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Abstract

We investigate the self-dual three-state quantum chain with nearest-neighbor interac-
tions and S, time-reversal, and parity symmetries. We find a rich phase diagram includ-
ing gapped phases with order-disorder coexistence, integrable critical points with U(1)
symmetry, and ferromagnetic and antiferromagnetic critical regions described by three-
state Potts and free-boson conformal field theories respectively. We also find an unusual
critical phase which appears to be described by combining two conformal field theories
with distinct “Fermi velocities”. The order-disorder coexistence phase has an emergent
fractional supersymmetry, and we find lattice analogs of its generators.
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1 The model and the phase diagram

Since even before the Time of Landau, a common strategy in statistical mechanics has been
to stipulate the symmetries of the system and construct the simplest model obeying them.
With a Z, symmetry, this approach yields the much-studied Ising model. The resulting critical
point separating ordered and disordered phases in the two-dimensional classical case and the
one-dimensional quantum chain is self-dual [1]. “Parafermionic” quantum chains with n states
per site and Z, symmetry [2] are natural generalizations that have been intensively studied
recently, for reasons including the appearance of topological order and potential experimental
realizations [3].

However, very little systematic exploration of the simplest and most symmetric parafermionic
chains has been done, a shame given their importance. We here aim to rectify the situation
by analyzing a one-parameter family of three-state quantum chains with S; symmetry and
Kramers-Wannier self-duality. These are the most general such chains with nearest-neighbor
interactions invariant under time-reversal and spatial parity. Duality here is neither unitary
nor invertible, as for example it maps the ordered ground states of the Potts chain to the unique
ground state of the disordered phase. For the self-dual couplings we study, this non-triviality
allows for novel phase transitions to occur [4]. Here we study the entire self-dual line and find
a rich variety of previously unknown critical and gapped phases.

The Hamiltonian of our L-site chain written in terms of operators o j and T j forj=1,...,L,
all acting on the 3* dimensional Hilbert space. Each operator acts non-trivially only on a single
site j, e.g. 05 =1® 0 ®1---1, so that operators based on different sites commute. They obey

2 _F 2 _ 3 _ .3 _ P L
o;=0; TI=T5 o;=1;= 1, 0jT;=wT;0;j, (D

01
0 0]. (2)
1 0

A convenient pair of single-site operators are the standard su(2) generators for a spin-1 system:

]. -+ - -+ i o
+ _ (o _ 2T i — _ ¢+ 2 __ (T _ ~.
Sh= 3(2 wtj—w’tl)ol,  S;=S8",  Si= ﬁ( =) 3

Key relations these obey are
3_ ()3 — £7_ Lot
(/Y =(s7)’=0, [S7,57]=+57. @)

The Hamiltonian we study is self-dual under Kramers—Wannier duality, with duality-broken
cases analyzed in [4]. The action of duality on the Hilbert space is given in a convenient
and general form by using topological defects [5]. In the case of interest here, we simplify
matters by studying only its action on translation-invariant Hamiltonians, where the operators
transform as

Ti— o}ajﬂ, GJ'.Ujﬂ - Tiy - (5)
The self-dual quantum 3-state Potts Hamiltonian with periodic boundary conditions is the
simplest one invariant under (5), namely

L
HPZ—Z(O';O']-+1+T]-+}1.C) , (6)
j=1
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where 0;,; = 0. This Hamiltonian is the quantum spin-chain limit of the integrable self-dual
3-state Potts model [6, 7]. Another nearest-neighbor self-dual Hamiltonian is [4]

L
H, = Z(3s+s]—+1 —381°S, + 75+ h.c.) : )
j=1

In this form the self-duality is not obvious, but it is easily verified by rewriting the S].i in terms

of the T i and o j using (3). In addition to being self-dual, both Hamiltonians are invariant

under parity and time-reversal symmetries, namely P : 0; = 0415, Tj = Ty41—j, and T :
oj— 0;'.', T; — 7;. Under the latter, complex numbers are conjugated as well.
The Hamiltonian we study is an arbitrary linear combination of these two:
H(Q):APHP'FA]_H]_, (8)

where a convenient coupling 6 is defined by setting A, = cos 6 and A; = sin 6. Writing H(9)
in terms of Temperley-Lieb generators (see e.g. [4]) gives the same expression as in Ref. [8]
but in a different representation with different physics. Other similar Hamiltonians [9, 10]
are distinct as well. In addition to P and 7, H(6) is invariant under an S3 permutation
symmetry generated by charge conjugation and a Zs cychc shift symmetry. Charge conju-

gation acts on the operators by sending o; «— O'J Tj > T] while the shift is generated by

— 7T;. Acting on the Hilbert space, shifts are generated by w? with

L
sz, w?=]]7;. (9)

j=1 j=1

g; = wo

j j» T

J

M-

Q=

Manifestly, w? commutes with the Hamiltonian, anticommutes with charge conjugation and
obeys (w?)? = 1. The expression (8) gives the most general self-dual nearest-neighbor Hamil-
tonian invariant under all these symmetries.

The Hamiltonian H, by itself is a particular case of the integrable spin-1 XXZ chain [11].
Even beyond that, it has some very special properties. As is obvious from the form (7), it
commutes with Q from (9) itself, promoting the Z; to a full U(1) symmetry. Acting with
duality (5) on Q gives another U(1) charge Q, which also must commute with the self-dual
H. However, it is easy to check that [Q,Q] # 0 and that the two generate the non-Abelian
Onsager algebra, resulting in large degeneracies [12]. Moreover, H; also has a “dynamical”
lattice supersymmetry as it obeys H; = Q2, with a fermionic Q that changes the number of
sites [13].

We do our analysis using detailed conformal field theory (CFT) and numerical techniques.
Our results for the phase diagram of H(6) are summarized in the phase diagram in Figure 1.
All four individual Hamiltonians +Hp and +H; are critical and integrable [11, 14], but their
linear combination (8) is not integrable and not always critical. Four critical phases dominate
the diagram, but very interesting gapped regions occur as well.

Three of the four large critical phases are described by well-known CFTs, as explained in
section 2. Both the ferromagnet Hp and and antiferromagnet —Hp extend to critical phases.
The former is described by the well-known ¢ = % three-state Potts CFT [15], a phase we dub
“Potts 1”. The latter is described by a ¢ =1 CFT, and below we explain why it describes a full
region, not immediately obvious as the corresponding critical point in the classical square-
lattice antiferromagnet is unstable [16]. Another region, the “Potts 2” phase, is also described
by the ¢ = % CFT, and describes a transition between (duality-broken) phases with representa-
tion symmetry-protected topological (RSPT) order [4]. The integrable point with Hamiltonian
—H, separates the Potts 1 and 2 phases along the self-dual line. This point is described by the
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Figure 1: The phase diagram of Hamiltonian (8), including four large critical regions,
one or two gapped phases with order-disorder (O-D) coexistence, and possible gap-
less incommensurate (IC) phases.

same ¢ =1 CFT as in the antiferromagnetic phase, but here perturbing it causes a flow to the
Potts CFT [17,18].

The fourth gapless phase, the “c”=§ + % phase described in section 3, is novel. The
critical integrable point H; is described by a ¢ = % CFT [19, 20] as it is a special case of
the integrable spin-1 chain [11]. This particular CFT can be decomposed into a product of
two CFTs in a rather unusual way [21]. We show that while there are no relevant self-dual
perturbations relevant under the symmetries, there exists a marginal one. While the spectrum
remains gapless throughout a large region, the physics is not described simply by a CFT. We
explain how it instead is best thought of as a combination of two interacting CFTs with different
“Fermi velocities".

Another striking consequence of the self-duality is the existence of two gapped phases de-
scribed in section 4. Both feature order-disorder coexistence, and occur after the Potts phases
terminate in ¢ = g tricritical points. The phase beyond Potts 1 is governs a transition be-
tween conventional Z; order and disorder, generalizing in a natural way the corresponding
first-order phase transition in the Z,-invariant Majorana-Hubbard chain [22,23]. The other
gapped phase is even more uncommon, describing the coexistence between not-A and RSPT
order. Another property we explain is the presence of an unusual fractional supersymmetry.

2 The Potts phases

A key tool in our analysis is the knowledge of all scaling dimensions in the CFTs describing
the continuum limit of the integrable points. In the region of such a critical point, the long-
distance behavior is governed by an effective field theory found by perturbing the CFT by
any relevant or marginal operators invariant under self-duality and all the lattice symmetries.
When there are no such operators, the same CFT must describe an entire phase. The extent
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of these regions can be determined in some cases by exploiting knowledge of flows between
CFTs, while in others we must resort to numerical analysis. In this section we start by showing
how three of the four critical phases can be obtained by such arguments.

2.1 The first Potts phase

The Hamiltonian H(0) = Hp describes the self-dual ferromagnetic three-state Potts chain. It is
integrable [14], and its continuum limit is described by a minimal CFT with ¢ = % [24]. No
relevant self-dual operator obeying the symmetries of H(6) exists in the Potts CFT, with the
least irrelevant such operator having dimension [25] Thus in the region of Hp, perturbing
by H; must be irrelevant, and the Potts CFT contmues to describe H(6) for |0| small. In figure
1, we dub this phase the “Potts 1” phase.

Effective field theories provide a nice way to understand the transitions out of this Potts
phase. Namely, consider breaking the self-duality of Hp by making the coefficients of the two
types of terms in (6) unequal. When the coefficient of the first term is larger, (o) # 0 and the
S3 symmetry is spontaneously broken. The self-dual Hp then describes a transition between
order and disorder. Including the irrelevant perturbation H; does not change the situation, so
this critical order-disorder phase transition persists along the self-dual Potts line. For positive
0, perturbing by this irrelevant self-dual parity-invariant operator gives the same universality
class as including vacancies in the Q-state Potts model, as discussed in depth for the Q = 2
Ising case in [22,23]. For any Q < 4, one expects [26] that this phase terminates at tricritical
point. The three-state tricritical Potts (TCP) model arising here is described by a CFT with

c= % [27]. In this CFT, there does exist a single relevant self-dual operator of dimension 1—70

invariant under all symmetries of H(8). The ¢ = % CFT thus can only describes a particular
point in our phase diagram, and perturbing by this operator with the appropriate sign does
indeed describe a flow from TCP to Potts [28,29]. The Potts 1 phase therefore should terminate
for O positive at a TCP point.

We have confirmed this picture via DMRG [30,31] using ITensor [32], locating the tricritical
Potts point at A; ~ 0.297Ap, i.e. 0 =Orcp ~ 0.0927. Our method is to measure the energies
of low-lying levels, and exploit the fact that the energy levels in a CFT are directly related to
the dimensions of the scaling operators creating them [33,34]. Namely, the energy difference
E,—E, o< (A,—Ap)/L, where A, and A} are the dimensions of operator creating the states
labelled by a and b respectively. The ratio of any two energy differences

Ea_Eb _ Aa_Ab
E.—E; A.—0y°

(10)

is universal, and so we can compare the CFT results to our lattice simulations. We found that
for 0 ~ Orcp, they approach the TCP values as L — oo, while for 6 smaller they approach
the critical Potts values. In figure 2, we display one such ratio for E, = E; = EO, E, = Eé
and E;, = E%, where E] its the energy of the j™ excited state in the sector with Z, charge
. The corresponding CFT scaling dimensions are respectively 0, g’, %g for Potts and 0, %‘1), 3
for TCB giving the ratios 12 7 and 10 respectively. Our DMRG computations of the scaling of
the entanglement entropy [35] are also consistent with terminating the phase in a CFT with
central charge %

For the 6 negative, a similar flow occurs. Here, however, we know the exact termination
point, as both theoretical and numerical work shows that there are no phase transitions be-
tween the integrable points H(—%) = —H; and H(0) = Hp. The U(1)-invariant critical point
—H, [11] terminating the phase is described by a free-boson CFT with ¢ =1 [36,37]. Here a
dimension 3/2 operator obeys all the symmetries of H(6), but not the U(1) [4]. It is natural to
identify this operator with Hp, and so the U(1)-invariant critical point is unstable. Perturbing
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Figure 2: The ratio R% of energy differences (10) for Ap = 1, with E, = E; = E?,
E = Ecl) andE, = E11 The values of A, are chosen near the TCP transition terminating
the Potts 1 phase, with A; = 0.25 (blue stars), 0.295 (red circles), 0.296 (yellow
triangles), 0.297 (purple squares), 0.298 (green diamonds) and 0.3 (teal crosses).
The dashed line is the critical Potts prediction of 17/12 while the solid line is the TCP
prediction of 10/3.

by this operator in the field theory results in a flow to the ¢ = % fixed point [17, 18], with
no intervening phases. Our numerical work confirms this picture in our lattice model, finding
that for —3 < 6 < Orcp, all ratios from (10) approach the Potts CFT predictions as L — o0.
The Potts 1 phase therefore extends to the entire lower-right portion of the phase diagram in
figure 1.

2.2 The second Potts phase

An elegant bosonic field theory describes H(8) in the region near U(1)-invariant critical point
with Hamiltonian —H; [18,38]. As detailed in [4], this effective field theory is the same for
either sign of Ap, implying that the same flow occurs on both sides of 6 = —7. Thus somewhat
surprisingly, a second critical phase is described by same ¢ = % CFT for the ferromagnetic
Potts critical point, even though Ap < 0 means that the Potts Hamiltonian’s contribution to
H(6 < —7) is antiferromagnetic. Breaking the self-duality shows that this Potts critical line
describes an unusual transition, between “not-A” order, where two of the three directions of
spin are favoured, and a representation symmetry-protected topological (RSPT) phase [4].
Even more remarkably, we find numerically that the second Potts phase terminates at the
far end in the same way as the first phase. Increasing the magnitude of A, while keeping it
negative, we encounter another TCP point at Ap &~ 0.6724; < 0 (0 = Opcpr & —0.697). One
ratio (10) illustrating this behavior is shown in the figure 3. This phase and this termination
occur just to the left of the ¢ =1 U(1) point at the bottom of the phase diagram in figure 1.

2.3 Antiferromagnetic Potts phase

The third of the major critical regions surrounds the integrable antiferromagnetic three-state
Potts (AFP) model H(7) = —Hp. At this integrable point, the long-distance description is a
c=1 free-boson CFT [16,39] as at 6 =—3, although here the U(1) symmetry is emergent.
The self-duality and S; symmetry require that both have the same bosonic compactification
radius [4].

An important distinction between the two integrable ¢ = 1 points, however, is that the
AFP Hamiltonian is stable under symmetry-preserving self-dual perturbations. The stability

arises because the lattice analog of the relevant dimension-3/2 CFT operator has momentum
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Figure 3: As in Figure 2, except for A; = —1 to illustrate the termination of the

second Potts phase. Points are at Ap = —0.6 (blue stars), —0.65 (red circles), —0.67
(vellow triangles), —0.672 (purple squares), —0.674 (green diamonds) and —0.676
(teal crosses).

7 relative to the antiferromagnetic ground state, according to our numerics displayed in fig-
ure 4. As apparent, the ground state has momentum k = 7 so that translation invariance is
spontaneously broken, while the four states of dimension 3/2 have lattice momentum k = 0.
Since H(O) is invariant under translation invariance, an operator with momentum 7 relative
to the ground state cannot appear in the effective field theory around 8 = 7. All other relevant
operators are disallowed as before, resulting in an AFP phase. This stability does not occur in
the corresponding square-lattice classical model [16,39], presumably because its interactions
are antiferromagnetic in both space and Euclidean time directions, while in our Hamiltonian
setup, interactions in the “time” direction are effectively ferromagnetic. Our numerics indicate
that the most likely scenario is that on both sides this antiferromagnetic phase terminates by
an excited state crossing the ground state, resulting in gapless incommensurate phases. These
crossings occur at around 6 ~ 0.97 and at 8 ~ —0.73m, and the resulting small incommensu-
rate regions are shown in figure 1 as “IC?”.

. 4 7
3 The “c”= < + ;; phase

The fourth large critical phase is quite unusual and interesting. We start by analyzing the
integrable U(1)-invariant point with Hamiltonian H(%) = H;. Even on the lattice, this point
has remarkable properties: an exact lattice supersymmetry [13], and an Onsager-algebra sym-
metry (our Hamiltonian H; here is —H,, of [12]). The continuum limit is a supersymmetric
CFT[19,20] that can be written in terms of a product of a free-boson and free-fermion theories,
so thatc = % =1+ % The toroidal partition function is Z, ,(+/3) in the notation of [21], where
the +/3 is the radius of the boson [13]. An orbifold couples the two CFTs by imposing certain
selection rules for the states, but otherwise the boson and fermion theories are independent.

This particular CFT has the remarkable property that it can be split up into a product of
two CFTs in two ways [21]: it also is a product of the three-state Potts and the tricritical Ising
(TCI) CFTs (¢ = % = % + 1—70). As with the boson-fermion decomposition, the Potts and TCI
theories are independent except for selection rules. Each scaling dimension of each operator
in this ¢ = % CFT therefore can be split up in two ways:

Ag=Agp+Air=Agp+Agrar > (11


https://scipost.org
https://scipost.org/SciPostPhys.9.6.088

Scil SciPost Phys. 9, 088 (2020)

N
[0 9]

O QO OORNS

O »x B30 O
OO0 & X@OGKD
®© O 06X

x OO0 OOCEDRTBB
x000 O ©® BO

»n
2 X X
§ s O &
%
O
O O ! ! ! ! %
0 0.2 0.4 0.6 0.8 1

k/m

Figure 4: The ratio (10) with E, = E; = Eg and E, = Eé for the integrable an-
tiferromagnetic Potts Hamiltonian H(7t) = —Hp for many levels found using exact
diagonalization at L=14. Red crosses have w? = 1, and blue circles have w? = w.
The levels are plotted as a function of momentum k, with the ground state having
k = m. The self-dual dimension-% operator is one of the lowest-lying crosses at k = 0.

where e.g. A, p is a scaling dimension in the free-boson theory. The remarkable properties
of this CFT go even deeper than (11). The energy-momentum tensor of any of the com-
ponent CFTs can be expressed as linear combinations of three dimension-2 operators in the
other theory [40,41]. The three are both the energy-momentum tensors and a third operator,
with dimensions (Ap, Ap) = (%, %), or (Ap, Arqr) = (%, %). These linear expressions make it
straightforward to relate certain primary fields in the Potts and TCI CFTs to free fermions and
bosons.

The question now is what happens when 6 is taken away from 7%, and so Hp is added to
the Hamiltonian. We give in Appendix A a list of all relevant and marginal operators with
their symmetry properties. This list follows from using the partition functions presented in
Ref. [21] along with a careful analysis of the discrete symmetries. We find that none of the
relevant operators in the ¢ = % CFT are both self-dual and preserve all the symmetries of H(6).
For example, the self-dual dimension-7/8 operators have non-zero momentum and so violate
translation symmetry. As indicated above and apparent in the table, however, there are three
marginal operators of scaling dimension 2. These operators cannot be marginally relevant,
as they all have conformal spin £2, which cannot renormalize. Thus at most they are exactly
marginal.

To proceed further, we must do numerics. We find that indeed H(6) remains critical for
a large region as 0 is varied from 7. Namely, exact diagonalization indicates that energy
differences of low-lying states remain proportional to 1/L, as in a CFT. Moreover, our DMRG
calculation of entanglement-entropy scaling [35] in this region remains consistent with that
inac= % CFT. The criticality therefore extends to a full phase, labeled as “c”= % + % in the
top part of Figure 1.

We gave this phase an unusual name for the following reasons. Even though the univer-
sal term in the entanglement entropy remains constant throughout the phase, the spectrum
changes. We find the scaling dimensions no longer obey (11) for 6 # 7, but to reasonably
good numerical accuracy instead obey

A,(0)=vp(0) Agp +Vrar(0) Ag 1 (12)

where, crucially, the ratio of “Fermi velocities” vrc;/vp does not depend on the level a. The data
cannot be fit well by using different fermi and boson velocities, but only by those for tricritical

8
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Ising and Potts sectors. We glve a plot of the TCI Fermi velocity v . for the j* h excited state
in the sector with Zs charge «” and momentum k in Figure 5, settmg vp = 1. We extract
its value from (12) by first determining the energies E,{ , using exact diagonalization for even

L from 6 through 16, and then fitting to a form Eik /L + B/L?. We then extract the scaling
dimensions using (10) to eliminate non-universal quantities. An important caveat is that to
obtain (12), we considered only levels not degenerate at § = %, as degenerate ones have a
more complicated mixing.

2 [ 1
. 2
: * Voo
L * ¥* % 1 0
1.5 88 g % " ! Vo2 riL
& 1 0
— @ . oV
21t * e o
>'— ! * L] " vl, T
: & ® . (O -3 av)
05 [~ : * Orﬂ—
: &
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ol
Figure 5: The ratio of “Fermi velocities” vyc/vp vs. 6 for levels with A, = ... at
0 = Z, determined from (12) as explained in the text. The véo 3 i the average of

the four lowest levels in this sector, which are degenerate at the integrable point.

If there were only a single exactly marginal operator, (12) would be exact, and the decom-
position into two CFTs

H(0) = vp(0)Hp + vrci(0) Hrar (13)

presumably would hold throughout this critical region. The presence of three self-dual and
symmetry preserving operators at 6 = 5, however, gives two marginal perturbations. Chang-
ing the relative fermi velocities is one of these exactly marginal perturbations, so the open
question here is the role of the other marginal perturbation. Since one of these operators
has dimension (Ar¢p, Ap) = (%, %), it couples the tricritical Ising and Potts theories. If it re-
mains exactly marginal after perturbation, (12) will only be approximate, as the data at the
extremes of Figure 5 suggest. For this reason, we included the quotes in the “c’= + 10 de-
noting this critical region in Figure 1. However, it is entirely possible that the Varlatlons in
the data are merely finite-size effects increasing as the phase transitions are approached, so
that the coupling operator is marginally irrelevant and (5) is exact. Indeed, such a marginally
irrelevant perturbation occurs both in a ¢ = 3/2 field theory [42] and a lattice model [43],
also resulting in a Lorentz-symmetry-breaking perturbation. There, however, the effect is to
restore Lorentz symmetry at large distances, whereas here the effect would be to leave the two
effective theories decoupled.

The transitions out of this fourth large critical region both seem to be to gapless incom-
mensurate phases, as ground-state level-crossings occur in exact diagonalization. Increasing
0 toward the antiferromagnetic Potts phase, the Fermi velocity v¢; in Figure 5 quite clearly
is vanishing, indicating another interesting phase transition. Because of the preponderance of
low-lying energy levels, this transition unfortunately is rather difficult to analyze numerically.
A gapless incommensurate phase seems to describe the region from 6 ~ 0.877 to 6 ~ 0.937.
As 0 is decreased, a small gapless incommensurate region also seems to intervene before the
gapped order-disorder coexistence phase is reached.

9
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4 Gapped order-disorder coexistence

Both Potts phases terminate at one end in a tricritical Potts point. Changing 6 away from
Orcp or Orcp gives a relevant perturbation by an operator of dimension 170 As opposed to
the behavior at the c=1 point, the effective field theories are not the same for both signs
of perturbation. In one direction, the RG flow goes back to the ferromagnetic ¢ = % critical
point [26]. As we described above, this ensuing Potts 1 and Potts 2 critical phases, the former
separates the duality-broken Potts ordered and disordered phases, and the latter separating
the not-A and RSPT phases [4].

Here we consider the phases found by going away from the tricritical Potts points in the
other direction. When the perturbation has the other sign, the self-dual line remains the tran-
sition line, but the model is gapped and the transition first-order [26]. The ensuing effective
field theory describing this region is integrable and massive [29]. The TCP points thus sepa-
rate the first and second-order lines, providing a natural generalization of the familiar physics
of the tricritical Ising model. The disordered and three ordered ground states coexist along
these first-order lines, resulting in a fractional supersymmetry we describe below.

We first establish the order-disorder coexistence on the lattice rigorously at a special
frustration-free point where the multiple ground states can be found exactly, just as in the
Z, case [23]. Here this point is at A; = Ap/3 > 0, where 0 = 0 ~ 0.1027. The four ground

states are

A

000---0), |111---1), [222---2), [000---0), (14)

where o|A) = w?|A) for A= 0, 1,2, while |0) = (|0) + |1) + |2))/+/3, which obeys 7|0) = |0).
In the o-diagonal basis, the first three ground states are completely ordered while the last is
the equal-amplitude sum over all states. The latter ground state is dual to the other three, as
hinted at by the fact that is a product state in the 7;-diagonal basis.

To prove that the states (14) are the ground states at the frustration-free point, we write
the corresponding Hamiltonian H(6g) as a sum over projectors. There are two projectors for
each pair of nearest-neighbor sites, so that

L
H(0p)=—4L+6 (PD +pP) (15)
=1

where (P].(r))2 = P;r) for r = 1, 2. Explicit expressions for these projectors are easiest to write
out in the 7;-diagonal basis, where 7|A) = wh|A) for A= 0,1,2. Acting on the sites j,j + 1
they are

A

2P = (110) —122)) (101 - (221) + (120) — 111)) (201 — (1) + (112) — 121)) ((12] — (21]);
01 — (22]) + (162) — |111)) (021 — (11]) + (112) — 121)) ((12] - (21)).

2
P( )= (161) —122)) ((0
Expressions of these operators in terms of the o; and 7; can be found in appendix B. These

expressions show immediately that |00...0) is annihilated by all the two-site projectors PJ.(r),
and so must be a ground state of the Hamiltonian with energy —4L. A few more minutes
of additional work shows that |AAA...A) is annihilated by all of them as well, and so also are
ground states. Indeed, using the operator given in [5] shows that duality maps any of the
latter three to |00...0) (recall duality is not invertible). These four states are the only ground
states for L > 3, as it is straightforward to verify that these are the only states annihilated by
all projectors. Analogous frustration-free points for the Q-state Potts model with a nearest-
neighbor S, preserving perturbation can be found by using the Temperley-Lieb formulation
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[8,44]. These have Q + 1 degenerate ground states, Q of which are completely ordered and
one completely disordered.

Our numerics confirm that order-disorder coexistence persists throughout a gapped phase
for 6 on both sides of 6. The self-duality makes this coexistence natural, as any ordered
ground state will map to a disordered one under the duality. The self-duality also gives the
exact location of these lines in the bigger parameter space, if not the location of the tricritical
point itself. The physics thus generalizes that of the Z, case [22,23]. Moreover, past the
frustration-free point it contains an incommensurate length scale, as in the analogous phase
surrounding the Majumdar-Ghosh point in a frustrated su(2)-invariant antiferromagnet [45,
46]. Namely, for 6 > 0, level crossings occur amongst excited states, and the correlators
exhibit oscillations on top of the exponential decay. These oscillations are readily apparent in
(ajo j) plotted in figure 6. 0 is increased further, the oscillations persist. As the oscillations
are rather small in magnitude (note the y-axis values on the log plot) we were unable to
determine the period precisely. As best as we can tell, a gapless incommensurate phase then
occurs as a result of a level crossing the ground state at 6 ~ 0.167.

Or Aaasts
o380 1:0.0:0.0 @ o WU
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o o¥0bppoyy 63:2:2°2.2:0.9 ¢ 1
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Figure 6: The log of the spin-spin correlator in the ground state in the gapped phase
at Ap = 1 and various A, values given in the legend. The correlator was obtained
using DMRG with L = 300 and a maximum bond dimension of 400. The incommen-
surability is readily apparent in the oscillations present for A; > 1/3.

Since the second Potts phase terminates in the TCP point at the bottom left of Figure 1,
universality arguments imply also coexistence between the three ground states of the not-A
phase coexist and the unique one of the SPT phase. A direct lattice derivation of this phase
is difficult, as no frustration-free point occurs here. Our DMRG numerics indicate a large
correlation length with substantial oscillations, but the ground states we find have a fairly
small bond dimension. We take the latter as a strong sign of the existence of a gap in at least
a small region. It appears that the gapped region terminates at & ~ —0.707 with a small
incommensurate phase in the region before the critical antiferromagnetic phase starting at
6 ~—0.73m.

The order-disorder coexistence phase also has a very intriguing emergent “fractional su-
persymmetry”, generalizing the emergent supersymmetry in the analogous Z, phase. Super-
symmetric Hamiltonians generically can be written as (sums over) squares of fermionic super-
symmetry generators [47], and in the exact-scattering-matrix approach, appropriate fermionic
operators Q; and Qg indeed can be defined so that H, = Q% + Qﬁ [29]. Remarkably, this
approach can be extended to the region around the TCP point, a consequence of conformal
spin +4/3 operators [27] remaining symmetry generators. The effective Hamiltonian of the
S3-invariant order-disorder coexistence phase thus can be written as the sum of two cubes of
parafermionic operators, i.e. Hy = Q% +a§; [29,48].

In our earlier work [23] we showed that in the critical Ising chain with a particular self-dual
perturbation, the lattice Hamiltonian can be written as H, = Q+2+ Q_z. The fermionic Q* are
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sums over products of odd numbers of Majorana fermions on neighboring sites. Although they
do not commute with the Hamiltonian on the lattice, numerics indicated they renormalize
onto the supersymmetry generators in the scaling limit. The natural generalization of this
construction to our 3-state model uses parafermions 1, instead of Majorana fermions. They
are defined by

Yo =o;] |5, Yo = w07 | | e (16)

k<j k<j

so thate.g. T; = w 1/)2] 1Y) and o jTj1 =@ 1/)211/J2]+1 They obey the algebra

Yi=y2, P =1, W=, Y, =wPyp, fora<b.

One nice feature of the parafermion operators is their nice behavior under the duality (5),
transforming as 1, — 1,,1. Another fact worth noting is that when H(60) is written in terms
of the v, the farthest-apart terms are wzwﬁz and Y Y 41Y 42 and their Hermitian con-
juguates.

The simplest lattice parafermion operator Q giving something non-trivial when cubed is

Q= Z(“‘/)a +BYivl,,) - (17)

Such a Q is not Hermitian. Requiring charge conjugation, parity and time-reversal fixes > € R
and a = 2w?B. Then some straightforward but tedious algebra yields

L
3 w3 _ i
Q°+ Q' _H(fo)—Z[ T J+1+T T]+1+O'JO']+1O']+2+O' O']+1O']T+2] (18)

where 32 = 1. The terms inside the square brackets are longer-range, in the sense that they
involve products like v ;1) t qu +2Wa+3- This expression strongly suggests that the parafemionic
operators (17) provide lattice analogs of the fractional supersymmetry generators.

We can remove the extra terms in (18) and extend the results to all 8 by considering a sum
over generators as in the Z, case. We then define

Q= (tnatha + Buaivl,,) - (19)

J

We show in appendix B that coefficients a,, , and 3, , can be found so that

HO)=Q3+Q1" +Q3+Q! + Q@2 +qQ}” (20)

for any 6. The precise meaning and consequences of (20) are not immediately apparent to us,
but it does seem rather natural in light of the emergent symmetries described in [29,48].

5 Conclusion

We have found the phase diagram of the one-dimensional self-dual 3-state Potts model per-
turbed by the only self-dual nearest-neighbor interaction obeying all of its symmetries. Two
critical Potts phases appear, separated by a U(1)-invariant critical point. One Potts line sep-
arates novel RSPT and not-A phases [4], the other the usual ordered and disordered phases.
The antiferromagnetic Potts critical point extends to a full phase here, as opposed to the corre-
sponding square-lattice antiferromagnet. Even more striking is finding an unusual “c”— + 5 10
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phase, where another U(1)-invariant critical point splits into CFTs with different fermi veloc-
ities. At least one and probably two gapped phases with S; order-disorder coexistence occur
as well, separated from Potts phases by a tricritical point.

Several of our results are rather striking, and would be well worth additional study. The
splitting via distinct fermi velocities occurring in the “c”=§ + 1—70 phase is rather unusual, es-
pecially given that the component theories are strongly interacting. In particular, it would be
nice to know whether these two CFTs are decoupled or are interacting. If the latter, how does
one write down such interactions in field theory? To understand how the decoupling works
(or doesn’t), developing a RG analysis in the fashion of [42, 43] likely would be illuminat-
ing, as also would be writing lattice analogs of various operators. At a more formal level, the
decoupling even at the ¢ = % point is very interesting, as it leads to being able to derive mar-
velous explicit expressions for CFT correlators, for example that given in [49]. Concerning the
gapped phases, we also know of no other lattice models where Hamiltonians can be written
as a sum over the cubes of parafermionic operators. Connecting it to field theory in a more
transparent way would be very desirable.

Acknowledgements

We would like to thank Eduardo Fradkin, Yichen Hu and Eric Vernier for useful discussions.
This work was supported by EPSRC through grant EP/N509711/1 1734484 (EOB) along with
grants EP/S020527/1 and EP/N01930X (PF).

— 3 _ 1_4, 7
A Thec=35=1+35=z:+7; CFT
In Table 1 we present a list of all marginal and relevant operators in the CFT describing the
continuum limit of H (g) = H;. The dimension A of each is given in both forms (11), with the
additional splitting of each into left and right components (A;, Ag), so that e.g. the dimension-

5 . . . . 3 _ 3 3 . . .
57 operator in the second row is of dimension ;5 = g5 + g in the tricritical Ising CFT and

12—5 = % + % in the three-state Potts CFT. A primed dimension denotes the Virasoro raising
operator L_; or L_; acting on the primary field of that dimension, while a double-primed
number indicates the action of L_, or L_,. Thus, for example, 0” is the energy-momentum
tensor.

We then list their symmetry charges of the fields. The conformal spin is s = A; — Ag,
the Z5 charge is ", and the lattice momentum is k. The “electric” and “magnetic” charges
[m,n] are those under the two U(1) symmetries Q and Q respectively, so that w" = ™. For
all the states with r = 0, we give the eigenvalues under duality D and the product of it with
parity: D’ = DP. The reason for the restriction is that when r # 0, duality maps periodic
boundary conditions to twisted sectors and so does not have a well-defined eigenvalue. In
order to simplify the table, we have not written the TCI+P states as parity eigenstates, but
they can be found simply by taking appropriate combinations of the states with left and right
exchanged. The duality eigenvalues therefore apply only to the B+F expressions.

A few comments on these symmetry properties are in order. The Z; symmetry lives solely
in the three-state Potts sector in the TCI + P picture, and in the boson in the B+F picture,
as it is generated by w®?. The two (1/15,1/15) operators in Potts have r = £1, as do the
two (2/3,2/3) fields, while all others have r = 0. The lattice momentum sectors k = 0 and
k = m are determined solely by the corresponding Z, sectors in the TCI CFT (see [50] for how
that works), while they are given by 7 times (m + 2n) mod 2 in the B + F picture. We find
that in TCI + B duality is just given by the Potts duality. The mapping of operators between
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Table 1: The relevant and marginal operators for H(3) = H;. The precise definitions
of the scaling dimensions and the charges are given in the text. A primed dimension
denotes the Virasoro raising operator L_; or L_; acting on the primary field of that
dimension, while a double-primed number indicates the action of L_, or L_,. The
linear combinations of the bosonic and fermion operators are chosen to behave nicely
under duality and parity. For operators with charge r = 1, the corresponding oper-
ator with r = —1 is not given. For fields with k # 0, 7, the corresponding operator

with momentum —k not given.

A s r k TCI+ P B+F [m,n] D D
0 0 0 0 (0+0,0+0) (0+0,0+0) [0,0] +1 41
5 3 1 3 1 1 1 1 1
5% 01 n (F+mmtsn) (t+ietis) [1,0] - -
1 1 1 1 1 1 1
: 0 1 0 (4% 5+15%) (2+0,2+0) [—2,0] - -
(£+0,%+0) (+&2+4 [3,014+[0,21+[-3,0]+[0,—3] +1 +1
Z 00 =« (Z+0,2+2 (2+L,2+L%) [3,01-[0,31-[-3,0]+[0,—3] +1 -1
(Z+2L%+0) (2+%,2+%) [3,014[0,41-[-3,0]—-[0,—3] -1 +1
(G+35+3)  Grsirs) B.0-00+50-0-3] -1 1
1 00 0 (5+2+5+2) (0+1,0+1 [0,0] -1 -1
1 1 0 2 (2+2,0+0) (1+0,0+0) [0,0] -1 +1
7 2 3 1 1/ 1 1 1
(G+iw+n) (F+twnts [1,0] - -
29 2 3/ 1 3 1 1 17 1 1
% 11 n+F (g+mmts) (et ot [1,0] - -
3 1/ 3 1 25 101 1 1
(t+so0ts) HBresnts) [-2,—3 - -
(0+30+3)  (+hi+D [2,0] -
0 1 0 (2+4£,0+3) (¢ +3,2+0) 1,—1
3 5 15> 3 6 223 [’ 2] - -
2 3 1 2 1 1 1
(0+32+%) (5+0,5+3) [1,3] - -
3 1 3 1 2 2
(+52+1) (5+0,5+0) [4,0] - -
/ /
(1—736 +§),§76+0) (% +11i6/§+$) [3,0]+[0,%]+[—3,0]+[0,—%] +1 +1
(%+§’E+O) (§+E’§+E) [3,0]+[0,§]+[—3,0]+[0,—§] +1 +1
/ /
. i (% +g,§—0+2§) (§+11%,/,§+$) [3,01—[0,%]—[—3,0]+[0,—§] +1 -1
3 1 O 7'(?'|'T7r (%+§,%+§) (§+E’§+1_6) [3,0]—[0,5]—[—3,0]4'[0,—5] +1 -1
(&+2,2+0) (F+L,2+%) [301+[0,1]1-[-3,0]-[0,—1] -1 +1
3/,2 7 3 17 3 1 1 1
(& +2,Z+0) (3+%.2+%) [3,01+[0,3]-[-3,0]—-[0,—2] -1 +1
80 5716 8 16 > 8 16 s > 2 ) > 2
(F+3%+3) (+fi+rn) [B01-[03]+[=30-[0—3] -1 -1
/ /
(3 +33+) G+&d+8) Bo-Di+30-0-4] -1 -
2 0 0 O (2+2,2+2) (14+0,140) [0,0] -1 -1
(2+0,5+2) (2+0,0+1) [3,21+[-3,—3] +1 -1
2 1 0 %= (5+1,5+%) (1+1,0+1) [0,0] +1 -1
/
(5+3.4+8)  (3+0,0+3) (3,31~ [-3,-}] -1
/ /
(5 +2+5+2) (0+1,0+1) [0,0] -1 -1
(0" +0,0+0) (0”+0,0+0) [0,0] +1 +1
(0+0”,0+0) (0+0”,0+0) [0,0] +1 +1
2 2 0 % (¢2+Z,0+0) (3+1,0+0) [3,21-[-3,—3] +1 +1
(2 +2,0+0) (2+10+0) [3,1]+[-3,—1] -1 +1
(2+2,0+0) (1’ +0,0+0) [0,0] -1 +1
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TCI+P and B+F descriptions then requires that duality act on both the boson and fermion
theories. We define D to send m « —n and (0,1/2) — (0,1/2), while D’ gives m < n and
(0,1/2) — —(0,1/2).

Going through the table, one sees that all relevant operators have non-vanishing charge
under at least one of the symmetries, or are not self-dual. Only three marginal operators are
self-dual and invariant under all symmetries including parity. Each of these is the sum of an
operator of scaling dimension (2,0) and its parity conjugate of dimension (0,2). In the B+F
language, these are found from the boson stress-energy tensor (0”+0, 0+0), the fermion stress-
energy tensor (0+0”,0+0), along with the third field (3/2+1/2,0+0) (plus their conjugates).
The latter operator is the reason why the model may not split exactly to a combination of the
Potts and TCI models with different Fermi velocities, as explained in section 3.

B The Hamiltonian as a sum of cubes

Here we show how to write the Hamiltonian (8) as the sum of cubes of parafermionic operators
given in (20). A useful expression in the analysis and in the derviation of the form (18) for
the frustration-free point is

—_epM — T T
2 6Pj =0;0jy1+0j0;,,+71; +T + w? T]O']O']+1
+wT; 0J0J+1+wr o; o +a) 7! O']O']+1,

J J
_ep® — T
2 6PJ. —ajaj+1+o-aj+1+fj+1+r.
ot
+w0101+171+1+o) 0]0]+1T]+1+a> O']O']+1 Tjt +w0o; O'J+1 10

Plugging (19) into (20) turns out to give eight equations for eight unknowns. Parametrizing
the unknowns via

21'ma1 2mnai

Apg = aele 5 ﬁn,a = ﬁeid)"e 5, Un = en + 2¢n

gives

2.cos iy +cos Uy — V3sinuy = 0

Ap,—A
cos,u0+\/§sin,uo+2cos,u1=p—1,
3af32
sin g — v/3 cos g — 2sin iy + sin uy + v/3 cos uy = 0,
22
cos o + v/3sin (g — 2 €os g + cos iy — \/—sm,uz——/jlz

cos 36 + cos36; +cos36, =0
sin36, +sin36; +sin30, =0
cos(36;) —cos(36,) =0
A
@.
The last four equations are simple to solve and for Ap # 0 give several solutions, all of which
lead to equivalent Q;, just with a few phase factors moved around. Choosing one of the solu-
tions, we find A, = —92, 6, = 2r/3, 6; = —21/9, 6, = 27/9.

The first equations have different solutions depending on the value of v =22,/(4, — A;).
Again, these solutions have some phase factors which can be shifted around. We pick one

cos(36;1) —cos(36y) =
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particular set of solutions such that the solutions are continuous at finite v. If v < 1/2,

azﬁ(%—l),

27

Moz—?,

1+v v/3(1—2v)
u, = atan > >

v—2 v—2

1+v—3v1—-2v 1+v++v/1—-2v
Uy = atan V3 s

2(2—) 2(2—v)

where atan[ x, y] gives the x and y coordinates to allow the angle to be reconstructed without

ambiguity. For v> 1/2
4+
a=—p\—,
V
T

u0=§+atan[

y—2 _21/21;—1]
Vyv@+v) @+ |

[ 1+v  V2v—1 ]
U, = atan | — , ,
Vy(d+v) Vv(4+ )
T |: 1+ v2yv—1 :|
Uy, = —— +atan , .
3 Vyd+v) Vv(4+ )

Taking 3 — 0,a — oo but af3? — const as v — 0, we can keep the Hamiltonian well-defined
here. The expressions for the two regions agree as v — 1/2.

There are three special values v = 0,1/2,00. Taking v = 0 yields £Hp with the sign
coming from that of a. This behavior is analogous to the Z, case, where the Ising point was
recovered by taking one of the terms in Q to zero. Taking v — oo corresponds to Ap = A4,
the point where the 7; + O']TO' j+1 1 h.c. term vanishes. More mysterious is v = 1/2, which
corresponds to A, = 54, in the Potts phase.

References

[1] H. A. Kramers and G. H. Wannier, Statistics of the two-dimensional ferromagnet. Part I,
Phys. Rev. 60, 252 (1941), doi:10.1103/PhysRev.60.252.

[2] E. Fradkin and L. P Kadanoff, Disorder variables and para-fermions in two-dimensional
statistical mechanics, Nucl. Phys. B 170, 1 (1980), doi:10.1016/0550-3213(80)90472-1.

[3] J. Alicea and P Fendley, Topological phases with parafermions: Theory and blueprints,
Annu. Rev. Condens. Matter Phys. 7, 119 (2016), doi:10.1146/annurev-conmatphys-
031115-011336.

[4] E. O’Brien, E. Vernier and P Fendley, “Not-A”, representation symmetry-protected topo-
logical, and Potts phases in an Ss-invariant chain, Phys. Rev. B 101, 235108 (2020),
doi:10.1103/PhysRevB.101.235108.

[5] D. Aasen, P Fendley and R. S. K. Mong, Topological defects on the lattice: Dualities and
degeneracies (2020), arXiv:2008.08598.

16


https://scipost.org
https://scipost.org/SciPostPhys.9.6.088
http://dx.doi.org/10.1103/PhysRev.60.252
http://dx.doi.org/10.1016/0550-3213(80)90472-1
http://dx.doi.org/10.1146/annurev-conmatphys-031115-011336
http://dx.doi.org/10.1146/annurev-conmatphys-031115-011336
http://dx.doi.org/10.1103/PhysRevB.101.235108
https://arxiv.org/abs/2008.08598

Scil SciPost Phys. 9, 088 (2020)

[6] R. B. Potts, Some generalized order-disorder transformations, Math. Proc. Camb. Phil. Soc.
48, 106 (1952), do0i:10.1017/S0305004100027419.

[7]E Y. Wu, The Potts model, Rev. Mod. Phys. 54, 235 (1982),
doi:10.1103/RevModPhys.54.235.

[8] Y. Ikhlef, J. L. Jacobsen and H. Saleur, A Temperley-Lieb quantum chain with
two- and three-site interactions, J. Phys. A 42, 292002 (2009), doi:10.1088/1751-
8113/42/29/292002.

[9] W. Li, S. Yang, H.-H. Tu and M. Cheng, Criticality in translation-invariant parafermion
chains, Phys. Rev. B 91, 115133 (2015), doi:10.1103/PhysRevB.91.115133.

[10] S.-Y. Zhang, H.-Z. Xu, Y.-X. Huang, G.-C. Guo, Z.-W. Zhou and M. Gong, Topological phase,
supercritical point, and emergent phenomena in an extended parafermion chain, Phys. Rev.
B 100, 125101 (2019), doi:10.1103/PhysRevB.100.125101.

[11] A.B. Zamolodchikov and V. A. Fateev, Model factorized S matrix and an integrable Heisen-
berg chain with spin 1 (In Russian), Sov. J. Nucl. Phys. 32, 298 (1980).

[12] E. Vernier, E. O’Brien and P Fendley, Onsager symmetries in U(1) -invariant clock models,
J. Stat. Mech. 043107 (2019), do0i:10.1088/1742-5468/ab11cO0.

[13] C. Hagendorf, Spin chains with dynamical lattice supersymmetry, J. Stat. Phys. 150, 609
(2013), doi:10.1007/5s10955-013-0709-9.

[14] R. Baxter, Exactly solved models in statistical mechanics, Harcourt Brace Jovanovich
(1982).

[15] V. A. Fateev and A. B. Zamolodchikov, Parafermionic currents in the two-dimensional con-
formal quantum field theory and selfdual critical points in Z(n) invariant statistical systems,
Sov. Phys. JETP 62, 215 (1985).

[16] H. Saleur, The antiferromagnetic Potts model in two dimensions: Berker-Kadanoff phase,
antiferromagnetic transition, and the role of Beraha numbers, Nucl. Phys. B 360, 219
(1991), do0i:10.1016/0550-3213(91)90402-J.

[17] V. A. Fateev and Al. B. Zamolodchikov, Integrable perturbations of Zy parafermion
models and the O(3) sigma model, Phys. Lett. B 271, 91 (1991), doi:10.1016/0370-
2693(91)91283-2.

[18] P Lecheminant, A. O. Gogolin and A. A. Nersesyan, Criticality in self-dual sine-Gordon
models, Nucl. Phys. B 639, 502 (2002), d0i:10.1016/S0550-3213(02)00474-1.

[19] E C. Alcaraz and M. J. Martins, Conformal anomaly for the exactly integrable SU(N) mag-
nets, J. Phys. A: Math. Gen. 22, 1L865 (1989), doi:10.1088/0305-4470/22/18/002.

[20] E C. Alcaraz and M. J. Martins, The spin-S XXZ quantum chain with general toroidal
boundary conditions, J. Phys. A: Math. Gen. 23, 1439 (1990), doi:10.1088/0305-
4470/23/8/017.

[21] L. Dixon, P Ginsparg and J. Harvey, c=1 superconformal field theory, Nucl. Phys. B 306,
470 (1988), d0i:10.1016/0550-3213(88)90011-9.

[22] A. Rahmani, X. Zhu, M. Franz and 1. Affleck, Emergent supersymmetry from
strongly interacting Majorana zero modes, Phys. Rev. Lett. 115, 166401 (2015),
doi:10.1103/PhysRevLett.115.166401.

17


https://scipost.org
https://scipost.org/SciPostPhys.9.6.088
http://dx.doi.org/10.1017/S0305004100027419
http://dx.doi.org/10.1103/RevModPhys.54.235
http://dx.doi.org/10.1088/1751-8113/42/29/292002
http://dx.doi.org/10.1088/1751-8113/42/29/292002
http://dx.doi.org/10.1103/PhysRevB.91.115133
http://dx.doi.org/10.1103/PhysRevB.100.125101
http://dx.doi.org/10.1088/1742-5468/ab11c0
http://dx.doi.org/10.1007/s10955-013-0709-9
http://dx.doi.org/10.1016/0550-3213(91)90402-J
http://dx.doi.org/10.1016/0370-2693(91)91283-2
http://dx.doi.org/10.1016/0370-2693(91)91283-2
http://dx.doi.org/10.1016/S0550-3213(02)00474-1
http://dx.doi.org/10.1088/0305-4470/22/18/002
http://dx.doi.org/10.1088/0305-4470/23/8/017
http://dx.doi.org/10.1088/0305-4470/23/8/017
http://dx.doi.org/10.1016/0550-3213(88)90011-9
http://dx.doi.org/10.1103/PhysRevLett.115.166401

Scil SciPost Phys. 9, 088 (2020)

[23] E. OBrien and P Fendley, Lattice supersymmetry and order-disorder coexis-
tence in the tricritical Ising model, Phys. Rev. Lett. 120, 206403 (2018),
doi:10.1103/PhysRevLett.120.206403.

[24] VL. S. Dotsenko, Critical behaviour and associated conformal algebra of the Zs Potts model,
Nucl. Phys. B 235, 54 (1984), doi:10.1016/0550-3213(84)90148-2.

[25] J. L. Cardy, Critical exponents of the chiral Potts model from conformal field theory, Nucl.
Phys. B 389, 577 (1993), doi:10.1016/0550-3213(93)90353-Q.

[26] B. Nienhuis, in Phase Transitions and Critical Phenomena, vol. 11, edited by C. Domb
and J. L. Lebowitz, Academic Press London (1987).

[27] A. B. Zamolodchikov and V. A. Fateev, Representations of the algebra of parafermion cur-
rents of spin 4/3 in two-dimensional conformal field theory. Minimal models and the tri-
critical potts Z; model, Theor. Math. Phys. 71, 451 (1987), doi:10.1007/BF01028644.

[28] A. W. W. Ludwig and J. L. Cardy, Perturbative evaluation of the conformal anomaly at
new critical points with applications to random systems, Nucl. Phys. B 285, 687 (1987),
doi:10.1016/0550-3213(87)90362-2.

[29] V. A. Fateev and A. B. Zamolodchikov, Conformal field theory and purely elastic S-matrices,
Int. J. Mod. Phys. A 05, 1025 (1990), do0i:10.1142/S0217751X90000477.

[30] S. R. White, Density matrix formulation for quantum renormalization groups, Phys. Rev.
Lett. 69, 2863 (1992), doi:10.1103/PhysRevLett.69.2863.

[31] U. Schollwock, The density-matrix renormalization group in the age of matrix product
states, Ann. Phys. 326, 96 (2011), doi:10.1016/j.a0p.2010.09.012.

[32] iTensor, http://itensor.org/.

[33] H. W. J. Blote, J. L. Cardy and M. P Nightingale, Conformal invariance, the central
charge, and universal finite-size amplitudes at criticality, Phys. Rev. Lett. 56, 742 (1986),
doi:10.1103/PhysRevlLett.56.742.

[34] 1. Affleck, Universal term in the free energy at a critical point and the conformal anomaly,
Phys. Rev. Lett. 56, 746 (1986), doi:10.1103/PhysRevLett.56.746.

[35] P Calabrese and J. Cardy, Entanglement entropy and quantum field theory, J. Stat. Mech.
P06002 (2004), doi:10.1088/1742-5468/2004/06/P06002.

[36] E C. Alcaraz, M. N. Barber, M. T. Batchelor, R. Baxter and G. Quispel, Surface expo-
nents of the quantum XXZ, Ashkin-Teller and Potts models, J. Phys. A 20, 6397 (1987),
doi:10.1088,/0305-4470/20/18/038.

[37] H. Frahm, N.-C. Yu and M. Fowler, The integrable XXZ Heisenberg model with arbitrary
spin: Construction of the Hamiltonian, the ground-state configuration and conformal prop-
erties, Nucl. Phys. B 336, 396 (1990), doi:10.1016/0550-3213(90)90435-G.

[38] G. Delfino, Field theory of scaling lattice models. The Potts antiferromagnet, Stat. Field
Theor., NATO Sci. IT 73, 3 (2002), arXiv:hep-th/0110181.

[39] R.J. Baxter, Critical antiferromagnetic square-lattice Potts model, Proc. Royal Soc. of Lon-
don. Series A 383, 43 (1982).

18


https://scipost.org
https://scipost.org/SciPostPhys.9.6.088
http://dx.doi.org/10.1103/PhysRevLett.120.206403
http://dx.doi.org/10.1016/0550-3213(84)90148-2
http://dx.doi.org/10.1016/0550-3213(93)90353-Q
http://dx.doi.org/10.1007/BF01028644
http://dx.doi.org/10.1016/0550-3213(87)90362-2
http://dx.doi.org/10.1142/S0217751X90000477
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://itensor.org/
http://dx.doi.org/10.1103/PhysRevLett.56.742
http://dx.doi.org/10.1103/PhysRevLett.56.746
http://dx.doi.org/10.1088/1742-5468/2004/06/P06002
http://dx.doi.org/10.1088/0305-4470/20/18/038
http://dx.doi.org/10.1016/0550-3213(90)90435-G
https://arxiv.org/abs/hep-th/0110181

Scil SciPost Phys. 9, 088 (2020)

[40] C. Dong, H. Li, G. Mason and S. P Norton, Associative subalgebras of the Griess algebra
and related topics, in The Monster and Lie Algebras, De Gruyter, Berlin, New York, ISBN
9783110801897 (1998), d0i:10.1515/9783110801897.27.

[41] J.-B. Bae, J. A. Harvey, K. Lee, S. Lee and B. C. Rayhaun, Conformal field theories with
sporadic group symmetry (2020), arXiv:2002.02970.

[42] M. Sitte, A. Rosch, J. S. Meyer, K. A. Matveev and M. Garst, Emergent Lorentz symme-
try with vanishing velocity in a critical two-subband quantum wire, Phys. Rev. Lett. 102,
176404 (2009), doi:10.1103/PhysRevLett.102.176404.

[43] B. Bauer, L. Huijse, E. Berg, M. Troyer and K. Schoutens, Supersymmetric mul-
ticritical point in a model of lattice fermions, Phys. Rev. B 87, 165145 (2013),
doi:10.1103/PhysRevB.87.165145.

[44] M. T. Batchelor and C. M. Yung, g¢-deformations of quantum spin chains with
exact valence-bond ground states, Int. J. Mod. Phys. B 08, 3645 (1994),
doi:10.1142/S021797929400155X.

[45] C. K. Majumdar and D. K. Ghosh, On next-nearest-neighbor interaction in Linear Chain. I,
J. Math. Phys. 10, 1388 (1969), doi:10.1063/1.1664978.

[46] S. R. White and I. Affleck, Dimerization and incommensurate spiral spin correlations in
the zigzag spin chain: Analogies to the Kondo lattice, Phys. Rev. B 54, 9862 (1996),
doi:10.1103/PhysRevB.54.9862.

[47] E. Witten, Constraints on supersymmetry breaking, Nucl. Phys. B 202, 253 (1982),
doi:10.1016/0550-3213(82)90071-2.

[48] H. de Vega and V. Fateev, Factorizable S-matrices from nonlocal Zy charges, J. Phys. A 25,
2693 (1992), doi:10.1088/0305-4470/25/9/037.

[49] S. H. Simon, Correlators of N=1 superconformal currents, J. Phys. A: Math. Theor. 42,
055402 (2009), doi:10.1088/1751-8113/42/5/055402.

[50] A. Feiguin, S. Trebst, A. W. W. Ludwig, M. Troyer, A. Kitaev, Z. Wang and M. H. Freedman,
Interacting anyons in topological quantum liquids: The golden chain, Phys. Rev. Lett. 98,
160409 (2007), doi:10.1103 /PhysRevLett.98.160409.

19


https://scipost.org
https://scipost.org/SciPostPhys.9.6.088
http://dx.doi.org/10.1515/9783110801897.27
https://arxiv.org/abs/2002.02970
http://dx.doi.org/10.1103/PhysRevLett.102.176404
http://dx.doi.org/10.1103/PhysRevB.87.165145
http://dx.doi.org/10.1142/S021797929400155X
http://dx.doi.org/10.1063/1.1664978
http://dx.doi.org/10.1103/PhysRevB.54.9862
http://dx.doi.org/10.1016/0550-3213(82)90071-2
http://dx.doi.org/10.1088/0305-4470/25/9/037
http://dx.doi.org/10.1088/1751-8113/42/5/055402
http://dx.doi.org/10.1103/PhysRevLett.98.160409

	The model and the phase diagram
	The Potts phases
	The first Potts phase
	The second Potts phase
	Antiferromagnetic Potts phase

	The ``c''= 45+ 710 phase
	Gapped order-disorder coexistence
	Conclusion
	The c= 32=1+ 12 =  45 +  710 CFT
	The Hamiltonian as a sum of cubes
	References

