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Exotic U(1) symmetries, duality, and fractons
in 3 + 1-dimensional quantum field theory

Nathan Seiberg and Shu-Heng Shao

Abstract

We extend our exploration of nonstandard continuum quantum field theories in 2 + 1
dimensions to 3 + 1 dimensions. These theories exhibit exotic global symmetries, a pe-
culiar spectrum of charged states, unusual gauge symmetries, and surprising dualities.
Many of the systems we study have a known lattice construction. In particular, one of
them is a known gapless fracton model. The novelty here is in their continuum field
theory description. In this paper, we focus on models with a global U(1) symmetry and

in a followup paper we will study models with a global Zy symmetry.
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1 Introduction

Common lore states that the low-energy behavior of every lattice system can be described
by a continuum quantum field theory. However, some recently found lattice constructions,
including theories of fractons (for reviews, see e.g. [1,2] and references therein), violate this

lore.

Our study was motivated by the question: how can the framework of continuum quantum
field theory accommodate these examples?
This paper is the second in a series of three papers addressing this question. The first paper
[3] focused on models in 2 + 1 dimensions, while this paper and [4] study 3 + 1-dimensional
systems. Here we limit ourselves to system whose global symmetry is continuous, and in
particular U(1), while [4] will discuss systems based on Zy. (A followup paper [5] explores
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additional models.)
Our discussion here (and in [3,4]) uses a number of new ingredients:

* Not only are these quantum fields theories not Lorentz invariant, they are also not ro-
tational invariant. In [3], the 2 4+ 1-dimensional systems preserve only the Z, subgroup
of the SO(2) rotation group, while here and in [4] only the S, subgroup of the SO(3)
rotations is preserved. S, is the cubic group generated by 90 degree rotations.

* We continue the investigation of [3, 6], emphasizing the global symmetries of these sys-
tems. As always, the discussion of the symmetries is more general than the specific
models. The symmetries here are not the usual global symmetries; we refer to them as
exotic global symmetries. We also gauge these global symmetries.

* Perhaps the most significant new element is that we consider discontinuous fields. The
underlying spacetime is continuous, but we allow discontinuous field configurations.
Starting at short distances with a lattice, all the fields are discontinuous there. In stan-
dard systems, the fields in the low-energy description are continuous. Here, they are
more continuous than at short distances, but some discontinuities remain.

Throughout this paper we will consider only flat spacetime. Space will be either R> or a
rectangular three-torus T2. The signature will be either Lorentzian or Euclidean. And when it
is Euclidean we will also consider the case of a rectangular four-torus T*. We will use x! with
i = 1,2, 3 to denote the three spatial coordinates, x° for Lorentzian time, and 7 for Euclidean
time. The spatial vector index i can be freely raised and lowered. When specializing to a
particular component of an expression, we will also use (t, x, y,) to denote the coordinates
with t = x%,x = x!,y = x2,2 = x3. When we consider tensors, e.g. A;;, we will denote
specific components as A,.,, etc.

ij>

When space is a three-torus, the lengths of its three sides will be denoted as £ (or explicitly,
£*, 07, £*). When we take an underlying lattice into account the number of sites in the three

directions are L' = % (or explicitly, L*, LY, L?).

Summary of [3]

Since this paper is a continuation of [3], we will simply review its main results here and refer
the interested reader to [3] for the details.

Most of the discussion in [ 3] focused on the XY-plaquette model [ 7], whose 2+1-dimensional
continuum Lagrangian is [7-13] (related Lagrangians appeared in [14-16])

_ Mo 2 1 2
L= 5 (G9) ZM(axayQﬂ

1.1)
¢ ~a¢+2m.
A key fact about the model (1.1) is that the dispersion relation is
1
w? = ——(kek,)?. (1.2)
Mot

This means that the low-energy theory includes modes with arbitrarily large k,, provided k,
is small enough. Similarly, it includes modes with arbitrarily large k,, provided k, is small
enough. This is an intriguing UV/IR mixing and it underlies many of the peculiarities of the
system.

This model has two dipole global symmetries [3]. They are subsystem symmetries; i.e. they
act separately at fixed x or separately at fixed y. We referred to these two different symmetries
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Table 1: Global symmetries and their charges in the 2+ 1-dimensional scalar theories
¢ and ¢*Y. The energies of states that are charged under these global symmetries

are of order 1/a.

Lagrangian

2.(009)* — 5;(0:0, ) %(3091)”)2—%(@3@”)2

dipole symmetry

momentum winding

(1p,15) (Jo =100, J™ = —ﬁaxay¢) (o= ﬁaxaydﬁy,]xy = %aoqsm
currents ApJo = 0x 0y
charges Q*(x) = § dyJo =2, NX6(x —x,)
Q' (y)=§dxJo =2 N 6(y —¥p)
$dxQ*(x) = § dyQ”(y)
energy O(1/a)
number of sectors L*+LY—1
dipole symmetry winding momentum

(1,,15) Uo" = 250707 9,J = 5:000) | Uy" =[odop™,J =—50,0,¢™)
currents 30ng =0%3YJ
charges QY (x) = f dyJy” =2, WX6(x —x,)
QY () =§ dxsy” = X, W) 5(y — yp)
$dxQy (x) = $dyQy (¥)
energy O(1/a)
number of sectors L+ LY —1

duality map

Mo = 4% =4[



https://scipost.org
https://scipost.org/SciPostPhys.9.4.046

Scil SciPost Phys. 9, 046 (2020)

as momentum and winding symmetries. The model and its symmetries are summarized in
Table 1.

An essential part of the analysis was the use of discontinuous field configurations. Clearly,
we must consider discontinuous fields whose action is finite. More interestingly, we also en-
tertained some discontinuous fields, whose action diverges.! For that we had in mind a lattice
with lattice spacing a. This turns out to be meaningful because these field configurations carry
a conserved charge and they lead to the lowest energy states carrying this charge.

Our analysis in [3] concluded that all the states carrying momentum and winding charges
have energies of order % A conservative approach simply discards them. Yet, we found it
interesting to explore their properties as they follow the Lagrangian (1.1). We did emphasize
in [3] that this analysis is not universal and can be contaminated by certain higher derivative
corrections to the minimal Lagrangian (1.1), but these corrections do not change the qualita-
tive behavior.

The momentum and winding states have energy of order (ia, with £ the physical size of
the system. This means that if we take the large volume limit { — oo before the continuum
limit a — 0, these states have zero energy. They correspond to different superselection sectors
in this infinite volume limit. However, if we take the continuum limit a — 0 at fixed volume
(with or without taking later the large volume limit £ — ©0), then these states are heavy.

Surprisingly, the theory based on (1.1) is self-dual. The Lagrangian of the dual field ¢*”

is
AaO X 1 x
=L@ - @0,
¢xy ~¢Xy+2ﬂf (1.3)

to = an2’ .17:4772.‘10-
Asin standard T-duality in 141 dimensions, the role of the momentum and winding symmetries
is exchanged by the duality. See Tables 1 for details.

Our earlier paper [3] also considered the gauge theory based on the global symmetry of
(1.1). This gauge theory had been studied in [8, 10,11, 17-20]. (Related models were dis-

cussed in [13,15,16,21-31].) The gauge fields are A, and A,., with the gauge transformation

AO _)AO + aoa,
Ay Ay, +0,0,a 1.4
a~a+2m.

There are no A,,A,, components. This theory has a gauge invariant electric field
Eyy = 0pAyy — 0x0,Ag (1.5)
and no magnetic field. Its Lagrangian is

Lp Op 1.6
g2 op (1.6)

In many ways it is similar to an ordinary U(1) gauge theory in 1+ 1 dimensions. It has a
0-parameter and no local excitations.

Its spectrum includes excitations with energy of order gfﬂa with a the lattice spacing and
¢ the physical size of the system. In the continuum limit, we take a — O with fixed £. Then
these states have zero energy. Alternatively, if we take the large volume limit { — oo before
the continuum limit, they have infinite energy.

!t is well known that the Euclidean path integral is dominated by discontinuous configurations with infinite
action. We do not see a relation between this fact and the phenomena we study here.
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Table 2: Spectra of the continuum field theories discussed in [3]. Depending on the
order of limits a — 0 or £ — ©0, the energy of the charged states goes to zero or
infinity.

(2+1)d Lagrangian spectrum
scalar theory ¢ B (Gyp)*— ﬁ(@x 2, ¢)* gapless local excitations
charged states at order Iﬁ s ﬁ
U(1) tensor gauge theory A éEfy + %Exy no local excitations — gapped

charged states at order g?ﬁ a

Zy tensor gauge theory %quy Eyy no local excitations — gapped
large vacuum degeneracy

In [3] we also considered certain charged states with order 1/a different nonzero charges.
Such states have energy of order one and the precise value of their energy can be contaminated
by higher derivative corrections to the minimal Lagrangian (1.6).

A Zy version of the tensor gauge theory was found by Higgsing the U(1) gauge theory
using a scalar field ¢ (as in (1.1)) with charge N. We dualized ¢ to ¢*Y (as in (1.3)) to find
a BF-type description

N
2o Eq 1.7)

of the Zy tensor gauge theory.

The resulting theory turned out to be dual to a non-gauge theory of Zy spins interacting
around a plaquette [3]. These theories are known as Ising-plaquette theories and they had
been studied extensively (see [32] for a review and references therein).

Just as its parent U(1) theory is similar to an ordinary U(1) gauge theory in 1 + 1 dimen-
sions, this theory is similar to an ordinary Zy gauge theory in 1 + 1 dimensions.

We summarize the theories studied in [3] and their spectra in Table 2.

Outline

The goal of this paper (and of the later paper [4]) is to extend the discussion in [3] to 3 +1
dimensions. Here we will focus on models with continuous global symmetries analogous to
(1.1) and (1.4) and in [4] we will consider Zy theories analogous to those of [3].

In Section 2, we will discuss the global symmetries of these systems. Unlike the 2 + 1-
dimensional systems of [3], here we will have more options for the representations of the
spatial rotation group and they lead to several interesting exotic symmetries.

Section 3 will analyze the 3 + 1-dimensional version of (1.1). We will refer to it as the
¢-theory. The discussion will be similar to that of the 2 4+ 1-dimensional theory. The main
difference between them is that the 3 + 1-dimensional ¢-theory is not selfdual. Asin 2+ 1
dimensions, we will find momentum and winding states with energy of order %
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In Section 4, we will consider another non-gauge theory. We will refer to it as the qg-theory.
This theory differs from the ¢-theory in two crucial ways. First, the dynamical field ¢ is not
invariant under rotations. It is in a two-dimensional representation of the cubic group (see
Appendix A). Second, unlike the ¢-theory, its Lagrangian is second order in spatial derivatives.
Again, we will find momentum and winding exotic symmetries and a rich spectrum of states
charged under them. The momentum states have energy of order % (as in the ¢-theory). But
the winding states have energies of order a. This is unlike the case in the ¢ -theory, where they
are both at %, and it is also different from the winding states of an ordinary compact scalar
whose energies are of order one.

In Sections 5 and 6, we will consider gauge theories associated with the global momentum
symmetries of the ¢-theory (Section 3) and the qg-theory (Section 4), respectively. Therefore,
we will denote the gauge fields by A and A, and we will refer to the theories as the A-theory
and the A-theory.

Certain aspects of the gauge theory of A have been discussed in [8,9, 12, 17-19] (see
[10,11,13,15,16,20-31] for related tensor gauge theories). The gauge theory of A is related
to gauge theories discussed in [8,12]. These two gauge theories have new exotic global sym-
metries, analogous to the electric and the magnetic generalized global symmetries of ordinary
U(1) gauge theories [33]. And they have subtle excitations carrying these global electric and
magnetic charges.

We will show that the A-theory is dual to the qg-theory and the A-theory is dual to the ¢-
theory. In every one of these dual pairs the global symmetries and the spectra match across
the duality. (See Table 3 and Table 4.) This is particularly surprising given the subtle nature of
the states that are charged under the momentum and winding symmetries of the non-gauge
systems and the subtle nature of the states that are charged under the magnetic and the electric
symmetries of the gauge systems.

These two dual pairs of theories, A/¢ and A/ ¢, will be the building blocks of the Zy tensor
gauge theory in [4], which is the continuum field theory for the X-cube model [34]. More
specifically, the Zy continuum field theory can arise from Higgsing the U(1) gauge group of
A by a charge N matter field ¢, or from Higgsing the U(1) gauge group of A by a charge N
matter field q’g The two descriptions are equivalent to each other at long distances.

Appendix A will review the representations of the cubic group and our notation.

2 Exotic U(1) Global Symmetries

2.1 Ordinary U(1) Global Symmetry and Vector Global Symmetry

Consider a 3 + 1-dimensional quantum field theory with an ordinary U(1) global symmetry
that is associated with a Noether current J,,. The current conservation equation is

oMJ, =0, 2.1)

or in non-relativistic notation
80.]0 - alJl' 3 (22)

where i = 1,2, 3 is a vector index of SO(3).

This can be generalized to currents in other representations of the rotation group.

One example is the vector global symmetry whose currents are (J¢,J/") [6]. The SO(3) rep-
resentations for the time and space components of the currents are Ry, = 3 and
Rgpace = 1® 3 @ 5, respectively. The current obeys the conservation equation

80.](1) = 3]Jﬂ . (2.3)

7
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Table 3: Global symmetries of the U(1) tensor gauge theory A and its dual qg Above
we have only shown charges for some directions, while the others admit similar ex-

pressions.
Lagrangian B (3§ i00Y2 — £ (g $HY? Sy B — BBl
Eij = oAij — 919;A0
Blijjk = GiAjk — 9jAik
(2,3) momentum magnetic

tensor symmetry

s 7 k A A .o N A . S k .. .. .
(J(El]] _ .UOaO(»b[l]]k:Jl] — .u'8k¢k(l])) (J([)ll] — %B[U]k,‘]l] — %EU)

currents

charges
(4.38) (5.60)

energy (4.40) (5.61)

number of sectors

s = alyik — gigik

Q[xy](z) — f dX§dyJ(Exy]z = ZY Wzy5(z—z}/)
fsz[X}’] + § dxQlyzlx 4 § dyQl=1ly =0

O(1/a)

L+ LY+ L% -1

(3,2)
tensor symmetry

winding electric
(J(l)l = %ak(ﬁk(ij),Jk(ij) = %aoqgk(ij)) (J(‘)J = g%inj’J[ki]j = éB[ki]j)

currents
charges
(4.42) (5.45)
energy (4.45) (5.42)

number of sectors

BJy = G (IR 4 kil
alajjéj = 0

Q(x,y) = § dzg” =W (x)+ W, (¥)
(WX (), W5 () ~ (W1 () + 1, Wy (y)— 1)

O(a)

2L +2LY +2L* -3

duality map
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Table 4: Global symmetries of the U(1) tensor gauge theory A and its dual ¢. Here
C;J is a curve on the ij plane that wraps around the i cycle once but not the j cy-
cle. Above we have only shown charges for some directions, while the others admit

similar expressions.

Lagrangian

b By )% — (8,02

(1,3)
dipole symmetry

momentum
Jo = UoBo,JV =—30"07¢)

magnetic
= LR jij= LEi
(Jo=3;B,JY = 5-EY)

currents

charges
(3.27) (6.59)

energy (3.28) (6.60)

number of sectors

oJo = 30,0;J1

Qxy(z) = § dx§ dyJy= ZY Wzyé(z _ZY)
§d2Quy(2) = § dy Q. (y) = § dxQ,,(x)

O(1/a)

L+ LY +1* -2

(3,1
dipole symmetry

- winding
Uy =5:0'07¢,J = 3:909)

electric
J_ _2¢) 720
(g =—5E,0=5B)

currents

charges
(3.30) (6.50)

energy (3.32) (6.51)

number of sectors

dpJy =0'31J
. jk _ . .k
oLl =3l

Qe 2) = fo‘ye(x,y) (dxJ§* +dyJg" )= 2 Wi (2 —2)

§sz(C§y,z) = 9§ dxQ(C)%, x)
O1/a)

2L +2LY +2L*—3

duality map

- 1_ &
Mo = gp2 u 8m2
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The currents (J!,J/!) can be further restricted by an algebraic condition such as JY = —JJ,
so that (Rime, Rspace) = (3, 3). The conserved charge is

Q(C) =§ niJy, 2.4
C

where C is a closed two-dimensional spatial manifold and n; is the normal vector to C. This
is a non-relativistic one-form global symmetry [6]. If the currents further obey a differential
condition

8J, =0, (2.5)

then the dependence of Q(C) on C becomes topological. This is a relativistic one-form global
symmetry [33].
Alternatively, we can restrict Rgp,c t0 a singlet 1, and the currents obey

BoJi=123J. (2.6)

The conserved charge is
Q(0) :jE dx'J§ (2.7)
c

with C a closed one-dimensional spatial curve. An example realizing the (R ime, Rpace) = (3, 1)
current is a compact boson @ in the continuum, ® ~ ® 4+ 27. The current

Ji=0'®, J=205,® (2.8)

satisfies the conservation equation (2.6) trivially and the charge Q(C) = _(fc dx'9;® is the wind-
ing charge. In this case the currents satisfy a differential condition
i d aii
olg) = a1yt (2.9)

making the dependence of Q(C) on C topological.
In the following we will consider more general currents with R, in a tensor representa-
tion of SO(3) or a subgroup thereof.

2.2 U(1) Tensor Global Symmetry

Let the time component of the current be J!, where the index I is in the representation R e
of the rotation group. Denote the spatial component of the current as J/. The currents obey
a conservation equation

OoJt =0, (2.10)

We could impose further algebraic constraints on Ji/ so that it is in a representation Rpace Of the
rotation group. We will call the symmetry generated by the currents (J!,J) the (R iye, Rpace)
tensor global symmetry.

The global symmetry charge is obtained by integrating Jé over the entire space

Q =f Jys (2.11)
space

or a closed subspace C

Q(C) =§ Jo, (2.12)
C

10
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where the index I is contracted with the integral measure and is suppressed. The subspace is
chosen such that the charge is conserved

3Q(C) = § OpJo = § 3J =0, (2.13)
C C

where again the index I is contracted and is suppressed.

Often the time component of the current satisfies some differential condition (such as
BiJé = 0). This can restrict the dependence on C. Then, Q(C) can be independent of cer-
tain changes in C or even be completely topological. Algebraically, this condition performs a
quotient of the space of charges.

As an example, let us take the time component of the current J(()” ) to be a symmetric
tensor of SO(3), i.e. Rypme = 1@ 5.2 For the spatial component JX()| we impose an algebraic
condition

J&id =0, (2.14)

to restrict its representation Rp,c. to 3@ 5.3

The currents (J(()ij ), JRDY with (R e, Rpace) = (185, 3@5) obey the conservation equation

8pJP = Ik (2.16)
Using the algebraic equation (2.14) and the conservation law
G =8,0,J" (2.17)
is conserved -
280G = ,8,0,) = 8,8,8.5 = 0. (2.18)
In some applications we also set -
G = ala].](gl]) = O . (2.19)

We will be particularly interested in a more general case where only the cubic symmetry
S, subgroup of the full rotation symmetry SO(3) is preserved. The vector representation 3
of SO(3) reduces to the standard representation 3 of S;. On the other hand, the traceless,
symmetric representation 5 of SO(3) decomposes into 2 @ 3’, where 3’ is the tensor product
of 3 and the sign representation 1’ of S,.

The symmetric traceless tensor current (5, 5) of SO(3) splits into several currents under Sy.
We will be interested in symmetries with the currents (3,2) and (2,3’) of S, and will impose
a variant of (2.19). These symmetries will be realized in Section 4 and Section 5.

(2,3) Tensor Symmetry

Let us consider a case where we have only one of these two currents. Consider the tensor
global symmetry with currents (J(E” ]k,J i) in the (2, 3’) representations (see Appendix A). We

2In this discussion with the SO(3) rotation symmetry, the vector indices i, j, k can be the same. In other parts
of the paper where the rotation group is the cubic group S,, the indices i, j, k are never equal, i # j # k.

3In general, a tensor TIU® isin 3® (1®5) =383 ®5® 7 of SO(3). The algebraic condition sets the totally
symmetric combination in (3 ® 3 ® 3)5 = 3 ® 7 to zero, and then the current JX(/) only includes 3 ® 5. More
explicitly, the 3 and 5 components of J*(/) are

JO = 5, 00 S — JiGh % Sk (2.15)

11
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label the components of the representation 3’ by two symmetric indices ij with i # j. The
current conservation equation is

Bl = g1k — gi ik, (2.20)

We define a conserved charge operator by integrating over the ij-plane:
Q[ij](xk) = § dx'dx’ J(Eij]k , (mosumini,j). (2.21)

Note that these charges are not independent. Since J(Eij L J(Ej Ky J(Eki]j = 0 (see Appendix
A),

On a lattice, there are L* + LY + L* — 1 such charges where the —1 comes from the condition
on their sum.

2.2.1 (3’,2) Tensor Symmetry

Next, consider a different tensor global symmetry with currents (J i ,JI71KY in the (3/,2) rep-
resentations (see Appendix A). The currents obey the conservation equation

0Jy = (T 4 gtkily, (2.23)
and we impose the differential constraint
- ij _
G=5,0J) =0. (2.24)

For every point (x7, x¥) on the jk-plane, we define a charge operator by integrating along the
x' direction:

Qi(x7, xk) = § dx! JJ*. (2.25)

The charge operator is conserved 3,Q'(x/, x¥) = 0 because of the conservation equation (2.23)
and the fact that the three indices of J* are all different.*

How does the charge operator, say, Q*(x, y) depend on the coordinates x, y? Consider the
double derivative

3,3,Q%(x,y) = J; dzd,0,J;” =0, (2.26)

where we have used the differential condition (2.24) 2, 8ng Y = —0,(0,J3* + 8yJ8' ). This
means that

Q(x,y)=Q.(x)+Q;(y) (2.27)

and only the sum of their constant modes is physical. Similar statements are true for the other
Qi(x/, xk).

On the lattice, there are L* + LY — 1 conserved charges Q* (where the —1 comes from the
zero mode), rather than L*L” of them. Adding all three directions the number of charges is
2L +2LY +2L% —3.

“If we do not have the differential condition (2.24), G = 5, angf is still conserved at every point, i.e. 3,G = 0. If
it is spontaneously broken, we have many soft modes. If it is unbroken, then we have a separate conserved charge
at every point in space.
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2.3 U(1) Multipole Global Symmetry

Next, we further generalize the tensor global symmetry (2.10). Consider a continuum field
theory with operators (J!,JX) where the index I and K are respectively in representation R e
and Rgp,,ce Of the spatial rotation group. We assume that the operators satisfy the following
identity®

OoJy = 8,8, 8;, T L, (2.30)

where fé”z'"]”’ "'is an invariant tensor. There might be further differential conditions on these
operators. We will refer to the symmetry generated by the currents (J!,J%) the (Ryime, Rpace)
multipole global symmetry.

Our characterization of the global symmetry is in terms of the currents and their local con-
servation equations. This formulation of the symmetry is independent of the global topology
of the spacetime. This is to be contrasted with the perspectives in, for example, [15,16], where
the emphasis was on the symmetry charges defined in infinite space.

We now discuss two dipole global symmetries that are compatible with the cubic group S4.
These two symmetries will be realized in Section 3 and Section 6.

(1,3’) Dipole Symmetry

Consider currents (Jo,J") in the (R e, Rypace) = (1,3") of S,;. We label the components of the
representation 3’ by two symmetric indices ij with i # j. They obey

1 y
80.]0 - Eaiajjl]
= 0,8,J +8,8.J% +8,8,J"*

(2.31)

where the factor % comes from the index contraction of ij. There are three kinds of conserved
charges, each integrated over a plane:

Q;;(x") = § dx'! 3€ dx’Js. (2.32)
They obey the constraint:
jgdeyz(X) = jE dyQ.(y) = f dzQy(2). (2.33)
On a lattice, we have L* 4+ LY + L* — 2 such charges.

(3’,1) Dipole Symmetry

The second dipole symmetry is generated by currents (J(i)j ,J) with (R ime> Rypace) = (8’,1) of
S4. They obey the conservation equation:

o) =o', (2.34)

5It might happen that the operator identity (2.30) can be integrated to
oy =3,JV1 48,3, -0, JEfLE (2.28)
with well-defined foi’ Tand JUI T, A necessary condition for that is

Jh=a1". (2.29)

This has the effect of reducing the number of spatial derivatives in the right hand side from n to n — 1, but adds
another operator Jui 1 , which is not present in (2.30). We will focus on the case (2.30) and assume that it cannot
be integrated.
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and a differential condition

olglt = aljik. (2.35)
For any closed curve C*¥ on the xy-plane, there is a conserved charge
Q(C*Y,2) = } (dxJZ*+dyJ3” ). (2.36)
CXye(x,y)

The differential condition (2.35) implies that the charge Q(C*”,2) is independent of small
deformation of the curve C*, but depends on the z coordinate. Therefore, on the xy-plane,
the conserved charges are generated by Q(Cy”,2) and Q(C,”,z). Here Cy” is a closed curve
that wraps around the x direction once but not the y direction, and vice versa. There are
similar charges on the xz and yz planes.

Finally, there are constraints among these charges:

%sz(C;‘y,Z) = jg dxQ(C)*, x),
§ dzQ(C}Y,z) = § dyQ(CF*,y), (2.37)

;dXQ(Cf,X) = f dyQ(C:%,y).
On a lattice, we have 2L* + 217 + 2L* — 3 such charges.

2.4 Gauging Global Symmetries

Let us gauge the multipole global symmetries (2.30) (which include the tensor global symme-
tries (2.10) as special cases). We couple the currents J(I) and JX to background fields. Since
for n > 1 this is not a standard conserved current, this is not ordinary gauging of a global sym-
metry. We introduce gauge fields (A, ;,Ax) and add to the Lagrangian the minimal coupling

Ay [J§+ (—1)"Ag X (2.38)
Because of (2.30), the terms (2.38) are unchanged when the gauge fields transform as
Ao 1 Ay 1+ oAl

Jijans 1
AK _)AK+8]18]23],1}’I K .

(2.39)

This means that there is a redundancy in the fields A, ; and Ak, which generalizes ordinary
gauge symmetry (or better stated, ordinary gauge redundancy). We will refer to (2.39) as the
gauge symmetry of the system.

Note that the gauge parameter A; is in the representation Rp.. If Jé is subject to a dif-
ferential condition, then integrating by parts shows that some deformations of A; do not act
on the gauge fields. This means that A; is itself a gauge field. This is familiar in the case of
higher-form global symmetries and their corresponding higher-form gauge fields.

3 The ¢-Theory

In this section we discuss a 3 + 1-dimensional continuum field theory of ¢ with dipole global
symmetries (2.31) and (2.34). The ¢-theory is the continuum limit of the 3 + 1-dimensional
version of the XY-plaquette model in [3,7]. Certain aspects of this continuum field theory have
been discussed in [7-13].
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3.1 The Lattice Model

The XY-plaquette model is defined on a three-dimensional spatial, cubic lattice with a phase
variable e'®s at every site s = (X,¥,2). Let L*,L”,L* be the numbers of sites in the x,y,z
directions, respectively. We label the sites by s = (%, 7,%), with integer X' = 1,--- L', Leta
be the lattice spacing. When we take the continuum limit, we will use x! = aX' to label the
coordinates and ¢! = aL' to denote the physical size of the system.

The variable ¢, is 27-periodic at each site, ¢, ~ ¢, +27. Let 7, be the conjugate momen-
tum of ¢;. They obey the commutation relation [¢;, ] = i, . The 2m-periodicity of ¢
implies that the eigenvalues of 1, are integers. The Hamiltonian is

H= EZ(HS)Z—KZZCOS(AU%)’ B.1

i<j s
where Axyqﬁs = ¢s - ¢s+(1,0,0) - ¢s+(0,1,0) + ¢s+(1,1,0) and similarly for sz¢s and Ayz¢5'
The second term in the Hamiltonian is a sum over all the plaquettes in the three-dimensional
lattice.

This lattice system has a large number of U(1) global symmetries that grows linearly in the
size of the system [7]. For every point X in the x direction, there is a U(1) global symmetry
that acts as

Uiy : ds=Ps+, Vs=(%£7,2) with =%, (3.2)
where ¢ € [0,27). Similarly we have U(1)y, and U(1);, associated with the y and z direc-
tions, respectively. There are two relations among these symmetries. The composition of all
the U(1)y, transformations with the same ¢ is the same as the composition of all the U(1)y,
transformations with the same ¢, and the same as the composition of all the U(1);, trans-
formations with the same ¢. This composition rotates all the ¢,’s on the three-dimensional
lattice simultaneously. In total, we have L* + L7 + L* —2 independent U(1) global symmetries.

3.2 Continuum Lagrangian

The continuum limit of the XY-plaquette model is a real scalar field theory with Lagrangian

_Hoa 12— L (8.8,0)?
L= @d) ~ (859) (3.3)
:%(aoqbf—i[(axay¢)2+(azax¢)2+(8yaz¢>2]:

where u, has dimension 2 and u is dimensionless. This is the 3 4+ 1-dimensional version of the
¢-theory (1.1) in [3].
The equation of motion is
1
182 = - (92029 +8202¢ + 32929 . (3.4)
Locally, the field ¢ is subject to the gauge symmetry
¢(t,x,y,2) ~ ¢(t,x,y,2) + 2nw* (x) + 2w’ (y) + 21w’ (2), (3.5)

where w(x') € Z [3]. Because of this gauge identification, the operators &;¢ are not gauge-

invariant, while e!? 3; d;¢ with i # j are well-defined operators. Globally, the field ¢ is not a

single-valued function, but a section over a nontrivial bundle with transition functions of the
form (3.5). An example of such a nontrivial configuration on a spatial 3-torus is

—aorl Xory— Y o(x—xa)— 2

#(6,x,7,2) = 2| Z0(y —yo) + 200x —xo) = 2 |

We refer the readers to [3] for more discussions on the global issues of the ¢ field.

(3.6)
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3.3 Global Symmetries and Their Charges

We now discuss the exotic global symmetries of the continuum field theory.

3.3.1 Momentum Dipole Symmetry

The equation of motion (3.4) implies the (1,3’) dipole global symmetry (2.31)

]. i'
80.]0 == EBI%J J (37)
with currents [9]
Jo = oG,
iy . 3.8
J”:—lalalqb. (3.8)
u

We will refer to this symmetry as the momentum dipole symmetry. This symmetry is the con-
tinuum version of (3.2) on the lattice.
The conserved charges (2.32) are

Qi;(x") Z“Ojg dxiédxjaoqb. (3.9)
They implement
¢(t,x,y,2) = ¢(t,x,y,2)+ f () + I (¥) + f*(2). (3.10)
In (3.5), we gauge the Z part of the momentum dipole symmetry, so that the global form of
the symmetry is U(1) as opposed to R.

3.3.2 Winding Dipole Symmetry

Since J;¢ is not a well-defined operator, we do not have the ordinary winding global symmetry,
whose currents are J, = %3%, J= %Bodx
Instead, we have a (3’, 1) dipole global symmetry (2.34)

80J =017, (3.11)
with currents

.. 1 . .
Jy =-—=0'9'¢,
O 2m ¢

1 (3.12)
J=—20,0.
- o
The currents are subject to the differential condition (2.35)
i ik _ Aj rik
BIJO = BJJ(; . (3.13)

We will refer to this symmetry as the winding dipole symmetry. Note that this symmetry is not
present on the lattice. This is similar to the absence of winding global symmetry in the lattice
version of the standard XY model.

The conserved charge (2.36) is

1
Q(CY,2)= —@% (dxd.¢ +dyd,¢), (3.14)
2n cxye(x,y)

where C*7 is a closed curve on the xy-plane. The charges for other directions can be similarly
defined.
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3.4 Momentum Modes

In this subsection we discuss states that are charged under the momentum dipole symmetry
(3.8).
We start by analyzing the plane wave solutions in R>!:

b= Ceiwr+ik,-xi ) (3.15)
The equation of motion (3.4) gives the dispersion relation
W= (K2K2 + k2K + K2K2) (3.16)
ppg N Y Ry '

Classically, the zero-energy solutions «w = 0 are those modes with at least two of the three k;’s
vanishing. In particular, there are classical zero-energy solutions with k, = k, = 0 but arbi-
trarily large k,. The momentum dipole symmetry (3.8) maps one such zero-energy classical
solution to another. Therefore, we will call these modes the momentum modes. Classically, the
momentum dipole symmetry appears to be spontaneously broken, while the winding dipole
symmetry does not act on these plane wave solutions.

Similar to the ¢-theory in 24 1 dimensions, this classical picture turns out to be incorrect
quantum mechanically.

Let us quantize the momentum modes of ¢:

¢(t,x,y,2) = ¢*(t,x)+ ¢ (t,y) + ¢*(¢,2), (3.17)

where ¢i(t,x!) is point-wise 27-periodic. They share a common zero mode, which implies
the following gauge symmetry parameterized by c¢*(¢t), c”(t)

P (t,x) = ¢ (t,x)+c*(t), ¢Y(t,y)— ¢7(t,y)+ (1),

P7(6,2) > °(6,2) —c ()~ (1), G189
The Lagrangian of these modes is
L= % dxdydz |:q5x(t,x) +¢Y(t,y)+ (}5‘Z(t,z):|2
= % [£y62§ dx(¢*)? +£ZZ"§ dy($?)>? +£WY§ dz(¢$*) (3.19)
+2£"§ dyqb‘«V§ dz* +2W§ dxd)x§ dzd*® + 207 jg dxqu§ dy(f)y] .
The conjugate momenta are
i (t, xV) = g (qusi +e’<j€ dx’ ¢’ +w§ dxquk) ) (3.20)
They are the charges of the momentum dipole symmetry
Qij(xk) = ,uof dxidx! 8y¢p = mF(x"). (3.21)

The gauge symmetry (3.18) implies that the conjugate momenta satisfy

= § dxn* = f dyn” = jé dzm*. (3.22)

1 i i N2 o2
H_ZMOMW[Z£§dx(n) zn]. (3.23)
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Minimally Charged States

The point-wise periodicity (3.5) implies that the conjugate momenta 7' are linear combination
of delta functions with integer coefficients. The lowest energy state has,

m=6(x—xp), ™ =6(—y0), 7 =05(z—2) (3.24)
with some xg, yq, 2g- It corresponds to

1

.=— X —_ y _ z _ _
¢ = g [0 —x0) + 750y = y0) + £76(s —5) —2]. (3.25)

The minimal energy of the charged mode is

1

- x Y z —
SYNETEIE [(£* + €7 +£%)6(0)—2] . (3.26)

We see that quantum mechanically the momentum modes have energy of order 6(0) = %
(see [3] for more discussion). The classically zero-energy configurations give rise to infinitely
heavy modes in the continuum limit. The momentum dipole global symmetry (3.8) is restored
quantum mechanically. This is qualitatively similar to the ¢-theory in one dimension lower
(1.1 [3].

General Charged States

More general momentum modes have
Qy(x) = 75 (x) = D Ny (8(x —x),
a

Q) =7"(y)= D Ny sy —¥p),
B

(3.27)
Quy(2) = 7°(2) = D N, 8(z—3,),

a
NEZNXOL :ZNyﬂ :ZNzya
a B Y

where the N’s are integers and {x,},{yp},{z,} are a finite set of points on the x, y,z axes,
respectively. On a lattice, there are L* + LY + L* — 2 different charged sectors. The minimal
energy with these charges is

1

_ 2 2 2 o2
H= ot Z"6(0)Za:Nxa+€y5(O);Nyﬂ+£Z5(O);Nzy 2N?|,  (3.28)

which is of order %

3.5 Winding Modes

Next, we discuss states that are charged under the winding dipole symmetry (3.12).
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The winding configurations can be obtained from linear combinations of (3.6):

_ X y _ R x e w2
$(t,x,y,2) =2 gX;Wxﬁe(y yﬁ)+€ygwyae(x x) =W
X V4 zX
+2n[(_xZW;YG(Z_ZY)+g_zZsza@(x_x“)_WZxW (3.29)
Y a

2z y _ v z w2
+2n gz;Wzﬂ@(y yﬁ)+€yzy:WyY@(z z,)—W 9L

where Wjia €Zand Wi=3 Wl.ja = Zﬁ M/jiﬁ.
The winding dipole charge is

ij 1 i
Qe =5 jg dx'8.8,¢ = Y W s(x* —xk), (3.30)
Y

where Cl.ij is any closed curve on the ij-torus that wraps around the i cycle once but not the j
cycle. They obey

jgdku(ci”) = § dx'Q(cy) = wik. (3.31)
The Hamiltonian for this winding mode can be computed in a similar way as in [3]
_2mC D W 28(0)+ 7 > (W) )P8(0)— (W)
ulxey —it e 7 xp
n ZTL'ZEX e_y Z(Wy )25(0) + ez Z(WZ )25(0) _ (WyZ)Z (3.32)
uly (* /5 zp - yr
27-[2@}' z Z )2 2 2X)2
+ ‘ulﬁzex ¢ Zy:(WXY) 5(0) +€xza:(wzxa) 5(0) _(W x) .

We find that the winding modes have energy of order %, which diverges in the continuum
limit.

3.6 Robustness and Universality

We end this section by mentioning two subtle issues that were discussed in the 2+1-dimensional
version of this model in [3].

First is the issue of robustness. As we saw, the theory has a large symmetry and in the
continuum limit, all the charged states carry high energy (of order 1/a or higher) under this
symmetry. Therefore, operators carrying charges under those symmetries are irrelevant in the
low-energy theory. As a result, the model is robust under small enough deformations that
violate this symmetry.

Second is the universality of the computation of the energies of these charged states.® We
argued in [3] that analyzing them using the minimal Lagrangian leads to correct qualitative
conclusions, but the detailed quantitative answers could be modified by some higher derivative
terms. Since the discussion of these two issues is identical to that in [3], we will not repeat it
here.

5We thank P Gorantla and H.T. Lam for useful discussions about the universality of these models.
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4 The 43 -Theory

In this section we discuss a 3 + 1-dimensional continuum field theory of qg with tensor global
symmetries (2.20) and (2.23). It is the continuum limit of a lattice model that we will intro-
duce.

4.1 The Lattice Model

On a three-dimensional spatial, cubic lattice, there are three U(1) phases at every site
s=(%,7,%),

old:7 Qi il (4.1)
) L e px(e) | py(x), palry)
subject to the constraint e!(®s ~ +&Hes) = 1,
Let nf(l] ) be the conjugate momenta of qbf @) Here we slightly abuse the notation be-

k(ij o
cause the momenta ns(” ) do not sum to zero. Instead, the above constraint implies a gauge
ambiguity:

nf(y%) ~ nzc(yZ) +c, ng’(”) ~ nsy(ZX) +c, nf(xy) ~ 7.Cj(xy) +ec, (4.2)

separately at each site.
The Hamiltonian is

H = ﬁz [ (n;‘(yz) _ T[g/(ZX))Z + (ng/(ZX) _ nj(xy))Z + (ni(xy) _ n;f(yZ))Z ]

S
R [ cos 30y = B0 + st )= R+ 0BT, — 91N ]
S

(4.3)
This system has a large number of U(1) global symmetries. For every point 2, there is
U(1);, global symmetry that acts as

¢Sx(y2) N ¢sx(y2) +o, ¢§V(ZX) N ¢Sy(zx) -, ¢SZ(Xy) N ¢SZ(xy) , 4.4
V s=(%,7,2) with 2 =2, '

where ¢ € [0,27). Similarly we have U(1);, and U(1);, for every point X, and J, respec-
tively. Note that the composition of all the U(1),U(1)y,,U(1)s, is trivial. Therefore on a
lattice, we have L* + LY + L* — 1 such U(1) global symmetries.

4.2 Continuum Lagrangian

The continuum limit of the lattice model discussed above is a theory of <]§i(jk) in the 2 of S,
with Lagrangian

£ =26 ) = L@ 2, (4.5)

subject to the constraint ¢;x(y %) 4 ¢;y (=) 4 ql;z("y ) = 0. Here the coefficient {iy, (i have mass
dimension 1.
A field in the 2 can also be expressed as ¢!/ (see Appendix A). It is related to ¢*(7) by:
KD = plkili 4 Flkili
Stk = L pitiio _ gty (4.6)
3
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We have q[;i(jk)(i;i(jk) = 3¢§[ij]kd§[ij]k. In the ¢;[iﬂk basis, the Lagrangian is

0 . (0 ALl ATLiTia2
— @(ao(i)[u]k)z _KB [3k(¢[kl]J + ¢[k1]1):|

%[(a ¢[xy Z)2+(ao¢[yz x)2+(a ¢[zx]y)2:| (4.7)
% {[a (¢[zx]y _ ¢[}’Z]X):| [ay(qg[yZJx _ d;[xy]Z)]z + [ax(qg[xy]z _ qg[zx]y)]z} ’

subject to the constraint ¢l + Hly=lx 4 §l=x1y = 0. For clarity, we will write many of our
expressions in both the qgi(j k) and the qg[ij Ik bases below.

The fields ¢;i(jk) are point-wise 27-periodic in a way compatible with the constraint
$*02) 4 fyex) 4 §2(y) = 0. Locally, we impose the following three gauge symmetries:’

$X0D ~ px02) - FyE) L FYED L ompX(x),  HFN) ~ OV 27w (x),
qu(yz) ~ qu(yz) —2nw¥(y), qu(ZX) ~ qu(zx) , qQZ(xy) ~ q§Z(xy) +2nwY (y), (4.9)
$*0D ~ $*0D L oaui(z), YD~ HYED _onnF(z), OV ~ HEN)

where wi(x') € Z is a discontinuous, integer-valued function in x!. It follows that while
eid;k(ij), akék(ii ) are well-defined, operators such as azqﬁx(y %) are not. Note that these identifica-
tions leave the Lagrangian invariant and are compatible with the constraint
(ﬁx(yZ) + qu(ZX) + (132(xy) =0.

4.3 Global Symmetries and Their Charges

We now discuss the global symmetries in the continuum (ﬁ-theory.

4.3.1 Momentum Tensor Symmetry
The equation of motion in the qgi(j k) basis®
DoB2$1UN = o[ 252$100 — 921D — 52$KID] | (no sum in i, ], k) (4.10)
or in the q[;[ij Ik basis
f10. 25 B = 1 [ Q2SI + SLHV) — a2 (HUT 4 JUMIN . “.11)

These are recognized as the conservation equation (2.20) for the tensor global symmetry
(5.29) whose current is in (2,3’):

R
J(l)(] )= 15, 8,10%,

. nppas (4.12)

JiU = ﬁﬁkqbk(”),

or T L

TS = po B pL,

ij_n [kilj o ALkjlE (4.13)
JV =0 (¢ + otV T).
"In the ¢V} basis, this gauge symmetry becomes

Pl o Plyade w"(x), Blexly o Flexly %”WX(X)’ Pl o GLeve _ %nw"(x), (4.8)

and so on.
81t is important to take the constraint ¢UX) + $/*0 4 ¥ = 0 into account when deriving the equation of
motion.
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We will refer to the symmetry generated by this current as the momentum tensor symmetry.
This is the continuum version of the symmetry (4.4) on the lattice.
The charge operator is

Q[ij](xk) = g0§ dxi§ dx’ aoqé[iﬂk , (mosumini,j). (4.14)
Note that ff dzQ*Y + 9§ dxQr* + 55 dyQ*”* =0. Qlx¥(z) implements

d;xo'Z) — dSX(yZ) + f3(2), qu(ZX) — d;y(ZX) — F3(2), q§Z(xy) — qQZ(xy). (4.15)

The integer part of the momentum tensor global symmetry is gauged (4.9), so that the global
form of the symmetry is U(1) as opposed to R.

4.3.2 Winding Tensor Symmetry

Consider the following currents in the (3/,2) in the ¢U%) basis

N T
Ji = %aquk(U)’

0
1 (4.16)
Jioh = L5 Bitk)
oy 0¢
or in the q[;[ij I basis
g = L g (Ul 4 kil
. (4.17)
Jliilk — —_ g plijlk
2
They obey the conservation equation of the (3’, 2) tensor global symmetry (2.23)
doJy = G Ik 4 gkily, (4.18)
Since ¢ 4+ HiUF) 4 $IkD = 0, the current obeys the differential constraint (2.24)
8.0,J) =0. (4.19)

We will refer to the symmetry generated by this current as the winding tensor symmetry. This
symmetry is not present on the lattice.
The charge operator is

QF(xi, x)) = jg dxk gy = i§ dxk 3, KD (4.20)

The differential condition (4.19) implies that Q¥ (x,x7) is a function of x! plus another func-
tion of x/.

4.4 Momentum Modes

We now discuss states that are charged under the momentum tensor global symmetry (4.12).
We start with plane wave solutions of the equation of motions in R%!,

d;[ij]k — clijlk giwt+ikx! i (4.21)

22


https://scipost.org
https://scipost.org/SciPostPhys.9.4.046

Scil SciPost Phys. 9, 046 (2020)

with constant CIU¥ in the 2. The dispersion relation is

N2 N
Mo PBo 202 12 2 212 1212 4 1272y —
Eof‘—ZEw (kg + k3 +k2) +3(kik) +kgk: +kik) =0, (4.22)
leading to
0l = S [ 03 +I2+K2) £ (2112 + 122 —3(k2K2 + k22 + K2K2) | (4.23)

Uo

For either solution w?, the fields are
P = c(i? — k) ( % w?*—3k2 ) elottikixt (4.24)

with constant C and for both signs in (4.23).
The limit where two of the components of the momenta go to zero and the third one is
generic, say k.., k, — 0, is interesting. Here for the branch with the plus sign,

x> Ky
.
w? = —ZO S (4.25)

we can take the limit of the solution (4.24) above
qg[xy]z =0, qg[yZJX = _dg[ZX]y = Celw+ttikz (4.26)
In the branch with the minus sign, the energy is zero
w_=0. (4.27)

We expand the solution (4.24) for small k,, ky and divide by some common factor to obtain

(ﬁ[xy]z — 2Ceikzz , (ﬁ[yz]x — qg[zx]y — _Ceikzz ) (4.28)

This means that we have zero energy states with arbitrary k, as long as they have vanishing
momentum in the x and y directions. These modes are spread in x and y, but can have
arbitrary z dependence.

We can state the previous result as follows. The classical Lagrangian of the q§ theory admits
the following classical zero-energy solutions:

¢¥0 =, (y)— ¢.(2),
Y = §,(2) — ¢ (x), (4.29)
PN = (x)—d,(¥),

labeled by three functions qgl-(xi). They are time independent because they have vanishing
energy. These classical configurations are related to each other by the momentum tensor
symmetry (4.15). This explains the classical infinite degeneracy of the ground states.

In order to quantize these modes, we give them time dependence ¢§l~(t, x') and study their
effective Lagrangian. The gauge symmetry (4.9) implies that ¢; is pointwise 2m-periodic,
(ﬁi(t, x) ~ qgi(t, x') 4+ 2nwi(x!) with wi(x!) € Z. The qgi’s share a common zero mode, giving
rise to a gauge symmetry:

¢ (t,X) > () +c(t), ,(t,y) >, (t,y)+c(t), $.(t,2) > . (t,2)+c(t).
(4.30)

23


https://scipost.org
https://scipost.org/SciPostPhys.9.4.046

Scil SciPost Phys. 9, 046 (2020)

The effective Lagrangian of these modes is

_ﬂ_fdxjﬁdyfdz (= 6+ (§:— b0 + (e — 6, 7?]

(4.31)
“Oexzyez Z jﬁdx ($:)% - ze - (j£ dxi$i) (} dquﬁj)
Let us quantize these modes. The momentum conjugate to qgl- is
ni(t,xi):%exi—lez(Zd) (t, i)—%f x]¢] fdxkqbk) i£j#k. (4.32)
The gauge symmetry (4.30) implies that these momenta are not independent
}5dxnx(t,x)+j€dyﬂy(t,y)+§dzrcz(t,z)=0. (4.33)

The conserved charges are expressed simply in terms of these momenta

(i

QUM(x!) = ﬂo§ dxt dx* 8, gLk = —?0}5 dxidxk(2¢; — d;j — b =—mi(t,x1).  (4.34)

The Hamiltonian is

2
_ iid 3 i iz 1 i i
H—Zfdan&l L_4ﬂoﬂxﬁyﬁzzi:|:€j€dx(ﬁ) S(jédxn)]. (4.35)

This can be checked by substituting the expression (4.32) for «! in terms of (ﬁi.

Minimally Charged States

The point-wise periodicity ¢;(t,x") ~ ¢(t, x')+2mw(x!) implies that 7' is a linear combina-
tion of delta functions with integer coefficients. The lowest energy charged states are of the
form

™ =06(x—xy), ©=—6(—yy), ©=0 (4.36)

with energy

g3 1[5(0)+5(0)_ 2 ] 437)
40007 | €x 30y | '
General Charged States
More general charged states are labeled by n, ,,n,g,n;, € Z:
QUA(x) == (x) == D o 8(x —x,),
a
Q™)== () == n, p8(y —¥p), (4.38)
B
Q¥ (z) =—r*(z) == > | n,, 8(z—3,),
T
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subject to the constraint (4.33)
Dulxat 2nypt Dy =0, (4.39)
a B Y

The minimal energy with these charges (4.38) is

— 3 2 2 2
H=or 5(0) (Kxana—My;nyﬂ +£ZZnZY)

a Y

A((En) (S + (5]

a p Y

(4.40)

These momentum modes have energy order %, which becomes infinite in the strict continuum
limit.

4.5 Winding Modes

In this subsection we discuss states that are charged under the winding tensor symmetry
(4.16).
The gauge symmetry (4.9) gives rise to the winding modes:

WY Wy

px(yz) — o X _
$*0) = ZTEEX (Wj’(y) +Wj(z)) 27 T T I
. WX*(x)z WZ(z)x
(zx) _ Y 2 x _ z _ x
b7 —2n£y(Wy(z)+Wy (x))—2m - am— (4.41)
) Wy (x)y Wy (
2(xy) _ o % . y _ < (y)x
ol —ZTEZZ(WZX(X)+WZy(y)) 27 Iz 21 T

where we have 6 such integer-valued Wji(xi) € Z. These winding modes realize the charges
(4.20) of the winding tensor symmetry,

1 A
QoY) = jg dz8,$*) = WX (x) + W) (¥), (4.42)
and similarly for the other two charges.

Consider two winding modes that differ by the following shift

WS (x) > Wi (x)+1,

4.43
W2 () = W2 ()~ 1. *43)

While the winding charge (4.42) is invariant under this shift, d;k(ij ) changes by a momentum
mode ¢,(t,z) (use (4.41) and then (4.29)):

X0 o 02 4 27[[2_2’
V) o HyE0) _ Z“gz_z’ (4.44)
G o HE)

Therefore, the difference between them is a mode we have already discussed and we can focus
on just one of them. On a lattice, we are left with 2L* +2LY +2L* —3 different winding sectors.
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Let us compute the energy of the winding modes (4.41). We will focus on W;*(x) and
W, (). Their contribution to the Hamiltonian is

A

H= E§ dxdyds(8,$*)?

27'c
R

(4.45)
|:€y ff dex(x)2 +0 ff dyWy(y)2 + 2§ dex(x)jé dyWy(y)]

There are similar contributions from the other W’s. Since the values of Wji(xi) are inde-
pendent integers at every point in x', the energy of a generic winding mode is of order a.

To see this more explicitly, we can introduce a lattice regularization with discretized space
x'=1,2,---,L'. Then the Hamiltonian takes the form

2m2 0

H =
gz

eyaZWX(x)2+ex ZWy(y)2+2a ZWX(X)ZWy(y) . (4.46)

y=1 x=1 y=1

If we only have order one nonzero W’s (rather than order 1/a of them), then the energy of
such winding mode is of order a.

The momentum and winding states of the ¢-theory have energies of order 1/a (Sections
3.4 and 3.5). The same is true for the momentum modes of the ¢-theory (Section 4.4). There-
fore, we can study the strict continuum limit in which these states are absent, or we can also
include them in the Hilbert space. Being the lowest energy states with these charges, their
analysis is meaningful.

This is not the case for the winding states of the (;l;-theory of this section. Their energy is
or order a - it vanishes in the continuum limit. Therefore, the spectrum of the theory must
include these winding states.

An Important Comment

The fact that the winding states have energy of order a, which vanishes in the continuum limit,
leads us to an important comment.
Consider the configuration

0 =~ = [ oy —yo) +7 L 0(x —xp)— Xy]

£xey (4.47)
qg}’ (x2) — .
It seems like a valid configuration in our continuum field theory, because it is periodic when
¢; is circle-valued. We are going to argue that it is not a valid configuration of the continuum
theory.
The configuration (4.47) has

8x43x(yz)=2n[ o(y — yo)+—5(x Xog) — —— (4.48)

al
xgy

The existence of the delta function means that its energy is of order 1/a. Furthermore, its
winding tensor charge (4.20)

1 .
Q= j€ dx3,. ¢ =e(y —y,) (4.49)

is not single-valued along the y direction. This reflects the fact that the underlying lattice
theory violates the winding tensor symmetry at energies of order 1/a.
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Configurations like (4.47) are not present in the strict continuum limit. Their infinite
action makes them irrelevant. Furthermore, we argue that we should not consider states in
the Hilbert space constructed on top of such configurations because they do not carry a new
conserved charge. In this respect, states built on top of these configurations are different from
the momentum and winding states of the ¢-theory (Sections 3.4 and 3.5) and the momentum
states of the ¢-theory (Section 4.4).

Note that we did not have such a subtlety in the ¢-theory (see Section 3). There, the
winding dipole symmetry (3.12) was also absent on the lattice and was present only in the
continuum limit. However, there the lowest states charged under the winding symmetry were
at order 1/a. Therefore, they were meaningful.

There is another way to state why a configuration like (4.47) should not be considered in
the continuum field theory. We imposed on our continuum field theory the gauge symmetry
(4.9) and then studied field configurations twisted by this gauge symmetry. The gauge sym-

metry on the lattice is larger. It includes arbitrary 27 shifts at every spacetime point preserving
px(yz) o ¢;y(zx) n ¢;Z(xy) _
S S S -

0. The configuration (4.47) is a twisted configuration by this larger
gauge symmetry, but it is not a twisted configuration of the smaller gauge symmetry (4.9). To
see that, note that the transition function at y = £~

¥, x,y =,2) = $*0F(t,x,y = 0,2) + 2mO(x — Xo), (4.50)

is not one of the identifications in (4.9).

4.6 Robustness and Universality

Let us discuss deformations of the minimal Lagrangian (4.5) of the qg-theory.

We start with the issue of robustness. Without imposing any global symmetry, we can
perturb the theory by the local operator el®". Naively, such a term gives the field qg a mass
and gaps the system. But since this local operator is charged under the momentum tensor
symmetry (4.15), it creates a momentum mode with energy of order 1/a (see Section 4.4). As
a result, this operator is irrelevant in the low-energy theory. Therefore, in the continuum limit
(a — 0 with fixed system size (1), the model is robust under such small deformations.

Next, let us discuss the universality of our computations for the energy of various charged

states. For example, we can add to the minimal Lagrangian

2(8,8,p** )2 (4.51)
Since it has two more derivatives than the leading term (8,¢**¥?)2, we should scale g ~ a?.
Therefore it has no effects on a generic plane wave mode.

However, such a higher derivative term does affect the momentum modes. For these
modes, © ~ 30¢; is a sum of delta functions and the additional derivatives in (4.51) are
not suppressed. More precisely, the term (4.51) shifts the energy of the momentum modes
by g/a® ~ 1/a. Therefore, the quantitative value of the energy of the momentum modes
in Section 4.4 is not universal and receives 1/a correction from the higher derivative terms.
However, their qualitative behavior is universal. This similar to the momentum modes in the
¢-theory of Section 3 and in [3].

Next, consider the following higher derivative term

(8,8,$*¥)2 (4.52)

with g of order a®. Again, such a term has negligible effects on the generic plane waves, but
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it does affect the winding modes. For example, consider the following winding mode

$¥09) Z ¢,
A Z
¢ = —2m W (), (4.53)

26 = ZnE—ZW(x),

where W(x) is an integer-valued function. If W(x) is nonzero only at finitely many points,
then the energy of this state is order a. The term (4.52) shifts this energy by g/a ~ a. There-
fore, the energy of these states remain zero in the continuum limit a — 0 (with fixed .
States with order 1/a nonzero W (x) have energy of order one and they receive corrections of
order one from terms like (4.52). Therefore, the computation of their energy using the orig-
inal Lagrangian (4.5) is not universal. To sum up, while the zero-energy states are not lifted
by these higher derivative terms, the finite energy states do receive quantitative corrections.
Nonetheless, the qualitative features of these charged modes are universal. This is similar to
the electric states in the 2+ 1-dimensional U(1) gauge theory of Ain [3]. In Section 5, we will
see that this is also similar to the electric states of the 3 4+ 1 dimensional A-theory, which is in
fact dual to this theory (see Section 5.8).

5 The A Tensor Gauge Theory

In this section we gauge the (Rme, Rypace) = (1,3’) dipole global symmetry (2.31). We will
focus on the pure gauge theory without matter, which is one of the gapless fracton models.

The gauge fields (A, A;;) are in the (1,3’) representations of S,. The gauge transformation
is

AO —>AO+300L, AU—>A1]+316’](1, (51)

where a is a point-wise 27-periodic scalar. The gauge parameter a takes values in the same
bundle as ¢ and requires nontrivial transition functions (see Section 3).

We define the gauge invariant electric and magnetic field strengths E;; and B;jyx as

E;; = 90Aij — 9;9iA0, 5.2)
Brijik = GiAji — GiAik»
which are in the 3’ and 2 of S, respectively.
Let space be a 3-torus with lengths £*,¢”,£*. Below, we will repeatedly consider a large
gauge transformation of the form (3.6)

— ol ey — Y olx—x)— Y
a=21 [N oy —yo)+ 5 O(x —xg) Kxﬁy:| (5.3)
which gives rise to the gauge transformation
1 5 1 5 1
Ay (t,x,y,2) ~ Ay (t,x,y,2) + 27 = (y—y0)+£—y (X_XO)_W . (5.4)

5.1 Lattice Tensor Gauge Theory

Let us discuss the lattice version of the U(1) tensor gauge theory of A[8,9,12,17-19]. Instead
of simply reviewing these papers, we will present here a Euclidean lattice version of these
systems.
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We start with a Euclidean lattice and label the sites by integers (7, X, j,2). As in standard
lattice gauge theory, the gauge transformations are U(1) phases on the sites
n(%,%,9,8) = e!®®538) The gauge fields are U(1) phases placed on the (Euclidean) tem-
poral links U; and on the spatial plaquettes U,.,, Uy, U,,. We also write U, e': and

Ujj = ¢'9"Aj where a is the lattice spacing. It is clear that U, is in the trivial representation
of the cubic group and the plaquette elements U;; are in 3’ — the two indices are symmetric
rather than antisymmetric. Note that there are no diagonal components of the gauge fields
Uyxx>Uyy, Uy, associated with the sites. This theory is sometimes called the “hollow rank-2
U(1) gauge theory" [19].

The gauge transformations act on them as
U.(%,%,5,2) = U(%,%,9,2)0(%,%,9,8)n(t +1,%,5,8) 7",
Ux_y(%))%Jy;ﬁ)_)ny(T ‘)2‘) )TI(T x J’;Z)TI(T x+1 .)’;Z)_

n(t,2+1,7+1,2)n(t,%,7+1,8)7", (5.5)
and similarly for U,, and U,,. The Euclidean time-like links have standard gauge transforma-
tion rules and the plaquette elements are multiplied by the 4 phases around the plaquette.

The lattice action can include many gauge invariant terms. The simplest ones are asso-
ciated with cubes in the time-space-space directions and in the space-space-space directions

Liye(£,2,9,8) = UL(£,%,9,8)U- (3,2 + 1,9,2) U8, 2 + 1,5 + LAU(£,%, 5 + 1,8)
1
+1

2)~! Uy, (%, %+ 1,9,8)7" Uy,(%,%,7,2)
(5.6)
and similarly for the other directions. Terms of the first kind, which involve the time direction
are the analogs of the square of the electric field and terms of the second kind are analogs of
the square of the magnetic field.
In addition to the local gauge-invariant operators (5.6), there are other non-local, extended
ones. One example is a “strip" along the x direction:

l_[sz(r %, 7,2). (5.7)

More generally, the strip (5.7) can be made out of plaquettes extending between 2 and 241 and

zigzagging along a path on the xy-plane. Similar operators exist using the other directions.
In the Hamiltonian formulation, we choose the temporal gauge to set all the U_’s to 1. We

introduce the electric field E, such that l » is conjugate to the phase of the plaquette U,

where g, is the electric coupling constant E has integer eigenvalues. This definition of the

lattice electric field differs from the contmuum definition by a power of the lattice spacing,
which can be added easily on dimensional grounds.
Gauss law is imposed as an operator equation

G(x, ¥, 2)= Z epEpZO (5.8)
pa(%,3.%)
where the sum is an oriented sum (€, = £1) over the 12 plaquettes p that share a common
site (X, 7, 2).
One example of such a Hamiltonian is

el S B Yt e e, 9

ge plaquettes m cubes
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Instead of imposing Gauss law as an operator equation, we can alternatively impose it
energetically by adding a term .. .. G* to the Hamiltonian.
The lattice model has an electric tensor symmetry whose conserved charge is proportional

to

17
> Eyy (R0, 90.4). (5.10)
=1

for each point (X, ¥o) on the xy-plane. There are similar charges along the other directions.

This charge commutes with the Hamiltonian. The electric tensor symmetry rotates the phases

of the plaquette variables U, ,, at (X, J,) for all 2. Using Gauss law (5.8), the dependence of

the conserved charge on p is a function of X plus a function of y,.

5.2 Continuum Lagrangian

The Lagrangian for the pure tensor gauge theory without matter is

1 1 ik
E= g2 P EB[ij]kB[”] : G.1D

e m

Note that the coupling constants g,, g,, have mass dimension 1. The equations of motion are

1 1

a0, = —5 2 By + By,

gg ij grzn [kilj [kjli (5.12)
ala]El] =V,

where the second equation is Gauss law.
From the definition (5.2) of the electric and magnetic fields, we have

9oBki1j = OkEij — 0;Ex; (5.13)

which is analogous to the Bianchi identity in standard gauge theories.

5.3 Fluxes

Let us put the theory on a Euclidean 4-torus with lengths £7,£*,£Y,£*. Consider gauge field
configurations with a nontrivial transition function at 7 = £*:

Xy } . (5.14)

xgy
We have A, (T +£7,x,y,2) =A,,(7,X,y,2) + 0,9, §(r)- Such configurations have nontrivial,
quantized electric fluxes

X Y
g(r) =27 [E—x@(}’ —Yo)+ e—y@(x —Xo) —

X2
exy(x1, %) = 5{ drf dx§ dyE,, €27Z. (5.15)
X1
In particular, the flux can be nontrivial when the integral is over the whole (7, x, ¥) spacetime.
The Bianchi identity (5.13) implies that
Oexy(x1,x3) =0. (5.16)

Therefore, the flux e, only depends on xy, x,.
The magnetic flux is realized in a bundle with transition functions g(,) = 0 at x = {*,
gy)y=0aty=1{’, and

2 } (5.17)

y b'e
8(z) = ZTt[K—y@(x—xo) + K_X@(y —Yo)— 0y
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at z = ¢*. This means that

Aij(T,x,y,2 =L€%) =A;j(7,x,y,2 = 0) + 3,0;8 () (5.18)

and A;; periodic around the other directions. The only nonperiodic boundary condition is

] (5.19)

1 1 1
Axy(T,x)y:z = Ez) :Axy(T;X:y,Z = 0) +27 |:£—y5(X—XO) + g_x6(.y _yO)_ (x0y

and therefore

1 1 1
jg dzdxB,y, = 277:}5 dx [e—y(S(x — o)+ e—x5(y—J’o)— W] =2716(y — ¥o),

1 1
§ dydzBy 1, = —ang dy [€—y5(x —Xxp) + E_X(S(y —Yo) — ] =—-21m6(x —xp), (5.20)

£xty
§ dXdyB[xy]z =0.

By taking linear combinations of similar bundles with transition functions in other direc-
tions, we realize the more general magnetic flux

X2
bryz1x(x1,X2) = f dxf dng dz B[y;}x € 2TTZ, (5.21)
X1

and similarly for the other components of the magnetic field. In particular, the flux can be
nontrivial when integrated over the whole space (x, y,z). The Bianchi identity (5.13) implies
that

afb[yz]x(xl,xz) =0. (522)

Therefore, the flux by, depends only on x;, x,. It is conserved.

The magnetic symmetry is absent on the lattice. However, the flux quantization of the
continuum theory can be traced to the lattice. It is associated with products of observables
that are constrained to be one on the lattice and the quantized value in the continuum arises
from writing them as e?™". It is crucial that the integer n is meaningful in the continuum. The
magnetic flux (5.21) corresponds to the product ]_[yz Liy;3x = 1 on the lattice. Similarly, the
electric flux (5.15) corresponds to the product l_[%,y Ly, =1on the lattice.

5.4 Global Symmetries and Their Charges

We now discuss the global symmetries of this continuum tensor gauge theory.

5.4.1 Electric Tensor Symmetry

Let us define a current with (R ime, Rspace) = (3',2) as

7 =58,
&
(5.23)
kil — %B[ki]j.
&m

The equations of motion for A;; and A, (5.12) are recognized as the conservation equation
(2.23) and the differential condition (2.24) for the (3’,2) tensor global symmetry, respectively.
The symmetry generated by (5.23) will be called the electric tensor symmetry.
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The conserved charge for the electric tensor global symmetry is

o 2
Q (x',x)) = ?f dx* E;; (5.24)

e

and the symmetry operator is

Ur(B; xt, x9) = exp[iﬂ Qk(xi,xj)] = exp[izg—g f dxkEij:| . (5.25)

e
Naively, the charge generates A;; — A;; + c(xt, x7), but combining it with a gauge transforma-
tion A;; — A;; + J;0;a, we can let it generate

Ajj _’Aij+ij(xi)+C{j(Xj)- (5.26)

The electric tensor global symmetry maps one configuration of A;; to another with the same
electric and magnetic field strengths. This is similar to the electric one-form global symmetry
in the U(1) Maxwell theory, which shifts the gauge field by a flat U(1) connection [33].

The charged objects under the electric tensor symmetry are the gauge-invariant strip op-
erators

22
W (z1,29,C*) = exp |:1f dz} (dxsz + dyAyZ) , (5.27)
27 Ccxy

where C*Y is a closed curve in the xy-plane. This is the continuum version of the gauge-
invariant operator (5.7) on the lattice. We will refer to this operator as the Wilson strip. Under
the gauge transformation (5.4), only integer powers of the Wilson strip are gauge invariant.
Similarly we define W(x’f,xé,cij ) for the other directions with C% a curve on the ij-plane.
(Recall our convention, i # j # k.)

At a fixed time, the line operator U*(f3; yy,2o) and the strip operator obey the equal-time
commutation relation

U (B; Yo, 20) W (21,2, C) = e P I I0IW (21,25, VU (B3 ¥o,20),  if 21 <29 <2,
(5.28)
and they commute otherwise. Here I(C*Y,y,) is the intersection number between the curve
C*Y and the y = y, line on the xy-plane. The exponent f3 is 27t-periodic, since the charged
objects have integral charges. This means that the global structure of the electric tensor global
symmetry is U(1) rather than R. Similar commutation relations hold true for ¢/ and W in the
other directions.

5.4.2 Magnetic Tensor Symmetry

Let us define 1

J([)u]k — _B[ij]k’

27
Ji= g,
27
Then the Bianchi identity (5.13) is recognized as the conservation equation (2.20) for the
(2,3’) tensor global symmetry. We will refer to this symmetry as the magnetic tensor symmetry.
While the continuum theory has both the electric and magnetic tensor global symmetries,

the latter is absent on the lattice.

The conserved charge operator for the magnetic tensor global symmetry is

(5.29)

g 1 . .
Qlil(xk) = o } dxt § dx? Bk (no sum in i,7). (5.30)
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The symmetry operator is

k
.. XZ . . .
Z/I”(ﬂ;x’f,x;‘) = exp izﬁ_rr f dxk } dxl§ dx’ Blijlk (no sumin i, j, k). (5.31)
k
X3

It is a “slab" of width x’z< — x’l‘, which extends along the i, j directions.
The magnetically charged objects under the magnetic tensor global symmetry are point-

like monopole operators. The monopole operator ¢i9"” can be written in terms of the dual
field $*(7). See Section 5.8.

5.5 Defects as Fractons

Having discussed various extended operators defined at a fixed time, we now turn to observ-
ables that also extend in the time direction, i.e., defects. In the U(1) tensor gauge theory
where Gauss law is imposed as an operator equation, there is no dynamical charged particle
in the spectrum. The defects capture in the low energy theory the physics of probe charged
particles that are infinitely heavy. Constraints about the motion of particles are captured by
constraints on the spacetime trajectories of the defects. Here these constraints arise from the
gauge symmetry. In particular, we will see that the defects exhibit the characteristic behaviors
of fractons.

The simplest defect is a single particle of gauge charge +1 at a fixed point in space (x, y, 2).
It is captured by the gauge-invariant defect

exp |:lf thO(t,x,y,z)] . (5.32)

—0Q

Importantly, a single particle cannot move in space by itself — it is immobile — because of gauge
invariance. This is the hallmark of a fracton.

While a single particle cannot move in isolation, a pair of them with opposite charges —
a dipole — can move collectively. Consider two particles with charges +1 at fixed x; and x,
moving in time along a curve C in the (y,z,t) spacetime. This motion is described by the
gauge-invariant defect

X2
W(x1,X,,C) = exp |:lf dx f (dto,Ag+dyA,, +dzA,, ) | . (5.33)
X1 C

Note that the integrand fc (d t0Ag +dyAy, +dzA,, ) is gauge-invariant for any curve C with-
out endpoints, e.g. running from the far past to the far future. More generally, we can have a
pair of particles moving in directions transverse to their separation. The operators (5.27) are
special cases of these defects where C is a closed curve independent of time.

By combining two defects of the form (5.33), one separated in the x direction and the
other in the y direction, we can have two particles with charges 1 at (x;, y;) and (x5, y,)
moving together along the z direction. They are represented by the defect

exp [i (8,Apdxdt +0,Aydydt +A,, dydz +A,, dxdz ) (5.34)
strip

where the strip is a direct product of line segments C between (x1, ¥1) to (x5, y5) on the xy-
plane and a curve z(t) on the zt-plane. More generally, by combining more defects of the kind
(5.33), the line segments C can be replaced by a continuous curve extending from (x;, y;) to
(x4, y») on the xy-plane.
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Finally, while a single fracton cannot move by itself, it can move at the price of creating
several more fractons. For example, consider the following defect

r T
exp if deo(f,XO,}’o,Zo)]

—0Q

[ X1 0 oo
X exp —if f dXdJ’Axy(T;X,%Zo)] exp |:lf thO(t:xl’yO;ZO)] (5.35)
L Xo v Yo T

r oo [ @]
X exp if tho(t,Xo,}’lazo)]eXP[_if tho(t,Xb}’l,Zo)]-
L T T

The defect in the first line represents a single fracton of charge +1 as (xg, ¥y, 20)- Then, at time
T it is acted upon by the an operator, written in the second line. The result is three fractons;
two charge +1 fractons at (x1, yg,%0) and (xg, y1,%) and a charge —1 fracton at (x;, ¥1,2g)-
Their motion is described by the defect in the third line.

5.6 Electric Modes

In this section we analyze the perturbative spectrum of the theory.
Let us consider plane wave mode in R>! in the temporal gauge A, = O:

Ay = Cyj etttk (5.36)

with constant Cj; in the 3’. The equations of motion give the dispersion relation [12,17]

4 2
w> [ i_fzw _2‘2—’;w2(k§ + K2+ k2) +3(k2KS + kK2 + kikg)} —0. (5.37)
e e

There are three solutions for w?:

2

2 _ % 24024 k2 2 112 4 12)2 212 L 1202 4 212
wi—g—z[(kx+ky+kz)i\/(kx+ky+kz) —3(k2K2 + k2k2 + k2K2) | . 3
m .

co(z) =0.
For generic k;, the w, = 0 solution can be gauged away by a residual, time-independent gauge
transformation with o ~ e'®X*iky¥*ik:z anq it should not be considered physical. The other
solutions with generic k; lead to a Fock space of states — “photons.”
The situation is more subtle as we take some of the k;s to zero. For example, consider
plane waves with k, = k,, = 0. The equations of motion reduce to

0fA,, = 9%A,, =0. (5.39)

2
&m 2 2
?aoAxyzzazAxy’ 04lyz

e
Restricting to the zero-energy solution w = 0, we find two independent plane wave solutions
with arbitrary C,, and C,,. Equivalently, in position space, there are two families of solutions
that are independent of x, y:

Ay, =0, A= F;Z(z), Ay, =F (2), (5.40)

for any functions F ;Z(z) and F (z). They can be thought of as the k,,k, — 0 limit of the
w_ solution and the w, solution. However, when k, = ky = 0, neither solution (5.40) can
be gauged away by a residual, time-independent gauge transformation (with finite support in

R3).
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Similarly, we have two families of zero-energy solutions for each of the x and y directions.
All in all, we have six zero-energy solutions F;‘y (x), F,%'y (), FJ},'Z (), F}Z,Z(z), FY (x),F%,(z), each
a function of one spatial coordinate.

These zero-energy solutions are a consequence of the electric tensor global symmetry
(5.26), which maps one solution to another, while leaving the electric and magnetic fields
invariant. For this reason we will refer to these modes as the electric modes.

We now quantize these classically zero-energy configurations on a spatial 3-torus with
lengths £*,£7,*. For later convenience, we will normalize these modes as

1

eifj(xf), (5.41)

1 . .
Aijzﬁfl‘lj(xl)_l_ ij

Let us focus on A, (t,x,y,2) = ely ;y(t,x) + [ixfxyy(t,y). The quantization of the other 4

functions fl.l: can be done in parallel.
The quantization of these modes proceeds as in the 2+ 1-dimensional tensor gauge theory
A (1.4). See Section 6.6 of [3]. In the end, the Hamiltonian for these modes is

2
— ge X \2 x = 2 =X —
H= a0 [dex(l‘[xy) +4 %dy(l‘liy) +2§ dx nyjgdy ch/y] , (5.42)

where fl)fy(x), lzliy(y) are the conjugate momenta.” They have integer eigenvalues,
f[iy(x), f[;cvy(y) € Z at each point x and y. Furthermore, they are subject to an ambiguity

(125, G, 11, () ~ (1, (o + 1, 11, () —1). (5.44)
In fact, the charge of the electric tensor symmetry (5.24) is the sum of IT’s

2 _ -
Q*(x,y) = ?§ dzE,, = Hiy(x) + Hi’y(y). (5.45)
e
Including the charges from the other directions, we have 2L* +2LY + 2L* — 3 such charges on
a lattice.
Let us discuss the energy of these modes. Since lzl;y(x‘) have independent integer eigen-

values at each point x!, a generic electric mode has energy order a, which goes to zero in the
continuum limit. This is similar to the electric modes of the tensor gauge theory (1.4) in 2+ 1
dimensions [3].

5.7 Magnetic Modes

In this subsection we explore gauge field configurations in nontrivial bundles characterized by
transition functions g;. These configurations realize the magnetic tensor symmetry charges
(5.30).

Minimally Charged States

The simplest nontrivial bundle with minimal magnetic tensor symmetry charges is character-
ized by the transition function in (5.17). Let us find the lowest energy configuration in this

“More precisely, ﬁiy (x), T , () are the conjugate momenta for

F 60 = £ 60+ o jg A6, FLEN =0+ o j( dxf2(6,x). (5.43)

See [3] for more details.
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bundle. We start with a simple example of a gauge field in this bundle

2
Ayy =21 o + 5
nez [ (x — xo) (¥ —=y0)— My] (5.46)
Ay, =A,=0.
Its magnetic field is
27 1
Bizx1y = —Biyzx = a 5(x Xo) + 5(3’ Yo)— T > Bixy =0. (5.47)

which realizes one unit of the (2,3’) tensor global symmetry charge (5.30). Its energy is

)87121

X y _
T (O —1]. (5.48)

2 2
—§dxdydz [zx]y +B[yz] +B[xy]z

Every other configuration in this bundle can be written as a sum of (5.46) and another
gauge field in the trivial bundle a;;:

z [ 1 1 1
Ay =210 [675(X—Xo)+ 675(}’—}’0)—m} +ayy
szzaXZJ A

(5.49)

vz = Clyz.

The energy of this configuration is

gjédxdydz[(axayz—ayaxz) +(3yaxz Iz ( o(x— xo)+ 6(y yO)_exgy))

2 1 \)?
+(3xayz ; ( o(x—x¢) + —5()’ Yo)— T )) ] ,
(5.50)

where we assumed that at the minimum q;; are independent of z. The minimization of this
energy is determined by the equation of motion for q;

ij

2n (1 1 1
0,200y, 0y = 27 (580 —x0)+ 760 =30) — 5 ) | =0,
2 (1 1 1 -5
a}’ |:2ayaxz _axayz - E_Z (575()(_)(0) + g_x(S(y _J’o)— EXE}’)] =0.
This is solved by
TT
ayz: 2 |: (X XO)__X]+fy(y)
el el (5.52)

Qs = gz | O —Y0) = 35 |+ £2.),

where f7 (x) and fyz( y) are two periodic functions that can be absorbed into the electric
modes that we have already quantized in Section 5.6.

We conclude that up to a gauge transformation and additive zero energy configurations,
the minimum energy configuration in this bundle is

z[1 1
Aoy =2 [—5(x—xo)+ 28030 5 |
_ _Y 5.53
sz EZZX |:®(.y )’o) ] ’ ( )
Ay, = oty [@(x Xo) — —}
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Its energy is

6 1
grzn £xgy (=
which is indeed smaller than the energy (5.48).

Note that the energy of this magnetic mode is of order % and diverges in the continuum
limit.

[(Ex +€y)5(0)—§] , (5.54)

General Charged States
Next, we consider linear combinations of the configurations in (5.53) with those in the other
directions:
wi
i g j

k
_ X |1 ij ijoeroj
Aij—27'c€k i W, 5(x —Xx )+ W 5(x —xﬁ)—

T jk K kX~
o ZW o(xk —xk)—w ]

wi = ZWU WlJ

The transition function g as we go along the x* direction is

k

ifi fk

J
— ij _ ij j_ ijr X X
g =27 W @(x x)+Zng o(x xﬁ) w i |
(5.56)
1] _ Z WU WU
Not all these bundles are inequivalent. Consider a gauge transformation
a(t,x y,z)—2n—Zw O(z —z, )+2n Zwy@(y yp)
(5.57)
. xyz
+2n€ EZZW O(x —x,)—4nw TR

withw =3 wi =3 5 w 5 Z * and all the w’s are integers. This gauge parameter does
not have the appropriate transmon functions discussed in Section 3. Rather it changes the
transition functions by shifting the W’s by

xy

W =W Hwy,  Wyp—Wog+wg,

WXZ - WXZ + WX WXZ - sz);?: + W), , (5.58)
Yz yz yz yz b4

Wyﬁ—>Wyﬂ+wﬂ, WZY WZY+WY'

Hence two sets of W’s label the same bundle if they are related by (5.58).

The underlying lattice theory does not have the magnetic symmetry and does not have
well-defined such bundles. These bundles and the correspondlng symmetry are present only
in the continuum theory. Yet, we can consider the points x|, to be chosen from a lattice with Lt
sites in the x' direction. Then, we have 2L* +2LY +2L* —3 integers W’s, and L* + LY + L* —2
integer w’s. Therefore the number of distinct bundles is L* + LY + L* — 1.
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The magnetic field of (5.55) is

jk iy, 2 ik 53k — 3k wk
Bijn = I ngW 5(x’ — I3)+EZW b(x )_gjgk
|1 ) Wik
~ 5 [e—kzmlgé(x‘—xfx)wL EZWlké(x —x)- 4 (5.59)
a

1
ij ij
Kk U E w, 5(x — W 6(xJ—x/5)
The magnetic tensor symmetry charge is
g 1 . ) 4 .
ky — _ Jk k k_  k
QM(xk) = 2ﬂjgdxlfdij[ij]k— E :(“ky_”ﬁY)S(x —x;)
Y

= —Z kaé(xk —x)’f),
Y

(5.60)

where we have defined Wy, = W,i]; — Wlf )]f with i, j, k cyclically ordered. The minimal energy
with these charges is

6712 . 2
- i Lik] Ljk]
gﬂxmzzl.:[efdx (QUKI)? — Bgdxa )]
__6m 5(0) eXZWZ +eyZW2 +€ZZW2
- grzngx[ygz - xa 5 yB - zy (5.61)

() (g o5

5.8 Duality Transformation

In this subsection we perform a duality transformation on the tensor gauge theory of A. We will
arrive at the qg theory of Section 4. This duality is similar to the duality between an ordinary
2+ 1-dimensional gauge field A, and a compact real scalar .

The duality we present below is a continuum duality. It is related to the lattice duality
in [17] in the same way as the continuum T-duality of the compact scalar in 1+ 1 dimensions
is related to the duality of the lattice 1+ 1-dimensional XY-model. Our dual field ¢ is circle-
valued rather than an integer on the lattice. Also, qg is in the two-dimensional representation
of S, and hence the sum of its three components vanishes, while in the lattice version, the
three components are subject to a gauge identification.

We work in Euclidean signature and denote the Euclidean time as v. We start with the
Euclidean Lagrangian

1 1 y
Ly = ——E;EY + — By B
2g 28 (5.62)
i i
N 2(2 )Bl (O =004 —Ey) + 2(2n)E[U] (A j — A —Brijie) »

38


https://scipost.org
https://scipost.org/SciPostPhys.9.4.046

Scil SciPost Phys. 9, 046 (2020)

where E;;, Bk, B is E[i j]k are independent fields in the appropriate representation of S,. They
are not constrained by any differential condition. If we integrate out these fields, we find the
original Lagrangian in terms of (A;,A;;).

I Y g2 ~
Instead, we integrate out only E;; and By;jj to obtain EV = %B” and By = 4—"‘E[U]k
The Lagrangian then becomes

g 8r
‘CE == ¢ ZEijEij + m E[U]kg[l]]k
+ BY(8,A;;—8,0,A,) + EWk (3,45 — 3:A4) -
2(2 ) ( L) T) 2(27‘5) ( ik J lk)
Next, we integrate out the original gauge fields (A;,A;;) to find the constraints
J.BY=—5 (E[ki]j + E[kj]i)’
U (5.64)
al' ajBU ==
They are solved locally in terms of a field (i;[ij Ik in the representation 2 of Syt
BU = —g, (HF 4 plkilty,
¢ ¢ (5.65)
Elijlk — 3 ¢[U]k
The tensor gauge theory Lagrangian can now be written in terms of qg[ij Tk,
2
Lp=—"T_(8, ¢[u k)2 [a (¢[kl]] + ¢[k,7]l):| (5.66)

322

subject to the constraint ¢[xy 5 4 d) [yzle 4 qﬁ[“]y = 0. Importantly, there is no gauge field in
this dual description of the tensor gauge theory.
The nontrivial fluxes of E;;, Bj;jjx (see Section 5.3) mean that the periods of B ElIK are
quantized, corresponding to the periodicities of (,13 in (4.9).

Going back to the Lorentzian signature, we have

2
Fi — f_;ak(qg[kih + PlkilEy

) (5.67)
Em o Hliflk
Bpim = -2 )
[ijlk 477 0
The Lorentzian Lagrangian is
g2 g2
L= By pLiiTky? (b 4 Hlkili (5.68)
I (o = L [G( + GHIT
Comparing with (4.5), the duality maps
2 2
fo=m g % (5.69)

8n2’ 8m2’

Under the duality between the A and the (,i; theories, the winding modes of d; are mapped
to the electric modes in the A theory. Indeed, their charges, (4.42) and (5.45), and their
energies, (4.45) and (5.42), agree. Similarly, the momentum modes of cﬁ are mapped to the
magnetic modes in the A theory. Again, their charges, (4.38) and (5.60), and their energies,
(4.40) and (5.61), agree. As in every duality transformation, the quantum effects on one side
— the energies of the momentum modes of ql; and of the electric modes of A — appear classically
on the other side.

Finally, we summarize the analogy between the 3 + 1-dimensional A tensor gauge theory
and 2 + 1-dimensional ordinary gauge theory in Table 5.
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Table 5: Analogy between the 3+ 1-dimensional U(1) tensor gauge theory A and the
ordinary 2 + 1-dimensional U(1) gauge theory.

gauge
symmetry

field strength

Lagrangian

flux

Gauss law

eom

Bianchi
identity

electric

symmetry

magnetic

symmetry

electrically

charged object

magnetically
charged object

(2+1)d
U(1) gauge theory

A,— A+ 0,a
E; = 9Ai — Ao
By, = 8,A, — d,A,
o EE' — 5B, BY
§d7§dxiEi € 2nZ
Sde ﬁ dyB,, € 2nZ
3iEl- =0
5’0Ei == EJBU

aony == axE - ayEx

electric 1-form
exp[i;—fzj fdxiEj]

magnetic 0-form

exp[i% fdxggdyBxy]

Wilson line

exp[i§dxiAi:|

monopole
exp[ig]

(3+1)d
U(1) tensor gauge theory A

AO —>A0 + aoa
Aij _)Al] + 3l~3ja

Eij = 0oAij — 919;A0
Biiji = 0Ajk — 9jAix

1 ij 1 ijlk
s EGE" — 5z BrijuBtY?

xi oo ,

fdffx; dx! ff dx’E;; € 2nZ
X ; ; k

x; dx! ff dx’ ﬁ dx"Byji}; € 2Z
giezaOEij = éak(B[ki]j + Briji)

9Bijik = Ejr — OjEx
electric tensor
.2
exp [lg—? gg dxk Eij]

magnetic tensor

exp[if—,T f;? dxt ff dx/ _cf dka[jk]l}

Wilson strip
k . .
exp [i f;,lf dx* §C (dxlAik + deAjk)]

monopole
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5.9 Robustness and Universality

Since the U(1) A-theory is dual to the qﬁ-theory of Section 4, the issues of robustness and
universality for the qg-theory in Section 4.6 directly applies to the U(1) A-theory.

Let us comment more on the robustness issue. The microscopic global symmetry Gy, is
the electric tensor symmetry (5.23). By contrast, the global symmetry G;z of the continuum
field theory not only has Gy, but also includes the magnetic tensor symmetry (5.29). The
latter is absent on the lattice.

In the continuum field theory, there is a G -invariant, local (monopole) operator violating
the magnetic symmetry. In the dual description using the qg field, this local operator can be
written as ei$"" . Naively, as in the famous Polyakov mechanism in 2 + 1-dimensional U(1)
gauge theory [35], perturbations by this local operator would ruin the robustness of this gauge
theory. However, this is not the case here, because this operator is irrelevant. One way to see
this is that the magnetic modes created by this operator carry energy of order 1/a (see Section
4.4 and 5.7). Therefore the operator ei‘ﬁi(jk) is irrelevant in the continuum limit (a — 0 with
fixed system size £'). We conclude that the U(1) A-theory is robust under small perturbation
by this local operator.°

6 The A Tensor Gauge Theory

In this section we gauge the (R me, Rypace) = (2,3’) tensor global symmetry (2.20). We will
focus on the pure gauge theory without matter. Certain aspects of this tensor gauge theory
have been discussed in [8].

The gauge fields are (AIOU k),Aij ) in the (2,3) of S,. The gauge transformations are

Ai)(jk) _,Al;)(jk) + ao&i(jk),
y (6.1)
AU — AU + g aMiD) |
where the gauge parameters @'U%) are in the 2. The gauge parameters 40X are point-wise
2m-periodic, subject to the constraint that &*0%) + Y% 4 42*¥) = 0. Globally, this implies
that the transition functions can have their own transition functions (see Section 6.3).
The gauge-invariant field strengths are

ns A ~k(ii
EY = E)OAU _ akAO(lJ) ,
A1 o (6.2)
B == —3i3-Al] 5

2 J

which are in the 3" and 1 of S, respectively.

6.1 Lattice Tensor Gauge Theory

In this subsection we discuss the U(1) lattice tensor gauge theory of A. We will present both
the Lagrangian and Hamiltonian formulations of this lattice model.

For each site (T,%,¥,2) on a Euclidean lattice, there are three gauge parameters
HUO(4, %, 7,8) = @ ERID (with i # j # k) satisfying H*ODAYEIFEY) = 1 at every
site. This means that the gauge parameter is in the 2 of S, in the notation of Appendix A.

1%Note that this conclusion depends crucially on the continuum limit we consider here. For example, the authors
of [17] considered a different limit and argued that the lattice gauge theory of A is not robust against perturbations
by the monopole operator.
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The gauge ﬁelds_ are placed on the links. Associated with each temporal link, there are
three gauge fields ﬁ;(]k)(%,a%,j/,é) satisfying ﬁf(yz)f]%'(”)ﬁi(xy) =1, i.e. they are the 2 of S,.
Associated with each spatial link along the k direction, there is a gauge field U in the 3'.

The gauge transformations act on them as

002, ,3,8) = 0098, 2,5, 90008 2,3, 00 + 185,97
0% (%,%,5,2) > UY(£,2,5, 0704, %, 9,0 7708, £,9, £+ 17, |

and similarly for U¥* and U?*.
Let us discuss the gauge invariant local terms in the action. The first kind is a plaquette on
the Tz-plane:

L7(4,%,9,8) = U7(%,%,5,2) U004, 9,4+ DOV (£ 41, %, 5,87 U5, 9,8)7
(6.4)
and similarly for L™ and L*”. This term becomes the square of the electric field in the contin-
uum limit. The second kind is a product of 12 spatial links around a cube in space at a fixed
time:
L(%,%,9,8) = U"%(%,%,9,8) U(%,2 + 1,9,2) 7 07%(4,%,9 +1,2) 7 0% (4, %,5,%)
x UY%(4,%,9,2+ 1) U(£,2+ 1,7, +1)
x UY5(2,%, 7 + 1,2+ 1) U*X(%,%, 9,8 + 1) 10 (%,%,7,2)
x U (4,28 +1,9,2) 0 (%,2+ 1,7+ 1,2) U (£,%,7 +1,8) L.

<>

(6.5)

This term becomes the square of the magnetic field in the continuum limit. The Lagrangian
for this lattice model is a sum over the above terms.

In addition to the local, gauge-invariant operators (6.5), there are other non-local, ex-
tended ones. For example, we have a line operator along the x¥ direction.

]L_[ b (66)

fh=1
As in Section 5.1, in the Hamiltonian formulation, we choose the temporal gauge to set all
the IAJ;(] ®)s to 1. We introduce the electric field £/ such that éﬁ"ii is conjugate to the phase of

the spatial variable U/ with ¢, the electric coupling constant. It differs from the electric field
in the continuum by a power of the lattice spacing, which can be added easily on dimensional
grounds.

At every site, we impose Gauss law

GV (R,9,8)=EY(%,9,4+ 1) —EY (R, §,8)—EV* (% +1,9,8)+ EY*(%,7,8) =0  (6.7)

and similarly G = 0 and Gl#x = .

The Hamiltonian is a sum of (E¥)? over all the links plus a sum of L over all the cubes,
with Gauss law imposed by hand. Alternatively, we can impose Gauss law energetically by
adding a term Zsites[(é[xﬂz)z + (G )2 4 (GLy21x)2] to the Hamiltonian.

The lattice model has an electric dipole symmetry whose conserved charges are propor-
tional to

L LY

D UEE(E, 90,20), DBV (R0, 9,20). 6.8)
%=1 y=1

There are 4 other charges associated with the other directions. They commute with the Hamil-

tonian. These two electric dipole symmetries rotate the phases of U/ along a strip on the zx
and yz planes, respectively.
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6.2 Continuum Lagrangian

The 3 + 1-dimensional Lagrangian for the pure tensor gauge theory of A is

| 1 .
[,= —AE"EU—A—Bz. (69)
2827 &

Note that g, has mass dimension 0 and ¢,,, has mass dimension 1. The equations of motion
are

1 n | A
"_2 aOElJ =—q 81313,
8¢ Em (6.10)

KEU —0'EN = 0.
Equivalently, the second equation, which is Gauss law, can be written as
20KV — 9N — gi R = 0.
There is also a Bianchi identity

n 1 N

6.3 Fluxes

Let us put the theory on a Euclidean 4-torus with lengths £7,£*,£”,£*. Consider a bundle with
transition functions ;) at T = {":

sz(xy) _ _ ax(yz) _ 23 . y(ax) _
8o =78 T B TO (6.12)
This means that
AVt =L"x,y,2) =AY (t=0,x,y,2) + 3ZgA?$)(y) . (6.13)

Such gauge field configurations realize a nontrivial electric flux:

e (x,y)= }5 d’rjg dz EXY € 2n7Z. (6.14)

The Bianchi identity (6.11) implies that
0,9, (x,y)=0 (6.15)
and therefore the electric flux can be written as
eV (x,y)=¢&(x)+ é;y(y). (6.16)

Electric fluxes along the other directions are realized in similar bundles.
To realize the magnetic flux, we consider a bundle whose transition function at x = £~ is

. z Y Yz
gx(yz) =_27T|:E_Z@(y_y0)+ e—y@(z—zo)— :| 5

(x) VAT K
g5 =o, 6.17)
5 =557,
the transition function at y = £7 is
57 =0,
g(yy(fx’ =27 [ZZ—ZG(X —Xxp)+ %@(z —20)— E:EZ ] s (6.18)
G5 =857,
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and there is no nontrivial transition function at z = £*, i.e. gé‘z(;f ) = 0. This means that as we

go around the x direction, the gauge field changes by

Al(z,x =0%,y,2) = A(7,x =0,,2) + 8.8, (6.19)

and similarly for the y,z directions.

We should make some comments about the transition functions (6.17) and (6.18).

First, these transition functions have their own transition functions. For example, the tran-
AK(if)

sition functions 800

on the yz-plane have their own transition functions at y = £”':

899 5 709 _ane(z—z), 157 - g0, g0 g 1 2n0(—20).  (6.20)
Such a need for transition functions for transition functions is standard in higher form gauge
theories.

Second, we argued in Section 4.5 that the configuration (4.47) should not be included in
the qg continuum field theory. Its energy is of order 1/a and it is not protected by any global
symmetry. In fact, it violates the global winding tensor symmetry of the light modes. However,
here the transition functions (6.17) and (6.18) are similar to (4.47). Why should we include
them? The point is that unlike the qg-theory, here these transition functions do not violate any
global symmetry. Furthermore, as we will see below, the energy of the configurations with
these transition functions are of the same order, 1/a, and they are the lightest states carrying
the global symmetry charge. We conclude that when studying singular configurations in the
continuum A gauge theory, we must consider gauge transformations and transition functions
that are not important in the continuum $-the0ry.

Third, as always, the transition functions can change by performing non-periodic gauge
transformations. For example, the transformation

2x Xy
O(y —yo) + 0y

O(z—29)—2

a0s) = g2y = o [ﬁ(a(x —Xo) +

xXyz }
¥z £z0x ’

0x0y (=
&YE) = ¢
(6.21)
exchanges x with z in (6.17) and (6.18). While changing the transition functions, this does
not change the bundle.
Using the transition functions (6.17) and (6.18)

j(dyff dzB = § dzaxazg(zg” =2mo(x —xq),

}dxjé dyB = §> dyd,8,855" = 2m6(z— %), (6.22)

jg dzf dxB = f dzayazgfi’)fﬂ =216(y —¥o)-

By taking linear combinations of such bundles, we realize the general magnetic flux

X2
b zf dx§dyj+5dz]§’€2nz, (6.23)
X1

and similarly for the other directions. The Bianchi identity (6.11) implies that
a.b=o0. (6.24)

Hence the magnetic flux is constant in time.
These fluxes correspond to operators that multiply to 1 on the lattice. The electric flux
(6.14) corresponds to the product [ [, ;L™ = 1 on the lattice. Similarly, the magnetic flux

(6.23) corresponds to the product ]_[yz L =1 on the lattice.
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6.4 Global Symmetries and Their Charges

We now discuss the global symmetries of the tensor gauge theory of A.

6.4.1 Electric Dipole Symmetry

The equation of motion (6.10) is recognized as the current conservation equation

dJy =0'37J (6.25)
with currents 9
ij_ .
Jg = _gz EY,
e
i 5 . (6.26)
&2

The second equation of (6.10) is an additional differential equation
okJ —alyy =0, (6.27)

imposed on Jéj . We will refer to (6.26) as the electric dipole symmetry. This is the continuum
version of the lattice symmetry (6.8).
The charges are

e

2 , .
QCY,z)=—— jé (dxE™* +dyE™ ), (6.28)
Cre(x,y)

where C*Y is a closed curve on the xy-plane. The differential condition (6.27) implies that
the charge is independent of small deformations of the curve C*. The symmetry operator is
a strip operator:

2B (™
- f dzj( (dxE=>+dy £7%) | . (6.29)
8e 21 cxy

U(B;21,25,CY) = exp [—i

Here the strip is the direct product of the segment [2;,2,] and the curve C*¥ on the x y-plane.
Similarly, we have operators along the other directions. The electric dipole symmetry acts on
the gauge fields as
A — A e (x) + é;‘y(y) ,
AP s AFX 4 e (z) + 6 (x), (6.30)
A% o 7 4 5 () + E7(),
parametrized by six functions 6l.ij (x!) of one variable.
The electrically charged operator is a line operator

W, x) = exp |:l§ dxkAij] . (6.31)
This is the continuum version of the gauge-invariant operator (6.6) on the lattice. 2/ and W*

obeys the following equal-time commutation relation

U(B;21,22,CY YW (¥0,20) = e P I(ny’y")WX(}’O:ZO)U(ﬂ;ZpZzaCXy), if 2y <z <2z,
(6.32)
and they commute otherwise. Here I(C*Y,y,) is the intersection number between the curve
C*Y and the y = y, line on the xy-plane.

45


https://scipost.org
https://scipost.org/SciPostPhys.9.4.046

Scil SciPost Phys. 9, 046 (2020)

Only integer powers of WX are invariant under the large gauge transformation
Gk = —4i0k) = Z’Z—fk ,a/0D) = 0. It then follows that the exponent f8 is 27-periodic. There-
fore, the global structure of the electric multipole global symmetry is U(1) not R.

We also have gauge invariant strip operators:

22
P(21,25,C) = exp [i J dzjg (a,A%dx —8,A**dy —0,A dy) |, (6.33)
27 C
where C is a closed curve on the xy-plane.

6.4.2 Magnetic Dipole Symmetry

The Bianchi identity (6.11) is recognized as the current conservation equation

1 .
aoJO == 581 ajJU (634)
with currents 1
JO = 2_ B 5
71f (6.35)
JU=_—FU,
21

We will refer to (6.35) as the magnetic dipole symmetry. This symmetry is absent on the lattice.
The conserved charge operator of the magnetic dipole global symmetry is

Qi (k) = i§ dxi§ dx'B. (6.36)
271

The symmetry operator is a slab with finite width in the k direction

x’z‘ /5 x’z‘ 4 .
dkuij(xk) =exp |i— dx* ¢ dxt ¢ dx/B| . (6.37)
k 27 xlf

1

(B, 5) = exp | iB j

X

The magnetically charged objects under the magnetic dipole global symmetry are point-operators.
They are monopole operators. The monopole operator e!? can be written in terms of the dual
field ¢. See Section 6.8.

6.5 Defects as Lineons

There are three species of particles, each associated with a spatial direction. A charge +1,
static particle associated with the x' direction is described by the following defect!?

exp |:lf thgf”} . (6.38)

A particle of species x! can move in the x!-direction by itself. This motion is captured by
the following line defect in spacetime

Wi/, xk,0) = exp [1J (Ag(jk)dt +Ajkdxi):| , (6.39)
c

"'We can study the Euclidean version of this defect and let it wind around the Euclidean time direction. Then,

invariance under the large gauge transformation &0 = —g/(k = 2ns, &*) = 0 quantizes the charge.
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where C is a spacetime curve on the (¢, x')-plane representing the motion of a particle along
the x!-direction. The particle by itself cannot turn in space; it is confined to move along the
x!-direction. This particle is the probe limit of the lineon.

A pair of lineons of species, say, x with gauge charges =1 separated in the z direction can
move collectively not only in the x direction, but also the y direction. This motion is captured
by the defect

23
B(21,2,,C) = exp |:i J dz f (8,A4309dt + 8,4 dx — 3,5 dy — 3,A" dy) (6.40)
21 C

where C is a spacetime curve in (¢, x, y). We will refer to this dipole of lineons as a planon on
the (x, y)-plane.

In the special case when C is at a fixed time, then the defects (6.39) and (6.40) reduce to
the operators (6.31) and (6.33), respectively.

6.6 Electric Modes

In this subsection we study states that are charged under the electric dipole symmetry (6.26).
Consider plane wave modes in R*>! in the temporal gauge At)(] N = o

Alf = G eiwt+ikl~xi , (6.41)

with € in the 3. The dispersion relation is

52
8
4 m 2 271.2 271.2 2712 | —
3 [gz w —kxky—kxkz—kykz}—o. (6.42)
e

There are three solutions for w?.

Consider first the case of generic momenta. Two of the solutions have zero energy w? = 0.
They are the two residual pure gauge modes. The remaining one is
52
&

A

21,2 21.2 21.2
co (K2K2 + K2K2 + K2K2) . (6.43)

m
It leads to a Fock space of “photons.”

When two of the momenta, say k, and k,, vanish, the energy is zero for all k,. Let us study
it in more detail. In this case, the equations of motion become degenerate, and we have three
solutions for w? all having w? = 0.

The analysis of the gauge modes is different than for generic momenta. In order to preserve
k. =k, =0, the gauge transformation parameter must be independent of x, y, t and therefore
it leads to a single pure gauge mode

AV =3,&8%Y) | AP =A% =0. (6.44)
In position space, the remaining two zero-energy solutions are
AV =0, AF=Fr(z), A¥=F7 (), (6.45)

for any functions F;*(z), F **(2). Combining all three directions, we have 6 zero-energy solu-
tions, each a function of one variable.

These modes are acted by the electric dipole symmetry (6.30). Therefore we will refer to
them as the electric modes.
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Let us quantize these modes on a 3-torus with lengths £*,£Y, £*:

A = S F I+ ). (6.46)

We will focus on A*Y ; the analysis of the other two components is similar. The Lagrangian for
these momentum modes is

L= Az I [Engdx(f"y)2 +€’C§dy(f"y)2 +2§ dxf"y§ dyfxy] (6.47)
The quantization of these modes is identical to that of the momentum modes of the 2 + 1-

dimensional ¢-theory (1.1). See Section 4.1 of [3] for details.
The conjugate momenta are

(X)) = o (eyf;yu,xw jﬁ dyf;y(r,y)) ,
62 _ . (6.48)
m (6Y)= g (e"f;‘yu,m j€ dxf;«V(t,x)) :
e
They are subject to the constraint:
§ dxm(x) = § dyrciy(y). (6.49)

. . . . . ;XY . . . . Xy
The point-wise periodicity of f;~ implies that their conjugate momenta 7;

nations of delta functions with integer coefficients:

are linear combi-

a

Q(C;‘J’,x):—Ny(x):ZN;‘é(x—xa), Q(ijy,y)=—n§y(y)=;Ng5(y—yﬁ),
NXY—ZNX ZNy, NXNJ €.

(6.50)
Here {x,} and {yg} are a finite set of points on the x and y axes, respectively. Cl.xy is a closed
curve on the x y-plane that wraps around the x! direction once and does not wrap around the
other direction. Note that the momenta are the charges Q(C;”, x),Q(Cx”,y) of the electric
dipole symmetry.
The minimal energy with these charges is

s

4pxqy

Y NE26(0) + 62 D (N2 ,)26(0) — (N*)? | (6.51)
a B
which is order % The charges and energies of the modes 77:? associated with the other direc-

tions can be computed similarly.

6.7 Magnetic Modes

In this subsection we discuss states that are charged under the magnetic dipole symmetry
(6.35).
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Minimally Charged States

The bundle realizing the minimal magnetic dipole symmetry charge is characterized by the
transition functions in (6.17) and (6.18). The minimum energy configuration in this bundle
is:

. Xy
AV =2 [ © + © + s ] ,
n (Y02 (x —xo) gxgz (= ¥o) exey (z=2) = KXKJ’EZ (6.52)
=i =0,
Its magnetic field is
. 21 B
B= YETEIE [06(x —x0)+£76(y —yo) +£26(2 —205) — 2]. (6.53)
As a check, note that it is consistent with (6.22).
The energy of this minimally charged state is
=5 fdx§ dyf dzB? = Azzxmz [(6* +¢¥ +£%)5(0)—2], (6.54)
which is of order %
General Charged States
A more general gauge field configuration carrying the magnetic dipole charges is
AV =2n J ZW O(x—x )+LZW oy —yg)
= I xa a (xp= - ypOY —JYp
Xy 2Wxy
A Wer0C =5 = Ts (6.55)
b= A =,

Wy oWy 5, W, €Z, W= waa Z ﬁ—ZWZY

Its bundle is characterized by the following transition functions. The transition functions at
x ={* are

ax(yz) _ vz
S = ZW pOLY — J’/&)Uyz OE—2) =W |,
(zx) (6.56)
Ay(zx) _
g(x) - O:
22(xy) _ _ ax(y2)
S T 8w
The transition functions at y = {” are

ax(yz) _

S T 0,

5¥ (zx) 2 X

850 =—2n| = D W l®(x —x,) + Z—XZ Oz —z,)— WMZ , (6.57)

o Y
52(xy) _ _ s¥(zx)
Sy T8
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And the transition functions at z = £* are trivial, i.e. §é< ()l] ) = 0. The bundle is labeled by the
integers Wy o, W, 5, W,

As in the A theory, the underlying lattice theory here also does not have the magnetic
symmetry and such bundles. Nonetheless, we can consider the points xfx to be chosen from a
lattice with L' sites in the x' direction. Then, we have L* + LY 4+ L* — 2 distinct bundles where
the —2 comes from the constraints in (6.55).

The magnetic field is

21

B=
Xy (=

BXZWan(x—xa) +£3’2Wyﬁ5(y—yﬁ) +£ZZWZY5(2—ZY)—2W
a B Y

(6.58)
This realizes the general magnetic dipole symmetry charges

Q.(x)= é dng dzB = Z 60X —x,),

Qux(y) = —§d2§ dxB = Z vp0 (Y —p), (6.59)

Qxy(z)——jgdxffdyB Z 6(z—2,

(6.55) is the the minimum energy configuration with these charges. Its energy is

__Ar? x 2 2 z 2 2
H= onpe e5(0)ZaIWxa+eY5(0);wyﬂ+e5(0);W2Y—2W . (6.60)

which is of order %

6.8 Duality Transformation

In this subsection we will perform a duality transformation on the U(1) tensor gauge theory
of A and show that it is dual to the non-gauge theory of ¢ in Section 3.
Let us rewrite the Euclidean Lagrangian as

1, 1
Lp= ﬁEJE” +—B2
gie & . (6.61)
+ ——By; (8, A — g AM) — £17) 4 —E ( ~8,0,AU —1%)
2(2 ) U( ) 2 )

where now £V, B, B, J,E are independent fields.

If we integrate out the Lagrange multipliers B;;, E, we recover the original Lagrangian

ij>
52 ..

(6.9). Instead, we integrate out £V, B to obtain £V = 1%3” and B =i 4’"E The Lagrangian

becomes

A2
g viiy g v
»CE — 326 > l]Bij 16m2E2
T n (6.62)
+ ——B;;(3,AY — . AW +3 E3;0,A1 .
2(2 ) 1]( ) 2 ) L)

Next, we integrate out Alf(] ),A” to find the constraints
3T]§l-j = 313]E',

N \ (6.63)
akBl'j - 31-Bkj =0.
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These constraints are locally solved by a real scalar ¢

i ai:’.' ? (6.64)
The Euclidean Lagrangian written in terms of ¢ is then
82
Lp= 21067 + 5 z(ala]qs)z. (6.65)

The nontrivial fluxes of £¥/, B (see Section 6.3) mean that the periods of B;
corresponding to the periodicities of ¢ in (3.5).
When we Wick rotate to the Lorentzian signature, we have

ijs E are quantized,

A

A2
pi=—3 a1y

L (6.66)
. &
B=—3
a9
and the Lagrangian is
82
2 2
— o a0? - @0, (6.67)
Comparing with (3.3), the duality map is
52 52
Yo = Sm o 1_ & (6.68)

Under the duality, the momentum modes of ¢ are mapped to the magnetic modes of A.
Indeed, their charges (3.27) and (6.59) and their energies (3.28) and (6.60) match. The
winding modes of ¢ are mapped to the electric modes of A. Again, their charges (3.30) and
(6.50) and their energies (3.32) and (6.51) match.

Finally, we summarize the analogy between the 3 + 1-dimensional A tensor gauge theory
and 2 + 1-dimensional ordinary gauge theory in Table 6.

6.9 Robustness and Universality

As we saw in Section 6.8, the U(1) A gauge theory is dual to the ¢-theory of Section 3. There-
fore the same conclusions on robustness and universality in Section 3.6 hold true for the A
theory as well.
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Table 6: Analogy between the 3 + 1-dimensional U(1) tensor gauge theory A and the

ordinary 2 + 1-dimensional U(1) gauge theory.

(8+1)d

(2+1)d
U(1) gauge theory
gauge A,— A, +0,a
symmetry
E; = 9A; — 0Ao

field strength
By, = 8,A, — 3 A,

1 i 1 X
LEE — 5B, B

Lagrangian
flux 56d'r fﬁ dx'E; € 2nZ _9§d’r § dx*E e 2n7
56dx 9§ dyBy, €217 f;} dx! f dx’ f dx*B € 2n7Z
1
Gauss law J'E; =0 QKEU — kK =0
eom 30El=3]BU glzaoﬁ'l]:_glz 31313,
Bianchi 8oBy, = 0,E, — 0,E, 0o = 50,0,E
identity
electric electric 1-form electric dipole
2 i 2B (X3 1k i pki j Bk }
symmet exp|i=s ¢ dx'E; exp| —isz dx dx'E* 4+ dx/EY
ymmery  exp[i2 fdxip]  ep| % [Faxt )
magnetic magnetic 0-form magnetic dipole
symmetry exp[izﬁ—fE §dx 55 dyBxy] exp [lf—n f;lé dx! f dx’ f dxké]
1
electrically Wilson line Wilson line
charged object exp [i f dxiAl-] exp [i f dxkAij]
magnetically monopole monopole
charged object expliy] explig]

U(1) tensor gauge theory A

A’S(ij) _)Als(ij) +30&k(ij)
A — AU + 3,6+

EA"ij = B,Al — 35_/_1]({)(ij)
B =15,0,A"
2;3 EA'ijEAij _ %Bz
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A Cubic Group and Our Notations

The symmetry group of the cubic lattice (up to translations) is the cubic group, which consists
of 48 elements. We will focus on the group of orientation-preserving symmetries of the cube,
which is isomorphic to the permutation group of four objects S,.

The irreducible representations of S, are the trivial representation 1, the sign represen-
tation 1/, a two-dimensional irreducible representation 2, the standard representation 3, and
another three-dimensional irreducible representation 3’. 3’ is the tensor product of the sign
representation and the standard representation, 3’ =1’ ® 3.

It is convenient to embed S, € SO(3) and decompose the known SO(3) irreducible repre-
sentations in terms of S, representations. The first few are

SO(3) > S,

1 = 1

3 = 3

5 = 203 (A1)
7 = 1e303

9 = 1920303

We will label the components of S, representations using SO(3) vector indices as follows.
The three-dimensional standard representation of S, carries an SO(3) vector index i, or equiv-
alently, an antisymmetric pair of indices [jk].'? Similarly, the irreducible representations of
S,4 can be expressed in terms of the following tensors:

1 : S
1 0 Ty - i#Fj#k
2 ¢ By » i#Fj#Fk , Bpijjk +Brjkji + Bpi;j =0

o, (A.2)
Bijry » i#j#k ., By Bjki) +Biij) =0
3 1V
3/ . EU N l7é] , El]:E]l

In the above we have two different expressions, By;jj and Bj(jx), for the irreducible repre-
sentation 2 of S4. In the first expression, By;;y is the component of 2 in the tensor product
3®3=1®2®3®3". In the second expression, B;(j is the component of 2 in the tensor
product 3® 3’ =1’ ® 2 ® 3 ® 3’. The two bases of tensors are related as'®

Bi(jk) = Brijik + Brikyj »
1 (A.3)
Bijpe =3 (Bigiy = Bjciny) -

In most of this paper, the indices i, j, k in every expression are not equal, i # j # k (see
(A.2) for example). Equivalently, components of a tensor with repeated indices are set to be
zero, e.g. E; = 0 and B;j; = 0 (no sum). The indices i, j, k can be freely lowered or raised.
Repeated indices in an expression are summed over unless otherwise stated. For example,
E;E U= 2E§y + ZE}Z,Z +2E§z. As in this expression, we will often use x, y, 2 both as coordinates
and as the indices of a tensor.

12We will adopt the convention that indices in the square brackets are antisymmetrized, whereas indices in the
parentheses are symmetrized. For example, A;;; = —Aj;; and Agjy = Ajp)-

®There is a third expression for the 2: B;; with B, +B,,, +B,, = 0 (repeated indices are not summed over here).
This expression is most natural if we embed the 2 of S, into the 5 of SO(3) (i.e. symmetric, traceless rank-two
tensor). It is related to the first expression B;jy as Byjjj = €;jxBik-
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