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Abstract

Certain patterns of symmetry fractionalization in topologically ordered phases of matter

are anomalous, in the sense that they can only occur at the surface of a higher dimen-
sional symmetry-protected topological (SPT) state. An important question is to deter-
mine how to compute this anomaly, which means determining which SPT hosts a given
symmetry-enriched topological order at its surface. While special cases are known, a gen-
eral method to compute the anomaly has so far been lacking. In this paper we propose
a general method to compute relative anomalies between different symmetry fraction-
alization classes of a given (2+1)D topological order. This method applies to all types
of symmetry actions, including anyon-permuting symmetries and general space-time re-
flection symmetries. We demonstrate compatibility of the relative anomaly formula with
previous results for diagnosing anomalies for Zg space-time reflection symmetry (e.g.
where time-reversal squares to the identity) and mixed anomalies for U(1) x Zg and
U(1) > Zg symmetries. We also study a number of additional examples, including cases
where space-time reflection symmetries are intertwined in non-trivial ways with unitary
symmetries, such as ZZ and mixed anomalies for Z, x Zg symmetry, and unitary Zo x Zo
symmetry with non-trivial anyon permutations.
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1 Introduction

The last few years in condensed matter physics have seen major progress in our understanding
of symmetry and its interplay with topological degrees of freedom in gapped quantum many-
body systems. In the context of quantum field theory, these results translate into progress
regarding the characterization and classification of topological quantum field theories with
symmetry.

In the absence of any symmetry, gapped quantum systems in two and higher spatial dimen-
sions can still form different phases of matter, distinguished by their topological order [1-3]. In
(2+1) space-time dimensions, it is believed that distinct gapped phases of quantum many-body
systems can be fully characterized by a pair of objects, (C,c_). C is a unitary modular tensor
category, sometimes referred to as the algebraic theory of anyons, which describes the fusion
and braiding properties of anyons, which are topologically non-trivial finite-energy quasiparti-
cle excitations [2,4,5]. c_ is the chiral central charge, and dictates the low temperature specific
heat and thermal conductivity on the boundary of the system. In a system where the micro-
scopic constituents are all bosons, C determines c_ modulo 8, while in a system of fermions
c_ is determined by C modulo 1/2.

When C is trivial, the system forms an invertible state. This means that the many-body
ground state possesses an inverse state, such that the original state and its inverse together
can be adiabatically converted to a trivial product state without closing the bulk energy gap.
In the presence of a symmetry group G, an important class of invertible states are referred to
as symmetry-protected topological (SPT) states [6]. These are states that can be adiabatically
connected to a trivial product state if the symmetry can be broken, but not while preserving
the symmetry. A wide class of d-dimensional SPT states can be classified using topological
effective actions associated with the group G, which results in the group cohomology classi-
fication H4*1[G,U(1)] [7,8]. More generally, sophisticated mathematical theories have been
developed to classify invertible and SPT states in general dimensions in terms of generalized
cohomology theories [9-12].

When the anyon theory C is non-trivial, the resulting quantum many-body ground state is
non-trivial even in the absence of any symmetry as it is not possible to adiabatically transform
the ground state to a trivial product state without closing the bulk energy gap. In the presence
of a symmetry group G, some topologically ordered states may be disallowed, while others split
into distinct symmetry-enriched topological (SETs) phases. Different SETs described by the
same topological order (C, c_) cannot be adiabatically connected to each other while preserving
the symmetry, although they can be adiabatically connected if the symmetry is broken along
the path.

Ahallmark of SETs is that the topologically non-trivial excitations can carry fractional quan-
tum numbers of the symmetry. Well-known examples include the fractional electric charge
carried by quasiparticles in fractional quantum Hall states, or the neutral spin-1/2 “spinon”
excitations in quantum spin liquids. The different patterns of symmetry fractionalization par-
tially distinguish SETs with the same topological order (C,c_). In the past few years, it was
understood that symmetry fractionalization can also be classified in terms of group cohomol-
ogy [13,14].

In addition to the symmetry fractionalization patterns, different SETs are characterized
by different fusion and braiding properties of symmetry defects that can be introduced into
the system. Ref. [14] developed a general algebraic theory of symmetry defects for unitary,
space-time orientation preserving symmetries, known as a G-crossed braided tensor category
theory (see also [15,16] for related work). The G-crossed braided tensor category is expected
to fully characterize the distinction between different SETs in (2+1) dimensions. Concretely,
it consists of a set of data {p, N, F,R, U, n}, subject to a number of consistency conditions and
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gauge equivalences.

An intriguing property of symmetry fractionalization is that it is possible for some symmetry
fractionalization classes to be anomalous, in the sense that the given symmetry fractionaliza-
tion class cannot occur in purely (2+1) dimensions, but can occur at the (24+1)D boundary of
a (3+1)D SPT state [17]. In the language of high energy theory, the associated topological
field theory has a 't Hooft anomaly. A simple example is the case of a Z, spin liquid with Z'zr
time-reversal symmetry (with time-reversal T? = 1), where the Z, charge and flux both carry
a Kramers degeneracy [17]. A basic question, then, is to determine which (3+1)D SPT state
is required to host a given SET at its (2+1)D surface. We refer to this as “computing the sym-
metry fractionalization anomaly,” or simply “computing the anomaly” associated with a given
SET. Since almost all SPTs in (3+1) dimensions fall within the group cohomology classifica-
tion H*[G,U(1)], it follows that with a few exceptions, computing the anomaly amounts to
computing an element of H*[G,U(1)] given the data that describes a given symmetry frac-
tionalization class.

In general, the problem of computing anomalies for SETs has not been fully solved ex-
cept for certain special cases. For cases where the symmetry is unitary, space-time orientation
preserving, and does not permute anyon types, a formula for the * anomaly was presented
in Refs. [14, 18]. Ref. [14] computed the anomaly by explicitly solving the G-crossed consis-
tency equations up to an H* co-cycle. Ref. [18] computed the anomaly in a different manner
by following a derivation of an obstruction formula for group extensions of fusion categories
develeped by Etingof, Nikshych, and Ostrik [19]. However these formulas were neither gener-
alized to the case where symmetries may permute anyons nor to symmetries that involve space-
time reflections. For Abelian topological orders with Abelian (unitary orientation-preserving)
symmetry groups that do not permute quasiparticle types, a bulk-boundary correspondence
was also developed in Ref. [20].

For the case of space-time reflection symmetries where time-reversal or spatial reflection
square to the identity (referred to as Z; and Z:, respectively), methods to compute the anomaly
were subsequently derived in Ref. [21] for bosonic systems, in Ref. [22, 23] for fermionic
systems, and independently conjectured for both in Ref. [24]. Ref. [25] also subsequently
developed an alternate derivation. Ref. [26] has also recently extended the derivation of Ref.
[21] to fermionic systems.

Recently, anomaly indicators for U(1) x Zg and U(1) % Zg were also derived in Ref. [27],
allowing a general computation of mixed anomalies between U(1) and Zg symmetry. For gen-
eral symmetry groups that involve space-time reflections, the only known result is an anomaly
formula for Abelian toric code topological order when anyons are not permuted by symmetries,
derived from an explicit microscopic construction of SET phases in Ref. [28].

Despite the above progress, to date a general method has not been developed for comput-
ing symmetry fractionalization anomalies in cases where symmetries permute anyon types, or
where time-reversal or spatial reflection symmetry are intertwined in non-trivial ways with uni-
tary orientation-preserving symmetries. One may consider, for example, systems with space-
time reflection symmetries where time-reversal does not square to the identity, but rather
squares to a non-trivial unitary symmetry, corresponding to the group Z}:. This would physi-
cally arise if the underlying microscopic time-reversal symmetry is not a true symmetry of the
system, but rather time-reversal combined with a unitary symmetry, such as a spin rotation,
is a symmetry. Then the effective time-reversal symmetry may not square to the identity but
rather to a unitary spin rotation symmetry. On the other hand, in cases such as G x Zg sym-
metry, where G is a unitary space-time orientation preserving symmetry, there may be mixed
anomalies which we currently do not know how to compute except in the special case where
G =U(1).

An important observation is that while symmetry fractionalization itself is in general char-
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acterized by a complicated set of data [14], the difference between symmetry fractionalization
classes forms an Abelian group, classified by H[zp][G, A][14]. Here p determines how the sym-
metries permute anyons, while 4 is an Abelian group that arises from the group structure of
fusion of Abelian anyons. In other words, after fixing the way symmetries permute anyons
by fixing p, two different symmetry fractionalization classes for a given topological order can
then be related to each other by an element [t] € H[Zp][G, AJ. Therefore, [t] should allow us to
specify the relative anomaly, that is the difference in anomalies, between two symmetry frac-
tionalization classes. Note that since anomalies, or equivalently SPTs in one higher dimension,
form an Abelian group, the difference in anomalies is a well-defined notion.

In this paper, we explain how to compute relative anomalies for general symmetries, includ-
ing symmetries that permute anyon types and also general space-time reflection symmetries.
In the case of unitary space-time orientation preserving symmetries, the anomaly formula we
derive, presented in Eq. (44), was previously also derived as an obstruction to gauging in
Ref. [29] through a more abstract mathematical formalism. However the logical arguments
leading to our derivation and its interpretation are somewhat different from that of Ref. [29].
Moreover, the mathematical structure and equations that we use are entirely in terms of the
data and consistency conditions presented in Ref. [14].

To treat space-time reflection symmetries, we propose a method to generalize the G-crossed
braided tensor category equations presented in Ref. [14] to characterize space-time reflection
defects. Our proposal proceeds by incorporating additional labels to keep track of local space-
time orientations. This allows us to extend the derivation of the relative anomaly formula to
the case of general space-time reflection symmetries, which results in some minor modifica-
tions to the unitary space-time orientation preserving case (see Eq. (51)).

We subsequently use the relative anomaly formula to reproduce previous results for ZI,
U(1) x 2T, and U(1) » Zg anomalies [21,27] in a completely different way, thus providing a
highly non-trivial consistency check on the correctness of this approach.

We then use the relative anomaly formula to study a variety of previously inaccessible
examples involving more general time-reversal symmetries. These include anomalies for ZZ
symmetry and mixed anomalies for Z, x Zg symmetries. A few notable simple examples are as
follows. We find that the Z, spin liquid (toric code) state with ZZ symmetry is anomalous when
the electric and magnetic particles carry half charge under T?. This provides a generalization
of the anomalous eTmT state [17,30] to the case of ZZ symmetry, which we dub the anomalous
eT*mT? state. By studying Z, x ZI symmetry for the Z, spin liquid (toric code) state, we find
a host of novel types of mixed anomalies, summarized for the case of no permutations in Table
2.

We also explicitly study novel examples of anomalous symmetry fractionalization classes
for unitary Z, x Z, symmetry where anyons are permuted. This, for example, leads us to
find anomalies associated with charge-conjugation symmetry in U(1), Chern-Simons theories,
summarized in Table 1.

Our analysis also yields as a byproduct new invariants for Z, symmetry fractionalization,
Aa,ia = =+1 (see Eq. (106), (107)), which do not require a to be self-dual. A, = %1 is
defined whenever a is invariant under the action of the Z, symmetry and determines whether
a carries integer or fractional charge under Z,. ia is defined whenever a is permuted to its
topological charge conjugate under the action of the Z, symmetry and changes by £1 when

the Z, symmetry fractionalization class is changed.
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2 Symmetry fractionalization

2.1 Review of UMTC notation

Here we briefly review the notation that we use to describe UMTCs. For a more compre-
hensive review of the notation that we use, see e.g. Ref. [14]. The topologically non-trivial
quasiparticles of a (2+1)D topologically ordered state are equivalently referred to as anyons,
topological charges, and quasiparticles. In the category theory terminology, they correspond
to isomorphism classes of simple objects of the UMTC.

A UMTC C contains splitting spaces Vcab , and their dual fusion spaces, V", , where a, b,c € C
are the anyons. These spaces have dimension dim Vcab = dim V;, = N;,, where N;, are
referred to as the fusion rules. They are depicted graphically as:

C
(d./dqdp)* Kb = (a,b;c,ul € V5, ¢))
a
a b
(d./dady)"* y = la,b;c,u) € Vb, (2)
C

. . . d \1/4
where u = 1,...,N;,, d, is the quantum dimension of a, and the factors (d éb) are a
a
normalization convention for the diagrams.
We denote a as the topological charge conjugate of a, for which N alc‘z =1,1ie.

axa=1+--- 3)

Here 1 refers to the identity particle, i.e. the vacuum topological sector, which physically
describes all local, topologically trivial excitations.

The F-symbols are defined as the following basis transformation between the splitting
spaces of 4 anyons:

u
aeﬁ - Z [ngc](e,a,/i)(f,u,ﬂ fo- @)

fouv Y
d d

To describe topological phases, these are required to be unitary transformations, i.e.

be)~! — be\T _ [pabc*
[(75") ](f,u,v)(e,a,ﬂ) =[(F") ](f,u,v)(e,a,ﬂ) =[F" Jeaprun- )

The R-symbols define the braiding properties of the anyons, and are defined via the the

following diagram:
a>™ ¥ b a b
" sl N
(o v C

Under a basis transformation, Fcab : Vcab — Vcab, the F and R symbols change:
ngc N ﬁgbc — F:bl—-chéle[FJ?C]'i‘[l—-;f ]'i"
RZ® — RA® =T 'REP[TPT". 7)

These basis transformations are referred to as vertex basis gauge transformations. Physical
quantities correspond to gauge-invariant combinations of the data.

6


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028

Scil SciPost Phys. 8, 028 (2020)

The topological twist 6, = e?™"«| with h, the topological spin, is defined via the diagram:

d 1
eazeﬁ:Zd_c[Rga]W:d_%' ®)
c,u a a a

Finally, the modular, or topological, S-matrix, is defined as

6 1
Say=D ') N, ——d. =— , 9
« c abeaeb ‘ Da@ ©
where D = Eadg.

A quantity that we make extensive use of is the double braid, which is a phase if either a
or b is an Abelian anyon:

b

a b a
é :Mab . (]—O)
\

2.2 Topological symmetry and braided auto-equivalence

An important property of a UMTC C is the group of “topological symmetries,” which are re-
lated to “braided auto-equivalences” in the mathematical literature. They are associated with
the symmetries of the emergent TQFT described by C, irrespective of any microscopic global
symmetries of a quantum system in which the TQFT emerges as the long wavelength descrip-
tion.

The topological symmetries consist of the invertible maps

p:C—C. 1y

The different ¢, modulo equivalences known as natural isomorphisms, form a group, which
we denote as Aut(C). [14]
The symmetry maps can be classified according to a Z, x Z, grading, defined by

_ | 0 if ¢ is not time-reversing

9(p) = { 1 if ¢ is time-reversing, (12)
__ | 0 if ¢ is spatial parity even

plp)= { 1 if ¢ is spatial parity odd. (13)

Here time-reversing transformations are anti-unitary, while spatial parity odd transformations
involve an odd number of reflections in space, thus changing the orientation of space. Thus
the topological symmetry group can be decomposed as

Aut(C) = |_| Aut, ,(C). (14)
q,p=0,1

Autg ((C) is therefore the subgroup corresponding to topological symmetries that are unitary

and space-time parity even (this is referred to in the mathematical literature as the group of

“braided auto-equivalences”). The generalization involving reflection and time-reversal sym-

metries appears to be beyond what has been considered in the mathematics literature to date.
It is also convenient to define

1 if ¢ is space-time parity even

x if ¢ is space-time parity odd. (15)

o(y) ={
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A map ¢ is space-time parity odd if (q(¢) + p(¢)) mod 2 = 1, and otherwise it is space-time
parity even.
The maps ¢ may permute the topological charges:

pla)=d €C, (16)
subject to the constraint that
Ngy = Ny,
Sa’b’ == Zlg(p),
O, =071 (17)

The maps ¢ have a corresponding action on the F- and R— symbols of the theory, as well as
on the fusion and splitting spaces, which we will discuss in the subsequent section.

2.3 Global symmetry

Let us now suppose that we are interested in a system with a global symmetry group G. For
example, we may be interested in a given microscopic Hamiltonian that has a global symmetry
group G, whose ground state preserves G, and whose anyonic excitations are algebraically
described by C. The global symmetry acts on the topological quasiparticles and the topological
state space through the action of a group homomorphism

[p]: G — Aut(C). (18)

We use the notation [pg] € Aut(C) for a specific element g € G. The square brackets indicate
the equivalence class of symmetry maps related by natural isomorphisms, which we define
below. p, is thus a representative symmetry map of the equivalence class [p,]. We use the
notation

8a = py(a). (19)

We associate gradings q(g) and p(g) by defining

q(8) = q(pg).
p(g) =p(pyg),
o(g) = o(pg). (20)

In this section we consider the case with no spatial reflections, i.e. p(g) = 0. The case with
spatial reflection is discussed in Sec. 5.
pg has an action on the fusion/splitting spaces:

Pg iV = Vetyp. (21)
This map is unitary if g(g) = 0 and anti-unitary if g(g) = 1. We write this as
pgla, bsc,u) = > [Ug(%a, £b; 8)],,K1®)|Ea, 8b; 2c, v), (22)

v

where Ug(8a, 8b; 8c) is a N;, x N7, matrix, and K denotes complex conjugation.
Under the map pg, the F and R symbols transform as well:

PglF3 1= Ug(Ba, 8b; 8e)Ug(Be, Bc; BA)F 4,05 U (3D, Be; 8F)U  (3a, 85 8d)  (23)

=K91®) Féleb; K1)

polRI] = Uy(5b, Fa; SORI*U,(%a, %b; 8c) ! = KIDRIKD, (24)
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where we have suppressed the additional indices that appear when N7, > 1.
Importantly, we have

Kgh © Pg © Ph = Pgh> (25)

where the action of k4, on the fusion / splitting spaces is defined as

Kgn(la, bsc,u)) = Z[Kg,h(a, b;c)luvla, b;c, v). (26)

v

The above definitions imply that
Kgn(a, b;c) = Ug(a, b;c) 'KI® Uy (8a, &b; Bc) ' K1 DUy, (a, bs ), (27)
where g=g L. Kgn is a natural isomorphism, which means that by definition,

ﬂa (g) h)ﬂb (g> h)
B.(g,h)

[Kg,h(a, b; C)]uv = 5uv B (28)

where f,(g,h) are U(1) phases.

2.4 Symmetry localization and fractionalization

Now let us consider the action of a symmetry g € G on the full quantum many-body state of
the system. Let R, be the representation of g acting on the full Hilbert space of the theory. We
consider a state ¥, .., ) in the full Hilbert space of the system, which consists of n anyons,
a;,---a,, at well-separated locations, which collectively fuse to the identity topological sector.
Since the ground state is G-symmetric, we expect that the symmetry action Ry on this state
possesses a property that we refer to as symmetry localization. This is the property that the
symmetry action R, decomposes as

n
Rgl ¥, . o)) ~ | JUPU(Bay, -+, 80,3 Dl W .. i, )- (29)
j=1

Here, Ué] ) are unitary matrices that have support in a region (of length scale set by the corre-
lation length) localized to the anyon a;. The map Ug(8ay,- -, 8a,; 1) is the generalization of
Ug(3a, 8b; 8c), defined above, to the case with n anyons fusing to vacuum. Ug(8ay, - -+, 8a,;1)
only depends on the global topological sector of the system — that is, on the precise fusion tree
that defines the topological state — and not on any other details of the state, in contrast to the
local operators Ug ). The ~ means that the equation is true up to corrections that are exponen-
tially small in the size of UY) and the distance between the anyons, in units of the correlation
length.

The choice of action p defined above defines an element [®] € ”pr](G,.A) [14]. If [®]
is non-trivial, then there is an obstruction to Eq. (29) being consistent when considering the
associativity of three group elements. We refer to this as a symmetry localization anomaly, or
symmetry localization obstruction. See. Ref. [14,31,32] for examples.’

If [@] is trivial, so that symmetry localization as described by Eq. (29) is well-defined,
then it is possible to define a notion of symmetry fractionalization [14]. When the action
of p is trivial, this is particularly simple to review. In this case, one can fix a gauge where

A non-trivial obstruction [®)] € ’H?p](G, A) can be alternatively interpreted as the associated TQFT possessing
a non-trivial 2-group symmetry, consisting of the 0-form symmetry group G and the 1-form symmetry group A4,
with [@] characterizing the 2-group [14,19,33].
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Ug(a, b;c) = 1. Symmetry fractionalization then corresponds to a possible choice of phase
wa(g) h):

UPUY = w,(g U, (30)

One can show that w,w; = w. whenever N7, # 0, which then implies that w, = Mg n)s
where w(g,h) € A is an Abelian anyon. One can show that associativity of three group ele-
ments requires that w obey a 2-cocyle condition, while redefinitions of U S) allow one to change
w by a coboundary. It thus follows that the symmetry fractionalization pattern corresponds to
an element [w] € H?(G, A).

When the action of p is non-trivial, so that the anyons can be permuted by symmetries,
the above analysis is more complicated. A detailed analysis [14] reveals that now symmetry
fractionalization patterns are no longer characterized by group cohomology. Rather, differ-
ent symmetry fractionalization classes can be related to each other by [t] € H[zp](G, A). In
mathematical parlance, symmetry fractionalization classes form an H[Zp](G, A) torsor.

In general, symmetry fractionalization is characterized by a consistent set of data {n} and
{U}, where {U} was defined above. The data 7,(g,h) characterize the difference in phase
obtained when acting “locally” on an anyon a by g and h separately, as compared with gh
(note m,(g,h) is not the same as w,(g,h) above). This can be captured through a physical
process involving symmetry defects, as explained in the next section. There are two important
consistency conditions for U and 1, which we will use repeatedly later in this paper [14]. The
first one is

,h ,h
Tla(gn ();Il;l()g ) _ Kgn(a, b;c), GL

with k defined in terms of U as in Eq. (27). The other one is

Na(@ W (gh, k) = na (g, W5 (k). (32)

These data are subject to an additional class of gauge transformations, referred to as symmetry
action gauge transformations [14]:

7a(8)75(8)
7:(8)
7q(gh)
(154(8))1®)y,(h)

Recall p(g) = 0 in the discussion of this section. We note that U also changes under a vertex
basis gauge transformation. Different gauge-inequivalent choices of {n} and {U} characterize
distinct symmetry fractionalization classes [14].

Ug(a, b,C) i Ug(a: b;c)ﬂ

Nq(g,h) — 14(8,h). (33)

3 Symmetry defects

One way to understand the classification of symmetry fractionalization is in terms of the prop-
erties of symmetry defects. A symmetry defect consists of a defect line in space, labeled by a
group element g € G, which we sometimes refer to as a branch cut, and which can terminate
at a point. In the (24+1)D space-time, the symmetry defect is thus associated with a two-
dimensional branch sheet. A given branch cut line associated with g can have topologically
distinct endpoints, which thus give rise to topologically distinct types of g defects; a particular

10
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Figure 1: Left: A g defectin space. Branch cut is depicted by dashed line; there can be
topologically distinct endpoints, labeled by a,. Right: g defect is a two-dimensional
sheet in space-time; an anyon x is permuted to 8x upon crossing the sheet.

topological class of g defect is thus labeled as ag. An anyon x crossing the g defect branch cut
is transformed into its permuted counterpart, 8x (see Fig. 1).

Here we focus on the case where the symmetry group is space-time orientation preserving
and is represented unitarily on the quantum states. In this case, a complete algebraic theory
of symmetry defects has been developed in [ 14], which captures the fusion and braiding prop-
erties of the symmetry defects. Without developing the full theory of symmetry defects, some
elementary considerations can be used to reproduce the symmetry fractionalization classifica-
tion, as we describe below.

First, we note that the defects can be organized into a G-graded fusion category,

Co =P, (34)

geiG

where the simple objects of C, are the topologically distinct set of g defects. By considering
states on a torus with a g defect wrapping one of the cycles, one can show that

ICql = IC§I, (35)

where |C,| is the number of topologically distinct g defects, and |C§ | is the number of g invariant
anyons.

3.1 Fusion rules of symmetry defects and relation to symmetry fractionalization

Fusion of the defects respects the group multiplication law associated with their branch cuts,
so that

ag X by = D NS can. (36)

Cgh

For a given choice of fusion rules, one can consider a different state where the fusion rules
are modified relative to those of the original state by allowing an anyon flux line associated
with an anyon t(g, h) to appear at the tri-junction between the branch sheets g, h, and gh (see
Fig. 2). The fusion of the defects is thus modified to

ag x by, =t(g,h) > N¢,cgn. (37)
C

Note that in our diagrammatic calculus, we pick the convention that the anyon line t(g,h)
propagates to the left in time.

Immediately, a number of important constraints appear for such a modification. The fusion
of the branch sheets should be an invertible process, which requires that t(g, h) be an Abelian
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‘ 7 ag bn
t(g, h) t(g, h)

Figure 2: Top left: Fusion of defect branch sheets. Changing the symmetry fraction-
alization class by a 2-cocyle t(g,h) changes the fusion of the defect worldsheets by
the appearance of a Wilson line of t(g,h) at the trijunction. Top right: Equivalent
diagrammatic representation, where ag, by, are the end-points of the g and h line de-
fects. The fusion rule of the new theory thus becomes ag x by, = t(g, h) > eh N?, Coh-
We define Cz/; n = t(8,h)cgy. Bottom panel: associativity of the defect fusion implies
the 2-cocyle condition for t(g, h).

_Ogh

Figure 3: Splitting and fusing defect sheets g and h leaves behind an anyon loop for
t(g, h). Invertibility of the process thus requires dg(g p) = 1.

anyon. To see this, note that the process of fusing and then splitting the branch sheets to
come back to the original configuration of branch sheets would leave behind an anyon loop
associated with t(g,h) (see Fig. 3). The anyon loop would give a quantum dimension factor
dy(g 1) to the evaluation of defect diagrams; the invertibility of the process would then require
dy(gn) = 1. We note that an alternative derivation of the fact that t(g, h) is Abelian, starting
from basic locality constraints on symmetry localization and symmetry fractionalization, is
given in Ref. [14].
Furthermore, t(g, h) must respect the associativity of fusion:

(ag X bh) X Cg = ag X (bh X Ck). (38)
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For the new fusion rules (37) to be associative, we are thus led to the constraint

t(g, h)t(gh, k) = 8t(h, k)t(g, hk). (39)

We can understand this equation diagrammatically as shown in Fig 2. Eq. (39) is the condition
that t(g,h) be a 2-cocycle (twisted by the action of p). Since t(g,h) is itself ambiguous up to
fusing ag and by, separately by an Abelian anyon, we thus also obtain an equivalence of t(g, h)
under 2-coboundaries.

We see therefore that given a set of defect fusion rules, another set of defect fusion rules
can be obtained given an element of H[Zp](G,.A). In other words, the set of possible defect
fusion rules forms an H[Z p](G, A) torsor.

The connection to symmetry fractionalization can be understood as follows. Symmetry
fractionalization is characterized by the difference in phases obtained when acting ‘locally’ on
an anyon by g and h separately, as compared with gh. We can capture this by introducing the
1 symbols, defined diagrammatically as follows:

a; by hgy ag by hey

S =ne(gh) . (40)

Cgh Cgh

The U symbols, which define the action of symmetry group elements on the fusion and
splitting spaces can also be defined diagrammatically, as shown:

a +b a b
% = D [Ui(a,bs)],, % . 1)

Different gauge-inequivalent choices of 1) and U define the notion of symmetry fractional-
ization [14]. When the trijunction of the defect branch sheets is modified to include an anyon
flux line, we therefore see that 1, (g, h) changes, because the x anyon line must be exchanged
with the t(g,h) anyon line when being fully slid under the vertex, as shown in Fig. 4. This
corresponds to the transformation 7),.(g,h) = M(g n)1x (8, h), Wwhere M, 1,) is the phase ob-
tained from a double braid between x and t(g,h). This precisely corresponds to a change in
the symmetry fractionalization class. In fact one can show that all possible symmetry fraction-
alization classes can be related to each other by such a change in the defect fusion rules [14],
which implies that symmetry fractionalization classes are therefore related to each other by
elements of ’H[zp](G, A).

3.2 Relating F-symbols from different symmetry fractionalization classes

For unitary, orientation preserving symmetries, the defects form a G-graded fusion category.
This means that in addition to the fusion rules (36), the defect fusion is characterized by F-
symbols, which describe basis changes among different fusion trees for fusing three defects
ag, by, ci. For the defect theory to be anomaly-free, we require that the pentagon equation for
the defect F-symbols be satisfied:

fcd bl b hd bcd
1R = ZFgf,iF:ngk;p (42)

where we have suppressed the group labels for ease of notation.
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Figure 4: In the original theory, sliding an anyon line through the defect trijunction
gave a phase 7),(g,h). In the new theory, the anyon line x must also pass through
the Abelian anyon line associated with t(g,h), which picks up the mutual braiding
phase M, (g ) between x and t(g, h), as illustrated.

abcd
f\ /1
abcd/V\abcd
f € |
9 k
e F F e
abcd abcd
h F h
g k
e e

Figure 5: The Pentagon equation enforces the condition that different sequences
of F-moves from the same starting fusion basis decomposition to the same ending
decomposition gives the same result. Eq. (42) is obtained by imposing the condition
that the above diagram commutes.

Qg bn Ck

1"
dghk

1"
dghk

Figure 6: Diagram depicting F symbols of the new theory, which we de-
note as F, in terms of labeling of objects in the original theory. We define

g = (8 M)t(gh, K)dgny = Et(h, K)t(g, hk)dgpy, ey, = £(8, h)egn, fij = t(h, K) fic.

Given two symmetry fractionalization classes related to each other by an element of
H[zp](G,A), the defect F symbols must also change. Since the defect fusion rules change
according to Eq. 37, we can also determine the F symbols of the new theory given the data of
the old theory.

Let us label the F symbols of the new theory as F. F is therefore associated with the
diagram shown in Fig. 6. We can derive an explicit expression for F by using the F and R
moves of the original theory, as shown in Fig. 7. This leads to the following equation for F':
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ag bn Ck ag b o
—
t(g,h),egn,cK ag,bh,Ci t(g, I\ [hi
d/ghk ’e/gh 1dghk dghkvegh s fnk
t(gh, k
"
o Do
[Fl‘(gh,k),t(g,h),dghk }*
Aot (gh k) t(g,h) dgnic
ag bn Ck Qg bn Cr ag bn Ck

—
t(g,hk), £t(h.,k),dgnk

Al iet(8:hK) Bt(h,k) dgni

i i’
dgnk dghk

l [F‘.gt(hyk),(lg-,fhk] *

dghk,ag,dghk

bh Ck ag bh Ck

ag,t(h.k), fux
Faete,
ghk7ag1fhk

1"
dghk

Figure 7: Sequence of moves in the original theory in order to determine the F sym-
bols, F, for defects in the new theory. The defect fusion rules in the new theory are
twisted by an element [t] € ’H[zp](G, A) relative to those of the original theory. We
assume all defect and anyon lines have arrows pointing upwards.

~ ag,bp,Ci

F _Ft(g;h)’egh’ck dg, bh’ck t(gh;k):t(g;h):dghk * t(g,hk), gt(hsk)sdghk

ehio Dghic Sk N dgpyoan-dgnic dgnloCenofuic di t(gh,k)t(g,h),dgric dghk,t(g,hk)gt(h,k),&ghk
8t(h,k),ag, fhk 15 St(K),ag 1, — A, t(h,K), e
x[F! JLRL M%)

dghi-dg,dghi

~ r
g dghloag’fhk

Note that we assume for ease of notation that all fusion coefficients are 0 or 1.

4 Relative anomaly calculation for symmetry fractionalization

In the previous sections we have discussed how one can consider two theories, where the “new”
theory is related to the “original” theory by changing the defect fusion rules by an element
[t] € H[Zp](G, A), which thus corresponds to a change in the symmetry fractionalization class.
The relative anomaly derives from studying the consistency of the defect F symbols for the
new theory, denoted F in the previous section, in relation to the consistency of the original
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theory. In this section we use this consideration to derive a relative anomaly formula.

To do so, we consider the fusion of four defects in the original theory, together with Abelian
anyons specified by t : G x G — A, in order to recover the defect fusion of the new theory.
This leads us to consider an analog of the pentagon equation for 4 defects, which now yields
a non-trivial consistency condition obtained by following the 15 moves shown in Fig. 8.

Let us first assume that the original theory is fully consistent. In this case, following the
15 moves shown in Fig. 8 gives us a non-trivial equality:

FFO,(g,h k1) = FFF, (43)
where

O, (g, h, k1) =R" kD&, anein) (8 W[ Ug(Bt(hk, 1), 8t(h, k) T* Uy (8t(h, k1), &"t(k, 1))
Ft(ghk,l),t(gh,k),t(g,h) [Ft(ghk,l),t(g,hk), 2t(h,k) ]*

Ft(g,hkl), 8t(hk,1), 3t(h,k) [ Ft(g,hkl), 8t(h,kl), $t(k,1) ]*

pt(ghkD),e(gh), el D) [ Fe(8hKD, ghe(k,1),t(g,h) T (44)

In Eq. (43) we have for ease of notation dropped the explicit indices for the F symbols. Note
that in Eq. (44), we have dropped labels in the data whenever they are fixed by fusion out-
comes. For example, Uy(a, b;c) is written as Ug(a, b) if ¢ is uniquely determined by a and b.
Similarly Fgffc is written as F?*° when a,b,c are Abelian, as d,e,f are then fixed uniquely by
the fusion rules.

Eq. (43) shows that while the original theory was consistent, the new theory, whose de-
fect F-symbols are given by F, may not satisfy its pentagon equation, up to an obstruction
defined by O,(g, h, k,1). The new theory is therefore anomalous, while the original theory was
consistent.

On the other hand, suppose that the original theory is not fully consistent. In this case,
following the 15 moves of Fig. 8 does not give an equality, but rather an equality up to a
4-cochain O(g,h,k,1):

FFO(g,h, kDO, (g, h k1) = > FFF. (45)

Here O(g, h, k,1) detects the failure of the original theory from satisfying the consistency equa-
tion required by Fig. 8. We see then that ®,.(g,h,k,1) describes a relative anomaly, as it
describes the failure of the new theory from satisfying its pentagon equation, relative to an
anomaly O(g, h, k, 1) of the original theory.

4.1 0O,(g,h k1), H*[G,U(1)], and SPTs

Two comments are now in order. First, we expect that O,(g,h,k,1) is a 4-cocycle; we expect
this should be provable using only the G-crossed consistency equations described in Ref. [14],
however we do not pursue this further here.

Second, we assert that ®,.(g, h,k,1) can always be canceled completely by considering the
theory to exist at the (2+1)D surface of a (3+1)D invertible state. The cohomology class of
®, in H*[G,U(1)] determines which SPT state is required in the bulk, relative to the SPT that
was required to cancel the anomaly of the original theory. The proof of this would require
developing a theory of the full (3+1)D system, which we leave for future work.
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ag b Cck d,

pt(ghk,1),e(g,hkl),#t(h k)

"

e "

t(ghk.1)
% hnidi l

d ag 2% Cck d,

—
[Ft(g,hkl),gt(hk,l),gt(h,k)]*

t(g. hkl)
o m

| [Frbncid | Ua(Bt(nk1). 2e(h, k)
ag bn K d ag 28 Ck d
d
—
Fomscidi

t(g, hkl) o t(g, hkl)

€

[Ug(Et(h, K1), = ek, )] |

t(gh, kI)

ag bn Ck d ag bn Ck dy

t(gh, kI) ¢ t(gh, kI) e

t(gh, ki) ¢

\ ag bn  Ck d /
R (k) t(g.h) Ft(gh k) t(g.h) B e (k1)

(k1)

N

t(gh, ki) ¢

Figure 8: Consistency condition for derivation of relative anomaly. Anyon and defect
lines are assumed to have arrows directed upwards.

Incorporating space-time reflection symmetries

Here we wish to extend the discussion above to the case where the symmetry group G may
contain space-time reflection symmetries. We will propose a simple modification of the ap-
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proach in Sec. 3-4 for unitary space-time orientation-preserving symmetries. Our proposed
modification leads to a similar formula for the relative anomaly (see Eq. (51)).

A defect associated with reflection symmetry corresponds to inserting a crosscap in the
system, as shown in Fig. 9. By considering a flattened crosscap, we can consider this as a g
defect branch line as well, on the same footing as g defects for unitary symmetries, with the
exception that when an anyon crosses the defect line, it gets reflected in space in addition to
being permuted to its counterpart.

Tr
Tx
€ x

Figure 9: Left: crosscap, interpreted as a reflection symmetry defect, in space. We can
consider flattening it and treating it on the same footing as other g-defects for unitary
orientation-preserving symmetries. Right: in space-time, the reflection symmetry
defect corresponds to a crosscap tube.

For time-reversing symmetries, which are anti-unitary, it is not clear whether one can de-
fine a sensible notion of a symmetry defect within a Hamiltonian formalism. However if we
Wick rotate to imaginary time, then in Euclidean space-time we can treat time-reversal and
spatial reflection symmetries on equal footing. Our usual notion of time-reversal corresponds
in imaginary time to charge conjugation followed by reflection symmetry. Therefore, in this
section we simply focus on spatial reflection symmetries. In subsequent sections, when dis-
cussing time-reversal symmetries, we then replace our formulas involving spatial reflection
with the product of topological charge-conjugation and time-reversal.

5.1 Symmetry fractionalization classification

The symmetry fractionalization classification ”H,[Zp](G, A) can now be rederived by considering
the fusion of reflection symmetry defects, with the following important modification. When
the anyon lines associated with t cross a reflection symmetry defect sheet, the line itself is
reflected in space. This means that t(h, k) transforms to 8t(h, k) if it crosses a g-defect where
g is spatial parity reversing. See for example Fig. 10. This implies the following non-trivial
modification to the cocycle equation:

t(g, h)t(gh, k) = [t(h, k)" ®]t(g, hk), (46)

where aP® = g if g is spatial parity reversing. Remarkably, this same formula involving the
charge conjugation operation associated with p(g) was derived in Ref. [ 14] through completely
different considerations, without introducing the notion of a reflection symmetry defect. We
thus view the derivation of Eq. (46) from fusion of reflection symmetry defects as a non-
trivial check on the validity of incorporating reflection symmetry defects into the algebraic
description of defects.

5.2 Keeping track of local space-time orientation

To date, a complete consistent algebraic theory of fusion and braiding of symmetry defects in-
volving reflection symmetry defects has not yet been developed. Here we propose an important
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Figure 10: Fusion of three defect sheets, r, h, k, where r is a spatial reflection symme-
try. As the anyon lines cross the crosscap sheet associated with r, they get reflected
in space in addition to being permuted by the action of p,.

modification to the original G-crossed braided tensor category theory in order to incorporate
reflection symmetry defects.

Our proposed modification is to first keep track of the local orientation of space-time in
all regions. This can be done by labeling each region in between the defect lines by a local
orientation s = +. For two regions separated by a defect line, if the defect is orientation-
preserving (reversing), the orientations in the two regions are the same (opposite). Therefore,
once the orientation in one region is known, orientations in all other regions are determined
by the group elements associated with each of the defect lines. Note that a global space-time
orientation is not in general well-defined in the presence of reflection defects; however given
a local portion of a defect diagram, we can label the local space-time orientations.

Now, the F, R, U, and 1 symbols all explicitly depend on the local orientations. We thus
have Fgf;({si}), Rgb({si}), Ug(a, b;c; {s;}), nq(8, h; {s;}), as shown in Fig. 11. Note that since
the group labels on the defect lines specify the difference in local orientations across the line,
it is sufficient to only specify the orientation in a single region.

ag bn 52 ag bn
S0

s1 g~
7 s
— = 12(g, h; s0, 51, 52)
Tk
Cgh

g
51 ag bh% g b
N2 s
S0 / ) .
S0 ‘
Tk -S:;T = Ux(a, by c; {s;}) /
Tk
53 |
Cgh Cgh Cgh Cgh

Figure 11: Including the local space-time orientations {s;} in the regions between
the defect / anyon lines. This naturally gives the structure of a higher category. The
lines are assumed to be directed with arrows pointing upwards.
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Tg
b
Fier({si})
—_—
Ug(Ba, Bb; Be; Bsp) Ug (8D, c; & f; &51)
Ug(®a, &f; 8d; Bso)

Fefslsf({8si})

Figure 12: g action on the F-symbol diagram. All lines are assumed to be directed
with arrows pointing upwards.

Furthermore we can consider a global symmetry action, p, for g € G, on the whole di-
agram. Note this is the extension of p, defined in Sec. 2.3, which acted only on the anyon
theory, to an action on all of the defect data as well. Diagrammatically, this corresponds to
sweeping a defect line associated with g across the diagram, as shown in Fig. 12 for the case
of the F-symbol. We therefore have, for example,

P FS2({s; )] =Ug(2a, 8b; Be; Bsy)Uy( Be, Bc; Bd; Bsp)

def
8a8b8c
nggegf(gso)

Ug (8D, 8c; 8f ; 851)U, ' (3a, Bf ; 8d; Bs,), (47)

where for ease of notation we have only included the top-left-most space-time index on the
U symbols. The symmetry action on the local orientations is such that 8s = (—1)°®s, where
here o(g) = 0 if g is space-time parity even and o(g) = 1 if g is space-time parity odd.

In order for the theory to be symmetric, we wish that this G action keep invariant all of
the data of the theory. Therefore, we impose the condition:

PelX (- 58)]=X(--3;5), (48)

where X(--- ;s) refers to any datum of the theory, such as the F, R, U, or 1 symbols. This is
equivalent to the condition that the corresponding diagram, for example Fig. 12, commutes,
which ensures that one obtains the same results regardless of whether a defect line is swept
across the diagram before or after the corresponding move.

Finally, in addition to Eq. (47), (48), we further impose that

X(---; 8)=K®X(--- ;5)K®), (49)

where recall K refers to complex conjugation. One way to understand the appearance of this
complex conjugation is as follows. Within a path integral formalism, a state on a space M
corresponds to the path integral evaluated on a space-time W such that dW = M. Reversing
the orientation of M corresponds to converting a state from a bra to a ket and vice versa. This
requires a Hermitian conjugation to relate processes that occur before and after the reflection.

When space-time reflection symmetries are allowed, the pentagon equation must thus be
modified, because we must keep track of the local orientations. The pentagon equation be-
comes:

fed bl _ b hd bed
F,q1 (50,52,53,54)F () (50,51,52,54) = 4 Fg 1 (50,51,52,53)F g (50551553, 52)Fip (51,52, 53,54)-

(50)
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Other consistency equations are similarly modified, however we will not explicitly consider
them in this paper.

If we focus just on the fusion properties, which involve only the fusion rules and F symbols,
then the above structure no longer corresponds to a fusion category, because a fusion category
does not require the additional data {s;}. Rather, as described in a slightly different context
in Ref. [21], such a fusion structure corresponds to the structure of a 2-category. The objects
of the 2-category are the local orientations +, while the defects a, are now considered to be
1-morphisms between the objects. The fusion and splitting processes that map ag X by, = cgpy
then correspond to the 2-morphisms. Furthermore, the 2-category has a G-action, as described
by the action of pg, and is also G-equivariant, because we require that the G action leave the
fusion rules and F symbols invariant.

When we include the G-crossed braiding processes in addition to fusion, then the proper
mathematical structure must be a G-equivariant 3-category with G action. We leave a proper
study of the relation between symmetry-enriched topological states and higher category theory
for future work.

So far we have derived the action of pg on the F-symbols and derived a modified pentagon
equation. It is possible to derive the action of pg ON all of the data {F,R, U, n}, consistency
conditions, and gauge transformations of the theory, which, combined with Eq. (48) and (49)
thus provides a generalization of the G-crossed braided tensor category equations of Ref. [14]
to space-time reflecting symmetries. We leave it for future work to fully derive all of these
equations and to demonstrate their consistency and applicability to characterizing space-time
reflection symmetric SETSs.

Now, turning to the relative anomaly, precisely the same derivation as in Sec. 4 can be
carried through, with the difference that now all of the data also includes a dependence on
the local space-time orientations. Importantly this means that whenever an Abelian anyon
associated with t crosses a g defect line, it gets conjugated to 8[tP®], as was the case for Eq.
46. We thus arrive at essentially the same formula as in the case without space-time reflections,
with some minor modification:

0,(g,h, k,1;50) =R TV ELEM (5 )y e (8, 50)

[Ug(B[t(hk, 1)P®], 8[t(h, K)P®];50)]* Ug( 8[t(h, kKDPE)], B[ t(k, 1)PEM]; )
Ft(ghk,l),r(g,hk), g[t(h,k)l’(g’](s 0)]* Ft(g,hkl), 8[t(hk,1)P®)], g[t(h,k)l"g’](s 0)

[
[Ft(g:hkl)’ g[t(h’kl)p(g) ], gh[t(kxl)p(gh) ] (so )]*Ft(gh5kl):t(g’h)5 gh[t(k’l)p(gh) ] (SO)
[

gk, L S (g h) g )+ pe(EhcD gh ) g ) s ). (51)

Note that, as mentioned above, since the defect group labels fix all the local orientations s;
once s is fixed, we only need to keep track of one additional variable, s, in the above formula,
which corresponds to the local orientation in the top left of the associated diagram.

From Egs. (48), (49), we see that ®,.(g,h,k,1;—) is fixed by ®,(g, h,k,1; +). We thus define
the relative anomaly

0,(g,h, k1) =0,(g,h,k1;+). (52)

. — T
6 Time-reversal symmetry, G = Z,

Here we apply the relative anomaly formula to the case where G = Z;. Note that (3+1)D
SPTs with Z; symmetry have a Z, x Z, classification, while H*[Z,U(1)] = Z,. Therefore
the approach here only captures the relative anomaly that is within the group cohomology
classification.
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To do computations, we work in a “canonical gauge,” where ©,(g1,8,,83,84) = 1 if any
g; = 1, where 1 refers to the identity element of G. Any residual gauge transformation
(that is, any shift of ®, by a coboundary) de(g1, 8, 83, 84) must then have the property that

€(81,82,83) = lifany g; = 1.
One can then check that

I=0.(T,T,T,T) (53)

is invariant under any residual gauge transformations in the canonical gauge.
Next, we note that it is always possible to pick a gauge for a representative 2-cocycle t such
that

t(1,1) =t(T,1) =t(1,T) = 1. (54)

Here we use 1 to denote the vacuum sector of the anyon theory. Furthermore, we can also
always pick a gauge where Ur(a,1) = Up(1,a) = 1 [14]. This choice of gauge satisfies our
choice of canonical gauge for ®,(g;, 82, 83, 84) described above.

Applying the relative anomaly formula, we then find

T = Ner,)(T, T) Oy 1y (55)

Recall that when Ta =aq, 712 = n,(T,T) is a gauge-invariant symmetry fractionalization quan-
tum number that indicates whether a carries a “local” Kramers degeneracy; that is, whether
T? = —1 “locally” for the anyon a [14].

6.1 Relation to absolute anomaly indicator, Z(RP*)

Recently, the absolute anomaly for Zg was computed in general by computing the path integral
of the (3+1)D theory on RP* [21]:

1
Z(RIP4)=5 > n0.d,. (56)
ala=Ta

This formula was independently conjectured as an “anomaly indicator” in Ref. [24]. Here we
demonstrate compatibility of the relative anomaly, Eq. (55), with the absolute anomaly, Eq.
(56)

As discussed in Sec. 3, shifting a symmetry fractionalization class by a 2-cocyle [t] induces
a shift in the n symbols: 1 — 7', with

0’ (T, T) = 1o (T, )M 11 (57)

That this also holds for anti-unitary time-reversal symmetry was demonstrated explicitly in
Ref. [14].
Let us define

t=t(T,T), (58)
as this is the only non-trivial element. The 2-cocycle condition requires
Te=t. (59)
We have:

0060aM:0c = MMt 0,M:0; = 14t O4e- (60)
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Letting Z’(RP*) be given by Eq. (56) with the n’ quantum numbers, we find

1
Z/®PNO =5 D, Ta0adabin;

ala=Ta

1
ZE Z nateatdat

ala=Ta

= l Z NatOacdae
D

al(at)="T(at)

= Z(RP*). (61)
Note we have used Tt = t by the cocycle condition. Therefore we have proven
Z'(RPYOn, = Z(RE?), (62)

which confirms the relative anomaly formula.

We note that for Abelian topological states, Zg anomalies were further studied in Ref. [34],
where it was shown that the absolute anomaly formula Eq. (56) reduces to the Arf invariant of a
certain quadratic form q defined as follows. Define the Abelian group C = Ker(1—T)/Im(1+T),
which is the group of all T invariant anyons, a = Ta, modulo those that are of the form
a = c x Tc, for some anyon c. Then one defines q(a) = QGnZ, considered as a function on C.
The relative anomaly formula derived in this paper, in the case of Abelian topological phases,
is a well-known property of Arf invariants.

7 U(1) x Z; and U(1) x Z] symmetry

Here we analyze the cases where the symmetry group corresponds to U(1) x Zg or U(1) x Zg
symmetry. We denote elements of U(1) x Zg and U(1) x Z; as (Uy, g), where 6 € [0,27) and
g € {1, T}. The multiplication is

for U(1) x Z; and
(U(X? g) : (Uﬁ)h) = (Ua+q(g)[57 gh) (64)

for U(1) x Zg. Below, for convenience we will also sometimes denote (U,,g) as U,g, for
g<{l,T}.
The anomaly classification, given by bulk (3+1)D SPTs, is given by:

HAU(L) x 2L, u(1)] =173,
HAU(1) % 28, u(D)] = Z2. (65)

There is also an additional Z, coming from a “beyond cohomology” SPT in this case, associ-
ated with time-reversal symmetry alone, whose anomaly can be detected by e?™-/8 = +1,
where c_ is the chiral central charge. Furthermore, one of the Z, factors in the group coho-
mology classifications above is associated with pure time-reversal symmetry and corresponds
to the case studied in Sec. 6. Therefore we see the appearance of two additional independent
anomalies for U(1) x Zg symmetry and one for U(1) x Zg symmetry. Note that these are mixed
anomalies, because U(1) by itself has trivial fourth cohomology.
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In fact it is already known that one of the mixed anomalies for both U(1) x Zg and U(1)x Zg
symmetry corresponds to whether the vison, which corresponds to the excitation obtained by
threading 27 units of U(1) flux, is a fermion. For U(1) x ZI, the second mixed anomaly
corresponds to whether the vison is a Kramers singlet or doublet. These diagnostics were used
recently in Ref. [27] to derive formulas for absolute anomaly indicators for U(1) x Zg and
U(1) ZE symmetry groups. Below we apply our relative anomaly formula to compare with
these results.

7.1 Symmetry fractionalization

First we explain physically the fractionalization classes of U(1) x Zg. One can show that there
are basically two pieces of information: first of all, an anyon a can carry a fractional charge
q, (defined mod 1) under U(1). This is captured by a (absolute) vison v, € A such that

2™ = M (66)

— yg,ac

Next, we must specify the action of the time-reversal symmetry T, including the permutation
of anyon types py and the local T? value 773; for all T-invariant anyons.
The 2-cocyle [t] € 7{[2 p](U(l) x ZT A) can be generally parametrized as

t((Ua, g), (Uﬁ, h)) =t(g, h)v([a]2n+[ﬁ]2n_[a+ﬁ]211)/27.[. (67)

where [a],, denotes @ modulo 27t. Here t(g,h) is a 2-cocycle associated with H[Zp](ZT, A),

while  y(@betBlz—la+fle)/2m oiyes a  2-cocycle associated with  H2(U(1),.A).
This form for the 2-cocyle follows because the Kiinneth formula in this case gives
HEH(U(D) x Z3, A) = H{ 1(Z;, A) @ HA(U(D), A).

The 2-cocycle condition is satisfied if both t(T, T) and v are invariant under T. v here has
the interpretation of the anyon resulting from a 27 flux insertion in the new theory, relative
to the old theory. This can be seen by looking at g =h =1, 8 = 27 — a, which gives

t((Uy, 1), (Uzp_g, 1)) = . (68)

In other words, we may refer to v here as a “relative vison.”
Because T commutes with U(1), the 27 flux and thus v is invariant under T:

Ty =v. (69)

On the other hand, for U(1) % ZI, one can show that the 2-cocyle [t] € H[zp](U(l) x 7T A)
can be generally parametrized as

t((Ua, g), (Uﬁ, h)) = t(g, h)v([a]znﬂ(g)[ﬁ]2n—[a+5(g)/3]zn)/ZTt’ (70)

where s(g) = 1—2q(g) = %1 depending on whether g is time-reversing. Here the relative
vison v must be a self-dual Abelian anyon and invariant under T, as a 27 flux turns into a —27
flux under T.

7.2 Cohomology invariants

We first describe a set of invariants for the * cohomology classes. Let us first focus on
HHU®Q) x 2L u()] = Zg. One quick way to understand the invariants is to consider the
Zy % Zg subgroup, where the Z, is generated by U,. Notice that besides T there is another
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order-2 anti-unitary element T' = U, T. Thus we can define a pure time-reversal anomaly for
both T and T':

Il = Q>r (T) T, T: T);
, =0,.(T, T, T,T). (71)
For the third Z, invariant, we consider the following expression:

_ 0T, Uy, U, Up)®, (U, Uy, T, Ur)
7 0.(U,,T,U,, U)®,(U,, Uy, Uy, T)

0,(U,,U,, Uy, Uy). (72)

The form of the expression is motivated by relation of the slant product of the 4-cocycle to a
time-reversal (i.e. T) domain wall. The bulk bosonic topological insulator can be viewed as
proliferation of time-reversal domain walls decorated with U(1) bosonic integer quantum Hall
(BIQH) states with Hall conductance o, = 2. If the U(1) symmetry is broken down to Z,
then the BIQH state becomes the Z, Levin-Gu SPT state [35]. The invariant Z; is designed to
detect such decorated 2D SPT states on time-reversal domain walls.

Note that these expressions are all assuming a canonical gauge for ®@,., as described in the
previous section, and thus are invariant under residual gauge transformations that preserve
this canonical gauge.

For G = U(1) x ZI, the above expressions are all still invariants, however we will see that
7, =1,. Therefore Z;,7; are the two invariants that distinguish the Z% cohomology classes.

7.3 General anomaly formula

Define t = t(T, T). A straightforward application of Eq. (71), (72) and the relative anomaly
formula yields the following results for G = U(1) x Zgz

7, = 6, (T, T),
I, = QMhV(T’, T'),

(T,U,) 73)
nV 3 T
I.=0,—— Uu.,U,).
3 VT]V(UTE,T)T)V( TT 7'[)
Since v is invariant under T, we have the following two cocycle conditions:
Tlv(Un: T)nv(UnT: UnT) = ﬂv(Um Un)nv(T: UTL'T)J
n,(T, T) = 1, (T, U;T)n, (T, Uy,). (74)
Thus we find ( ) 1)
T,U T, T
nv—nnv(Una Uﬂ) = nv— (75)
1y(Upr, T) n,(T, T)

We can also show that 1, (T, T') = n,(T’, T')n, (T, T'), which follows from the fact that both
t and v should be invariant under T (and thus T’).

To compare the results with more familiar characterization of the anomalies, we need to
determine the absolute anomaly. In this case, we can choose a reference SET state in the
following way:

1. Since U(1) does not permute anyons, there is a canonical choice for a reference where
U(1) acts completely trivially, namely all anyons are charge-neutral, so that the vison is
the identity. This implies that there is no mixed anomaly involving the U(1) symmetry.
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2. Asshown in Ref. [14], the time-reversal symmetry fractionalization can be characterized
by how T permutes anyons and the local T? values of T-invariant anyons, 1,(T, T) for
Ta = a. Itis believed that this gives a complete characterization of time-reversal symme-
try fractionalization, although so far this has not been proven. We assume that there is
no symmetry localization anomaly (characterized by a non-trivial element in Hf’p](G, A)

for the T action [14,32]). We choose a reference state which has no Zg anomaly.

3. For the symmetry groups U(1) x Zg or U(1) x 2, the permutation action for T' must be
identical to that of T. Furthermore, because U(1) rotations, including U, act trivially
on anyons, we have 1,(T’,T’) = n,(T, T) in this reference state, which also implies that
there is no anomaly associated with T’ alone.

Now compared to this anomaly-free reference SET state, the invariants become

Il = th'{,
T, = 0,1, 0, My, (76)
IB == Qv.
It is more convenient to replace Z, with 7., = %:
I]. = etn?,
Iy = My, (77)
IS == QV‘

Now Z; has the interpretation of the local T2 value for v in the new SET phase, which is
the reference one modified by the fractionalization class t. Z5 is determined by whether the
vison is a boson or fermion. These are precisely the known anomaly indicators for U(1) x Z'zr
symmetry [27].

Let us apply these formulas to an example, where we reproduce the results of [30]. Con-
sider a Z, toric code topological order, and suppose T does not permute anyons. In this case,
the relative anomalies agree with the “absolute” ones, and 1,(g,h) = 1 in the reference SET.

Ty=6,, I,=M,;, I3=10,. (78)

For the eCmC state, which is the state where both the e and the m particle carry half-
charge under the U(1) symmetry and are Kramers singlets, we set t = 1,v = 1), and thus
(Z1,7,,7Z3) = (1,1,—1). For the eCmT state, which is the state where the e particle car-
ries half-charge and is a Kramers singlet, while the m particle carries integer charge and is a
Kramers doublet, we set t(T,T) = e,v = m, which yields (Z,,Z,,Z3) = (1,—1,1). This also
shows explicitly that two mixed anomalies associated with 7, and Z; are independent.

Let us now turn to the case with U(1) x Zg symmetry. In this case the group cohomology
classification gives H*[U(1) x 2T, U(1)] = Z%. There is only one mixed anomaly, which corre-
sponds to the whether the vison is a fermion. We can still use the invariants for the Z, x Z'Zr
subgroup that we used in the U(1) x Zg case, but now notice that t(U,T,U,T) = t(T, T), and
therefore 7, = 7;. Using the same convention for the reference SET phase, we obtain the
following anomaly indicators:

I,=6mn],I3=0,, (79)

which again agrees with known results [27].
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8 Z, symmetry

In this section we study the case of Z_, which has been out of reach using previous methods.
In this case, T? is a non-trivial unitary symmetry. Physically, T can correspond to some com-
bination of the true time-reversal operation of a physical system together with a non-trivial
unitary symmetry. For example, we can consider a bosonic system where T? = (—1)"», where
Ny, is the boson number.

8.1 Zj SPTsin (1+1)D and H*[Z},U(1)]

In (2+1)D systems, Z'Zr symmetry fractionalization can fruitfully be understood by dimensional
reduction and considering (14+1)D Zg SPTs [21,36]. It is natural therefore to begin by studying
(1+1)D Zj SPTs.

In (1+1)D, ZZ SPTs have a Z, classification, corresponding to the cohomology group

H[Z},U(1)] = Z,. (80)

H2[ZF,U(1)] characterizes projective representations of ZZ. Physically, this means that a non-
trivial Z}: SPT state on a 1D space with boundary has a symmetry-protected degenerate two-
dimensional subspace at each edge, forming a projective representation of ZZ.

One possible manifestation of a physical system with Z;{ symmetry is a system of bosons
where T? = (—1)™, and where N, is the boson number. In this case, Kramers theorem implies
that each boson, which carries a linear representation of Z!, must carry a local Kramers de-
generacy. However, the projective representation of ZI is also two-dimensional. (A generator
for it can be taken to be Vy = 719" 7/4K). It is interesting in this case that the linear and pro-
jective representations have the same dimension, but nevertheless are fundamentally distinct
from each other. The non-trivial projective representation of ZZ can be thought of as carrying
fractional Z, charge under the unitary symmetry T?.

It is useful for future reference to note that the following combination of 2-cocyles
wy(g,h) € U(1) is invariant under gauge transformations (i.e. under shifting w, by a 2-
coboundary):

1 @o(T, T, (T, T?)
B wy(T2, T)

(81)

8.2 ZZ symmetry fractionalization in (2+1)D

As reviewed in Sec. 2,3, symmetry fractionalization is characterized in terms of distinct, gauge-
inequivalent consistent choices of the {n} and {U} symbols [14]. For ZZ symmetry, we will
discuss two types of gauge-invariant quantum numbers associated to certain anyons.

First, when Ta = a, one can also define an invariant

1 _ Na(T, T (T2, T?)
“ 14(T2,T)

(82)

Under a symmetry action gauge transformation (see Sec. 2.4), 772 - nzm Thus

’I’)Z is gauge invariant when Ta = a. Note that the definition is nothing but the invariant that

detects a nontrivial ZZ projective representation, defined in the previous section.

On the other hand, T? generates a unitary Z, subgroup, and anyons can carry fractional
Z, charges. A general definition of fractional Z, charge will be given in Sec. 9.1. Here we
consider a special case: self-dual anyons a (i.e. the fusion of a satisfiesa xa=1+---), which
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are also invariant under T? (but not necessarily T). We define an invariant Az measuring
whether a carries fractional Z, charge under T?:

JLZZ = n,(T?, T>)Ur2(a, a; 1). (83)

It is straightforward to verify that this expression is gauge invariant. This is a special case of
Eq. (106).

We note that invariants for Z, symmetry fractionalization can also be defined for anyons
that satisfy a = Ta (see Eq. (107)). This kind of Z, charge will be used in the example
discussed in Sec. 8.5.5.

We now prove that nz = AZZ for a self-dual, T-invariant a. This amounts to the following
identity:

1a(T, T)
na(T2,T)

First, consider the fusion channel a x a — 1. We have

= Urz2(a,a;1). (84)

14(T, T)* = Up(a, a; 1). (85)
Then consider the 2-cocycle condition with T, T, T:

Na(T, T)NG(T%, T) = 0o (T, TN, (T, T) . (86)

Combining the two relations immediately gives the desired identity.
Now we study [t] € HE[Z@ A]. We denote Z, = {0,1,2,3}. One can show that a general
2-cocycle can always be made into the following form:

a+f—[a+p]
ta,p)=t" 7+, 87)

where [a]4 denotes a modulo 4. Here t € A is invariant under ZZ. Once this form of the
cocycle is fixed, there is still a remaining coboundary in the following form:

a—1

e@=]]"e aci23y, (88)
j=0
where € € A. Under this coboundary, t becomes t - T(e¢) where T(¢) = ]_[?:O T,
If the fractionalization class is modified by such a torsor 2-cocycle, the fractional quantum
number for a T-invariant anyon a becomes

(T)D = nZMa,t(TZ,TZ) = nZMat- (89)
Let us prove that M, () =1, so (nZ) is indeed an invariant. Note that
M(I,T(E) — Mf,SMt,TSM[’ngM[’ng' (90)

Because a is invariant under T, we have M,r, = M;" oMy, = M;"Tzs, therefore M, 1) is
positive. Because a and ¢ are Abelian, M, 1(,) must be a phase factor and thus M, 1) = 1.

. 2
Clearly, the same is true for XC'; .
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8.3 Anomaly classification: Z} SPTs in (3+1)D and #*(Z},U(1))

In (34+1)D, SPTs with ZI symmetry have a Z, x Z, classification. One of the non-trivial classes
comes from the group cohomology classification and is associated with

HY 2}, 0(1)] = Z,. (91)

The other non-trivial SPT that is outside of the group cohomology classification is similar to
the beyond group cohomology SPT state for Zrzr.

We now define an invariant for the cohomology classes. It turns out that one can basically
use the same formula for the Z; invariant of the Z, x Zg symmetry group discussed in Sec. 7,
replacing U,, with T?:

_ O(T, T2, T2, T)0,(T?, T, T, T?)

T =
O.(T2,T,T2, T2)0, (T2, T2, T2,T)

O. (T2, T2, T2, T2). (92)

It is straightforward to check that this is invariant under any residual gauge transformations
once we fix the canonical gauge where ®,(g1, 8>, 83,84) = 1 if any g; = 1. Recall that in this
canonical gauge, residual gauge transformations correspond to shifting ®, by a coboundary
de, where €(g;,8,,83) =1 ifany g; = 1.

To understand the physics, let us for a moment enlarge the symmetry group to
[U(1) x Z}:] /Z,. The quotient means that the unitary Z, element of ZZ is identified with
U,. This is the symmetry group of charge-conserving “spin-1/2” bosons, i.e. a charge-1 boson
carries T?> = —1. If the U(1) is broken down to the Z, subgroup the group becomes just ZZ. The
classification of such SPT phases can be understood through the property of (background) U(1)
magnetic monopoles. Notice that the time-reversal transformation reverses magnetic charge.
The nontrivial SPT phase is characterized by a topological theta term with © = 27, similar
to the mixed anomaly of U(1) x Zg symmetry [17]. Therefore the bulk also can be viewed as
proliferating time-reversal domain walls decorated by (2+1)D BIQH with o, = 2, and can
be detected by the invariant Eq. (92) similar to Z5.

8.4 General Z, anomaly formula
Using Eq. (87) and (92), a direct computation of the invariant gives

Note that t = t(T?, T?) can be interpreted as a “relative vison,” in analogy to the cases with
U(1) symmetry studied in Sec. 7. Thus the relative anomaly for ZI is non-trivial if either the
relative vison is a fermion or if it carries fractional Z, charge under T? (in the reference SET),
but not both.

8.5 Examples
8.5.1 A=1Z, with Z}] symmetry

Here the Abelian anyon sector associated with A consists of just two particles {1, x}. There
are three possible fusion/braiding structures for such a braided fusion category:

1. x is a boson. In this case, fusion and braiding are completely trivial.
2. x is a fermion. We have R** =60, = —1.

3. x is a semion/anti-semion, i.e. 6, = %i. Such a theory necessarily breaks time-reversal
symmetry, so we do not consider this possibility.
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There are two symmetry fractionalization classes. One can be related to another by t = x.
Using Eq. (93), we find that the invariant for the relative anomaly is

I =06, (94)

Many theories fall into this class, including D(S;) (the quantum double of S;, the per-
mutation group on three elements) and USp(4),. See Refs. [21, 32] for a discussion of Zg
time-reversal symmetry for these theories.

8.5.2 Zy toric code with Z} symmetry

Let us consider the Zy toric code with Z}; symmetry. The anyons are labeled by a = (a;, a,),
fora; =0,---,N — 1, with fusion rules (a;, a,) x (by, by) = (a; + by,as + b,), modulo N. The
F symbols can all be chosen to be 1, unless they are not allowed by the fusion rules. The
anyons have topological twist 04, ,) = e 1% We will take R% = ¢ 7 9201, Therefore, under
time-reversal T, we must have that either (a;,a,) — (a;,—a,), or (a;,a,) — (a,,—a;). Note
that the latter one squares to (a;,a,) — (—a;,—a,), which is a nontrivial operation for any
N > 2. We consider the two cases separately.

Case 1: py(a;,a;) = (a;,—ay).

First we need to know U, and 7 in this case. Since F symbols are all 1, and the R symbols

. T T . . . .
satisfy R @ ? = (R%?)*, we can pick all U = 1. Moreover, this means that there is a fractional-
ization class where we can set all n =1 as well.

The symmetry fractionalization classification in this case is

Ho[Za, Zy X Tn] =Ly 4y X Ziw 2, ©5)

where in the above equation (N, 4) means the greatest common divisor of N and 4, and simi-
larly for (N, 2). To see this, first consider N even. Since t should be invariant under ZI, we can
write t = (p,0) or t = (p, %). The remaining coboundary takes the form of (4k,0). In other
words, p and p + 4 represent the same cohomology class. More generally, p and p + gcd(N, 4)
are the same. So the symmetry fractionalization classification is Zy 4) X Z,. For N odd, t must
take the form (p, 0) and because (N, 4) = 1, all of them are trivial.

Picking the reference state where all = 1, the anomaly relative to this reference state

becomes:
1 t=(p,0)
=06 = (96)
' {(—1)1’ t =(p,N/2).

Note that the way to think about the anomalous case is that the (1,0) and (0,N/2) parti-
cles carry half charge under T2. That is, n(TLO) = n(TO’N ) = —1, which makes it anoma-

lous. To see this, we compute the fractional T? charge for t = (p,N/2) in the new theory:
n(TLO) =-—1, fr](TO,N j2) = (—1)P, where recall that the shift in 1,(g,h) between the old and new
theory is given by the mutual braiding phase M, (g p)-

This has an analog for Zg symmetry. Consider Zy toric code with Zg symmetry, where
N is even. If we set 7)(T1 o = —1 and n(TO /2y = —1, then Z(RP*Y) = —1 [21], which is a
generalization of the eTmT state [17] to the Zy toric code. We can think of the generalization
to ZZ symmetry as the anomalous eT >mT? state.

30


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028

Scil SciPost Phys. 8, 028 (2020)

Case 2: pr(ay,ay) = (ag, —ay).

Here we consider the case where p is such that under time-reversal, (a;,a,) — (ay,—a;).
We find the following expressions for U:

Ur(a,b) = e%“zbl, Ur2(a,b) = e%(albﬁazbl), Up(a,b) = e%(albﬁzazbl), (97)

such that x4 (a, b) = 1. Therefore, one can set n =1 as the reference class.
This is a special case of the example in Sec. 8.5.5, so we will skip it here.

8.5.3 Doubled semion with Z;{ symmetry

The doubled semion topological order has four anyon types: {1,s,s’,ss’}, with s> = s’ =1,
The non-trivial F-symbols are F;** = —1 and FSS,IS/S/ = —1, while R =i and R51/S/ = —i. Note
that here there is no freedom in the action p because T must necessarily interchange the
two semions s and s’. It is clear then that we can set all U = 1. Therefore, in the trivial
fractionalization class, we can set all n = 1.

This is an interesting example, because with Z}, we only have one possible symmetry
fractionalization class: H%[Zz, Zy % Zy] = Z;. On the other hand,

HIZJ [Z4, Zz X Zz] = Zz. (98)

These two symmetry fractionalization classes are distinguished by whether the semions carry
fractional or integer charge under T2. To see this, note that the non-trivial cocycle is given by
t = ss’, which is the only T-invariant anyon. The torsor 2-cocycle t = ss” does not change n:;,,

however it does change A;rz and A;rz by a sign.
We thus find that the anomaly vanishes:

I=6,=1 (99)

So both fractionalization classes can be realized in (2+1)D.

8.5.4 Z%’) anyons

Let us consider Zz(\}r)) anyons, where N is an odd integer. The quasiparticles can be labeled [a]
fora=0,:---,N—1. The F and R symbols are given by

Flaliblie] — 1 RE?}Z} = eifrpab, (100)

Let us consider a general automorphism of the Zy fusion group, T : [a] — [ka], which re-
quires (k,N) = 1. For the automorphism to correspond to an anti-unitary symmetry, we need
k? = —1(mod N). Then T? : [a] — [—a], so T* = 1, so that T generates a Z, group. The con-
dition Ofy,) = 0[*61], reduces to p(k? +1) = 0(mod N), which is obviously satisfied. Since there
are no invariant anyons except [0], the fractionalization classification is trivial, and therefore
there is no relative anomaly to speak of.

8.5.5 U(1)xU(1) Chern-Simons theory

In this example we consider a U(1) x U(1) Chern-Simons theory:
L=Lealg aq (101)
- 47_[8 Cl'u 1J va)p
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where al,I = 1,2 are U(1) gauge fields. Here the integer K matrix is given by

m n
K= (n _m). (102)

We will assume that m is even so the theory is bosonic. The theory has a Z}; symmetry gener-
ated by the following transformation):

1 1 1
0 )6

Quasiparticles in the theory are labeled by their gauge charges, in this case a two-dimensional
integer column vector 1 = (I;,1,)T. Local excitations all take the form K1’ for some integer
vector ', so anyon types are defined by equivalence classes 1 ~ 1+ KI'. Notice that T? sends 1
to —1, so in general T is of order 4, unless all anyons are self dual. This includes the case 2 of
the Zy toric code example mentioned above as a special case with m = 0. Another interesting

2
case is that when m = n, the K matrix is SL(2,Z) equivalent to n ) One can show that

the minimal time-reversal symmetry in this case is of order 4.

Let specialize to the case where n is even. We show in Appendix A that for the ZZ symmetry,
while the U symbols are nontrivial the x4} symbols can all be set to 1, for the case where m
and n are both even. Thus in this case there is a reference state with n = 1. To determine
fractionalization classes, let us find all T-invariant anyons. With a little algebra, we find that
for even n there is a unique nontrivial T-invariant anyon, given by the following charge vector:

m+n
( n2m ) . (104)
2
To see what distinguishes the two classes related by t = (242, "2)T  we need to compute
fractional quantum numbers. Since T? is just charge conjugation, according to Eq. (107), we
may associate an invariant )1};2 = =1 that changes sign when the symmetry fractionalization
class is changed from a carrying fractional T? charge to integer T2 charge. The fractionalization

class changes i(T; 0> i(Ti y)(—l)xﬂ’ for a quasiparticle (x, y)T.

Note however that nf = (—1)" = 1. Then relative to the trivial reference SET phase we
find the cohomology invariant for the anomaly is

T=0,=(-1)"2 (105)

9 Z, x Z, symmetry
In this section we consider a unitary symmetry G = Z, X Z, = {1,Z,X,Y = ZX}.

9.1 Symmetry fractionalization for Z, x Z,

There are three Z, subgroups of G, generated by X,Y and Z respectively. Z, x Z, symmetry
fractionalization in a topological phase can be characterized by fractional charges under these
Z-, subgroups.

9.1.1 Fractional Z, charge

Let us first focus on a single Z, subgroup, and denote the generator by g. We now define two

types of invariants to characterize Z, fractionalization of an anyon a.
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Type-I Consider the case where a = 8a, and the order of a is even (here order means the min-
imal integer n such that a” — 1). We further assume that at least one of the fusion tree
basis states foraxax---a — 1is Z, invariant. Namely, we can find a series of g-invariant
anyons ay = a,dy,dy," " ,d,_2,d,—1 = 1, such that Ni’;jl >0forj=0,1,...,n—2. Let
us define

n—2
28 =n""%(g,g) | [Ugla.ajsa50). (106)
j=0

The product of U’s is simply the action of pg on a state corresponding to the fusion tree
axax---a— 1. Intuitively, A% = —1 means that fusing n identical copies of a yields a
Z, charge. One can show that (A%)? = 1 and the invariant A = £1 determines whether
a carries Z, fractional charge.

Type-II When a = 8a, we define
A& =n,(g, §)Ug(a,@; 1)RT6,. (107)

The R symbol is introduced so that A3 is invariant under (vertex basis) gauge transfor-
mations. 6, is introduced so that (18)? = 1. This invariant is most easily understood
when g corresponds to a spatial rotation by 7, i.e. inversion. In this case, one may create
a g-invariant physical state by placing a and a in inversion-symmetric positions, and 715
is the eigenvalue of inversion acting on this state. We caution that A% is best thought of
as a relative invariant; there are examples where A% = —1 but yet 7, symmetry is not
fractionalized (namely the case of U(1), with charge conjugation symmetry), and there
are examples where A% = 1 and Z, symmetry is fractionalized. Nevertheless, A8 = +1 is
a gauge invariant quantity and changes value when the Z, symmetry fractionalization
class is changed.

Let us now make a connection with the symmetry fractionalization classification. Choose
a cohomology class [t] € H%[G,A]. We use the canonical gauge t(1,g) = t(g,1) = 1. The
2-cocycle condition for t reads

8t(g,8) =t(g,8). (108)

In the following we will simply write t for t(g, g). There is a coboundary t(g, g) — t(g, g)xex8¢.
Upon changing the symmetry fractionalization class by [t], the 17 symbols change to

n'(8,8) = 14(8, )M, (109)

One can also verify that, as expected, changing the symmetry fractionalization class by [t]

can only change the A8 and A# invariants by +1. For type-I, AE/ =M "2 1t is obvious that

at
M;’{z = +1. For type-II, A%’ = igMa’t. One can see that M, , = £1 as follows:
Moo =M;, =M;, =M, =M. (110)

Thus M, , is real. Since t is Abelian, it follows that M, , = £1.

9.1.2 7Z, x Z, fractionalization classes

We now give an explicit description of 2-cocycles in 7—l[zp][Z2 x Z,, A]. We fix a gauge such
that t(X,Z) = 1. Then by systematically solving the 2-cocycle conditions, one can show that
all 2-cocycles can be expressed in terms of t(X,X),t(Z,Z) and t(Y,Y). They have to satisfy
8t(g,8) =t(g,g) forg=X,Y,Z, and

Ze(Y,Y) x t(Y,Y) =%t(Z, Z) x t(Z,Z) x Yt(X,X) x t(X, X). (111)
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Finally, they are subject to coboundaries t(g, g) — t(g, 8)xe(g)x8¢(g), with e(Y) = e(X)x*e(Z).
Another result that is useful for the examples that we study is:

Xt(Y,Y)
t(Z,X) = ——7——. 112
20 = &%z (112
9.2 Anomaly classification: Z, x Z, SPTs in (3+1)D
(3+1)D SPTs with Z, x Z, symmetry are classified by
HZy x Z,,U(1)] = Z3. (113)
We can define two Z, invariants [371]:
IX,Z = XZ(X: X: X)’
ZZ,X = XX(Z: Z, Z)a (1 14)
where y is the slant product:
®r( )h) B )‘Dr( » & )h)
mggg)=_orBEZEES (115)

0,(h,g,8,8)0,(g8h8)

9.3 Examples with permutations

Anomalies for non-permuting Abelian unitary symmetries and Abelian topological orders were
thoroughly studied in Ref. [38]. Instead here we study two examples with anyon-permuting
Zo X Zo symmetry.

9.3.1 Zj toric code

We consider Zy, toric code with even N, whose topological symmetry group always contains a
Z+ % 7 subgroup, generated by electromagnetic duality (a;, a,) — (as,a;) and charge conju-
gation C : (a;,a,) = (N—a;,N —a,). Denote by A- = {(0,0),(N/2,0),(0,N/2),(N/2,N/2)}
the set of self-dual anyons.

We consider the case where px = C,pz = 1. We then have t(X,X),t(Y,Y) € A,
both of which are gauge-invariant. Accounting for the gauge freedom for t(Z,Z), we have
t(Z,Z) € {(0,0),(1,0),(0,1),(1,1)}. We will denote t, =t(g, g).

For the case px = C, pz = 1, one can show that all U symbols can be set to 1. There is
therefore a reference state where all 1) can be set to 1. The Z,, fractional charges can be found
to be

=M, g=XY, (116)
AZ=m)[ (117)

The obstruction formula relative to this reference state then just depends on the R symbol.
The invariants are found to be

IZ,X = Mtz,tXM
IX,Z == M M

tx,tz " tx,ty

tz,ty>

(118)

34


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028

Scil SciPost Phys. 8, 028 (2020)

Table 1: Obstruction classes for Z, x Z, symmetry in U(1),, with even N.

t(X,X) | tN(Z,Z) | t(Y,Y) AE‘IJ, )L[Zl], 7‘?1] Ixz | Irx
0 0 0 1,1,1 1 1
0 0 [N] 1,1,—-1 1 1
0 [N] 0 1,-1,1 1 1

0 [N] [N] 1,-1,—1 1 | -1
[N] 0 0 -1,1,1 1 1
[N] 0 [N] -1,1,—-1 1 1
[N] [N] 0 -1,-1,1 -1 | -1
[N] [N] [N] -1,-1,-1 | -1 | 1

9.3.2 U(1),y Chern-Simons theory

We consider U(1),y Chern-Simons theory, whose topological symmetry group always contains
a Z, charge conjugation symmetry.

Anyons in this case are labeled by a = 0,1,...,2N — 1 defined mod 2N. The F and R
symbols read:

Fabc — e;—ga(b+c—[b+c])’
R = e2ab, (119)

where [a] = a mod 2N.The Z, charge conjugation symmetry has the action C : a — 2N —a.
The corresponding U symbols are found to be

-1 b>0
Uc(a,b)z{(l ) b:O (120)

Again consider G = Z, x Z,, with px = C,p; = 1. It is straightforward to check that
kgn(a,b) = 1, so there is a canonical reference state with 7 = 1. Adopting the results in
Sec. 9.1.2, the 2-cocycles are labeled by t(X,X),t(Y,Y) and t"(Z,Z) (we raise t(Z,Z) to the
N-th power to eliminate remaining coboundary degrees of freedom). They are all valued in

{[0],[N]}, and subject to no further constraints. We notice that when N is odd, the MTC

(), 7D wh 3 _ . . . .
5 N » where Z,*>" = {[0],[N]} is a semion/anti-semion theory

can be factorized into Z
and Zg\]l) = {[0],[2],[4],...,[2N]}, and all symmetry fractionalizations can be accounted for
entirely in the semion sector, which was treated extensively in Refs. [18,20]. So we will only

present the results for even N. The corresponding anomaly invariants are listed in Table 1.

10 Z, x Z) symmetry

The case of Z, x Z; symmetry is closely related to the case of U(1) x Zg symmetry, studied in
Sec. 9.1. However, as we see below, the possible symmetry fractionalization classes are richer,
which leads to new possibilities.

We denote the group as {1,X, T, T' = XT} where X generates the Z, subgroup and T gen-
erates the Z; subgroup.
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10.1 Z, x Z} SPTs in (1+1)D

In (1+1)D, Z,, x Zg SPTs have a classification given by
HP[Zy % Ly, U(1)] = Zy X Ly 2, (121)

where (m, 2) means the greatest common divisor of m and 2. Thus H?[Z, ng, U(1)] =ZyXZ,.
The two Z, classes correspond to whether the edge modes transform projectively as T? = +1
and (T')? = £1.

10.2 Symmetry fractionalization for Z, x Z}

Symmetry fractionalization for Z, x Zg is classified by elements of H[zp][Zz X Zo, A]. As
discussed in Section 9.1, elements of this group are completely parametrized by t(g, g), for
g =X, T,XT, with the condition that 8t(g, g) = t(g, g).

We see that the symmetry fractionalization classes in this case cannot be completely char-
acterized in terms of projective representations of Z, x Zg or, equivalently, by dimensional
reduction to (1+1)D. The additional information is t(X, X), i.e. the fractional Z, charge.

10.3 Z, x Z; SPTs in (3+1) D

The classification of Z, x Zg SPTs in (3+1)D and thus the anomaly classification for (2+1)D
SETs is identical to the case of U(1) x Zg SPTs. Namely, within group cohomology, there is a
Z3 classification:

HYZ, x 23, U(1)] = Z3. (122)

There is an additional Z, associated with the beyond group cohomology pure Z; SPT. One of
the Z, factors within group cohomology is also associated with a pure Zg SPT state. Thus we
have a Zg classification coming from pure Z'zr SPTs, and an additional Z% factor arising due to
a mixing between the Z, and Zg symmetries.

In terms of 4-cocycles, the invariants that describe the Zg classification are identical to
those discussed in Sec. 7.2 for the U(1) x Zg case, in Eq. (71), (72). We take X = U, to be
the generator of the Z,, and T’ = XT.

10.4 Example: Z, toric code
10.4.1 With no permutations

Here we study a simple example, the Z, toric code state where the symmetries do not permute
the particle types. In this case,

H2[Zy X 2y, Zy] = Z3. (123)

In contrast recall that for U(1) x Z'zr symmetry, we have H2[U(1) X Z,, Z,] = Z%. The U(1) x Z'Zr
classes correspond to the specific case where t(T', T') = t(X, X)t(T, T).

For the Z, toric code, we thus have a total of 64 possible choices, since t(g,g) = 1,e,m,,
for g = X, T, T'. These can be physically understood as whether the e (or m) particle carries
charge 1/2, and whether it carries Kramers degeneracy under T or T’.

Recall that for the toric code the F-symbols are all either one or zero depending on whether
they are allowed by the fusion rules. Furthermore, since p is trivial in this example, we can
pick a reference state where all ) and U are set equal to 1. Thus, the relative anomaly is simply

0,(g h,k,1) = RUkD(&h), (124)
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We note that the form of the relative anomaly in Zy toric code holds for any symmetry group as
long as no anyons are permuted. This result was derived previously by explicitly constructing
generalized string-net models on the surface of (3+1)d SPT phase in Ref. [28].

Thus the invariants are:

Il = @r(T, T, T, T) = Qt(T’T),
I, =0,(T, T, T,T') = Oy 1, (125)

and

I, = RIEXHTX)RATX)LLXX) Oecx,x) = Mi(x x),6(1.1) Mi(x x),6(1 1) Oex %) (126)
where we have used M,, = R?°RP?. We have also used the gauge t(X, T) = 1, with the cocycle
condition in this case giving t(T,X) = t(T’, T)t(X, X)t(T, T).

Table 2 summarizes the anomalies for all of the 36 inequivalent symmetry fractionalization
classes. (Of the 64 possible classes associated with H2(Zy X Zo, Zy X Zy) = Zg’, relabeling e
and m gives 36 inequivalent classes). Note that we use the labeling convention of Ref. [39]: If
the e particle carries half-charge under the Z,, it is followed by a C in the labeling. If e carries
a Kramers degeneracy under T or T’, then it is followed by a T or T’ in the labeling.

One can consider t(X,X) to correspond to the vison. From Table 2, we see that in general
75 is no longer determined by whether the vison is a fermion, in contrast to the case with
U(1) x ZT symmetry.

10.4.2 With permutations

The topological symmetry group of the Z, toric code is Z,, with the nontrivial element being
the “electromagnetic duality” that swaps e with m.

First we compute the corresponding U symbols for this symmetry. It is easy to see that
in a gauge where all F and R symbols are real, we do not need to distinguish unitary and
anti-unitary symmetries at least for U. One solution is

U(a,b) = (—1)%", (127)

which leads to
6,6,

KX,X(a, b) — (_1)a2b1+a1 b2 —
9a><b

(128)
Next we consider constraints on 1) symbols for a Z, symmetry g which maps to the du-
ality symmetry. The only nontrivial cocycle is 1n,(g,8) = n,. The fusion rule implies that
nf = ni = fr)fp =1, and 0, = —1n,Ny,. Thus we find n, = +1 for all a. The twisted 2-
cocycle condition implies 1,m,, = 1, for both unitary and anti-unitary g. So we have found
that n,, =—1.
Now if g is unitary, the Z, fractional charge

A% =ny(8,8)Ug(¥, ;1) = 1. (129)

The other values 7, and 7,, can be set to 1 by gauge transformations.

If g is anti-unitary, 7, is the gauge-invariant T2 value, so the fermion v has T? = —1,
which is a well-known result.

In both cases, there are no further choices for symmetry fractionalization. This is also
consistent with HIZ)[ZZ, 74 X 75| = Z for this choice of p.
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Table 2: Anomalies for Z, toric code with Z, x Zg symmetry, where symmetries do
not permute any particle types. eOmO refers to the trivial symmetry fractionalization
class. If e or m does not appear in the label, then it has trivial symmetry fractional-
ization quantum numbers.

Label (X, X), t(T, 1), ¢(T, T) | (Zy, 25, Z3)
c0mo (1,1,1) (11,1
eT’ (1,1,m) (1,1, D
eT/mT’ (1,1,4)) 1,-1,1)
eT (1,m,1) (1,1, 1
eTmT’ (1,m,e) (1,1, 1)
eTT’ (1,m,m) (1,1, D
eTT'mT’ (1,m,) (1,-1,1)
eTmT (1,%,1) 1,1,1)
eTT'mT (1,4, m) (-1,1,1)
eTT'mTT’ (1,%,) 1,-1,1)
mC (e,1,1) 1,1,1)
mCT (e,1,e) (1,1, 1)
eT'mC (e,1,m) 1,1,-1)
eT’'mCT’ (e,1,9) 1,-1,-1)
mCT (e,e, 1) (1,1, 1
mCTT’ (e,e,e) (1,1, 1
eT’'mCT (e,e,m) (1,1,-1
eT'mCTT’ (e,e, ) 1,-1,-1)
eTmC (e,m,1) 1,1,-1)
eTmCT’ (e,m,e) 1,1,-1D
eTT'mC (e,m, m) (1,1, 1D
eTT'mCT’ (e,m,) (1,-1,1)
eTmCT (e,1,1) 1,1,-1)
eTmCTT’ (e,v,e) (-1,1,-1)
eTT'mCT (e,yp,m) (-1,1,1)
eTT'mCTT’ (e, Y, ) -1,-1, 1)
eCmC (y,1,1) 1,1,-1)
eCT/mC (1,1, m) (1,1, 1)
eCT/mCT’ (4, 1,7) (1,-1,-1)
eCmCT (), e,1) 1,1,1)
eCmCTT’ (¥,e,e) 1,1,-1D
eCT/mCT (4, e,m) 1,1,-1)
eCT'mCTT’ (W, e, ) 1,-1,1
eCTmCT (), 1, 1) 1,1,-1)
eCTT'mCT (Y,,m) (-1,1,1)
eCTT'mCTT (4,1, ) 1,-1,-1)

e Consider the case where X permutes e and m, and T does not. We can gauge fix
t(X,X) = t(T',T") = 1. In this case we find t(T,T) = 1 or v). We find that Z; = Oyr 1),
I, =113 = }LiT,T) = 1. So only a pure time-reversal anomaly is present for eTmT when
X permutes e and m.

e Consider the case where T permutes e and m, but X does not. Consistency requires that
Ny (T, T) = 0y (T, T') = —1. We can further gauge fix t(T,T) = t(T',T') = 1. t(X,X)
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must be T-invariant, which follows from Eq. (111). In this case, Z; and Z, obviously
vanish and we find 73 = 6,x x), so the only anomalous one is t(X,X) = 1. This implies
that the eCmC state, where e and m carry half Z, charge, has a mixed anomaly when T
permutes e and m. This is the same anomaly structure as the case where T acts trivially.

e Consider the case where both X and T permute anyons. This is identical to the case
above as long as we swap T and T.
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A F,R, and U symbols for Abelian Chern-Simons theories

Consider an Abelian Chern-Simons theory defined by a D x D K-matrix. Quasiparticles are
labeled by charges under the U(1) gauge fields, each as a D-dimensional integer column vector
1 € ZP. Superselection sectors are defined by the equivalence relation 1 ~ 1+ Kn where
n € ZP. They form an Abelian group .A. For each anyon type a, we choose a representative
charge vector, denoted by 1,. Then [1,] denotes the equivalence class associated with the
representative 1,. Clearly [1,,;]=[1, +1,]. The topological twist factor is given by

0, =™K 'k, (130)

Below we first write down the F and R symbols for the special case where all matrix el-
ements of K are even. (The more general case requires dealing with the Sylow 2-group of
A).

We write the F symbol as

[Fa,b,c ]axb,bxc — eZﬂ:iw(a,b,C)' (131)

axbxc

Since all particles are Abelian, the pentagon equation reduces to a 3-cocyle equation for F.
Defining
1
w(a,b,c) = EIIK‘l(lb +1e—lpe)s (132)

we prove that w indeed defines a 3-cocycle on A:

w(a,b,c)+w(a,bxc,d)+ w(b,c,d)—w(axb,c,d)—w(a,b,cxd)

1 _
= 5o+ 1y —loyp) 'K (L +1g = lexg)- - (133)
Notice that 1, + 1, — 1,,;, must be of the form Kn; for some n; € ZP, and similarly
1, +1;—1.44 = Kn,, so the result is %anK n,. Since we assume K is even entry-wise, %anK n,

is an integer.
Now we define the R symbol:

. 1
Ra,b _ eZmr(a,b)’ r(a, b) — EIIK_llb' (134)

axb
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Suppose that now we have a symmetry group G of the K-matrix, namely a set of invertible
matrices Wy such that

WgKWgT =o(g)K,
W Wi, = Wep, (135)

where o(g) = £1 depending on whether g is space-time orientation reversing. Under W, a
charge vector 1 becomes W,1, which induces an automorphism pg on .A. Now we compute the
U symbol for this action. We have

lg, = nga + Kpg’a, (136)
for pg, € ZP . Tt then follows that
w(®a, &b, c)
L S S 1+ 11
= Ela Wg K Wg(lb + lc - lbxc) + Ela Wg(pg,b + pg,c - pg,bxc) + Epg,an(lb + lc - lbxc)

1
= G(g)w(a> b: C) + EIIWg(pg,b + Pgc— pg,bxc):
(137)

where we have dropped a term %p; K(Pg b+ Pgc—Pg bxc) as it contributes an integer multiple

of 27t. We have also dropped a term %pgT,an(lb +1.—1) = %p;anKn € Z, because K is
even entry-wise, and thus this term also contributes an integer multiple of 27. In going from
the first to the second line we have also used the following

WgT KW, = WgT - G(g)(WgT )—1K—1Wg—1 Wy =0(g)K". (138)
Considering the group multiplications, we find
Pgh,a = U(g)(wg_l)Tph,a + Pg hq- (139)

Now let us specialize to the case studied in Sec. 8.5.5, with the K-matrix given in Eq. 102
and the Z;{ symmetry given in Eq. 103. In this case o(g) = q(g), where recall q(g) = *+1
depending on whether g corresponds to a unitary or anti-unitary symmetry. Also, in this case
we have WgT =q(g)W,.

We thus find that we can set

Ug(®a, 8b) = exp(—inlIngg’b). (140)
K is defined as:
Kgn(a, b) = Ugn(a, b)[Ug(a, b)] [Un(2a, Eb)] 718, (141)
Thus we find:

Kgn(8"a, Bb) = exp (—in[1] Wygnpgh p — L, WyPg np — A(&)LL Wipp 1)

= exp (—in[q(@N] (WeWa(W, )™ — Wa)pr, + 11 (WeWh, — W Wy)pg np])
(142)

Using WgT = q(gW; and Wy = W, for this example, we see that
WgWh[WgT]_l — Wi = q(8)Wh, — Wy, and WyWy, — W, W, = Wi, (1—q(h)). Since q(g) = £1, it
follows that the entries in the brackets in the second line of Eq. (142) are all even, so that
kgn(a,b) =1 for all choices of a, b, g, h.

40


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028

Scil SciPost Phys. 8, 028 (2020)

References

[1] X.-G. Wen, Quantum field theory of many-body systems, Oxford Univ. Press (2004).
[2] Z. Wang, Topological quantum computation, American Mathematical Society (2008).

[3] C. Nayak, S. H. Simon, A. Stern, M. Freedman and S. D. Sarma, Non-abelian
anyons and topological quantum computation, Rev. Mod. Phys. 80, 1083 (2008),
doi:10.1103/RevModPhys.80.1083.

[4] G. Moore and N. Seiberg, Classical and quantum conformal field theory, Comm. Math.
Phys. 123, 177 (1989), doi:10.1007/BF01238857.

[5] E. Witten, Quantum field theory and the Jones polynomial, Comm. Math. Phys. 121, 351
(1989), doi:10.1007/BF01217730.

[6] T. Senthil, Symmetry-protected topological phases of quantum matter, Annu. Rev. Condens.
Matter Phys. 6, 299 (2015), doi:10.1146/annurev-conmatphys-031214-014740.

[7] X. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry protected topological orders
and the group cohomology of their symmetry group, Phys. Rev. B 87, 155114 (2013),
doi:10.1103/PhysRevB.87.155114.

[8] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology, Comm.
Math. Phys. 129, 393 (1990), doi:10.1007/BF02096988.

[9] A. Kapustin, Symmetry protected topological phases, anomalies, and cobordisms: Beyond
group cohomology (2014), arXiv:1403.1467.

[10] A. Kapustin, Bosonic topological insulators and paramagnets: a view from cobordisms
(2014), arXiv:1404.6659.

[11] D. S. Freed and M. J. Hopkins, Reflection positivity and invertible topological phases
(2016), arXiv:1604.06527.

[12] D. Gaiotto and T. Johnson-Freyd, Symmetry protected topological phases and generalized
cohomology, J. High Energy Phys. 05, 7 (2019), doi:10.1007/JHEP05(2019)007.

[13] A. M. Essin and M. Hermele, Classifying fractionalization: Symmetry classification
of gapped Z, spin liquids in two dimensions, Phys. Rev. B 87, 104406 (2013),
doi:10.1103/PhysRevB.87.104406.

[14] M. Barkeshli, P Bonderson, M. Cheng and Z. Wang, Symmetry fractionalization,
defects, and gauging of topological phases, Phys. Rev. B 100, 115147 (2019),
doi:10.1103/PhysRevB.100.115147, arXiv:1410.4540.

[15] N. Tarantino, N. Lindner and L. Fidkowski, Symmetry fractionalization and twist
defects, New J. Phys. 18, 035006 (2016), doi:10.1088/1367-2630/18/3/035006,
arXiv:1506.06754.

[16] J. C. Y. Teo, T. L. Hughes and E. Fradkin, Theory of twist liquids: Gauging an anyonic
symmetry, Ann. Phys. 360, 349 (2015), doi:10.1016/j.a0p.2015.05.012.

[17] A. Vishwanath and T. Senthil, Physics of three-dimensional bosonic topological insulators:
Surface-deconfined criticality and quantized magnetoelectric effect, Phys. Rev. X 3, 011016
(2013), doi:10.1103/PhysRevX.3.011016.

41


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1007/BF01238857
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1146/annurev-conmatphys-031214-014740
http://dx.doi.org/10.1103/PhysRevB.87.155114
http://dx.doi.org/10.1007/BF02096988
https://arxiv.org/abs/1403.1467
https://arxiv.org/abs/1404.6659
https://arxiv.org/abs/1604.06527
http://dx.doi.org/10.1007/JHEP05(2019)007
http://dx.doi.org/10.1103/PhysRevB.87.104406
http://dx.doi.org/10.1103/PhysRevB.100.115147
https://arxiv.org/abs/1410.4540
http://dx.doi.org/10.1088/1367-2630/18/3/035006
https://arxiv.org/abs/1506.06754
http://dx.doi.org/10.1016/j.aop.2015.05.012
http://dx.doi.org/10.1103/PhysRevX.3.011016

Scil SciPost Phys. 8, 028 (2020)

[18] X. Chen, E J. Burnell, A. Vishwanath and L. Fidkowski, Anomalous symmetry
fractionalization and surface topological order, Phys. Rev. X 5, 041013 (2015),
doi:10.1103/PhysRevX.5.041013.

[19] P Etingof, D. Nikshych and V. Ostrik, Fusion categories and homotopy theory, Quantum
Topol. 1, 209 (2010), doi:10.4171/QT/6.

[20] C. Wang, C.-H. Lin and M. Levin, Bulk-boundary correspondence for three-
dimensional symmetry-protected topological phases, Phys. Rev. X 6, 021015 (2016),
doi:10.1103/PhysRevX.6.021015.

[21] M. Barkeshli, P Bonderson, M. Cheng, C.-M. Jian and K. Walker, Reflection and time re-
versal symmetry enriched topological phases of matter: Path integrals, non-orientable man-
ifolds, and anomalies, Commun. Math. Phys. (2019), doi:10.1007/s00220-019-03475-8,
arXiv:1612.07792.

[22] Y. Tachikawa and K. Yonekura, On time-reversal anomaly of 2+1d topological phases, Prog.
Theor. Exp. Phys. 033B04 (2017), doi:10.1093/ptep/ptx010, arXiv:1610.07010.

[23] Y. Tachikawa and K. Yonekura, Derivation of the time-reversal anomaly for
(2 + 1)-dimensional topological phases, Phys. Rev. Lett. 119, 111603 (2017),
doi:10.1103/PhysRevLett.119.111603, arXiv:1611.01601.

[24] C. Wang and M. Levin, Anomaly indicators for time-reversal symmetric topological
orders, Phys. Rev. Lett. 119, 136801 (2017), doi:10.1103/PhysRevLett.119.136801,
arXiv:1610.04624.

[25] Y. Qi, C.-M. Jian and C. Wang, Folding approach to topological order enriched by mirror
symmetry, Phys. Rev. B 99, 085128 (2019), doi:10.1103/PhysRevB.99.085128.

[26] R. Kobayashi, Pin TQFT and grassmann integral, J. High Energy Phys. 12, 14 (2019),
doi:10.1007/JHEP12(2019)014, arXiv:1905.05902.

[27] M. E Lapa and M. Levin, Anomaly indicators for topological orders with
U(1) and time-reversal symmetry, Phys. Rev. B 100, 165129 (2019),
doi:10.1103/PhysRevB.100.165129, arXiv:1905.00435.

[28] M. Cheng, Z.-C. Gu, S. Jiang and Y. Qi, Exactly solvable models for symmetry-enriched
topological phases, Phys. Rev. B 96, 115107 (2017), doi:10.1103/PhysRevB.96.115107.

[29] S. X. Cui, C. Galindo, J. Y. Plavnik and Z. Wang, On gauging symmetry of modular cate-
gories, Comm. Math. Phys. 348, 1043 (2016), doi:10.1007/s00220-016-2633-8.

[30] C. Wang and T. Senthil, Boson topological insulators: A window into highly entangled
quantum phases, Phys. Rev. B 87, 235122 (2013), doi:10.1103/PhysRevB.87.235122.

[31] L. Fidkowski and A. Vishwanath, Realizing anomalous anyonic symmetries at the
surfaces of three-dimensional gauge theories, Phys. Rev. B 96, 045131 (2017),
doi:10.1103/PhysRevB.96.045131, arXiv:1511.01502.

[32] M. Barkeshli and M. Cheng, Time-reversal and spatial-reflection symmetry localization
anomalies in (2+1)-dimensional topological phases of matter, Phys. Rev. B 98, 115129
(2018), d0i:10.1103/PhysRevB.98.115129.

[33] F Benini, C. Cérdova and P-S. Hsin, On 2-group global symmetries and their anomalies, J.
High Energy Phys. 03, 118 (2019), doi:10.1007/JHEP03(2019)118.

42


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028
http://dx.doi.org/10.1103/PhysRevX.5.041013
http://dx.doi.org/10.4171/QT/6
http://dx.doi.org/10.1103/PhysRevX.6.021015
http://dx.doi.org/10.1007/s00220-019-03475-8
https://arxiv.org/abs/1612.07792
http://dx.doi.org/10.1093/ptep/ptx010
https://arxiv.org/abs/1610.07010
http://dx.doi.org/10.1103/PhysRevLett.119.111603
https://arxiv.org/abs/1611.01601
http://dx.doi.org/10.1103/PhysRevLett.119.136801
https://arxiv.org/abs/1610.04624
http://dx.doi.org/10.1103/PhysRevB.99.085128
http://dx.doi.org/10.1007/JHEP12(2019)014
https://arxiv.org/abs/1905.05902
http://dx.doi.org/10.1103/PhysRevB.100.165129
https://arxiv.org/abs/1905.00435
http://dx.doi.org/10.1103/PhysRevB.96.115107
http://dx.doi.org/10.1007/s00220-016-2633-8
http://dx.doi.org/10.1103/PhysRevB.87.235122
http://dx.doi.org/10.1103/PhysRevB.96.045131
https://arxiv.org/abs/1511.01502
http://dx.doi.org/10.1103/PhysRevB.98.115129
http://dx.doi.org/10.1007/JHEP03(2019)118

Scil SciPost Phys. 8, 028 (2020)

[34] Y. Lee and Y. Tachikawa, A study of time reversal symmetry of abelian anyons, J. High
Energy Phys. 07, 90 (2018), doi:10.1007/JHEP07(2018)090.

[35] M. Levin and Z.-C. Gu, Braiding statistics approach to symmetry-protected topological
phases, Phys. Rev. B 86, 115109 (2012), doi:10.1103/PhysRevB.86.115109.

[36] M. P Zaletel, Y.-M. Lu and A. Vishwanath, Measuring space-group symme-
try fractionalization in Z, spin liquids, Phys. Rev. B 96, 195164 (2017),
doi:10.1103/PhysRevB.96.195164.

[37] C. Wang and M. Levin, Topological invariants for gauge theories and symmetry-protected
topological phases, Phys. Rev. B 91, 165119 (2015), doi:10.1103/PhysRevB.91.165119.

[38] C. Wang, C.-H. Lin and M. Levin, Bulk-boundary correspondence for three-
dimensional symmetry-protected topological phases, Phys. Rev. X 6, 021015 (2016),
doi:10.1103/PhysRevX.6.021015.

[39] C. Wang and T. Senthil, Boson topological insulators: A window into highly entangled
quantum phases, Phys. Rev. B 87, 235122 (2013), doi:10.1103/PhysRevB.87.235122.

43


https://scipost.org
https://scipost.org/SciPostPhys.8.2.028
http://dx.doi.org/10.1007/JHEP07(2018)090
http://dx.doi.org/10.1103/PhysRevB.86.115109
http://dx.doi.org/10.1103/PhysRevB.96.195164
http://dx.doi.org/10.1103/PhysRevB.91.165119
http://dx.doi.org/10.1103/PhysRevX.6.021015
http://dx.doi.org/10.1103/PhysRevB.87.235122

	Introduction
	Symmetry fractionalization
	Review of UMTC notation
	Topological symmetry and braided auto-equivalence
	Global symmetry
	Symmetry localization and fractionalization

	Symmetry defects
	Fusion rules of symmetry defects and relation to symmetry fractionalization
	Relating F-symbols from different symmetry fractionalization classes

	Relative anomaly calculation for symmetry fractionalization
	Or(g, h, k, l ), H4[G, U(1)], and SPTs

	Incorporating space-time reflection symmetries
	Symmetry fractionalization classification 
	Keeping track of local space-time orientation

	Time-reversal symmetry, G = Z2T
	Relation to absolute anomaly indicator, Z(RP4)

	U(1)Z2T and U(1)Z2T symmetry
	Symmetry fractionalization
	Cohomology invariants
	General anomaly formula

	Z4T symmetry
	Z4T SPTs in (1+1)D and H2[Z4T,U(1)]
	Z4T symmetry fractionalization in (2+1)D 
	Anomaly classification: Z4T SPTs in (3+1)D and H4(Z4T,U(1))
	General Z4T anomaly formula
	Examples
	A = Z2 with Z4T symmetry
	ZN toric code with Z4T symmetry
	Doubled semion with Z4T symmetry
	ZN(p) anyons
	U(1)U(1) Chern-Simons theory


	Z2 Z2  symmetry
	Symmetry fractionalization for Z2 Z2
	Fractional Z2 charge
	Z2Z2 fractionalization classes

	Anomaly classification: Z2 Z2 SPTs in (3+1)D
	Examples with permutations
	ZN toric code
	U(1)2N Chern-Simons theory


	Z2Z2T symmetry
	 Z2Z2T SPTs in (1+1)D
	Symmetry fractionalization for  Z2 Z2T 
	Z2 Z2T SPTs in (3+1) D
	Example: Z2 toric code
	With no permutations
	With permutations


	Acknowledgments
	F, R, and U symbols for Abelian Chern-Simons theories
	References

