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Abstract

Unlike the R* and V#R* couplings, whose coefficients are Langlands-Eisenstein series
of the U-duality group, the coefficient 5((;)1) of the VOR* interaction in the low-energy ef-
fective action of type II strings compactified on a torus T4 belongs to a more general class
of automorphic functions, which satisfy Poisson rather than Laplace-type equations. In
earlier work [1], it was proposed that the exact coefficient is given by a two-loop integral
in exceptional field theory, with the full spectrum of mutually 1/2-BPS states running in
the loops, up to the addition of a particular Langlands-Eisenstein series.

Here we compute the weak coupling and large radius expansions of these automorphic
functions for any d. We find perfect agreement with perturbative string theory up to
genus three, along with non-perturbative corrections which have the expected form for
1/8-BPS instantons and bound states of 1/2-BPS instantons and anti-instantons. The ad-
ditional Langlands-Eisenstein series arises from a subtle cancellation between the two-
loop amplitude with 1/4-BPS states running in the loops, and the three-loop amplitude
with mutually 1/2-BPS states in the loops. For d = 4, the result is shown to coincide with
an alternative proposal [2] in terms of a covariantised genus-two string amplitude, due
to interesting identities between the Kawazumi-Zhang invariant of genus-two curves and
its tropical limit, and between double lattice sums for the particle and string multiplets,
which may be of independent mathematical interest.
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1 Introduction and summary

The scattering of massless excitations of type II superstrings compactified on a torus T¢ is de-
scribed at low energy by maximally supersymmetric supergravity in dimension D = 10 —d.
The effective action consists of the classical supersymmetric two-derivative action plus an
infinite tower of cut-off dependent higher derivative interactions, which conspire to ensure
ultraviolet finiteness. The coefficients of these interactions are strongly constrained by non-
perturbative dualities [3, 4], which tie together perturbative and non-perturbative (instanton
and anti-instanton) contributions. Combined with supersymmetry, duality invariance some-
times allows determining the exact coefficient of these interactions in terms of automorphic
functions under the U-duality group. Such results offer an invaluable window into the non-
perturbative regime of string theory, including the full spectrum of D-branes, membranes or
supersymmetric black holes, despite the absence of a first principle, non-perturbative formu-
lation of string theory or of its eleven-dimensional parent.

This programme has been pursued most extensively for four-graviton scattering, general-
ising the celebrated lowest order result [5] in ten-dimensional type IIB string theory to lower
dimension D = 10 —d and to higher orders in the derivative expansion. Schematically, these
effective interactions take the form £ (¢) V*#**R*, where p and q denote powers of the
Mandelstam invariants o = 5% + t2 +u® and o5 = s> + t> + u® of the external momenta in the
corresponding amplitude and R* denotes the fourth order polynomial tgtgR* in the Riemann
tensor that generalises the square of the Bel-Robinson tensor in D dimensions [6,7]. The co-
ordinates ¢ on the classical moduli space M, = E;,,/Ky,1 include the constant metric and
gauge potentials on T¢, as well as the string coupling constant g,. At weak coupling g, — 0,

E(f)q) admits an asymptotic expansion of the form
a (@),n.an. 2d+sp+uq_4 2+2h c(dh 2m/ 2m/g>
Eom = Eva Z g, TEN + O(e7* ) + O(e T 8b), (1.1)

where 8((; ’qh)) arises at genus h in the perturbative string expansion, while the last two terms
originate from Euclidean D-branes and NS-branes wrapped on T¢. The term 6’((; ; )n % is a non-
analytic function of the string coupling g,, which arises in the process of translating from string
frame to Einstein frame [8]. U-duality requires that 8((5 21) should be automorphic, i.e. invariant
under the left-action of an arithmetic subgroup E;;(Z) C E4,; on Mp, while supersymmetry

imposes further differential constraints when 4p + 6q < 8 (the so-called F-terms) [9-15].

At leading and subleading order, the coefficients 5{;3)), 5((%) are known exactly in all dimen-
sions D > 3, in terms of a special type of automorphic functions known as Langlands—Eisenstein
series [16-23]:
£ = 4n&(d— 2)EEd+l . & = 8mE(d—3)8(d - 4)EEd+1 , (1.2)

d+1 d

00 4 (1,0) 4
d7é4
where E S\k is the (regularised) Langlands—Eisenstein series associated to the maximal parabolic
subgroup P, C G, in Langlands’ normalisation (in particular, EgAk = 1), and we denote by
£(s) = /2T (s/2)¢(s) the completed Riemann zeta function. Here and elsewhere in this
work, we denote by A the k™ fundamental weight of the algebra g according to Bourbaki’s la-

belling!, and P, the associated maximal parabolic subgroup. We recall (see e.g. [24]) that max-
imal parabolic Langlands-Eisenstein series are defined for Re(s) large enough as the Poincaré

! Note that in formulae which are valid for all d such as (1.2), we use the labelling associated to E,,,; which
differs from the standard labelling for d < 4 — for example the E; labelling is [ 134 2 ] whereas the Dy labelling

is[123‘§].
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Table 1: U-duality group, particle multiplet (A4,;) and string multiplet (A;); the
constraints on the particle and string multiplets are in A; and Ag, respectively.

D d Gp =E; 4 M M M
10B 0 SL(2) 0 2 0

9 1 GL(2) 209 1@ 20 0

8 2 SL(3)xSL(2) (3,2) (3,1 0

7 3 SL(5) 10 5 0

6 4  Spin(5,5) 16 10 1

5 5 Ege) 27 27 27

4 6 Eypy 56 133 1539

3 7 Eg(g) 248 3875 2450240

sum of the canonical multiplicative character y; of P;,>

/

_ 1 _
D N e R I (1.3)
reP(Z\G(Z) ! QeMf
0x0=0

and admit a meromorphic continuation to the full complex s-plane. As exhibited in (1.3),
they can be written as a constrained sum over the lattice Mfk transforming in the irreducible

representation R(A;) of highest weight A, of the K(G) invariant bilinear form G(Q, Q) raised
to the power minus s. For ij:ll and Mff“, the constrained lattice sum can be interpreted as a
sum over 1/2-BPS states in string theory, that correspond respectively to particles and strings
in R~ with BPS mass Mj,s(Q) = G(Q, Q)2 [26], see Table 1.

The coefficients (1.2) satisfy tensorial homogeneous differential equations on M, reflect-
ing the fact that they are only sensitive to 1/2- and 1/4-BPS instantons, respectively [12,13].
This implies that they are related to unipotent automorphic representations attached to the
minimal and next-to-minimal nilpotent orbit, respectively. Supersymmetry Ward identities and
U-duality determine uniquely the function ng 2)) in (1.2) for d > 3 and 581 3)) ford > 5, up to an
overall coefficient. Using functional relations for Langlands-FEisenstein series, they can then
be written alternatively as

d E d E
Eon =, 2L(EL £ = CEIE (1.4)

Remarkably, for d = 1 in the small volume limit (or equivalently, for type IIB strings in
D = 10) these couplings can also be computed in eleven-dimensional supergravity compact-
ified on T2 at one-loop and two-loop, respectively [27,28]. For d > 2 or for d = 1 at finite
volume, membrane and five-brane degrees of freedom become important, and can be incor-
porated using the framework of exceptional field theory in dimension D = 10 —d [29]. In

2Here and elsewhere in the paper we denote by Zr f(x)|, the Poincaré sum over coset elements y acting on
the seed function f by f(x)|, = f(y - x), where the action of y on x is defined by the right action on the group
element g(x) as g(x)y. A more precise definition of the y, will be given in Section 2.1.

3The constraint can be written in general as [25, (6.17)]

QixQi=keTQOTPQ+(1-(AL,A)Q®Q—Q;®Q, =0,

with Kk, the Killing Cartan form and T the generators of the algebra g. The constraint selects those charges
QO € R(A,) whose symmetric square lies in R(2A;). In practice, the projection of this constraint on the largest
irreducible submodule is usually sufficient to enforce Q x Q = 0.

4
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this formalism, all 1/2-BPS charges in the ‘particle multiplet’ lattice M fj;l are allowed to prop-
agate in the loops. At one-loop, this leads to a ‘constrained lattice sum’ which reproduces
the Langlands—Eisenstein series 8((512)) in (1.2) [1], while at two-loops it leads to a ‘double con-
strained lattice sum’ which again reproduces the Langlands—Eisenstein series 8((1 2)) in (1.2) [1].
Note that the one-loop amplitude in exceptional field theory also produces a divergent con-
tribution to the V#R* coupling, but this is cancelled by a one-loop amplitude with 1/4-BPS

states running in the loop [30].

At next-to-next-to-leading order, the coefficient £, of the VOR* coupling is less well un-
derstood. It satisfies a set of inhomogeneous differential equations, the simplest one being the
Poisson equation [2,22,31]

(AEM 6(4—d)(d + 4))

P D = (5<d>) +4og(3)5d4+ > £ 5d5+ 5<6> 546, (1.5)

(GRY ©0 ©0) .0

where Ap,  is the Laplace-Beltrami operator for the E44-invariant metric on M), and the
right-hand side involves the square of the R* coupling, plus anomalous terms when ultraviolet
logarithmic divergences appear in supergravity. As a result, the weak coupling expansion in-
cludes perturbative contributions up to genus three, 1/8-BPS instantons as well as bound states
of 1/2-BPS instantons and anti-instantons. The exact VOR* coupling in ten-dimensional type
IIB string theory was obtained from a two-loop computation in eleven-dimensional supergrav-
ity compactified on a torus T2 in [31] and further analysed using the differential equation
(1.5) in [32]. The same coupling in D = 9 and D = 8 was obtained using similar methods
in [22,33,34], albeit in a rather implicit way.

An explicit proposal for the VOR* coupling in D = 6 was given in [2], by upgrading the
genus-two string theory contribution [35, 36] to an invariant function under the U-duality
group Spin(5,5,7),*

d°Q 16£(8) 2
g(((?)l)_STCR’N f}_ |Q |3 552( ¢)90KZ(Q)+ 189 E4/5\5 . (16)

Here F, is the standard fundamental domain of the action of the modular group Sp(4,7Z) on
the Siegel upper-half plane and Iy 4 (€2, ¢) is the genus-h Siegel-Narain theta series for the
even self-dual lattice II; 4 of signature (d, d) given by

Loap(@= D [0,]8e ™% 0aa)-m% @), (1.7)

qi€llyq

where i runs from 1 to h, QU = Qllj + inzl is a symmetric h x h matrix with positive imagi-
nary part. Furthermore, G is the symmetric SO(d, d) matrix parametrising the moduli space
50(d,d)/(SO(d) x SO(d)), wkz(Q) is the Kawazumi-Zhang invariant [37,38] for the genus-
two curve with period matrix  and R.N. is a particular regularisation prescription for genus-
two modular integrals introduced in [39, 40]. The ansatz (1.6) automatically satisfies the
differential constraint (1.5) and reproduces the known perturbative contributions up to genus
three [2]. Moreover, its decompactification predicts the full SL(5, Z)-invariant VR* coupling
inD=7,

/

4r dSQZ e M;,M; 575{(7) SL(S)
Ean ?f 1,12 D e T (1.8
S+ 2

M;eM,!

“We define the regularised Eisenstein series E;, ES . as the O(e%) term in the Laurent expansion of ES ate =0,

(s+e)Ag

whenever E¢

AL has a pole at that point.
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where G is the 5 x 5 unit-determinant positive definite symmetric matrix parametrising the
moduli space SL(5)/SO(5) in D = 7, the sum runs over pairs of non-zero vectors (M;, M,) in
the lattice Mf\‘j =~ 7°, and the integral runs over the ‘positive Schwinger space’

_ _(Li+L3 Ly
oofoun(v 5) | mnen). s

Finally, py,(€2,) is the supergravity (a.k.a tropical [41]) limit of the Kawazumi-Zhang invari-
ant, as computed in [36, §3.2]

T

Prz(Q2) = lm A7 ogp( +i202p) = = (Ll +Ly+Ls— (1.10)
—+100

5L1L2L3)
A .

detQ,

The result (1.8) has a structure similar to the two-loop supergravity amplitude studied in [28,
31], but the summation variables M; transform as doublets of vectors of SL(5), corresponding
to the multiplet of string charges in D = 7, while the multiplet of particle charges in D = 7 as
a 10 of SL(5).

Coming back to the exceptional field theory approach [1], the one-loop contribution to the
VOR* coupling in exceptional field theory gives®

d) — 8_“4 Eq+1
Ty =g, S+ E , (1.1D)

0,1) d+4
o = Na+1>

while the two-loop contribution is

/

. 4n dq PP
5((;)1,)}3 FT _ = o |é Z e~ TG Pl (Q), (1.12)
S+ 2

Iy, LeM, !
I xT;=0

where ¢, (2,) now arises from the Symanzik polynomial of the two-loop supergravity ampli-
tude [42], as shown in [28]. G is the symmetric bilinear form on the representation of highest
weight A4, depending on the moduli in Mp,. The sum runs over pairs I'}, I}, of non-vanishing
vectors in the particle multiplet lattice M fj:ll, corresponding to the charges running in the two
loops, subject to the 1/2-BPS conditions I} x I} = 0 for i, j = 1,2, where I} x T denotes the
projection of the tensor product on the representation of highest weight A, see footnote 3.
These two functions are associated to two distinct VOR*-type supersymmetry invariants
for 1 <d <6 (and d = 0 type IIA) [14]. In particular it was shown in [1] that (1.11) satisfies
not only the differential equation (1.5) for all d < 6, but also the more constraining tensorial
equation (2.10) for d = 4,5, 6, using differential properties of ¢y, and the lattice sum. This
led to the proposal that the total non-perturbative VoR* coupling should be given by the sum
of these two contributions [1]
g(d) — g(d),EXFT+f(d)

(0,1) (0,1) 0,1) °

(1.13)

One main aim of this work will be to check that this proposal does indeed produce the correct
weak coupling and large radius expansions, and that it agrees with the proposal (1.6) and
(1.8) in D = 6 and D = 7. Before addressing these expansions, a major task will be to provide
a proper definition of the integral (1.12), which is otherwise divergent.

*Ford = 0 and d = 7, there is a single V*R* invariant and F{;, vanishes. For d = 1,2, 7,

(E4), (E8), respectively. For d = 3,4, ), coincides with the second term in (1.8) and (1.6), respectively. The

0,1)
function (1.11) is divergent at the given value of the parameter [1] and we consider instead its regularised version

defined in (1.30).

) are given in
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Specifically, in this work we shall

1. give a mathematically precise definition of the formal integral (1.12) via dimensional
regularisation;

2. demonstrate that (1.13) (suitably renormalised, cf. point 6 below) coincides with (1.6)
for D = 6, thanks to remarkable properties of double theta series associated to the parti-
cle and string multiplet (Section 2) and of the Kawazumi-Zhang invariant and its tropical
limit (Section A);

3. generalise the string multiplet proposal (1.6) to other dimensions D > 3 and show that
it formally6 agrees with (1.12);

4. extract the weak coupling expansion of (1.13) for D > 4 (Section 3.2) and show agree-
ment with the perturbative corrections in string theory (Section 5.2);

5. extract the large radius limit of (1.13), reproducing the corresponding term in dimension
D + 1 along with the expected threshold contributions (Sections 5.3, and 5.4);

6. obtain the complete Fourier expansions relative to the weak coupling and large radius
limit for D > 5 (and part of it for D > 3), including instanton-anti-instanton contribu-
tions and the 1/8-BPS instanton measure for generic Fourier coefficients in D = 4 and
D = 3 (Sections 3.3 and E.2);

7. analyse the two-loop amplitude with 1/4-BPS states running in one of the two loops,
and show that it cancels the divergence of the two-loop amplitude in exceptional field
theory, such that the total amplitude including both 1/2-BPS and 1/4-BPS states up to
three loops is finite and gives the exact string theory coupling (Section 5.1)

The upshot of this analysis is that the appropriately renormalised form of (1.13) reproduces
the expected perturbative amplitude in string theory, up to non-perturbative corrections that
have yet not been computed from first principles but take the expected form of D-instanton
corrections. Using similar methods, one could in principle also extract the constant terms with
respect to the other maximal parabolic subgroups, e.g. the one relevant to the limit where
the M-theory torus T*! decompactifies keeping its shape fixed, and hence characterise the
behavior at all cusps. Assuming that these constant terms also agree with predictions from M-
theory, one may then apply the the conjecture that the relevant U-duality groups do not admit
cuspidal automorphic representations attached to suitably small nilpotent orbits [43, 44] to
conclude that (1.13), suitably renormalised, is indeed the full exact coupling in any dimension
D > 4.

In the remainder of this introduction, we summarise our main results in view of the points
above, leaving details of the derivation to the body of the paper.

Double lattice sums and regularised integrals

As stressed before, the integral (1.12) is divergent and requires regularisation. In analogy
with dimensional regularisation in QFT, it is natural to replace d — d + 2¢ in the exponent of
|Q2,|, and define the integral as the value at e = 0 after analytic continuation from the region
Re(e) > 0 where the integral converges. However, we expect the analytic continuation to
have a pole at € = 0 when d = 4,5, 6, which thus needs to be subtracted appropriately. In
addition, we expect that the exact VOR* coupling also includes the three-loop contribution

5To keep the length of this work within reasonable bounds, we refrain from describing the regularisation of the
string multiplet formula in arbitrary dimensions.
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in exceptional field theory as well as contributions from 1/4-BPS states that play the role
of counterterms in exceptional field theory [30]. As we show in Section 5.1, the one-loop
contribution to V®R* in exceptional field theory is in fact cancelled by a one-loop diagram
with 1/4-BPS states running in the loop, just as in the case of V#R?, but the same contribution
.7-"(((‘)1)1) reappears at three loops [30], as we shall review later.

For the purpose of discussing this regularisation, it will be useful to decompose the period
matrix of the two-loop graph as in [28,31,45],

Ll +L3 L3 1 1 T1
Q, = =— 5 1.14
2 ( Ly Lz"‘Ls) v \71 P (1.14)

such that T = 7, + it, runs over six copies of the standard fundamental domain
F={rteH,|r|>1,0<1; < %} for the action of PGL(2, Z) on the upper half plane #,, and
set @, () = %mzll/ 2A(7) where A(7) is the modular function defined in the fundamendal
domain F by

2 2
T1“—77+1 57(7vy—1D)(|7|*—7
PSP LR L G Y L1s)
Tz TZ

and elsewhere in H; by enforcing PGL(2,Z) invariance. This function belongs to the class of
local modular functions, which appear at all orders in the derivative expansion of the two-
loop supergravity amplitudes [45] (see [46] for the relation to genus-two string integrands).
Rewriting the measure d®Q,/|Q,|°> = ZVZdVdTldTZ/T%, the integral over V € R* can be
performed easily, leading to a modular integral over F,

SOET _ 8m? F(dd_zz)f dTlczlsz(T)
- T
F T

4 T d—2

Z [G(F + 1“21“ +‘r)] ’ (1.16)
T T

F1,F2€Mf::: 1 2,11 2

Fl-xF]:O

@1 3

The divergence of the integral (1.12) at V — o0 is reflected in the non-convergence of the
double lattice sum in (1.16). We shall regularise the latter by dimensional regularisation, i.e.
by replacing d — d + 2¢ in the exponent of |Q2,| appearing in the denominator of (1.12), or
equivalently in the exponent of the summand in (1.16). Itis indeed apparent in (1.16) that the
sum will be absolutely convergent for Re(¢) large enough. In order to regulate divergences
due to collinear charges, i.e. pairs of charges such that I; AT; = 0, we further introduce a
cut-off’ To < L on the domain F in the coordinates (1.14), and consider the integral

dQ
Ty(¢,e,L) = 8nf o P2 (92) 6,1 (9, 2), (1.17)
R+xF(L) [Qa] 2

where ¢ parametrises the moduli space E4,,/K4,; and F(L) = F N {1, < L}. Here, 9}5:“

for k = 1,...d + 1 denotes the ‘double theta series’ for the lattice Mf:“ transforming in the
representation with highest weight A,

/ .
0y (¢, Q)= ., RO, (1.18)
Qier:”
QiXQjZO

The integral (1.17) is absolutely convergent for Re(e) sufficiently large. We shall argue that
it admits an analytic continuation to a meromorphic function of ¢ € C, by relying on similar
analytic properties of the Langlands—FEisenstein series which arise in its constant terms and of

7The cut-off L plays the same r6le as the infrared cut-off u ~ 1/+/L introduced in [1,30].

8
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the functions appearing in its Fourier coefficients. The renormalised value will be defined as
the value at € = 0, after subtracting a specific Eisenstein series canceling the poles that occur
when d = 4,5,6 [47].

These poles can be interpreted physically as ultraviolet divergences of the two-loop ampli-
tude in exceptional field theory; they should cancel in the full theory in which all states are
allowed to propagate in the loops. Indeed, we shall show that the sum of the contributions
of 1/2-BPS states (given by the above integral (1.16)) and 1/4-BPS states (which we com-
pute separately in Section 5.1) gives a finite answer. It will also become clear that the 1/4-BPS
states’ contribution is needed to restore supersymmetry Ward identities for d = 5. The remain-
ing L-dependent terms corresponds to infrared effects from the exchange of massless particles,
which must cancel against non-local terms in the 1PI effective action. The apparent ambiguity
in the regularisation drops out in the complete four-graviton amplitude. Since we shall not
compute the full non-local amplitude, we shall not keep track of the cutoff-dependent terms
in the effective coupling 5((5)1). It would be interesting to fix these finite terms by analysing the
full genus-two string amplitude.

Performing the integral (1.17) over V leads to the modular integral

8> dr,d
Ty(¢p,e,1) = ij T2 (1) Ef (1, ,d — 2+ 26), (1.19)
3 Jrwy T
where the ‘double Epstein series’ Eidk” is defined for any k = 1,...,d +1 and Re(r) sufficiently
large® by
r'(r) - T r
2heng Tor) = [ 2 ] . (1.20)
k ¢ i ZEM G(Q1+719,,91+7Q,)
QieMAk+
QiXQjZO

Although we only analyse in detail the case k = d + 1 in this paper, it should be possible to
use similar methods to show that Eii“(d), T,1) can generally be analytically continued to a
meromorphic function of r € C for any fundamental weight A;. We will use these Epstein
series outside the domain of convergence, with the understanding that they are defined by
analytic continuation.

Equivalence of particle and string multiplet formulae

The proof of the equivalence of the exceptional field theory computation (1.13) and the co-
variantised string theory answer (1.6) rests on two main claims. The first is a remarkable
property of the Kawazumi-Zhang invariant ¢y, namely that it coincides with the Poincaré
series seeded by its tropical limit

Pi(9) = lim > (lege)]| | (1.21)

7| ye(GLRZ)KZIN\Sp(4.Z) v
where the limit € — 0 is to be taken after analytic continuation from the region Ree > %
where the sum converges. Using the theta lift representation of ¢y, established in [48], we
trace the relation (1.21) to a similar property (Eq. (A.16) of Appendix A) relating genus-one
Siegel-Narain theta series for lattices of signature (3,2) and (2, 1). Inserting (1.21) inside the

8For the particle multiplet k = d + 1, we shall argue that E/E\dd:(r, ¢,r) converges for Re(r) > 4,6,9, % for
17 23

d =4,5,6,7, respectively; for the string multiplet k = 1, that Ei‘i“(r, ¢,r') converges for Re(r') > 4,6, 5, 5.
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genus-two modular integral in (1.6) and unfolding the integration domain, one immediately
arrives at

/

dq 4 d3q _raic(o. 0.
8TRN. | ——=T55,0x;=—RN. 152 E e TR0 o (), (1.22)
F |QZ| 3 S |Q2| D,
2 + Q,,Q,eM”

(Qi,Q))=0

where Q; runs over pairs of vectors in the even self-dual lattice Mff =1Is 5 of SO(5,5), which
are null and mutually orthogonal.

In order to match (1.22) with (1.12) for D = 6, which involves a sum over pairs of spinors
under Spin(5,5), we invoke the special case d = 4 of a second remarkable property, namely

F(d 2) Z [ Ty T—Z _ T Z [ Ty ]3
[‘1 LeM Ed+1 G(Fl + Tl—‘z, Fl + Trz) d>3 7'[3 o, MEdH G(Ql + TQZ, Ql + fQZ) ’
I; xT; O QIXQJ
(1.23)

where I} runs over pairs of vectors in the particle multiplet (the spinor for D = 6), while Q; runs
over pairs of vectors in the string multiplet (the vector for D = 6). Asin (1.12), T} x ¥ denotes
the projection of the product on the representation of highest weight A;, while Q; x Q; denotes
the projection of the product on the representation of highest weight Ag, which is trivial for
d < 4 and understood as a singlet for d = 4 (see the last column in Table 1). While both sides
of (1.23) are in general divergent, the 1dent1ty should be understood as a statement about
the analytic continuation of the sums = d“(qﬁ T,r) and = d“(gi) 7,1r’) defined in (1.20) as
(r,7") = (d — 2, 3). We do not expect that a similar relation holds for generic values of (r, 7).
When the analytic continuations happen to have a pole at the required value (r,r’) — (d—2, 3),
we shall argue that the equality (1.23) still holds for appropriately renormalised expressions.

In order to justify this claim, we shall show in Section 2 that the integral of both sides
of (1.23) against SL(2,7Z) Eisenstein series and cusp forms agree, thanks to Langlands’ func-
tional equation for Eisenstein series of E; ;. This can be viewed as a spectral justification
of the claim (1.23). Identities similar to (1.23) for double lattice sums associated to vector
and spinor representations of orthogonal groups are also established using similar methods in
Section 2.8.

Formally inserting (1.23) into (1.22) and restoring the integral over V, we obtain the first
term in (1.13), hinting at the equivalence of the two proposals for D = 6. This equivalence can
be established more rigorously after regularising both (1.22) and (1.23). Conversely, we can
insert (1.23) inside (1.16), and obtain an alternative representation of the two-loop amplitude
(1.12) involving a sum over pairs of 1/2-BPS string charges,

/

812 dr,dt T 3
g(d) ,EXFT — 1 2 A [ 2 }
o1 =3 3 ff 72 () Z G(Q14+71Q,5,9,+7Q,)

2 QIJQZEMfiﬂ
9xQ=0
4n a3, - GO O,
N s, [Qa]1/2 Prz () Z R (1.24)
Q1,Q,eM, "
Q;xQ;=0

For d = 4 we recover (1.22), for d = 3 (1.8); for d = 1 (and d = O type IIB) the constraint
Q; x Q; = 0 is trivially satisfied and the rh.s. of (1.24) reproduces the two-loop supergravity
integral of [31]. Note however that the first equality (1.24) only holds for d > 3. For example,
for d = 1 the constraint I; x I} = 0 admits two independent solutions, and the sum over

10
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I; € Z**! splits into the sum over eleven-dimensional supergravity Kaluza-Klein momenta on
T2, which is equal to the right-hand-side of (1.24), along with an additional sum over M2
branes wrapping T2 which has no analogue on the string multiplet side.

Finally, as a by-product of this analysis, we obtain two alternative representations of 5((5 )1)E a

as Poincaré series for the parabolic subgroups P; and P of E;,;, whose seed involves a special
function A on the Poincaré upper half-plane,’

5551?"”=2i2 > bE dAd—z(U)]\ d>38T”2 > [y;BKg(U)]\Y. (1.25)

d>2
Y€P311\Eq 41 YEPs\Eq41

The functiongs, defined in (2.43) below, satisfies the differential equation (2.44). Fors = 3/2,

it coincides (up to the overall factor BL in (1.25)) with the exact VOR* coupling in ten-

dimensional type IIB string theory cons1dered in [31,32]. Thus, the second equation in (1.25)
can be summarised by saying that the exact V*R* coupling in D dimensions is the sum of
the covariantisation of the S-duality invariant coupling in D = 10 under U-duality and the
homogeneous solution F, (dl) in (1.11), which is separately U-duality invariant. Unfortunately,
while conceptually pleasing, the identities (1.25) do not seem to be convenient for obtaining
asymptotic expansions.

Weak coupling expansion

In Section 3 we compute the asymptotic expansion of (1.16) at weak coupling by generalising
techniques introduced in [1, 50], whereby the constraints Q; x Q; = 0 are solved step by
step for a suitable graded decomposition of E,,; which keeps T-duality manifest. Using this
method, we find the expected perturbative contributions, up to instanton corrections:

SOEFT _ g;f%;‘ ( ZC(3)2 n 4“5(3)

0,1)

44(6) 4=p

2 0(d,2) 4

302 £(d—2)EY iy, T grELD + —7 % Egn
D

+O(e7Ve0)).

(1.26)
Here, the first term reproduces the tree-level contribution, the second term and fourth term
reproduce part of the genus one (3.2) and genus three (3.4) contribution (the second part
coming from the homogeneous solution (1.11) while the third term reproduces the full genus-
two contribution (3.3), involving the Kawazumi-Zhang invariant . This fact relies on the
key equality (1.21) between ¢y and the Poincaré series seeded by its tropical limit ¢y,

We are also able to extract the contributions to the constant term from bound states of
instantons and anti-instantons for any d < 6. For d = 0, our approach provides a powerful
computational method, alternative to the one used in [31], which reproduces the results found
in [32] by integrating the differential equation.

Our method also allows us to analyse the non-zero Fourier modes of 5((5 )1)E “T that corre-
spond to contributions to the scattering amplitude in the background of D-brane or NS-brane
instantons. In Section 3.3 we express the D-instanton contribution in terms of nested orbit
sums. The result is complete for Es = D5 = Spin(5,5), we argue that it is also complete for Eg
and we compute the generic Fourier coefficients (3.89) for E,. The generic Fourier coefficients
in d = 6 are particularly interesting because they are expected to be proportional to the helicity
supertrace {214 counting 1/8-BPS D-brane bound states. We find agreement with [51-53] for
the simplest D-brane configurations, but further analysis is required to understand the general
case.

° Another proposal for 8((0 f) was given in [49], based on a Poincaré sum over P, \SL(5), which can be rewritten as
a single lattice sum. In contrast, the double lattice sum in (1.8) can be rewritten as a Poincaré sum over P,\SL(5),

see (1.25) below.
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Large radius/decompactification expansion

In Section 4 we study in the large radius limit using similar methods and obtain the expected
expansion [2,22]

EDET — Raa [5(‘51;)EXFT+%£(d—6)Rd 75((50;4 T e(d—2)RY Sely (1.27)
207'5 1672 [E(d 2)1? _
6)5(d + 4R + R2-6 1L O R ]
— S0 +4) @+ D6-d) (e )|,

where R is the radius measured in D-dimensional Planck units. The first line in this formula
represents the contribution from the decompactification of the VOR* term on T to the one
on T4~ along with threshold effects coming from the V#R* and R* interactions. The second
line, containing pure powers of the decompactifying radius R, represents one-loop and two-
loop threshold effects in supergravity.

Our method also allows us to analyse the non-zero Fourier modes of 5((;} )l)E “T which can
now be interpreted as instanton effects from Euclidean black holes wrapping the Euclidean
time circle. The result is complete for Es = Spin(5,5) and E¢, we argue that it is also complete
for E; and we compute the generic abelian Fourier coefficients for Eg in Appendix E. The
generic abelian Fourier coefficients in d = 7 are also particularly interesting because they are
expected to be proportional to the helicity supertrace counting 1/8-BPS black holes. We do
find agreement with [51-53] for the simplest black hole charge configurations, but further
analysis is required to understand the general case.

1/4-BPS contributions and renormalised function

The couplings derived from the two-loop exceptional field theory calculation alone diverge in
dimension d = 4,5, 6 whereas the full string theory amplitude is supposed to be finite. This
discrepancy can be traced back to the fact that in exceptional field theory only 1/2-BPS states
are allowed to propagate in the loops. However, the full theory also involves 1/4- and 1/8-BPS
states as well as non-BPS states. For specific BPS protected couplings such as V®R?, one may
hope that only 1/2- and 1/4-BPS states contribute at two-loop. Indeed, the perturbative genus-
two VOR* coupling in string theory [35,36] exhibits precisely such contributions. The result of
our analysis shows that the contributions from 1/2- and 1/4-BPS states up to three-loop indeed
reproduces the exact low energy effective action up to VoR*, leading to the conclusion that
1/8-BPS states do not contribute to this coupling.

A similar issue was already encountered in [30] in the context of the V4R* coupling where
both 1/2- and 1/4-BPS states happen to contribute. The contribution of the latter was inferred
in [30] by taking the perturbative one-loop string calculation, extracting the contribution of
perturbative 1/4-BPS states, and covariantising this result under U-duality so as to obtain
the contribution of the full non-perturbative spectrum of 1/4-BPS states. Following the same
strategy for VOR*, we find that the two-loop amplitude with 1/4-BPS charges running in the
loops is given by a similar integral as in (1.12), where ¢, (£,) is replaced by ESL(Z)(T)/ %4
in the variables (1.14). Combining this with the exceptlonal field theory result, we get

SL(z)
L . T (o8, - = Fon (0 )) A, D) (1.28)
(0,1 3 s, |Qz|67d272e KZ 36 % AdJrl 2 :

We will give strong evidence that this expression has a finite limit as € — 0 for all values of d. At
three-loops, the structure of the perturbative genus-three superstring amplitude [54] suggests
that only 1/2-BPS states run in the loop. The resulting three-loop contribution in exceptional
field theory [30] produces the sum of two Eisenstein series (5.18), one of which formally
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cancels the 1/4-BPS contribution in (1.28), while the other reproduces the contribution (1.11)

2 d3Q gSH2) ) 8
@3doop __ T~ 2 —(3+2e)A4 gFan i Egin
o =57 L+ P v Oy (o, QZ)+ g(d +4+26)Ed+4+26/\d+1 . (1.29)

The regularised Eisenstein series (1.11) is defined by

Fo = g(d +4+ 2e)E§m26A o= %5@ +4) Efﬁ;l i (1.30)
where |.0 denotes the zeroth order term in the Laurent series in €, which amounts to a min-
imal subtraction prescription. According to the discussion below (1.18), we shall not keep
track of the finite terms proportional to the residue at the pole, which is similar to the differ-
ence between minimal substraction (MS) or modified minimal subtraction (MS) regularisation
schemes in quantum field theory. We shall use the hat notation for similar zeroth order terms
of any Eisenstein series throughout this work.

Although the two functions in (1.29) satisfy the same E;,; invariant differential equa-
tion (up to inhomogeneous terms), they do not satisfy the same differential equations [14]
and correspond mathematically to distinct automorphic representations [47]. Physically this
means that instantons with generic charges in a given limit may contribute to one function and
not to the other. In particular .f((o)l) obtains contributions from generic Euclidean black holes
instantons in the decompactification limit whereas the first term in (1.29) and the two func-
tions in (1.28) do not, while these latter receive corrections from generic D-brane instantons
in the weak-coupling limit whereas j—"\(f)l) does not. It is therefore more natural to combine the
first component of (1.29) with the two-loop contribution (1.28) to define the renormalised
é\(d),ExFT g(d) ,EXFT

coupling as the finite part of
6

(0,1) (0,1),€
SL(Z) SL(2)
o _ 47'5 d3§22 (| |€ —3/\ (T)+£E—(3+26)A1(T)) Ed+1(¢ Q,) (1.31)
N R A iz 36 Y1 36 v 2

as € — 0. The two additional terms cancel each other for d < 3 and we shall see that the
function (1.31) has the correct behaviour in d = 4,5,6,7. In d = 4,5, 6, these contributions
are individually divergent, but the total result is well-defined and satisfies all expected weak
coupling and decompactification limits. The sum of (1.31) and (1.30) defines the complete

non-perturbative function
5(‘“ g‘(d),ExFT ]:(d)

(0,1) (0,1) (0,1) 2

(1.32)

which gives a precise definition to the formal formula (1.13).

Outline

The remainder of this work is organised as follows. In Section 2 we establish the central
identity (1.23) that relates the double lattice sums in the string and particle multiplets to show
the equivalence (1.22) between the particle and string multiplet representations of the VoR*
coupling 8((;)1) In Sections 3 and 4, we analyse the weak string coupling and single circle
decompactification limits of 5((5)1), respectively. In particular, we compute the corresponding
Fourier expansion of Z;(¢, €, L) defined in (1.17), and find that it is a meromorphic function
of €. In Section 5, we discuss in detail the renormalisation of the function &), due to the
contribution of 1/4-BPS states at two-loop order and show that their contribution cancels the
divergences coming from the 1/2-BPS sector, leading to the well-defined total result (1.32).
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Several appendices contain additional technical details. In Appendix A, we present evidence
for (1.21) that expresses the Kawazumi-Zhang invariant as a Poincaré series seeded by its
tropical limit while Appendices B-D discuss certain integrals and auxiliary Fourier expansions
that are used in the main body of the paper. Most of our calculations apply to 4 < D < 8.
Appendix E contains details for the special case of D = 3 with U-duality group Eg that are also
relevant to 1/8-BPS black holes and Appendix F summarises the cases D > 8.

2 From particle to string multiplet

In this section, we give very strong evidence for the identity (1.23) relating double Epstein
sums in the particle and string multiplets of E;,;. This is done by first including arbitrary
parameters (r, ") on either sides to obtain convergent expressions, and analytically continuing
to the desired values (r, ') — (d —2, 3) at the end. In Sections 2.1 and 2.2, we show that both
sides satisfy the same differential equations invariant under SL(2) x E4, . The representation-
theoretic origin of the differential equations is discussed in Section 2.3. In the remaining
subsections, we provide a spectral argument for (1.23) by computing the integral of both
sides against Maal$ cusp forms and Eisenstein series of SL(2,7), and showing that the two
results are equal by virtue of Langlands’ functional relation.

2.1 Laplace identities

We first establish that the lattice sum (1.20) in the particle multiplet representation satisfies

=h (g 7,r) =0, 2.1)

A

r[(d —10)r —20+18d —d?
[AEM_AT_ @-10r—20 ]]
where A, | is the Laplace operator on M = E4,1/Kg41, and A = T%(afl + 332) is the SL(2)
Laplace operator on the upper-half plane. To prove this, we proceed as in [1] and write the
sum over doublets of charges I}, T, such that T; xI; = 0 as a Poincaré sum over Py\E4,, Where
P, is the maximal parabolic subgroup with Levi subgroup GL(2) x E;_;. Under this subgroup,
the particle multiplet decomposes as [1, (4.28)] 1°

My =(2,1) e (1,M, ) e (2,My ) e... (2.2)

corresponding to the various charges arises upon compactifying from dimension D+2 = 12—d
down to D = 10 —d on a torus T2: the Kaluza-Klein charges on T2, particle charges in
dimension D+2, strings in dimension D+2 wrapped on a circle in T2, while the dots correspond
to membranes wrapped on T2 and Kaluza—Klein monopoles. The superscripts in (2.2) denote
the scaling degree with respect to the action of GL(1) € GL(2), normalised so as to take
integer values. The representations of SL(2) x E;_; are denoted as (2j + 1, M f"‘]) with 2j +1
the dimension of the SL(2) representation and A the highest weight of the E;_; representation.
As explained in [1], one can always rotate a pair of vectors Iy, I}, using E4,; into the top
degree space (2,1)"® (i.e. the eigenspace in (2.2) of maximal GL(1) eigenvalue), thereby

YFor d = 5, 6,7, this follows from embedding GL(2) x E,_, in a dual pair inside E,, ;,
E D SL(2)xSL(6) : 27 = (2,6)@(1,15)
E;, D> SL(2)x Spin(6,6) : 56 = (1,32)8(2,12)
EgDSL(3)xEs : 248 (8, )@ (1,78) @ (3,27) @ (3,27)

1%
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allowing a rewriting of (1.20) as

" .U y—l r
Ed+1(¢ T,r) = 2¥2 74
T(r) ~An ye&z\zlsm Mezzm [(1,T)M(1,U)|2 +27,U, det M

det M#0 y

/ r
T2
_— > (2.3)
o) Y

Y€Pg41\Eqy1 \(my,my)EZ2

corresponding to non-collinear and collinear pairs of vectors, respectively, and where y; is the
multiplicative character for the parabolic subgroup Py, normalised!! such that the Langlands—
Eisenstein series is ESGAk = ZyePk\G Vi 25|Y Note that the second term can be viewed as the
contribution of matrices M with detM = 0 in the first sum; moreover, it is recognised as
(@ ERP(ER .

Next, ‘e use the fact that upon acting on functions depending only on the GL(2)/U(1)
factor parametrised by U = U; + iU, € H; and y,, the Laplacian on E4,; reduces to to [1,
(4.65)]

1
Ag, = TR d,,((10—d)y,8,, +(20+d(d —18))) + Ay . (2.4)
Acting on the seed in the first term on right-hand side of (2.3) immediately leads to (2.1).
The same is true using y d2+1 yqU, ! for the sum in the second line of (2.3), which morally
extends the sum on the first line to all non-zero matrices M, thus establishing (2.1).

Similarly, for any 4 < d < 7, we claim that the lattice sum in the string multiplet satisfies

dr'(2d—1—r")7 _g,,
|:AEd+1 —Ar— gy ] in (¢,7,r)=0. (2.5)

To establish this, we proceed as before and write the constrained lattice sum as a Poincaré sum
over P3\E4,;, where P5 is the maximal parabolic subgroup with Levi factor GL(2) x SL(d).
Under this subgroup, the string multiplet decomposes as'?

3d— 4d 24

My 2(2,1)0 8 (1L,APV) AT 8 (2, M) TV e (1,V e ATV) T e . (2.6)

corresponding to the various string charges appearing in the large volume limit of type IIB
string theory compactified on T¢: (p, q) strings, D3-branes, (p,q) 5-branes, and Kaluza—Klein,
with V = Z4. Using E,,, one can always rotate any pair of vectors Q;, Q, into the top degree
space (2,1)", obtaining

The normalisation of the character is defined such that the action of the Cartan torus element on the lowest
weight representation A is normalised to y,. In other words, we write the torus element as exp(— Y., log(y;)h;),
where the h; are the canonical Chevalley generators that need to be evaluated in the lowest weight representation.
For example for SL(2) this leads to the matrix diag(y,, y; ).

2For d = 6, 7, this follows by embedding GL(2) x SL(d) inside a dual pair,

E,DSL(3)xSL(6) : 133 = (8,1)&(1,35)®(3,15)&(3,15)
EgDSL(2)xE, : 3875 = (1,1539)+(3,133)+(2,56)+(2,912)+(1,1)
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\

g TzUzJ/3_1 '
24P, 1,1 =
r(r) ™ (® ) Z Z [l(l,r)M(l,u)lz+2T2U2detM:|

YEP3\Eg1 \ MeZ>*?

det M#0 } 7

/ ’
2 2. [%] L@
YE€P\E441 \(my,my)eZ2 |m1T + m2| Yq ,

We then use the fact that the Laplacian on E;,; acting on functions depending only on the
GL(2)/U(1) factor reduces to

d
Ag, = S_—d(ysays +2d —1)y38,, + Ay . (2.8)

Acting with this operator on the seed terms in (2.7) establishes (2.5). For d = 5, the two
equations (2.7) and (2.3) are of course identical since the particle and string multiplets 27
and 27 are related by conjugation.

For r =d—2, r’ = 3, the two eigenvalues in (2.1) and (2.5) agree and the two lattice sums
satisfy the differential equation

e e e Y @2
where ZFi+1 stands for either the string multiplet double Epstein series Ei‘j“ or the particle

—=Ed+1

multiplet double Epstein series = A

2.2 Tensorial differential equations

For the same values (r,r") = (d — 2, 3), it turns out that the two lattice sums satisfy a much
stronger system of differential equations beyond the Laplace equation (2.9). This system of
equations is given compactly for d =4,5,6 as

3
(T“TﬁTYDaDﬁDY—E(d +4—2)TD, el =0, (2.10)

where T¢ are the generators of E;,; written in the highest weight representation R(A4,1)
and D, = V,M(8y, + wy,) the covariant derivative in tangent frame, where V,™ denotes the
inverse vielbein on the Riemannian symmetric space E;,1/K(E;41) and wy; is the K(Ez,1)
connection defined by the K(e¢4,;) component of the Maurer—Cartan form [12,47]. To prove
(2.10) for the particle multiplet sum, one uses the same Poincaré sum representation (2.3),
and the restriction of the tensorial equation (2.10) on functions of GL(2), which appeared in
Egs. (4.94) and (4.96) of [1]. For the string multiplet sum, (2.10) also holds for d = 5 since the
particle and string multiplets are conjugate. For d = 6, additional work is required. Using the
same techniques as in [1], one finds that for a function of the Levi subgroup GL(2) € P; C E,

¥39,, 16 0 0 0 0 0 0
0 3(y30,, + Usdy, )1 3U,0y, 16 0 0 0 0
0 1U8y, 1 3(y38,, — Updy,)Ls O 0 0 0
T*D, = 0 050 0 0 0
0 0 0 0 3(—y38,, + Usdy,)1s $U,3y, 16 0
0 0 0 0 $U,8y, 16 =338y, + Updy, )¢ 0

0 0 0 0 0 0 —¥3d,,16

(2.11)
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This is a (56 x 56) matrix of first order differential operators since R(A4,1) corresponds to the
56 of E,, see Table 1. The differential operators D, normally act on the 70 coordinates of
E,/SU(8) but here are reduced to the coordinates U = U; +iU, and y; of the GL(2) C E, part
of the symmetric space. The matrix is blocked according to the branching of the representation
R(A441) under GL(2) x SL(5) that is

56~ (1,6)?(2,6)" ®(1,20)°(2,6) V& (1,6) 2, (2.12)

and we have written out the doublets of 6 separately in (2.11). The third power of (2.11)
evaluates to

Silg 0 0 0 0 0 0
0 (Sy+3S3U,8,)16 1S3U,8y, 16 0 0 0 0
0 383Uy, 16 (8, —383Undy )1 0 0 0 0
TeTh TYDaDﬁDY =| o 0 0 020 0 0 o |,
0 0 0 0 (=S, +383U53y,)16 3S3U,0y, 16 0
0 0 0 0 185053y, 16 —(Sy+383Us0,)L6 O
0 0 0 0 0 0 8,1
(2.13)
with
37 3 27
S = (J’3ay3)3 - 7(3’33}@)2 + ZAU + ?}’33}% ,
1 3 3 25 5 3 9
Sy = g()’zayg) + §AU}’3ay3 - g(l’y,ayg,) - ZAU + Z}’33y3 ,
3 1 33
S; = Z(y33y3)2+ZAU—Zy35yS. (2.14)

Using these formulae, one can check that the seed function in (2.7) is annihilated by the
operator in (2.10).

We have shown that the seed of the double Epstein series (1.20) for the string and particle
multiplet satisfy the same homogeneous differential equations. By inserting these equations
in (1.12) or (1.24), and using the differential equation satisfied by the (non-differentiable)
modular function A(7) (see [31] and (B.3) below), one may show that both proposals (1.12)
and (1.24) satisfy the inhomogenous differential equations required by supersymmetry Ward
identities [14], including the Poisson-type equation (1.5) [1]. To prove that the two double
Epstein series (1.20) indeed satisfy the tensorial differential equations we need to take care
of the poles that arise by analytic continuation from the domain of absolute convergence. We
shall argue that they are indeed satisfied, but for Eg, in which case only the renormalised
coupling does satisfy the equations.

2.3 Nilpotent orbits and BPS states

The structure of the tensorial differential equations (2.10) can be understood by using the
language of nilpotent orbits of the group acting on its Lie algebra (see e.g. [55]). We shall
be using Bala—Carter labels for complex nilpotent orbits. The Bala—Carter label, e.g. A;, A,
or 2A; (where the last case designates two commuting A; = SL(2) subgroups) indicates in
what type of Levi subgroup a given nilpotent Lie algebra element is distinguished. For type
A, a nilpotent element is distinguished if it is regular (a.k.a. principal), i.e. if it belongs to
the largest possible nilpotent orbit of A,,.!* If there are several non-conjugate Levi subgroups
of the same type in E;,;, the Bala—Carter label includes conventional primes to differentiate
between the non-conjugate orbits, e.g. (24;)" and (2A;)” in Es.

13For other Levi types there can be a finite number of such distinguished nilpotent elements; those are written
using conventional labels in parentheses following the Levi type, e.g., D,(a;). Since these Levi types only appear
for nilpotent orbits larger than the one encountered in the present paper, we refer the interested reader to [55].
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Nilpotent orbits provide a useful classification of Fourier coefficients of automorphic forms.
In physics terminology, Fourier coefficients describe effects from non-perturbative states cou-
pling to axions, corresponding to coordinates along nilpotent generators in the symmetric
moduli space E;.;/K(E4,1) in a given parabolic decomposition [5, 21, 23]. Therefore, the
various types of non-perturbative effects can be labelled by nilpotent elements. The set of
nilpotent orbits that support non-vanishing Fourier coefficients is often called the wavefront
set of an automorphic form. The wavefront set of a generic Eisenstein series induced from
a parabolic subgroup P = LU C E;,; can be easily determined from the Gelfand—Kirillov
dimension, and is tabulated for various groups and parabolics e.g. in [56].

In the relation between nilpotent orbits and non-perturbative effects, 1/2-BPS states cor-
respond to nilpotent elements of Bala—Carter label A;, while 1/4-BPS states correspond to
Bala—Carter label 2A;. This can be understood by noticing that certain 1/4-BPS states can
be realised as an (orthogonal) intersection of two 1/2-BPS states. Similarly, certain 1/8-BPS
states can be realised by an (orthogonal) intersection of three 1/2-BPS states, leading to the
Bala—Carter label 3A;. In addition, the labels A, and 4A; are also associated with 1/8-BPS
states and arise for a different class of non-perturbative effects [14,47].

The order of nilpotency p in xP = 0 of a given nilpotent element x of the Lie algebra
depends on the finite-dimensional representation of ¢4, ; in which it acts. Since the Lie algebra
is represented by first order differential operators acting on functions on the symmetric space
E4+1/K(E441), the nilpotency relations translate into differential equations of order p satisfied
by the automorphic form. For a given automorphic form, the strongest differential equation
arises from the maximal orbit in its wavefront set. Physically, this equation corresponds to a
supersymmetric Ward identity [12-14]. Often it suffices to consider these equations in only
one of the fundamental representations, as the others will be consequences.

Equipped with this knowledge we now see that (2.10) is in fact the tensorial differential
equation associated with the maximal orbit in the wavefront set of the Eisenstein series in-
duced from the Heisenberg parabolic subgroup Py, i.e. the maximal parabolic subgroup Py,
associated to the highest weight for the adjoint representation (respectively A,, A,, A;, Ag for
Ds, Eg, E; and Eg). As will be shown in (2.37) and (2.40) below, integrating the lattice sums

—Ey ;_ . —E, _ . . . . .
= Al“ at r’ = 3 or respectively = Ad:l at r = d — 2 against an arbitrary SL(2) Eisenstein series

leads to an Eisenstein series E /‘i: for the Heisenberg parabolic for a specific value of s. The
wavefront set of any such ‘adjoint’ Eisenstein series is generically of Bala—Carter type A,.

Since integrating the double lattice sums (1.23) against an SL(2) Eisenstein series gives
an Eisenstein series with a wavefront set associated to A, nilpotent orbit, we conclude that the
Fourier coefficients of the double lattice sums themselves are also restricted to the same orbits,
and thus are at most of Bala—Carter type A,, as confirmed by equation (2.10). Automorphic
representations of E;,; for d > 4 with this Bala—Carter type are uniquely represented by ad-
joint Eisenstein series ESEK: , where s is determined by the eigenvalue under the Laplacian. This
already gives a strong indication that the two double lattice sums in (1.23) must be propor-
tional to each other. We shall now present further evidence based on spectral considerations.

The claim that automorphic representations of E,4,; for d > 4 with Bala—Carter type A, are
uniquely represented by Eisenstein series relies on the conjecture that there is no cuspidal au-
tomorphic representation associated to such small nilpotent orbits. Recall that cuspidal forms
are by definition exponentially suppressed at all cusps, and as such admit Fourier coefficients
that are themselves exponentially suppressed at all cusps of the corresponding Levi subgroup.
For the nilpotent orbit associated to the adjoint node 2Ay, the generic Fourier coefficients in
the Heisenberg parabolic Py saturate the Gelfand—Kirillov dimension and are functions of the
Levi subgroup element v € Ly acting on the Fourier charge v(Q). For exceptional groups, the
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following stabilisers H, C Ly C E44; occur for generic charges Q

SO(1,1) x SO(2,2), SO(2) x SO(1,3) € SL(2) x SO(3,3) c Spin(5,5),
SL(3) x SL(3), SL(3,C) c SL(6) C Eg(e)
SL(6), SU(3,3) c Spin(6,6) C By,
Eet6)» Eo(2) € Erz) C Eg(g)- (2.15)

The stabilisers are all non-compact. It follows that the Fourier coefficients as a function of v(Q)
are constant along all the cusps of the stabiliser H,, and therefore cannot be cuspidal. Applying
this reasoning to orthogonal groups of type SO(2n,2n), one concludes that the first possible
cuspidal representation can only appear for the nilpotent orbit of weight 2A,,, for which the
stabiliser of generic charges SO(n) x SO(n) is compact, in agreement with the conjecture in
[43]. For exceptional groups one predicts in this way that cuspidal representations can only
appear for higher dimensional nilpotent orbits, like the nilpotent orbit of weight 2A, of type
A, + 3A; for E; for example.

2.4 Integrating against cusp forms and against Eisenstein series

In order to prove the identity (1.23), we shall now integrate both sides against an arbitrary
Maal} eigenform f(7) that is annihilated by A; —s(s — 1) and an eigenmode of all Hecke
operators Hy : f (1) — ka=N,O§ i<k f (‘%ﬂ). To avoid regularisation issues, we first consider
the case where f is a cusp form for GL(2,7.), and then discuss the case of an Eisenstein series.

Starting with the string multiplet sum, we consider, for Re(r’) large enough and f a cusp
form,

dt.d

TE(f) = | S FDER (L), (2.16)
' F T

where F i 1S the fundamental domain for PGL(2,7) defined below (1.14). Using (2.7), we

rewrite 2 dl“(r r’) as a sum over y € P;\E4,; and over non-zero 2 x 2 matrices M. Restoring

the integral over the volume factor, we get

o0

dv drt,dt _m

()= Y [ f o f 52 (D) Z Tf[TM“M”] 2.17)
YEP3\Egyq LYO F 2 MeZ2x2 ¥
where

IT]? -1, 1(1 U
= , U=— R 2.18
7= 72(—71 1 U, \Up U] (2.18)

such that (y5, U) parametrise the GL(2) factor in P;. The integral over F can then be unfolded
using the orbit method as in [57]. For cusp forms, the rank-one orbit does not contribute'*

. . . k
and the sum over rank-two matrices can be restricted to summing over M = (0 p) with

0<j<k,k,p#0, provided the integral over 7 is extended to the upper half plane. For fixed
N = kp with k, p > 0, the sum over k, p, j is recognised as the action of the Hecke operator act-

ing on modular functions in the U variable, Hy[fJ(U) = N~'/2 > p>0kp=N Z; modp f(kU+J)
Thus, we get
dT dT ”N)’3\T*U\2 _ 2my3N
Iitli“rl(f; ry=2 Z {ZHN |:f T f 1 Zf( e Veal: v :|} . (2.19)
y€P3\E4,1 \N>0 Hq 2 »

4For f an Eisenstein series, the rank-one orbit gives cut-off dependent contributions which do not contribute to
the renormalised integral for generic s.
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—nt|T=U?/(t,U,)

Now, we use the fact that e acts as a reproducing kernel on eigenmodes of
A, [58,59]. More precisely, for any smooth solution of [A, —s(s —1)]f(t) =0,

2
Ty

J I79%2 ¢y 5 = MG, 0 £(U), (2.20)
Hy

where the factor N(s,t) is independent of f. This factor can be computed by choosing

flr)=13:

1
375 oo
dt,dt, (Tz )5 e_w U, dty __me 7ty o,

N(S t)If Uy = — Lo Uy %2
’ 2
w, Tz \Ua vt Jo 12 (2.21)
— 2 27t
_ﬁKs_%(ZTEt)e N

where K, (x) is the modified Bessel function of the second kind. Setting t = Ny3/V, we thus
get

1 < dv 27mysN
() =4 > [Z f , 11(_;( 3 )HI(VU)f(U)} L (2.22)
1 YE€P3\Eg4y LN>0 V ysN Jo VItz T v Y
The integral over V can now be computed using
o0 /
dt _ i s'—s 1 s+s’ 1
J;) tl_S/KS_%(Z’ITt)— 4 F(T-i'z)r 5 T3/ (223)

which is valid whenever Re(s’) > |Re(s — %)l. As for the action of the Hecke operator Hy, its
action on the Fourier expansion

f(r)=foty +f0/ Té_s + an V21T, KS_%(ZTE|T1|T2)€27WT1 (2.24)

n>0

sends f, — vN Zdl(n,N) df.n /a2~ From looking at the first mode with n = 1, it follows that

Hyf ()= VN fy f(t)/f; if f(7) is a cuspidal Hecke eigenmode (i.e. f, = fo=0,f1 #0). In

this way, setting s’ = r’ — 3 and assuming that Re(r’) is large enough such that

1— Re(r) < Re(s) < Re(r), we arrive at

Ifj“(f, r/) — n%—r’l—‘(%) I—-(r’+25—1) Z -;_NN%—I‘/ Z I:yg—r/f(U)]‘ . (225)
N>0 71 TE€P3\Eg41 !
Recalling the definition of the completed L-series associated to f [60],
L(f,r)=n"r(Z-3)r(x2+1) Zf—NN—r, (2.26)
N>0 h
normalised such that L*(f,1—r) is equal to L*(f,r) up to a phase, we get
T =r0r = > [ (2.27)

YEP;\Eq41

The right-hand side is recognised as an Eisenstein series induced from the cusp form f(U) on
the GL(2) factor in the maximal parabolic subgroup P; with Levi subgroup GL(2) x SL(d).

20


https://scipost.org
https://scipost.org/SciPostPhys.8.4.054

Scil SciPost Phys. 8, 054 (2020)

SL(Z)

If we now take for f the non-holomorphic Eisenstein series E_, ", the same computa-
tion goes through, except that the rank-one orbit gets cut-off dependent coefficients from the
constant terms in the Fourier expansion

SL(Z)( )_ 5(23—1) T;_S 21-1/2
i) ¢ TEe &

O-l Zs(lNl)K 1(27‘5|N|72)62mN¢—1 )

(2.28)

For r’ large enough, these terms vanish as the cut-off is removed, and the rank-two orbit picks
up contributions from the non-zero Fourier coefficients in (2.28). Using Ramanujan’s identity

oo

1
DN L (N =L(s+5' =)L —s+ 1), (2.29)
N=1
one finds the L-series associated to ESL(Z),

LEND, ) =8(r+5—3)E(r—s+3) (2.30)
leading to a Langlands—Eisenstein series,
T END, ) =E( =) +s—1) > [y EXP W) ‘

YEP\Eg.y ! (2.31)
=E(r'—s)E(r +s5s—1) gran

/_,
A1+uA3

We now turn to the particle multiplet sum. Using the same reasoning, the integral

dr,d7
T (f,r) = f 2 (D) E (1,1) (2.32)
F Tz
for f a normalised Hecke eigenform evaluates to
=1 (fr—3 >, [y f]l, (2.33)
YEPg\Eg1

or, for f = ESL(Z),

Ly (B, r) = E(r—s)E(r +s— 1)15‘%+1

Ad+1

i, (2.34)
Note that we use the Bourbaki labelling of E;.;, with the slight abuse of notation that A,
corresponds to a sum of fundamental weights for d < 3 as used in [1] to allow for general
formulae. In particular, for d = 3, the weights A;,; and A, in E4 correspond to A3 and Ay +A4
in A4.

2.5 Relating the particle, string multiplet and adjoint Eisenstein series

In order to relate the Eisenstein series (2.31) and (2.34), we use the general functional relation
for Langlands-FEisenstein series with infinitesimal weight parameter 24 — p,

=M(w,2A—p)ES (2.35)

w(A—2)+2

for any element w of the Weyl group [61] (see [24] for an exposition targeted at physicists).
Here, p is the Weyl vector and the prefactor M(w, A), known as the intertwiner (between
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different principal series representations), is given by a product over positive roots that are
reflected into negative roots under w:

&, A)
M(w,A) = a]jo TCERPRIR (2.36)
wa<0

Using suitable Weyl elements' we find for d > 3 that (2.31) and (2.34) coincide for r =d —2,
r’ =3,

E(s—d+3)E(4—d— s)EEd“ . —g(g—s)g(z+s)EEd+l_ (2.37)

—SA SA

hence confirming the relation (1.23). In the following, we shall also need a dimensionally reg-
ularised version of the Eisenstein series in (2.37) with d. = d + 2¢, which satisfy the modified
identity

=&(B—s—2¢€)&(2+s5s—2¢)E Ear1

sA+2eA,+ 52N (2.38)

E(s—d +3)E(4—d—)E ",

d+1

—2—5

When f is an SL(2) cusp form, the expressions (2.27) and (2.33) describe more general
Eisenstein series induced from cusp forms on the parabolic subgroups P; and P;_;, respectively.
Langlands has also provided a functional relation for this case [61], see also [62,63], and the
intertwiner now depends on the cusp form f as well as on A. For the case of SL(2) it evaluates
to the corresponding quotient of completed L-functions [63], implying the equality

T (f,d —2) =T, (f,3) (2.39)

Ad 1
for all cusp forms. This completes the proof of (1.23).

It is also interesting to note that the same functional equation (2.35) also allows to rewrite
either side of (2.37) as an Eisenstein series Es+14A Ef*é/\l’ E%Az, Egj/\ for the adjoint rep-
2 2
resentation, i.e. induced from the Heisenberg parabolic, in agreement with the discussion of
the last subsection:
Tre(ESH) g — 2) E(s—d+3)E(s+d— 3)15Ed+1 i

A,
d+1\ SAy Agir+

—S

_ E(s—4+254,1)8(s—d—1—647+2s4,)E(s +d—3+ 5d,7)EEd+1 (2.40)
g(s) (5%44‘5d+1)/\H’ '

where s, ; = %, %, 6,9 for d = 4,5,6,7, respectively.'®

2.6 Poincaré series representations

For the case f(7) = A(7) of (1.15), the identity (2.20) is no longer valid, due to the non-
differentiability of A(7) on the locus 7, = 0 and its images under GL(2,7). Moreover, A(T)
is not an eigenmode of Hecke operators. Nevertheless, the manipulation in (2.17) and its
analogue for Ifjﬁ (A, r) are still valid, and lead to the Poincaré series representations

A= Y, [yd"”ﬁg(U)]’Y (2.41)

YEPZ\Eg41

15For the values d = 3,4,5,6,7 we Use Wy, = WyW W3W,, Wy, = W3W,W WsW3Wy, Wy = WsW4W3W  WeWsW,Ws,
wg, = w6w5w4w3wlw7w6w5w4w3 and wp, = WyWeWsW, wywWgw,Wewsw,ws, respectively. Recall that
sAgy, + = L2 Ay for By is sAg + - “2=(A, + A,) in the A, basis.

5Here, we have used the following Weyl elements for the cases d = 4,5,6,7: wp, = wow;wyw,w,ws,
Wr, = WoWaWaWiWsWuWoWsWaWs, Wg, = WiWWaWoWsWaWsW WeWsw wowsw,wswe  and  finally
Wp, = WeW,WeWsWaWoyWaW i WaW3WsWaWoWeWsWa W3 Wi W, WeWsWaWaWaWaWs WeWs.
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and

L A= Y, [y; "R (U )} .Y, (2.42)

YEPs\Eg11

where A (U) is the SL(2, Z)-invariant function

A= f dv J dTldeA() Z —F{TMUMT] (2.43)
0 F

1+2s
V 2 MeZ2x2

This satisfies the differential equation
AA(U) = 124,(U) — 6((25)EXL 2 (1)) . (2.44)

For the case of interest for the VOR* coupling, using the identity between the particle and
string multiplet sums, we get

gopr = 8T S [piiLw]| 28 S Paw]| e

=2 3 yd23
Y€P3\Eq 41 Y€P3\Eg4q

I\%

This identity is formal however, since the value of r typically corresponds to a pole. The

8" (U) corresponds to the exact VOR* coupling in ten-dimensional type IIB string

theory in the form given in [32].

function =%

2.7 Convergence

To determine the domain of convergence of the double Epstein series Ei‘;ll(qb, 7,r) for the
particle multiplet, let us insert an additional regulating power of yd_é in the sum, and assume
that Re(r) and Re (€) are both large enough such that the second term in (2.3) can be com-
bined with the first by allowing all matrices with rkM > 1. We can then perform a Poisson
resummation on the second row of M and obtain the Fourier expansion with respect to 74,

’ ToUy ¥t '
LA O (yf > [ 4 ] ) (2.46)
yEP\Eg i Mez2x2 |(1,T)M(1,U)| +2T2U2detM ;
— rpEat _ 2—r pEar1
= &(2r)T, EA ey +&(@2r—2)1; E1+5A Hr—DAgs
o,_1(gcd(m,n 2
tar, Z Vit rz r—1(8 (2r_2))Kr_1(2nT2|mI{]-2H1| )
£~ ged(m,n)
YEPG\Eq 41 Y

E : —é—r [my+Umy| ! ( |m1+sz||n1+an|) 2mit;(myny—myny)
+27, ( Z Z [n1+Uny|—1 T+ U1 Kr—1 (277, Uz €
1

Y€P\Eq4 my,my ny,ny Y

By Godement’s criterion [24, 64], the first term E Eay .

in the limit € — 0 converges for
rAgi1t3Aq

Re(r) > 4,6,9, 2 when d = 4,5,6,7. The second term Efﬁ:l never converges
S+ =DAg

when é — O, but its analytic cont1nuat10n at € = 0 can be shown to vanish. Thus we
conclude that the double Epstein series = “(¢> 7,r) has no pole for Re(r) > 4,6,9, % 2 , Te-
spectively, which indicates that it is absolutely convergent in the same range. Similarly, we
find that the double Epstein series Eiﬁ“(qﬁ, 7, r") for the string multiplet converges absolutely

17 23
forRe(r') > 4,6, , 5.
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2.8 From vector to spinor double lattice sums

In this section, we generalise the observation on the equivalence of different lattice sums from
Eg441 to Spin(d, d), as this will be used in our later analysis. Using the same techniques, one
can establish the relation between the double lattice sums in vector and spinor representations
of Spin(d,d) with d = 3,

/

I(d—2) [ Ty ]d—z r(z) Z [ Ty ]2
E = , (2.47
md=2 2(Q1 +1Q2,Q1 +7Qy) g2(Q1 +1Q2,Q1 +7Qy) ( )
QixQ}-_O Qit - 4QJ

where 11, 4 is the even self-dual lattice in the vector representation of Spin(d,d), and S, are
the lattices in the Weyl spinor prepresentation of Spin(d, d), for either chirality. More precisely,
using the same notation as in (1.20),

rl}én uAd(T r)—hm ._.Ad(’l,' )= 11rn ._.A (’L’ ). (2.48)
For d = 5, this reduces to the identity (1.23) for G = SO(5,5). For d = 4, it expresses in-
variance under triality of SO(4,4). As a consistency check, note that the differential equations
satisfied by the two Epstein series

[Ap, —A;—r(r+3—2d)] EDj(T,r) =0 (2.49)
[Ap,— A, —3(d—2)r'(r —d—1)] EDZ(T,r/) = 0, (2.50)

agree for (r,r’) = (d — 2, 2). Integrating both sides against the Eisenstein series ESS/L\(IZ)(T), one
gets

E(d—2—s5)&(d+s— 3)E 5(2—5)5(5+1)E (2.51)

sA+EEEA, shg+ 5Ny

where the equality follows from Langlands’ functional relation (2.35). It is worth notmg that
these series are related by functional equations to the adjoint Eisenstein series Es+d iz - A

similar functional identity should hold for Eisenstein series induced from SL(2) cusp forms f
on parabolic subgroups P, and P;_,, namely

LA(f,d=2) =T, (f,2) = T, (f,2). (2.52)

Assuming the relation (2.47) as well as the Poincaré series representation (1.21), we obtain
several equivalent ways of expressing the modular integral of the product of (g, with the
Siegel-Narain lattice sum,'”

d°Q d*Q
f 12, |3(PKZFdd2 Jﬁ K 2)9
Fy g 182

3 3
_ dQZ 2,) 0% = dsz2 v ()0
~ o 19l Pia 2 T o

where 9/]\3: is defined as in (1.18) and G = R" x F. In Appendix C, we study the asymptotics of
the various integrals and find further support for the relations (2.53), hence for the Poincaré
series representation (1.21).

(2.53)

7In each of these equations, we assume that a factor |, |€ is inserted in the integral, divergences are subtracted
and the limit € — 0 is taken after analytic continuation.
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3 Weak coupling limit

In this section, we study the weak coupling limit of the integral (1.17). We first discuss the
expected form of the expansion, known from general physical considerations, before turning
to a detailed analysis of the constrained lattice sum 95;;1 of (1.18) entering in (1.17).

3.1 Expectation

The weak coupling limit (1.1) of the exact non-perturbative V®R* coupling (which is invariant
under the U-duality group E4,1(Z)) in generic dimension D = 10— d takes the form

0,1) 0,1) (0,1) D 0,1)

2
g(d) _ Dd 8 |: C( ) g(dl) g(dZ) 4g(d3)+O(e_1/gD) 5 (31)
g2

D

where 2¢(3)?/ 3g§ is the tree-level contribution while the genus one, genus two and genus

three contributions are given by [48, §2.1.1]'8
4TC§ (3)
gun = Ed-2)EL, +5?7g(d+4) 2, (3.2)
d°n
Eon = 8m J T P Dl (3.3)
T, 1842
44(6) (=p =D,
d3) — d d
Con = 27 (ESAd_l + E3Ad) . (3.4)

The exponentially suppressed terms in (3.1) originate from 1/8-BPS instantons, as well as
pairs of 1/2-BPS and anti-1/2-BPS instantons, as required by the quadratic source term in the
Laplace equation (1.5). In special dimensions where the local V®R* coupling mixes with the
non-local part of the one-particle irreducible effective action, there are also non-analytic terms
proportional to log g, [8,48] which we will discuss in more detail in Section 5.2.

In the weak coupling limit, the behaviour of the homogeneous solution (1.11) can be
determined using standard constant term formulae [24, 65] to be

F@ = g;%+2 |:87—C E(d +4)E 2]:(:1 2y 4{(6) 4EDd

-1
0,1) 567 d+4A 1) 27 g Ay + 0(6 /gD)] . (35)

The (’)(gg) contribution arises for d = 5, 6 only, and corresponds to a two-loop threshold term
proportional to log g,. Such a term is known to arise from the non-analytic part of the string
amplitude, after Weyl rescaling to Einstein frame [8]. Substituting this behaviour into (1.13),
it follows from the above equation, (3.1) and (1.2) that the two-loop exceptional field theory
amplitude must behave as (for D > 3)

SDOBFT _ —82_—44+2|:25(3)2 n 41{(3)

0,1) D

_ Dy 2 o(d,2) 4¢(6) 4 5Dy
3g§ 3 &(d Z)Ed%2 A 5(01)4- 97 —8, EBAd1

+0(e )]
(3.6)
up to logarithmic corrections discussed in Section 5.2. The three-loop amplitude is invariant
under the outer automorphism of D; which exchanges the two spinor nodes due to the fact
the four-graviton amplitudes in type IIA and type IIB are the same up to order V8R* [66].
The constituent functions (3.5) and (3.6) are not invariant individually under this exchange
since they involve the two distinct spinor series associated to the fundamental weights A; and

A4_q, respectively.

8The Fisenstein series in (3.2) and (3.4) originate from genus-one and genus-three modular integrals, respec-
tively. The genus-two integration measure d®Q/|€2,|® in this paper differs by a factor 1/8 from du,, in [48].
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3.2 Weak coupling limit of the particle multiplet lattice sum

We are interested in the weak coupling limit of the integral (1.17), which, after subtraction of
the divergent power law L-dependent terms we denote by R.N., reads

d3q, E
Zi(¢,€e) =8mRN. ? 2 (22) 6, (¢, Q), (3.7

G 2] 2

where @ is the fundamental domain R* x F for the action of PGL(2,7Z) on £, (of which the
positive Schwinger domain S, is a six-fold cover). The integral and the sum are absolutely
convergent for Re (€) large enough. By analyzing the Fourier expansion in this region, we shall
find evidence that Z;(¢, €) has a meromorphic continuation to € € C, with a pole at € = 0
for d = 4,5,6. As we explain in Section 5.1, these poles are cancelled by contributions from
1/4-BPS states running in the loops. Since we are interested in the limit € — 0, we shall retain
the e dependence only when there is a potential pole for some value of d.

The theta series 6, Ean 1nvolves a sum over pairs of vectors T; in the particle multiplet, subject
to the constraints I} x I‘ = 0 valued in the string multiplet. Under E;,; D GL(1) x Spin(d, d),
the particle multiplet representat1on branches as

(8 ) 2d—14)

ME 1 eas(“) (A g+ AT 1 5 e (3.8)

where the superscript denotes the charge under the GL(1) factor, II; 4 the even-self-dual lat-
tice in the vector representation, /\kIId,d the lattice in the k-th exterior power of the vector
representation (which is trivial for k > 2d), and S, the Weyl spinor representation lattice.'
The branching (3.8) is complete for d < 6; for Eg there are additional terms indicated by the
ellipses. For d < 6 we denote the components of the charge I; of (3.8) by q; € I3 4, x; € S,
and N; € A9°1 4.

On the other hand, the string multiplet, appearing in the constraint I[; xT; = 0 of the lattice
sum, decomposes under GL(1) x Spin(d, d) as

3d—20)

(&) o[ a6y 1R o[ Ad—7 (
da F AT 4] oA 405 ] T ..., (3.9)

M — 70 @5

where the dots denote additional components that arise only for d > 6 and play no role in our
analysis. Thus, the particle multiplet components (gq;, ¥;, N;) along the decomposition (3.8)
must satisfy

(4,9)=0, qivaxp=0, quANp+26Ya-4xp=0, qi-N;=0, (3.10)

where the last constraint arises only in d > 6. Here, we have denoted by y, the gamma
matrices of Spin(d,d) and y4;_, denotes the antisymmetric product of d — 4 such gamma
matrices. In terms of these components, the quadratic form G(T,T") occurring in the double
lattice sum Gf:;l of (1.18) can be expressed as

d

_4 d
G(T,T) = g5 v (q +ayy +(Rayq_sa+b)N)>+g, |v2(;c+aN)|2+g98—dIvB(N)I2 (3.11)

where a € S_,b € R denote the Ramond-Ramond and Neveu-Schwarz axions, respectively,
parametrising the unipotent part of the parabolic subgroup P;,.; with Levi subgroup
GL(1) x Spin(d,d) (note that b is only present for d = 6). The norms |v;(q)I?, |v5(x)I?,
|v3(N)|? denote the Spin(d,d) invariant quadratic forms in the respective representations,

93, =S, when d is even and_§+ = S_ when it is odd. For the corresponding parabolic subgroups, we likewise
denote P, = P, for d even, and P; = P;_, for d odd.
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and depend on the SO(d,d)/(SO(d) x SO(d)) moduli parametrising the metric and B-field
on the torus. To avoid cluttering, we denote all these norms by |v(-)|?. The y® matrices are
integral valued in the canonical null basis associated to the even self-dual lattice II; 4 with the
normalisation {y,,Yp} = Nap-

As in [1,50], we shall split the theta series 0, Faa 1nto contributions where the components
(q;, i N;) along the graded decomposition (3. 8) are gradually populated, such that the con-
straints can be solved explicitly. We shall refer to the gradually populated subsets of charges
that arise in this way as ‘layers’. We first focus on constant terms, which are independent of the
axions a, b and then consider non-trivial Fourier coefficients. A similar analysis for Spin(d, d)
lattice sums is presented in Appendix C.

1) The first layer

The contribution of the layer with y; = N; = 0 but g; # 0 gives

/

0y (¢.9)= > erale T s (3.12)
qi€lyq
(9i,9;)=0

Integrating against ¢y, in order to obtain the contribution to (3.7) and using the Poincaré
series representation (1.21), the domain G can be folded into the fundamental domain F, for
Sp(4,72),

d3Q,
Zz(il) :=8mR.N. fg W@EZ(QZ) 9/(\1;+1((i), QZ)
2
_2448e 4 déq
= 87IgD 8—d f Q 3 (‘DKZ(Q) Fd d Z(Q) (3.13)
5 1]
where
Oz = 1] 0, () (3.14)

denotes the Poincaré series seed in (1.21) before taking the limit € — 0. The expression (3.13)
is recognised as the perturbative two-loop contribution (3.3). Note that the Narain partition
function Iy 4 , includes the zero vector q; = 0 which is absent in 9/(\1;“((1),92), but the con-
tribution of this vector is removed by the renormalisation prescription mentioned above and
discussed in more detail in Section 5.

2) The second layer

The second contribution corresponds to g; arbitrary, y; 7 0 but linearly dependent y; A x; =0,
while N; = 0. For d > 5, the constraints y;y4_4x; = 0 are solved by y; = n; ¥ where § € S, is
a primitive pure spinor i.e. 7y4_4% = 0 and such that no integer divides y (for d < 4 there
are no constraints to solve). The primitive pure spinor y can always be rotated to a standard
form by Spin(d,d,Z) with stabiliser P; C Spin(d,d,Z). Therefore, the sum over y; can be
written as a Poincaré sum over P4\Spin(d,d, Z) together with a sum over n; € Z. Under this
parabolic decomposition, I 4 = Zd ® 74, and the constraints (gi,q;) = 0 from (3.10) imply
that q; € Z9 so that their Spin(d,d) invariant norm vanishes automatically. Since the sum
over q; € 74 is unconstrained, one can perform a Poisson resummation to obtain
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/ L4 4
U, 8-d i b b —2,,2
9/(\2; 1 (¢,Q,) = 2 : E : E : (e—ﬂﬂz g (yduab(q?+a“ni)(qj+a n;)+g,%y ninj))
.

n;€7 qf €74 yEP4\Dyg

Y

4

. 9d=6 _ 4 4
2 : z : 2 : ( —4e—anzng8 dy nn;— ;l.lngs_dy dy? bq‘q]b+2mnlqa )

|Q2 | _ n; (S ql GZd }/GPd\Dd

. (3.15)
T

Here, y and u,;, parametrise the Levi subgroup GL(d) € SO(d,d) while the axions a € A2Z¢
parametrise the unipotent subgroup within SO(d,d), and y is understood to act on them
through the non-linear SO(d, d) action.?’ The scalar y is defined such that y=2° is the canon-
ical character defining the Eisenstein series Eﬁfd = Zye pADy Y

The term (3.15) contributes both to constant terms and to Fourier coefficients of (3.7).
Constant terms may come from a) from qfl =0 or b) from niqfl =0 and qfl # 0. The contribu-
tion from a) q;, = 0 diverges at € = 0, but it can be obtained by analytic continuation in € as
above to give

4
I(Za) 8TEgD ( J |Q |3 6 (QZ) Z TEQ nn; )
Yepd\Dd n; €7

After integrating over the volume factor V using the parametrisation (1.14), the sum over n;

produces an Eisenstein series Esze(Z;) . (7). The remaining integral over 7 can be computed
T 1

using the following formula, that we establish in Appendix B,

(3.16)

Y

d7,d7, SL(2) _ 3[E()]P
R.N.f]: TZ ———=A(T )E (m)= [12—s(s— DIE2s) (3.17)
Using this formula we get
oo _ 2 16m%E(=2 4 2¢) o], 200 -
o = & (1+2€)(6—2¢) Z yes0 3 R (3.18)

YEP4\Dy
which is recognised as the perturbative tree-level contribution in (3.1).

The contribution from niqfl =0, qé # 0 is computed by unfolding the fundamental domain
of PGL(2,7) to the strip, so as to set (ny,n,) = (n,0), (q*,q%) = (0, q), leading to

gt 4 [T _dv JL—dTZ ( f i A(T)) (3.19)
&» —1+2¢ 2 1 :
3 o V o T -1

d R s = S SN
s s -7
% Z Y“‘Z Z o T8’ Y= ey Ty dutq,gy

y€P4\Dy nx=1gq,ez4 v

Note that the boundary of the unfolded domain U, ¢p \s12)yF (L) includes boundaries at each
image of the cusp, but since there are no divergences at these points one can safely extend the
unfolded regularised domain to the bounded strip with 7, < L.

Naively assuming that the expression (1.15) for A(7) holds for all T, > 0, the integral on
the first line would evaluate to

1 1
2 2 1 (rP=7)(5+5(tf —71)) 1
dt,A(T) ~ dTl(— + 2 3 ! ) =Ty+—5. (3.20)
_1 _1 T2 T, 67,
2 2
20The axion a is not to be confused with the summation indexa=1,...,d.
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We will see that this gives the correct powerlike terms in g, but misses exponentially sup-
pressed corrections to be discussed below and the full (non-naive) result will be presented
in (3.27). To compute the integral over T, it is convenient to modify the regulator. Note that

the integral of the second term #in (3.20) is finite, while the first term 7, gives an incomplete

2

Gamma function; in the limit L — oo, the result coincides with the result of the integral over
T, € R* with an insertion of a factor nge in the integral with the identification é = ﬁ — 0.
Using this regulator instead of L to simplify the computation, inserting this result in (3.19),

and changing variables to p, = 1/(7,V),t = 7,/V, we get

42 _a (0 gt o dp PZ
@ _ 8- 2 2
Id - 3 &» o t3—e+é f p22—6—€ (t = 6t ) 32D
i 4
S (% :E: IS I Pt dydua%hqb)
Yepd\Dd( n>1gq,e74 Y
4 — & —2eEh 4o Z |: e Zl: (5(2 +2e+ 25)7T_3+6_ér(3 —€+ é)gD6
= — &b y )
3 yEP\D, g.€74 6(y> T utbq,q,)3—c+é

§( —2+2e+28)n (1 — e + E)g 2 ):|

(}’2 1 uabq qp )i—e+é
B 82 g___z d d+2€(5(2+26+2€)5(6—26+26) 6D

Y

3 D 6 D T(3—€e+€)Ag_1+2eMy
2
FE(-2+ 26 + 2082~ 2¢ + 2808 2EX o)
E—0 —2_0ed=t 4 D, Am2E(24+2€)E(6—2 D,
= g, T (R () B 4+ AERERIECRD g 05 | ren, HOO),

where we used

= 20(2s)E! (3.22)

S > ()| e

qq €24 YEP4\Dy uabq qb)s

Using the fact that a vector g, parametrises the highest weight component of a conjugate Weyl
spinor of opposite chirality under the parabolic decomposition associated to P4, one has

Z > o anb):H > fg(N,N)), (3.23)

q €74 yEP4\Dy NeS_

for any function f(x) suitably decaying at infinity. Decomposing the more general sum with
a factor of y 2! one gets the sum over the non-maximal parabolic coset P4_1 4 of a product of
the two multiplicative characters that gives (3.22). Thus we get, in generic dimension

24
-2t D
70 =g, (e 500V BN+ ¥ g2ty ). (3.24)

The two constant terms on the last line of (3.24) reproduce the expected one-loop and three-
loop contributions in (3.6). We shall explain in Section 5.2 how the renormalised coupling
(1.28) gives indeed the correct constant terms for all d.

Additional contributions to the second layer

However, (3.24) is only part of the constant term generated by (3.19), since the naive formula
(3.20) only holds for 7, > %, where the representation is (1.15) is valid. To compute the
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integral over the full half-line 7, € R*, it is convenient to extend the Laplace equation in
(B.3) to the full upper half-plane by GL(2, Z) invariance,

_ T2 (ad+bc)t+bd+ac|t|?
(A—12)A(T) = —12 > |CT+d|25( b ), (3.25)
YEPGL(2,2)/(ZyxZs)

a
C

2), ad — bc = 1 and the stabiliser subgroup Z, x Z, is generated by (}) _01) and

1

(‘1’ ;) The locus (ad + bc)t; + bd + ac|t|?> = 0 is a geodesic circle of radius ad]- going from

—3 to —% on the boundary at 7, = 0. For fixed coprime (a, ¢), the pair (b, d) is determined up
to shifts by (a, c), which translate the circle by integers. There is only one circle among these

translates that intersects the region [—%, %] x iR and the possible values of T, are restricted to

where y = (

Ty < ﬁ due to the radius and both possible signs of ¢ are identical in this respect. Therefore

the integral of A(t) along the segment [—%, %] satisfies the Laplace equation

1
2 2 H(1—(2 2
(7228—2—12)f dry A(T) =121, 247, . (1= (2acT,)) (3.26)
k% 1 a1 V1—(2acty)?

ged(a,c)=1

where H(x) is the Heaviside function, equal to 1 if x > 0 or O otherwise. The first term on the
r.h.s. is the contribution of (a, ¢) = 1. The unique solution to (3.26) with the correct behaviour
at 7o > 1is?!

1
2 1 1 1+ 2(2act4)? + (2act,)?
J dtiA(t)=1,+ — == 2 2 3 2 (1 —(2ac1’2)2)% . (3.27)
-1 671, 7 = ac(act,y)
ged(a,c)=1
2ac<1/1,

The first two terms reproduce the naive answer (3.20), but the last term, upon insertion into
(3.19), produces an additional contribution

i 2-8r2 ([ av  (ladt 3 —
° = 3 J e | (Rt — g, (3.28)
0 0

. = v 5q -4 e
% E: y4 E: E: z e~ ve8n" CyA(2aen?)— g, 87 y T dut(2acq,qp)

YEP4\Dy a,c21 n=lq,ezd

=1
ged(a,c) v

Using (3.23) and observing that an and cn are independent divisors of N® = acng®, we get

K22 v(N)))

1 /
256m% 24 dt
7o = 2207 - s—d”J A3 Y 0aW)
0

21 = [v(N)|2
NxN=0
16m% 245 < 05(N)? oo
- _ — B,(Z|v(N)]), 3.29
i f 2 e P D (3.:29)
es_
NxN=0
where we introduced the special function
Lae 3
Bs(z)=16f F(1+%t2+t4)(1—tz)§Ks(sz), (3.30)
0

fl;{he homogeneous solution (m —(2n7,)*)H(1 —2n7,) would have a & source non-vanishing and is thus
ruled out.
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which evaluates to

B,(z) = \/_(1 += (u +u ) —ut —u K, (2uz) (3.31)
¢ ;4 R ) (O,
+(s(szz m 4 2As : 2) sizs o _6;)z(i + 1))K%_1 @K @)
+(_S(SZJ; 2 * 2§S:39) (s+ 38)Z(i +1) - (s2 —Z;r(z; —1) )(K% (=))*.
For s = 2, this reduces to
2B,(2) = = > 1 (KK ), (3.32)

i=0,1

where rij are the functions defined in [32 (2.45)]. As a result, for d = 0 (3.29) reproduces

the formula [32, (2.44)], i.e. —162—7f 7 Uféﬁ) L,nl 2(2:|n|) In the limit g, — 0, using the

standard asymptotics of the modified Bessel function, we find that (3.29) reduces to

/ —42 1y ()
_ 24 e &b
T~ —g, NPRET 3.33
o e 2 e (332
NxN=0

which can be interpreted as contribution from bound states of instantons and anti-instantons
with vanishing total charge. Indeed, these effects are required by the differential equation
(1.5), given that &, contains instanton corrections of the form (see e.g. [5, (66)] for d =0,
[23, (4.84)] for d = 4)

—2%|y(N)|+2miNa

e e
4mg,® A A (N)——. (3.34)
Z ’ V)3

Consistency with the Poisson equation

In order to check that the contributions (3.29) do satisfy the inhomogeneous Laplace equation

(1.5) sourced by the instanton terms in 5((0 3)), we use (2.1) to compute

6(4—d)(d+4 87:2I‘d 2 drt,dt
(AEdH—%) Eon ' =3 ( ) 12 2A(T)[A, —12] 25 . (3.35)

Restoring the integral over V, integrating by parts over 7, and focusing on the contribution to
the term (3.19) of type 2b), we get

1/2

1672 _ d

6” f Vde Tz[ 28%—12)[ Adrl]
~1/2

’ 288 20 nv a4
E : (y_4§ : E : e T8 Y=gy Ty e qaqb)

YEP§\Dy nz1gq,ez4

(3.36)

Y

We now substitute the source term on the r.h.s. of (3.26) into the square bracket, obtaining
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4d 2ac
4% g, &1 Z f T2 J
D
a,c>1 0 To/ 1 _(4aCT2)2 0
ged(a,c)=1
Z (J’_4Z Z o T8 Y- ’Ezgp y qaqb)

YEP4\Dy4 n>1gq,e74

(3.37)

Y

The integral over V is of Bessel type, giving

2‘“ 20-d)
Yy 7 n 2T -2
—K (—y 4 ny u“anQb)]
gl 2—4—2 acz>:1 nZ;f \/1—(4ac72 YGPZ\:D |:uaanQb T2

ged(a,c)=1

Y

(3.38)
The integral over 7, can be computed by changing variables to u = 1/(2ac7,) and using

K,(2uz) = = [K,p(2)]" . (3.39)

N

du
1 vuz—1
Setting acng® = N9, the sum over a,c,n amounts to a sum over pairs of divisors (an,cn) of
N¢. As a result, we get

6 2~z N [ 02(N) \/T 2
2672 g Z K, ub NNy | | (3.40)

= Liviv)l
NXN=0

which we recognise as the square of the D-instanton contributions in £ @ consistent with (3.29).

(0,0)

3) The third layer

The third contribution to (3.7) is obtained when y; and y, are non-zero and linearly indepen-
dent, while the N; still vanish. The y;s can then be rotated into the degree-one doublet of the
SL(2) factor in the Levi subgroup associated to the graded decomposition??

(s @shosl, osl, ;) 0 (202 @ Zd‘z)(ﬁ) ® (/\ZZ‘H)(%) Cs044,
4
€=))

2€5, = (20 A2202) ) g (2 @ 202)

aiev=(z02) e (202)" 0 (z:2)77.

® 20 (3.41)

We denote the variables parametrising the Levi subgroup GL(1) x SL(2) x SL(2)’ x SL(d —2)
by (¥, vij, p% u,,), and the coordinates on the unipotent part 2 ® 2’ ® Z~2 by cZﬁ . The
coordinates of y; are (0,...,0, n{ ), while the constraint qE’iya X = 0in (3.10) implies that

q; = (0,4 py, q;') where A :=nJ/ged (nl-j ) Using these variables one can write the Poincaré
sum

228uch a doublet of spinors defines a (d — 2)-form y;y4_,, Which is in the Spin(d, d) orbit of a highest weight
representative, which can be rotated into a standard form using Spin(d, d) to a specific representative.
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09 (¢,9,) = Z Z Z QY g & d (gD yn +p“ﬁ(pa+aan)(pﬁ+a,3n))v,;fﬁikﬁjl)
Agy1
Y€P42\Dq ~ nJez? q* €742
detn;éO pa622
4

2 k Ak i, bBal
« e—ﬂtﬂlzjgs 8=d a3 uab(q?+agnik+clf:“nik(pa+aan))(qjl?+aibnjl+ciﬁnjl(p/j+aﬁn)))
Y
4421 d—6
8—d .. 9d=0 PO
— gD Z ( 2 E —ﬂ:QIZJgDB* yv“nikn}-l
.i
|Q2| yePd 2\Dq ~ nlez? qlezd? Q Ukl n;
detn;éO peez?
,id 2 b A i J N
—ng, 5 (y TE O, u gl )+ ﬁpaﬁ(p —cdan kgl )(pP P a}))+2ri(gnJal+npca,)
X e 2 Vid , (3.42)
Y

where we have used Poisson resummation on the unconstrained variables p, and q;'. The
constant term comes from qflnij =0and np® = 0, implying p* = q2 = 0. Replacing d — d +2¢
for the analytic continuation, one obtains the constant term

d—1 dSQ -2 i 2d=6 A
(Ba) __ —45—q 2 Yy —nQ g 8y nkn
Id - 87TgD |Q |2 € KZ( 2) E ( E —]A( ie 2¢eD kU™t T

YE€P4_5\Dg ~ nJe7? Q n; Y
detn;éO
_ 24+48¢ 2+46€(4€_2) _ dSQZ QY vy om ke 1
= 87 B T 1 T a)e 8y yupin; N ,
& ECe) Z 2 | e )
r€Py_ njez? 79 r
det(n;))#0
(3.43)

. _1 .

where we have done the integral over V = |Q,|™2 and the sum over gcd(n) and then rewritten
the result as a new simpler integral over V and sum over the matrices n;/ without explicit
ged(n). In Appendix C.3, we argue that in the limit € — 0, this gives a finite Eisenstein series

Ga) _ 47'5 £(4e—2) E(8) —tBeiriae p,
Lo = 9 E(4e) TEae) ST )5(3”6)5(7) (—3+E)Aqpt4Aq
= —SOEEOE®), Y, (3.44)

As we shall see in Section 5.2, this undesired term cancels against the counterterm in (1.28)
and does not appear in the renormalised coupling.

4) The fourth layer

Up to now, we have considered only contributions with N; = 0, which exhaust all layers when
d < 4. The fourth layer includes N; # 0, but linearly dependent (N; A N; = 0), which is
automatic for d = 5, where N; € Z. We shall argue that the contribution from this layers
drops out in the renormalised coupling (1.28).

For d =5 one has
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Igt)(ql),e) = 87IRN.J | & |Q_226 ( 2) Z

G 192 N;E€Z

IS

. 4 _ _8
Z e—ﬂﬂlzj (g53 g(gi+ayyi+3(ara)Ny,g;+ay xj+3 (@ra)N;)+gs > v(x+aN;)v(yj+aN;)+gs ° NiNj) (3.45)
s .

Xi€S_
q;€lls 5

2iY2i=Naugqj
(9i,9;)=0

while the same term for d = 6 can be written as a Poincaré sum

76 d’Q, .
6 (¢56) = 8nRN. |Q | € KZ( 2) Z Z

y€P;\S0(6,6) N;EZ

E : e—frﬂ’z’(gig(qﬁamﬁ%(ara)Ni,qj+am,-+%(aya)N,-)+yV(xi+aNi)-V(xj+aNj)+g;2y2NiNj)

Xi€S_
q;€ll55
XY Xi=Nu4qj
(:,9;)=0

x Z e—nQ;ngyz(mi+d(xi+ani)+bni)(mj+é()(j +an;)+bn;)

m;€Z

8m _ d3Q
= 2 5y R.N.fl llzze (Qz)z
g

84 1ep\50(6,6) NeZ

Y

E e—ﬂfﬂlzj (gig(ql"*‘a)’)(i"r%(a)’a)Npq]' +(1Y7(j+%(aYa)Nj)+yV(Xi+aNi)'V(Xj+aNj)+gZZJ’2NiNj)

Xi€S_
qi€lls s
XY Xi=Nu4qj)
(4i,9;)=0
% Z e—nﬂgiljg;zy_zrﬁiﬁ1j+2niﬁ1i(&(;(i+ani)+bni)) (3.46)
miez v

The abelian Fourier coefficient is obtained by setting /' = 0, leading to

. —4— %€ 44 _1
=g, ° D, ¥y I (gs=y 2g4)\y. (3.47)

rE€P\SO(6,6)

Therefore the contributions to the constant terms and abelian Fourier coefficients in d = 6 are
determined from the ones in d = 5 through a Poincaré sum.
In Appendix D.1, we study a similar integral Z," el (ESL(z) d +2e—2) where A(7) is replaced

by an Eisenstein series ESS/L\(IZ). There we find for gener1c s that the constant terms from the orbit
with N; # 0, N; AN; = 0 disappear as € = 0, due to an overall factor of @. Therefore we
expect this factor of ﬁ to appear in the computation irrespective of the function (e.g. A(7)

or ESL(Z)) on SL(2)/S0(2) one considers. However, for the specific value s = —3 corresponding
to the counterterm in (1.28), one finds that the coefficient diverges in (1 + 2¢) and there is
a finite contribution in the limit. Consistency requires that this finite contribution disappears
in the renormalised coupling (1.28), see Section 5.2.
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5) The fifth layer

For d = 6 one must also consider the cases with N; non-collinear. One can write the sum as a
Poincaré sum over P, C SO(6,6) such that

I = (Z*) P o (S)° @ (Z*)?, Sy 2 ()P e(Z*®S,)” 0 (I,4)?, (3.48)

where the embedding SO(4,4) C SO(6, 6) differs from the standard one by triality. The solu-
tion to the constraints (3.10) decomposes in this basis as

q; =(0,0,n7), xi=(0,n75,qi) N; = (n (gk‘i),Y“ “tBeqip,md), (3.49)

where k can be chosen as an integer coprime to p, that divides n;/, y**¢p,q;, and n‘ (p p),

The integer k can be decomposed as k = k; k, such that k; kzzlnij and k| 2. Zp (p)  por any p,, one
can find a pair of primitive null vectors u, and v, such that (u,v) =1 and

_ _(p,p)
Po = ged(plu, + 2ge d(p)va (3.50)

aaa

and the condition k|y**“p,q;, reduces to the property that the component of q;, in the null
space of u, is divisible by k, and the one in the null space of v, is divisible by k;k,. So
Qiq € kollg4[k1] = (kq ko 7)* ® (k,7)* in the appropriate decomposition. The bilinear form
reads
G(T,T;) = ylvij(mii +alg;, + 5 “la&kan k4 Enij)(mjj + &jbqu + %dib&ibnjl + anl)
71520 (qiq + ;qn; )(qjp + d5pn;’) + Jovyn/n,  (3.51)
where

2
o g5
J1=282y, Fa=g; v +uPBE+a ) +ap)+ y[(p“+aa)(p +aM]?,

W+ g2y Py oy s (B +a®) (G +aP)

\/1+g Y1+ a (B + ag) + E5 1 +a ) +an)]?

ala =gl T) ab—ala+cw‘yaaa(p +a?%),

b

b= b+a“(‘%+aa)+§c(%+aa)(p?+aa), (3.52)
with (ag, a;q,a,) € S_ parametrising the unipotent in P; C E, in
= ()P e(ZPel,)"e(S)?, (3.53)

and (c;4, ) the unipotent Z? ® S_ @ Z of P, c SO(6,6) and u®® and u®? the Levi subgroup
Spin(4,4) in the vector and spmor representation and v;; the SL(2) Levi subgroup of P,. For
fixed p, and k, the sum over n;/, q;, and m;/ reproduces a genus two Siegel-Narain theta
series over the lattice koIl4 4[k;] ® Il 5[k k3], with n;) non-degenerate. The computation
at this level would involve the consideration of the Poincaré sum of |Qzlecplt<rz (£2,) over all
congruent subgroups I, (k; k%) of Sp(4,7Z) (y = (4 &) with C a multiple of k; k%), which seems
out of reach.

Rather than pursuing this approach, we shall argue that the sum over p and k in this ex-
pression can be seen as a Poincaré series over P;\SO(5,5) acting on the overall unconstrained
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lattice sum in I ¢ with n;) non-degenerate. The reason is that one obtains exactly the same
sum in the T2 decompactification limit of the same coupling, i.e. in the parabolic Py C E-

Mf: — (ZZ)(—Z) ® S(_—l) ® (Zz ® HS,S)(O) ® S$) ® (ZZ)(z) . (3.54)

The decomposition of this series can be computed explicitly when all strictly negative degree
charges are zero while the degree 0 ones are non-degenerate, in which case they match exactly
the set of charges we have defined above, i.e.

(nij: nijl%’ (glg) nij) € (ZZ ® HS,S)(O) s (qia: Yaad%qia) € SS:) 5 mij € (ZZ)(Z) . (355)

This does not parametrise the whole set of charges in the large T2 volume, but only those for
which n;7 is non-degenerate in Z>®1II 5,5, which we call the principal layer in the decomposition
of the SO(5, 5) Poincaré sum.>3

With this interpretation, the sum over p and k of each Narain theta series over
kolly 4[kq,] ® Hz,z[klkg], with n;/ is the Poincaré sum acting on the Narain theta series over
Il 6. So one can apply the orbit method for the single Sp(4, Z) invariant theta series, and then
carry out the sum over p and k on the resulting expression. This leads to

a0 ol ij
[ £22 [0, wmurvgpinp 3 3 ety -w
g 2 3\]R3

n; JEZZ Qia€H44
det n#0 mJ €Z?

d3n 2 ) o 1
B f o f R [0]f ol () ol ST S e A )
g 2

Z3\R3 Y1 Yo e mieze
l
detn#0

[y

x E eﬁiﬂijPL (qi+an;)-py (qi+an;)—miQ! pr(q;+an;)-pr(q;+an;)+2mim' (q;a+7 aan;+bn;)

Gia€l44
d3n 192, ]2 _ Q ji
- f |23 |2 49, (IQZF(’OKZ (QZ))| ~3+62~1+e Z i iy
g nR2l JZAR® yep, \Sp(4 ) miez?
detC(y)#0 detm#0
i -ab il ab ST
X Z e 1 Gy 1 qiaqjp H2mim 0@ (3.56)
Qia€l44

where the ellipsis denotes non-abelian Fourier coefficients. In words, we first enforce the con-
straint by introducing the integral over Q;, then rescale Q, to identify the sum as a Narain
theta series over Il ¢ and use Poisson summation over m;J, and in the last step convert the
‘partial’ P,\Sp(4, Z) Poincaré sum over linearly independent (m'/, n;/) but with trivial symplec-
tic product into a ‘partial’ Poincaré sum of [2,|° ¢y, (2,). Indeed, the sum over (m, nJ) with
n;) non-degenerate can be promoted to an Sp(4, Z) invariant sum over doublet of symplectic
vectors that are linearly independent. The Sp(4,Z) orbit of doublets of symplectic vectors
with a non-trivial symplectic product contribute to the non-abelian Fourier coefficient and can
be computed similarly. The Sp(4,Z) orbit of doublets of symplectic vectors with a vanishing
symplectic product can be written as a Poincaré sum over y € P,\Sp(4,Z) of the representa-
tives with n;/ and m”/ non-degenerate, but only when the 2 x 2 matrix C in the lower-left block
of y is non-degenerate is the resulting n,/ = C; j m’J non-degenerate.

Now we shall argue that the missing terms in the Poincaré sum over P;\Sp(4,7Z) only
contribute to degenerate Fourier coefficients, such that the following refinement of (1.21)

23The Poincaré series turns the vector (0,0, m') into an arbitrary null vector (n', q,, m') with the same ged. The
trivial element gives (0,0, m!), elements in the first layer are vectors of type (0,p,,m') while elements in the
principal layer are (n', p,, m") with n' # 0.
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holds?*

/

im > (19095 ()], = e (D=9l ()= D Fu(@)eX™ MM (3.57)

E—0OQ
YEP,\Sp(4,Z) MeS,
detC(y)#0 detM=0

where S, is the set of symmetric matrices with positive integral diagonal components M;; > 0
and half-integral off-diagonal M, that is moreover > 0 if M;; = My, = 0. The function Fy;(5,)

removes part of the Fourier coefficients of the KZ invariant in (A.11) supported on rank-one

matrices. For € # 0, one expects, by analogy with the Siegel modular form 3 ;ji“i)zm that
YEP,\Sp(4,Z)
the constant term at € # 0 takes the form
5{(3) pSLE@)
SL(Z) T E(4e—1) E(—4+2€)E(3+2€) ~—3M
Z (lee‘p (92)” 4772 2eA (D) + 52 36 &(4e) &(—3+2€)E(4+2¢) y72—2¢ - (3.58)
YEP,\Sp(4,Z)
det C(y)#0

The second term vanishes in the limit € — 0. Inserting the first term in the previous integral,
one obtains

z—éSa)((b,e) _ 87Tf d QZ 5&:(3) EZeA (T) Z Z |QZ| Z —r y1Q;lJUUm -]

3 2 ~3+ ~1+
g |QZ| 4m | 2| yEP,\S0(6,6) pZ§§+ yl ‘ ;uezg Y
ged(k.p)=1 ez
—2 —4—2¢ -SL(2)

B 204’(3)5(2 2 Z 847 * EEZEA (v)

yeP,\50(6,6) pucs, (1+82y w5 +a )% +a5)+ Sl +a)(k + ranp)atel,

k>1
ged(k,p)=1
_ 20{(3)5( )25(26 1)¢(2e —4) g0 Z ESH) ( 2 )’
2eA,
E(2€)E(2¢ +3) yeP G066 Y
40&(2€)E(3)E(2—2€)E(5—2€) _

= g4 10E26A1 +... N (3.59)

E(3+2¢)

where the ellipses are Fourier coefficients. Here, we rewrote the sum over (p,k) as a sum
over unconstrained (p, k) and n = (p ’p ) hot zero, up to an overall factor of Tze)’ and then
performed a Poisson summation over n and set k to zero through the introduction of the theta

24For the Siegel-Eisenstein series (A.25) withs; =s, = s, one checks that the sum over rank-one matrices C gives
SL(2)

the constant term <351 -2 and contributes to the degenerate Fourier coefficients > %] with M rank-one.

We shall argue in Appendix D that for s; and s, generic, the principal layer of the Poincaré sum over rank-two

matrices C gives all the constant terms of the two-parameter Siegel-Eisenstein series.
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. SL(2)
lift of E? AL

1
2 - 3
pues, (G +uGi+a)B +a5)+ I +a)( +anP)2™e
k>1
ged(k,p)=1

2
de d 2+€ —npz(;’—2k2+u(p+ak,p+ak)+g74(n+ﬁa+%dak)2)+inp1(2nk—pp)
— 1P e 2
3 (3 + 2€) _1 neZ
2

PSSy
k>1
_1 % r
pau(p,p)— 2n 2+2mifipa—inp, pp
= dp; f dp1(E¢y " (p) — p3) i
5(3+2 )J €M ;
Pa€S+
26 —1)&(2e —
= S2eDERe) s pey (3.60)

E(3+2¢€)E(2e) °*

Although several steps in the computation just outlined remain to be clarified, in Appendix D.1
we apply the same reasoning to a similar modular integral with A(7) replaced by an Eisenstein
series ESL(Z), and find that it reproduces the correct constant terms (namely the last three
terms in (D.2)) predicted by Langlands’ formula. This agreement is a strong indication that
this reasoning is indeed correct.

In Section 5.2 we shall see that the sum of the contributions from the five layers to the
perturbative part of the renormalised coupling (1.31) reproduce the expected terms in (3.1),
including logarithmic terms in the string coupling constant, while the divergent one-loop con-
tribution in ZS”(¢, €) disappears in the renormalised function (1.28).

3.3 Fourier coefficients

Beyond the constant terms, our method also gives access to non-zero Fourier coefficients,
which we now turn to.

The first source of Fourier coefficients comes from what was called the second term above,
more specifically niqfl # 0in (3.15). The corresponding terms simplify to

3
100 =6, | TReb(,) 3 Y e g6
|Q | qES n1€Z
qixq/=0miq'#0

To analyse this expression, it is convenient to unfold the integral domain G to the set of positive
matrices R* x H,/7Z by fixing n; = (n,0) for n > 0. Setting N = nq', one can solve the
constraint for g2 in the P; € SO(d, d) parabolic decomposition associated to N such that
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(2d) 8m? _2¢ dt, 2 !

2 _ —8d

;" = 3 & J;VdVJ;) —Tzz JcllflA(T) E E E
-3

yeP;\SO(d,d) NEN n|N

(Ve S o (2 (e LNy T (@) +27iNa

JEZ
d(d d(d-1)

qEZ T
qgAq=0

I g

Ty yePd\SO(d d)Ne]N N jeZ

4 n( v, L 2+—2y T v+ 25 ~2)+2m(1(q $)+Na)
Xy e éo

(3.62)

d(d 1)

qEZ T L
qAq=0

For j # 0 and g # 0, this term involves the integral of the Fourier coefficient of A(7) with a
saddle point at

d;4
yrb@ o, 87
&JIN Y\ y T (QIN

(3.63)

4
—2nLN— ~d|v(j . .
which is exponentially suppressed in e 2" &V 2™ *0Dl  Ope can compute explicitly the

contribution from the leading part (3.20) of the constant term of A(7), and similarly for its
Fourier coefficients. Using the same method as in (3.26), (3.27) one solves the differential
equation for the Fourier coefficients?®

1
2 2

G, . —omi}
(fczzp—(Zn]TZ)z—lZ)J dt,A(T)e 2™ (3.64)

2 -3
(27‘5](2(1C b) cos( \/1—(2ac72)2)

H(1—(2
= —121,-247, . (= Qacty)
acs1 V11— (ZaCTz)Z

ged(a,c)=1

where b is the solution modulo a to ad — bc = 1. One finds the unique continuous solution
that reproduces A(1) for 74 > %

1
2 3 15
J dr,A(T)e 2™ = 5 - 3
—3 ()2, 2(]7T)4T2
N 75(ac)? 2 5 )
+ cos(27r](L + é))(3( ™ + — —— (1—(2acty)?)
Zz:l N ery - (RGP (m)ted
ged(a,c)=1
2ac<1/7y
X (1/ 1—(2act,)? cos(g—g V1-— (2ac72)2) - % sin(g—i~ 1-— (2ac72)2))
75ac 7
+ ———(1—(2ac7,)?)sin( 2 4/1—(2act,)>? ) (3.65)
Gpeatt— @aer2)) (Zy/1—(2acr,)?)
BFor each positive coprime a and c there are two solutions 7, = —ﬁ — g + —“;ii”z where b is the same

. . - (L yb i
modulo a, leading to the same source term as in (3.26) multiplied by e?**(za +2) cos(% v 1—(2act,)?). Because
the function A(7) is even in 7., its Fourier coefficients are real. For each coprime a,c, there is the permuted pair
. o . . (L _d (= L_b
¢, a, with b and —d permuted, and the contribution carries the complex conjugate phase e2™7(zac ~¢) = >3z —a),
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The saddle point (3.63) is at large 7, at small coupling g,, therefore the contributions from
A(T) at T4 < % will be further exponentially suppressed and at leading order one can neglect
them. The integral gives then

4

1612 —2413 < Iy JENN)
TP~ g, Y 2(N)( 5(2)E5Ld(vN)K1(2n )

3 Nes, cd(N)
NxN=0
D5
Yn SL g(NN
+ g2 5)E; 4 (vy)K(2
8 gy e (K (2 L)

/ 27 d % Yprava
+¢4 Z O-l(Q)eZTEi(Q;gN) g( In | N(Q)l) (27’[ g(N’N))
. 5 &p
n2ged(N)2yy ezt (yl\,dlvN(Q)l)2
QAQ=0

4
2 / Ks(2my, v
15¢° Z al(Q)ez”i(Q’gN) g( 'l N(Q)DK (271 1/g(N,N)))62ni(N,a)’

- 4 35 _4 5 1 8p
2rigedNFIN oSy SR CDE
QAQ=0
(3.66)
where we kept the variable yy = ngc(ll(VN) for simplicity, = is a sum

over characters of the unipotent stabilisers of the charge N. The leading term in g, factorises
as an Eisenstein series over the Levi stabiliser of N, while the full Fourier coefficient depends
non-trivially on the whole parabolic stabiliser.

The neglected terms in (3.65) give rise to integrals over the truncated domain 7, € [0, 5, C]
for any coprime a and c, which are therefore further exponentially suppressed. As we shall see,
these corrections can be ascribed to instanton anti-instanton corrections, similarly to (3.29)
for the constant term. To see this, it is convenient to do the inverse Poisson summation over
j. Note that the function f, . ;(7,) appearing in the sum over coprime a, c

1
2
- 3
dr,A(T)e 2™ = — faci(Ta) (3.67)
J_%l Gm)yr, z(Jn)4r2 21 el
ged(a,c)=1
2ac<1/7,

is regular at j = 0 and gives

1+ %(Zacrz)z + (2act,)*

7ac(act,)3 (1—(2ac7,)?)? (3.68)
2

fa,c,O(Tz) =

as in (3.27). The Poisson formula involves the inverse Fourier transform

gD2

faei(T2) = fdi LN T G2 T (3.69)
R

which evaluates to

Vy [2acn(j+(q,))+N(1+2bc++y/1—(2ac.)%)]%

— 1) (2) \/ﬁ Tog2 (2acn)2
faCJ(Tz) (Pac](72)+PaC](Tz) 1—(2act,) )e 285
Vo [2acn(+(g,e) N+ 2be—yT-Cacry )
e @ 7 2acn)?2
(Pa c ](Tz) Pa c ](7’-2) 1 —(2ac12)2) T28) (2acn
(0) 2 LO)AN(1+2bc+4/T—(2 2 2 N(1+2bc—4/1-(2 2
+ Pa . J(Tz)(el’f( L/zg); acn(j+(q,6))+ (2;" c+4/1-(2ac7,) ) erf( ngyp acn(j+(q,5))+N( :mc (2act,) ))) (370)
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Here Pc(lki]. are polynomials in the various parameters which we omit since they are not partic-
ularly illuminating. In the saddle point approximation, one computes that these corrections
are exponentially suppressed with the action®®

S = 220 Ny + (6 Q@+ 2 TQE + 2 2+ (5, @)+ T QP

(3.71)
which corresponds to the sum of the actions of an instanton of charges (N + N;,Q) and anti-
instanton of charge (—N;,—Q) with

N; = beN +acnj, Q=acnq . (3.72)

It is convenient to change variables to N;, Q and

t
Tyg=—, V =acn’v, (3.73)
2ac
and define /3
2 2 .
F(t, 529NNy +(5,Q) = ~—fue,i(72). (3.74)

where the dependence on the arguments is made explicit in F. Then the complete function
Iéz‘” reduces to the sum of (3.66) and

8n? — 21 [T 'dt 2miNa
Tt el 5 e 5555

o t? y€P;\SO(d,d) NEN 27U JEZ N a,c>1
q/\q -0 ged(a,c)=1
—n( 2+ ty N +2 T 2
i A 2 “Ir(aena) )F(t,g—zv,N, beN +acj + (g, acq))
? Y
dt / /
e f ST S oy, Qo 4N, Q)
* yep;\so(d,d) NeN N,eZ
Qezs”
QAQ=0
-1~ ( +Wy o2 + 2}’274|V(Q)|2) y?
xy e . F(t,%7.N.Ni +(c,Q)| . (3.75)
T

where we used the property that cn divides (N;,Q) and an divides (N+N;, Q) using 1+bc = ad.
Note that the case (N7,Q) = 0 is excluded from the second sum: In this case a and j are fixed
such that b% +aj = 0 and the sum over ¢ (after replacing a®c?n* by (acn?)?>72¢ in dimensional
regularisation) leads to a factor of {(2e—2) which vanishes at € = 0. The factors 0,(N;,Q) and
09(N+Nj,Q) are the measure factors of the 1/2-BPS instanton and anti-instantons, see [5,67].

We conclude that the dominant contribution (3.66) to I(Zd) is of the expected form to cor-
respond to 1/2-BPS Euclidean D-brane instantons, with the spinor N identified as the D-brane
charge satisfying the 1/2-BPS constraint N x N = 0. The overall factor of o5(N)/N? is recog-
nised as the partition function of the world-volume theory of N Euclidean Dp-branes on the

%To do this computation it is convenient to introduce z, = \/ y2(N +N; +(¢,Q))2 + yz’% [v(Q)|?2 and
e [2acn(f+(q,;))+zv(1+zbc+mnz
\/yZ(N1 +(c,Q))2 + yz" [v(Q)|2. The saddle point for e 23 (2acn? lies within the in-

tegranon domain when z, > z; and the action takes the minimum value g—(z1 + 2,), whereas the saddle point
e Yo% [2acn(iH(g. )N (1t 2be—y T Cacr, 7)1

fore <28 (2acn)? lies within the integration domain when z; > 2z, and attains the same min-

imum value. The error functions involve the same exponential in their asymptotic expansion at large x using

erf(x) = sign(x) — ﬂl—xe”‘2 Yoo TG+ k(=)
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torus [67]. For a D(d — 1) Euclidean brane instanton yy ng defines the string frame metric
and ¢y the B field components along the torus, so that the sum over Q in (3.66) can be in-
terpreted as contributions from world-sheet instantons over the Euclidean brane background.
The subleading correction (3.75) can instead be interpreted as the instanton anti-instanton
corrections, which also carry the measure factor of the two constitutive instantons.

The second source of Fourier coefficients comes from the third layer of charges, more
specifically from (3.42) with g} n;/ # 0 or np* # 0,

kol
_ 24 d3o —rQY Ukln n;
GRS a2 2
Id - 87TgD 2 KZ( 2)— (376)
g 1] Tkl
yEP;_ Z\Dd nJeZZ 2 kl J
_ A bp A I
—%(yH 2, utbql gl + ﬁpaﬁ(ﬁ’ —c{“f FqpP—! ﬂn]lqi))+2ﬁ1(q;ni’a§+np“aa)
X E e o 93 vighi .

q};EZd_2
paEZZ

The integral over G can be unfolded to R* x 7{; at the expense of restricting the sum over n,’
to Z2*2/GL(2,7). The integral over 2, is once again dominated by a saddle point as g, — co.
The modulus of the exponential is of the form e~ where S is the ‘action’

S(9,) = m(TrQ,Y + Ty X + —— (3.77)

o)
TrQ,Y
where X,Y are symmetric positive matrices and M > 0. The extremum with respect to 2, is
given by

VM +TEXY +2¢/[XY]

Q= X+4/IXy|Yy ™), (3.78)
2 TeXY + 24/[X Y| ( )
and satisfies
S(Q) = 2my/ M + TEXY +24/[XY] . (3.79)

Provided the integrand ¢y, (€2,) is continuous around 2}, the integral in the saddle point
approximation reduces to

(3.80)

f dBQz‘P L (Q) 5@ ‘P1t<rz(X+ /_|XY|Y—1)e—2ﬁ\/M+TrXY+21/|XY|
H(R) |92| TrQ,Y \/|X|(TrXY+2«/|XY|)(M+TrXY+2\/|XY|)‘11 .

For the integral (3.76) one obtains, setting P* = np* and Ql =n; qa,

N 21 ] Z 4 o ———
S(Q3) = . \/ YPap(P?— QPP — P Q)) + y i (vyu™ QL Q) + 24/ (uabucd —uﬂCubd)Q;Q},QgQi),
D
(3.81)

which is identified as the classical action for a 1/4-BPS D-brane of charge N € S, with
Ny4_4N #0, (and y,N - (Ny4_4N) =01in /\d_6IId,d ford > 6)

smp=?¢mmwuhﬁﬁmwww. (3.82)

We shall now express the Fourier coefficients (3.76) in a covariant fashion by resolving
the sum over P;_,\D,. For each non-zero spinor N € S, one has a sum over the doublets of
spinor y; € S_ satisfying instead 7;v4—4; = 0 such that (7;v4—%;) 72N =0 in /\d_4IId’d and
such that 1

- d-3
————XiYda3sN €N Tz 4,
ged(7ivq_ox) "4

— —  _Nes.. (3.83)
ged(x;) "
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Introducing the same notation g(-,-) for the metric on any module of Spin(d, d) parametrised
by the coset SO(d, d)/(S0(d) x SO(d)), and unfolding the integration domain against the sum
over y;, one can write (3.76) as

4 3 2
24
70— 1 a2 o2miNa d°Q (9 ) 8Cd()(1)
d = 8p | |2 KZ 2
Nes, 1i€S_®Z2/GL(2,Z H(R) 1772 g(XUX])
T2aN-(NY4-4N)=0 7;v4_42;=0, XiYa—2X;#0
XiYa—2Xjv2N=0
1 Iy d—3
mxm sNEAT I q
Nes,

gcd(x )

—1,ik,jl 5 ik j . .
9 e e akrasNara—sN) g _Slk&‘]lg(xi,Zj)g(Zdeng,Zleng))

ij T
—nf g(x-x-)——( > =
2 DA] 2 s _ i i _ _
xe 5] sl17a—222:.117d-212) o glriox)) 95 elri e d—22. 717 d—212)

2 1 4 2niNa—22 \/g(N N)+24/g(Ny4_4N,Ny4_4N)

~ 8mg, N ¢ _ _ (3.84)
Nes, (g(N,N)+2\/8(NYd—4N,NYd—4N))"‘
LN -(NT;_4N)=0
Z ng(Xi)z wr( sitasN.2jvasV) | ¥28W1a-aN.NyasN) gl x})) 1,

1Y d—2/2:71 Y d— 2
= |g()(i: Xj)l g(X1va—222.71Ya—222) lgCris)l
XiYd—4X;=0, XiYd—2X;#0
XiYd—2XjY2N=0
SNend3 I, 4

1 -
gcd(iird_zx]) XiYd—

= NES+

where we used the same saddle point approximation as above in the second step. To find
this formula one can use the fact thag the sum over non-zero y; decomposes into the Poincaré
sum over Py_,\Dy4 and y; = (0,0,n;’). Then y;v4_ox; = &;(...,0,detn), and the constraint
XiYd—2Xj * Y2N = 0 imposes that N = (0,Q,,P*). Then the only non-zero component of
XiTd—sN is &y Q so that the one of mx_in_gN is —¢g;jn, 1jQZ, which in order to be
an integers requires that Q’ =n; qa for an integral qz. Finally the condition that mN €S,

is automatically satisfied for Qil and requires that P be divisible by ged(n;/).

In D = 4 there are additional contributions from the last orbit to the Fourier coefficients.
For generic abelian Fourier coefficients, one can insert the Fourier expansion (A.11) in (3.56)
without having to worry about the discrepancy (3.57). The integral over 2, sets the matrix M
in (A.11) equal to %nabqqu’?. As the Fourier coefficient is defined by the charge Q7 = my’ q;.l,
we recast the sum over g;' and m;’ into a sum over integral charges Q; € 11, 4 and matrices AJ
dividing them in Il 4. One obtains in this way

c —1 3-3~( A
RN P20 YD WD WV e C D RIS
YEP,\SO(6,6) g4y QEZ2®1l, 4 AcZ*?/GL(2,Z) d|A71Q-QTATT
A(Q=1 A'Qez?ell,,

dSQ 47EA Q 5 TT
J 2 ( ) + ( 1
k>1 Hy

+ tr[Q,vQ - QTvT] )
Q2] L(%+a) 7|y L(%+a)3 L(%+a)2 2 )
PES,
ged(k,p)=1
&) 7,
A—_iQP es_

Xe

b

—mtr[ v, v(L(p+a)Q- QT+QuQT+ 4 (P+a)TQuQ(p+a))] 2t1r [ 1]-4—27'lti(Q,a+C)/‘1(%+a)))
84
Y
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where

AQ) =det[n°QiQp)],  L(p)= \/ 1+ 5uPpapg + 557 (p p)? (3.86)

Note that A(Q) is the usual quartic invariant of electromagnetic charge vectors in an N' = 4
truncation of N = 8 supergravity [68].

To exhibit the Fourier expansion, we still need to decompose the sum over (k,p) into p
mod k and the integral part p’, and Poisson resum over p’. We define the function

d3§22(4ﬂ:A(Q) 5 ( 1

84X\ _ 27 .
fol5)= JH+|§22| L(x) ||V L(x)3 * L(x)ztr[QZVQ QTVT]))

2
—n[vTQ v(L(x)Q~QT+QuQT+gixTQLQx)]—itr[Qfl]
e ’ ’ @00 (3.87)

which can be evaluated in terms of matrix variate Bessel functions [50, 80], and its Fourier
transform

folx) = stx fo(x)e?milrx) (3.88)

where we have rescaled variables such that fQ( x) does not depend on y. While we do not
have an explicit formula for fQ( %), we note that it is a well-defined, absolutely convergent
integral. Moreover, we expect that it should have the characteristic exponential suppression
for 1/8-BPS D-brane instantons. The generic Fourier coefficients can be written as®’

R 30 YD WD WD MRS T

YEP,\S0(6,6) 84 QEZ2®1, 4 X €5+ A€Z2*2/GL(2,2) d|AT1Q-QTATT

A(Q)z1 AT'QeZ?®lly
% Z ezm(%’){)fq(‘é—f(ﬂf +Qc))62ni(Q,a)+2ﬂi(La)) (3.89)
k>1 Y
pES, mod kS,
IFTWES_

where the coefficients ¢(n) are defined in (A.12). As expected for a generic Fourier coefficient
saturating the Gelfand-Kirillov dimension of the automorphic representation, these Fourier
coefficients decompose into a ‘measure factor’

—1 -3~ A i(2
ppQ )= >, D 7 e ) B S et 2 (3.90)
A€Z¥2[GL(2,2) dIATIQQTATT k>1
ATQeZ?ell,, pES, mod kS,
%es_

and an analytic function g—112 fNQ(‘g—f( X +Qc)) of g4 and the Levi factor v acting on the charge
4

(0,Q, x) only, but not on the number-theoretic properties of the charge. Note that the depen-
dence in y and the axions c is such that the function is covariant under P, as a
U(1) x SO(4) x SO(4) C P, invariant function of v(0,Q, ¥ ).

A significant complication is that the true measure factor u(Q, y) differs from (3.90), due
to the fact that the charges in the form (0,Q, y) do not define a unique representative of

2’The condition d|Q - QT is a shorthand notation for d|(Q;,Q,)/2,(Q,,Q,)/2,(Q,,Q,).
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the P, C Spin(6, 6) orbits. We shall not attempt to compute the measure u for general (Q, y),
although we expect that it will take a similar form with different powers of the determinant |A|
of the dividing matrix A and of the integer d. In the special case however where Q is a projective
charge, in the language of [69], then the problem simplifies drastically. One example of such
a projective charge is a configuration of one D5 and three D1 Euclidean branes wrapping
three orthogonal T2 C T®, two once and one N times, possibly along with one unit of D(—1)
brane, i.e. 1 D5 +1 D1+1 D1+N D1 (+1 D(-1)). Then each representative has ged(Q) = 1,
gcd(Q;-Q;) =1 and ged(Q3 AQ3) = 1suchthatA=1,d =1 and k = 1. In this case there is no
sum over p and the measure reduces to E(A(Q)) = E(A(O, Q,x)), where A(0,Q, x) = A(Q)
is also the quartic Spin(6,6) invariant of the total charge (0,Q, y). Then the measure is the
same for all possible representatives in the Poincaré sum P,\Spin(6,6), so the Spin(6,6,7.)
invariant measure will be preserved and equal to E(A(O, Q, x)). This is indeed in agreement
with the index of a 1/8-BPS stack of D-branes on T® determined in [51-53], which counts
four-dimensional BPS black holes.

The full Fourier expansion for Ds

For d = 4, we have exhausted all the contributions in the theta series ijill(qb, Q,), and have
thus obtained the complete expansion of the integral (3.7) that we record here for reference

o 20(3)? _ _ 6
Eg = 3 g5° —C(B)g64E +87'tg62RN

aa

+ 5U(6) Exy, +87gg J ) DI .

q ES n,€Z
gig/=0m;q'#0
/ 3 2
—4 2niNa d QZ ng(Xi)
+8ng e L) ——=—
6 2 KZ 1]
g 19| Cxi> 27)
NesS, Xi€S_ zg XUX]
Xixj=0, xinx]#O
XiY2Xjv2N=0
1 _
—gcd(xlny])thNeH“v“
FHNES
. (ﬂzllslksﬂg(lkj’lN:lelN) LN lksﬂg(xl 2)8(Tr 1N, gm/lN))
X e 2RI g2 s(nrarza1r212) lejg(J(i:lj) o sCrixpeirranadirars)
/
1672 o (q)
—4 2
q'€llyy
(¢'.¢/)=0

As shown in Section C.2, the theta lift formula f g_zﬂéQOKz(Q)FS,S,z(Q: t) gives indeed the same
constant terms. The integral in the second line can be simplified as in (3.66) and (3.75).

4 Decompactification limit

In this section, we study the integral (1.17) in the limit where one circle inside T 4 becomes
very large. We first discuss the expected form of the expansion, known from general physical
considerations, before turning to a detailed analysis of the constrained lattice sum (1.18). For
d =5, it is worth noting that the decompactification limit is equivalent to the weak coupling
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limit under exchanging gs with R™!, due to the symmetry of the Dynkin diagram of E¢ and
(1.23) with d — 2 = 3, which will allow us to cross-check our computations.

4.1 Expectation

The decompactification limit of the non-perturbative VOR* coupling takes the formal generic
form [22] [2, (2.28)]

E£Y ~ R (5;3;;) + %E(d —6)RY7 YD +40E(2)E(6)E(d +4)RMT

2_75 . d—3 o(d-1) 16m%¢(d —2)° 2d—6

+3 E(d—2)RIPELD + @r6=3 R

where R = r;/{p,; is the radius of the circle in Planck units, up to logarithmic terms that
depend on the specific dimension and can be found in the Appendix B of [2]. These terms are
determined by matching the decompactification limit of the perturbative string theory answer
together with the requirement that the result must be expressed in terms of the functions
multiplying the lower-derivative terms in R, R* and V*R* in the effective action. On the
other hand, the decompactification limit of the homogeneous solution ]:((51)1) in (1.11) (coming
from the one-loop amplitude in exceptional field theory) gives

), (4.1)

F ~REA(FED 4 %g(d —6)C(5)RITES +40E(2)£(6)E(d +4)RM?), (4.2)

0,1) 0,1)

where { (5)Ef‘j\ = E“Vfor d = 6 and for d = 0 in type IIB, whereas
2\

(1,0)

(1,0)

47'E3 E
9D = ¢(5)EE + = g(d +1)Ef 3
(S)ES, + @+ DEY, 4.3)

for 1 <d <5 and d =0 type IIA.?8
It follows from (1.13) that for d < 5, the two-loop exceptional field theory amplitude must
behave as

2
g(d),ExFT ~ R% (5(d71),ExFT + %f(d _ 6)€(d + 1)Rd—7EEd + %S(d _ Z)Rd—Sg(dﬂ)

d
1) 1) LIS ©,0)

1672 (d —2)? 246
(d+1)(6—d)

up to logarithmic corrections that will be discussed in detail in Section 5.3. This formula

applies up to non-analytic terms to d = 6 if one omits the term EfﬁlA which is divergent.
d

2

) @

4.2 Decompactification limit of the particle multiplet lattice sum

We are interested in the decompactification limit of the integral (3.7). Under E;,; D GL(1)xEy,
the particle multiplet decomposes as

M -2 e M) e [My ]

@ [M1]e) 4.5)

where we define M/]f:+1 = Z and Mf: = {0} for k > d + 1. We denote the charges I; accord-
ingly by (m;,Q;, P;,n;). The constraints T; x I; = 0 are valued in the string multiplet, which

decomposes as
My — [Me]” o [My e M ] @ (M1 (4.6)

6

% For d < 3 one must understand Ef,fd as the sum over the 1/2-BPS particle charges, so one gets

; 3
ESEAS3 = ESSALI(Z)ESL(?’) EB2 =% ESSALI(Z) + v’%s, Ef,\ll = gA'"S for type IIA, and zero for type IIB.

sAy 2 TsAy

46


https://scipost.org
https://scipost.org/SciPostPhys.8.4.054

Scil SciPost Phys. 8, 054 (2020)

Thus, the components (m;,Q;, P;, n;) are subject to the constraints

QixQ=muPy, P;xQpl, =0, P;-Qy=-3mun;, PixPj=-n;Q; (47

where the third only arises for d = 6, and the last constraint simplifies to (P;, ;) =0 ford =5
and disappears for d < 4. In terms of these components, the quadratic form G(I',T') can be
expressed as

G(I,T) = R‘Zg(m +{(a,Q) + (a x a, P) —deta n)?

+R_ég(Q+2axP—axan Q+2axP—axan)

52d2

+R2E0g(P—an,P—an) +R¥54 n (4.8)

where a denotes the axions parametrising the unipotent part of the parabolic subgroup P, ;.
As in Section 3.2, we shall split the theta series ijﬁ into contributions where the components
(m;,Q;, P;,n;) along the graded decomposition (4.5) are gradually populated, such that the
constraints can be solved explicitly.

1) The first layer

The first layer corresponds to all charges being zero except m;, in which case one has the

contribution
/

—d
oW (¢,Q,)= Z —nQ’R = §=dmm; (4.9)

Agwa
m;€Z

This term corresponds to the Kaluza—Klein states running in the loop. It is infrared divergent
and requires regularisation. Integrating against cpgz, we get

1) dBQZ tr 1)
Ic(i = 8rm 6d SOKZ(QZ)QAMI((#’QZ)
G 192
2 0 d d 9—Iern"L'\z
- 8;: J vszd f 122 4(n) Z T
0 a Tz (m,n)eZ?
1672 dT1dT2 SL(2)
= f T A( )E(d Z)Al(T)
F 2
1672 E(d —2)? 12 4 0d—3)
= —— > “/ Rsd , 4.10
(6—d)(d+1) ( )

where we used (3.17). More precisely, using the regularisation (1.17) one obtains after taking
the limit L — oo
W _ 167% E(d + 2e —2)? R%+2(d—3)+46
de  (6—d—2e)(d+2e+1) '

It has a double pole in d = 2 and d = 3 associated to the double pole in the eight-dimensional
supergravity amplitude, and a simple pole in d = 6. It is associated to both the log divergence
proportional to the &, coupling in d = 6 and the log divergence proportional to the &,
coupling in d = 5 and is not proportional to a sum of them. We shall discuss the logarithmic
contribution for d = 6 in more detail in Section 5.3.

(4.11)
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2) The second layer

The second term comes from m; € Z, Q; # 0, P, =n; =0:

/
0@ (¢,Q,) = Z Z e—nﬂ” (R854 (mi+@.Q))(m;+a.Q)+R 9 8(Q1Q)) (4.12)

Ad+l
QieM,t mi€Z
QixQ;=0

2 9—d . . i 2 .
_ RTSH —nag R 5=d mim) QR84 §(Q.Q;)+2mi(m'Qi.0)
> > : .
2

The term Ic(fa) with m' = 0 is recognised as the theta series ij(cj), Q,), up to factors of |0,]
and R, whereas the term Z{” coming from m; # 0 but m;Q" = 0 can be treated as Z;" and
Iéz” in Section 3.2. In the same way we unfold the fundamental domain of PGL(2,Z) to the
strip, so as to set (m!,m?) = (0,m) and (Q;,Q,) = (Q,0), leading to, upon using (3.27),

1
8n?R%%1 (° dav  (fdr 2 d o o T 7
(2b)  __ 2 R =i m?— 1Z(Q)I
;" = 3 | v | —722 dt,A(T) Z Ze

1

-3 Ee m>1
2 QEMj
QxQ=0

2 12+4e o0
_ 8m“R8-d de Z Ze gZRz Z_V_ZZ|Z(Q)|2
3 o Vd —242€

2 QeME: m=1

QxQ=0
1 1 1+ 32(2act,)? + (2act,)*
x(r2+—3—; >, (acts) 5, 2 (1~ (2acr,))t

67, s ac(acty)
ged(a,c)=1
2ac<1/7,

8n2R e £(d. —6)E(d. +1)
= ———| &(d. —2)&(d. —3)R% SEH + R E,
3 Ad 6 TAd

_2m? s (o, 3(Q) )
R QZMEJ Ty PaaCrRZQD ), @19

QxQ=

where d. = d + 2€ and B;_3(x) is the function defined in (3.30). In total, one obtains

3
I((iz) = R%(STCJ df}de 7 (2) Z _”ng(QtQJ) (4.14)
|Q2| 2 QlEM
QixQ=0
g d.—3 4 d.—7
+—E(de — 2)E(de — 3R B sy, +—§(d — 6)E(d, + 1)R%7 E% oy,

167‘C Rd-3 Z ( Oq— S(Q))

T “iavia—s Ba-3(2mRIZ(Q)])

vA(e)
Q><Q %
+87TR2(d_3)f d3 Qz ol () Z Z nﬂ;}jmimf—nn;fRzg(Qi,Qj)um(mei,a)) _
|Q2| QeMy meZ
QixQ; —o m'Q;#0
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The first term, corresponding to m' = 0, reproduces the function R%Id_l in dimension D+ 1.
The two terms in the second line formally give respectively (part of) the threshold functions
5((5 0)1) and Eg 0)” in D+1 dimensions, while the third line corresponds to non-perturbative correc-
tions to the constant term. We shall discuss the renormalised expression at € = 0 shortly. Note
that unlike in the weak coupling limit, the regularisation does not give rise to non-maximal
parabolic Eisenstein series. This is because there is no additional Poincaré series in this com-
putation, so one cannot deviate from the P; maximal parabolic Poincaré series associated to
the sum over Q;. The last term corresponds to non-trivial Fourier coefficients associated to
1/2-BPS instantons, which can be analysed similarly as Iéz‘” in Sections 3.3 and C.1.

Following the steps as in Section C.1 and in particular (C.19), one computes that

2(d—3 —nQ; L mim —nQYJR2g(Q;,Q)+2mi(m'Q;,a)
T D
|Q| QleM mieZ

Q;xQ =0 M'Qi#0
9—3d+(9 d)(d—4)
167’[2 d;3 / 2 10—d E
=—R” >, (ad 3(Q)(—d;3§(d DEL, (vQ)K es (2nRIZ(Q)])
QeM’ ged(Q) = “
QxQ:B
3y 27y, ™ ve()])
y d—Z Q
+—d120d (q)e2rias 2 -2 —Kas(27RIZ(Q))
2R gcd(Q) 2 M (g iy (Q)D
qu 01
= 27y, ve()])
15y, Ke(2my, " "Ivo(q
— Q dH Zo_d (q)eZTEI(qgQ) 2 — y T7(27'CR|Z(Q)|))
2miR ged(Q) = geri (g " Ive(@D)?
qxq= =0
= Gt
Y,
W 0erlD SEDE, (K 7(2nR|Z(Q)|)) e
6R gcd( QT

+83i2R2d_7J J Z Z Z 04-3(N1,q) 04—3(N + Ny, q)

yePd \E; NeN N, €Z
Eqq

qEM, T
gxq= O
R2,2N2 2 i
% y_le_ﬂ;(%+vtyT+2 Rzy 10d |V(q)|2)F(t’ R2y2 V,N,Nl + (g, q))ezleaY (415)
Y
1Z(Q)

where y, = ()’ the sum over g € M ' runs over over characters of the unipotent stabilis-
ers of the charge Q, and F is the functlon defined in (3.74). The leading term in R factorises
as an Eisenstein series over the Levi stabiliser of Q in the minimal representation, while the
full Fourier coefficient depends non-trivially on the whole parabolic stabiliser. One recognises
0 4—3(Q) as the measure for 1/2-BPS charges Q € ij, and similarly o ;_4(q) as the measure
for 1/2-BPS charges q € ij:, just like for Fourier coefficients of £, and & in the decom-
pactification limit, see [1,23]. To interpret these Fourier coefficients it is relevant to combine
them with the 1/2-BPS Fourier coefficients of the homogeneous solution [50]

Kaws (27R|Z(Q)])

| ( )|d+3
+ %—7((2)5(5)]3& OLEE: 7(27‘CR|Z(Q)|)) (4.16)

R5ged(Q)

Jda o—2mi(Q, a)f’((g)l) =80&(2)R 12t 413 (5(6)O'd+3(Q)

R(Ag)/ M’
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where Q x Q = 0. Altogether, the abelian Fourier coefficients of 5((5)1) involving an Eisenstein

series of the Levi stabiliser of the charge Q combine in the full coupling &£, as

£+dj(16n4 (Q)K#(ZTERIZ(Q)I)
8—d 2 O'
567 Nz F
N 47T0'd_3(Q)g(d_2) Kas (27R[Z(Q)])
2 0,0 Q —3
3y 1Z(QIZ
Ko (27RIZ(Q)])
+100-d;7(Q) ((;1;)2) 0 2 — ) (417)
n(RyS)> Z(Q) =

and we assembled the effective couplings in D + 2 dimensions that appear with the expected
2

power of the torus volume Ry > associated to the charge Q.

The last term in (4.15) involving the function F can be ascribed to instanton anti-instanton
corrections of charges Q = (N,0,0) and Q; = (Ny,q,0), and is further exponentially sup-
pressed in e 2mRIZ(@QD+ZQ=QVD  The measure factor also reproduces the 1/2-BPS measure
appearing in the Fourier expansion of £ | consistently with the property that these terms are

(0,0
(d)

the solution to the Laplace equation (1.5) with a quadratic source term in &.

3) The third layer

The next layer corresponds to m; € Z, Q; € ij and P; # 0, with P; AP; =0, so that P; = n;P
for two relative prime integers n; and some P € M ff In this case, the last constraint in (4.7)
implies that P is in the orbit of the highest weight representative in the parabolic decomposition
(3.9) with respect to P; C E; . Within this decomposition, the constraints (4.7) for the charge
Q; in the decomposition (3.8) imply that Q; = (g;, 0, ...) for a doublet of vectors q; € II;_; 4_1,
subject to the conditions (q;,q;) = 2m(;n;). Writing this third contribution as a Poincaré series
over P;\E,, the seed is recognised as a Siegel-Narain genus-two theta series for the lattice
Il 4 as follows,

0y (¢,0
Eq11 (¢ ) 2)
— E : E :e—nQ;ij%((yRZ)’l(m,- +(a,q;) + (ﬂéa)n,)(mj +(a,q)) + (aé“)nj)+g(q,- +an;,q; +anj)+yR2nlnj)
YE€P\Eg|  qi€l4-14-1
n;,m;€Z n;#0
(g1,95)=2minj) )

= > (lyR—ﬁQZr%f Q) Ty g2RyY2,Q +iyR Ti0y)
[

YEPI\Eq 01p
_ Z Z e_ﬁﬂizij_S_zd((sz)1(mi+(asqi))(mj+(arqj))+g(qi!qi))) (4.18)
qi€lly_1,4-1 MEZ Y

(gi,9,)=0

]' . ., . . .
where T 4 ,(Ry?, ) is the genus-two partition function for the lattice II; 4 = II3_y 41 ® II; 1,
with radius Ry 2 on II; ;. To compute the integral of the first line against ¢, we first rescale

Qy — Rea Q,/y, so that the argument of the Siegel-Narain theta series becomes Q = Q +iQ,;
we then use its invariance under Sp(4,7Z) to fold the integration domain to the fundamental
domain F,, at the cost of replacing ¢y, by the sum of its images under Sp(4,Z); the latter
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sum produces the Kawazumi-Zhang invariant g, by virtue of (1.21). As for the second line
in (4.18), we perform a Poisson summation over m;, obtaining finally

. d°n 1
Iy = 8mR25 Z (yz dff |Qz|3@ﬁZ(Q)Fd,d,z(Q,Ryz))
2

YEP\Eq

(4.19)

Y

3 S o
—8mRET > y3_dJ I e q,) S e 00,2 )
77
Sf—e€
YEPI\Eq g |Q2| > n'ez
qi€llg_1,41
(9i,9;)=0

Y

The next step is to integrate over 2, in the first line. In principle one should do the computation
using the unfolding method and the Fourier—Jacobi expansion of pg,(£2) at € # 0. Instead,
we shall do the computation at € = 0, and argue a posteriori that we do not miss any term
for d > 4. At ¢ = 0, we can use the equivalence (2.53) between the constrained lattice sum
over the vectors in II; 4 and the constrained lattice sum over spinors in S,. As for the second
line, it is useful to change variable from Q, — Q;, using the fact that d*Q,/|Q [ R, (Qy) —
d3Q, /195" oL, (Q,) under this operation. After these steps, one obtains

N a3,
I(S) 87’ER23 d Z |:y2 d(f N (PKZ(QZ)-—:Ad(Qz,RJ’ )
g

YEP\E4
2 dBQ —rQl Rzyn n;—m8d, Lg(q! qJ)+27t1(nq ,a)
—R%y 2om () D e 24 (4.20)
g 9] - nEZ y
qle.ﬂdl—l,d—l
(q'.9)=0

The integral on the first line can then be computed by inserting (C.24) with R replaced by
Ryl/ 2. Most terms in (C.24) coincide with the terms appearing in the second line of (4.20)
and cancel out, leaving only

3-d d30 e‘”ﬂg“z}i"ik"ji
70 = 8nrR#atd—3 Z (y 7 Z J 5 i(pgz Q,) _ —— 4.2D)
K | 2| y’ QZ kfy .l

YEPI\Eq n) ez?
8€P;_3\Dy_; detn#0
/ b /di k bp s J i J
~nR2y (05100 g} g+ - pap (At g} )(pP ! i lq)) )} +2mi(gin g +npta,)
X E e Q3 vgiika;
b
qfleZ2 oy
paezd—S

where y and y’ are the coordinates on the GL(1) factors of the Levi subgroups of P; and P;_j,

respectively, i.e. the associated multiplicative parabohc characters. At this point we change
9—d d

3—d
variables y = y4 v,y =y,> v’z such that vuyn, knJ is identified as vyn; knjl over SL(3)
and y, is the multiplicative character for P,

18—2d

eq D (gl ®sly @5l dsly ) @ (2,3,d—3) 39 5 & (3, (NEE e (2, (4 N)ED  (4.22)

under which

2d— 12) 4d—30

Mf: — (243) ) @ (2 0 73)P @ (23 © Z473) 575 @ (22 © A2Z43)iH o (23 © A*Z43) 575 . (4.23)
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In this way, denoting y, by y again for simplicity, we obtain

O vkl
70 = 8rRé= ( Jd?’ﬂz ' (,)— ™ YU 4.24)
2 KZ Ao A d=3 .
Y€P4\Ed njezd 12, ¥ (8 2yU ;)2

rk(n) 2

X E e 2y”12i”lA

qéeZz
paezd—B

5

4
d—3 N

Ly (gl I gl g b pap (0t ik P! s )} 2miCaind a4 aa))

Y

aa

where ¢ are the axions in the component (2,3,d—3)3¢9’ of the unipotent of P, and

Q = (np* ,qénlj ,0,0,0) is the Fourier charge in (4.23). Using the saddle point approxima-
tion as in (3.77), (3.79) one obtains that these terms are exponentially suppressed in

2nR\/y%paﬂ(np“—clﬁzanii‘qé)(npﬂ—cbﬁ n; qb) +y%(uabq;qivkln n; 4 2|detq|+/det(nvnT) )

= 27V 1Z(QP2 +2V/AQ % Q), (4.25)

the BPS mass of a 1/4-BPS charge Q. The charge Q is 1/2-BPS if detq = 0.

4) The fourth layer

Next we consider m; € Z,Q; € Mf: and P; € Mff, with P; A Py # 0. In this case P; AP, € Mf:
is non-zero, and it is in the minimal orbit such that one can decompose the sum over P;
as a Poincaré sum over P;\E; and a sum over non-degenerate 2 by 2 matrices n;/ in this
GL(2) x SL(d —1) decomposition

Mf: = (2" 1)(‘1 D @ (72*(- 1))(d Do (A Zd—1)<2§j4> o (7% /\SZd_l)(ngg)
Mff = (ZZ)(D@(/\ Zd 1)(201 10)®(Z2®/\4Zd 1)(3d 19)@9(Zd 1®/\ Zd 1)(4d 28)
Mf: = (Zd 1)(2 1)®(Z2®/\ Zd 1)(3d 15) (426)
The general solution to the constraints P; x Q;y |A2 =0 is then
Pi=(n7,0,0,0),  Qi=(q{,n/7,0,0), (4.27)

with ¢; and p in Z4~! and k relative prime to p that divides n,’, while the additional constraint
Qi x Q; = m(;P;) implies that

m; = };(‘1 qil s (4.28)
so that k divides p,q;. One can then check that all the other constraints in (4.7) are satisfied.
The bilinear form then reduces to

B .
G(TT) = (R%y +y TTu ( + a)(f +a))vyni‘n,’

Ugp +R_2(%+aa)(%+ab))(q?+(ag+cgc(%+ac))nii‘)(q? (aA +cAd(pd+a )) )
(4.29)

L

R&=d @G
i
d-

+y

For fixed k and p,, the sum over q{ is in kZ & 74972 and one can do a Poisson summation to
the dual lattice %Z ® 7472
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s o~ O P Ty +R 2R ra ) B ) +agn ! +abny')

(4.30)
inZd_l
Pad; €KZ
_mf;,y—fj(uabkfz_ weubd ( +ac) +aq) )ad] N
1 e yER prakprak) Y e g
= ——3 e J
_)/4|Qz|Tl icgd-1 k2 J’_% ab k k
qe @) t+ g u (pa+aa )(pb+ab )
PAQ;EKZ 2

Writing instead the sum over n;//k which we write n;7 for brevity and changing variable
Q, — R&4 (R2K2 + y~ T 10 (p, + agk)(py + apk)) ' 0y (4.31)

one obtains

7y — R e Z @Kz( ) Z —nQ yvyniFn;! Z Z

YEP\Eq Y G |Q2| nJez? q;€24-1 (k,p)
detn;ﬁO klpAg;

QZU (_)' d= 1R2uabq1 qJ +_)’ d 1 (uacubd_uadubc)(p +ac)(pd +ad)qaqb)

“l qa ab
Q2 (@ (Be+a € _ (4.32)
y*(k? + y~"#=1R2u(p + ak, p + ak))?¢ r
The contribution from qfl can be computed by Poisson resumming over p, € Z47!,
o 8t 12+4€ _
I((; ) — §(46) f ( 2) Z nﬂzyvkln n)
7€P; \Ed g0 2| nJez?
detn;aéO
/ Kd 1 (271'R\/ 1y »Pep )
— 2 (1 s a
x (g(4e-d+1)Rd—1—4f +2RT 2D 04 4 (p) e27ip )
pezd-1 (y T ugppp) T~ v

3
£ed(2170,) J Tt (e 00
gl

__8m R%(gme-dﬂm‘f—l—“f >

S4e) QieMy M) Q|27
QiXszlo
Q1NQy#0
1, < ged(QA Q) 2 d°Q, 2J6(0;,9)
—=——2€ 1 2 TT.
+2R 2 Z Z v(O,A0,) fg Q | ‘PKz(Q Je~
2

QeM,’ Q;eM,’
QxQ=0 9Q;xQ=0
Q;xQ;=0
QNQ,#0

(4.33)

Ko o 2rRIZ(QD) |

1Z(Q)| = ~2

where the sum over Mff with @; xQ =0in MAEZ, defines a function on the Levi stabiliser E;_;
of Q as a constrained double lattice sum over M ff*l.

We shall now argue that this contribution disappears in the renormalised integral (1.28).
One can use the same argument as in Appendix C.3 to compute that the source term for the
Laplace equation satisfied by this function vanishes as e — 0, with
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3
d-1)(d-2-¢ ged(Q11Q,) | dﬂz -
(Ap, — 12420290 a2a) K"\ ETECII J ol (@s)e "l G(Q,Q))
QierfI g |QZ|
QiXQJ:O
Q1NQ,#0
= —2mg(2e—1) Y. ;166+26(€(26 2E] +2 1—62 0202(Q) K M@D i, a))
g & &edQ? QT
YEP\Eq 0o
_ _ _ Eq __ rEq Eq —
= 2n&(2e—1)5(d -3 +26)(E(e—%)/\1+“+2md E(e_%)AlEd,gzﬂeAd + O(e)) O(e),
(4.34)
which vanishes at € — 0. Therefore the potentially dangerous constant term in I“‘” must be

proportional to an Eisenstein series. The coefficient follows by computing the ﬁrst non-trivial
orbit in the string perturbation limit

3 3
ged(QAQ) 12| A’y 0 G(0. 0.
8n D, |Stoiey f Ll () IR L0 (435)
Qierd g|92|2
Qiijzlo
Q1NQy#0
472

=—£(6 2€)E(2 + 2€)E™ 3ALH2+e)A,

2 30, ESE@)(7 ) N
_2n ged(0n Q) 2[R Eosa (D) oi60.0,
- T Z v(Q1AQ5) 2_¢ Vv ’ T
Qierd g |Qz|2
QiXQjZO
Q1AQ,#0

In the last equality, that can be computed in the same way as in Section 2.4, we recognise the
same constant term as in the counterterm in (1.28). Using a functional equation, the Eisenstein

series in the middle line of (4.35) is seen to diverge as (1 + Ze)EEd3 for d = 4,5, while it
—3A1+As

has a finite limit otherwise. The same computation applies to the Fourier coefficients in I”“)

since the function of the Levi stabiliser E;_; is the same. We conclude that I”“) - 0 for
€

d # 4,5, and expect that the same holds for the whole contribution Ig‘). For d =4,5, Ig‘“) has
a finite limit, but cancels in the renormalised coupling (1.28).

5) The fifth layer

We now briefly discuss the last layer for which n; # 0. This layer only occurs for d = 6. The
analysis from Appendix D.1 shows that for the similar integral I ( ESH2 4+ 26) where A(T)
is replaced by an arbitrary Eisenstein series, the contribution from thlS layer contains a general

Ee=0)ee9) " we expect the same for the case of interest. However, at the specific

E@e)E(4e—2)
value s = —3, the factor % multiplies a divergent function containing £(2¢) that

compensates for the 1/£(4¢) and gives the finite contribution 3—;‘& (2)£(10)R™ in the limit.
As for the other cases we expect that this finite contribution cancels out in the renormalised
function (1.28), as it must for consistency. Note that the fifth layer also contributes to generic
Fourier coefficients with charges Q with a non-trivial Eg cubic invariant I5(Q) # 0. However,
the supersymmetric Ward identity for the renormalised coupling requires that such Fourier co-
efficients must vanish [14]. It is therefore consistent that this fifth layer should not contribute
to the renormalised coupling after canceling the counterterm.

factor
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The contributions from the five layers produce exactly the expected constant terms in the
decompactification limit shown in (4.1). For this it is crucial to take into account the renor-
malisation and contribution from 1/4-BPS states. This will be discussed in more detail in
Section 5.3.

5 Regularisation and divergences

In the previous sections, we have computed the perturbative and decompactification limits of
the VOR* coupling based on (1.12) that represents mutually 1/2-BPS states running inside
a two-loop diagram of exceptional field theory. In the calculation we have encountered vari-
ous divergent contributions, see for instance (3.44). In the present section, we analyse these
singular terms in more detail and provide a renormalisation prescription that also includes
1/4-BPS states running in the loops and will be shown to cancel the pole in the two-loop 1/2-
BPS contribution in space-time dimension D = 4,5, 6, so that the sum of the two is finite in
the limit € — 0 in all dimensions. We will show that this regularisation gives the expected
logarithmic term in the string coupling constant in perturbation theory.

5.1 Contributions from 1/4-BPS states

We follow the same reasoning as in [30], where the analogous one-loop contribution to V*R*
with 1/4-BPS states running in the loop was obtained. The idea there was to interpret the
perturbative genus-one string integrand in the limit T, — ©0 as a sum over perturbative string
states running in the loop, and extending the sum to the full non-perturbative spectrum of 1/4-
BPS states. In this way, the 1/4-BPS state contribution to the V#R* coupling at one-loop was
given in [30] as

Joop L. o3(I'xT) dL 1 - >
511 P 3BPS _ ar 3 L+ e LM(T) , 5.1
(1,0) . %E: |V(F X F)lz 0 L6—d2—26 ( 27-[|V(1" X l")l) ( )
c d+1

Adi1
TxT#0 A'(T)=0
where |V(T x I')|? is the E4,;-invariant quadratic norm on R(A;) and M(T) is the mass of a
state satisfying the 1/4-BPS constraints I' x I' # 0 and A’(T') = 0 with A the quartic invariant
on R(A4,4;) and A’ its gradient. The explicit form of the 1/4-BPS mass is

M) = +/1Z(D)2+ 2V xT)| . (5.2)

The contribution for each charge I' to (5.1) is weighted by o3(T" x I'), which we recognise as
the twelfth helicity supertrace Q,,5(I') = ﬁTr(—l)%(ZJ?,)12 counting 1/4-BPS multiplets of
charge T, as computed in [50, 70].

Turning to V®R*, a similar contribution must appear as a one-loop sub-diagram in the
two-loop integrand by factorisation. We propose that the VOR* coupling receives a two-loop
contribution of the form

gZloop jBPs _ 20 Z o3(Iy xT) dL,dL,dL;

1
——\ Lot s+ ——F——
R

2 |V(Ty x )|
nerdﬂ 2 2

d+1

I xI;=0

[ x#0 A'([3)=0

% e—TL'(Ll./\/l(l"l)2+L2M(TZ)2+L3M(F1+T2)2) . (5.3)

Here the two edges with Schwinger parameters L, and Ls carry 1/4-BPS multiplets of charge
I, and I3 + [, whereas the edge of length L carries a 1/2-BPS multiplet of charge I';. We
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assume that the two-loop contribution with a 1/2-BPS charge I'; and a 1/4-BPS charge T, but
with Iy x T, # 0, vanishes, as well as contributions where none of the charges I',T5, I + T} is
1/2-BPS.

Let us first analyse the contribution (5.3) from the point of view of perturbative string
theory, by writing it as a Poincaré sum over P;\E4,, of a charge sum in II; 4. This is possible
because one can always rotate the vector I, x I, to a highest weight representative using
Y € P)\E44;. In the corresponding graded decomposition, the charge T, is g, € II; 4 with
(g2,92) # 0 and the constraint I'; x I, = 0 implies according to (3.10)

(2,91)=0, q3vax1=0, qAN; =0, ¢qy-N;=0, (5.4)

from which one concludes that y; = N; = 0 and moreover from I} x I} = 0 that (q;,q;) =0
It will be useful to consider the change of variables on the Schwinger parameters

_4 -4
d d

__4
Ly =g, " (t+paup(l1—uy)), Ly=g," "pa(1—uy), L3=g,° " pauy, (5.5)
where p, and t are positive reals and u, € [0, 1]. One obtains from (5.3)
2 1
grloon ks _ o0 Z [ 24 Z o3(%) dp,dt f duzl(l N 1 )
(0,1) - 2 2 2
YE€PI\Eq11 9i€lgq (%) Jrz P2 2 Jo t 21p, %

(91,9:)=0
q7#0

d
X (pzt)z+ee—mg(ql,ql)—nng(qz+uzq1,qz+uzq1)—ﬂpzq§] (5.6)

Y

~ 214 d*Q 1<y 1os(lnl)
=40 > g, " f —Z(pz z K3(2ﬂ|n|pz)62m””1)Fddz(ﬂ) ,

|3 ¢ e
TE€P1\Eg41 nez
P15\ H,(C) ;
where
_ P puy +uy
Q_( pUy + 1y 01—|-it+pu22 ) ’ .7)

and the integration domain P; ,\H,(C) ranges over [—%, %] for py, uq, uy and o; and over

. . . —27|n|p
R, for p, and t. In the last line we used the identity K3 5(27|n|p,) = ;‘/ﬁ (1 + 27T|31|p2 )

Before evaluating (5.6) further, we note the consistency of the known expression with the
genus-two contribution to the VOR* coupling, given by [35,36]

—2 14 don
8mg, " J AE o3 Prz() Tg,0,2(Q) - (5.8)
f

From (A.13) we recall that

n Ean, (P)
duz dul d01 Prz = 36 " , (5.9

where the SL(2) series has the well-known Fourier expansion

272 10(3
8m- —6E§i(2)(p)= ng C'( ) _1+4O E |3(|| |)K3(27'c|n|p Ye2™nP1 - (5.10)
n|2

nez
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exhibiting the same sum of Bessel functions as in (5.6). This shows that our non-perturbative
proposal (5.8) does include the known perturbative contribution from perturbative string the-
ory.

Returning to (5.6), we next fold the integral from P; ,\H,(C) to the standard Siegel mod-
ular domain F, = Sp(4, Z)\H,(C). The resulting Poincaré sum of the non-zero Fourier mode
does not converge, but can be evaluated formally as in [30] to give

Vnlp K3 (2m[n|py)e? ™1
> — (5.11)
YEP12\Sp(4,7) Y
s v VIalpaK; (2rlnlpo)e? ™1 |
y€P;\Sp(4,2,) 5€P;\SL(2) t 1
ESL®) ESL2)
_21% o3(In)) Eop, (p) _2n? o3(In)) —3A (7)
3G Il G L 3G Il G Y
where in the last step we use the analytic continuation of the Poincaré sums
gSL@) gSL2)
Eyre—sin, (P) _ S Es a3, (7) 5 1o
Z tl—e—6 (26-3)A, +H(2+e—6)Ay Z V1+2e ’ (5.12)
yeP\Sp(4,Z) Y yeP,\Sp(4,Z) Y

from the convergent range € + 1 > & > 4 to their value at ¢ = 6 = 0. The Eisenstein series
in the last term of (5.11) is recognised as a Siegel-Eisenstein series of Sp(4) satisfying the
functional identity
sp4)  _ E(8)E(S) ESP@)
S0 T E(7)E(4) Fsna
Using these equalities between (divergent) Poincaré sums and ignoring the fact that the regu-
larising factor |2, |¢ spoils modular invariance, one obtains from (5.6) that

2loop 1-BPS 1607> o3(n)? 2 +4 d°Q £(8)&(5) )
o T 35(3)2 ) (gD L P EE@) s DD

(5.13)

YEP\Eg 1 Y
SL(2)
— 1607—52 S O'3(Tl)2 dBQZ E_3A1 (T) Ed+1 5.14
- 34«(3) n3 6— d 2€ V Ad+l(¢) 2) . ( . )
n=1 g |QZ|
Making use, as in [30], of the formal Ramanujan identity
i o3(nf _ {B3) 5 15
3240 (:12)
n=1 n
one concludes that
ESLQ)
Joop 1 2m? o, Ela (7
5(20)11) p3BPS _ f 2 Vl fj:ll(¢ Q,) . (5.16)

Even though we have used the formal identities (5.11) and (5.15) in the derivation, we stress
that the original expression (5.3) is regular and well-defined for large enough e.

As stated in (1.28) in the introduction, the complete two-loop amplitude with both 1/2-
and 1/4-BPS states running in the loops is therefore given by the sum

d3Q SL(Z)(T

(d)2-loo 2 T 7=3M gFa+

Eon T =8m fg Hﬁ(wgz—%T) Asﬂl((i? Q) , (5.17)
2
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which should be finite as € — 0 in all dimensions d > 4. We show that it is indeed finite
in the weak coupling and decompactification limits for d = 4, and for all the terms that we
can compute for d = 5 and d = 6. With hindsight, the reason for this finiteness is that the
divergences at €e = 0 in d = 4, 5,6 come from the constant terms proportional to 153 in ¢y,

and ESL(Z)(T) /V, that drop out in the difference (5.17).

The three-loop exceptional field theory contribution was computed and analysed in [30,
(2.19)]. The analytic contribution has poles in d = 4,5, 6, but those poles cancel against
non-analytic contributions, leading in these dimensions to

£(8)

Eon " = A0S EOEHNEL,  +40Z T E(dHDE(Rs,—d+3)E2s)E )0 (5:18)
where s5 = %, Sg = % and s; = 6 as in (2.40). For d = 3, the three-loop contribution decom-
poses similarly as?’

Eon " =40EQR)EO)EMNE;, T +40EEB)E@ETT (5.19)
2 2

which is finite and does not require regularisation. Both terms in (5.18) or (5.19) are homoge-
neous solutions of the Laplace equation (1.5), but they satisfy different tensorial equations [14]
and thus belong to two distinct automorphic representations. In particular, the second func-
tion solves (2.10) whereas the first one does not. The first function in (5.18) is recognised as

J/L'\(((f)l) in (1.30), while the second can be written using (2.40) as the finite part of

SL(2)

o2n2 [ d3q, E- (7)
ey =2 | SRRt ) (520
G |3dg] 2
E(4)E(8 + 4¢) .
=40 T4+ 20207 4 4¢ )g(d +1+42€)E(2s,,, + 2 —d + 3)&(2s,,, + 2€) Ef;i Lon,

at € — 0 in agreement with the last term in (1.31).%9 One finds therefore that the sum of the
second term in the three-loop contribution with the full two-loop contribution (5.16) repro-
duces (1.31).

Thus one gets the exact coupling (1.32) stated in the introduction, with a now precise
prescription for defining the divergent integral (1.12). It will be useful in the analysis below
to rewrite (1.31) as the finite function

8 _ ~
é\(((i)l’)EXFT _ 7T EdH(A( ) Sé(/\zl); d— 2) + 405(8)5((1"'1)5(&2?;3—14‘3 d)g(ZSdH)ESE:;}\H , (521)

where Ifji( f,s) was defined in general in (2.32).

In summary, we have explained how the total V®R* coupling arises from the sum of the
one-, two- and three-loop four-graviton amplitudes including massive 1/2-BPS and 1/4-BPS
states running in the loops. Since for d < 7 there are two distinct supersymmetry invariants

The weight A,_; in [30, (2.19)] is in general the highest weight of the third order antisymmetric product of
Ag41, which for d = 3 gives two solutions: A; +2A, and 2A, of SL(5), corresponding respectively to type ITA and

type IIB. The three-loop contribution is therefore 40&(—1)&(—2)& (—3)(EiL§)Al+2A ) SL(S) )
2

30The same formula holds for d = 3 with

SL(2)
272 d3Q, E—(3+26)A1( ™)

o SL(5)
ot 00 (9,02) = 4052 + 20)EB + 200EWETT)
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completing VOR* [14], it is natural to decompose this coupling into two functions as in (1.32).
The computation of the 1/4-BPS states contributions at one- and two-loops are rather formal
as in (5.11), and we do not understand the analytic continuation that would lead to a justifi-
cation of the formal infinite sums we have been doing. The derivation of these contributions
can therefore be considered as heuristic. Nonetheless, the final definition (5.21) can be justi-
fied independently as the unique regularisation of the two-loop integral that is consistent with
supersymmetry Ward identities and the string theory perturbative expansion. Indeed, as we
show in detail in Appendix D in (D.30) and below, the term Ifz (Eiésle), 3+2¢)in (5.21) yields
an Eisenstein series that belongs to an automorphic representation associated to a bigger nilpo-
tent orbit than the one required by supersymmetry according to equation (2.10). It is therefore

apparent that only the finite combination involving A(7)— éEigS\zl) in (5.17) solves (2.10) with

the appropriate source term as written in [ 1], and is therefore consistent with supersymmetry.
The last term in (5.21), involving an adjoint Eisenstein series, is the appropriate homogeneous
solution to the homogeneous tensorial equation (2.10). As we shall argue in Section 5.2, its
presence in the full coupling is required for consistency with string perturbation theory.

The renormalisation prescription (5.21) also makes the equality of the particle and string
multiplet sums stated in (1.23) meaningful. While the identity (1.23) is divergent at the values
of interest for the functional relation, the renormalised integral é}g’j"” of (5.21) makes sense
on either side and the equality holds for these renormalised couplings.

5.2 Divergences and threshold terms in the weak-coupling limit

We shall now analyse the cancelation of divergences and the contributions to logarithmic terms
from (5.21) for each of the constant terms derived in Section 3. For brevity we shall refer to
the last term in (5.21) as the ‘adjoint Eisenstein series’

c@nd 40£(8)E(d +1)E(2s411 +3 — d)§(25d+1)§Ed+l
on £(7) Sa+1m

(5.22)

The second term Ifji(EféS\zl), d+2e—2)in (5.21) coming from the 1/4-BPS state sum (5.16)
will be referred to as the ‘counterterm’, the idea being that exceptional field theory contains
only loops of 1/2-BPS states, while additional contributions from 1/4-BPS states are described
by suitable counterterms. To analyse the perturbative terms we must deal with the poles at
€ = 0 using the renormalisation prescription for the integral (5.17). There are divergent
contributions from what we called the second layer in (3.21), the third layer in (3.44), the
fourth layer in (3.47) and lastly, from the fifth layer in (3.58).

We have already argued that the contributions from the third and the fourth layers, which

are both proportional to @, should cancel when using the renormalisation prescription

(5.17). We expect the same to happen for the fifth layer in d = 6 proportional to @. This
is indeed the case if the last term in the conjectured expansion (3.58) is correct. We are not
able to check this property at this stage, and leave it as a conjecture.

Let us now turn to the terms that contribute at three-loop order in string perturbation
theory. The divergent contribution from the second perturbative layer Iffb) in (3.21) is given

by
24 _gd=4 4n? _
8-d 2€5=q 4m°E(2+2€)E(6—2¢) _ 6Dy
b 9 D E(S_E)Ad,I +2eAy : (5'23)
while the correct contribution appearing at three loops in string theory, computed using the

same regularisation as in [30], is instead the zeroth order term at € — 0 of

24
—5-q 2€ 472E(242€)E(642€) 6 Dy
&v — o & Egzion,, (5.24)
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By examining the constant terms of the two functions one sees that these two results differ.
The discrepancy is, however, resolved using the renormalised integral (5.21) as follows. Using
the Langlands constant term formula (D.2) in Appendix D.1 one finds that the contribution
from the counterterm in (5.17) cancels against (5.23), such that (5.17) is indeed finite, while
the contribution from the adjoint Eisenstein series in (5.21) gives precisely the perturbative
term (5.24) as was already observed in [47].

In addition, the counterterm (5.16) and adjoint series (5.20) both include a spurious cor-
rection in g_?’ in string frame, that cancels out in the total coupling. In d = 6 there is an
additional spurious contribution from the adjoint series in g_12 in string frame, that cancels
the same one from the counterterm in (3.58), while the divergent one-loop term in (3.59) is
canceled in the renormalised coupling (3.58).

In summary, the full VOR* coupling (5.21) reproduces all the expected perturbative cor-
rections detailed in Section 3.1: The tree-level term appears in (3.18). The one-loop correction
comes from (3.24), with the additional logarithmic term for d = 6 that comes from the adjoint
series (5.20) that we shall discuss below. The two-loop term comes from (3.13). The three-
loop correction in (3.24) is canceled by the counterterm and replaced by the function (5.24)
from the adjoint series (5.20).

We close the perturbative analysis of the VOR* coupling by a discussion of the logarithmic

terms. To analyse them we shall need the precise weak coupling expansion of j-:((g)l) which
é\(d),ExFT j:-\(d)

corresponds to the first term in (5.18) and of &) 1) 18

given for 1 <d < 6 by

. The weak coupling expansion of

Ay~ HEED J075 49y L) gl
= 81l(6) e 45(6) ESL@)

on ™ |:567 2 Ean, (U)+— =85 | E;x (),

Fo 5”5(7) —14/5 Dy +4§(6) 6/5 5Ds

D 189 &7 7A o7 87 Fany

. 16¢(8) 1 42(6) =p
ad)
54(9) b 40 4£(6) b
T) 5 5
“F.(O 1) 548_56 EQA + |:9gg_ g(g) + 9 2 C(B)E ] O g5 + 27g52 E3A5 N
= 64¢(10) —p 5¢(5) 8((8) D C(6) 48(6) =p,
6) 6 _ 6 6
‘EO,]) 1897'Cgi0 E5A1 + /n'gio + 37T2g§ E4A1 log g4 € (4+6)A1 =0 27g6 E3A6

where we have shown the complete result of the constant term calculation. We first discuss the
logarithmic terms for d = 4, 5,6 and then the derivative of the Eisenstein series that appears
for d = 6. And finally we will discuss the special case d = 2.

The integral in (5.17) is finite layer-by-layer for d = 4, 5, 6 and the cancellation of the pole
between the two-loop integral and the counterterm also hold for the logarithmic terms. There-
fore the logarithmic terms in é'\((g )1)E “T must come exclusively from the three-loop contribution
(5.18). As was shown in [47], the adjoint series corresponding to the second term in (5.18)
produces the logarithmic terms

o(4),ExFT (DAdj 10
5(0,1) ~ 8(0,1) Do~ _C(B) lOg 8 t---)
log g log ge

. D
EOD " ey G001 3g2<(3>E \, losgs +- (5:26)
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(E/:(s),ExFT g(G)AdJ ~ |:10§(5) 273 D6
1 CRO R ﬂ.g}ro 27g6 2A6

} log g, +.

logg

Combining the contributions from (5.25) and (5.26) then produces the following total loga-

rithmic terms for £,

Eon o, 563 og ge, (5.27)
Eom 2, [ Ok 2C(3)E }loggs'v;éifin log gs (5.28)

~ —5( ) logga, (5.29)

(1,0

o, [0 2 5Ot s
Hloggs | g, 278, ¢ 37'52g4

where S((gz)) and 5((53)) are the coefficients of the effective R* and V#R* couplings given by (1.2).

This indeed produces the expected non-analytic terms in the weak coupling expansion of the

VOR* couplings [2]. Note that the coefficient of the log g, correction had to recombine into

a U-duality invariant function, since it is related to the scale of a logarithm in Mandelstam

variables [8], determined by form factor divergences in supergravity.

In d = 6 one must be more careful with the two-loop contributions since they potentially
include an additional logarithmic term and a derivative of an Eisenstein series. Adding the
two-loop contribution (3.13), the similar contribution from the counterterm and the two-loop
contribution from the adjoint series leads to

—_8— d6Q T _Sp(4
8rg, o j (Pfa (= 5B, on, (D) Tos2()

Ty |QZ|3
27 (6)
15g4 (4—26)A1 +eA,

(5.30)

60

and where |0 denotes the constant term in the Laurent expansion around € = 0. In Appendix
C we provide evidence that this genus-two integral is finite at € — 0, such that (5.17) is indeed
finite as claimed. If so, it cannot contribute to log g4 terms, and there is therefore no log g4 at
two-loop order. The finite two-loop contributions from the Eisenstein series then add up to

212 d®Q sy 24’(6)
_@ |Q, 3 —3M+(2+e)As (D) Te62(2) + ——5 8 E(4—2€)A1+6A2 €0
_2g(6) 2¢(6)
- 158_‘? € 4A1+€A2 e=0 15g§ € (4_26)A1+6A2 €0
4(6)

(5.31)

€0

- 15g2 €7 (4+€e)N

In order to reproduce the genus-two string theory amplitude (5.8), it should be that

do d®Q ¢(6) , .
R.N. — Q)T Q)= —— 0t (DT, Q —>—=0.E? , (5.32
f}_z |92|3 L/)KZ( ) 6,6,2( ) J‘]:z |QZ|3 (10[(2( ) 6,6,2( ) =0 207 €7 (4+€)A, <0 ( )

where we factored out 87't:g_8 from (5.8). This identity may hold up to terms proportional to
D6 which can be absorbed by adjusting the splitting between the analytic and non-analytic

parts of the full amplitude. This ambiguity appears in the renormalisation of the pole

d6
L: 2, |3<.01<z(9) 662(9)——§(l+26)§(8+26)E(4+6)A + O(eY) (5.33)

61


https://scipost.org
https://scipost.org/SciPostPhys.8.4.054

Scil SciPost Phys. 8, 054 (2020)

at € — 0. A more detailed analysis would be needed to establish (5.32), which we again leave
as a conjecture.

Let us end this discussion with the case d = 2, for which there is a logarithmic supergravity
divergence with a double pole in dimensional regularisation at two loops. The sources of
logarithmic divergences in Z,(¢, €) come from the two-loop integral I;l) (3.13) that behaves
as (cf. Appendix F)

9 — OT &g |Q |3‘PK2( )Fzzz( ) (5.34)

=y 167r2€(2€)2 )
=83 (4—2€)(3 +2¢) 26A1

(U)E; () + O(e‘))) :

and the contribution

87‘C 2+ ¢ 8m? _o42c SL(2)

S8 E(2420EQ-20ET ), o = o8 EB—20)EQ2—20)EL ), (U)

(5.35)
from (3.21). To cancel the pole in %, we must include the divergent component of the su-
pergravity amplitude, with massless legs, as well as the divergent component of the one-loop
R* form-factor associated to the two-loop exceptional field theory amplitude with only mass-
less states running in one of the loops. Implementing an infrared cut-off u as in [1,30], one
obtains !

Tye+ %ﬂ‘ef(e)ﬂ‘% Eome t 3 ( T(e)? + §7°T(e) + O(eN) )i (5.36)
4
o o log(gg)z + 3 " log(gs)( “2 )y A AEL P W) +ELPT) + 5 )+
8
2
+4% log2mn)? — 2 log(2m)( 252 + ag(@)(ESHD(W) + BH(r) + %” log(ga) + =)
8

where the dots stand for analytic terms in the string coupling constant coming from 7, ., and

£o = 4ng(26)ESL(2)ESL(3) 4ATE(2€) + 2+ O(e)

(0,0),€ (0,0)

~ 4n(€(26)g8BESL(Z)(U)ESL(Z)(T)+£(3 2e)g$2+ “ESP W) 637

is the dimensionally regularised one-loop exceptional field theory R* coupling [1]. The re-
sult is finite at € — 0 and reproduces the logarithmic terms in the string coupling constant
computed in [2, (2.19)], up to the additive, scheme-dependent constant 3.

We conclude that the renormalised coupling (1.32) reproduces correctly all the required
terms in the weak coupling expansion, including the terms that are logarithmic in the string
coupling constant.

5.3 Divergences and threshold terms in the large radius limit

In the decompactification limit, similar divergent terms arise in the calculation presented in
Section 4 and have to be considered along with the renormalisation and three-loop contribu-
tion shown in (5.21). More specifically, there are divergences in the first layer in (4.11), in
the second layer in (4.13), in the fourth layer in (4.33) and in the fifth layer. Most of them

31The term én‘e I'(€)L€ has not been derived but must be there for cancelling the first order pole.
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were already discussed in detail after their derivation and we now focus in more detail on the
second layer.

In the derivation of the second layer we used identities that are only valid at € = 0. How-
ever, the calculation in Appendix D.1 shows that the derivation gives the correct result at € # 0
if the local modular function A(7) is replaced by an ordinary non-holomorphic Eisenstein se-
ries. Indeed we find a consistent result for d = 4,5, 6 using the regularised expression (4.13).
Taking this contribution from the second layer, subtracting the 1/4-BPS counterterm (5.17)
and adding the three-loop contribution to give (1.31), one gets

Zg [T — SESD (D] + T4 [ FE2 S0, ] (5.38)
~4,%2R1§i36 (6£(de—2)5(d6—3)Rde—3E§gz sy, +EE—OF + DRITER,
5(8)§(d —6)£(d, +1)R%E —&(d, — 6)E(d, + 1)RET7 L - )
€(7) deo detly,
+4ig(d 6 —2€)E(d + 1+ 2¢)R54 d(g %R‘”ZEE& Coey, +RY™ 7_2€Ed+1+26A)
~R%(8%g(d—2)g(d+2e 3)RI™ SEMe thes, + B4 86( O)Rlzl g(R)

N 47'525(61 —6— 296)€(d +1+ 26)Rd 7=2¢ Ed+1+2€A )

The first term above is regular at e = 0 for d > 4. For d = 6, the extra term above cancels
against the contribution from the first term (4.11). The last term gives

4m2E(3+2€)E(5 + Ze)R_3 2 s 10§(3)(
9 (5+€)As 3R3

—log(R) + — 5(4)5(6)15"‘4 )

2

47 £(2+296)§(6+26)R—2 —2¢ E(3+e)/\5 = ((26—10g(R))4n€(2)ED5+4n§(4)§(6)E )
2

4T §(1+29€)§(7+2€)R—1 —2e€ Ef76 o, 405(2)R—26€(1+26)€(5_26)E(E§_6)A1 (5.39)

for d = 4,5, 6, respectively, reproducing the expected result displayed in Section 4.1.

We close the subsection by considering the logarithmically divergent contributions in the
decompactification limit for d > 4. The logarithmic terms in the radius R arising from j-:((o ) as
given by the first term in (5.18) are for d =4,5,6

]-"((;)1) o ——C(B)logR

Fon —§(3)R41 gR——C(B)RZ gs logR,
Fon R——C(s)R”logm §(3)R6 - logR——Z:(S)RS &% logR. (5.40)

Turning to the decompactification limit of E((Od )1)E T we note that there was a logarithmic

contribution for d = 6 coming from the first constant term in (4.11) as well as the counterterm
and there are additional contributions coming from the counterterm as well as from the three-
loop amplitude given by the adjoint series given in (5.20). Therefore we have the following
logarithmic terms

: 10
U4),EXFT (@)Aj
Eon h:ng Eomn lggR —?C(B) logR+...
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. 10
EOBIT g(@f’l?di ~ _—g(s)R2 E’;’S logR (5.41)
’ logR ? logR oA
5
5(6),EXFT _° 12 12 (6)Adj 2 5 nEe
o o C(8)R lo g+ C(S)R logR+&y,) " ~ — SR ES] logR.

Combining the two contributions then gives the following logarithmic terms

@ o9
5(31) log C(B) logR,

2 2 10 4
5((5,)1) gk 9 —RE) logR+ ?C(B)R logR,
£® 15 RSE(S)I R 5R65(5)1 R 4 R121ogR < 42
0 i 2R Caol08R+ R E ;) logR— 5 C(8)R “logR, (5.42)

where £ ) and 6'((101 5, are the coefficients of the R* and V*R* couplings in dimension D +1,
given by (1.2) (after using Langlands functional equations). This agrees with the coefficients

of the logarithms found in [2, (B.62)].

For d = 6, we must also consider the derivative of the Eisenstein series. This derivative

arises from the term proportional to R® in j-:(((f)l) that takes the form

E(1+2e)8(5+2€) €()
FO ~ 40E(2)E(6)(R* E¢ —R E* 5.43
O g @) )( E(6+ 2¢) G+l 2€&(6) %AI) €—0 ( )
There is a similar term in é}g )1)'3 “T that reads
516),EXFT ~ 5+2¢ _ Eg 5 5(5) E6
Eon™" ~ 408(2)(R*25(1—2€)E(5 + 200ES, 0 FRS SAl) . (5.44)

such that the unphysical derivative of the Eisenstein series (asEf,gln =3 drops out in the total

coupling ).

For d = 2 the combination (1.28) is not finite because there is a logarithmic divergence in
supergravity. One obtains

2 2
Ty ~ R%( L0 EQ2€)” poaiae | 2T pactp(g)em +O(eo))

(4—2€)(3+2¢) 3 ©.0,€
756+ E) O, (5.45)
where
£8. = 4nEQeELPEN® = ant(2e)+£2 +O(e),
£9 . = 4ng(2e—1)(v70- ZE)ESL(Z))AI + 702 =0 L O(e).  (5.46)

Taking into account the divergence coming from the supergravity amplitude and the R* form-
factor as in (5.37), one obtains instead

2
Tye+ gn_el“(e),u —2¢ 8(‘5)0) o+ %(n_2€r‘(e)2 + %n_el“(e) + O(eo))u_4€
4972 7T
~ 2—7 IOg(R)Z - ? IOg(R)(R g((;)o) E)
47'E2 2 27 6 147 bid
+T log(2mu)” — 3 log(2nu)(R Eony ™3 log(R) + g), (5.47)
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which is finite as € — 0 and reproduces the expected logarithmic terms from [2, (B.49)].

For d = 3 one obtains the constant terms

1244e 16n2§(1+2e)2 81 .
T3 5 ( G20 (4+26) 126+—3 RZ §(1+2e)5§§>0)6+(9(e°))
1 [ 4n? 21
~ RY [Tlog(R)2+?log(R)5gL) } (5.48)

which reproduces the expected logarithmic terms from [2, (B.38)].

In summary, our renormalisation prescription leading ultimately to the renormalised cou-
pling (1.31), reproduces correctly the expected expansion of the V®R* coupling in the weak
coupling and decompactification limits, including logarithmic terms in the string coupling and
the radius R. This lends very strong support to the claim that (1.31) is the correct full coupling.

5.4 Generalisation to Eg

In three dimensions there exists a unique VoR* type supersymmetry invariant [14]. Thus, the
second term in (1.13) should be omitted, leading to

ESL®) SL(2)

d*Q EZ0 (T BZ G0, ()
) OU7),ExFT __ 2 €, _tr 1 o 1
8(0 1) 8(0,1) =8mn fg Qz|%1 (lQZ Prz — 36 V1+2e + 36 % ) (¢ QZ) ’

(5 49)
consistently with the sum of the exceptional field theory amplitude contributions up to three
loops [30], and the 1/4-BPS states contribution discussed in this section.

The analysis of Section 4.2 can be applied to the lattice Mfs in the adjoint representation
of Eg. As we explain in Appendix E, the computation is very similar for the first five layers,
but there are two additional layers of charges. We are able to compute the constant term and
the generic Fourier coefficients for the sixth layer of charges. Using the Langland constant
term formula for the Eisenstein series 7 8(ESL(2) 5 + 2¢), we argue that the last layer does
not contribute, so that the constant terms that we are able to compute do exhaust the non-
vanishing contributions. Despite the fact that the three contributions in (5.49) are individually
finite in the limit € — 0, IEB(ESEEQ(S)A], 5+ 2¢) is not analytic at (e,5) = (0,0) in C2, because
its limit includes a factor of g%i Therefore the renormalisation prescription (1.31) gives a
finite contribution that must be taken into account to reproduce the correct coupling. One

obtains eventually

4(5) 95(5)2 L 3¢y
ED ~ Rlz(é'(f)l) +210 gREY + R4€((06)0)— s Tom R, (5.50)

which reproduces the expected result from [2, (B.70)]. The first three terms come from the
second layer of charges with

65


https://scipost.org
https://scipost.org/SciPostPhys.8.4.054

Scil SciPost Phys. 8, 054 (2020)

(2) SL(2) (2) SL(Z)
I72,6[A(T) nE—SA (c )] +IZ |: (3+2€)A1:| (5.51)
~ Rlz(R4EIE7(A(T) — nESL(Z)(T) 5+42€)+I, (% SQQZEM (1), 5))
47'5
5 R12+4e(6£(5 +2€)E(4+ 2€)R* E(2+€)A +E(1+2€)E(8 +2€)R* B, T30

gg E(1+2€)E(8+2€)R7+* E(

M —5 E(1—-2€)5(8 +2¢ )R”(gngeEEle)M R‘ZEE«HZE)M)

NRlz(R“fzﬁ;(A(r) ZESD (0),5+2¢) + I, (2B, (7),5)

—E(1+2€)E(8+ 26)R2(E (4+26)A )

(3+2e)A

N 4m2E(1 —2€)E(8 + 2€)
9

-2 4g
R B 0+ EO0E4 2R EG,, ).

To compute the logarithmic term one uses the property that the only divergent terms are

4m2E(1—2€)E(8 + 2¢)

E ESL@) —2¢ B
IA;( —(342e)A; (), 5) 9 R EE("r7-i-6)/\7
_ E(7+2€)E(8+4€)E(9+2€)E(12+2€) E )
= 40§(4)( E(4+2¢)E(7+4e€) Egyen, T6(1—2€)5(8+2¢)R EE(4+e)A )
= 40E(8)E(9)E(12)Eg, +40E(2)E(6)E(10)E,; + ;logRg(S)Efj\l +0(e),  (5.52)

consistently with (5.50). The last constant term in 40&(2)E(6)&(d + 4)R4*3 that comes from
the function ), for d < 6 now originates from the sixth layer of £;»"" displayed in (E.33).
This analysis also lends support to our renormalised coupling (1.32) in the case d = 7.
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A Poincaré series representation of i,

In this section, we provide evidence for the relation (1.21) expressing the Kawazumi-Zhang
invariant @y, as a Poincaré series seeded by its tropical limit. We first recall how both sides
can be expressed as theta liftings for lattices of signature (3,2) and (2, 1), following [48]. As a
result, (1.21) would follow from a similar property (A.16) for Siegel-Narain theta series. We
give evidence that (A.16) holds, by integrating both sides against a vector-valued Eisenstein
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series of weight —1/2, and invoking Langlands’ functional relation for generic Eisenstein series
of SO(3,2) = Sp(4,R)/Z,. Additional evidence for (1.21) comes from the analysis of constant
terms in Sections 3 and 4 and in Appendix C.

A.1 Theta series representation for real-analytic Siegel modular forms

The Siegel modular group Sp(4,7Z) is isomorphic to the automorphism group of the lattice
Z° with quadratic form 2(m;n! +m,n?) + 2 b2 of signature (3,2). Using this observation, we
can obtain Siegel modular functions of Sp(4,Z) from theta liftings of vector-valued modular
forms under SL(2,7Z), generalising earlier constructions of the log-norm of the Igusa cusp
form ¥;, [71] and of the genus-two Kawazumi-Zhang invariant [48]. For this purpose, we
introduce the lattice partition functions for i = 0,1 (setting z = x +iy € H and q = e?™%)

F?E,i;(ﬂ;z) =y Z q%ﬁLz q}T|PR|2 , i= 0, 1’ (Al)
ml,mQ,nl,nzeZ
be2Z+i
where
1, :2 my,—pm;+on'+(poc—v)n*—bv
Drt1pg = 5 5
VP202—V,
my,—pmy+6nt + (6 —v3)n®—bv+ iv2(n' + pn?)
pl+ipr =2 P o AL (A.2)
\/92(72—"%
1 2 = 1 2 —
n-+n°p)v—(n +n°p)v
p§=b+i( p)v—( P) ,

2p2

such that B2 — |pg|* = 4m;n' + b*. Here,

_(p v
Q_(v U) (A.3)

lives in the Siegel upper-half plane #,, and (pg, pr) and p; = (p;,p?,p;) are the projections

of the lattice vector Q = (my, m,, b,n*, n?) on the positive 2-plane and its orthogonal comple-
ment.
Given a weak Jacobi form h(z, v) of weight —1/2 and index 1, we can take its theta series
decomposition [72]
h(z,v) = hy(2) 05(22,2v) + hy(2) 65(22,2v) (A.4)

and consider the modular integral
dxd
T, ,[h] = J y—Zy [T 2) ho(2) + T Qs 2) 1 () (A.5)
F1

over the standard fundamental domain F7; = {t € Hq,|t| > 1,|71| < 1/2} for PSL(2,7)
(which consists of two copies of the fundamental domain F for PGL(2,7Z) defined below
(1.14)). The integrand is invariant under SL(2,Z)xSp(4, 7Z.), so the integral produces a Siegel
modular form, possibly with singularities on rational quadratic divisors when h has poles at
the cusp. In the limit Q — ioo (corresponding to the maximal non-separating degeneration in
the language of genus-two Riemann surfaces, or the limit where one circle decompactifies in

the language of torus compactifications), Fg(i;(Q ;) factorises into Iy 1(V;2) x Fz(i)

1(7,2), where
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I (Viz)=v! Z o—Tlp+azl?/(y V)
(p,q)ez2

M=y >, ¢ifgih, i=o1.
a,ceZ,be2Z+i

(A.6)

Here V = 1/|2,|'/? is the inverse radius of the large circle, 7 is defined as in (1.14) and

alt]*+ bty +c . at?+ bt +c
pr=————, ptipp=—-T—, (A7)
T2 T2

such that |p;|? — pﬁ = b? —4ac. In the decompactifying limit V — 0, the dominant term in
the modular integral (A.5) comes from the zero orbit (p,q) = (0,0), so Z3 5[h] ~ vt T, [h]
where

T, 1[h] =f d’;dy [10(e:2) ho(2) + T3 2) B (=) (A.8)
F1

Thus, the leading tropical limit 7, ; of the Siegel modular form 7 , is itself a theta lift. Sublead-
ing terms come from the terms with (p q) # (0,0). For these terms, the integration domain
can be unfolded to the strip Rt x [_E: 2] at the expense of restricting to ¢ = 0. The integral
over u picks up contributions from zero or negative Fourier modes of h;, leading to powerlike
or exponentially suppressed terms in 1/V, respectively. The minimal non-separating degener-
ation limit t — oo with t = 7,/V keeping p, = 1/(V 1,) fixed instead corresponds to the limit
where the volume of T2 becomes infinite, and can be extracted using similar orbit methods.

The Kawazumi-Zhang invariant ¢y is obtained by choosing [48]

1 -~ o~
(h0> hl) = _ED—S/Z(hO) hl): (A9)

where

92(z,v)
no(z) ’

and D,, = %(8Z — 2%) is the Maal} raising operator, mapping modular forms of weight w to
modular forms of weight w 4+ 2. Using the theta lift representation, it is straightforward to
obtain the asymptotics of ¢, in the tropical limit 2 — ico, and indeed the complete Fourier
expansion,

h(z,v) = ho(z) 65(2p,2v) + hl(z) 0,(22,2v) =

(A.10)

5((3)

T
Yxz = —|Qz|1/2A(T) +— |Qz| !

+2 > (Im]+ e 2|f2 |(1+2mr[M92]))Zk*&(%)(ezmm+e—2“ithQ), (A.11)
MeS, kIM

where S, is defined below (3.57), A(7) is the modular local function defined by (1.15) on the
fundamental domain F, and ¢(n) are the Fourier coefficients of

6,(2
_n‘éﬁf)g - Zl &(n)q" . (A.12)

In the minimal non-separating degeneration t — 00, one has instead

Prz = c Ty Yo + ﬂ +0O(e™™), (A.13)
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where
hv,p)|_1
o =mpyu;—log }f)(T =5D1alpsv),
A.14
5 D . T -SL(2) ( )
1= 16m2p, 2,2(P,V)+£E2A1 (p).

Here, D, ; is the Kronecker-Eisenstein series

! e2mi(nuy+muy)

(2ip2)a+b—1
27i (mp +n)e(mp +n)b’

(m,n)ez:?

D, p(v,p) = (A.15)

where v = u; +uyp. It may be worth noting that D, ; coincides with the scalar propagator on
the torus.

A.2 Poincaré series from theta lifting

The identity (1.21) expressing the Kawazumi-Zhang invariant as a Poincaré series seeded by
its tropical limit would follow from a similar property for the lattice theta series,

. ' . _
i) = lim > (oalt <) |, (A.16)
ye(GL(2,Z)xZ3)\Sp(4,Z) Y

where the limit € — 0 should be taken after analytic continuation away from the region where
the sum converges. While we do not know how to prove this relation, we shall test its conse-
quence when integrating against the Eisenstein series E(s, w;z) of weight w = —% under the
congruence subgroup I[,(4) € SL(2,Z). The Eisenstein series is defined by

w|W
Eswa)= >,y (A17)
Y€Teo\o(4) ’

where the ‘slash’ notation corresponds to the action of y € [;}(4) on the variable z with an
additional factor of automorphy (cz + d)™". Decomposing as in (A.4)

E(s,w;2) = Ey(s,w;42) + E{(s,w; 42) (A.18)
and computing the integral (A.5) by unfolding, we get

I'Gs / - Sp(4
Too[EG—5.-D]=— > PRQI™* = £(25) EgP, (A.19)
Q=(my,my,n',n? b)eZ’
b%+4myn'+4myn®=0

which we recognise as the Siegel-Eisenstein series for Sp(4,7Z). Indeed, using the constant
terms (forw € Z + %)

4721 wnr(2s —1) {(4s—2) 4, v .
T(s+9)T(s— %) §(4S_1))’ + 0™ ™) (A.20)

E(s,w;z) =y "% +

and the orbit method, we find the constant terms

E@s—2)EA5—3) as

VT [EG =3, —p) ]+ 82 E(4s =2V > + E(4s —2)

(A.21)
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In the first term, the theta lift can be computed by unfolding,

11 F(S_%) . —(25—1)
Iz,l[E(S—z,—g)]ZT Z Pr
o2 (a,b,c)eZ?
b%®—4ac=0
—(2s—1)
rc-H| <& [1 ] b ¢\
e s Tl ()
53 at, 2 Ty
(a,b)ez? c#0
a#0,4a|b>
= Vs —DELY, (7, (A.22)

where in the last line, we solved the constraint 4a|b? by setting (a,b) = kp(p,q) with
ged(p,q) =1 and k > 1. In total, (A.21) reproduces the known constant terms of the Siegel-

. . . Sp(4
Eisenstein series Es,{;( ) [40, (3.13)].

The conjectural property (A.16) now predicts that

Sp(4) _ 5(25 — 1) . 1,6 -SL(2)
ESA2 = Wll_}n’(l) (lQZ|2 EE(Zs—l)Al(T)) . . (A.23)
re(GL(2,Z)XZ3)\Sp(4,Z)
Expressing E(SZLS(_Zl)) Al(T) as a sum over cosets, this is tantamount to
Sp(4) ? 5(25 — 1) . lye 2s—1 ‘
E =2 "7 Q5|2 A.2
sAq 5(25) 61_1‘)1'(1) Z (l 2| Tz ) y > ( 4)

yE€BNSp(4,7)\Sp(4,7)

where B is the Borel subgroup of Sp(4,7). The righthand side is proportional to the generic
Langlands-Eisenstein series

Sp(4) _ $1 .5 N 1(s,4sy) 5251
E(Sz—81)A1+51A2 - Z Pyt Z’Y = Z |QZ|2 1+$2 Ty )
YE€BNSp(4,Z)\Sp(4,7) YEBNSP(4,Z)\Sp(4,7)

, (A.25)

with (s1,s,) = (1 —s + €,5s + €). Using the functional equation satisfied by (A.25) under
(s1,89) — (1 —sq,s9), and recalling (A.3), we find that the right-hand side of (A.24) is, in
the limit € — 0, equal to
> (1921)
Y

y€BNSp(4,7)\Sp(4,7)

> (A.26)

which is the standard definition of the Siegel-Eisenstein series Ef/€2(4)' This provides a strong
consistency check on the conjecture (A.16), and therefore on its consequence (1.21).

A.3 Poincaré series from 1/2-BPS state sums

If (hg, h,) or equivalently h(z) = hy(42) + h,(42) can be represented as a Poincaré series for
SL(2,7), then we can evaluate the either of the integrals 75 ,[h] or Z, ;[h] by the unfolding
method [73], and obtain a sum over lattice vectors of fixed norm, which can be reinterpreted
as a Poincaré series for Spin(3,2,7) = Sp(4,7Z) or for O(2,1,7) = PGL(2,7). Let us assume
that h is proportional to the Niebur—Poincaré series F,4(s, k, w;z). The integral then becomes

1
Top(Q)=TG+3) D, /<) 47, F (s+5s+5:25-x/pd) . (A27)
(m;,b,n")eZ®
4ml~ni+b2=1<
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where

my,—pmy+ont+(po—v>)n?>—bv
pp= 2P P . (A.28)

VP202— sz
The summand is (away from the singular locus where pp = 0 for some vector Q) an eigen-
mode of Ag,4) with eigenvalue %(43 + 1)(4s — 5). For k = 1, all vectors are images of the
vector Q = (m;, b,n") = (0, 1,0), whose stabiliser is SL(2,Z), x SL(2,Z),. Therefore, we can
interpret (A.27) as

[v]
T35(s,k =1;Q2) =T(s + %) Z M (ﬁ , (A.29)
rE[SL(2,Z)xSL(2,Z)1\Sp(4,Z) VP202—Vy ) ly
where
12 1 1 1
M(u) =u"2"",F;(s+ 3,5+ Z§25;_E
(A.30)

1 1
— 2\—(st7) 1 1.9
=(1+u*) 4 2F1(5+4,s 75 28; 1+u2)’

where in the second equality we used Pfaff’s identity ,F;(a, b, c;2) = (1—2)"%3F;(a,c—b, c; ;Z7).
Note that M,(u) satisfies

2
%(1 +u?)a2M;(w) + L +24y A, M(w) =[2s(s — 1) — 3 | M,(w), (A.31)

which ensures that the Poincaré series (A.29) is an eigenmode of Aspa with eigenvalue
2s(s—1)— g. Similarly, we can write the tropical limit as a Poincaré series:

Loy k1) =T(s—3) > (p2/x)75F (s +3.5— 31251 /p2)
(a,b,c)eZ?
b%*—4ac=xk (A.32)

:F(s—%) Z my(71/72)l,

yeS0(2)\S0(2,1,Z)

where pg = [a|7|?> + bt; +c]/7, and
1
ms(u)=u_23+% oF; (s+ }1’5_}&;255__2)' (A.33)
u

Choosing s = %, k = 1 and adjusting the normalisation, the Niebur—Poincaré series reduces to
the weak holomorphic modular form (A.10) appearing in the theta lift representation of the
Kawazumi-Zhang invariant or its tropical limit,

}Nl(z) = ilo(42) + ]N11(4z) = —

——F4(5,1,-3;2). A.34
F(%) 4(4 2 Z) ( )

Using the identity
D, F4(s,k,w;2) = k(2s + w) Fu(s,k,w+2;2) (A.35)

and setting s = % in the previous formulae, we get

dxdy
oxz(Q) = 4F(9/2)J

————73,(9/4,1/4;Q)

F(O)(Q 2) Fo(5, 3, —3:2) + T (2%2) Foo (5, 3, %;2)]

41-.(9/2) (A.36)
T(5/2) Z 1 v
M(ph=2 >, M :
4F(9/2) b )eZ5 35 v€0(3,2,2)/0(2,2,7) P20 — sz ¥
4m n +b2—1
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where
35 11 + 15u?
M) =u">,F(2,2:2:—1/u?) = == | 3(2 + 502 inh(1/u) — —— |. A.37
W =u">,F(333-1/u?) T ( u“)arcsinh(1/u) Niwar (A.37)

Similarly, for the tropical limit A = %cpf{z, we get

Am=-2 J DGR YOI HERLENG)
F1

:_EJ XY 1) 2 42) D, ()
Fr

(A.38)
0(4)
3 8 T
- S = Y (2]
2n2T(3) (e BT coermloarm T2
b%®—4ac=1
where
35

mu) =u"* ,F, (%, ; 2, ;—1/u ) =1 (15u2 +4-3 (3 + 5u2) u arccot(u)) . (A.39)

Note that m(u) is a bounded, continuous, even function of u € R, non-differentiable at u = 0,
and decays as 1/|u|* for |u| — oo. Itis annihilated by the differential operator 8,(1+u?)3,—12,
which ensures that the Poincaré series (A.38) is annihilated by A, — 12 away from the locus
7, = 0 and its images under GL(2,7Z).

B Integrating A(7) against single and double Eisenstein series

In this appendix, we compute modular integrals of the local modular form A(7) defined in
(1.15), which we copy for convenience,

lT)2—7,+1 + 57;(ty — (71> —17)

3
To T2

Alt) = (B.1)

multiplied by either a standard non-holomorphic Eisenstein series E L@ )(T) or a ‘double Eisen-
stein series’ defined in (2.43), over the fundamental domain F for PGL(2 7)) defined below
(1.14). These results are used in the computation of the weak-coupling expansion in Sec-
tion 3.2.

B.1 Against a single Eisenstein series

Here we establish the formula (3.17), which we recall for convenience,

dt,d7, SL(Z) . 3[E@)]P
R.N.Jf = TERA EN(0) = s (B.2)

It will be convenient to unfold the integral to the domain ' = {|t — %l > %,O <7, <1}
which consists of the 6 images of F under the permutation group S3 € PGL(2,7Z). Inside this
domain, the two factors in the integrand are eigenmodes of the Laplacian [31, (3.12)],

[A, —s(s— 1)]ESL(2) 0, (B.3)
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12 -
(8. =12)A=-127,5(71) ~ 127,501~ 71) — - ;Zé(ml |2T1)~
T

We define the truncated fundamental domain F’'(L) by removing the region T, > L and its
images under S;. To avoid dealing with the delta functions, we regulate F’(L) by requiring
6<1,< 1—5,|T—%| > l+5 and we let 6 — 0 at the end. Thus,

dTlde

SL(2 SL(2) _ pSL(2
[5(3—1)—12]J AT ESN? = J [adEl?P -5 Pan], @4
F!(8,L) T3 aF!(5,L)
where xd7; =d7,,*d7Ty = —d7;. Due to S; symmetry, the three boundaries at 7; = 0,1 and
|t — %I = % produce identical contributions, while the the contribution from the boundary at
T, = L and its image is subtracted by the renormalisation prescription. The contribution from

the boundary at 7; = 0 can be computed by using

1 6 SL(2
A0, To) =Ty + o Y - lim, 0, By P =0 (B.5)

At T, =0, T4 runs from L to 1/L, hence

dTlde

[s(s—1)—12]
F!(5,1) 7~'2

L
—L1 247 )ESL(Z)(T):—18 f dT SL(Z)( 7,). (B.6)
% 2

2
The integral on the r.h.s. can be computed for Re[s] > 1 by substituting ESL(Z) . %:_ 1|cri—2d|25
and integrating term by term. Upon folding the integral and subtracting the divergence, we

get

. de SL(Z) - ) = 2
lim n = Fi(2,s;2+1;-%) , B.7
i ([ Eeatuen- L )= oS Smlpst o) @)

where the sum and the integral are absolutely convergent for Re[s] > 1. Using the functional
identity>?

ST(3)®
2F(s) ’

(3,5 5+ 1 —x?) + x5, F (3,5 5+ 1, —— ! )=

2 (B.8)

and exchanging m and n one obtains

Z‘ZSZ Fi(5,8;5+1;— )— rG)”
sg(zs) 2252 7 2r(s)¢(2s)

consistently with the advertised formula (B.2).

It is worth noting that the integral (B.6) can be computed alternatively by inserting a power
T;’ in the integrand, subtracting by hand the constant term from Ef/fl(z)(irz), and extending
the integral from [1/L,L] to R*:

Mg

- E(s)>?
1; (nm)  2£(2s) B9

n

+00
dry e 7 _&(2s—1) 1_3) * ( SL(2) 1 )
—_— =L"|E + = B.10
L T; n ( sA ( 2) g(25) 72 sAq >M 2 > ( )
which gives the same result in the limit  — 0 using (2.30). We therefore conclude that
d7,dt, SL(2) 18 £(s)>
R.N. A(T)E = . B.11
J . T 2 shy 2 12—s(s—1) &£(2s) ( )

After dividing by 6 to get the integral over F, we obtain (B.2).

32A special case of the general identity [74, Eq. (15.3.7)]

I'(b—a)T(c) (_l
I'(c—a)l(b)* *

I'(a—b)I'(c)

zFl(a, b;C;Z)Z F(c—b)F(a)

)a 2Fi(a,a—c+1;a—b+1; §)+ (—%)b oF (b—c+1,b;—a+b+1; ).
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B.2 Against a double Eisenstein series

We now briefly consider the integral against the ‘double Eisenstein series’ defined in (2.43),

oo
~ _ dv drldrz _zag
AS(U)ZJ V1+23J A(T) Z , (B.12)
0 F 2 Me72x2
where, for an integer matrix M = (Ch p 1),
42 P2
T
Mzz—l Tr (pl ql) ( 1 _U%),(Pl fh).( 1 _Tzl)
ToUs P2 42 —U; (U] p2 q2) \—71 |7l (B.13)
1

=3 (Ip1—Upy—7(q1 — Uqy)|* + |p1 — Upy — #(q1 — Ugqo)|?).
ToUs

Using (B.3) and the fact that M? degenerates to

M2

Ip1 = Up,l? +—|q ~Ugyl? (B.14)
2U2

on the locus 7, = 0, it is straightforward to check that the integral (B.12) satisfies the differ-

ential equation

AA(U) = 124,(U) — 6(E(25)EEL2 (1)) . (B.15)

Using the same method as in [32, App. A], it is straightforward to show that the relevant
solution to (B.15) can be represented as a sum of an Eisenstein series and a lattice sum-type
series

SL(2) )
AW) =682 | — 22— 4+ N (dety) *n, (U, /U B.16
(W) =620 | 55=S55 ;S( et) Fh(Uy/Uy)] |, (B16)
where33
S = {£1}\ {((; g) € Z*?NGLY(2,R) |ged(a, B) = ged(y, 5) = 1} (B.17)
and h,(u) is the unique smooth, decaying solution of
[0,((1+u»3,)—12] hy=—(1+u?)"". (B.18)
This solution can be expressed for s ¢ {1,2} as
1—3s 3 u? 1 3
h(u) = ————— ,F(—= u? F +1; 35—
s(u) 6(5—1)(3_2)2 1( 2: ) 2 1( 32: u)
+a(s)[ + 5u2 +u(3+5u2)arctan(u)} (B.19)

in terms of hypergeometric functions and the term in the second line is the unique homoge-
neous, even and smooth solution of (B.18). The latter can also be written as

4 35
3 + 5u? + u(3 + 5u?) arctan(u) = [m(u) + ?n |u|(3 + 5u2)] s (B.20)

33In the expression (B.16), GL*(2,IR) consists of positive determinant GL(2,R) matrices and the action of

(‘; g) € GL*™(2,R) on the upper half plane is U — ‘;g:g . The Laplacian on the upper half plane is also invariant

under this action that extends the usual SL(2,R) action.
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combining the non-smooth homogeneous solution m(u) introduced in (A.39) and the inde-
pendent non-smooth solution |u|(3 + 5u?). The numerical coefficient a(s) is fixed by requiring
that h,(u) decays (as 1/[u|?) as |u| — oo and is given explicitly by

()= F(%+s) (B.21)
= S RG—1)G—2)T6) '
For s = 3/2, we recover the solution in [32, (A.7)]
7+44u* +40ut 16 (4
hy/o(u) = —— (— +5u +u(3 + 5u2)arctan(u)) . (B.22)
32 3Vt 02 31 \3

Similar closed algebraic forms arise when s is half-integer, e.g.

13 + 102u? + 168u* + 80u® N 32
9(1 +u?2)3/2 o

hs o(u) =— (g +5u® +u(3+ 5u2)arctan(u)) . (B.23)

It is interesting to note that the representation (B.16) can be obtained directly by plugging
in the Poincaré representation (A.38) of A(7) into the integral (B.12), and unfolding the sum
over y € GL(2,7). The first term in (B.16) comes from contributions of rank-one matrices M
while the second comes from non-degenerate matrices. The agreement with the second term
in (B.16) relies on the conjectural identity for A=1,,

16 Oo dv dt.dt, _2z_nu—? B
1

which we have checked at the first few orders in a Taylor expansion around U; = 0 using Math-
ematica. Note that the factor m(7,/7,) in the integrand, despite being annihilated by A, —12,
is not regular along the locus 7; = 0 in H, so that the reproducing kernel identity (2.20) does
not apply. Indeed, upon applying it blindly, it would only produce the term proportional to the
non-smooth m(U; /U,) in (B.19) via (B.20).

Using the same method as in Section 3, it is straightforward to obtain the Fourier expansion

~ o BE(25)?US 3E(2s—1)°U™>  g(5—25)E(25+3) 4
AS(U)——(2_8)(25+3)+§(25)£(25—1)U2+ GTDG=2) + 6 U,
(021 (N))’
——Z legsl By, 1(27Us|N|)

NeZ

dTldTZ :
+2U, ) J T2 eyt e, (2, kel el yo2nidecMUs (g 95)
Mez2x2JF T2
det M#0

where the function B, was defined in (3.30). It can be checked that this expansion is consistent
with the Poisson equation (B.15).34

C Spin(d,d) lattice sums
In this appendix, we analyse the two-loop/genus-two integrals introduced in (2.53) involving

Spin(d, d) lattice sums. This provides support for the conjectures in Sections 2 and 3 as well
as in Appendix A.

34Note that the only term of the Fourier expansion of ESI®

25Ay (U) present in (B.16) that is not cancelled in (B.25)
is the leading constant term proportional to UZZ“.
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C.1 Large radius limit

We start with the genus-two modular integral (3.3), which we rewrite for convenience,
doq
Eor =8mRN. J W‘PKZ Tgdz2 - (C.1D
Ty 1882

Its asymptotics in the limit where one circle S* of radius R inside T decompactifies was dis-
cussed for generic d in [2, (2.38)]:

5 16m2E(d—2) .
2 d—1 0,2 _ d-5 2d—4
ELD =R 5{;1;24 " E(d—2)R 5};0;“+n§(d 6)R EY I+ (d+1)(6—d)R (C.2)
and
an 4
EooyV =4mE(d— 2)EM T ngo)“)_ E(d+2)Ed+2 A (C.3)

Except for the last term proportional to R>4~#, these constant terms can be obtained by using

the orbit method: the term proportional to R? is the zero orbit contribution, while the terms
proportional to R4~ and R?~ originate from the terms proportional to t and 1/t in (A.13),
the O(t°) term giving a vanishing result after integrating over v. The orbit method fails to
produce the complete expansion due to the logarithmic singularity of ¢y, at the separation
limit, but one can recover the contribution in R*~* by carefully extracting the contribution
from this degeneration as in [75]. One can also determine this coefficient using the Poisson
equation satisfied by the integral (C.1).

We now consider the integral on the last line of (2.53),

SnJ 1 < Pxz QDd . Qfddmza(ﬁ): Z L VQVQ) (C4
|Q | Qi€S,
Qi 4-4Q;=0

We shall see that the functional identity 5;53; fs,d in (2.53) holds for the renormalised
coupling

SL(Z) SL(2)

= a3, . r 255 (7) 7'CE—(3+26)A1(T) D,
Bamen | (v g ey R ©9

as in (1.31).

In order to analyse the decompactification limit of (C.4), we decompose the sum in ij.
Under Spin(d,d) D Spin(d —1,d —1) x GL(1), the Weyl spinors Q; € S, decompose into two
spinors q; € S,, and p; € S_ of opposite chiralities. The invariant quadratic form becomes

V(Q)* =R'[v(g +ap)I* +RIv(p)I%, (C.6)
while the constraints Q;y4—4Q; = 0 reduce to
9iYa-s4; =0, PiYa-sPj =0, 4iYq-aPi =qiYda-6Pi =0. (€7

As in Section 3.2, we decompose the theta series into contributions where the components
(q;, p;) are gradually populated.
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The first layer

The contribution from lattice spinors with q; # 0, p; = 0 gives

a0 ’ ij
W _ 2+2 2 —n07v(q;)v(g; 2
Isqa = 87R ef 10, |1~ 20 D, e SR T, L (C8)
2 qi€S+
qiYd-59;=0

where we can take the limit € — 0 provided Zg 4_, is itself regular.

The second layer
For the layer with p; # 0 but p; A p, = 0, one has the Poincaré sum

/ - d-3
—ni(r1y2=1 9 4 )(gP+abn )+Rv23nin:
9/(\2;((]5,Q2) — 2 : (E : E : e 2( ¥ 4 Tugy(qi+a%n;)(qj +a’n;)+Ry nln,)

YEP3 1\Dg1 “NiEZ gl eZdT

d—1 / . _ 5d=3
— R - E : y—Z(d—Z)( E : E : e—anRyzninj—nQZilij d— lu“bq}lq1+2mnlqa )

Q12 ) i _
12, Y€P3_1\Dg—1 n€Z gl ez!

Y

. (C.9)
Y

Constant terms originate from a) qu = 0 and b) niqil =0, qfl # 0. The former requires to
take into account both the dimensional regularisation € # 0 and the regularisation of the
fundamental domain ;. One obtains after taking the limit L — oo

30
I.(SZ,(ZI) — 87.CR2d—4—26 Z (y—4e) J d+22 (QZ)Z —nl nnJ
y€P41\Das ) QT 7 nezZ
_ gu—4ze 16mEB—d+2€)? p,, | og4167°8(d—2)" (C.10)
(6—d+2€)(1+d—2e) 2N (6—d)(1+d)’

using (3.17). The contributions b) are computed by unfolding the integration domain over
PGL(2,7)

oo (ee] L
dv dr 2
d—1 2
16mR f Vidize f w2z J dz1A(7)
0 o T —

/
X Z (yz(z—d)z Z e —ve Ry nz—ﬂRy Fiye anb)

Y€P31\Dg1 nzlq,ez41

(C.11)

Y

As in (3.19), this may be computed by inserting (3.27) in the square bracket. After changing
variables to p, = 1/(745V), t = 74/V, The contribution from (3.20) to the integral gives

_ o0 [ee) 2
e _ 4m2R4-1 dt dp, (t+p2)
sd 3 d+1 d%l_e 6t

0 0 Jo)

tz €
2
/ .
y€Py_1\Dg_1 n>1gq,e74-1 ¥
87T2Rd_1 Do
= —3 E(B3—d +2e)E(d—3—2€) E(‘%e’—e)AﬁZeAd_l
471

Dy

(HL—e)n +2eng (C.12)

5 —RIPE(7—d+2e)E(d+1—2€)E
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The terms on the last line are recognised as R* £, and R*°£{ " in (C.2) with their

respective coefficients. The last term in (3.27) gives additional non-perturbative contributions
that would be overlooked by the naive unfolding method. They are

28272 °av Ldr
(2c)  _ d 2 5
Isa = T Rf Vadt2e =2 +§r2+7 01—
0 0 2
a H-5R 2T 4 (2acq,0,)
X Z (y3(2 d) Z Z Z e VTZR_)/ (2acn®)— y )
Y€P3—1\Dg—1 a,c>1 n>1g,ezd-1 ;
ged(a,c)=1
16n” 4 S o43(9)?
== R XL s BaarRv @D, €13)
q€ly_1,4—1 viq
(g,9)=0

where B(x) was given in (3.31).

The third layer

The contribution from p; A p; # 0 can be written as a Poincaré sum

9(3)(¢ QZ) = Z Z Z —ﬂTQUR7 y((R2n2+y3 =1 pP(p,+a, n)(pﬁ+aﬁn))vkln fi; )
Y€P4_3\Dy_1 njez? q¢e7?
detn#Opaezd—s

. R w v bea i
% e—rthsz 1yuab(q?+aznl-k+c£"nik(pa+aan))(q§’+alf’njl+ciﬁnjl(pﬁ-i—aﬁn)))

Y
d+1 d—1

R~ T2 ij ko
— e—ﬂ'le"RyUf(ini n; (C14)
|| (n”v kA D)5
Y€P4_3\Dy—1 ~ njez? qiez? ki j
det n#0 pagzd=3

Sd

d-3 b
—nR(y 105 uqlq)+ —y pa/a(p —c{*h; "q;)(pﬁ—c P qb))+2m(qa Jas+np®a,)
) v,
X e 3 Vgt

Y

The constant term contribution is at qfl = p% =0, since n;/ is non-degenerate. After manipu-
lating the integral over V as in (3.42), one obtains the constant term

Iész) —8r E(4e—d + 3)Rd—l Z —nQ;ijU;(inii‘nji
’ E(4e) |Q |2 e
Y€P33\Dyg1 nJeZ2

det n#0

(C.15)

Y

The factor of £(4€) in the denominator suggests that this contribution may vanish, but we
shall see that the integral also diverges in £(1 + 2¢) so that there is a finite contribution.
Nonetheless, we argue in Section C.3 that this terms drops out in the renormalised function
(C.5) as a consequence of the tensorial differential equation. In particular, one has
T 4m E(8) J4-1-2.E(4€—d +3) Dy
S,d

— 4_7T g(S)Rd—l—Ze E(4e—d+3)E(4e—3) E(2+2€)E(1+2€)E(—5+2€)E(—6+2€) = Da—1
9 5(7) E(4€)&(4e—2) E(2e+4)E(2e-3) 262—3 Ags+4Mg_s

_ _808(2)E(6)E(8)E(d —2) 1p,
e—0 £(3) __Ad 4y (C.16)

+O(e)

2e—3
ETAd—3+4Ad—2

for d > 5, where the function is E 4/‘{3 for d =5, and zero for d < 5.
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Fourier coefficients

The Fourier coefficients from (C.9) simplify to

I(zd) 8nR2d—4J| i ‘PKZ(QZ)Z Z —nQ nnj nQZlﬁRzg(ngl)+2nini(q1,a)’ (C.17)

nE€Z g! eHd 1,d—1
(¢'.¢))=0
n;q'#0
which can be computed as in Section 3.3. It is convenient to unfold the integral domain G
to the set of positive matrices R™ x H,/Z by fixing n; = (n,0) for n > 0. Setting N = nq’,
one can solve the constraint for g2 in the P;_; € SO(d — 1,d — 1) parabolic decomposition
associated to N such that

8 /
70 = ;‘ R2d—4 f vi—4dqv f f d7, A(T) > > (C.18)
0

yY€P3.1\SO(d-1,d-1) NEN n|N

=5 ,
X Z e (v72+szR2 s RO GHoD-F N)2+y2d—1|1/(q)|2))+2mNa
i€EZ
qeé(d—llz[d—z)
qAq=0

8n? e Cdr
= R J vi—2dv f Y Z ZZJdTlA(T)e 2nim
0 0

2 y€P4.1\S0(d-1,d-1) NEN n|N j€Z

Y

RyN

xy ST e r(2 4V, BN 4 LR 2R V(P4 e ) 427 (4,61 N @)

(d=1)(d—2)
2

qAq=0
Following the steps as in Section 3.3 and in particular (3.65), one computes that

9-3d 4(d 4)

16m% o1 - NECEY)
I8 = 37I R Z (ad 3(N)(—d_g(d 4)ESL(d 1)(VN)Kd 3(27TR sV.N)
NeS, ged(N) =2
NxN=0
e o Kan @y ET (@)
+— T D, 0aa(QePMONW I o Kas(2nRVE0 W)
2R gcd(N) 2 qezn y (@D
QAQ=0

4
_ 15J’N2 2ni(Q,gN)K% (27ryN v (@D
e 04-4(Q)e _4 d
2m4R2 ged(N)T s Oy (D>

Q/\Q=0

5—3d ad
= taa
o N .
+J’N — d—7( )5( )ESL(d 1)(VN)Kd;7(2TER g(N’N)))eZm(N,a)

ged(N)"
8“ de sf d” df Z Z Z 04-3(N1,Q)o43(N +N1,Q)

Koz (2nR,/—g(N,N)))

L2 epy 1\S0(d-1,4-1) NEN N, €7
d(d 1)

QeZ =
QAQ=0

% }/_1 —rr( vt+vt +2VR2y2d Tv(Q)I ) (t,Rzyzv,N,Nl + (g,Q))eszaY

, (C.19)
T
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(d— ll(d 2)

where we kept the variable yy = 72 for simplicity, and the sum over Q € Z is a sum
over characters of the unipotent stabilisers of the charge N, and F is the function defined in
(3.74). The leading term in R factorises as an Eisenstein series over the Levi stabiliser of N,
while the full Fourier coefficient depends non-trivially on the whole parabolic stabiliser. The
last term involving the integral and the function F can be ascribed to instanton anti-instanton
corrections, and is further exponentially suppressed.

The Fourier coefficients from (C.14) yield

dSQz ( ) e—nﬂ”v,ﬂ(inii{nji
2 KZ 2 d=3
|Q | QIZJ’Ukln knjl) 2

19 = smrit ( (C.20)
Y€P3_3\D4_1 * nJjez?
2

_ y d=! bp A i3
y Z’: R (5 1u g q) + Tpaﬁ(p —c““nlkq;xpﬁ—c’5nJlqg))+2nl(q;ni1a;+npaaa))
e

q;EZ2
pa€Zd73

Y

Using (3.77), the integral gives in the saddle point approximation

Jdgﬂz QO (QZ) _sz) (PEZ(X‘F |XYly—1)e—2n\/M+TrXY+21/|XY|

. (C.21)
|2, |2 (Tr QZY) V8IX|(Trxy +2/IXY)(M + TrXY + 24/ IXYI)Z’{T7
For P% = np® and Q‘ =n; qa, we obtain
S(Q) = 2nR\/ 77 04p (P —c24QL)(PP — ””QJ;) +vu®QL Q) +2| deth), (C.22)

which is recognised as the BPS mass for the vector Q € II; 4 with a non-vanishing norm, such
that

S(€3) = 2mR+/g(Q, Q) +(Q, Q) . (C.23)

Collecting all contributions, one finally obtains

16m2E(3 —d)?
IS,d :RZIS,d—l + MRM_“

(6—d)(1+d)
2
+ 20 g0 -2z - B + 4T g - )z + DRI
1
1 / 47
25672 d_lj dt 3., 4 203 ,Ka—3(GFRIv(Q)])
_222% p —(1 43t +tM)(1—1t%)2 Z a—3(q)
5 2 d-3
21 . aelmis lv(g)l
(a,.9)=0

_ O — O~ R2 o (gt gl i (al
+ 87R 4J d+1 ( 5) Z Z i, nyn;—n€, R°g(q',¢")+2min;(q',a)

”Equﬂd 1,d-1
(¢',¢))=0

Oy o 1
Ty VN N

d—1 tr €
ok ( f 1, |2 Ly Py N
YEP;_ S\Dd 1S njez? ¥ (@, vghikh;t) =

, (C.24)

_ b i 3
! —ﬂRZ(ﬂzlﬁu“bq;q{, ﬁpaﬁ(p —csn kgl )(pP P lq)) )+2m(q;nﬂaj3+np“aa)
X E e Vki™
¥

qfleZ2
paEZd_S

which is consistent with the identity (2.53). It is worth noting that the term proportional to
R%4=* on the first line can be viewed as the contribution of the vector ' = 0 in the integral on
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the fourth line, while the first term R? Ts 4—1 can be viewed as the contribution from n; = 0 in
the same integral, upon using the identity

d6

f d3q,
spa.z\H () 122

(PKZ(Q)Fd d2 = f It(rZ(QZ) Z e—TEQEJV(Xi)'vU(j). (C25)
° L\, ®) 12 =l
XiYd-4%;=0

C.2 Large volume limit

We now consider the large volume limit of the genus-two integral

£4D = 0 oty sn | %2 e (Q,) 07" (C.26)
0,1) |Q |3 o 2 PRz d,d,2 G |Q2|3—d§—€ LJOKZ 2 A .

The latter may be computed either by the orb1t method for the modular integral over F,, as
in [75], or by decomposing the lattice sum 6, D4 We shall show that the two procedures give
the same results, providing supporting ev1dence for the Poincaré series representation (1.21)
which underlies the equality (C.26).

Applying the orbit method on the first expression in (C.26), we find constant terms coming
from the rank-zero, rank-one and rank-two orbits, respectively,

d°Q
d2) _— d
5(01) 8nR (J;E 1,3 Pz

dt dpdp, Y1 ’ RIVT)2
duldUZdo'l (—t+(‘00+_) Z e—ﬂ' t
F P3 [0,1]3 6 t

nezd
d°Q 5¢(3 _ -
+f 3( () + g( )|Qz| 1) ST e Ry T T(”J)), (C.27)
g lel niez®
rkn=2

where R = de and we replaced g, by its constant terms (A.13) and (A.11) in the Fourier—
Jacobi and Fourier expansions, respectively. The first integral was evaluated in [36] using the
Laplace eigenmode property of ¢k,

d®n _ 3 (C.28)
5 1018 7 180 '

In the rank-one contribution, the integral over u;,u, annihilates ¢, and replaces ¢, by the
SL(2)
E

Eisenstein series 12 24, , whose integral on F vanishes. In this way we arrive at the constant
terms

27t 21t

(d,2) d d—1 SL(d)
8(01) 45 - R R E/\d 1
a3 )Ty | $(3)C(5) SL(d
R4—2 2 -y v T(nt)-v (n) 5W0J59) pd— SE (d) 92
+8m J |Q |3 KZ( Z)HES Y 61 Ados ) (C 9)

where we omitted in the third term the restriction of the sum to rank-two matrices, which
would follow from (C.27). The additional sum over rank-one matrices arises due to the log-
arithmic divergence of the Kawazumi-Zhang invariant at the separating degeneration locus,
similarly to the term proportional to R>4~* in (C.2) of the last section, and would be absent in
the case of a regular theta lift (against a cuspidal form or a Siegel-FEisenstein series. Physically
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this third term comes from the two-loop ten-dimensional supergravity amplitude on T¢, which
does include all Kaluza—Klein momenta and not only rank-two matrices.

The Fourier coefficients only get contributions from the rank-two orbit, but they are com-
plicated and unilluminating, therefore we shall not display them.

Alternatively, one may compute the large volume limit by decomposing the constrained
lattice sum in the vector representation,

/ / .
Pt — Z e—“lejR_IV(Qi)'V(Qj)+ Z Z e—nﬂg(R‘lv(ql-+apl-)~v(qj+apj)+Rv_T(p,-)4v_T(pj))
A
inZd piEZd qiEZd
2p(i*qjy=0

/

— Z TR 1v(g:)v(q))

q;€Z4

o, (Z > —— ‘"“”Rynm ni Ry d21v(qf)-v(qf)+2ni(niqi,a))

y€P3_1\SL(d) \n;€Z qieZd-1 |Q2| Y

d-3 y RN o
+ E ( E E: R e—TchZJRypi(iniknjl+2ni(ni1q‘-aj+nf)a)
d=2 3 ij

YEPy_,\SL(d) “nJ 72?2 giez2*-2) Q]2 y2
detn#0 PEZ

—m Ry = v(g' )V(q))—U—“RJ/(P ' ¢;)?
xe 03 PRI (C.30)
1
Here we solved the constraints p(; - ¢j) = 0 using the decompositions
d = (d—2) ™ e2Ws>p, =(0, nJ) (C.31)
d = 2 Ved—2) T2 >q =((n,q), (C.32)

where i = n/ged(n), and performed a Poisson resummation over §; € Z%2 and p € Z.
Inserting the decomposition (C.30) inside the last integral in (C.26), one obtains

_ 4’0, _
EWD ~ 8nR 2J P el () Z Q) v(g)v(qj) (C.33)
q; €74

87 i—e SL(d) dt,dT, SL(2)
R B S 2R, | SRR, ()

87T d-1 SL(d)
3 —RE(-1— 26)5(1+2€)E1+26Ad72_26Ad71
/ 2
47'5 d—5 SL(d) 16m° 4 0,(Q)
—R 3—2 54+ 2¢)E ———R 27R
9 &( e)&( ) 200, oen, s 21 Ezz:dl Q) B,(27R|v(Q)|)
QXQ 0

>

Y

4e—2 d’n
187 §(€(646) )Rd 1—-2¢ Z (y_1—26 Ty |22€ KZ( 2) Z —n Q) pyin ”1)

YEP3»\SL(d) n;l €7.2%2
detn;éO

where the second term comes from the contribution of rank-one charges with q; = 0, and the
third and fourth lines from rank-one charges with g' # 0, n;q" = 0, which can be computed as
in (3.24), (3.29), giving the two Eisenstein series above using

/
s .
> P (yzd—l |v(q)|2) = 28(2s + 2€)E(" | N (C.34)

y€P;_1\SL(d) q €731
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ats = 1/2 and s = 5/2, for the third and fourth terms respectively. The last line comes from
the last line in (C.30) at § = p = 0 and generically vanishes at € — 0 because of the overall
ﬁ factor. In addition, one checks using the Langlands constant term formula that for any
ze€C,

. SL(d) _ SL(d)
lim(eQ+20) LS )=EQES (€.35)
generalising the functional equation
E1+20ELy)  =EQ2+20)E) (C.36)
_ b6 Agq

To identify the first term we use the identity

d3Q oo oo a0 Q-1y-T —T(ni
J 32d Pz (Q2) Z i VeV = ;12 |§ Pz (Q2) Z ) V) , (C.37)
g | 2| q; €74 niezad

that follows by Poisson summation using that the renormalised integral f G |325 ¢rz(£5) van-
ishes.

Putting these terms together, one therefore matches the expansion (C.27) in the limit
€ — 0, up to the exponentially suppressed terms that are missed by the orbit method. This
computation, valid for generic d, provides strong evidence for the Poincaré series representa-
tion (1.21).

It is worth noting that the term of order R? arises in two different ways in these two com-
putations, leading to a rather remarkable identity for the integral of ¢y, over the fundamental
domain of Sp(4,7Z.),

don 3 dr,d
k= 2 RN | SL2AES P (x). (C.38)
o, 7%= 370

7 [l FoT3

This identity can presumably be established more directly by using the Rankin—Selberg method,

i.e. computing the Petersson product between g, and ESP )

extracting the residue at s = % However, there are regularisation issues which make this

computation challenging.

using the unfolding trick, and

In addition, there are non- perturbative corrections coming from the second line with q* # 0
but n;q' =0 through the extension of ¢,(£2,) to H,(R). The Fourier coefﬁc1ents from the
second line at n;q" # 0 can be computed after a change of variable in Q, — R 'y 2(22 and
implementing the Poincaré sum at € =0 as

87'CRdf o Q,) Z Z mj—nQ;JRzu(Qi,Qj)+27ri(miQi,a). (C.39)

d(d D miez
Q€Z 2 m'Q;#0

Q;xQ;=0

For d =5 it coincides with the last line in (4.14) with d = 4, in agreement with the functional
equation (1.23). It can be simplified in the same way as in (4.15) for general d. The rank-two
Fourier coefficients come from the last line in (C.30) with (§',p) # 0. One checks for d = 5
that they match the Fourier coefficients of (4.24) at d = 5, with a change of variable in 2, and
upon identitfying P; € SL(5) as P4 C E4. Under the assumption that the renormalised Iff) of
(4.32) indeed vanishes in the limit € — 0, one obtains a perfect match of the two functions
(1.6) and (1.32) at d = 4. This provides further evidence for the vanishing of the renormalised
fourth layer contribution Ig‘) in the decompactification limit.
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C.3 Vanishing of the third layer contribution

In Section 3.2, we relied on (3.44) to show that the third layer contribution to the weak
coupling limit of the renormalised coupling (1.31) cancels out. To justify (3.44) we shall first
establish that IS") is an eigenfunction of the Laplace operator. The argument of this section
will generalise straightforwardly to prove the similar result (C.16) for Igj‘g.

For this purpose, one can write (3.43) as a Poincaré sum

09 — 8m® 218 1914cE(4e—2) Z [ —1—2€(ZE(U)_L26)2 SW)(U))]‘

R fa) 6+ e— ez 2,
_ 8 e oigc E(4e—2) Cloer C(S) Dy
- g ( o YEPZ\D( AG(U))‘ 2B+ O(e) ), (C.40)

where we used the functional relation

20 Y, (VTEBRW)| =gear),

YE€P3_2\Dyg

= £(2—2€)E>

Ad72+(1_6)Ad (C.41)

LAg_gtehg

in the last line. Acting with the Laplace operator and integrating by parts, we find

(ADder_m( 3 [y‘l‘ZE(A;(U)—LE;: ;gfj(m)]‘)

Y€P3_2\Dqg

= 3 e Ew- 2 s w)]|

Y€P3_2\Dyg

— _65(2e)? Z [y—l 26((ESL(2)(U))2_E;I;(/a(U)):”Y. (C.42)

YEP3_2\Dqg

The right-hand-side of this differential equation is a Poincaré sum of a function with a finite
limit at e — 0, and so we expect If“) (that includes an extra e 46)) to satisfy a homogenous
equation at € = 0. To study this, it will prove convenient to use the double lattice sum repre-
sentation of the Poincaré sum

ged(Q) A D)) —rafvianvio,

> (Y o) - ca»
Y€P2\Dq nJez? Y Q;€S, v(Q1 A Q)
det(ni))#0 Q;xQ;=0
Q1NQ,#0

Using this representation one can rewrite the differential equation
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(ADd+w—12)( > (A - :ig(zz 2 Zi(fi(U))]‘ )

YEP3_2\Dqg
3 d A 1
= __7-[—261—‘(6)2 Z 8¢ (Ql QZ) - .
2 &2 T v(QinQy) TIv(Q)Pelv(Q)P
Q;xQ;=0
Ql/\QﬁéO
2€ 2 ged(qs) 1 1
= I'(e) = =
VG%PL{ H1Z€:Zq e%:zd ny€7Z, 2T v(go) | () (v2ma + (@ @) +y* 7 (@))€ |,
qa2Xqa2=
= —65(2¢) )| (&(2—2e)y‘2+4E¥E5L§j)

Y€Dq/Py

Ki_ (2my” @D .
2y 2T Z gd(@)0 30 (9) ezf“(q’“))
Serst v(q)lz+

qxq=0

y

. . . . . . . D
The terms in the bracket are recognised as the Fourier expansion of the Eisenstein series E A:

SL(d) Thus the

with respect to the parabolic P; , up to a constant term proportional to E(1 SN

previous result can be continued as

d—2
= —6&(2€) Z (g(z)y—szfj —&(2+26)y 2T L), At O(e))
Y€Dy /Py

—6£(2€)E(2)(Ey —E, +0(€)) = O(e%), (C.44)

where we use E, Da — E in the last step. After dividing out by £(4€), the source term in the
Laplace equation therefore vanishes.

Assuming that the source terms for higher order invariant differential operators vanish in
the same way, we conclude that I((f“) must be proportional to an SO(d, d) Eisenstein series
satisfying to the same differential equations as the one appearing in the same perturbative
limit of the counterterm in (1.28). Since the counterterm in (1.28)

SL(2)

= J dBQZ E—3A1 (7 o
6—d—2e ( Q )
o v Ol
475 E(4e—2) E(8) —2teyintae p,
ERECD) ————&(5—2e)E(3+2¢ )5(7) T (C.45)

(where 9,(\3;+1 corresponds to the third layer contribution (3.42)) satisfies by construction to
the same differential equations as the function Z;(¢, €) without the source terms, it follows

that I(3“) must be proportional to E™ 30y 4+ We shall now argue that the coefficient of
—2/dd—4 d

proportionality is such that this Eisenstein series cancels in the renormalised coupling (1.28).
To this aim, we compute the first non-trivial contribution to the double lattice sum (C.43)

in the parabolic P;. In this limit, one get a first contribution
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.q. - d—4
8ed@nidi) | ol (v +aua)ny+ @04y T i) v(a)) (C.46)
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nez 1y @ 2n;v(qj1)
q;en?z4
q;*xq;=0
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d—2

2
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qxq=0

ng(‘I) y—lme—g(fzy n+=y? T IV(q)IZ)—TrVsz il

d—
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y ezmﬁl((q,a)mnz)]

Y

and the associated constant term is therefore

de !
Jo V2+2€J fldﬁA(T) Zz:zz
2 qen2z2 ezl Y

gxq=0
_2
= 2E(26)E(—1 +2¢) y 25 E 4 SR 2R p D L O ).
(C.47)

gcd(q)
~iv(q)

o E (a2 22T o)

Comparing with a similar term in the expansion of E™ p g4t fixes the coefficient of the
—2id—4 d

second term in (3.44) to match the one of (C.45) in (D 2). In contrast, the first term does

not appear in the expansion of E™ PRI instead it is recognised as a constant term of
—30Ag—41t4Nq

the minimal Eisenstein series E AZ’ Indeed it is not a solution to the homogeneous Laplace
equation, and we therefore expect that this term will cancel against another contribution at
the next order in level expansion for the charges, including either g; Aq; # 0 or p; € INVAS

We may also consider the tensorial differential equations (2.10) on the renormalised ex-
pression (1.28). Using the reduction formula for Whittaker coefficients of the series

D . . .
—§A4_4+4Ad [24, 76], one computes that it admits non-zero Whittaker vectors of type A,A;

for d > 5. This implies that this function admits Fourier coefficients outside of the wavefront
set determined by the tensorial equation (2.10), that allows at most for Whittaker vectors of
type A,. We conclude that the naive pole subtraction prescription for Z;(¢, €) and the coun-

terterm (C.45) violate the tensorial equation (2.10), but the term proportional to ED3A an
—2/d—4 d

drops out in the renormalised function (1.28), such that it satisfies the required supersymmetry
Ward identities.

. —E . . . .
D Integrating = ‘;“1(1', ¢, r) against an Eisenstein series
+

In order to determine the weak coupling and decompactification limit asymptotic expansions
of the renomalised coupling (1.31), we shall repeat the computations of Sections 3 and 4
with A(7) replaced by an Eisenstein series ESL(Z). Although these expansions can be easily
computed by using Langlands’s constant term formula, it is nevertheless instructive to obtain
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them in this way, since it will allow us to identify the constant terms that we could not compute
directly using the method of Sections 3 and 4 as contributions of specific double cosets in the
Weyl group. Since these contributions can be expressed as theta-lifts of E;SKI(Z) up to an overall

factor of @, it is plausible that the analogous contributions for A(t) will also vanish in the
limit € — O, justifying our previous computations.
With these motivations in mind, let us consider the function

Aa+1 VT (44+8)A1° 2 (4+8)A; " A

dr,d
The (g5 d+2e—2):J T2 pSHO) gl (¢ d+2e—2)  (D.1)
Fo T

e Egi1
E(d+2e—6—06)(d+2e+1+6 )Edmz_ﬁ_é A48y
_ E(2s,,, +6—2€)E(2s,,, +3—d+06—2€)(d+1+2e+ 5)EEd+1
d=4,5,6 E(4+6—2€) (Sqp1+5—€)Ay+2eAg

This function reproduces the last two terms in (1.31) upon setting either 6 = 0 first or e =0
first and then writing 6 = 2¢. Recall that s, ; = %, %, 6 ford =4,5,6.
D.1 Weak coupling limit

We shall first write the result of Langlands constant term formula. We refer to [24, 65] for
the precise statement of this formula in terms of double cosets in the Weyl group. We shall
use the convention that A;_; stands for the trivial vanishing weight when k = d, and an
Eisenstein series including a weight A;_; for k > d vanishes. Using Langlands’ functional
relations between Eisenstein series, one obtains the following formula valid for alld < 6

E(d+2e—6—058)E(d +2¢ + 1+ §)E"4n (D.2)

262628 A 4 +(4+6)A g1

_2448e

~ 8 - 4Dy
2 (5(de 6-0)E(d +1+ OB

e 2¢( ,—1-6 Da £(7+25) 646 D4
+E2+5 +26)E(=5— 5 +2€)g%(g; B o, aen, T IR E(%—emd,ﬁzm)
E(4€—2) 514

g2 E(—4— 5 +2€)E(3+ & + 2€)E™

£(4e) (— 2 +e)N o +(4+6)Aq
E(4€—5) 1i6c ( E(—8—5+2€)E(—6—5+2€)E(6+5+2¢) g—7—5 gPd
E(4e) °P £(=3-0+2¢) D (—52+e)Ag s+ EE2 +e)Ay
4 EC14+5+20)E(145+2€)E(—1-5+2€) £(7+26) 6 p:Da )
E(4+6+2€) £(8+26)SD (#+€)Ad—s+(_¥+e)1\d
2+4¢e( E(=11-6+2€)E(—8—6+2€)E(7+5+2€¢) [ —14—25 | E(—4+6+2€)E(—1+6+2€)E(—=5+2¢€) E(7+25) (26 \ D
+04,68, ( T(-3-6+20) 8 + E(416+20) Z(8+26)8p )E26A1
E(4€ —5)E(4€ — 8) r(Ly—5+26)2(5+26)E(—d—5+2¢)2(3+5+2¢) g 6+8e gD
d,6 €(4€)€(4€ _ 4) E(—3—5+2€)E(4+6+2€) D (4+5)A1+(—%+6)A2 .

This formula can be recast as a sum of contributions of the different layers of charges as in
Section 3.2, with A(7) replaced by the Eisenstein series EEZL f?) Ay
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Then (gSLER)
AZ& (E(4+6)A1’ d—2+ 26) (D.3)

24+8€ > SL(Z)
~ & (§(d+26—6 §)E(d+2e+1+8)g? Id(E d—2+2€)

(4+6)Ay°
de SL(2)
+gJ V- 1+26J Jl Eismn,
2
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Z (y_42 Z e Vng;)Zyznz_ﬂy du 9a Qb)

YEPd \Dd n>1 dq EZd y
/ 2
+§(4€—2) 2+4e d T _SL(2) Z ged(Q1 A Q) ( T2 )6
{(4€) & (4+0)A o= v(Q; AQ3) v(Q1 +7Q2) - v(Q; +7Q3)
Q;xQ;=0
Q1AQ2#0
5(46 5) 1+6e(5( 8—5+2€)E(—6— 6+26)£(6+5+26)g—7 -6 D
C E(4e) ©® E(=3-0+2¢) » (— 52 +e)Ags+H( 2 +e)Aq
4 EC1H5420)E(1+5+20)E (15 +2¢) E(7+26) 5 Da )
&(4+6+2¢) £(8+26)Sp (1+5+€)Ad—5+(_#+6)/\d
£0 SL(2) o |
2 (Sp(4) (4+5)/\1) el - Q_ Jym oy
+5d’6 | |3(E 1H2E8p, V142 Z Z ~3+6 1+6 :
g "2 y€P,\Dg pa€S+ M Y
k>
gcd(kp) 1
UGZZ
detm#0

The first layer of charges, as in (3.13), gives the first line in both (D.2) and (D.3), while the
second layer, as in (3.24), gives the second line in (D.2) and the second and third lines in
(D.3). Note that for an Eisenstein series there are no exponentially suppressed contributions
to the constant terms as they do arise for A(7), see (3.29). The fourth layer of charges gives
the fourth line in (D.3) as in (3.43), which can be identified with the third line in (D.2). For
d < 4 this exhausts all terms. For d =5 and 6, it follows by elimination that the fourth layer
of charges gives the fourth and fifth lines in (D.2), that we have reproduced as such in (D.3).
Although we have not been able to compute these latter using the double lattice sum, the
overall factor of é(&z )5 ) suggests that the total contribution from the fourth layer of charge to
the abelian Fourier coefficients vanishes.

For d = 6, the same computation as in (3.59) gives the last line in (D.3). Using Langlands’s
constant term formula for the Sp(4, R) Langlands-Eisenstein series

ESL@) S ESL2)
ESPA) (4+8)A;  E(—4—0 +2€) T2en;,  E(7+20)E(3+ 06 + 2€) Faea,

(4+8)A+2530 7, T YTz E(—3—06+2¢€) V516 E(8+4+26)E(4+6+2€) V20

E(4e —1) E(—4— 5 +20)E(3 + 5 + 2¢) Etarom,
E(4€) &E(—3—05+2€)E(4+ 6 +2¢€) V22

(D.4)

one obtains three contributions which, upon using the identification of the sum over coprime
P, and k as a Poincaré sum over P;\SO(5,5) as in (3.59), give the two last lines in (D.2). We
have not proved rigorously that one can indeed write the sum over p, and k of the lattice sum
over koIl 4[ ki 1@ I 5[ k4 k%] as a Poincaré sum over P;\SO(5, 5) of a lattice sum over Il ¢ that
we used in (3.56), neither do we have a proof of the identities (3.57) and (3.58). The fact
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that the three constant terms match provides a strong consistency check that one has indeed

SL(2) SL(2) 512)
> Barom | 8(=4=5+2¢€) Eacn, L 7 +25)5(3+6 +2€) Ezen,
1+2 —3— 5+6 95
verptazy V1, (3-8 +29)V E(8+25)E(4+6+26)V
detC(y)#0

E(4e — 1) E(—4— 5+ 26)E(3 + 5 + 2¢) Eoarom,
E(4e) E(—3—56+2€)E(4+6 +2¢€) V22 ’

(D.5)

in agreement with (3.57), (3.58) for an Einsenstein series and that one can indeed use (3.56).

Note that for generic 6, the limit € = 0 is regular and produces the adjoint Eisenstein series
constant terms (with 6 replaced by 2¢ in order to match the notations in (1.31))

&(2s,,, +2€)&(2s,,, +3—d+2e)E(d+1+2€) p,.,

€(4 + 26) (5441 +€)AY (D6)
24
~ g ¥ E(d—6—26)(d +1+2¢)g*E™
D7 (4+2€)A, + 952,
—1—2¢ Dy E(7+4€)  6+2€ -Dg
HE(2+2e)8 6+ 26)(gD eE—(%+6)Ad4 + £(&+4e) S eE(3+€)Ad_1)

2( £(12+2€)E(9+2€)E(7+2¢€) —14—4¢ E(—4+2e)E(—1+2€)E(1+2¢) E(7+4€) _4de
+6d,6gn( E(4+2¢) gD + E(4+2¢) E(8+46)gb )) .
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D.2 Decompactification limit

We shall first write the result of Langlands’s constant term formula for d < 7, using again the
convention that the weight A, vanishes for d = 6, and an Eisenstein series including a weight
A, vanishes for d < 6. Applying the functional relations between Eisenstein series, one obtains
the following formula valid for alld <7

A Ej1
E(d+2e—6—0)5(d+2e+1+6 )EMZ’H A5y (D.7)

~REE ( (d+2e—7—-056)5(d +2e+ 5)Efiz+7_sAd_l+(4+5)Ad
+E(d+26—=6-8)8(d + 26 + 1+ SR H(ROE L o + R Eiias, )
R s—oanse 20020
% (Rd+1+5—26 Eng_l R + égigg Rd—6—5—zeEsz__1A1+ dr2e5-2 Ad)

E(4e+1—d) d—1—4e Eq
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+ GOt e ezt G0 S0 — 0 —2€)E(12+ 6 —2€)RTTTF

E(—d—10—5+6€) p7+6 Ea E(7+28) E(—d—3+5+6¢) p—6 1-Ea
X( E(—16—5+6¢€) R E5—5—Ze __9—6—6¢ + £(8+20) &(—9+06+6¢) R E12+5—2e _ 16+56—6¢
7 N7 A7 7 N 7 Ay

+5 E(—16—6+2€)E(—12—5+2€)E(—8—5+2€)E(8+5+2€) g(—17—6+6e)R14+25
d,7 E(—7—6+26)E(—3—6+2€) E(—16—56+6¢)

+ E(7+26) E(6—9+2€)E(6—5+2€)E(6—1+2€)E(1—6+2¢€) E(6—10+6€) )R10—46EE7

£(8+26) E(6+2€)E(4+6+2¢) E(6—9+6¢) 2eA,
+ E(4e—9)E(4€—12) £(—17—5+6€)E(6—10+6€) 5(—8—5+2e)£(—4—6+2e)§(6—1+2e)§(3+5+26)RlS—SeEE7
E(4e)E(4e—4) &E(—16—56+6€)E(6—9+6¢€) E(4+6—2€)E(4+5+2€) _MT*ZGA6+(4+5)A7

+ E(4e—9)E(4e—13)E(4e—17) 5(—17—5+6e)5(5—1o+6e)R20—106 5(17+5—26)£(13+6—Ze)£(9+5—26)£(8+6+26)R6EE7
E(4€)E(4e—4)E(4e—8)  E(—16—06+6€)E(6—9+6¢€) E(4+6—2€)E(—7+6+2¢) 8+5T+26A7

4 £(7+26) E2+6-26)5(1-5+26)E(6—9+26)E(6—5+2€) p—7~5 EE7 )
£(8+26) E(4+6+2€)E(6+2¢) 1752+2€ A, .

For d < 6, the last five lines drop out and this formula can be rewritten as a sum of contributions
of the various layers of charges in Section 4.2 as>®

35Note that the general theory of Fourier coefficients for Eisenstein series induced from cusp forms predicts
precisely the structure of L-functions appearing in (D.8), suggesting that this formula should hold for any Hecke
eigenfunction.
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The first layer of charges does not contribute for an Eisenstein series because the regularised
integral over F; of the product of two Eisenstein series vanishes [77]. The first line of (D.7) is
reproduced from the first line of (D.8) that comes from the second layer of charges I((iz“) with
Q; = 0 in (3.15), while Z{" gives the second line in (D.8) that reproduces the second line
in (D.7). Eq. (4.24) might suggest that the third layer of charges does not contribute to the
constant terms, but the use of (4.20) is only valid at € = 0 and there is a non-zero contribution
at € # 0. Using the Langlands’s constant term formula for the Sp(4) Siegel-Eisenstein series
in the Fourier-Jacobi expansion P;\Sp(4)

Sp(4) 40 e pSL(2) E(7+25) 25 ¢ -SL(2)
(4+0)A1+ 26'3'5/\2 ~te 6E_2€ 38, + §(8+2§)t €E4+5+26A
E(4e—1) E(—4—56+2€)E(3+65+2¢€) ﬂ_e SL(2) £(7+25) _ﬁ_f SL(2)
T E(4e) &(—3— 6+26)5(4+5+26)( E _ 24842 5 + 5(8+26) E. s~ 26/\1) (D.9)

one obtains
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such that the third layer of charges gives the second and third lines in (D.8) that gives the
third and fourth lines in (D.7). Consistently with (4.20), these two terms appear with a factor
of g(‘tf,;)l ) that vanishes at € = 0. We expect that the integral of A(7) will give the same result
from (3.58) such that this contribution vanishes in the renormalised function (1.31).

The fourth layer of charges gives the fifth line in (D.8) using (4.33), where the ratio of L-
functions (2.30) comes from the presence of the factor [v(Q; AQ,)| ™2 in (4.33) that shifts the
weight s in the Eisenstein series but not in the parameter of the L-function in (2.27). This term
reproduces the fifth line in (D.7). By elimination, the last two lines in (D.8), which reproduces
the sixth and seventh lines in (D.7), must come from the fifth layer of charges that only exists
ind > 6.

The same analysis holds for d = 7 for the first five layers of charges as we show in Appendix

E. The sixth layer of charges that only appears for d = 7 can be computed as in (E.27), (E.33)
to give

5 ESL2)
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e
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- 1,0)\2 {0 2 P T R =1
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By elimination one then concludes that the last seventh layer of charges contributes the last
two lines in (D.7) ford = 7.

In the limit € — 0 at generic 6 (a posteriori set to & = 2¢) one obtains from (D.7) the
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constant terms of the adjoint Eisenstein series

A — Ej+1
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D.3 Comments on layers with vanishing contribution

We have claimed in Section 5 that all the constant terms in the weak coupling and the large
radius limit with an overall factor of ﬁ vanish for the renormalised function (1.28) ate — 0.
We further argued that the whole layer of charges generating them, including contributions
to the Fourier coefficients, vanishes in the limit € — 0. In this section, we shall discuss the
corresponding terms for the Eisenstein series (D.1).

Ford = 4,5, 6, there are additional poles in % when one first sets 6 = 0, such that Formulae
(D.6) and (D.13) are not valid at 6 = 0. We must therefore be more careful in the analysis
of the contributions in ﬁ. We shall first discuss the constant terms and then the Fourier
coefficients.

Decompactification limit

Let us first discuss the constant terms in the decompactification limit (D.7). The term

4e—1)E(3+2€)E(5—2 (7) pd—6—2¢ E,
e s e+ 220 PRI B, L, D)
has a finite limit at e - 0 in d = 4,5, 6 and
e B2 29 £(d — 5 —2€)E(d +2 — 2€)RII 2B (D.14)

E(4€)&(4+2€)E(4—2¢)

4e—1 d—5—2¢
= A1 + —5 Ad

is also finite in d = 5. Assuming the conjectured expansion (3.58) is correct, these terms cancel
in (1.28). Next, the term

4e+1—d
%€(6—26)€(—1 — 2¢)Rd-14%e Ef§A1+(2+e) A, (D.15)

also admits a finite limit at € — 0 in d = 4, 5, thanks to the functional identity

E, &1 +2e) g,
—3A 2+ 4=45 £(4 + 26)E(—§+e)A1+(d—4+e)A2 ’ (D.16)

and the finiteness of E™ .
—§A1+(d—4)1\2

By the same reasoning as in Section C.3, we expect that the leading contribution from
Ifji (A, d — 2+ 2¢€) will include the same L-function factors as for the Eisenstein series in
(D.8), such that
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ged(2,110,) 2 [ 1d°2y —n0J6(0;,9))
Z v(Q1AQ5) J |Q |2_EA(T)6 e ! (D'17)
Qierj g e
QiXQjZO
Q1AQ,#0
£(6)E(2) oy E(6)E(2) _E 0
= WIAT(A,]. +2€)+O(6 ): TE—§A1+(2+6)A3 +O(€ ),

reproducing (4.35). We checked explicitly in the decompactification limit that the last equality
holds for d = 4.
For d = 6 we moreover have a finite contribution from the fifth layer of charges,

E(46—5)E(4e—9)E(—14+2€)E(9—2€) o _ 9—6¢ e 28(2)E(6)E(10) o
F@eRte e 20 o0 260612 =26RTE G = = =R

(D.18)
This contribution comes from the constant term in TEB of the Eisenstein series Eif\gz) (7) that
also appears in A(7), so it is expected to cancel in (1.28).

Weak coupling limit
Turning to the weak coupling limit (D.2) , we have already seen that the contribution

E(4€ —5) 146c E(—8+2e)E(—6+26)E(6426) 7 D
E(4e) o £(—3+2¢) &p B(3re)Ay s+(3+e)Ay

(D.19)

of the third layer of charges has a finite limit in d = 4,5, 6, but we argued in Appendix C.3
that it cancels in (1.28). The contributions from the fourth layer of charges for d = 5,6 do not
vanish at & = 0 in the limit € — 0. The two terms contribute for d = 5 and only the first for
d = 6. We expect them to cancel in (1.28). The contribution from the fifth layer of charges
gives a finite contribution ind = 6

E(4e —5)E(4€ — 8) r(_7420)e20)6(—a+20)E(3426) . —6+8€ Da
E(4€)E(4e —4) (=3 +2e)c(442¢) & Eanraran, (D.20)

which cancels in (1.28) provided the expansion (3.58) is correct.

Borel Fourier coefficients

We want now to argue that the Fourier coefficients associated to the layers of charges that

give constant terms with an overall factor of @, also include a similar factor and generically

vanish. For this one can use a reduction formula for abelian Fourier coefficients in the Borel

decomposition, the so-called (degenerate) Whittaker coefficients or Whittaker vectors [24,76].
The abelian Fourier coefficients of the SL(2) Eisenstein series can be written as

1

A _ 2TinT SL(Z) S 2s—1
W Nl naq )= dtqe 1E A = = V7T K 2m|n|T . D.21
’ 1( 1) J;) ! Sh 5(25) 5(25) 2 |”‘|S % S—%( | | 2) ( )

Similarly for SL(r + 1) Eisenstein series, the generic abelian Fourier coefficients in the Borel
decomposition®® take the form

. Wi 1 (1)
A, _ —2mi 3 meay pSLr+1) _ {si}\ Mk
W. (E leak)ZJdae Kk = .
A A -1 r—k k ’
25k Mk p U DAk I Il::o ;:1 5(221;1 s; —k)

36The product of & functions in the denominator is due to the product over all positive roots of SL(r + 1), see
also [78].

(D.22)
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for {s;} such that none of the £ arguments vanish, i.e. ]_[,r;é ;;11((2 Zi:j s;—k) # 0. The
functions Wy, ;(n;) are Eulerian functions 37 on the Cartan torus and are regular for all s;. In
particular the reduction of the wavefront set at special values of {s;} is a consequence of the
vanishing & factors only. The abelian Fourier coefficients of an arbitrary Eisenstein series over

a reductive group G

G — —27i >y nag G
WZskAk(Zk: neoy) = fUdae KBS A (D.23)

can be written in a similar way. It can however happen that the ‘instanton charges’ n; on the
simple roots are not all non-zero, in which case one is therefore computing a degenerate Whit-
taker coefficient. The resulting expression is then not necessarily Eulerian but can be given by a
sum of different terms in a way described by Weyl cosets according to a reduction formula [24].
If the subset of non-zero n; corresponds to a subgroup SL(r; +1)xSL(ry+1)x---xSL(ry+1)
of G, the corresponding Whittaker coefficient is said to be of Bala—Carter type A, A,, ... A, . It
is generally given by a sum over Weyl elements acting on »_s;A; and subsequent projection
to the subgroup SL(r; +1) x SL(ry+ 1) % --- x SL(ry + 1) generating products of terms of the
generic type (D.22) with coefficients depending on the s;.

We shall now analyse some of the Whittaker vectors for the Eisenstein series (D.1). We
will only display the & factors and will schematically write f; for some products of functions

W{sk}(nk)'

e For D5, using the reduction formula one computes the Whittaker vector of type A,A;A;

7
FiWare(m) + £B W, 5 (m)

Ds
+ +may + = )
(cFnsrang (M Mata s Pas) = e T G 20)E(5 + 26)E (3 — 26)
(D.24)
where, at the identity in the Cartan torus,
fi= We—2,2+e(n1a1 +n00)We_o(p), fo= W%+6’6_%(n1a1 + nzaz)Wg+e(P) . (D.25)

One recognises the structure of the terms in the third lines of (D.7) that have the same factor
of HCHHEE Jée) HC=TL suggesting that they come from the third layer of charges in the decom-
pactification limit. One can understand that the type A,A;A; corresponds to generic Fourier
coefficients in the decompactification limit. In this case the Fourier coefficients in the 10 of Pg

50(5,5) 2 ... @ (gl; ®sl:)* ® 10" (D.26)

supported on the simple root pas, of type A; have a Levi stabiliser sl3 @ sl,, so the generic
Fourier coefficient that can be related to a Whittaker vector corresponds to a Fourier coefficient
of the generic SL(3) x SL(2) Levi functions that are by definition of type A,A;, leading to a
total Bala—Carter type A,A;A;. The Whittaker vectors of type A,A; have a structure similar
to (D.24) where Wy, .(m) and W__ 3 (m) are replaced by the constant terms (at the identity) of

SL(2) and ESL(Z)

the corresponding SL(2) Eisenstein series Eoro A, (e—3/2)A,

together with one additional
new contribution

37i.e. they can be written as infinite products of p-adic Whittaker vectors for all primes p, including a special
function contribution from the ‘archimedean prime at infinity’.
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o g4+ 20 +E3+20) + EF (84— 26) + E(5 —2€))
(= ngrang (101 + Motz +pas) E(4€)E(4+ 2€)E(4—2€)E(5 + 2€)E(3— 2e)
E(2+2€)E(6—2e)W, _3(njaq +nyay)Wse1(p)

€= 5

+ . (D.27)
€(4€)E(4+2€)E(4—2€)E(5 +2€)E(3 —2€)E(8)
The new contribution has a factor of W,._;(p) associated to the Eisenstein series Ele'e(ﬂ) Ay

whose corresponding constant term includes a factor £(4e — 3), and is understood to corre-
spond to the fourth layer of charges in the decompactification limit. One may check that for
€ — 0, the A, Whittaker vectors collapse to the Eulerian Whittaker vectors of the adjoint series,
so that all Fourier coefficients associated to the third and the fourth layer of charges indeed
vanish at € = 0.

e For Eg, using the reduction formula one computes the Whittaker vector of type A,A;A;
7
FiWare(m) + 5@ oW, _3(m)

E(4e)E(4+2e)E(4—2€)E(6+2€)E(2 — 2€)
(D.28)

Eg
(e—3)As+4Aq

(nyoq + may +nyas +pag) =

that can similarly be attributed to the third layer of charges, and does vanish in the limit € — 0.
One finds for type A5A;

e F1(EG4+26)+E(3 +20)) + 57 fo(E(4—2€) +E(5—26))
W tongran, (01 + 1203 +p0t6) - = E(4€)E(4 + 26)E(4—26)E(6 + 2€)E(2— 2¢)
E(2 +2€)E(6— 26)W, _3(nyaty + )Wy, _3(p)
E(4e)E(4+2€)E(4—2€)E(6 + 2€)E(2— 2€)
£(7-26)fs + E(1+26) G5} fo
T E(@0)E(4+ 20)E(4—20)E(6 + 26)E(2—26)

Again, one can attribute the first line to the third layer of charges, the second line to the fourth
layer of charges and the third line to the third layer of charges. All these contributions vanish
in the limit € — 0, but the last term associated to the third layer of charges. One finds also a
Whittaker vector of type A,A; that does not vanish at e — 0,

. (D.29)

E E(1+26) 88 fs
(eDngran, M0 M2+ 1203) = T s EereaE e T O€) (D:30)

Es
. . ‘ . 467;1/\1 + 7+52726A5
(D.7) and is therefore associated to the third layer of charges. This shows that the wavefront set

E . . . .
of E ( 6 Ac+an |60 is of type A,A; and not A,, and therefore this function cannot be a solution
€—3)As 6

to the tensorial differential equation (2.10). In order for the renormalised function (1.28) to
satisfy this equation, this contribution must cancel against the Fourier coefficients of the theta
lift of A(7).

This Fourier coefficient can be identified as a A,A; type Fourier coefficient of E in

e For E, the Eisenstein series & (26)Efj{;£r 4n, is of Bala—Carter type A3A; (with wavefront

set associated to the smallest nilpotent orbit of that type). The corresponding Whittaker vector
is

1
)

E(4€)i(4e —4)E(4+2€)E(4—2¢€)
(D.31)

E
E(2e)E(7 + 26)W6/Z6+4A7(n1a2 +nya4 +ngas + pay) =
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consistently with the fifth and last layer of charges contribution in (D.7), that includes the
same denominator.
Turning to the A,A;A; type, we find

E(2e)E(7 + 26)W5X6+4A7(n1 a; + may + nyas + pa;)
_ htigh E(4e—5)fy + g f)
T E(AO)E(4+ 20)E(4—2¢) | E(4€)E(de —DE(A+ 26)E(4—26)”

where the first term comes from the third layer of charges as in (D.24) and (D.29), while the
second comes from the fifth layer of charges. One finds again that the A,A; Whittaker vector

(D.32)

E(2€)E(7 + 2(:‘)WE7 (nyaq + nyas + pay)

eAg+4A;
_ E(4e—5) 1 _
= GOE G —EG s 2EG =2 @) EROEIUs + f) + (L + 20027 - 26f(e))

. 1 &)
E(4€)E(4e —DE(4+26)E(4—2¢) E(8)

vanishes at € — 0. For E; all the A,A; type Whittaker vectors are in the same Weyl orbit and
therefore vanish in the limit € — 0. For W_ KG +4 A7(n1a1 + ma, +nyas) the contribution from
(D.30) coming from the second layer of charges in (D.7) cancels agains the same contribu-

tion from Eff_l coming from the third layer of charges in (D.7). We conclude that
TA1+(4_6)A6

3 (2e)Ef/d\;L 4, |0 is of Bala—Carter type A,, and must therefore satisfy the tensorial equation
(2.10). We also checked that all the Whittaker vectors of Bala—Carter type A;A;A;A; vanish
at e — 0 and the ones of type A, collapse to the ones of the adjoint Eisenstein series (i.e. all

terms proportional to @ cancel in the limit € — 0).

£(2e —5)E(1 +2¢€)f3(e)+ O(e) (D.33)

To summarise, we have found that for d =4 and d = 6, all the Whittaker vectors of Bala—
Cater type exceeding A, vanish in the limit ¢ — 0 and the ones of type A, collapse to the
Whittaker vectors of the adjoint Eisenstein series (D.6), while for d = 5 we found that some
Fourier coefficients of Bala—Carter type A,A; originating from the third layer of charges remain
in the limit. We take this as further evidence for the fact that for all d, the fourth and fifth
layers of charges do not contribute to the Fourier coefficients of the renormalised coupling
(1.28) in the decompactification limit.

E Decompactification limit for Eg

In this appendix, we discuss the d = 7 case considered in Section 5.4 in more detail. We first
explain how to rewrite the charge sum in the double theta series (1.18) in this case. We extract
the constant terms and abelian Fourier coefficients from the new layers that have no counter
part for d < 7. In particular we extract the summation measure for 1/8-BPS instantons in the
decompactification limit, which is related to the index of BPS black holes in four dimensions.
We consider the lattice sum (1.18)
/ ..
(b, Q)= D, ™R, (E.1)
Qier:
QiXQJ‘:O

where Mf: is the lattice in the adjoint representation invariant under the Chevalley group
Eg(Z). Under the grading

ess) 2177 @560 @ (gl @ ¢r7))” ®560 @ 1 (E.2)
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one defines Q = (n,T,£ +Q,T',m) € Mf: withnmeZ, T, T € MAE: ~ 7% and Q € e> and
€ € Z/2 such that Q +¢ acts on M;” as a 7°%*56 matrix [50, §4.1]. For { integer, Q € M. The
Spin(16) invariant bilinear form is

G(Q,Q) = R*(m+(a,T+bY)+2bl +b*n+3(a,Q-a)+ (T, A'(a)) + 1nA(a))’
—|—R—2|Z(F +Q-a+la+ %A’(a, a,T)+ %a(a,T) + %nA’(a) +b(Y + an))|2
+|V(Q+2a XT+a x an)|2 + (E + %(a,T) + bn)2
+R|Z(T +an)|* +R*n?, (E.3)

where the axions a € R°®, b € R parametrise the Heisenberg unipotent subgroup R***! c Pg,
R € R* the GL(1)" subgroup and the SU(8) invariant norms |V(Q)| and |Z(T')| depend on
E;/SU(8). Altogether they parametrise Pg/SU(8) = Eg/Spin(16). Recall that A'(T) € Mf: is
the gradient of the quartic invariant A(T') € Z and A'([},T,,T3) € M is the corresponding
symmetric trilinear map. The 1/2 BPS constraint Q; x Qj = 0 is satisfied if and only if the

symmetric product Q; ® Q;|,, = 0, and the highest weight A; module decomposes under (E.2)
as

387521337 @ (912056) " @ (15390 1330 1)” ® (9129 56)” ® 133 . (E.4)
The five components of (E.4) can be written explicitly as [50]
i) TxYT=nQ,
ii) 3Q-T=nl—(T, 2TxQ-N+3/x@Q-1)={,T)Q, VIeM",
i) Q*-J=(3t>=3mn+3(Y,T))J +27(T,J) —2I(Y,J), VJeM, TxT=(Q,
iv) Q- T=(l—mY, 2Ix(Q-J)+3/x(Q-N={,IQ, VIeM,
v) TxI'=mQ. (E.5)

We consider the computation of Qf: layer by layer as in Section 4.2.

E.1 Constant terms
1) The first, second, third and fourth layers

For the first four layers of charges, i.e. with T; = n; = 0, one finds that ; = O from the
constraint and the computation is identical to the one carried out in Section 4.2. All the
corresponding results in Section 4.2 apply to the case d = 7.

2) The fifth layer

Let us now consider Y; # 0 and n; = 0. First we shall discuss the case in which ; are linearly
dependent, so one can consider the E4 grading:

oo = 2726 (gl @) ©27
56 = 19927 0270019,
912 = 789e(351027) "o (351927) 0789,
1539 = 27796 (351027) "o (10789650)” @ (351027) @27, (E.6)

such that 1; = (0,0,0,n;) € 1®. Using the 912 constraint one obtains that Q; = (0, x; + 0, p;),
such that x; € Z. The 56 constraint then gives x; = —(;. Then the condition Q% + 4T' A Y in
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the 1539 enforces that I; = (p?, Pi>4qi»qi0) with the additional constraints

niq;) =—p; X Dj » ngpj = 2xiPj n(ip?) —4x;x; , (E.7)
where x; = —{; is in Z/2. Then the constraint T x I' = £Q gives

1
—snapy),  napj = 4axg (E.8)

tabp=—3

the constraint QI'|g;5 = 0 gives

o - - - 1 o
2xpj) +P(ip?) =0, puXxDPj=2xuq;), 4q9qx[Pjxy)=Dutrqy+ 37 Thud) » (E.9)
whereas the 56 component of iv) gives

(e —La)dop) + 5 trPuay = —munyy (g —3)a;) = 2B X pjy » (%(i+3f(i)Pj)=P?if)j)-
(E.10)
Finally v) gives

P X Pj=—Dpgdy), 2muxj=3p0dop— trPudy, 4qu * (pj) X ¥) =putrgpy + %y trpiq;)
(E.11)
and

q; X q; —P?ipj) =n(pj) - (E.12)
For ¢; = 0 the solution is the same as for the fifth layer of charges in E,. We are not able
to extract the constant terms from the fifth layer, but the Langlands constant term formula
suggests that they will involve a factor of m and vanish in the limit € — 0, along with

the corresponding abelian Fourier coefficients.

2) The sixth layer

We shall now consider T; # 0 and linearly independent with n; = 0. In this case one can
consider the SO(5, 5) grading:

e, = 1026 (2016) " @ (gl ®sl, ®50(5,5))" @ (2©16)” © 10%
56 ~ 227616 @(2010)” 16V @27,
912 = --.0(2812002x2810)" 0 (30160144016)" 0 (204502)? @16,
1539 = ...9(12003210910)0?®(216)® @ 19 | (E.13)

with T; = (0,0,0,0,n,/) € 2®. The condition QT|g;5 = O then implies that

;P

NP )
= gk lsip 2L JE
Q=(0,0.n/ = +35/n/ -, 0n

.q)€(202)% 0 (2016)" ©10? (E.14)

so that £ = %nij {;/r. The condition Q? + 4T A 'Y to vanish in the 1539 implies that

= (ng 8, ij%%:%niti£ ef"e—ql,dlk ), (E.15)
with the constraint o
2en my)' = (q;,q5) - (E.16)
The only constraint that is not yet satisfied is I; x I; = m(;Q;) that enforces
2P b
mi:EE‘liE"‘mi]? . (E.17)
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Here we defined k coprime to p € S, and r coprime to ¢; € Z? such that they divide n,/ and
all the other necessary quantities for the charges to be integer valued.

One can then interpret the sum over (k, p) as a Poincaré sum over P; \Eg, and the sum over
(r,£;) as a Poincaré sum over P;\SL(3), for the maximal pair SL(3) x Eg C Eg, and manipulate
the sum over n;/,q;, m;/ using the orbit method for an auxiliary genus two theta lift. One can
understand this in two steps. One can first rewrite the set of charges at {; = 0 in the P, C Eg
decomposition in which the sum over (k, p) can be interpreted as a sum over P; \Eg

g =20 027 70 (2027) Ve (g sl @)@ (2027)V @ 277 @ 2

n ]pr

(nJ,n2 5) € (2027)"

L 1 k
p pqlp
(”‘ILk 2k2

)e27?
m €29, (E.18)

The set of charges of the sixth layer, at £; = 0, span the three first degrees in the decompo-
sition above, where the doublet of non-collinear charges in the (2 ® 27) is in the Eg orbit of
(n;7,0,0). One recognises the sum over (k, p) as the Poincaré sum over P;\Eg of the solution
to Q; x Q@; =0 at p =/{; = 0. Similarly, the sum over non-trivial (r,¢;) can be interpreted as a
sum over P;\SL(3) in the decomposition

g =@ (gl, ®sl;®50(5,5)?@(3916)Y® (30 10)? @ 16" @39

NS Y TN Y
(nif,niff +on!—n=5) € (s15)”
, L
(2 ni 2Py e (30 16)"
k rk

PYP

o s
(ql-,ef"fqi —2)e(3010)?

P
¢jl%el6

i ,ml - 2k2 )e 3(4) (E].g)

Now, the set of charges of the sixth layer span the five first degrees in the decomposition above,
where the doublet of non-collinear charges in sl is in the SL(3,7) orbit of (nl-j ,0,0). One
recognises the sum over (r, {;) as the Poincaré sum over P;\SL(3) of the solution to Q; xQ; =0
at Ei =0.

With this interpretation as a P;\Eg x P;\SL(3) Poincaré sum in mind, we rewrite the in-
variant bilinear form as

G(Q;, Q)) = (R_Z_yvij +R_4ZiZA)(mii+(&i,qi +l&kn<k)+l~)n~i)(m<j+(dj,qj +%&i)nji+ anj)

1

+ (O + R0 Dy + 2z Braursh + 1—(”“")("(?2)@ +afn )} +ain,)
}’U ’

1M)(

+(R%y + v, D) + y2u(p, p
(R2y + (@D + y?u(p, p) + R+ oL, D)

1 5s o o
R—E N )Tlilnj], (EZO)
where we introduced for short
- A sl
€i=—1+ai, 13=I—D+a+cl(—l+ai),
r r

k
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ad = ag + cﬁ“(% tat %Cj(e?j +ay))+ Ca(z?i o)+ %gﬁvﬂ(% ’ a’A‘)Rzin—:ffEZ:Z) ’

b=b+1a(2

P rat3d(Bea))+3a(2 va) + 3pep+ . (2

The factors of R? + %’U(Z ,0) in the denumerator in (E.20) comes from completing the squares
in

R2yvymi'm + R™4(m; "6 + 3pdip)(m; 7 L5 + 3pd;p)

p4:p )(m1+§uﬂz pflijp~ ] )
R2y+v(€ ) R2y+v(€ 0)
1(pYap)(ppr) agh
‘R4 B v(e Y

= (R_szij +R_4Zi2j)(mii + % th
(E.22)

and
Yuapq{q} +R 2vguay(e™8iqf + 3n' br°p) (e 4q} + 30 py°p)
. am ~ b=~
2. 57 i kpy _ DY°D b1 . Jag _ DPY'D
= (y+R 20, ))uy(q®+ intv, i, ————)(¢? + in v ell0, — L= —
ab(l 270U TP Ray (@, E))(] 27l qR2y+’u(€,€))

1 u(pr prp) (v

— 2 (v + o bly)ng'ny (E.23)
*R2+ Ly(,0) 1+ eyl

and repeatedly using the Spin(5,5) identity [79]
YPBYe =—3(Br'Plra = Y'P(PraP)=0. (E.24)
G(Q;,Q;) in (E.20) is then recognised, up to a scale factor, as the the metric on the SO(7,7)
lattice II ;
§(Q1,Q)) = R0y (mi! + (@, q; + Jagn ) + bn) (m? + (@, q; + Sapn,’ + bn)?)

+14p(qf +af l)(q +a nJ)+Rv in; nJJ, (E.25)

with

G(Q;,9) = \J (y + 250y 1 (y + ”(”))—u(p P)+ 4R4u(pr prp) §(Qi.Q))

B — R2 1+v(l;,€)+u(p,zz)+% u(pyp. PYP)
Ry R2y2 R*y +R2v({,1)
id;
. Vitry
v = (X))
L,
1+ %2
(X .
(1+ 58 ugy + hrbroursp + 220000
Ugp = (E.26)
\/(1 4 v, z)) +(1+2L e) ubp) | 1 u(pg,;,yp)
R2y2

where one checks that {i,; is indeed an orthogonal symmetric matrix using (E.24).
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We can now use the orbit method for the genus-two Siegel-Narain theta series on the
lattice II; ; to compute the sum

3 N - o
f o deQl |Qz|E<P1t<rz(Qz)|Qz|§ Z Z ez O 0y it egminy (3, )
g |Q2| Z3\R3 nJEZZ Qia€1ls 5

detn£0 mJ €Z?

f &0, (AREACH) IS
g|§22|2

ZI\R? YEPZ\SP("r z) m'ez? 4i€lss
detC(y)#0 detm#0
. e—nﬂ;iljﬁf)ijmfimjj—nﬂgjﬁabq?qj’.’—niQiljnabqfq] +2mmjlq‘1afl
xR? +..., (E.27)

. 1 5
(O + 22 + (o + ) @, ) + 3 3euorp, prp)) 3

where the ellipsis denotes non-abelian Fourier coefficients. The constant term at g; = 0 can
be computed using the interpretation of the sum over k and p as the principal layer of the
Poincaré sum P;\Eg and the sum over r and £ as the principal layer of the Poincaré sum over
P;\SL(3).

In order to carry out the sum over k and p bellow we shall use that the sum over P;\Eg
can be interpreted as a weak coupling limit with gs = (R? y2 +y 2 v(l, 6))_' such that

oo

1
Z u(e 0 | uGrat+a) | 1ul(F+a)r(F+a)(F+a)r(F+a)]ys
k=1 ZLEEGSI;'SS (1 + R%y + Rzy% ty R4y+R2v(1,0) )

(k,p)=1

E(2s—8)8(2s—11) 4. 16 v(l,0)\8-s _ﬁm
f2)Es—3) 7R (1+ R2y )+ 0 yIEy ) (E.28)

up to the exponentially suppressed Fourier coefficients in (@9, by recognising

Es _ 1 1
A, _2 4 :
e T 2(29) 57, (57 K2+ g Su(p + ak, p + ak) + g u(g + (ayp) + Laya)k, g + (ayp) + Laya)k))s
PES,
q<ls s
2nq=pyp

(E.29)
Similarly, to carry out the sum over £ and r one can recognise the unrestricted sum over £ and
r as the SL(3) Eisenstein series

1 1 3
ESLG) _ BLf 3 (E.30)
(smehi+2ehs  2¢(2€) é (y3'v(€ +ar € +ar)+ y2r2)y 2N\ | JTCIRE I
73

tez?

such that the restricted sum with r # 0 can be recognised as its last constant term using
Langlands constant term formula, giving

00 tra)t+a)
1 vt
Z Z v(t+a,b4a) ESEL/(\Zl)( u(—+z—+a) )
g o Ry T Wt
E(2s—2e—1)E(2s +2e — Z)R2 ESL)
E(2s—2€)&(2s +2e—1) 2€M

(V) + O(e ™ 2) (E.31)

One determines that this is the unique constant term coming out of the principal layer by
computing the scaling in R?y from the homogeneity of the Fourier transform.
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Using (E.27) and (3.58), one can compute in this way the constant term contribution

I'(76a) _ 10((3) Z ZZ Z

yeP,\Eg (rf) k=1 pES,
PYP

2k €ls5
(k,p)=1
[#m, _ Faiore
X
3 o 1 5
3 71,52 i < O |
meze 49 12212 ((y +2E0) + (y + L5 2 u(, p) + L Hulbyp, brp)) 2T
detm#0
m(l/r)ez?

oy O+
E(—20)E(2e-1) Esuz)( 72 )
il 2eA
( +U( )) €M 1+v(£+a,£+a)

20Z(3) RZy
= C R4 Z ZZ Z U(N))z U(“))_% 3

yE€P,\Eg (1,0) k=1 peS, +(r+
szzfeﬂss

(k,p)=1

trad+a)
5(—2e)5(2e—1)5(26—5)5(26—8)@32)(”_ 5 )

oo 1 v(%ﬂz,%m)
— 204’(3) ZOZ ZZ \l;

yEP\Eg () k=1 E(2€)E(B +2e)ylt2e(1+ U(Jr;yﬂ))ze—4

200(3) £(2€ —9)E(6€ —10)E(—2€)E (26 — 1)E(2€ — 5)E(2¢ —8)E, ()
- P> E(2e — 8)E(6e — 9)EREIES + 26)y™

T

YEP;\Eg
_ 204(3) p3r £(26 —9)E(6€ — 10)E(=2€)€ (26 —1)E(2¢ —5)E(2€ —8)
T E(2e —8)E(6e —9)E(2€)E(3 + 2¢) 2eh;
=, —40E()E(6)E(11)R* . (E.32)

In the third equality we carried out the sum over p and k using (E.28), and in the fourth
equality the sum over £ and r using (E.31). This is the term that appears in the decompact-
ification limit (4.1), except for the sign. The sign will be resolved in considering the renor-
malised coupling (1.31). Indeed, this contribution drops out in (1.28) because the constant
term ng)VzEgeL/(\z)(T) in (3.58) also appears in the constant terms of the Siegel-Eisenstein
series (D.4) at & = 0. After these cancellations, the only remaining contribution in (1.28) is

the one from the adjoint Eisenstein series coming from the Siegel-Eisenstein series constant

5¢(3) y2+2e

term - 5

that gives instead
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2m? 5(3 + 2¢)

2k GH55
(k,p)=1
J‘ dBQz |Q |ER26—ﬁQinﬂijmiimjj
X
3 07 ' R
meze 9 1Ql% ((y + 2SO + (v + 2COY 225, p) + L Lulprp, prp))?
detm#0
m(l/r)eZ?
Ré4—4e E2e)E(2e-1)
_ 47-5 5(3"‘26) Z ZZ Z 5(1+v(él))2
- u(u) up.p) 1 upypprh)\o
9E4t2e) L8 1opes. (et e S ST
Sk €ls 5
(k,p)=1
_ 4n2§(3+26)R20_46 o £(2€)E(2e —1)E(2e —5)E(2¢ —8)
9&(4 + 2¢) v(f+a, +a)) 4

reP\Eg () k=1 £(2€)E(3 + 2¢€)y (1 + RTy

_ 4m2E(3 + 2¢) R22-4e Z £(2e —9)E(2e —10)E(2€)E(2e —1)E(2¢ —5)E(2¢ —8)
T 9E(4+2€) £(2e —8)E(2e —9)E(2€)E(3 + 2¢)

yeP,\Eg
4?4 E(2e—10)E(2e —1)E(2€ — 5) 29
= 5 —R F(4120) = 40&(2)E(6)E(11)R™. (E.33)

Note that in both cases we have used formal identities for divergent sum or integrals. In
the first sum for I‘;’“), we integrated the logarithmically divergent integral over V by analytic

continuation of le‘ié at € = 0. For the second sum we have the formal Poincaré sum of 1 over

P;\Eg, which we consider equal to one by analytic continuation of the Eisenstein series Efj‘\7
We encounter these divergences because we have neglected the cut-off L on the fundamental
domain F in the computation, in particular when we used the orbit method in (E.27). We
expect that a proper handling of the cut-off L in the orbit method should be equivalent to
introducing such parameter € as in (3.21). Although this computation is not rigorous, the fact
that the same method reproduces correctly three of the constant terms of the two-parameter
Eisenstein series in (D.7) provides a strong consistency check of our result.

For d = 7 both the counterterm and the three-loop contribution are finite, so one may

wonder why one needs the renormalised coupling to get the right answer. The point is that
5(5—26) 5+2¢

Ifz (E&LJE?)AI, 5+ 26) includes a non-analytic factor in Ee720) ~ 5—ac hear (6,€) =(0,0), such

that the finite value at (6, €) = (0,0) depends on direction in which it is approached in C2.

E.2 Abelian Fourier coefficients

We now consider the abelian Fourier coefficients coming from the sixth layer, since the contri-
butions from the other layers were already discussed in Section 4.2. Combining the results of
the last section, and using the same method as in Section 3.3 for the weak coupling limit in
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D =4, one concludes that they take the form

D 1D D YD I S ) I e

YEPG\E; QeZ2®lls s AcZ2*2/GL(2,Z) d|A~1Q-QTA™T r>12 (1+Rzyv(z,€))2
-5 1 2 LeZ,
A(Q=1 AT QEZ®I5 s ged(r,0)=1
rlA7lqQ

dSQZ 47TA(Q) 5 1 T )
+ — + —tr[ Q2,0 - QT
k>1 f?—[ 1|\ L(p,E) TE|QZ|(L(1~),€)3 L(p,0)> [2,Q-Q ])

PESy
ged(k,p)=1
(pzrlf) 7

Al
€S-

—1
A ;qp €7

2
—ntr[QZ(L(p Q- QT+(1+ U(Z Z))QuQT-J-—pTQLQTp+4 R45ﬁg& l))]_ ‘/l+iu(2 E)tr[ﬂ s(v+ UT)ET]
R2y k]

xe
XeZni(Q,af+ciy(%+a+%cj(g+aj))+c(£$+af))) ) (E.34)
Y
where
AQ) = det[n*™Q;Q;p)], (E.35)
. 1 ~ .y, 1 u(pyp,pyp)
L(p,L) = 1+ —v(,0)+ ulp,p)+ - ———m——.
P J R%y R2y3 PP 4R4y +R2v(¢, 1)

To exhibit the Fourier expansion, we still need to decompose the sum over (k, p) into p mod
k and the integral part p’, and to use the Poisson formula on the sum over p’. We define the
function

fQ(LuL)ZJ d3ﬂz(47TA(9)+ 5 |( 1~ [ 2,Q - QT])) (E.36)
Hy

Ry# Ry? 1| \ L(p,0) 7wl L(p, ()3 L(p,f)z
e 0(L(.DQQT+(1+ g v(EDIQUQT+ QTP+ i E )] \/H”R —— [0, (vt 5 UT)eT]
x e ’

J

which can be evaluated in terms of matrix variate Bessel functions [50, 80] if so desired, and
its Fourier transform

falr: 1) = f a0 J A1 fo(p, HePmEP A0 (E:37)

where we have rescaled variables such that fQ( x> A) does not depend on y. While we do not
have an explicit formula for fQ( %, ), we note that the integral is absolutely convergent. The
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38

generic Fourier coefficients can be written as

(6c) _ 122 —3z( AQ)
25 NI
YEPG\E; “QeZ2®1l5 5 X €S+ AcZ¥?/GL(2,Z) dIA1QQTATT

AQ)21 A€Z? AT'QeZ’ellss

% Z o251 Z e2m(52)

k>1 r>1
peS, mod kS, (e7? mod rz2
(PZ);(p) Ells s rl|A='Q
Algp
TGS,
AﬁlPQP 7

2k2

% fNQ(Ry%(x _Qici),Ry%(Ai _ Cix n %CijCi _cha))e2T:i(Q,a)+27ri()(,a)+2ni(€,a)) (E.38)

Y

where the coefficients ¢(n) were defined in (A.12). As expected for a generic Fourier coefficient
saturating the Gelfand-Kirillov dimension of the automorphic representation, these Fourier
coefficients decompose into a measure factor

@ =SS @A) T 2o T 2 (g sg)

A€Z*? |GL(2,7Z) d|A~1Q-QTATT k>1 r=1
AT QeZ2®I; pES, mod kS, €72 mod r72
: @) o rliATQ
2k 5,5
AT]QPES_
A =/

and a real part given by the function R%? fQ of R and the Levi factor v acting on the charge

I'=(0,0,Q, x,A) only. Note indeed that the dependence of the function in y and the axions

¢', ¢, is manifestly covariant under Ps. The main complication in this formula is the Poincaré

sum over Pg\E,. One must still determine the set of (Q, ¥, A) mapping to the same charge
E, . p

I'e M, under the Poincaré sum.

The computation simplifies drastically if the charge T is projective according to the defini-
tion given in [69]. Any primitive charge I' € Mf: (with ged(T") = 1) can be rotated by E,(Z)
to a doublet of vectors (Q;,Q;) € Il » (corresponding to the so-called STU truncation with a
single magnetic charge p® = 1)

Qi=e++qie;-,  Qxy=qaexy +q3ex_+qoe;—, (E.40)
for a specific basis of light-like vectors e;. normalised such that
(eizx,€j+) =0, (eir,ej_) =6 - (E.41)
A primitive charge is moreover projective if and only if (where q;,3 = q;)
gcd(q0,q1,qr41q142) =1 for1=1,2,3. (E.42)

If A(T) =1 mod 4 (i.e. gy odd), a charge is projective if and only if gcd(%A’(F)) =1[69],
with

1 —qoe1+ t qog161— +2q192€24 + 291435
N Q,Q,)= ( . (E.43)
2 (@1, Q) —2qsq3e14 + (q(? —2419293)e1— + qoqaeat + qogsea—

38The condition d|Q - QT is a shorthand notation for d|(Q;,Q,)/2,(Q4,Q5)/2,(Q;,Q,).
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Considering the representative (E.40), one finds that (E.40) for i = 1 gives that gcd(Q;-Qj) =1
and (E.40) for i = 2 implies gcd(Q; A Q5) = 1. Since gcd(Q) = 1, it follows that the only
matrix that divides (Q,Q,) is the identity A = 1, and the only integer dividing the norms
are d = 1 and k = 1. In this case there is no sum over p and the measure reduces to
E(A(Q)) = E(A(Q, x> A)) where the first A is the quartic invariant of SO(5,5), while the sec-
ond is the one of E,. Since the measure factor is the same for all representatives, the Poincaré
sum will not modify the measure in this case, and one recovers the expected index of BPS
black holes in four dimensions determined in [51-53].

A slightly more general orbit of charges is defined by primitive charges with ged(T'xT")’ =1,
where (T' x I')’ includes all components of T' x T, except for the possibly half-integer Eg singlet,
i.e. for the representative (E.40)

I'xI'= {QO,QI’QI+1QI+2, %QO“ = 1:2>3} ) (I'xT) = {QO,QI:QI+1‘11+2 1= 1,2,3} . (E.44)

Note that the condition ged(T' x ') = 1 is E,(Z) invariant [69]. The helicity supertrace count-
ing 1/8-BPS states with such charges was determined in [81] as

14( ) ged(T)=1 Z d2 ) ( )
ged(Ixry=1 dITAzA/(T)

For a charge I' = (0,0, Q, 0, 0), it can be written in a way similar to (E.39), namely

- =( AQ)
Q14(Q) gcd(?):l Z Z IAldC(W . (E46)
ged(xTY =1 ASZ>?[GL(2,Z) dIATQQTATT

ATlQeZ2815 5

Indeed, the set of matrices modulo GL(2,7Z) that divides (Q;,Q5) is restricted in this case to
diagonal matrices parametrised by one integer k such that k divides Q,. They are the same as
the integers dividing

Q1 A Q2 = (42,93, 90, 91925 9193) - (E.47)

The second condition on d dividing A~'Q - QTA™T is that it divides (q;, %, %), but since q; is
coprime to ged(qs, 43, 90> 9192, 4193) by the assumption that ged(T' xT')’ = 1, d must be coprime
to k and divide ged(qs,q3,90,9192,9193)- The sum over d is then over the integers dividing
(91,90, 9293), independently of k dividing (q,q3,90,9192,9193)- This sum is then the same as
the one over all the integers d’ = dk dividing T" A }‘A’ (T") in (E.45).

It is reasonable to expect that upon taking into account the different representatives of
the same charge I' = (0,0,Q,0,0) under the Poincaré sum Pg\E,, the measure (E.39) will
be modified to (E.46). However, the latter is not invariant under triality (permutations of
I =1,2,3) for more general charges, so that it depends on the chosen representative charge
(E.40) in general and it is therefore too naive to hope that the Poincaré sum over Pg\E; gives
simply (E.46) out of (E.39) for ged(T x ')’ # 1.

F V°R*inD>8

In this section, we briefly discuss the explicit form of the VOR* coupling at small d < 2, in
relation to earlier proposals in the literature.

E1 D =10 type IIB

In [31] it was proposed that the exact VOR* coupling in ten-dimensional type IIB string the-
ory is given by the two-loop amplitude in 11D supergravity compactified on T2, with metric
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J/ 1 U
gij = % (U |UTZ)’ where U is identified with the type IIB axiodilaton. In the notation
1
of the present paper, this amounts to
dv d7,dr ”detM—L’(l U)M(_T)’2
£O (U) = av 2t ra A7) Z -7 7,05 | (L 1
(0,1) 4 2
3 V T MeZ2x2
82
= 3 Asp(U), (E1)

where gs was introduced in (2.43). The weak coupling expansion can be obtained from (B.25)
and reproduces the known perturbative terms, as well as the instanton and anti-instanton
effects which were inferred in [32] by solving the Poisson equation (B.15).

E2 D=9
The exact VOR* coupling in D = 9 was proposed in [22] to be given by

£0 =350 4 L)o@y vt B9 1 Bred + L) (v%Ei“” n ﬁ), E2)
3 E/\l 5 63 EAl

(0,1) 0,1)

where )
7/4 /T‘ /
v:(i) V85, U=Co+i AZ (E3)
es &9
and Ség)l)(U) is the function (E1) which governs the VOR* term in ten-dimensional type 1IB

string theory. In our formalism, the last two terms come from the 1-loop exceptional field
theory amplitude

45(2)5(5) 15 ’\SL(2) _20
)
]:(o 1) 63 SA, v 7, (E4)
while the two-loop amplitude in exceptional field theory accounts for the term
8
EQDBIT = =30 + ¢ (227 . (E5)

The remaining contribution 4@' (2)2(3) v7 ESL( ) does not appear as a 1/2-BPS particle state
1

sum and instead resembles a string multlplet state sum.

E3 D=8

The exact VOR* coupling in D = 8 was proposed in [22], using results from [33], as

m¢(3 27 2
&2, = GV +EY+ LU BV R + =) )EiLA(f) + @B+ 25 C( )
42(6) _si(3) -SL(2)
T P Pan (E6)
where E(SOLIEZ) and E(SOLIES) are solutions to Poisson-type equations
(Ag—12)E1P = —(4@E®),
(Bsm =127 = ~(2ABESY, (E7)

with suitable asymptotics. The last term is recognised as the homogeneous solution (1.11),

2 — 4Z(6) ESL(S) ESL(Z) )

01 27 _%Al 3A (F8)
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To see the origin of the other terms, note that the particle multiplet transforms as (3, 2) under
SL(3) x SL(2). The double lattice sum therefore decomposes into

/

ij
Z e~ G(L,I) (E9)
F_ezz><3
L
[ xI;=0
- (T 3 o] p B 5 i)
G€Z? YEP,\SL(3) T pez? yeP\SL(2) !
qiNg;#0 piApP;#0
/ ..
n,€Z2 yeP,\SL(3)x P, \SL(2) 14

The first two terms can be further decomposed into an unconstrained sum minus the sum over
collinear charges that can be computed using (B.25) as

a3, ij 8n? ~ 16m2E(2€)* i
. tr T G)  — A ESL@) F10
g|s22|2—6“pKZ ;ZZ 3°° (4—2€)(3+2¢) %M (E10)
4qi
qiAq;#0
a3, — QY G(prp) 8 ~ 16m2E(2€)* 513
8n 0 z—e(pltgz Z TR = 3 Z Ae| — 4—2¢)(3 +2¢) 2€hs °
g 2] ez’ el 1 (2603 26)
PiAP;#0

These combinations are finite as € — 0, as can be checked using (B.25) for the first, and

2 d3a ! ij 82 ~ 167‘525(26)2
8o 3 2 tr e 56 — 2 =26 (T 4 JAt2e
&8 L |, 2 FK qég 3 8 AT o0 2088

87'52 _ 47’[2
+ 582 20)EB3 - 26)g; 2B, + —5 E(2+26)E(6 - 2€)gaEy o F
N , Kl 2_7'[ |N1+TN2|)
16 O9_9.(N —e\g T.
+ s g8—1—6 Z 2 26( ) g(ze) 8 '\/_2
3 S\ ged(N)2 (M)”f
JT;
INy+TN,|
2 Ky (B2 mo=2
N 4 T. .
g_80-2+26( )6(5_26) 8 1/__2 + .. eZm(N,a) , (F.l].)
6 gcd(N)6 (|N1+TN2|)€ 5
T

for the second. This expansion in turn follows from (3.13), (3.18), (3.22) and (3.66) up to
exponentially suppressed terms (represented by the dots) that are finite at € — 0. Therefore
one can set € = 0 in the first term

3 . 3 o
9% s % e—m;fy;aqi,qi)’ = g0 [ T e ST o
Y

¥Yxz
Q. |2—€ 2eh, Q. |2—€
g 19| q:€Z? YEP\SL(3) g 19| €22
9iAq;70 qiAq;#0
3 .
_ d Qz (ptr Z e—TEQIZJ G(q;,9;) (F 12)
€—0 |, ]2 TKZ ’ '
g inZZ
q;A\q;#0

and the second
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3 ) 3 3

d 9, ™y Gup)| = ESL@) % oL Z e~ ™% GPip)
|2, ]2—¢ Y 2eh |Q,[2—e TKZ

g p;€Z3 YEP\SL(2) g pi€Z?

piAP;#0 PiAD;7#0

— dBQZ tr Z —TEQ;jG(qi,qi) F13
e—0 |, 0,2 Pxz € - (E13)
Y 2 p,€Z®

PiApP;#0

As for the mixed term, we get, after integrating over the volume factor and using (B.2),

3
87 d QZ (ptr e—ﬂﬂlzjylzy2 n;n;
Qg2 7
g 1°e2 n,€Z2 yeP,\SL(3)x P, \SL(2)

_ 1677?25(26)2 SL(2) -SL(3)
v (4—2€)(3+2e) M TN
(E14)
As in (5.37), this function is divergent and one needs to take into account the contribution
from the supergravity amplitude and the R* form factor associated to the partly massless
contribution, giving>®

16m%8(26)*  si@ys1 , T L(€) .o 7 T(e)*  1T(e) )
(4— 26)(3+2€)E26A1 EZeAz T3 3 (% 2)65(0,0),6 ?( r2€ +- 6 e +O(e ))
=SL(3) ’\SL(Z) n? SL(2) SL(B) £ 1172
6::0 _g(Z)C(B)E E Tt 3 as( +E )ls =0 18 (00)+ 108
4m? 27 T
+Tlog(2n‘u)2_?log(2nu)(€éj)o) g)- (E15)

One can then identify the automorphic forms 5£)L1§2) and 5£)L1§3) introduced above as

2 2 2 2 2
SL(2) 81 ~ _ 16m=&E(2€) SL(2) T~ 2 SL(2) n ~si(z) , 137
e’ = 3 (4—2e)(3+2e)E26Al) N e T

3 3 2 2
SLE)  _ d°Q, —nQUG(pip) L TE A2pSL(2) =s1(3) , 137
fon” = 8T 1o ¢k D R W g(B)E " 216
g h2 ¢ €2’
piAP;j#0
(E16)

One checks using (B.25) that they have indeed the same constant terms as [2, (B.25)]. We

conclude that summing all contributions we reproduce the expected coupling 6((5 )1) in (E6) with
d*Q, d
81 —Sptr e TEQ G(Fnr) +f(2)
l"l-xl"J:O
n T(e) Lo mT(e)? 1 F(e) 0y) e + @ 2@'(2)
3 (nMZ)eg(OO), + §( 2 6 6 +0(e )) 185(00) 9
27 i
5((02)1) + T log(zn‘u)Z -5 log(2nu)(€((oz)o) 5) , (E17)

where the last two terms in the second line are scheme dependent terms which can be reab-
sorbed in the definition of the infrared cutoff u of the non-local component of the amplitude.

390bserve that the first term by itself produces =0(2)¢(3) ESL(S) ESL(Z) which is twice the correct result.
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