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Abstract

We carry out a comprehensive comparison between the exact modular Hamiltonian
and the lattice version of the Bisognano-Wichmann (BW) one in one-dimensional critical
quantum spin chains. As a warm-up, we first illustrate how the trace distance provides
a more informative mean of comparison between reduced density matrices when com-
pared to any other Schatten n-distance, normalized or not. In particular, as noticed in
earlier works, it provides a way to bound other correlation functions in a precise man-
ner, i.e., providing both lower and upper bounds. Additionally, we show that two close
reduced density matrices, i.e. with zero trace distance for large sizes, can have very dif-
ferent modular Hamiltonians. This means that, in terms of describing how two states
are close to each other, it is more informative to compare their reduced density matri-
ces rather than the corresponding modular Hamiltonians. After setting this framework,
we consider the ground states for infinite and periodic XX spin chain and critical Ising
chain. We provide robust numerical evidence that the trace distance between the lat-
tice BW reduced density matrix and the exact one goes to zero as `−2 for large length
of the interval `. This provides strong constraints on the difference between the corre-
sponding entanglement entropies and correlation functions. Our results indicate that
discretized BW reduced density matrices reproduce exact entanglement entropies and
correlation functions of local operators in the limit of large subsystem sizes. Finally, we
show that the BW reduced density matrices fall short of reproducing the exact behavior
of the logarithmic emptiness formation probability in the ground state of the XX spin
chain.
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1 Introduction

Measures of quantum entanglement and, in particular, entanglement entropies have become
one of the key tools to characterize quantum many-body systems and quantum field theories
[1–5]. Given a pure state |Ψ〉 and a subsystem A, the bipartite entanglement is quantified by
the von Neumann entropy

SA = −trA(ρA logρA), (1)

where the reduced density matrix (RDM) ρA = trĀ|Ψ〉〈Ψ| is obtained by tracing |Ψ〉〈Ψ| over Ā
the complement of A. More generally, one can consider the moments of the RDM, i.e. trAρ

n
A,

and define the Rényi entropy as

S(n)A = −
log trAρ

n
A

n− 1
. (2)

In the n→ 1 limit, the Rényi entropy returns the entanglement entropy; we note that Rényi
entropies of integer order have already been experimentally measured up to partitions con-
sisting of 10 spins [6–11]. The RDM ρA is fully encoded in the modular (or entanglement)
Hamiltonian HA defined as

ρA =
e−HA

ZA
, ZA = trAe−HA. (3)

By construction, the RDM and the modular Hamiltonian have the same eigenvectors, and their
eigenvalues are simply related. The modular Hamiltonian plays a key role in quantum field
theory [5], and recently attracted a great amount of interest in the context of condensed matter
physics, in particular, for topological matter [12].

While, in the context of relativistic quantum field theory, the modular Hamiltonian of half-
space partition is known to be related to the boost operator [13, 14], its explicit functional
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form in lattice models is hard to construct, and is known only in a few simple cases [15–22].
In order to overcome this challenge, it was proposed in Refs. [23, 24] to use the Bisognano-
Wichmann (BW) theorem in quantum field theory [13,14] and its extension in conformal field
theory (CFT) [25–34] to write approximate modular Hamiltonians for lattice models. From
the BW modular Hamiltonian one can construct a RDM, which has been dubbed BW RDM.
The proposal has been checked extensively [20, 23, 24, 35–41], showing that in many cases
the BW modular Hamiltonian can reproduce to a good precision the entanglement spectrum,
correlation functions, entanglement entropy and Rényi entropies.

In this paper we further investigate the precision of the lattice BW modular Hamiltonian
when the size of the subsystem becomes large. It was found in [19] that for a free fermion chain
the deviation of the BW modular Hamiltonian from the exact one persists even for a large
subsystem. However, two RDMs with asymptotically zero distance can have very different
modular Hamiltonians, as we will show in section 3 using a toy example, and so the modular
Hamiltonian itself may not be a good quantity to distinguish different states of the subsystem.
Recently in [41], the Schatten distances, with a normalization as in [42], between the BW
RDM and the exact RDM were calculated, and it was found that they decay algebraically with
interval’s size. In this paper we want to study the same problem using the trace distance. There
are at least two good reasons to study also the trace distance between the two reduced density
matrices. First, the behaviour of trace distance between the BW and the exact RDMs imposes
strong constraints on the behaviour of other quantities such as correlation functions, entan-
glement entropy, and Rényi entropies through various inequalities. The verification of these
operator inequalities was so far essentially neglected. Second, as we will show in section 3,
there exist rather different states that the Schatten distance of a large subsystem, normalized
or not, cannot distinguish, while the trace distance can.

Since in this article we just use the BW modular Hamiltonian of two-dimensional (2D)
CFTs, we will focus on two critical points of the XY spin chain, i.e., the XX spin chain with
zero magnetic field and the critical Ising spin chain. The XY chain can be exactly diagonalized
and this allows us to calculate the trace distance between the BW and the exact RDMs for one
interval with length as large as ` ∼ 100. Furthermore, we also calculate the fidelity, which
can give an upper bound of the trace distance, for intervals up to size ` ∼ 1000 for XX chain
and ` ∼ 500 for critical Ising chain. We find a power-law decay of the trace distance in `.
Then, exploiting the inequalities satisfied by the trace distance, we will look into the behavior
of entanglement entropy, Rényi entropy, RDM moments, correlation functions, and formation
probabilities.

The remaining part of the paper is arranged as follows. In section 2 we first define the
trace distance and then summarize its relevant properties. In section 3, we use toy examples
to show that the trace distance can distinguish states that any other n-distance, normalized
or not, cannot; we also show that two close RDMs in general can have different modular
Hamiltonians. In section 4 and section 5, we consider the ground state of the XX spin chain
with a zero transverse field and of the critical Ising spin chain on an infinite straight line and
on a circle. We conclude with discussions in section 6.

2 Trace distance and its properties

For two density matrices ρ,σwith trρ = trσ = 1, the Schatten n-distance with n≥ 1 is defined
as [43,44]

Dn(ρ,σ) =
1

21/n
‖ρ −σ‖n, (4)
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where for a general matrix Λ, Schatten n-norm with n≥ 1 is

‖Λ‖n =
�∑

i

λn
i

�1/n
, (5)

where λi ’s are the singular values of Λ, i.e. the nonvanishing eigenvalues of
p
Λ†Λ. When Λ is

Hermitian, λi ’s are the absolute values of the nonvanishing eigenvalues of Λ. We have chosen
the normalization such that for two orthogonal pure states we have Dn = 1. The n-distance
is not always able to distinguish different states, and in [42] an alternative definition of the
n-distance has been proposed1

D̃n(ρ,σ) =
‖ρ −σ‖n

(trρn + trσn)1/n
, (6)

which can be called normalized n-distance. For n = 1, the n-distance becomes the trace dis-
tance

D(ρ,σ) =
1
2
‖ρ −σ‖1. (7)

As we will show in section 3, the trace distance can distinguish, in a way that we specify in
detail below, some states of a large subsystem that any other n-distance, normalized or not,
cannot. This is in agreement with the known metric properties of the trace distance (see, e.g.,
Ref. [47, 48]); it also confirms some observations done for excited states of CFTs [49, 50], as
well as out of equilibrium [51].

The fidelity of two density matrices ρ and σ are defined as [43,44]2

F(ρ,σ) = tr
qp

σρ
p
σ. (8)

Although not obvious by definition, the fidelity is symmetric to its inputs. The fidelity provides
both a lower bound and an upper bound on the trace distance

1− F(ρ,σ)≤ D(ρ,σ)≤
Æ

1− F(ρ,σ)2. (9)

The upper bound will be extremely useful to us.
The trace distance also bounds other interesting quantities such as the entanglement en-

tropy, Rényi entropies, RDM moments, and the correlation functions. The interested reader
can find all necessary details in the review [52]. The Fannes-Audenaert inequality provides an
upper bound for the entanglement entropy difference [53,54]

|SA(ρA)− SA(σA)| ≤ D log(dA− 1)− D log D− (1− D) log(1− D), (10)

where D ≡ D(ρA,σA) is the trace distance and dA is the dimension of the RDM. For one in-
terval with ` sites (e.g. in the XY spin chain), one has dA = 2`. Hence, if the trace distance
decays faster than 1/`, then difference of the von Neumann entropies goes to zero for the large
subsystem sizes.

The trace distance also puts bounds on the difference of the Rényi entropies and RDM
moments. For Rényi entropies with 0< n< 1 one has [54]

|S(n)A (ρA)− S(n)A (σA)| ≤
1

1− n
log[(1− D)n + (dA− 1)1−nDn], (11)

1The n = 2 version of the normalized n-distance (6) was proposed and used in [42] to investigate the time
evolution of the RDM after a global quench [45,46]. As stated in [42], the triangle inequality for the normalized
n-distance has not been proven yet, and so it may even not be a real well-defined distance.

2In quantum information literature, Eq. (8) is sometimes called square root fidelity and the fidelity is defined
as F(ρ,σ) =

�

tr
Æp

σρ
p
σ
�2

.
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while for n> 1 [55]

|S(n)A (ρA)− S(n)A (σA)| ≤
dn−1

A

n− 1

�

1− (1− D)n −
Dn

(dA− 1)n−1

�

. (12)

According to both inequalities, the trace distance should decay exponentially fast in ` to get a
vanishing upper bound. It is worth mentioning that both inequalities are known to be sharp
[55]. We note that since in 2D CFTs we have [56,57]

S(n)A,CFT(`) =
c
6

�

1+
1
n

�

log`+ γn (13)

for critical systems the quantity
�

�1−S(n)A (`)/S
(n)
A,CFT(`)

�

� can be bounded by zero if: a) for n= 1

the trace distance goes to zero like 1
`α with α≥ 1; b) for n 6= 1 the trace distance goes to zero

exponentially fast.
For RDM moments, there are also bounds. For 0< n< 1 one has [54]

|trAρ
n
A − trAσ

n
A| ≤ (1− D)n + (dA− 1)1−nDn − 1, (14)

and for n> 1 [58]

|trAρ
n
A − trAσ

n
A| ≤

2D
n

. (15)

The last equation implies that, when the trace distance decays to zero for the large subsystems,
the difference of the RDM moments also goes to zero for n > 1. The same conclusion is not
true for 0< n< 1. Anyhow, in order to have a meaningful constraint, we should also take into
account how trAρ

n
A itself scales with `. For 2D CFTs the moment scales as trAρ

n
A,CFT∝ `−

c
6 (n−

1
n )

which means the quantity
�

�1− trAρ
n
A

trAρ
n
A,CFT

�

� can be bounded by zero if: a) for n< 1 the trace distance

goes to zero exponentially fast; b) for n> 1 the trace distance scales like `−α with α > c
6(n−

1
n).

Finally, the trace distance gives the following constraint on the difference of the expectation
value of an operator [43]

|trA[(ρA−σA)O]| ≤ smax(O)‖ρA−σA‖1, (16)

where smax(O) is the largest singular value of O. Hence, if the trace distance between two
density matrices goes to zero for large subsystem sizes, then the difference between the ex-
pectation values of the operators, with finite largest singular value, calculated using the two
density matrices goes to zero. Since most of the local operators in quantum spin chains have
finite smax(O), the trace distance puts a strong constraint on their value.

3 Different ways of comparing density matrices: Toy examples

In this section, we give three toy examples that illustrate the comparative predictive power of
different distances between density matrices. The goals of this section are to (1) emphasize
the difference between trace and Schatten distances, and (2) point out how states which are
very close under trace distance may be described by very distinct modular Hamiltonians.

First example. - In this first toy example, we show that the trace distance can distinguish
two states of a large subsystem that any other n-distance cannot. Since the Schatten norm has
the monotonicity property, this example may not be surprising at all; however, it will help us
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to build up the basis for the next two toy examples and for the main arguments. We consider
the two 2` × 2` diagonal RDMs:

ρA = diag(2−`, · · · , 2−`), σA = diag(2−`+1, · · · , 2−`+1, 0, · · · , 0). (17)

The RDM ρA has 2` identical eigenvalues equal to 2−`. The RDM σA has half of its eigenval-
ues (i.e. 2`−1) equal to 2−`+1 and the other half are vanishing. Both RDMs are normalized,
trAρA = trAσA = 1. The two matrices are very different, and we expect a finite distance be-
tween them. It is easy to imagine physical observables being very different in the two cases,
for example in a spin system. The trace distance is

D(ρA,σA) =
1
2

, (18)

and the normalized n-distance (6) is

D̃n(ρA,σA) =
1

(1+ 2n−1)1/n
, (19)

both giving a finite value in the large ` limit. Conversely, the un-normalized n-distance is

Dn(ρA,σA) =
1

2(1−
1
n )`+

1
n

. (20)

For n > 1, Dn(ρA,σA) is exponentially small as `→∞, although the two states are different.
We conclude that the trace distance and the normalized distances (6) distinguish these two
states for a large subsystem, while the n-distance cannot.

Second example. - In this second example, we show that the trace distance can distinguish
two states of a large subsystem that other normalized n-distances cannot. Specifically, we
consider:

ρ′A =
1
2
(ρA,1 +ρA), σ′A =

1
2
(ρA,1 +σA), (21)

where ρA,1 = diag(1, 0, · · · , 0) and ρA,σA are defined in (17). We get a finite trace distance

D(ρ′A,σ′A) =
1
4

. (22)

Conversely, for n> 1, the normalized n-distance decays exponentially for large ` as

D̃n(ρ
′
A,σ′A)≈

1

2(1−
1
n )`+

1
n

. (23)

We conclude that the trace distance distinguishes two states of a large subsystem that any
other normalized n-distance cannot.

Third example.- In this last example, we show that two very close RDMs can have different
modular Hamiltonians. We consider:

ρA = diag(2−`+1 − 2−`
2
, · · · , 2−`+1 − 2−`

2
, 2−`

2
, · · · , 2−`

2
),

σA = diag(2−`+1 − 2−2`2
, · · · , 2−`+1 − 2−2`2

, 2−2`2
, · · · , 2−2`2

). (24)

Half of the eigenvalues of ρA are 2−`+1 − 2−`
2

and the other half are 2−`
2
. Half of the eigen-

values of σA are 2−`+1− 2−2`2
and the other half are 2−2`2

. These two RDMs are very close in
the `→∞ limit, and indeed we have an exponentially small trace distance

D(ρA,σA)≈ 2−`
2+`−1→ 0 as `→∞. (25)
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However, they lead to very different modular Hamiltonians

− logρA ≈ diag((`− 1) log2, · · · , (`− 1) log 2,`2 log 2, · · · ,`2 log2),

− logσA ≈ diag((`− 1) log2, · · · , (`− 1) log2, 2`2 log2, · · · , 2`2 log 2). (26)

We conclude that, while a direct comparison of modular Hamiltonians and element-by-element
entanglement spectra is certainly informative, the trace distance provides a more informative
mean of comparing density matrices for large subsystems.

4 The XX spin-chain

The XX spin chain (in zero field) is described by the Hamiltonian

HXX = −
1
4

L
∑

j=1

�

σx
j σ

x
j+1 +σ

y
j σ

y
j+1

�

. (27)

Its continuum limit is a free massless compact boson theory, with the target space being a unit
radius circle, which is a 2D CFT with central charge c = 1. The Hamiltonian of the XX spin
chain is mapped to that of free fermions by the Jordan-Wigner transformation

a j =
�

j−1
∏

i=1

σz
j

�

σ+j , a†
j =

�

j−1
∏

i=1

σz
j

�

σ−j , (28)

with σ±j =
1
2(σ

x
j ± iσ y

j ). One can also define the Majorana operators:

d2 j−1 = a j + a†
j , d2 j = i(a j − a†

j ). (29)

The exact modular Hamiltonian of an interval A of length ` takes the form

HA =
∑̀

j1, j2=1

H j1 j2 a†
j1

a j2 . (30)

The RDM can be constructed from the two-point correlation function matrix [18,59–64] and
HA is related to C as [60,62]

C =
1

1+ eHA
. (31)

In the XX spin chain, the `× ` correlation matrix C has entries

C j1 j2 = 〈a
†
j1

a j2〉= f j2− j1 . (32)

The function f j takes different forms for different states and geometries. We only consider
ground states. For a finite interval A in an infinite chain we have

f∞j =
1
π j

sin
π j
2

, f∞0 =
1
2

, (33)

while for a periodic chain of length L (with L even)

f PBC
j =

sin π j
2

L sin π j
L

, f PBC
0 =

1
2

. (34)
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Approximate RDM on the lattice [23, 24] can be constructed following the BW theorem
[13, 14] and its extensions for CFT [25–34]. For a recent review of BW theorem in quantum
field theory, see Ref. [5]. For the ground state of an arbitrary (d + 1)-dimensional relativistic
quantum field theory, the BW theorem states that the modular Hamiltonian of the half-infinite
space A (defined by the condition A = [0,∞]) can be written as the partial Lorentz boost
generator

HA = 2π

∫

x∈A
dd x x1H(x), (35)

where H(x) is the Hamiltonian density of the theory, and the speed of light has been set to
unit. For a 2D CFT, the BW theorem can be extended to other geometries [25–34]. For a finite
interval A= [0,`] on an infinite line in the ground state, the modular Hamiltonian is [26,29]

HA = 2π

∫ `

0

dx
x(`− x)
`

H(x). (36)

For the interval A= [0,`] in the ground state of a periodic system of total length L, the modular
Hamiltonian is [29]

HA = 2π

∫ `

0

dx
sin πx

L sin π(`−x)
L

π
L sin π`L

H(x). (37)

We now briefly review how to adapt the continuum formulation to ground states of lattice
models [23,24]. The BW RDM of a given interval is

ρBW
A =

e−HBW
A

ZBW
A

, ZBW
A = trAe−HBW

A . (38)

One can use the modular Hamiltonian in 2D CFT [25–29] to write the BW modular Hamilto-
nian as

HBW
A =

∑̀

j1, j2=1

HBW
j1 j2

a†
j1

a j2 , (39)

where matrix HBW has only nearest neighbor non-vanishing entries

HBW
j, j+1 = HBW

j+1, j = −πh j . (40)

For the interval A in an infinite chain, one has

h∞j =
j(`− j)
`

, (41)

while in a periodic system of length L

hPBC
j =

sin π j
L sin π(`− j)

L
π
L sin π`L

. (42)

The corresponding matrix of the correlation functions of the BW modular Hamiltonian is

CBW =
1

1+ eHBW . (43)

4.1 One interval embedded in an infinite chain

In this subsection we consider the ground state of an infinite XX chain. By construction, the
exact correlation matrix C and the BW one CBW commute [19]. Hence the corresponding RDM
also commute. These commuting RDMs have the same eigenvectors, but may have different
eigenvalues that we will use to compute various distances and other related quantities.
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4.1.1 Trace distance and fidelity

We calculate the trace distance, Schatten n-distance, and fidelity between the exact RDM and
BW RDM. We exploit the commutativity of the BW RDM with the exact one in our numerical
calculations. The ` × ` correlation matrix C defined in (32) with (33) has eigenvalues µ j ,
j = 1, 2, · · · ,`, and in the diagonal basis the 2` × 2` RDM takes the form [61,63]

ρA =
⊗̀

j=1

�

µ j
1−µ j

�

. (44)

As the correlation matrix C commutes with the BW one CBW, which is defined in (43) with
(40) and (41), they can be diagonalized simultaneously. We denote the eigenvalues of the BW
correlation matrix CBW as ν j , j = 1, 2, · · · ,`, and, in the same basis as (44), the BW RDM is

ρBW
A =

⊗̀

j=1

�

ν j
1− ν j

�

. (45)

To calculate the trace distance D(ρA,ρBW
A ) and general Schatten n-distance we need the explicit

eigenvalues of the two RDMs. Conversely, thanks to the commutativity of the RDMs ρA, ρBW
A ,

the fidelity is extracted by the simple formula

F(ρA,ρBW
A ) = trA

q

ρAρ
BW
A =

∏̀

j=1

�

p

µ jν j +
q

(1−µ j)(1− ν j)
�

, (46)

that does not requires the reconstruction of the spectrum of the RDMs. Similar equations can
be found for all Schatten ne-distance with ne being an even integer

Dne
(ρA,ρBW

A ) =
1

21/ne
[trA(ρA−ρBW

A )
ne]1/ne . (47)

For example, the Schatten 2-distance is

D2(ρA,ρBW
A ) =

1
21/2

¦∏̀

j=1

�

µ2
j+(1−µ j)

2
�

−2
∏̀

j=1

�

µ jν j+(1−µ j)(1−ν j)
�

+
∏̀

j=1

�

ν2
j+(1−ν j)

2
�

©1/2
.

(48)
As a consequence, the calculations of the fidelity and Schatten ne-distances are much more
effective because we only need to work with the ` eigenvalues of the correlation matrix. Hence,
we will access subsystem sizes up to ` ∼ 1000 (but larger are also possible). In contrast, for
the trace distance and Schatten no-distances we have to reconstruct the 2` eigenvalues of the
RDMs; for practical reasons we cut off the eigenvalues smaller than 10−10, but also in this way
we can go up at most to `∼ 100.

The numerical results for the trace distance, Schatten n-distance, and fidelity are reported
in Fig. 1. From the figure it is evident that all of them decay algebraically as a function of `,
with an exponent that is compatible with −2 in all considered cases (in spite of the relatively
small ` that are accessible for the trace distance). Hence, from now on we assume the result
D(ρA,ρBW

A )∝ `−2, but we stress that our conclusions do not change qualitatively as far as the
decay is faster than `−1.

4.1.2 Entanglement entropy

By virtue of the Fannes-Audenaert inequality (10), the behavior of the entanglement entropy is
constrained by the trace distance. Since we have found D(ρA,ρBW

A )∝ `−2, and since dA = 2`,
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Figure 1: The trace distance D ≡ D(ρA,ρBW
A ), Schatten n-distance Dn ≡ Dn(ρA,ρBW

A ),
and fidelity F ≡ F(ρA,ρBW

A ) between the BW and the exact RDMs for one interval in
an infinite XX chain. The fidelity provides an upper bound for the trace distance, i.e.
D ≤

p
1− F2. The symbols are the spin chain numerical results, and the solid lines

are guides for the eyes going as `−2.

the Fannes-Audenaert inequality characterizes the difference of the entanglement entropies as

|SA− SBW
A |® `

−1. (49)

This is consistent with the results in [40,41]. The inequalities for Rényi entropies (11) and (12)
do not provide useful bounds; anyhow their absence by no means implies that their differences
are not vanishing as `→∞.

We now present numerical computations for the differences of Rényi entropies for sev-
eral values of n, keeping in mind the previous bound from Fannes-Audenaert inequality. We
calculate the entanglement entropy and Rényi entropy numerically from correlation matrix
following [61, 63]. The correlation matrix C has eigenvalues µ j with j = 1,2, · · · ,`, and the
entanglement entropy, Rényi entropy, and RDM moment are

SA = −
∑̀

j=1

�

µ j logµ j + (1−µ j) log(1−µ j)
�

,

S(n)A = −
1

n− 1

∑̀

j=1

log
�

µn
j + (1−µ j)

n
�

,

trAρ
n
A =

∏̀

j=1

�

µn
j + (1−µ j)

n
�

. (50)

The same formulas are valid for the entanglement entropy, Rényi entropy, and RDM moment
for the BW RDM just replacing the eigenvalues µ j with those of the BW correlation matrix
CBW, that we denoted by ν j . We emphasize that we need to set a high precision in numerical
calculations of the Rényi entropy, especially when the index is in the range 0 < n < 1. The
corresponding results are reported in the left panel of Fig. 2. The entropy difference decays
with subsystem size, following approximately the law |SA − SBW

A | ∝ `−2, showing that the
bound (49) is not tight for the von Neumann entropy. From the figure, it is also evident that
also all Rényi entropies with arbitrary n behave exactly in the same fashion, although there is
no significant bound in this case.

Now we move to the moments of the RDM for which we have the bounds in Eqs. (14) and
(15). Only the one for RDM moments with n> 1 is potentially worth to consider:

|trAρ
n
A − trAρ

n
A,BW|® `

−2. (51)
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Figure 2: Comparison of the Rényi entropies (left) and RDM moments (right) derived
using the BW RDM with the exact ones for an interval of length ` in the ground state
of an infinite XX chain. The symbols are the numerical data and the full line is a guide
for the eyes, proportional to `−2. Evidently, as `→∞, the BW RDM reproduces the
exact results.

However as we mentioned in section 2 the moments themselves of the real RDM ρA are de-
caying to zero as trAρ

n
A∝ `−

1
6 (n−

1
n ). Hence it is more meaningful to look at the ratio for which

the bound (15) leads to
�

�

�1−
trAρ

n
A,BW

trAρ
n
A

�

�

�® `−2+ 1
6 (n−

1
n ), (52)

which decays to zero as long as n < 12.08 . . . . In Fig. 2 we see that all the BW moments
converge to the exact ones for any n, also rather large. A fit of this decay including all available
data points provides exponents that are between 1.8 and 1.9 for all values of n considered. We
note however that, since these fits do not consider possible subleading corrections or possible
short-distance deviations due to strong-UV effects, these exponents shall be taken with a grain
of salt.

4.1.3 Two-point fermion correlation function

In this subsection we consider the two-point correlation function of fermion operators, i.e.
〈a†

j ak〉 with j, k = 1, 2, · · · ,`. These are the building blocks of the correlation matrix C and, by
means of Wick theorem, of all local observables within A. For these correlations, the inequality
(16) with O = a†

j ak constrains their behavior (notice that the maximum singular value smax(O)
is of order one). From the scaling of the trace distance D(ρA,ρBW

A )∝ `−2 and the inequality
(16), we get the bound for the difference of all observables with smax(O) of order one:

|〈O〉 − 〈O〉BW|® `−2. (53)

When the two fermion operators are at a distance much smaller than `, 〈a†
j ak〉 is a constant

(in `), and so we conclude

|1− 〈a†
j ak〉BW/〈a

†
j ak〉|® `−2, if | j − k| � `. (54)

When the two fermion operators are instead at a distance proportional to `, we have
〈a†

j a j+α`〉 ∼ `−1 (cf. Eq. (33)), and so

|1− 〈a†
j ak〉BW/〈a

†
j ak〉|® `−1 if | j − k| ∝ `. (55)

The comparison between the correlation functions from the BW RDM and the exact ones is
shown in Fig. 3. In the first row, we plot two examples at distance 1 and `/2−1, as representa-
tive cases of small and large distances respectively. As it is well known, we observe that the BW
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correlation function CBW breaks translational invariance. However, such breaking is stronger
at small ` and the symmetry is systematically restored as ` increases. In the other four panels
of Figure 3 we compare the entries of the exact correlation matrix C and the CBW, by plotting
their relative differences and studying the behavior for large `. There are two scales that mat-
ter: the distance from the boundary of the interval and the distances between the points. Both
of them can be either finite or growing with ` and so we have four possible cases. In the figure
we report four examples, one for each possible case. It turns out that the differences for all
cases decay like a power law, but the exponent depends on both the relevant scales mentioned
above. The numerical results are roughly compatible with the following picture: In the large
` limit, the difference decays with an exponent in ` equal (approximately) to −4 or −2. The
decay power is about −4, only if both the following conditions are met:

1. the distance of the two operators is finite, and

2. the distances of the two operators from the boundaries of the interval are proportional
to `.

Otherwise, the exponent is approximately −2. Let us see how these rules apply to the panel
of Fig. 3; only in (c) both conditions are satisfied and the decay is indeed proportional to `−4

(full line); in all other panels, at most one condition is true (in (d) only (2), in (e) only (1),
and in (f) none), hence the decay is proportional to `−2 (full lines in all panels).

Most of the cases that we considered follow clearly the above picture for the exponent.
However, the crossover between the two regimes strongly affects the data for intermediate
values of `, as it is evident from many curves in Fig. 3, but this is not surprising. In Fig. 3 there
exist strong dips for some curves at intermediate values of `, which are due to changes of signs
of the differences 1− CBW

x ,y /Cx ,y . Obviously all these observations about the numerical results
are consistent with the bounds (54) and (55).

4.1.4 Formation probabilities

In this subsection we study non-local quantities called formation probabilities. The most
known of this kind of observables is the emptiness formation probability (EFP) P± which has
a long history, see [65–77]. P+ (P−) is the probability of having all the spins in a block of
length ` pointing up (down) in the σz

j basis. More generally, a formation probability is de-
fined as P = trA(ρA|ψ〉〈ψ|), where |ψ〉 is a product state of the subsystem A [73, 78]. Using
smax(|ψ〉〈ψ|) = 1 for product states and recalling that D(ρA,ρBW

A )∝ `−2, we get from (16)
that any formation probability should satisfy

|P − PBW|® `−2, (56)

but, as we shall see, this bound is not very meaningful because the FPs themselves are expo-
nentially small.

Let us first analyse the emptiness formation probabilities; they are defined as

P± = trA(ρAO±), O± =
∏̀

j=1

1±σz
j

2
, (57)

and can be rewritten as the determinant of an `× ` matrix S± [68,71]

P± = det S±, S±j1 j2
=

1
2
(δ j1 j2 ± i〈d2 j1−1d2 j2〉). (58)

The Majorana modes dm with m= 1,2, · · · , 2` are defined in (29). Inversion symmetry of the
XX spin chain without transverse field guarantees P+ = P−. In terms of the correlation matrix
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Figure 3: Comparison of exact correlation functions with those coming from the BW
RDM for one interval of length ` in an infinite XX chain. Panels (a) and (b) show
that the BW correlations approach the exact ones restoring translational invariance as
`→∞. In the panels (c)-to-(f) we report the relative difference of the correlations
|1− CBW

x ,y /Cx ,y |. In (c), x − y is finite and x , y ∝ `. In (d) x , y, x − y ∝ `. In (e)
x , y are both of order 1. In (f) x is O(1), but y∝ `. In panel (c) the algebraic decay
is proportional to `−4 and in the other three cases to `−2 (full lines in the various
plots).

C , we have S+ = 1− C and S− = C . The known exact result for the large ` asymptotics of the
EFP of the XX spin-chain in zero field is [68]

− log P+ =
log2

2
`2 +

1
4

log`+ · · · , (59)

where the dots are subleading terms in the large ` limit. Conversely, analyzing the numerical
data for the EFP from the BW modular Hamiltonian, we get a very accurate fit with the form3

− log PBW
+ =

1
3
`2 +

1
3

log`+ · · · . (60)

The difference | log P+ − log PBW
+ | is shown in figure 4 and grows for large ` as `2, compatible

with the forms (59) and (60). This behavior will be discussed at the end of the subsection.
3This leading order result 1

3`
2 can be obtained analytically by integrating the spectrum of the BW RDM obtained

in Ref. [19,79], as suggested to us by Viktor Eisler.
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Figure 4: Comparison of the BW EFP and the BW NFP with the exact ones for one in-
terval in the ground state of an infinite XX chain. While the NFP is correctly captured
by the BW RDM, the same is not true for the EFP.

We now consider the Néel formation probability (NFP) PN, i.e. the formation probability
of the Néel state. This can be written in terms of the matrix S+ in (58) as [73,78]

PN = (det S+)
�

sdet
1− S+

S+

�

, (61)

where sdet(M) stands for the determinant of the submatrix of M constructed in such a way
that all rows and columns with even (or odd) index are removed. The numerical calculations
presented in Ref. [73] suggest the scaling

− log PN =
log2

2
`+

1
8

log`+ · · · , (62)

where the dots stand for subleading terms. We find that the logarithmic NFP derived by using
the BW modular Hamiltonian is compatible with this ansatz: in figure 4 we report the differ-
ence between the logarithms of the exact and BW NFP, showing that indeed it goes to zero for
large `.

The EFP and NFP themselves are exponentially small as ` → ∞, and so the inequality
(56) are satisfied trivially. The decaying trace distance for large subsystems guarantees the
decaying differences of formation probabilities, but the difference of a particular formation
probability may not approach each other in `→∞ limit. This is similar to our conclusion in
section 3, i.e. that two closed RDMs may have very distinct modular Hamiltonians. For this
reason, it is not at all surprising that the EFP is not captured by the BW RDM; quite oppositely,
we find remarkable and unexpected that the NFP is well described by BW.

4.2 One interval in a finite periodic chain

In this subsection, we move our attention to a finite XX chain of length L with periodic bound-
ary conditions. For conciseness we focus on a subsystem of length `= L/4, but any other ratio
of `/L would work the same. In analogy to the study of the infinite system, we first consider
the behavior of trace distance, Schatten n-distance, and fidelity between the exact RDM ρA and
the BW RDM, i.e. ρBW

A , with the modular Hamiltonian defined in (39) with (40) and (42). In
our calculations, we rely on the fact that the exact correlation matrix C (32) calculated using
the equation (34) commutes with the matrix HBW (40) calculated by (42), see Ref. [20]. Our
results are shown in Fig. 5; the trace distance, the Schatten n-distance, and

p
1− F2 with the

fidelity F decay all as approximately `−2. It is worth mentioning that we find similar results
also for open boundary conditions.
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Figure 5: The trace distance, Schatten n-distance, and fidelity between the BW and
the exact RDMs for one interval in a periodic XX chain. The empty plotmakers are
spin chain numerical results, and the solid lines are guide for eyes decaying as `−2.
We fixed the ratio of the length of the interval ` and the length of the circle L as
`= L/4.
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Figure 6: Comparison of the entanglement entropy, Rényi entropies, and RDM mo-
ments derived using the BW RDM with the exact ones for one interval in a periodic
XX chain with zero magnetic field and for L = 4`.

We now consider the behavior of the differences of the entanglement entropy, Rényi en-
tropies, and RDM moments in figure 6. We see that approximately |SA − SBW

A | ∼ `
−2. As in

the previous subsection, the BW RDM can reproduce the correct Rényi entropy and RDM mo-
ments. We also compare the correlation functions of fermion operators calculated using the
BW RDM with the exact ones for one interval on a circle in the ground state of the XX chain.
The correlation functions from the BW RDM approach the exact ones for large intervals. The
results are very similar to Fig. 3 and we will not show them here.

5 The critical Ising chain

The transverse field Ising chain is defined by the Hamiltonian

HIsing = −
1
2

L
∑

j=1

�

σx
j σ

x
j+1 +λσ

z
j

�

. (63)

Its phase diagram includes a critical point at λ = 1, on which we focus here. The continuum
limit of the critical Ising spin chain is a free massless Majorana fermion, which is a 2D CFT with
the central charge c = 1

2 . We recall that, in the massive regime, the entanglement Hamiltonian
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of the half-chain in the thermodynamic limit is known to correspond exactly to the lattice
version of the BW modular Hamiltonian [15]. The Hamiltonian of the Ising spin chain can be
diagonalized exactly by a Jordan-Wigner transformation (28) and moving to Majorana modes
(29) as for the XX spin chain. We anticipate that most of the results we obtained for the
XX chain will also apply here at the qualitative level; as such, we will keep the discussion
of in the form of a short summary, eventually emphasizing differences with respect to the
aforementioned case.

Due to the fact that U(1) magnetization conservation is replaced here by a global Z2 sym-
metry, we work directly in the Majorana basis dm with m = 1,2, · · · , 2` defined by Eq. (29).
The exact modular Hamiltonian of a length ` interval takes the form

HA =
1
2

2
∑̀

m1,m2=1

Wm1m2
dm1

dm2
. (64)

The correlation matrix Γ of Majorana operators is defined as

Γm1m2
= 〈dm1

dm2
〉 −δm1m2

. (65)

In the ground state of the critical Ising spin chain, the non-vanishing entries of the correlation
matrix satisfy

Γ2 j1−1,2 j2 = −Γ2 j2,2 j1−1 = g j2− j1 . (66)

For the interval embedded in the ground state of an infinite chain we have

g∞j = −
i
π

1

j + 1
2

, (67)

while on a periodic system of length L

gPBC
j = −

i

L sin[( j + 1
2)
π
L ]

. (68)

The matrices W and Γ are related as [80]

Γ = tanh W. (69)

The BW modular Hamiltonian of the critical Ising spin chain is

HBW
A =

1
2

2
∑̀

m1,m2=1

W BW
m1m2

dm1
dm2

, (70)

with the nonvanishing entries of the antisymmetric matrix

W BW
2 j−1,2 j = −W BW

2 j,2 j−1 = −πih j− 1
2
, j = 1, 2, · · · ,`,

W BW
2 j,2 j+1 = −W BW

2 j+1,2 j = −πih j , j = 1,2, · · · ,`− 1. (71)

The function h j is defined as (41) or (42), depending on the interval of interest. The corre-
sponding correlation matrix of the BW modular Hamiltonian is

Γ BW = tanh W BW. (72)

5.1 One interval in an infinite chain

In this subsection we consider the ground state of an infinite chain. The BW modular Hamil-
tonian is defined as (70) with (71) and (41).
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Figure 7: The trace distance, Schatten n-distance, and fidelity of the BW and the
exact RDMs for one interval on an infinite chain in the ground state of the critical
Ising spin chain. The empty plotmakers are spin chain numerical results. The solid
lines are guide to the eyes going like `−2.

5.1.1 Trace distance and fidelity

The exact correlation matrix Γ (65) with (66) and (67) and the matrix W BW (71) with (41)
commute. The exact correlation matrix Γ has eigenvalues ±γ j with j = 1, 2, · · · ,`, and the BW
correlation matrix Γ BW (72) can be diagonalized under the same basis with the eigenvalues±δ j
with j = 1,2, · · · ,`. In the same basis, the exact and the BW RDM can be written respectively
in the diagonal forms

ρA =
⊗̀

j=1

� 1+γ j
2

1−γ j
2

�

, ρBW
A =

⊗̀

j=1

� 1+δ j
2

1−δ j
2

�

. (73)

To calculate the trace distance and Schatten no-distance with no being an odd integer we need
the explicit eigenvalues of the RDMs, while we have simpler formulas to calculate the Schatten
ne-distance with ne being an even integer and fidelity. As for the XX chain, we discard the
eigenvalues of the RDMs smaller than 10−10, and this allow us to calculate the trace distance
and Schatten no-distance up to `∼ 100. However, this limitation does not apply to fidelity and
Schatten ne-distance for which we go up to ` ∼ 500. The trace distance, Schatten distance,
and the fidelity of the exact RDM and the BW RDM are shown in the figure 7. Similarly to the
XX chain, the BW RDM becomes an increasingly better approximation of the exact RDM as the
subsystem size `→∞. By numerical fitting we get that the trace distance, Schatten distance
and
p

1− F2 with F being the fidelity all decay approximately as `−2.

5.1.2 Entanglement entropy

In this subsection we study the behavior of the differences of the entanglement entropy, Rényi
entropies, and the RDM moments in figure 8. We see that approximately |SA− SBW

A | ∝ `−2. It
is consistent with the results in [41]. Again, similarly to the XX case, the BW RDM reproduces
all the exact Rényi entropies and RDM moments. The difference of Rényi entropies decay as
`−2, while the difference of the moments decay with an exponent slightly smaller than 2, in
full analogy with the XX chain.

We mention that we tested also the scaling of the correlation functions. All results are
identical to the ones of the XX chain in Figure 3 and so we do not discuss them here.

17

https://scipost.org
https://scipost.org/SciPostPhysCore.2.2.007


SciPost Phys. Core 2, 007 (2020)

△

△
△

△
△

△ △ △△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△

○
○

○
○

○
○ ○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

▽ ▽

▽
▽

▽
▽ ▽ ▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽

□

□

□
□

□
□ □ □□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□

♡

♡

♡
♡

♡
♡
♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡

◇

◇

◇
◇

◇
◇
◇ ◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

▯

▯

▯
▯

▯
▯
▯ ▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯

♀

♀

♀
♀

♀
♀
♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀

⊕

⊕

⊕
⊕

⊕
⊕
⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕

♂

♂

♂
♂

♂
♂
♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂

△ n=1/4

○ n=1/3

▽ n=1/2

□ n=1

♡ n=2

◇ n=3

▯ n=4

♀ n=8

⊕ n=16

♂ n=32

5 10 50 100
10-7

10-6

10-5

10-4

0.001

0.010

ℓ

|1
-
S
A
,B
W

(n
)

/S
A(n
) | △

△ △
△

△ △ △ △△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△

○
○

○
○

○ ○ ○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

▽ ▽
▽

▽
▽ ▽ ▽ ▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽

♡

♡
♡

♡
♡ ♡ ♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡♡

◇

◇
◇

◇
◇ ◇ ◇ ◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

▯

▯
▯

▯
▯ ▯ ▯ ▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯

♀

♀
♀

♀
♀ ♀ ♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀♀

⊕

⊕
⊕

⊕
⊕ ⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕

♂

♂
♂

♂
♂ ♂ ♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂♂△ n=1/4

○ n=1/3

▽ n=1/2

♡ n=2

◇ n=3

▯ n=4

♀ n=8

⊕ n=16

♂ n=32

5 10 50 100
10-7

10-6

10-5

10-4

0.001

0.010

0.100

ℓ

|1
-
tr
A
ρ
A
,B
W

n
/tr
A
ρ
An
|

Figure 8: Comparison of the entanglement entropy, Rényi entropies, and RDM mo-
ments derived using the BW RDM with the exact ones for one interval on an infinite
chain in the ground state of the critical Ising chain. The full line on the left is pro-
portional to `−2.

5.1.3 Formation probabilities

In the critical Ising chain, the EFPs P± for all the spins up and all the spins down in the basis
of σz

j are different. For the critical Ising spin chain, there are the exact results [71]

− log P± =
�

log2∓
2G
π

�

`+
1
16

log`+ · · · , (74)

where G is the Catalan’s constant. Note that P+ > P−, i.e. the configuration with all the
spins up (in the transverse direction) is preferred to the one with spin down, as obvious from
energetic arguments. In terms of the correlation matrix Γ (65) with (66) and (67), we have
[68,71]

P± = det S±, S±j1 j2
=

1
2
(δ j1 j2 ± iΓ2 j1−1,2 j2). (75)

The same formula works also for the BW correlation matrix Γ BW (72) with (71) and (41) to
get the EFP PBW

± . The numerical results are shown in figure 9. Unlike the case in the XX spin
chain, the BW modular Hamiltonian in the Ising spin chain perfectly reproduces the EFPs.

In the critical Ising spin chain numerical calculations suggest that for the NFP we have [73]:

− log PN ≈ 0.985`+
1
16

log`+ · · · . (76)

We find NFP coming from the BW modular Hamiltonian also matches this result when the
subsystem size is large, as shown in figure 9.

5.2 One interval in a finite periodic chain

In this subsection we consider the ground state of a periodic system of length L = 4`. The
exact correlation matrix Γ (65) with (66) and (68) commute with W BW (71) with (42). The
trace distance, Schatten distance and fidelity of the exact RDM and BW RDM are shown in
figure 10. The trace distance, Schatten distance and

p
1− F2 with F being the fidelity all

decay approximately as `−2.
We show the behavior of the differences of the entanglement entropy, Rényi entropies,

and RDM moments in Figure 11. We see that approximately |SA − SBW
A | ∝ `−2. The BW

RDM reproduces the exact entanglement entropy, Rényi entropies and RDM moments for large
subsystem sizes.
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Figure 9: Comparison of the logarithmic EFPs and logarithmic NFP coming from the
BW RDM with the exact ones for one interval on an infinite chain in the ground state
of the critical Ising chain. Notice that P− and PN displays even-odd effects.
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Figure 10: The trace distance, Schatten n-distance, and fidelity of the BW and exact
RDMs for one interval in the ground state of a periodic critical Ising spin chain. The
empty plotmakers are spin chain numerical results, and the solid lines are decaying
as `−2. We have fixed the ratio of the length of the interval ` and the length of the
circle L as `= L/4.

6 Conclusion

We compared the reduced density matrices coming from the discretization of the BW modular
Hamiltonian and the exact ones for the ground state of the XX chain with a zero magnetic
field and the critical transverse field Ising chain. In order to provide a meaningful metric
comparison between density matrices, we have considered the trace distance between the
exact RDM and the BW RDM as our main figure of merit. We found that the trace distance
between BW RDMs and the exact ones goes to zero approximately as `−2 when the length of
the interval ` goes to infinity. The behavior of the trace distance gives strong constraints on the
entanglement entropy and correlation functions. The differences of the entanglement entropy
and correlation functions also go to zero as `→∞.

We have found that the Rényi entropies and moments of any order are all well reproduced
by the BW RDM. Their differences decay algebraically for large `, although in most cases the
known sharp bounds provides no constraint at all. It is not known yet what special properties
of the ground state of critical system enforce such peculiar scaling, but it is clearly worth
investigating because it is related to the working accuracy of the BW RDM. However, we found
that the most peculiar behavior is displayed by the formation probabilities. Indeed, in the
ground state they decay exponentially fast with the length of the interval and so, a priori, we
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Figure 11: Comparison of the entanglement entropy, Rényi entropies, and RDM mo-
ments coming from the BW RDM with the exact ones for one interval on a circle in
the ground state of the critical Ising chain.

would not have expected to be well reproduced by the BW approximation. Instead, only the
emptiness formation probability of the XX chain is not captured by the BW RDM, while the Néel
formation probability in XX and all the studied ones in Ising are, surprisingly, captured by this
approximation. We do not know whether and how this could be connected with the Gaussian
vanishing for large ` of the EFP in the XX chain, while all the others are simple exponentials.
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