. (57) and reduces to it for £, = £y = 1 since the

first and he last spins are fixed to be up and down respectively. The eigenvalues of p,5 are
YT Yl and

1
VE= E(V“ + V& /a0y + (V- VITR2), (128)
From Eq. (123) and the following reduced density matrices for the regions A and B
pa=ATIN) (T1+ A1) (U] (129)
pp =BT 11+ B L) (UL, (130)

where the coefficients, using Egs. (119)-(122), are

1S 4@ T O I e LS 4®
A= Z ‘Ah(h+1)h , A= Z Ah(h—l)(h—l) , B'= Z ‘A(h—l)h(h—l) , Br= Z A(h+1)hh'
h h h h
(131)
We can calculate the corresponding entanglement entropies and then the mutual information,
Tap = S+ Sp — Sy exactly, by means of Egs. (113)-(116), (119)-(122), (125), (126), (128),
(164), which is

Tz =V 1og VT + Y log VY + Y log V't + YV log V™
— AMlog AT — Allog A — BT log B' — B! log B (132)
Explicit calculation shows that also for very large system size L the mutual information be-
tween two spins in the bulk does not vanish, as shown in the left panel of Fig. 11. Actually,

its asymptotic value increases when considering two spins located more and more deeply in
the bulk (see right panel of Fig. 11). Actually we expected and verified that increasing £, and

0.35 7 5D:§E: 6 0018 L e 4
0.3 p=lg =10 ’ et
Ip=lg=20 - 0.16 |
025 ¢ 1 0.14 ¢
02 s ] 0.12 ¢
Q Q 9
= = 0.1 f
015 1, ] 0.08 F .
0.0 b ™ 4 0.06 b »*
0.05 — 0.04 | **
e 1 0.02 fos
0 L L L L L 0 L L L L L
0 200 400 600 800 1000 1200 0 10 20 30 40 50
le Ip

Figure 11: (Left) Mutual information between two spins in the bulk of a colorless
Fredkin chain at distances £, = £z = 6,10, 20 from the edges, as a function of the
relative distance {; (Right) Mutual information between two spins in the bulk as a
function of the distance £, = £ from the edges for colorless Fredkin chain with size
L =1000.

{5, so going in the deep bulk, the probabilities of getting T and 7 WVMortand | W or |
and T O or finally | and | (VYY) should become the same and equal to 1/4, since also the
probabilities of having one spin T or |, both in A and B, should be 1/2. This means that

1(1 0 1(1 0
; pA_)E(O 1), pB_)E(O 1), (133)
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and consequently, for large system size L and for £, £z > 1, deeply in the bulk,

1
Tag — 5 log 2, (134)

which is also the same value, Z,5 ~ 0.35, obtained for £ = 0 and £, £z > 1, as shown by the
first points in the left panel of Fig. 11). Eq. (134) is actually the asymptotic value of the curve
in the right panel of Fig. 11. The staircase effect observed in Fig. 11 (right panel) is due to the

fact that the numbers ’Dl(lh), are zero for ({ +h +h’) odd integers. This feature is also present
in other ground-state quantities like the magnetization and the correlation functions [9,23].
6.2 Motzkin model

For the integer spin model the coefficients appearing in Eq. (104) are the following

Up) plta)  pUe)  pUs) (Cr)
MOh[i ‘Ch ?1221 ’Ch271322 h3£;14ngh4%

21429 +23—(h1+hy+hs+hy)
At MO q s
where
0 0) @)
‘Chh 2 (Mhi—zhj _M hi—z—1h;—z— 1) (136)

As done for the Fredkin chain, let us consider the case where both in A and B there is only
a single spin ({4 = £ = 1). Proceeding analogously as done for the half-integer case, using
Eq. (104) we get, for the ground state of the Motzkin model, the following decomposition

4 4 &,/
|P(L)) = Z Z |P(()hD) Cl ..... ChI:Z V}?}g |ﬂc Pf(l‘l’cl)h/ 1(z)> E’Cha/:";cl |ﬂCh ) (137)
hh'z C1---Ch C1sesCipr—1)
Cp...Cpr
4 g 4
Z V}?}% HTC P]S+C1)h/+1(z)) ’~;~’C1~ |‘U’c) + V#}IE |U’Ch> |P]E Cl)h/ 1(Z)> Clh— 1) ;;;;; €1 |ﬂ )
B C15eeesCht € Clrees C(h’—l)
{c) 0 4
Z V#}% |‘U'Ch |7D;(1 Cl h+1 (Z)>C(h 1)’C'">CC1 NJ’ + Z V}?h/ |ﬂc> |P}(1+C1)h/(z)>c Ch,...C,Cl |0)
0 ) ¢ .
Vi, 0 [Py qh/(zpc(h b 100+ 4/ Vi, 10) P ) e e 1)
,,,,, h 1oeeC(n/—1
() () (€g)
+Z Vi 10) Phir @) et [U) + 4/ Vi 10) i zy) - 10) 1P e

where the coefficients, according to Eq. (135), since Cg}l)ﬂ = M(Oll) = q and
M) _ A _ p(1) _ g1 _
Ly =Moo = Ly = Myg =1, are

24


https://scipost.org
https://scipost.org/SciPostPhys.7.4.053

Scil SciPost Phys. 7, 053 (2019)

(Up) (g 4c) 3] (¢x)
M _ 4 _ Mo (Mh—cz+1 a1~ M5 h’—z—Z)Mh’S o h—h+1 1
Viars = h(hzl()h(,h /I)l W MUp+ec+eg+2) q (138)
2(h'—
(Up) ((p4c) (tc) (tg)
i — g ) /_MOhD (Mh—cz-i—lh’—z-i—l_Mh—czh’—z)Mh’f) s heh'—1 (139)
hh'z h(hH}?éZ,H)h - Mp+c+E+2) q
(o) (g 4tc) (tc) (¢z)
Vi g4 _MOhD (Mh—cz—l h’—z—l_Mh—Cz—Zh’—z—Z)Mh’}(S) =—h-l+1 (140
hh'z — h((lill—ll))(?}’ll—l%l’— MUp+c+HEp+2) q )
—1)z(h—
(tp) (g 4Lc) 3] (¢g)
Wo_ 4 . Moy (Mh—cz—lh’—z+1_Mh—cz—Zh’—z)Mh’S g h—h'—1 141
Vies = h(h(_hl)(l};/z/l W MUp+ec++2) q (141)
—1)z
(o) [y 4c) (te) (¢g)
v _ 4 _ Mo (Mh—cz+1 ez~ M5 h’—z—l)Mh’g o heh 142
hi'z — h(h;l“lh),hlh/ - Mo+ +H+2) q (142)
Z
(Up) (g 4c) (te) (tg)
v _ 4 _MOhD (Mh—cz—lh’—z_Mh—cz—Zh/—z—l)Mh/g s—h—l (143)
hh'z h((2_11))h;/1”1/— MU +c++2) q
—1)z
(Up) [y 4Uc) _ gl (tg)
vOﬂ =A , /_MOh (Mh—zh’—z—l Mh—z—lh’—z—z)Mh’O s—h—h'+1 (144)
hh'z = hZU(lh/_ligl = MUp+o++2) q
2(h—
(Up) (g Uc) (te) (Lg)
VU g /_MOhD (Mh—czh’—z+1_Mh—cz—lh/—z)Mh/g o h—h/—1 (145)
hi'z = hh(Z J;l/l)h B MUp+ec+p+2) q
Z
(Up) [y 4Uc) (tc) (te)
M M -M M
h h—z h/— h—z—1 h'—z— h /
VY0, = Ay = — ( = L 1) L (146)

bl MUp+c+ie+2)

On the other hand the reduced density matrix of a single spin in A and B can be determined
performing the tripartition described by Eq. (17)

pa= D A 10) 01+ D (" AL 1) (0l +q" Al I (L), (4
h hc

ps =D A 10} 01+ > ("M AR L 109 (0 +q" AR L N UEl), (148)
h hc

where, using the definitions reported in Eq. (67), the coefficients are

Up) p yUc+lp+])
.A(A) — MOhD MhOC ’ —h (149)
hhh Mo+ +Hg+2) 4
Up) y jUc+lp+1)
.A(A) _ MOhD thl,OE —h (150)
h(h+1)h - MUp+c+HE+2) -
(€p) y (Lc+Ep+1)
.A(A) _ MOh Mh—l,O —h (151)
h(h—1)(h—1) — MUp+c+Ep+2) q
M(ZD'MC'*'DM(ZE)
(B) _ Vo 0 —p
‘Ahhh - M(€D+€C+€E+2) a9 (152)
Up+le+1) 4 (L)
.A(B) _ MOhD—l ‘ MhOE 1-h (153)
(h—1h(h—1) — MUp+c+Eg+2) q ?
(Up+lc+1) 4 ((Lg)
A(B) — MOh-‘rl Mho —h—1 (154)
(h+1hh MUp+ectep+2) q )
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Colorless case. As done for Fredkin chain, let us consider for simplicity the colorless Motzkin
model (g =1).

From Eq. (138) we can derive the reduced density matrix for the joint system AUB after tracing
out the rest of the chain

s = VTN (AT + V0 1I0) (K01 + VO (o)) (ol¢l + Ve 10} oKl + o)) (IOl )
FVI M) L+ VO (0)10) (001 + VT L)) (KT + V5o (1) (BT + 1)) (i)
+V5” (118) (001 -+ 10)(0) (U1 ) + V55" ([0){0) (B + 18I (0KOI ) +V°¥ o)1) (ol

+VY0 110} (BH01 + V¥ ([0)4) (UK + [B)10) (01 ) + V¥ 1U)I) (BKYI, (155)
where, denoting 0,0’ =1,0, |}, the coefficients are defined by
o =>vee (156)
hh'z
Xy — 1o 0
= 2V Vi Vi =V, (157)
hh'z
o
SN TR ass
hh’z
VX(()Z) = Z Vifzri?/z+1vi(1)i(l)’z = VOO > (159)
hh’z
(3) . U
v = S, = (160
hh’z

Choosing an opportune basis, the reduced density matrix can be written in a block diagonal
form as it follows

[ yit-o0 o o o0 0 0 0 0 \
o VM Yyt o o o 0 0 ©
o V" y" o o0 0 0 0 0
0 0 0o YN Yo Pt o o 0

pas=| 0 0 0 VO Yoo Pt o o o (161)

0 0 o YU Pt Pt o o o0
0 0 0 0 0 o Yo pio g
0 0 0O 0 0 0 VW U g

\o o 0o o 0 0 o0 o VW

We verified that Tr(p,5) = 1. Now, together with the reduced density matrices for the single
spins in A and B

pa=AT D) (0 +.A4°10) (O] + A |U) (UI, (162)
pg = BTN (0 +B°10) (0] + BL ) (U], (163)

where the coefficients, related to Egs. (149)-(154), are

ft_ A 0 _ A U_ A
A= Z Ah(h+1)h , A= Z ‘Ahhh , AV= Z ‘Ah(h—l)(h—l) > (164)
h h h
ft_ (B) 0 _ (B) U _ (B)
5= Z An-vhn-1y> B = Z Apn» BY= Z Al 1nn (165)
h h h
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we can calculate the entanglement entropies and finally the mutual information,
Tap = Sa+ Sp —Sap, exactly. Examples of the exact results for the mutual information shared
by two spins in the bulk have been given in Fig. 12 where we show that 7,5 does not vanish
when the distance of the spins in the bulk goes to zero but it saturates at some values which
increase going more and more deeply into the bulk. Increasing the distances from the edges,
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Figure 12: (Left) Mutual information between two spins in the bulk of a colorless
Motzkin chain at distances £, = £z = 1,2,3 from the edges, as a function of the
relative distance {.; (Right) Mutual information between two spins in the bulk as a
function of the distance £, = { from the edges for colorless Motzkin chain with size
L =100.
¢p and {5, we expected and verified that the probabilities in p,5 factorize
/ /
Voo — A°BY, (166)

and, upon further increasing £, and ¢, namely very deeply in the bulk, they become homo-
geneous, yoo' % and A° — %, B — % The eigenvalues of p,g, in this limit, become
1/3,2/9,2/9,1/9,1/9,0,0,0,0, so that the entanglement entropy is S,z — glogB - glogZ.
As a result the asymptotic upper bound for the mutual information between two spins in the

bulk is given by

1
Tyg — glogB + glogZ. (167)

6.3 General results for any disjoint intervals

The physical explanation of what seen so far, at least for the colorless cases, is the following.
Any state defined on a segment of the chain, [Py (,)), can be defined by two quantum numbers:
i) the magnetization m = (h’ —h) (the number of up-spins minus the number of down-spins),
ii) the horizon z (the lowest level of the paths),

so that we can write [Py (z)) = [m,z). Considering the decomposition as depicted in Fig. 10,
we have that the ground state written in Eq. (104) can be rewritten schematically as

|P(L)) = Z V A(m,Z) |mDJO) |mAJZA> |mCJZC> |mBJZB) |mEJO>:
{m}Hz}

(168)

where the sum is such that mp + m, 4+ m¢ +mg + my = 0 and is restricted by the request that,
for any set of magnetizations, one has to get a Fredkin or a Motzkin path (therefore, mp has
to be non-negative, as well as any initial sums, for instance mp +m, +.., as a consequence mg
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has to be non-positive). The reduced density matrix of AU C UB, after tracing over D and E, is

pacs = Trpg [PW) (PW] (169)
= Z \/.A(m,z).A(m’,z’) |mA)ZA> |mC1ZC> |mB>ZB> (mllqazllq| (m/C)Zéjl <m/3121/;| >
{m,m’}

{z.2}

where the central magnetizations are restricted by

mC:—(mD+mE+mA+mB), (170)
m’C=—(mD+mE+m;\+ mg), (171)

therefore
(Me, 26 IMe, 2¢) = 8/ 4m)),(mytmy) Oz zc (172)

namely, the overlap is one if the total magnetizations in A and B are the same. This constraint
implies that there are coherent terms in the reduced density matrix for A and B after integrating
over C. As a result the reduced density matrix p,p can be written in a block diagonal form,
where each block is defined by a magnetization sector,

(Vs \

Pap = Visi : (173)

\ N

The blocks V, _; are square matrices defined by the maximum total magnetization

{g=max(my+mp) =L+ {3 (174)

and the index i which runs differently for the integer or half-integer cases, i.e. i =0,2,4,...,2(,
for the Fredkin model, andi =0, 1,2,...,2{g, for the Motzkin model, namely there are ({5+1)
square blocks for the Fredkin case and (2{g + 1) blocks for the Motzkin one. The dimension of
pap is [(l4+1D)(Up+1)] x [(la+1)g+1)] for the Fredkin model and
(2L, +1)(205 +1)] x [(2£4 + 1)(205 + 1)] for the Motzkin model.

The dimension of the blocks V, and V_,, is 1, while the dimensions of the other blocks are
larger for sectors with smaller modulus of the spin. In general terms, V,, is a d,, X d,, matrix,

with
a

dy= > ©[lz+n—h]e[ly—n+h], (175)
h=—€A
where the sum runs over h with step 1 for the Motzkin and step 2 for the Fredkin, and ©[n] =1
for n > 0 and ©[n] = 0 otherwise. Defining

(¢p) p(La) (€c) (¢s) (¢g)
mamg 200 Enierma) s, Ehbma) (remy)s Sromg )iz Do (176)
hW 2252 DUp+Eat+Ect+lp+es) ?

where Eflh,z is given by Eq. (106) for the colorless Fredkin model and

(¢p) p(La) (€c) (¢s) (¢g)
mamg MOh £h(h""mA)ZAﬁ(h‘*‘mA)(h/_mB)Z £(hLm3)h’zBMh’0 177)
hW'zp2p2 MUp+at+Lc+lp+E) ’
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where Ehh, is given by Eq. (136) for the colorless Motzkin model, the diagonal and the off-
diagonal matrix elements of V,, with n = m, + mz = M, + Mg, on the basis of all possible
magnetization configurations {(m,, mz)}, are the following

Pmamg)(ma,mp) — Z V}:T];/};:.ng’ (178)
hh'{z}
Yomema) i) — 5 \/th"‘zAﬁBz A (179)

hh'{z}

For £,, £z < Lp, £f one verifies that the matrix elements of the blocks lose their dependence
on {. and become

() (s (L) ny(E5)
\/Dip{ptpls

V(mA:mB)(rﬁA’mB) N 2€A+53 (180)
for the Fredkin model, where
L
Dgﬁ) = (£+|m|)Pl+m, (181)
2
with p,, = (1 —mod(n, 2)) which selects even integers, as introduced before, while
\/M%:)M%];)M%A)M%B)
Ymams)ihaig) "M (182)

3€A+€B

for the Motzkin model, where

©_ N k )\ (¢
ME = > { ke || P (183)

k=|m| 2

Notice that D(“ = Dﬁ% , for large h, namely for h > ¢, and, analogously, I\/I(Z) = MO
h > {. Both quantities are the number of some lattice paths starting from (O, O) and ending at

(£, m) without constraints. One can verify that

{4

> DY =2, (184)
m=—(

4

> MO =3¢ (185)
m=—s

which are the numbers of all possible configurations of ¢ %-spins and ¢ 1-spins, respectively.
Remarkably, we find that all off-diagonal terms in each block are written in terms of the diag-
onal probabilities, therefore these coherent terms persist for any set of lengths. In particular,
looking at Egs. (180), (182), we notice that the blocks identifying the magnetization sectors,
when deeply in the bulk, become singular matrices, since any two rows or columns are equal
except for a factor. As a result only a single eigenvalue of a generic block V,, is not zero,
therefore, it is given by

o0 _ ol

20s  20s

TrV, =

i=—€A

(186)

for the Fredkin case, and
(ONIV184)) {4
MM _ Mg] )
3ts 3ls

TrV, =

iz—fA

(187)
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for the Motzkin case. We have found, in this way, the non-zero ({5 + 1) eigenvalues of the
reduced density matrix p,z of AU B in the deep bulk for the colorless Fredkin model and the
non-zero (25 +1) eigenvalues of p 45 for the colorless Motzkin model. As a result, the entropy,
deeply inside the bulk, becomes

ts (ts) (¢s)
Dy Dx
Sap — — E [ ol log( o0 )] (188)

n=—(g

{s (£s) (¢s)
My My
Sup — — E [ 365 log( 35 ):| (189)

n:—ls

for the Fredkin model, and

for the Motzkin one. As we will see these entropies are the same of those obtained for a single
subsystem of size {5 =/{, + {p.

Let us consider now the reduced density matrices of the two regions A and B, separately,
which are diagonal matrices with elements obtained by tripartition

Al 0 B .. 0
Pa= : . : > PB = : .. : > (190)
0 ... ACW 0 ... B&W
where
(€p) (L) (Lct+lpt+Lg) (Up+Hea+lc)~Up) (D)
Am) — Z Don th+mDh+m’0 BM — Z DOi?—mA "Dyl hDhOE (191)
- a DUp+ea+lc+ip+ly) - - DUp+ea+lc+p+E)
for the Fredkin model, and
14 [4 Lo+lpg+L
e 0 O ) VY
o A MUp+ea+ o+ +E) > o MUp+ea+c+Hp+g)

for the Motzkin model. Also in this case, for A and B very far apart from the edges, the
coefficients become

DY D
m _m m m
A - 8, B o 28 (193)
€ (t5)
M MU
(m) _m (m) _m
AT > 3060 ) (194)

for the Fredkin and Motzkin cases respectively. As a result the entanglement entropies of the
two subsystems have the same form of Egs. (188) and (189), namely

la (€4) (€4) {p (t5) (€)
Z D4 D4 Z D,*? D,*?

n=—€A

for the Fredkin model, and

la (La) (La) g (£5) (Lp)
M4 [V M2 M2
Sp— — Z |: 30 log( 36 ):|, Sg— — Z [ 36 log( 36 ):| (196)

n=—lA HZ—KB
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Figure 13: Mutual information between two regions of spins deep inside the bulk of a
colorless Fredkin (red bottom line) and Motzkin (blue top line) chain as a function of
the subsystem sizes £, = {3, obtained from Egs. (188), (195) and Egs. (189), (196).

for the Motzkin model. We can easily calculate the mutual information, Z,z = Sy + Sz —Sy5,
shared by two generic disjoint intervals A and B of sizes £, and {, from Eqgs. (188) and (195)
for the colorless Fredkin model and from Egs. (189) and (196) for the colorless Motzkin model.
Some results for the mutual information for the two cases with disjoint regions of same sizes,
¢, =g, are plotted in Fig. 13. For {5 = 2, namely for {, = {5 = 1, one recovers the results in
Egs. (134) and (167).

We have shown that the entropy for AU B behaves as if the two regions compose a single
unit subsystem of size £, + {5, no matter how far the two regions are. The effect of the off-
diagonal coherent terms in the reduced density matrix is to glue together, through the central
region, the two subsystems.

As a final result, for £ > 1, approximating the binomial factors with a Gaussian distribution
and the sums with the integrals, we get

[ © ©
D}, D, 1 7'[
_ZZ[Tlog( o )]NilogﬁJrlog(z\/;), (197)

n=—

¢ © ©
MY MY 1 [em

n=—/

therefore, the mutual information, Z,5 = S, + Sg — Sup, from Egs. (188), (195), (197) and
Egs. (189), (196), (198), becomes

1 40 T .
Ty~ log(EA‘:_ ’ZB ) +log (2,/ 5), (Fredkin) (199)
Tig ~ 1 lo (—eAeB ) +1o (2 ﬂ) (Motzkin) (200)
a8 ) BV )

for the Fredkin and the Motzkin spin chains respectively. These approximations are in perfect
agreement with the results reported in Fig. 13. Surprisingly, the latter results for the mutual
information have the same form of the logarithmic negativity and of the mutual information
for conformal field theories [26] of two adjacent intervals.
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7 Conclusions

In this paper we have shown that the ground states of the novel quantum spin models under
study exhibit a robust non-local behavior, the long-distance entanglement, in addition to the vi-
olation of cluster decomposition property. Since the mutual information gives a upper bound
for the squared connected correlation functions, our results are in agreement with analyti-
cal [9,23] and numerical [16] results on the long-distance behavior of some spin correlators.
The strong entanglement shared by any segments of the spin chains survives at infinite dis-
tances either if the subsystems are located close to the edges or inside the bulk. This anomalous
behavior has not been observed previously in the continuum version of the models [16] while
we resorted to an exact calculation in order to reveal it, taking afterwards the continuum limit.
This peculiar non-local behavior takes origin from the presence of off-diagonal coherent terms
in the reduced density matrix which do not vanish in the thermodynamic limit, but which are
missing in the continuum description. Intriguingly, we show that the mutual information of
two disjoint subsystems inside the bulk of these spin chains does not depend on their distance
and has the same form of the logarithmic negativity and of the mutual information for confor-
mal field theories of two adjacent subsystems in an infinite system. This finding strengthens the
belief that these models, which in spite of being described by local short-range Hamiltonians
show non-local behaviors, can be promising tools for quantum information technologies.
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