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Abstract

We present a general framework to systematically study the derivative expansion of
asymptotically safe quantum gravity. It is based on an exact decoupling and cancellation
of different modes in the Landau limit, and implements a correct mode count as well as
aregularisation based on geometrical considerations. It is applicable independent of the
truncation order. To illustrate the power of the framework, we discuss the quartic order
of the derivative expansion and its fixed point structure as well as physical implications.
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1 Introduction

One of the major open problems in fundamental physics is the formulation of a consistent
quantum theory of gravity. Despite of several decades of research effort that went into it,
no completely consistent and experimentally verified solution exists so far. A big contributor
to this status of the field is that quantum gravity effects are expected to be extremely small,
and even one-loop effects appear to be unmeasurably tiny at the present resolution of experi-
ments. Thus a lot of guidance must come from theoretical considerations and consistency with
Standard Model physics.

A conservative approach to construct a theory of quantum gravity was theorised by Wein-
berg [1], and goes under the name of Asymptotic Safety. It tries to achieve the quantisation of
gravity via postulating quantum scale invariance at high energies induced by a second order
phase transition. On the technical level, this translates to an interacting fixed point of the
renormalisation group flow. Results obtained in 2+ ¢ dimensions indeed suggest the existence
of such a fixed point, at least near two dimensions [2-7], but the extrapolation to the physical
case of four dimensions remained difficult for some time.

With the advent of modern, non-perturbative functional renormalisation group techniques
[8-10], Asymptotic Safety picked up speed again. The seminal paper by Reuter [11] indeed
showed evidence for the existence of a fixed point in four dimensions within a minimal ap-
proximation. Since then, a growing body of work [12-54] based on evermore improved ap-
proximations solidifies the picture, even when matter is included [55-73]. Phenomenological
applications have been discussed in [74-91]. For reviews of the field, see [92-98], and for
a critical discussion of open problems, see [99, 100]. Lattice formulations like Euclidean or
Causal Dynamical Triangulations [101-109] indicate the existence of a second order phase
transition as well.

One systematic way to study the stability of these results is the derivative expansion. In
this, interactions which include up to a set amount of derivatives acting on the fundamental
field are taken into account. In the context of gravity, this corresponds to powers of curvature
tensors and their covariant derivatives. Surprisingly, to this point a complete non-perturbative
discussion of the fourth order approximation has not been carried out in the context of Asymp-
totic Safety. This has both conceptual and technical reasons. Conceptually, the functional
renormalisation group relies on the choice of a regulator. The regularisation of operators in
a curved spacetime is much more involved than in a flat spacetime. Only partial results have
been obtained regarding this problem, and most rely on the particular structure of the theory
at second order in derivatives. On the technical side, the computational complexity increases
tremendously with the approximation order.

In this paper, we provide a solution to the problem of regularisation in asymptotically safe
quantum gravity motivated by geometrical arguments. It is based on the decomposition into
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gauge variant and invariant components of the field, and can be applied to any order of the

derivative expansion, including resummations in terms of form factors. We also provide new

technical insights that allow for a generic implementation of the computation of the renormali-

sation group running. To illustrate the framework, we compute the complete non-perturbative

renormalisation group running in quantum gravity to fourth order in the derivative expansion.
The main results that we obtain in the concrete computation are as follows:

* Fourth order gravity admits a non-perturbative fixed point.

* Spacetimes with a negative (positive) Euler characteristic dominate (are suppressed in)
the Euclidean path integral of Asymptotic Safety, whereas spacetimes with vanishing
Euler characteristic contribute with unit strength.

* While the inclusion of the square of the Weyl tensor provides a well-controlled extension
of the Reuter fixed point, the squared Ricci scalar introduces some kind of instability into
the results. This has been observed before, and the inclusion of higher order terms seems
to stabilise the system [19, 21,23,29,32,34,36,39,43,47,51-53,110].

This paper is structured as follows. In section 2 we briefly discuss the functional renor-
malisation group (FRG) which lies at the heart of our investigations of Asymptotic Safety. In
particular, we define a set of criteria that well-behaved regulators and flows should satisfy.
Section 3 discussed the decomposition of fields into gauge variant and invariant components.
We first provide a simpler discussion in the context of an Abelian gauge field, and then inves-
tigate how much we can transfer the structure to the gravitational case. This discussion leads
to our proposal of a well-motivated regularisation scheme in gravity. Sections 4, 5 and 6 as
well as appendix A collect some technical machinery that allow us to decrease the technical
complexity to a manageable level. The setup is illustrated in section 7, where we carry out
the computation to fourth order in derivatives. We then conclude and provide an outlook in
section 8.

2 Functional renormalisation group

The tool that we will use to investigate the non-perturbative renormalisation group flow is the
functional renormalisation group. Its central object is the effective average action I}, which
interpolates between a microscopic action S in the limit k — oo, and the standard quantum
effective action I" at k = 0. Decreasing the fiducial scale k then corresponds to integrating
out modes in the Wilsonian sense. The dependence of T} on k is governed by the following
functional integro-differential equation [8-10]:

0, = %STr[ (1@ + in)_l 8% ). @)

In this, J, = ko is the logarithmic scale derivative, FZEZ) denotes the second functional deriva-
tive of T}, Ry is a regulator term which acts as a momentum-dependent mass, and the super-
trace STr indicates a sum over discrete (e.g. spacetime or gauge bundle), and an integral over
continuous (e.g. momentum) indices. For reviews of the FRG see [97,111-115].

From the flow equation (1) we can extract the beta functions of a theory, i.e., (integro-
)differential equations that govern the scale dependence of couplings. Typically, one discusses
them for the dimensionless versions of couplings, where we multiply the coupling with a power
of the scale k to make it dimensionless. Combined zeros of all beta functions are called fixed
points. We will indicate fixed point values of couplings by an asterisk. If all couplings vanish
at a given fixed point, it is called Gaussian, otherwise we call it interacting or non-Gaussian.
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A fixed point is then characterised by its critical exponents, which describe the linearised flow
around it. They are defined as minus the eigenvalues of the matrix of partial derivatives of
the beta functions with respect to the couplings, evaluated at the fixed point. Positive (neg-
ative) critical exponents indicate relevant (irrelevant) directions, so that the flow is attracted
towards (repelled away from) the fixed point when increasing the scale k. To end up with a
predictive theory, a fixed point can only have finitely many positive critical exponents, since
they correspond to the number of independent measurements that one has to perform to fix
the theory uniquely. An asymptotically safe fixed point is then defined as an interacting fixed
point with a finite number of positive critical exponents.

In quantum gravity, we have to add a gauge fixing term to the action to make the propaga-
tor that appears in the flow equation well-defined. On the practical level, this is implemented
with the help of the background field method. We split the metric g into an arbitrary back-
ground metric g and (not necessarily small) fluctuations h around it,

guv:guv-l'huv- (2)

Other (non-linear) ways to perform this separation have been investigated, see e.g. [28, 30,
32,33,39,42,51,57,116-122] for examples in the context of Asymptotic Safety. Such a split
is also necessary to define the regulator term. The advantage of this method is that invariance
with respect to background diffeomorphisms can be maintained in every step. However, as
a downside, the regulator and the gauge fixing term break certain Ward identities, so that in
principle one has to deal with modified Ward identities that have to be fulfilled together with
the flow equation. In this work, we will focus on a background field approximation, which
neglects these issues and corresponds to setting the fluctuation field h to zero after taking the
second variation. For an in-depth discussion of these issues, see e.g. [15,18,23-25,27, 38,40,
41,46,49,50,56,59,67,71,98,122-140].

In practice, we generally have to make approximations to solve the flow equation (1). Only
in special cases, an exact solution is possible, see [141]. For recent progress in constructing
exact solutions to the flow equation, see also [142]. In the following, we will discuss a (co-
variant) derivative expansion of the effective average action. The order of the expansion is
then the maximal number of derivatives that act on the metric.

A generic problem in this setup is the systematic choice of a regulator. Partial results have
been obtained in the literature, notably [12], but they typically rely on technical assumptions
that potentially do not carry over to higher orders, or only at considerable technical cost.
Two of the goals of this paper are to establish general criteria that a good flow should have,
and a generic way to choose a regulator which gives rise to a good flow. Before we enter
this discussion, we briefly note that in this paper we consider a Euclidean flow. Results with
Lorentzian signature can be found in [13,37,100,117,143-148].

2.1 Criteria for a successful flow

Having introduced the machinery, we will now discuss some criteria that we expect a flow to
have. The first condition is what we call a correct mode count. The idea is that the flow of the
cosmological constant should have a very generic form, and effectively counts the number of
physical degrees of freedom. For example, for a free scalar field, the contribution to the flow
of the cosmological constant is

1.1 1 J T gy i1 2R)
2(4m)2 T (%) Jo ¥+ %R (y)

(3)

In this, the factor of a half comes directly from the flow equation (1), and the rest of the

1

d
prefactor of the integral, as well as its measure y 2™, come from the heat kernel. The integrand
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is then just the product of the regularised propagator and the scale derivative of the regulator.
We thus demand that the contribution of any physical degree of freedom comes in this form:
an integral over the full regularised propagator with the prefactors as above.

A second criterion that we want to implement is that the flow should admit a finite Landau
gauge limit. It corresponds to a strict implementation of the gauge condition, and is a fixed
point of the flow [41,149]. This puts indirect constraints on the regulator as well, which are
however hard to spell out concretely. A well-motivated setup with an a priori guaranteed finite
Landau limit will be presented below. In any case, this can be easily checked a posteriori, once
the flow is computed.

A third criterion concerns the choice of operator that is regularised, and the tensor structure
of the regulator. As a convention, we will always assume that the operator is normalised such
that the (principal) Laplace part of the operator comes with a unit prefactor. We then require
that the regularised operator, and the tensor structure of the regulator, have a physical or
mathematical motivation. We will discuss this more concretely in the next section.

3 Field decompositions in curved spacetime

To solve the problem of finding a suitable regularisation, we will now discuss the decompo-
sition of fields into components. A guiding principle will be that we rescale the modes such
that no non-trivial Jacobians are introduced into the path integral. As a simple example, we
will start with an Abelian gauge field, for which we can easily derive all necessary ingredients.
We then make a short digression to discuss more general vector fields, and discuss their regu-
larisation. This includes the gravitational Faddeev-Popov ghost, which has a slightly different
structure than an Abelian gauge field. Finally, we will discuss the mode decomposition of the
graviton and the regularisation strategy that this suggests.

Let us mention that in practice, it is easier to avoid working with decomposed fields when
it comes to computing functional traces like in (1). We will provide an argument for this in
subsection 3.4. The aim of this section is to motivate our choice of regularisation from a ge-
ometric perspective. In concrete computations, we then implement the regularisation on the
level of the full fields with suitable projectors so that we can use standard heat kernel tech-
niques. We will nevertheless provide all details in the hope that some readers with different
applications might find them useful.

3.1 Transverse decomposition of an Abelian gauge field

We will now discuss the decomposition of an Abelian gauge field into modes, and their respec-
tive regularisation. The starting point will be the gauge fixing condition, from which we derive
the decomposition. We then rescale some of the fields to eliminate the need of Jacobians. Af-
ter a discussion of the projectors onto the different modes, we discuss the natural operator
that arises from the decomposition, including its heat kernel properties. This will suggest a
particular way to regularise the theory. Finally, we will make some comments on the origin of
the natural operator, and briefly discuss how to regularise higher derivative Abelian theories.

Gauge fixing condition The standard choice for a linear, covariant gauge fixing is
S“A, =D'A,, (4)

where D is the covariant derivative. The sought-after decomposition should be such that only
the gauge mode appears in this expression, i.e., the physical mode of the decomposition is
annihilated by §. In this case, it means that the physical mode is (covariantly) transverse.
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Transverse decomposition By this argument, the decomposition into gauge invariant and
gauge variant modes is the well-known decomposition into transverse and longitudinal com-
ponents,

— AT T — 7T r T _
A=A +3,6=A +D,§, DAl =0. (5)

Here, Aﬁ is the gauge invariant transverse mode and ¢ a scalar field underlying the longitu-
dinal gauge variant component. In consequence, acting with the gauge fixing operator on the
field gives

§'A, =D'D,$ =—A¢, (6)

where we introduced the Laplacian
A=-D'D,. (7)

At this point, let us mention that there is still a potential gauge redundancy in the transverse
mode. It can be shifted by the derivative of a solution to the Laplace equation,

A=A +Dy0, Aw=0. (8)

We will not address this problem in this work.

Jacobian When calculating an integral, every variable transformation gives rise to a Jaco-
bian. This is also the case when we want to calculate a path integral and perform the de-
composition (5). The arising Jacobian can be calculated by a standard trick [150]. We can
consider the exponential integral

f DAe~ [ VEAN o f DATDG e[S vEAAT 029 o 7 (deen) 2. (9)

Since the overall normalisation of the path integral is inessential, we neglected overall factors.
We also dropped boundary terms upon integration by parts. The Jacobian has to be chosen to
cancel the determinant, so that

Ja = (detA)? . (10)

Avoiding the Jacobian We would like to avoid the introduction of such determinants, and
formulate a decomposition which has field components of the same mass dimension. This is
not the case for (5) - the scalar d; has a relative mass dimension of one unit less in comparison
to A and A”. In this case, the solution is straightforward: we define a new scalar field

1 -
_J_Z¢' (11)

This is well-defined as long as we exclude potential negative or zero modes of the Laplacian.
With this definition, the new decomposition of the vector field

¢

1
_ 4T
AH—AM+D“\/—Z¢, (12)
does not give rise to a Jacobian. A path integral over A is thus the same as a path integral over
AT and ¢, up to the aforementioned subtleties of individual modes.
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Projectors Let us now write down the projectors onto the transverse and longitudinal com-
ponents. It is easy to see that

1
LY_ el 4 T vV _ v __ L ¥
H,u_DM D", HH_5H HM’ (13)

project onto the longitudinal and transverse components,

(*a), =D ¢, (I'4), =4 (14)

1
" VA
Anticipating the discussion for the graviton case, note that the projector onto the gauge mode
is entirely built up from the gauge fixing operator, as we can write

1
§%Sa

This might seem trivial in the Abelian case, but the structure is true more generally, and a
consequence of demanding that different modes are orthogonal to each other.

" =g —=5" (15)

Natural operator In connection with the projection operators, we will introduce the concept
of the “natural” operator associated with the field, A,. We define it as an operator of Laplace
type which commutes with the projectors, and has a compatible index structure such that it
maps a given field to a field with the same index structure. The principal part of the operator is
then normalised to one. For a vector field the operator A, can be constructed easily. Observe
that

(a5, +R )" PA, =—D,DPA, =TI " (A5 P +R,P)A

o> (16)

so that

By

is the sought-after operator. When calculating the renormalisation group running of couplings,
using this operator simplifies calculations. The above operator is the unique local, Laplace-type
operator whose set of eigenfunctions splits into transverse and longitudinal eigenfunctions.

"=A5,"+R,, [A,TT]=[A,T"]=0, (17)

Heat kernel coefficients of A, Let usillustrate the special role of the operator A, by consid-
ering its heat kernel coefficients. While it has been found that the heat kernel coefficients of a
pure Laplace operator in the space of transverse functions is singular in even dimensions [151],
we will illustrate now that this is not the case for the natural operator (17). To that extent, we
consider the (traced) heat kernel coefficients in the longitudinal sector,

A4\ P oo
HY(Ay) = Tr e % = —TrD, D" | =—| deTrp,D(e7CHO2) P (18)
Bx /) 0 b

The trace can be calculated with standard off-diagonal heat kernel techniques [151, 152].
One finds that the heat kernel coefficients agree precisely with the heat kernel coefficients
corresponding to a pure Laplacian acting on a scalar,

HY(Ay) = Ho(A). (19)

This should not come as a surprise - the gauge fixing operator equips the longitudinal scalar
¢ with a plain Laplacian,

Jddx‘/E(S“AH)szddx JEPAGD. (20)

7


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020

Scil SciPost Phys. Core 4, 020 (2021)

One different way to interpret (19) is that the vector version of the Laplacian acting on a scalar
is the operator A,.
From this, we can calculate the transverse heat kernel,

HI(A)) =TrI e =Tre "™ —HY(Ay). (21)
The total contribution of a free Abelian gauge field in curved spacetime is thus
H(A4) =HI (A +H(A)) =Tre . (22)

This seems like a trivial statement - the contribution of a vector is the sum of the contributions
of the individual modes. In a quantum field theory setting, where regularisation is necessary,
this becomes a guiding principle. Only those regularisations that preserve this additive struc-
ture are proper. In particular, if one were to regularise only the flat part of the operator, this
sum rule is violated, and heat kernel coefficients diverge in even dimensions [151]. This find-
ing has particular relevance for the flow equation. For a classification of different regulator
types see [153].

We thus can finally formulate our regularisation strategy for an Abelian vector field. The
transverse part is regularised using the operator A, so that!

R (AL) = KPRI(A4/EHIT. (23)

In the longitudinal sector, we can either also adapt this operator if in practice we work without
the explicit decomposition,
Rp(Da) = K*Ri(Ax/ k)T, 24)

or equivalently, we use a pure Laplacian if we use the decomposition,
R (A) = k*RE(A/K?). (25)

In practice, it is useful to expand the regulator in powers of curvature. This can be done easily,
see e.g. [154]. This is possibile even within a form factor setup, see e.g. appendix C of [139].

General actions and identifying propagators and interactions Coming back to a more
general scope, the precise shape of the operator A, is no coincidence. The action of a free
Abelian gauge field is proportional to the square of the field strength

F,,=D,A,—D,A,. (26)

The corresponding two-point function of a free Abelian gauge field reads

v

— T
A5,"+D,D"=(A,117),", (27)

which is precisely the natural operator found above, together with a projector onto the trans-
verse mode. This observation has a profound consequence for the definition of the non-
perturbative Abelian gauge field propagator in curved spacetime. The most general term
quadratic in the Abelian gauge field strength can be written as

d
f d’x VgF"E, F7F s, (28)

!We generally take the convention that 93, has a dimension of k%, whereas R, is dimensionless. In addition,
the latter is also defined to have a dimensionless argument. This gives rise to various factors of k? in some of the
equations.
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where E is some operator which is independent of A. If we want to preserve the above struc-
ture, namely that this action gives rise to a two-point function of the transverse Abelian gauge
field of the form?

(e(ana,m™),”, (29)
with an arbitrary function e which defines Abelian gauge field propagation in curved space-
time, we have to chose

po _ [ps o] [ps o]l __ po
E, 7 =e(a5, P56 +ar P5 71—2R, 7). (30)
The operator in brackets can be derived by demanding

—D“EW)‘OUFpU o< (e(ApALA), , 3D

together with the assumption that it is a local Laplace-type operator. The above gives a unique
prescription of how to split the action of an Abelian gauge field in an arbitrarily curved space-
time into propagator and interaction terms: first collect the pieces that survive in the flat
spacetime limit, then complete the operator to E to lift it into curved space. This represents a
minimally coupled Abelian gauge field with a non-trivially momentum-dependent propagator.
Any term with two Abelian gauge field strengths and some power of curvature that is not of
this form is then a genuine interaction term. Note that the regularisation prescription that we
outlined above is still applicable.

3.2 General vector field

Before we continue with the case of the graviton, let us briefly discuss the regularisation of
more general vector fields. This will also cover the gravitational Faddeev-Popov ghost. A
general second order two-point function for a vector looks like

A =A5,"+bD,D"+E,". (32)

Here b is a number and £ is a multiplicative operator (often referred to as endomorphism).
For the gravitational Faddeev-Popov ghost, and with the gauge fixing (41) defined below, we
have

b=2——-1, EM”=—RM”. (33)

For later reference, we will call this ghost operator A,

1+p
v __ v Il v _p v
Au —A5“ —I—(Z q 1)D“D Ru . (34)

C

Let us rewrite the operator A in terms of the operator A 4:3

A=A,("+(1-b)IY) + &, (35)

ZFormally, we define a function of an operator by either its Taylor series, or an inverse integral transform
of exponential type, e.g., an inverse Laplace transform. This covers most interesting functions. In particular, it

includes the logarithm via
R e~ — =X
Inx = ds ———.
0 s

To prove some formulas, we will work with inverse Laplace transforms. All manipulations that we perform here
and later in the paper will however also go through without significant changes for functions like the logarithm.

3In this form we see that for the special case b = 1, the kinetic part of the operator is proportional to a projector,
and thus not invertible in a derivative expansion. For gravity, this corresponds to the singular gauge fixing § = d—1,
as has been noted before [28]. We will see the imprint of this in some parts of the trace (38) below.

9
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where we introduced the shifted endomorphism

£7=E"-R. (36)

Due to the central role that is played by A,, we will still use it as the operator in our regu-
lator choice. This means that we treat £ as the curvature interaction term. Concretely, the
regularised version of (35) reads

A8 = (A, + KPR (AL /KD)) (T + (1 — b)) + €. (37)

For simplicity, we chose the same regulator shape function in both sectors. This regularisation
satisfies the mode count requirement: the contribution of a vector trace in the flat limit counts
as d modes, independent of the value of b. As a matter of fact, for £ = 0 the dependence on b
drops out. This is reasonable since when we decompose the vector into transverse and longitu-
dinal parts, we still have to canonically normalise the field ¢. The rescaling then eliminates all
occurrences of b. The above regulator choice implements this idea in the presence of a finite
endomorphism. In turn, the flow equation automatically takes care of the above-mentioned
rescaling if we regularise like in (37).

With standard off-diagonal heat kernel methods, one can then derive the contribution of
the trace of a vector regularised in such a way within the FRG in a derivative expansion. In
general dimension d, it reads

Ty = %STr[(Areg)_l (7 + (1 = b)) 8, K> Ry (Aa/KD)]]

_ 1 _ 1 . 1 )\ AlPR(A/KP)]
_ESTr[Z( Ay+ k2R (A4/k2) (H T1=pl )5) AA+k2Rk(AA/k2)]

n>0
1 1 1 d—2(d 1 b
~Sarrg) A T (G- (e hiy e
(4m)2 T(3) (38)
d—12_, d—90 . d—15
+(d_2)(d_4)( 288 R = 720 TR +WRWP"RWW) H

d—2 1 b 1 b
+ | —=—+=——= |R"E,— = ((d—2)+ — |REHM | T3
(( 2 61—b) e 12(( ) 1—b) “) 2

2 b d+1 1 b2
1 - 1——b e ue v Il .
+(( +d(1—b)2( d+2 ))5 5“”+d(d+2)(1_b)25u gv) 3]

In the last line we neglected terms with more than four derivatives, and we introduced the
integrals

7n = 9 kd—2(n+m—2) J ~ dz Z%—n Ri(2) _ZRL(Z)
m 0 (z + Ri ()"
Higher orders can be calculated systematically. As expected from the general form of the trace,
terms with m powers of £ come with (m + 1) powers of the propagator in the integrals. From
the prefactor of the integral of the volume term, we can explicitly see that the mode count of
d modes for a vector is implemented correctly.
Since later we are interested in d = 4, we have to be careful in the evaluation of (d —4)If.
One can show that

(39)

lim(d -9 =4. (40)

3.3 Decomposition of the graviton

We will now turn our attention to the decomposition of the graviton. In doing so, we will try to
follow the same steps as for the Abelian gauge field. As it turns out, much of the construction

10
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can be done in a similar way, but there are some key differences. From the general theory of
irreducible representations, we anticipate a rank two transverse traceless tensor, a transverse
vector and two mixing scalars. The scalars can be diagonalised with respect to the gauge fixing,
so that one linear combination is gauge invariant, while the other is gauge variant, and will be
recombined with the pure gauge transverse vector. In the construction of the decomposition,
we took inspiration from [150], but with view on our goal of defining a useful regularisation
and avoiding Jacobians, our implementation differs in some details.

In the continuum approach to quantum gravity, the use of the background field method is
hard to avoid. Thus, as indicated earlier, in the discussion below we will make use of it and
construct the decomposition with respect to background quantities, indicated by an overbar.
For an alternative approach towards defining a decomposition with respect to the full metric,
see [23].

Gauge fixing condition Again we start by specifying a gauge condition. For gravity one
typically considers the one-parameter family of linear covariant gauges
- 1+ -
Sau" = 5a(HD v) _ B 3“'D,, 41)
where f is a gauge parameter that determines the way of how the two scalar modes mix to
give the gauge invariant and the gauge variant scalar mode.

Transverse traceless decomposition We make the following ansatz for the decomposition
of the metric fluctuation:

Ry =TT +23% 0o +9,,0,

BHRTT =0,  gRTT=0, D=0 (42
Here h'7 is the transverse traceless mode, which is the gauge invariant spin two mode. The
pure gauge vector ¢ is introduced by means of the gauge fixing operator, similar to the Abelian
case. We do not decompose it further into transverse and longitudinal components. The scalar
0 is then the gauge invariant scalar.

By construction, h'! is annihilated by the gauge operator,

TT _
3, "h,, =0. (43)
We also require that the gauge condition also annihilates 9,
T "Quy0 =0. (44)

Let us construct the operator £. Observe that for the choice f§ = 0, the gauge fixing operator
is traceless, so that the gauge invariant scalar mode is the trace. This motivates the ansatz

qu :guv_zﬂqu: (45)

where Q is symmetric. In the following we will assume that there is no term proportional to
the metric in Q. If there were such a term, we could pull it out and rescale the field 6 to
enforce a unit coefficient as in the above equation.

Acting with the gauge fixing operator on this gives

1+p

F Q0 =—PB [Da +2D%Qq — ZTDOLQ“H} 0=0. (46)
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Let us now assume that 3 # 0 so that we can fix the operator Q. We can rewrite the equation

as
- 1+ -
2D, [Q“a—Tﬂéa“vi} 0=-D,0. 47)
This equation tells us that acting with a derivative from the left on the operator Q and contract-
ing should essentially give back the derivative, i.e. it is some kind of longitudinal projector,

but with an unusual index structure. For that reason, let us make the ansatz

Q’,LV :D(MXV)C(D(X) (48)
and derive the form of X’ so that the above equation is fulfilled. Note again that we could add
a term proportional to the background metric to Q, but this would only yield a total rescaling
of 9, as discussed above. With (48), we get

_ - - 1+p6 - - _
~D,0 = [D“Da/l’u "+ DD, X, — 2TﬂDMDaXa V] D,6
o 14B . _ (49)
=— [A5ua — DD, + ZTDuDa] X,"D,0.
We conclude that X must be the inverse of the operator in the brackets,
_ T R
X = [Ad'—D'D. +2TﬂD.D':| . (50)

In fact, this is precisely the kinetic operator of the Fadeev-Popov ghosts (34) associated to the
gauge fixing operator (41),
X=A"1. (51)

This means that, up to the condition that
B<d—1, (52)

which is needed for positivity and invertibility, see (35), the operator and its inverse should
exist inside the first Gribov region.

Jacobian Having derived the decomposition into gauge invariant and gauge variant modes,
let us calculate the Jacobian that arises from this variable transformation. We consider the
same integral as for the case of the Abelian gauge field. Before we do that, we first define the
operator

QM =gt —28D°X, WD, (53)
which fulfils

Jddx VivrQ,,0 :fddx Vi), Y)e, (54)

upon neglecting boundary terms. By this it is clear that Q' annihilates the gauge condition,

QMg =0. (55)
Also, Q' annihilates h'T,
fuvy TT _
Q””hw =0. (56)
Note that §' = —§ since it is a linear differential operator, so we will omit the dagger symbol

for it.
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Combining all properties, we see that in the calculation of the Gaussian integral

J Dhe [ d'x VEmI" (57)

all off-diagonal terms, that is those that mix the different modes, vanish. We also see imme-
diately that the transverse traceless sector does not give rise to a Jacobian. The gauge vector
integral reads

f Dy gy e VBRI [ (58)
so that the corresponding Jacobian is
" 1/2
Ty = (det[—25,%°5" ,]) - (59)

The choice of normalisation will be made clear below. In the gauge invariant scalar sector,
f DO Jy e[ &' V/302 000 (60)

so that the Jacobian reads 12

Jo = (detQ™9,,) 61)

Avoiding the Jacobians Once again, we would like to avoid the introduction of these Jaco-
bians. For that matter, we rescale the fields by

-1/27 " _
C,u = I:(_Zgaﬁgaﬁ) ' 2:| gv: 0= (Q"MVDILW) 1/20', (62)
m

again assuming that all involved operators exist. The decomposition of the metric fluctuation
into the set (h'T, &, 0),

o \-1/27 B _
hw=h3§+25aw[(—2&“gﬂ) ]a Ep+9,,(970,5) o, (63)

then gives rise to no Jacobians, and the decomposed fields have all the same mass dimension.
Projectors I We can now construct the projectors onto each of the individual components.

In doing so, we make use of the properties of the gauge fixing operator § and of Q. Let us
start with the gauge invariant scalar. Acting with Q on (63) gives

Q" = (Q0,4) 0. (64)
From this it is immediately clear that the projector onto this mode reads
4 -1 -
1, =9, (27 9,5) " ™. (65)
In a similar fashion, acting with the gauge fixing operator onto h gives
o812 Y
5y, = — [(_23@3 ) ]a £, (66)
so that the gauge projector is
1 x2 . oy17 B kA
m, =25 [(-257F.,) | 8 (67)
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Finally, we define the projector onto the TT mode by subtracting the two other projectors from
the symmetric identity,

2 KA 0 kA

I uv uv uv uv

(68)
The symmetric identity is defined as
KA K A
1, "= 6(u 5v) , (69)

and maps symmetric rank two tensors to themselves. Inserting explicit expressions into these
projectors seems to indicate that I1> depends on 8. We will now rewrite everything to show
that this is actually not the case.

Rewriting the operators In the above expressions, we have two different inverse operators,
one constructed from the square of the gauge fixing operator,

1—pB%_ .
d/j D,D”, (70)

—23,%3" = A8,"—D"D, +2

whose explicit form clarifies the choice of prefactor, the other is X which appears in the oper-
ator £,
_ I - T
X = [AB,' —DD. + ZTﬂD.D':| . (71)
The two operators agree for the gauge parameter choices 3 = 0,—1. It will be convenient to
formally expand the operators in a Taylor series in 8 around zero, and resum the full series
once the inverse is calculated. The central operator then is

v L2
A, =25,"=D"D,+D,D". (72)

Once again we assume that the inverse of A; exists. Using a geometric series, we can write X’
as

>0 u
v 2B g7 @ 28 - 1 =\ e g
—[a71], =2 (a7, Dy (-2 D) D[],
2[3 >0 ) (73)
=[a'], -=[ar]) T D7 [A7]

From the first to the second line, we rewrote the terms in the sum into a form of another
geometric series, which is performed in the next step. We also defined the scalar operator

N =D"(a1!),D,. (74)

The inverse of the squared gauge fixing operator (70) can evidently be obtained from that
result by the replacement 8 — —f32, so that

[(2575.,) "], =[ar'],’+ % [

_ 1 -
, AV Da— =D [ATT] . )
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Before we go back to the explicit form of the projectors, we can re-express the operator £ as

_ _ 1
—5 -17 @
Qv = Guv—2BD, [AT'],)" Dy iy (76)
This also entails the compact form of the expression
22
i 1-=+-N
QmQ,,=d 2—; . (77)
1+ TN)Z

Projectors II We will now present the explicit form of all projectors. The scalar projector
reads

0 xA _ | = = — a = 2/3

I, = guv_D(u[All]v) Da1+%N]x
2T, e
——— o~ |8 55D [aT'] " D™ .
d( —%N) 1+7N

For the gauge projector we find, after a short calculation,

2
1 kA o= 17 k=n) 4B° - 11 @ = 1 _r 17 (k22
Hm __ZD(M[AI ]v) D _TD(M[AI ]v) D, —ﬁj\/’ Y[Al :|)/ D
d
1+6] . 1 Sal A—17 K =1) | = -17 %A 1 =KA
+2— [guv _%ZND [a7']," D +Dy,[AT1],) Damg (79)
2
—2(—”/5) B 8 —
—.
d 1- 2N
Combining the two into the TT projector, we get
2 kA _ ~TL af v6 - 17 0r 58)TTL xA
n?, =m0 + 2D, [a71], DY n™ (80)

Here we used the traceless projector to bring the expression into a compact form,

TL kA _ A 1_ KA — A Tr kA
I wvy /.wK _Eguvgk = MVK —1II wy (81)

where in the second equation we also introduced the trace projector IT™". As promised above,
the TT-projector is indeed independent of the gauge parameter 3.

Natural operator An obvious question is whether we can define a natural operator for the
graviton. This would be a local Laplace-type operator which commutes with the projectors. As
it turns out, such an operator does not exist. One can show this in the following way. Assume
that there is an operator A, which commutes with the spin two projector (80). In that case,
we would have that

AU PO TT _ Aupp2 kA POLTT __

D AZMV hpU—D le A2K7L hpG—O, (82)
since the projector is transverse. We can easily write down the most general form that this
local operator can take,

po _ (A + Cll_{) HTLMVKA Yoy 1_ITL'U’VOLﬁ Ray5ﬂ5 1-[TLY KA +¢5 c

A §

p o
ouv W (83)
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Here C is the background Weyl tensor, see (108) below, and the ¢; are numerical coefficients.
All other potential tensor structures vanish when they act on h'!. Inserting this ansatz into
(82), one finds that there is no choice of ¢; to make this equation true. One can find a non-
local solution to (82), but due to the inherent difficulties in handling such operators, we will
avoid that path in this work, and rather look for alternatives for the operator that we want to
regularise.

3.4 Regularisation and decoupling in gravity

Having discussed the decomposition of the graviton into gauge variant and invariant modes,
but not having found a natural operator, we now have to construct a regularisation scheme by
other means. Let us first discuss the gauge variant vector mode. By means of the decoupling
theorem [12], the vector mode decouples from the gauge invariant modes completely in the
Landau gauge limit, which implements the gauge fixing condition strictly. This means that
the functional trace (1) splits into the gauge invariant sector which involves the correlation
functions derived from the given action, and a simple vector trace of the form (38) with the
operator (70). At the same time, the trace over the Faddeev-Popov ghosts is the same trace
but with the operator (34). As noted earlier, the two operators agree if either § = —1 or
B = 0. These gauge choice thus implement an exact partial cancellation of these traces. The
cancellation is only partial due to the extra factor of two for the ghosts. The regularisation of
these two vector fields then follows the discussion in subsection 3.2.

Now we will discuss the gauge invariant part. From the explicit form of the spin zero
projector (78), we see that the gauge choice f = —1 leaves the gauge invariant scalar non-
local. We would like to avoid such non-localities, so we will settle for § = 0 as our preferred
gauge choice. In this case, the gauge invariant scalar mode is just the trace of the fluctuation
field h.

To finally fix the regularisation, we take inspiration from the Abelian case and consider the
two-point correlation function of the simplest gravitational action - the Einstein-Hilbert action
(without cosmological constant):

1
SEH oc — f d*x /gR. (84)
GY
We then decompose the field via (63) where we can neglect the gauge variant vector since
it decouples. In d = 4, the two-point function turns out to be diagonal, and up to overall
prefactors containing Gy, it has the two parts
- 2 - —
TT WpopTT — 3 TT TL, TT
ny SR =h [(A + gR) e 2 C(MPW“] nv,  hAh. (85)

Hereh = hMM is the trace of h,,,,, which is the field o for § = 0. We thus propose a regularisation
involving , and A, with traceless and trace projectors, respectively:

kZ
R ( 5) oc MM RET( o/k%) T,
2 (86)
RY(A) o< M RY(A/K).
N

The numerical prefactors are fixed uniquely by requiring that the regularised version of (85)
reads
Yoo = =
W[ 2+ PRI/ ]ORTT, h[A+PRI(A/KD) . (87)
Let us explain why we do not have to use the transverse traceless projectors for the regula-
tor. First, the regulator clearly does not add a regularisation to the trace mode by construction,
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since we chose 3 = 0. Second, the regulator has some overlap with the gauge variant vector
mode. However, since we implement the strict Landau gauge limit, the contribution of this
regulator to the vector mode drops out of any final trace. It is thus unnecessary to employ the
spin two projector, and we can rather use the much easier traceless projector. Note that this
regulator also fulfils our mode count requirement.

Let us note that in dimensions other than four, the two-point function obtained from the
Einstein-Hilbert action is not diagonal - there are off-diagonal terms of the form

h R R (88)

We will not discuss the regularisation with such off-diagonal terms here, since we are exclu-
sively interested in the physical case d = 4 in this work.

(Not) Using the decomposition Having discussed the regularisation, we will briefly clarify
why using a decomposition in practice does not necessarily simplify computations except in
special cases. The central reason is that the inverse of a projected operator (in the projected
subspace) is in general not the projected inverse of the unprojected operator. As a concrete
example (neglecting the regularisation), assume that we would want to invert a plain Laplacian
in the transverse sector of a vector field. That is, we are looking for the inverse

[T a7, (89)

where the inversion is to be understood in the transverse subspace. To compute this, we
can complete the Laplacian to the natural vector operator A, and invert the operator via a
geometric series:

[T A-0"] " =07 (Ay—Ric) - 7]
1 —1
=1t A, | TIT——.1IT - Ri .HT):I
[ A ( A, e (90)
1 noq
=ZHT-(—-HT-Ric-HT) L— 1",
n>0 AA AA

Here Ric indicates the Ricci tensor. By contrast, the projected inverse reads

nt. =T =t 1 T
A, —Ric
T . n 1 T (91)
=>n"(—Ric) -—-1".
n=0 AA AA

These two expressions do not agree for an arbitrary manifold. In general, the two expressions
only agree if the operator commutes with the projector. This once again highlights the central
role of a natural operator.

Coming back to gravity, in the previous subsection we found that there is no local natural
operator for the transverse traceless part of the graviton. Rather, the Einstein-Hilbert action
suggests to consider the spin two operator ,, which does not commute with the spin two
projector I12. As a consequence,

[m%. ,-m2] ' #m?. l.m2, (92)

The inversion on the left hand side is to be understood on the space of transverse traceless
tensors. This means that even if we use the decomposition, the computation of the transverse
traceless propagator is complicated by the presence of the projectors.
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4 Inversion of the graviton two-point function

To compute the non-perturbative renormalisation group flow with the FRG, we have to com-
pute the regularised propagator, which is the inverse of the regularised two-point function. In
this section we briefly illustrate how to perform this inversion for the graviton in a derivative
expansion, without specifying a particular background metric. The idea is based on the ob-
servation that if we were to compute the propagator in flat spacetime, that is to zeroth order
in the derivative expansion, we can simply go to momentum space and perform the inversion
with standard techniques. Concretely, both the flat two-point function and the flat propagator
have the form

X7 =X,(pH1,,P7 + X,(pO" 7 + X3 (p2)5 " p  p” o

+ %X‘;(pz) (8uvD” P +pupy&°7) +Xs(0*)pup,p°p° .

Here, p, is the momentum vector. The determination of the flat part of the propagator from
an arbitrary flat two-point function has been carried out in full detail e.g. in [41]. The key
observation is that any difference between the flat propagator and the full propagator is, by
definition, at least linear in curvature. We can thus define the covariantised flat propagator

Gop”” = &1(B)L,,P7 + go(AT" 27 + 62D D7gy(A)

1 o o _ S _ (94)
+3 (8,,D%¥D? + D, D,)g"7) g4(A) + D, D,,DP D7 gs(A).

Crucially, we can choose where we put the scalar propagator functions g;, since any different
choice only differs by terms at least linear in curvature. The functions g; can be computed in
flat space. To obtain the full propagator, we notice that the product of the inverse of the full
propagator G and G is

G 1.Gy=1+%, (95)

where X is, by definition, of linear and higher order in curvature. Crucially, since the inverse
full propagator is just the regularised two-point function, which is known for a given action, X
can be computed to the necessary order. Knowing X, we then can calculate the full propagator
via
G=Go[L+X]" =D Gox!, (96)
>0
where we suppressed the indices. For a fixed order of the derivative expansion, only finitely
many terms of this sum contribute to the full propagator.
Let us mention that one can of course also choose a different operator ordering. In com-
plete analogy to the above, we can define a tensor ) via

GG l=1+9, (97)
so that the full propagator reads
G=[1+9]1G,. (98)

In general the tensors X and ) do not agree. Which of the two orderings is more efficient is
hard to predict generally, and has to be tested in practice.

The algorithm also works on more general backgrounds, for which one can derive the exact
propagator. A prime example is the sphere - the Ricci scalar is finite and covariantly constant,
so that (94) holds if we let the propagator functions also depend on R. This has been used in
the context of affine gravity in [155].
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5 Commutator rules

The complexity of computations beyond actions linear in the curvature increases extremely
quickly. It is thus advantageous to employ tensor algebra packages to perform the necessary
calculations to achieve reliable results. A key ingredient for a reliable code is the generic
implementation of simplification rules like commutators to a given order. In this section, we
will derive such recursive formulas for the commutator of a function of the Laplacian with
either a curvature tensor or a covariant derivative. Our focus lies on formulas applicable in a
finite order derivative expansion - an extension to the curvature expansion will be presented
elsewhere.

Before we specify a detailed commutator, let us consider the following general case. Let f
be a suitable function, X is an arbitrary operator and Y is a tensor of arbitrary rank. We are
interested in a formula of the form

FAXY =Xf(A)Y +..., (99)

where we want to find an explicit expression of the term indicated by the dots on the right-
hand side of the equation. To derive the expression, we will formally use an inverse Laplace
transform and the Baker-Campbell-Hausdorff formula,

FAXY = J ds f(s)e™2XY
0

Y
:Xf(A)Y+f dsf(s)z( ) [A,X], e Ay (100)

0 >1
—Xf(A)Y+Z [A,x],fOA)Y.
l>1

In this equation, we use the multicommutator
[A,B],=[A[AB],—1], [A,B]; =[A,B]=AB —BA. (101)

The reason why (100) is useful in a derivative expansion is that the multicommutators increase
the order of the expression by at least one. In that way, in a finite order computation, only
finitely many terms in this sum contribute.

With the help of the formulas that we prove in appendix A, we can rewrite (100) into the
form

FAXY = Xf(A)Y+Z Z( 1)1 "( k1)A’<[A,X]Al—’<—1f(”(A)Y. (102)

l>1

The usefulness of this formula lies in the fact that it only involves the simple commutator,
which is straightforward to implement.

Let us now specify the two cases of commutators that are needed in the derivative expan-
sion. The first case is whenever X is a multiplication operator. The relevant example is that of
a curvature tensor, potentially with a number of derivatives acting on it. In that case, we have

[A,x]=(Ax)—2(D"X)D,. (103)
This can be inserted into (102) and produces
f(AXY =Xf(A)Y

+Z Z( )”"( )_k{(AX)—2(D“X)DH}AZ_k_lf”)(A)Y.

l>1

(104)
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Since the commutator increases the order of the expression by at least one derivative, the recur-
sive application of (102) produces only finitely many terms for a fixed order of the derivative
expansion.

The second case is when X = Du is the covariant derivative. In that case,

[A,D,]=—-D%[D,,D,]~[D*D,]Ds. (105)
The commutator of two covariant derivatives is related to the Riemann tensor via

n
|:D,u’ DV] Yal...an = R,U,valﬁYal...al,lﬁal“...an : (106)
=1

We thus find

-1
IESERAES NIES A Y= DN Vol (R I
" k=0

>1 =

n
[RauDaYal...an + Da ZRaualﬂAl_k_lf(Z)(A)Yal...al_lﬁal+1...an
=1

n
D Ao Al—k—=1 (D A
+ ZRauazﬁDaA f( )(A)Yal"'al—lﬂaHl"-an:| :
=1

(107)
This time, the commutator increases the order of the expression by at least two units, so that
once again only finitely many terms contribute to any fixed order computation. Repeatedly
applying the formulas (104) and (107) then gives the commutator of a function of the Laplace
operator to the needed order.

6 Simplification of tensor expressions of maximal order

Before we finally discuss the application of our framework, we shall point out a way to sim-
plify the calculation of truncated RG flows significantly. This simplification concerns operators
which are already of the derivative order that one truncates at, and before such operators are
traced. The key observation is that eventually these terms will be contracted with metrics only,
and by assumption no higher order terms arise. Because of this, we can replace these operators
by combinations of metrics and scalar curvature invariants that respect the symmetries of the
term.

To make this concrete, let us first discuss the Einstein-Hilbert case, that is we truncate at
the second order in derivatives. At this order, the most convenient way to see the simplification
is to transition to the traceless basis, that is all occurrences of the Riemann tensor are replaced
by the Weyl tensor C, the Ricci tensor and the Ricci scalar via

4 e o] 2

__ 2 @ pslpg ol
oy e 720w Rv] (d—2)(d—1)R6“ 0,7, (108)

and then all Ricci tensors are replaced by traceless Ricci tensors S and Ricci scalars via

_ 1
R,uv :S,uv+ Egpr' (109)

Now since eventually all these tensors must be contracted with metrics only, it is immediately
clear that we can drop the terms with Weyl and traceless Ricci tensors since their traces vanish.
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In other words, terms linear in C and S can only contribute to quartic and higher orders in
derivatives, and we can set

pro — 0,

- 110
Suy— 0. (110)

Indeed this has been used implicitly in much of the literature on Asymptotic Safety, however
with a different view, namely that a special background was chosen. Here we see that the
procedure is indeed general and not related to a specific choice of background.

At quartic order in derivatives the structure is slightly more complicated. In this case we
can replace terms quartic in the curvature, but not those that are linear. Once again it is useful
to employ the traceless basis. Since there are only three scalar curvature monomials at this
order, in this basis only three combinations of curvatures do not vanish. In particular we find
directly that

Cyvpasrw — 0,
CuvpoR—0, (111)

S WR — 0,
since all complete contractions of these terms with metrics vanish. On the other hand, we find
that
Cuvpoérwkl = nvparwkkéaﬁ}lééaﬁy(‘i s

Suv‘gpa - 2 HTI; agaﬁg (112)
(d—=1)(d+2) »wr
Here 7T is a rank 8 tensor constructed from the metric alone, which is too long to be displayed
here. These equations can be derived by making the most general ansatz of the appropriate
number of metrics, imposing the relevant symmetries, and finally computing some particular
contractions to fix any remaining free coefficients.

Note that both at quadratic and quartic order, if we neglect boundary terms (which we do
in this work), all curvature tensors can be assumed to be covariantly constant. Only at sextic
and higher orders, monomials with covariant derivatives appear.

Clearly one can also formulate similar equations in a Riemann basis, however the trace-
less basis disentangles the invariants maximally. The generalisation to higher orders is also
straightforward, although increasingly lengthy. Nevertheless it is also clear that by using these
relations the computational complexity can be decreased considerably, since a lot fewer tensor
structures arise at any intermediate step of the calculation.

af +

7 Application to quartic order

We will now apply the machinery introduced in the preceding sections to quantum gravity at
the quartic order in the derivative expansion. This entails a theory space with a total of five
coupling constants. This section contains a discussion of the action, the flow equations, the
fixed point search strategy, the actual fixed point structure of the theory, and a discussion of
the topological term.

7.1 Action

To fix our conventions, we will first discuss the ansatz for the effective average action. Con-
cretely, this ansatz reads

1 1 1
I, =—— | d*x [—R+2A+—G cHvPoC — —GrR?>+G €:|. 113
k 167'CGNJ \/E 2 c2 pvpo o R2 ¢ ( )
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In this, Gy is the Newton’s constant, A is the cosmological constant, and Gz, G2 and G¢
are the quartic couplings. All these couplings depend on the FRG scale k, which for better
readability we do not indicate explicitly Moreover, & stands for the integrand of the four-
dimensional Euler characteristic,

¢ =RWPOR,,,,; —4R"'R,, +R*. (114)

uvpo

For the discussion of fixed points, we introduce dimensionless coupling constants by a rescaling
with the appropriate power of k, so that

g=Gyk?, A=Ak2, gc2=Gxk?, gpe=Grk?, ge¢=Gek?. (115)
We will also use an overdot to indicate the derivative with respect to the RG time ¢, e.g.,
g§=20.g. (116)
The action (113) is amended by a gauge fixing term of the form

: J d*x VZ 8% (5, ) (35" Moo ) (117)

Tp=———
87 321Gya

and a corresponding Faddeev-Popov ghost term
L= | d* 35D (118)
= G X1/ gc"'y§ u Dacp.

Note that we deviate from standard convention by introducing the coupling Gy also in the
ghost action. This is necessary for an exact cancellation of traces as discussed in subsection
3.4. The gauge parameter a will be sent to zero to implement the Landau limit.

The final ingredient to specify is the regulator. Since this has been discussed in detail in
section 3, we will not repeat it here.

To derive the flow equations, we have used the tensor algebra package suite xAct [156-160]
together with a minimal extension* of [161] to parallelise the code.

7.2 Flow equations

In this section we present the flow equations for the dimensionless couplings of our system.
For convenience, we introduce the dimensionless propagators

1
GhE)= 2+ 8c22? + R (2) =22 ’
1
i) = 2+ grez? + R (z) — i (119)
1
G(z) = TTRG)
We also introduce the notation
Ry (2) = (4— g) Ri(z) — 22 R} (2), (120)

for all regulator shape functions. It is related to the scale derivative of the regulator with some
factors pulled out for convenience. The additional dependence on ¢ comes from the fact that

“The extension consists of loading the package xTras in parallel to have access to the command CollectTensors
on all kernels.
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the regulator tensor comes with a prefactor of 1/g, see (86), on which the scale derivative
acts non-trivially. The additional factor of 1/g is then cancelled by a factor of g coming from
the propagator. This cancellation is already taken into account in the above notations.

For the cosmological constant, we find

. (.8 1 8mg = TT (. \¢aTT Ter NRTE (o) ACCf o \erC
k—( 4+g)k+2167'c2 . dzz[Sg ()R, (@) +G7(2)R,(2)—4G (z)iﬁk(z)}. (121)

We did not simplify the prefactor of the integral to illustrate where the individual factors come
from: the factor 8tg comes from the left-hand side, the factor of a half comes from the flow
equation itself, and the 1/(167?) comes from the heat kernel. We can also see how the mode
count is satisfied: we have a prefactor of 5 for the transverse traceless sector, a prefactor of 1
for the trace sector, and a prefactor of —4 for the combination of gauge variant vector (4+4)
and ghosts (—8). For identical regulators and at vanishing cosmological constant and higher
order couplings, this gives a total of 2 modes that contribute to the flow of the cosmological
constant, which is the correct number of physical polarisations of the graviton in d = 4.
The flow of the dimensionless Newton’s coupling reads

. 1 16mg? | 2,TT TT(\eaTT

g=2g+5 7 dz 2 {—25+5(5gc2 —2gr) 226" ()} 6T ()R (2)
0

(122)

+{1+28r22G™(2) }gT ()R (2) + {2— 112 gc(z)}gc(z)ﬁ%i(z)] .

The terms with more than one power of the propagator come from genuine interaction terms.
In the graviton sector, they are proportional to the higher order couplings due to our regulator
choice (86).

Next, we will present the flow equations for the fourth order couplings. A general feature
of higher order couplings is that if the dimension is at or below the order, their flow equations
feature non-integral terms. These stem from positive powers of the heat kernel expansion
parameter, which map to derivatives of the function that is traced over, evaluated at zero
argument. The flow of the R? coupling is

g 1 96mg ( g) 175  R;'(0) 1 RO 1
Sre="8r— = 4 —_— +— _2
g 108 R, T(0)—22 72 RI(0)— i 36

8

2 1672

+ J dz [QTT(Z)ZERTT(Z){ — 2—(1) (1 + 'R;ET/(Z))
0

5z

T (147gc2 — 73gp> + 8RTT”(z)) 162 nggTr(z)

+ (2(1) (1+R V(= )+ —gcz z (1+ RV (2)) (123)
2

18

1
+ G ()R (2) 2 gge { s

Lo 2 - @}

= (1982, —10gc28r2 +282,) )z QTT(Z)}

+ege (—1 500+ 3676 )}
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For the flow of the C? coupling, we find

. g 132ng g 17 R0 1 RIO) 7
ger=2gm+-—=4(4 - +— -—
g 2 1672 180 RIT(0)—22 120 RT(0)— %A 60

. f as [gTT(z)Zsfq{T(z){ B RE)
0

8

5% 15 2 16RTT// 523 2 ~Tr
—5—4( 8c2—28gr2 T " (Z))—2—78Rzg ()

+ (% (1+R™ () (124)

160 65
+ 7 8c2% (1 + R{T’(z)) + gggzzz)z QTT(Z)}

52° 2 ATr N20TT( \eaTr
—2—7ng9 (2)°G (Z)%k (2)
+ QC(Z)Zﬁ%i(Z){i—Z — %z QC(Z)}]} :

Finally, the flow of the coupling to the Euler term reads
g —gg —1(2 2_§g 2)
e = 8¢ c o
8 2 8

Hong(,_g)(108_ReO 1RO 1t e
2 1672 270 R{T(0)—21 180 RT(0)—2A 180 )

8

Since the Euler characteristic is a topological invariant in d = 4, its coupling does not appear
in any of the flow equations, except in the scaling term in (125). Intriguingly, the flow of the
Euler coupling can be written in terms of the other flows and a term without an integral.

The complete set of flow equations (123), (124) and (125) has been obtained for the first
time without using a special background [17, 82, 162-165] (thereby neglecting some of the
couplings) or expanding in some of the couplings [20,166-168].

We note in passing that the above equations do not reduce to the standard one-loop result
of perturbative Stelle gravity if the Einstein-Hilbert part of the action is neglected. There
are several reasons for this. First, both the gauge fixing and the regulator are constructed
with a non-perturbative setting in mind (meaning that all terms in the action are assumed to
be non-vanishing), as they include an explicit factor of 1/Gy. Thus to be able to probe the
perturbative Stelle limit where Gy — o0, both would need a very careful rescaling. Second,
and more importantly, we have used the background field approximation. It is well-known
that this can introduce artefacts even into universal one-loop beta functions [149]. To resolve
this issue, either the corresponding Ward identities have to be solved, or the limit k — 0 has to
be taken. Both options go beyond the scope of the present work. It is however noteworthy that
with the standard higher derivative gauge fixing which makes the fourth order kinetic term
minimal, the universal one-loop beta functions come out in the usual way, see e.g. [166-168].
This leads to the conjecture that such minimal gauge fixings might generally not need Ward
identities to obtain such a result. It would be interesting to understand which classes of gauges
share this property.

7.3 Intermezzo: fixed point search strategy

Before we move on to discuss the fixed point structure of the theory, we will present a strategy
to search for fixed points in an extended truncation that are continuously connected to a fixed
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point found in a smaller truncation. We illustrate the strategy going from one to two couplings,
but the method is applicable generically.

Let us assume that we start with a truncation with a single coupling g, and that we have
found a fixed point for it, say g}, so that

§1(g))=0. (126)

Now we enhance the truncation by adding a coupling g, which was set to zero before. That
is, the above condition for the beta function of the coupling g; now reads

$1(87,82=0)=0, (127)

while the beta function of the new coupling at this point in theory space is in general non-zero,

$,(87,0) #0. (128)

The search strategy is then to change the new coupling g, by a small amount, say €, and search
for a fixed point in g; for this new value of g,. Let us assume that we find a zero of g; at the
value g/, so that

$1(g3,€)=0. (129)

The beta function of g, will now also have changed. We then repeatedly change g, by a small
amount, find a fixed point for g;, and compute g,. The result is that we get ¢, as a function
of g, on a partial fixed point. Clearly, if we find a g, such that g, = 0, we have found a fixed
point of the complete system which is continuously connected to the fixed point which only
involves g;.

While this strategy will in general not find all fixed points, one can extend its applicability
by starting at any value of the new coupling, search for a fixed point in the old couplings, and
start the procedure from there. This gives an efficient search strategy for fixed points in all of
theory space.

7.4 Fixed point analysis

We now study the fixed point structure of the quartic order of the derivative expansion. To
set the stage, we briefly present the fixed point at the quadratic order for our setup. We then
add either of the couplings individually, and finally discuss the complete system. In all of the
following discussion, we choose the regulator shape function

Ri(x)=e™, (130)

that is a simple exponential regulator.

Einstein-Hilbert truncation The system with g2 = gz2 = 0 has a single fixed point at the
coordinates
g"=0.534, A*=0.121. (131)

The critical exponents at this fixed point are
0,5 =2.99+1.38i. (132)

Since the real part is positive, the fixed point is fully attractive. This is the well-known Reuter
fixed point, and the results for the critical exponents are in reasonable agreement with re-
sults published in the literature [14, 15, 23,26, 28,153,169-173] when factoring in different
regularisation schemes and choices of gauge fixing.
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Figure 1: The partial fixed points for g (solid blue line) and A (dashed orange line)
as well as the beta function g,z (dotted green line) evaluated on the partial fixed
point, as a function of the coupling g.:. The dashed grey horizontal line indicates
zero, whereas the dashed grey vertical line indicates the combined fixed point.

C? truncation We now add the C? term to the system, and use the strategy outlined in
subsection 7.3 to search for fixed points. Figure 1 depicts the result of this strategy. It shows
the partial fixed point values for g and A at a range of values of g.2, and the value of g, at
these coordinates. The horizontal dashed line indicates zero, whereas the vertical dashed line
is at the value of g2 where its beta function vanishes. We find a single fixed point at

g" =1.04, A" =-0.0313, g2 =0.735, (133)
with critical exponents
0, =3.83, 0, =1.85, 03 =—0.953. (134)

The value of g7, is positive, so that no new poles arise for positive squared Euclidean momenta
in the spin two sector. The inclusion of the C? term thus has two effects: first, it makes the
formerly complex conjugate critical exponents real, and second, it adds an irrelevant direction,
so that the value of one of the couplings can be predicted. Considering the magnitude of the
critical exponents, we find a slight to moderate reduction compared to the canonical scaling
dimensions, which are 4,2 and 0, respectively. This is in line with the conjecture of “near-
Gaussian scaling exponents” [19,21,43,47,53].

R? truncation As a next step, we add the R? term to the Einstein-Hilbert system. Applying
the fixed point search strategy for positive gz2 does not yield a fixed point, see figure 2. The
slope near gz = 0 indicates that there might be a fixed point for negative gz though. For this
case, we however have to flip the sign of the trace regulator,

RE——R[, (135)
since the coupling of the highest order term in a derivative expansion dictates the sign of the
regulator. As a consequence, we introduce a new singularity into the flow, which sits at

3
Asing = —7 (136)

We are thus confined to the region A € (—3/4,1/2), so that all propagators have the correct
sign and integrals over the loop momentum exist.
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Figure 2: The partial fixed points for g (solid blue line) and A (dashed orange line)
as well as the beta function gz. (dotted green line) evaluated on the partial fixed
point, as a function of positive gg2. The dashed grey horizontal line indicates zero.
No combined fixed point is found in this regime.

This also causes the fixed point search for negative gz. to not continuously connect to the
case of vanishing coupling. We thus have to start our fixed point search strategy at a finite,
negative value of gga, search a fixed point in g and A, and apply the recursive strategy from
that point. The result of this procedure is shown in figure 3, and we indeed find a fixed point
at

g*=0.739, A*=0.382, 8ro = —1.84, (137)

with critical exponents
012 =4.44£7.06i, 05 =—-3.09. (138)

This fixed point is much closer to the singular line A = 1/2, and the deviation of the critical
exponents from the canonical scaling is large. Moreover, the complex conjugate pair has a
large imaginary part. Similar signs of instability have been observed previously in f (R)-type
truncations [19,21,23,29,32,34,36,39,43,47,51-53,110]. Including higher orders tends to
tame these stronger variations.

Complete quartic order Having studied the two quartic terms individually, we now set out
for the full system. There are two starting points to initialise our search strategy. Starting from
the fixed point with finite g2, (133), we do not find a continuously connected fixed point for
positive ggz, mimicking the case for vanishing g.2. On the other hand, we do find a fixed point
when starting from (137). It sits at

g"=0.955, A*=0.496, g2 =0.816, 8r2a = —4.53, (139)
and has the critical exponents
91 = 947, 92’3 =—89.6% 120i, 93 =—-162. (140)

Judging from the very non-canonical values of the critical exponents, one might conclude that
this fixed point is either an artefact of the truncation, or that higher order terms should have
a large impact to stabilise the fixed point. It is likely that these extreme values arise due to the
fixed point of the cosmological constant lying so extremely close to the singular line A = 1/2.
It is conceivable that higher order terms indeed shift it to smaller values, yielding more realistic
critical exponents in the process, but in the end only an actual computation can give certainty
about this.
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Figure 3: The partial fixed points for g (solid blue line) and A (dashed orange line)
as well as the beta function gz. (dotted green line) evaluated on the partial fixed
point, as a function of negative gz:. The dashed grey horizontal line indicates zero,
whereas the dashed grey vertical line indicates the combined fixed point.

7.5 Comparison: regulator without endomorphism

To investigate the stability of the results under changes of the regularisation, we briefly discuss
the fixed point structure of the same system where we leave out the endomorphism in the
traceless regulator. This entails using A instead of , as an argument in (86). Stable fixed
points should only be quantitatively affected by this.

At the Einstein-Hilbert level, and with only the C 2 term, this is indeed the case. In the
former case, we find a fixed point at

g"=0.640, A" =0.169, (141)

with critical exponents
01, =2.78+2.14i. (142)

The critical exponents in this case are very close to the ones found above, see (132). With
gc2 # 0, the fixed is at

g =1.85, A*=-—0.185, g =1.36, (143)
with critical exponents
6, =4.19, 0, =0.998, 0; =—0.619. (144)

This is in qualitative agreement with (134), and serves as an estimate of the truncation error.

As soon as we include the coupling of the R? term, we do not find a fixed point, neither
without nor with finite g-». This indicates again the instability mentioned earlier, and we
expect more stable results when higher order terms are included.

Let us finally note that the flow of the Euler coupling within this regularisation scheme is
not of the simple form (125). It rather has an additional integral, which in particular depends
on gc2. Taking the simplicity of (125) as a guiding principle, this might be taken as an a
posteriori argument for the regularisation choice (86).
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7.6 The flow of the Gauss-Bonnet term

As mentioned earlier, the Gauss-Bonnet term is a topological invariant. Consequently, the
right-hand side of the flow equation is independent of the coupling constant g, in front of
it. This implies, absent some unlikely cancellations, that this coupling will never have a fixed
point, since its beta function, evaluated on the fixed point of all other couplings, is a constant:

T

N TT Tr
2 (103 R(©@ 1 RYO) 11)7&0. (145)

¢ = Selg=g; = 270 RTT(0)— 22 ' 180 RT7(0)— 42+ ' 180
This can be seen very easily from the explicit form of the beta function, (125).

Depending on the sign of the constant ¢, gz will go to either a positive or negative infi-
nite value at high energies. This has an interesting consequence for the weight of different
topologies in the (Euclidean) path integral. Disregarding the subtleties of the reconstruction
problem [174-176], if we find that ¢ is positive (negative), spacetimes with a negative (pos-
itive) Euler characteristic are enhanced, while spacetimes with a positive (negative) Euler
characteristic will be suppressed. This mimics the idea of finite action [177], but the origin is
the coupling instead of a divergent curvature invariant.

Due to the extremely simple structure of the beta function, we can make analytical state-
ments about the sign of it at a fixed point of the other couplings. As a matter of fact, at our level
of truncation, and with the normalisation condition that the regulators at vanishing argument
are =1 (depending on the sign of the quartic couplings), we find

¢e>0. (146)

From this it follows that generically, at this level of the truncation, the beta function for the
Euler coupling is positive at the fixed point. This suggests that manifolds with a complicated
topology contribute most to the Euclidean formulation of Asymptotic Safety. Incidentally, the
same conclusion holds for Stelle gravity at the asymptotically free fixed point.
We illustrate this with numerical results. At the level of the Einstein-Hilbert truncation, we
find
"1 =0.523, (147)

for the fixed point with finite C2 coupling, we have
¢¢" =0.282, (148)
for the fixed point with negative R? coupling, the value is
& =288, (149)
whereas finally, in the full system, we find
FHC — 08 4. (150)

For a Lorentzian path integral, one might argue that either sign suppresses spacetimes with
non-vanishing Euler characteristic, since they “oscillate away”. This would give a dynamical
mechanism whereby only spacetimes with vanishing Euler characteristic will contribute to the
path integral.
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8 Conclusion

In this paper we have set up a systematic framework to study the derivative expansion of non-
perturbative renormalisation group flows in quantum gravity. We proposed a set of criteria
that well-defined flows and regulators should satisfy. Then we set out to construct a suitable
regulator that fulfils these criteria. Geometric considerations guided this search. As a simple
example, we discussed the case of vector fields first, and found a natural way to regularise
them. Moving on to gravity, we encountered some difficulties which obstruct a similar reg-
ularisation. We then used input from the action of General Relativity to nevertheless set up
a well-motivated regularisation scheme. From the discussion, it is clear that our approach is
applicable to any order in the derivative expansion, including an expansion in form factors.

Having set up the formal structure, we then discussed some techniques that help in practi-
cal computations and allow for an efficient evaluation of renormalisation group flows via ten-
sor algebra software. In particular, we presented a general algorithm to obtain the propagator
from an arbitrary two-point function. On the more technical side, we provided commutator
rules that can be implemented generically in computer code, and discussed simplifications for
tensorial terms at the maximum considered order.

We finally applied all these methods to derive and analyse the non-perturbative flow equa-
tions at the quartic order of the derivative expansion in quantum gravity. The complete set of
flow equations (121) - (125) has been presented for the first time without further assumptions
on top of the truncation itself. After a brief generic discussion of our fixed point search strat-
egy, we discussed the resulting fixed point structure at different levels of sophistication. In all
approximations, we find an interacting fixed point. The inclusion of the R? term introduces
previously observed instabilities which are expected to be resolved by the inclusion of higher
order terms. Lastly, we discussed the flow of the Euler term, which we found to flow to pos-
itive infinity at the fixed point. This indicates that Euclidean Asymptotic Safety is dominated
by manifolds with negative Euler characteristic. We speculated that in Lorentzian signature,
only spacetimes with vanishing Euler characteristic would contribute. This includes the flat
spacetime, and gives a dynamical principle to discard more exotic structures.

Several future directions are available from here. Clearly, to resolve whether the instability
of the R? term persists upon improving the truncation, the derivative expansion should be
extended to sextic order, see [178] for results in the conformally reduced case. We will report
results on the full case elsewhere. Another road is the inclusion of form factors along the lines
of [139,179], and discuss aspects of unitarity and causality of the theory e.g. in the context of
scattering amplitudes [180, 181]. This would also allow to compute spectral functions from
the fully momentum-dependent background propagators [140].

In any improved truncation, it will moreover be interesting whether the simple form of the
flow equation (125) for the Euler coupling remains to be valid. If this would be the case, this
would give a constructive proof of our observation on which topologies contribute to the path
integral.
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A Some commutator formulas

In this appendix we prove some useful commutator formulas. The aim is to rewrite the mul-
ticommutator into a form slightly more useful for an implementation in a computer code. In
the following, X shall be any operator.

First, we have
-1

[ALX]= > AKA XA, >0, (A1)
k=0
which we prove by induction. The base case | = 1 is trivially seen to be true. For the induction
step, assume that the formula is correct for some [ > 1, and calculate

[aFh x]=A[ALX]+[A,X]A!
-1

A AKA,X]AT 4 A X]A!
k=0

A2
AF[A, X]AT* + A, X]A! (A-2)

>,~
~
—

A A, X]AE,

-
Il
o

In the first line we used the product formula for the commutator, in the second line we used the
induction hypothesis, in the third line we relabelled the sum index, and finally we combined
all terms into a single sum. This establishes the claim (A.1).

The second formula that we will prove is that

[ l

[AX] =) (;)(—1)mAl—mXAm => (;)(—1)1—’%"’;(&—”1, [>0. (A3)

m=0 m=0

The equality between the two sums follows by a relabelling of the summation index. Once
again we will prove this formula by induction. The base case [ = 0 is true by the definition of

31


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020

Scil SciPost Phys. Core 4, 020 (2021)

the multicommutator. Assume now that the formula holds for some [ > 0 and calculate

[A)X]l+l = [A, [A,X]l]

- Z;}(L)(—UmAl—m[A,X]Am

[
[ [
m m

m=0

[
m m=0 m

)(—1)’”A“+”—’"XA'” + Z ( 1)(—1)’"A“*“"”XA'“
m —_—

m=0 m m=1
=>. ( l ) + ( | )} (1) Ay A ALY 4 (—1) X A
= (\m m—1

(
(
( [ R (A4
{
(

m

_ (l + 1)(_1)mA(l+1)—mXAm .
m

The first step uses the definition of the multicommutator. In the second step, we use the
induction hypothesis. Afterwards, we use the definition of the commutator to split the sum
into two. The next two steps implement a relabelling of the second sum. Then, we combine the
overlapping parts of the two sums, then use a standard identity for the binomial coefficients.
In the final step, we recombine the individual summands into the final sum. This proves the
formula (A.3).

Finally, we will combine (A.1) and (A.3) and show that

-1
— _ 1\+1-k (l — 1)' k I—k—1
[A,X] = kzz(;( 1) S [A,X]AD 1>, (A.5)

We will prove this formula by direct calculation, starting from (A.3):

l

o1 3Dy manas

m=0
=(-D'xal + mzl:; (rln)(—l)l_mAmXAl_m
l
m
Loy . Loy o i
=(—1)1XAl+mZ::1(m)(—1)l XAl+mZ:;(m)(—1)l [am x]Al
l
l —m m —m
=m§1(m)(—1)1 [A™, x]Al",

We started by using (A.3). We then have split off the first term of the sum, introduced a
commutator and calculated one of the sums which cancelled with the first term. We also

l
=(-1)xAl + Z ( )(—1)1—'" ([A™, X]+XA™) Al-m (A.6)
m=1
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assumed [ > 1 for this in order for the splitting to make sense. We can now use (A.1) since
that formula applies for the involved commutator as the sum starts at one:

l
l
[A,X]l = Z (m)(_l)l_m[Am,X]Al_m
m=1
l el
— l _1\l—m k m—k—1 i—m
_m:1 (m)( 2 (;A [A,X]A )A
1 m—1
= ( [ )(_1)l—mAk[A,X]Al—k—1 e
m=1 k=0 "
= l
=2 (TD(—DI""M[ A,X]AlK
k=0 m=k+1
-1
e (=1 o
= kzo(_1)1+1 kmAk[A,X]AZ k—1 -

Here we have exchanged the order of the sums to be able to perform one of them. This
completes the proof of the formula (A.5).

References

[1] S. Weinberg, Ultraviolet divergences in quantum theories of gravitation, In General Rela-
tivity: An Einstein centenary survey, Cambridge University Press, 790 (1979).

[2] H. Kawai and M. Ninomiya, Renormalization group and quantum gravity, Nucl. Phys. B
336, 115 (1990), doi:10.1016/0550-3213(90)90345-E.

[3] L. Jack and D. R. T. Jones, The e-expansion of two-dimensional quantum gravity, Nucl.
Phys. B 358, 695 (1991), doi:10.1016/0550-3213(91)90430-6.

[4] H.Kawali, Y. Kitazawa and M. Ninomiya, Scaling exponents in quantum gravity near two
dimensions, Nucl. Phys. B 393, 280 (1993), doi:10.1016/0550-3213(93)90246-L.

[5] H. Kawai, Y. Kitazawa and M. Ninomiya, Ultraviolet stable fixed point and scaling
relations in (2 + e)-dimensional quantum gravity, Nucl. Phys. B 404, 684 (1993),
doi:10.1016/0550-3213(93)90594-F.

[6] H. Kawai, Y. Kitazawa and M. Ninomiya, Quantum gravity in 2+€ dimensions, Prog.
Theor. Phys. Suppl. 114, 149 (1993), do0i:10.1143/PTPS.114.149.

[7] H. Kawali, Y. Kitazawa and M. Ninorniya, Renormalizability of quantum gravity near two
dimensions, Nucl. Phys. B 467, 313 (1996), doi:10.1016/0550-3213(96)00119-8.

[8] C. Wetterich, Exact evolution equation for the effective potential, Phys. Lett. B 301, 90
(1993), doi:10.1016/0370-2693(93)90726-X.

[9] U. Ellwanger, Flow equations for N point functions and bound states, Z. Phys. C - Particles
and Fields 62, 503 (1994), doi:10.1007/BF01555911.

[10] T. R. Morris, The exact renormalization group and approximate solutions, Int. J. Mod.
Phys. A 09, 2411 (1994), doi:10.1142/S0217751X94000972.

33


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1016/0550-3213(90)90345-E
https://doi.org/10.1016/0550-3213(91)90430-6
https://doi.org/10.1016/0550-3213(93)90246-L
https://doi.org/10.1016/0550-3213(93)90594-F
https://doi.org/10.1143/PTPS.114.149
https://doi.org/10.1016/0550-3213(96)00119-8
https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.1007/BF01555911
https://doi.org/10.1142/S0217751X94000972

Scil SciPost Phys. Core 4, 020 (2021)

[11] M. Reuter, Nonperturbative evolution equation for quantum gravity, Phys. Rev. D 57, 971
(1998), doi:10.1103/PhysRevD.57.971.

[12] D. Benedetti, K. Groh, P E Machado and E Saueressig, The universal RG machine, J.
High Energ. Phys. 06, 079 (2011), doi:10.1007/JHEP06(2011)079.

[13] E. Manrique, S. Rechenberger and F. Saueressig, Asymptotically safe lorentzian gravity,
Phys. Rev. Lett. 106, 251302 (2011), doi:10.1103/PhysRevLett.106.251302.

[14] M. Reuter and E Saueressig, Quantum Einstein gravity, New J. Phys. 14, 055022 (2012),
d0i:10.1088/1367-2630/14/5/055022.

[15] I. Donkin and J. M. Pawlowski, The phase diagram of quantum gravity from
diffeomorphism-invariant RG-flows (2012), arXiv:1203.4207.

[16] J. A. Dietz and T. R. Morris, Asymptotic safety in the f(R) approximation, J. High Energ.
Phys. 01, 108 (2013), doi:10.1007/JHEP01(2013)108.

[17] S. Rechenberger and E Saueressig, R> phase diagram of quantum Ein-
stein gravity and its spectral dimension, Phys. Rev. D 86, 024018 (2012),
doi:10.1103/PhysRevD.86.024018.

[18] N. Christiansen, D. E Litim, J. M. Pawlowski and A. Rodigast, Fixed points
and infrared completion of quantum gravity, Phys. Lett. B 728, 114 (2014),
doi:10.1016/j.physletb.2013.11.025.

[19] K. Falls, D. E Litim, K. Nikolakopoulos and C. Rahmede, A bootstrap strategy for asymp-
totic safety (2013), arXiv:1301.4191.

[20] N. Ohta and R. Percacci, Higher derivative gravity and asymptotic safety in di-
verse dimensions, Class. Quantum Grav. 31, 015024 (2013), doi:10.1088/0264-
9381/31/1/015024.

[21] K. Falls, D. Litim, K. Nikolakopoulos and C. Rahmede, Further evidence
for asymptotic safety of quantum gravity, Phys. Rev. D 93, 104022 (2016),
doi:10.1103/PhysRevD.93.104022.

[22] M. Demmel, F Saueressig and O. Zanusso, RG flows of quantum Einstein grav-
ity on maximally symmetric spaces, J. High Energ. Phys. 06, 026 (2014),
doi:10.1007/JHEP06(2014)026.

[23] M. Demmel, E Saueressig and O. Zanusso, RG flows of quantum Einstein
gravity in the linear-geometric approximation, Ann. Phys. 359, 141 (2015),
doi:10.1016/j.a0p.2015.04.018.

[24] N. Christiansen, B. Knorr, J. M. Pawlowski and A. Rodigast, Global flows in quantum
gravity, Phys. Rev. D 93, 044036 (2016), doi:10.1103/PhysRevD.93.044036.

[25] D. Becker and M. Reuter, En route to background independence: Broken split-symmetry,
and how to restore it with bi-metric average actions, Ann. Phys. 350, 225 (2014),
doi:10.1016/j.a0p.2014.07.023.

[26] K. Falls, Asymptotic safety and the cosmological constant, J. High Energ. Phys. 01, 069
(2016), doi:10.1007/JHEP01(2016)069.

[27] N. Christiansen, B. Knorr, J. Meibohm, J. M. Pawlowski and M. Reichert, Local quantum
gravity, Phys. Rev. D 92, 121501 (2015), doi:10.1103/PhysRevD.92.121501.

34


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1007/JHEP06(2011)079
https://doi.org/10.1103/PhysRevLett.106.251302
https://doi.org/10.1088/1367-2630/14/5/055022
https://arxiv.org/abs/1203.4207
https://doi.org/10.1007/JHEP01(2013)108
https://doi.org/10.1103/PhysRevD.86.024018
https://doi.org/10.1016/j.physletb.2013.11.025
https://arxiv.org/abs/1301.4191
https://doi.org/10.1088/0264-9381/31/1/015024
https://doi.org/10.1088/0264-9381/31/1/015024
https://doi.org/10.1103/PhysRevD.93.104022
https://doi.org/10.1007/JHEP06(2014)026
https://doi.org/10.1016/j.aop.2015.04.018
https://doi.org/10.1103/PhysRevD.93.044036
https://doi.org/10.1016/j.aop.2014.07.023
https://doi.org/10.1007/JHEP01(2016)069
https://doi.org/10.1103/PhysRevD.92.121501

Scil SciPost Phys. Core 4, 020 (2021)

[28] H. Gies, B. Knorr and S. Lippoldt, Generalized parametrization dependence in quantum
gravity, Phys. Rev. D 92, 084020 (2015), doi:10.1103/PhysRevD.92.084020.

[29] M. Demmel, E Saueressig and O. Zanusso, A proper fixed functional for four-
dimensional quantum Einstein gravity, J. High Energ. Phys. 08, 113 (2015),
doi:10.1007/JHEP08(2015)113.

[30] K. Falls, Renormalization of Newton’s constant, Phys. Rev. D 92, 124057 (2015),
doi:10.1103/PhysRevD.92.124057.

[31] K. Falls, Critical scaling in quantum gravity from the renormalisation group (2015),
arXiv:1503.06233.

[32] N. Ohta, R. Percacci and G. P Vacca, Flow equation for f (R) gravity and some of its exact
solutions, Phys. Rev. D 92, 061501 (2015), doi:10.1103/PhysRevD.92.061501.

[33] N. Ohta, R. Percacci and G. P Vacca, Renormaligation group equation and scaling so-
lutions for f(R) gravity in exponential parametrization, Eur. Phys. J. C 76, 46 (2016),
doi:10.1140/epjc/s10052-016-3895-1.

[34] A. Eichhorn, The renormalization group flow of unimodular f (R) gravity, J. High Energ.
Phys. 04, 096 (2015), doi:10.1007/JHEP04(2015)096.

[35] H. Gies, B. Knorr, S. Lippoldt and FE Saueressig, Gravitational two-loop
counterterm is asymptotically safe, Phys. Rev. Lett. 116, 211302 (2016),
doi:10.1103/PhysRevLett.116.211302.

[36] K. Falls, D. E Litim, K. Nikolakopoulos and C. Rahmede, On de Sitter solutions
in asymptotically safe f(R) theories, Class. Quantum Grav. 35, 135006 (2018),
d0i:10.1088/1361-6382/aac440.

[37] J. Biemans, A. Platania and E Saueressig, Quantum gravity on foliated space-
times:  Asymptotically safe and sound, Phys. Rev. D 95, 086013 (2017),
doi:10.1103/PhysRevD.95.086013.

[38] T. R. Morris, Large curvature and background scale independence in single-metric
approximations to asymptotic safety, J. High Energ. Phys. 11, 160 (2016),
doi:10.1007/JHEP11(2016)160.

[39] K. Falls and N. Ohta, Renormalization group equation for f(R) gravity on hyperbolic
spaces, Phys. Rev. D 94, 084005 (2016), doi:10.1103/PhysRevD.94.084005.

[40] T. Denz, J. M. Pawlowski and M. Reichert, Towards apparent convergence in asymptoti-
cally safe quantum gravity, Eur. Phys. J. C 78, 336 (2018), doi:10.1140/epjc/s10052-
018-5806-0.

[41] B. Knorr and S. Lippoldt, Correlation functions on a curved background, Phys. Rev. D 96,
065020 (2017), doi:10.1103/PhysRevD.96.065020.

[42] B. Knorr, Infinite order quantum-gravitational correlations, Class. Quantum Grav. 35,
115005 (2018), d0i:10.1088/1361-6382/aabaa0.

[43] K. Falls, C. R. King, D. E Litim, K. Nikolakopoulos and C. Rahmede, Asymptotic
safety of quantum gravity beyond Ricci scalars, Phys. Rev. D 97, 086006 (2018),
doi:10.1103/PhysRevD.97.086006.

35


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1103/PhysRevD.92.084020
https://doi.org/10.1007/JHEP08(2015)113
https://doi.org/10.1103/PhysRevD.92.124057
https://arxiv.org/abs/1503.06233
https://doi.org/10.1103/PhysRevD.92.061501
https://doi.org/10.1140/epjc/s10052-016-3895-1
https://doi.org/10.1007/JHEP04(2015)096
https://doi.org/10.1103/PhysRevLett.116.211302
https://doi.org/10.1088/1361-6382/aac440
https://doi.org/10.1103/PhysRevD.95.086013
https://doi.org/10.1007/JHEP11(2016)160
https://doi.org/10.1103/PhysRevD.94.084005
https://doi.org/10.1140/epjc/s10052-018-5806-0
https://doi.org/10.1140/epjc/s10052-018-5806-0
https://doi.org/10.1103/PhysRevD.96.065020
https://doi.org/10.1088/1361-6382/aabaa0
https://doi.org/10.1103/PhysRevD.97.086006

Scil SciPost Phys. Core 4, 020 (2021)

[44] A. Platania and E Saueressig, Functional renormalization group flows on Fried-
man-Lemaitre—Robertson—-Walker backgrounds, Found. Phys. 48, 1291 (2018),
doi:10.1007/s10701-018-0181-0.

[45] S. Gonzalez-Martin, T. R. Morris and Z. H. Slade, Asymptotic solutions in asymptotic
safety, Phys. Rev. D 95, 106010 (2017), doi:10.1103/PhysRevD.95.106010.

[46] N. Christiansen, K. Falls, J. M. Pawlowski and M. Reichert, Curvature dependence of
quantum gravity, Phys. Rev. D 97, 046007 (2018), doi:10.1103/PhysRevD.97.046007.

[47] K. G. Falls, D. E Litim and J. Schroder, Aspects of asymptotic safety for quantum gravity,
Phys. Rev. D 99, 126015 (2019), doi:10.1103/PhysRevD.99.126015.

[48] G. P de Brito, N. Ohta, A. D. Pereira, A. A. Tomaz and M. Yamada, Asymptotic safety
and field parametrization dependence in the f(R) truncation, Phys. Rev. D 98, 026027
(2018), doi:10.1103/PhysRevD.98.026027.

[49] A.Eichhorn, P Labus, J. M. Pawlowski and M. Reichert, Effective universality in quantum
gravity, SciPost Phys. 5, 031 (2018), doi:10.21468/SciPostPhys.5.4.031.

[50] A. Eichhorn, S. Lippoldt, J. M. Pawlowski, M. Reichert and M. Schif-
fer, How perturbative is quantum gravity?, Phys. Lett. B 792, 310 (2019),
doi:10.1016/j.physletb.2019.01.071.

[51] N. Alkofer and E Saueressig, Asymptotically safe f(R)-gravity coupled to matter I: The
polynomial case, Ann. Phys. 396, 173 (2018), doi:10.1016/j.a0p.2018.07.017.

[52] N. Alkofer, Asymptotically safe f (R)-gravity coupled to matter II: Global solutions, Phys.
Lett. B 789, 480 (2019), doi:10.1016/j.physletb.2018.12.061.

[53] Y. Kluth and D. Litim, Fixed points of quantum gravity and the dimensionality of the UV
critical surface (2020), arXiv:2008.09181.

[54] G. P de Brito, A. D. Pereira and A. E Vieira, Exploring new corners of asymp-
totically safe unimodular quantum gravity, Phys. Rev. D 103, 104023 (2021),
doi:10.1103/PhysRevD.103.104023.

[55] P Dona, A. Eichhorn and R. Percacci, Matter matters in asymptotically safe quantum
gravity, Phys. Rev. D 89, 084035 (2014), doi:10.1103/PhysRevD.89.084035.

[56] J. Meibohm, J. M. Pawlowski and M. Reichert, Asymptotic safety of gravity-matter sys-
tems, Phys. Rev. D 93, 084035 (2016), doi:10.1103/PhysRevD.93.084035.

[57] P Dona, A. Eichhorn, P Labus and R. Percacci, Asymptotic safety in an inter-
acting system of gravity and scalar matter, Phys. Rev. D 93, 044049 (2016),
doi:10.1103/PhysRevD.93.044049.

[58] A. Eichhorn and S. Lippoldt, Quantum gravity and Standard-Model-like fermions, Phys.
Lett. B 767, 142 (2017), doi:10.1016/j.physletb.2017.01.064.

[59] J. Meibohm and J. M. Pawlowski, Chiral fermions in asymptotically safe quantum gravity,
Eur. Phys. J. C 76, 285 (2016), doi:10.1140/epjc/s10052-016-4132-7.

[60] A. Eichhorn, S. Lippoldt and V. Skrinjar, Nonminimal hints for asymptotic safety, Phys.
Rev. D 97, 026002 (2018), doi:10.1103/PhysRevD.97.026002.

36


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1007/s10701-018-0181-0
https://doi.org/10.1103/PhysRevD.95.106010
https://doi.org/10.1103/PhysRevD.97.046007
https://doi.org/10.1103/PhysRevD.99.126015
https://doi.org/10.1103/PhysRevD.98.026027
https://doi.org/10.21468/SciPostPhys.5.4.031
https://doi.org/10.1016/j.physletb.2019.01.071
https://doi.org/10.1016/j.aop.2018.07.017
https://doi.org/10.1016/j.physletb.2018.12.061
https://arxiv.org/abs/2008.09181
https://doi.org/10.1103/PhysRevD.103.104023
https://doi.org/10.1103/PhysRevD.89.084035
https://doi.org/10.1103/PhysRevD.93.084035
https://doi.org/10.1103/PhysRevD.93.044049
https://doi.org/10.1016/j.physletb.2017.01.064
https://doi.org/10.1140/epjc/s10052-016-4132-7
https://doi.org/10.1103/PhysRevD.97.026002

Scil SciPost Phys. Core 4, 020 (2021)

[61] N. Christiansen, D. E Litim, J. M. Pawlowski and M. Reichert, Asymptotic safety of gravity
with matter, Phys. Rev. D 97, 106012 (2018), doi:10.1103/PhysRevD.97.106012.

[62] J. Biemans, A. Platania and E Saueressig, Renormalization group fixed points
of foliated gravity-matter systems, J. High Energ. Phys. 05, 093 (2017),
doi:10.1007/JHEP05(2017)093.

[63] A. Eichhorn, Y. Hamada, J. Lumma and M. Yamada, Quantum gravity fluctua-
tions flatten the Planck-scale Higgs potential, Phys. Rev. D 97, 086004 (2018),
doi:10.1103/PhysRevD.97.086004.

[64] N. Christiansen and A. Eichhorn, An asymptotically safe solution to the U(1) triviality
problem, Phys. Lett. B 770, 154 (2017), doi:10.1016/.physletb.2017.04.047.

[65] A.Eichhorn and A. Held, Top mass from asymptotic safety, Phys. Lett. B 777, 217 (2018),
doi:10.1016/j.physletb.2017.12.040.

[66] A.Eichhorn, A. Held and C. Wetterich, Quantum-gravity predictions for the fine-structure
constant, Phys. Lett. B 782, 198 (2018), doi:10.1016/j.physletb.2018.05.016.

[67] A. Eichhorn, S. Lippoldt and M. Schiffer, Zooming in on fermions and quantum gravity,
Phys. Rev. D 99, 086002 (2019), doi:10.1103/PhysRevD.99.086002.

[68] A. Eichhorn and A. Held, Mass difference for charged quarks from asymp-
totically safe quantum gravity, Phys. Rev. Lett. 121, 151302 (2018),
doi:10.1103/PhysRevLett.121.151302.

[69] J. M. Pawlowski, M. Reichert, C. Wetterich and M. Yamada, Higgs scalar po-
tential in asymptotically safe quantum gravity, Phys. Rev. D 99, 086010 (2019),
doi:10.1103/PhysRevD.99.086010.

[70] M. Reichert and J. Smirnov, Dark matter meets quantum gravity, Phys. Rev. D 101,
063015 (2020), doi:10.1103/PhysRevD.101.063015.

[71] B. Biirger, J. M. Pawlowski, M. Reichert and B.-J. Schaefer, Curvature dependence of
quantum gravity with scalars (2019), arXiv:1912.01624.

[72] J. Daas, W. Oosters, E Saueressig and J. Wang, Asymptotically safe gravity with fermions,
Phys. Lett. B 809, 135775 (2020), doi:10.1016/j.physletb.2020.135775.

[73] G. P de Brito, A. Eichhorn and M. Schiffer, Light charged fermions in quantum gravity,
Phys. Lett. B 815, 136128 (2021), doi:10.1016/j.physletb.2021.136128.

[74] B. Koch and E Saueressig, Structural aspects of asymptotically safe black holes, Class.
Quantum Grav. 31, 015006 (2013), doi:10.1088/0264-9381/31/1/015006.

[75] B. Koch and E Saueressig, Black holes within asymptotic safety, Int. J. Mod. Phys. A 29,
1430011 (2014), doi:10.1142/S0217751X14300117.

[76] A. Bonanno and A. Platania, Asymptotically safe inflation from quadratic gravity, Phys.
Lett. B 750, 638 (2015), doi:10.1016/j.physletb.2015.10.005.

[77] N. Alkofer, G. D’Odorico, E Saueressig and F. Versteegen, Quantum gravity signatures in
the Unruh effect, Phys. Rev. D 94, 104055 (2016), doi:10.1103/PhysRevD.94.104055.

[78] A. Bonanno, B. Koch and A. Platania, Cosmic censorship in quantum Einstein gravity,
Class. Quantum Grav. 34, 095012 (2017), doi:10.1088/1361-6382/aa6788.

37


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1103/PhysRevD.97.106012
https://doi.org/10.1007/JHEP05(2017)093
https://doi.org/10.1103/PhysRevD.97.086004
https://doi.org/10.1016/j.physletb.2017.04.047
https://doi.org/10.1016/j.physletb.2017.12.040
https://doi.org/10.1016/j.physletb.2018.05.016
https://doi.org/10.1103/PhysRevD.99.086002
https://doi.org/10.1103/PhysRevLett.121.151302
https://doi.org/10.1103/PhysRevD.99.086010
https://doi.org/10.1103/PhysRevD.101.063015
https://arxiv.org/abs/1912.01624
https://doi.org/10.1016/j.physletb.2020.135775
https://doi.org/10.1016/j.physletb.2021.136128
https://doi.org/10.1088/0264-9381/31/1/015006
https://doi.org/10.1142/S0217751X14300117
https://doi.org/10.1016/j.physletb.2015.10.005
https://doi.org/10.1103/PhysRevD.94.104055
https://doi.org/10.1088/1361-6382/aa6788

Scil SciPost Phys. Core 4, 020 (2021)

[79] A. Bonanno, S. J. G. Gionti and A. Platania, Bouncing and emergent cosmologies
from Arnowitt-Deser—Misner RG flows, Class. Quantum Grav. 35, 065004 (2018),
doi:10.1088/1361-6382/aaa535.

[80] A.Bonanno, B. Koch and A. Platania, Gravitational collapse in quantum Einstein gravity,
Found. Phys. 48, 1393 (2018), doi:10.1007/s10701-018-0195-7.

[81] A. Bonanno, A. Platania and E Saueressig, Cosmological bounds on the field con-
tent of asymptotically safe gravity—matter models, Phys. Lett. B 784, 229 (2018),
doi:10.1016/j.physletb.2018.06.047.

[82] G. Gubitosi, R. Ooijer, C. Ripken and FE Saueressig, Consistent early and late time
cosmology from the RG flow of gravity, J. Cosmol. Astropart. Phys. 004 (2018),
doi:10.1088/1475-7516/2018/12/004.

[83] C. Pagani and M. Reuter, Finite entanglement entropy in asymptotically safe quantum
gravity, J. High Energ. Phys. 07, 039 (2018), do0i:10.1007/JHEP07(2018)039.

[84] A. Adéiféoba, A. Eichhorn and A. Benedetta Platania, Towards conditions for black-hole
singularity-resolution in asymptotically safe quantum gravity, Class. Quantum Grav. 35,
225007 (2018), doi:10.1088/1361-6382/aaebef.

[85] H. Gies and R. Martini, Curvature bound from gravitational catalysis, Phys. Rev. D 97,
085017 (2018), do0i:10.1103/PhysRevD.97.085017.

[86] A. Eichhorn and M. Schiffer, d = 4 as the critical dimensionality of asymptotically safe
interactions, Phys. Lett. B 793, 383 (2019), doi:10.1016/j.physletb.2019.05.005.

[87] A. Platania, Dynamical renormalization of black-hole spacetimes, Eur. Phys. J. C 79, 470
(2019), doi:10.1140/epjc/s10052-019-6990-2.

[88] A. Held, R. Gold and A. Eichhorn, Asymptotic safety casts its shadow, J. Cosmol. As-
tropart. Phys. 029 (2019), doi:10.1088/1475-7516/2019/06/029.

[89] A. Bonanno, R. Casadio and A. Platania, Gravitational antiscreening in stellar interiors,
J. Cosmol. Astropart. Phys. 022 (2020), doi:10.1088/1475-7516/2020/01/022.

[90] A. Platania, From renormalization group flows to cosmology, Front. Phys. 8, 188 (2020),
doi:10.3389/fphy.2020.00188.

[91] H. Gies and A. Sabor Salek, Curvature bound from gravitational catalysis in thermal
backgrounds, Phys. Rev. D 103, 125027 (2021), doi:10.1103/PhysRevD.103.125027.

[92] R. Percacci, An introduction to covariant quantum gravity and asymptotic safety, World
Scientific, ISBN 9789813207172 (2016), d0i:10.1142/10369.

[93] A. Bonanno and E Saueressig, Asymptotically safe cosmology — A status report, Comptes
Rendus Physique 18, 254 (2017), doi:10.1016/j.crhy.2017.02.002.

[94] A. Eichhorn, An asymptotically safe guide to quantum gravity and matter, Front. Astron.
Space Sci. 5, 47 (2019), doi:10.3389/fspas.2018.00047.

[95] M. Reuter and E Saueressig, Quantum gravity and the functional renormal-
ization group, Cambridge University Press, ISBN 9781107107328 (2019),
doi:10.1017/9781316227596.

[96] A. Eichhorn, Asymptotically safe gravity (2020), arXiv:2003.00044.

38


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1088/1361-6382/aaa535
https://doi.org/10.1007/s10701-018-0195-7
https://doi.org/10.1016/j.physletb.2018.06.047
https://doi.org/10.1088/1475-7516/2018/12/004
https://doi.org/10.1007/JHEP07(2018)039
https://doi.org/10.1088/1361-6382/aae6ef
https://doi.org/10.1103/PhysRevD.97.085017
https://doi.org/10.1016/j.physletb.2019.05.005
https://doi.org/10.1140/epjc/s10052-019-6990-2
https://doi.org/10.1088/1475-7516/2019/06/029
https://doi.org/10.1088/1475-7516/2020/01/022
https://doi.org/10.3389/fphy.2020.00188
https://doi.org/10.1103/PhysRevD.103.125027
https://doi.org/10.1142/10369
https://doi.org/10.1016/j.crhy.2017.02.002
https://doi.org/10.3389/fspas.2018.00047
https://doi.org/10.1017/9781316227596
https://arxiv.org/abs/2003.00044

Scil SciPost Phys. Core 4, 020 (2021)

[97] M. Reichert, Lecture notes: Functional renormalisation group and asymptotically safe
quantum gravity, Proc. Sci. 384, 005 (2020), doi:10.22323/1.384.0005.

[98] J. M. Pawlowski and M. Reichert, Quantum gravity: a fluctuating point of view (2021),
arXiv:2007.10353.

[99] J. E Donoghue, A critique of the asymptotic safety program, Front. Phys. 8, 56 (2020),
doi:10.3389/fphy.2020.00056.

[100] A.Bonanno, A. Eichhorn, H. Gies, J. M. Pawlowski, R. Percacci, M. Reuter, E Saueressig
and G. P Vacca, Critical reflections on asymptotically safe gravity, Front. Phys. 8, 269
(2020), do0i:10.3389/fphy.2020.00269.

[101] J. Ambjgrn, J. Jurkiewicz and R. Loll, Reconstructing the universe, Phys. Rev. D 72,
064014 (2005), doi:10.1103/PhysRevD.72.064014.

[102] J. Laiho and D. Coumbe, Evidence for asymptotic safety from lattice quantum gravity,
Phys. Rev. Lett. 107, 161301 (2011), doi:10.1103/PhysRevLett.107.161301.

[103] J. Ambjgrn, A. Gorlich, J. Jurkiewicz and R. Loll, Nonperturbative quantum gravity,
Phys. Rep. 519, 127 (2012), doi:10.1016/j.physrep.2012.03.007.

[104] D. N. Coumbe and J. Laiho, Exploring euclidean dynamical triangulations
with a non-trivial measure term, J. High Energ. Phys. 04, 028 (2015),
doi:10.1007/JHEP04(2015)028.

[105] J. Laiho, S. Bassler, D. Coumbe, D. Du and J. T. Neelakanta, Lattice quantum gravity and
asymptotic safety, Phys. Rev. D 96, 064015 (2017), doi:10.1103/PhysRevD.96.064015.

[106] J. Ambjern, J. Gizbert-Studnicki, A. Gorlich, J. Jurkiewicz and D. Németh, The phase
structure of causal dynamical triangulations with toroidal spatial topology, J. High Energ.
Phys. 06, 111 (2018), doi:10.1007/JHEP06(2018)111.

[107] R.Loll, Quantum gravity from causal dynamical triangulations: a review, Class. Quantum
Grav. 37, 013002 (2019), doi:10.1088/1361-6382/ab57c7.

[108] J. Ambjorn, Z. Drogosz, J. Gizbert-Studnicki, A. Gorlich, J. Jurkiewicz and D.
Németh, CDT quantum toroidal spacetimes: An overview, Universe 7, 79 (2021),
doi:10.3390/universe7040079.

[109] S. Bassler, J. Laiho, M. Schiffer and J. Unmuth-Yockey, de Sitter instanton
from euclidean dynamical triangulations, Phys. Rev. D 103, 114504 (2021),
doi:10.1103/PhysRevD.103.114504.

[110] A. Codello, R. Percacci and C. Rahmede, Ultraviolet properties of f(R)-gravity, Int. J.
Mod. Phys. A 23, 143 (2008), doi:10.1142/S0217751X08038135.

[111] J. Berges, N. Tetradis and C. Wetterich, Non-perturbative renormalization flow in quan-
tum field theory and statistical physics, Phys. Rep. 363, 223 (2002), doi:10.1016/S0370-
1573(01)00098-9.

[112] J. M. Pawlowski, Aspects of the functional renormalisation group, Ann. Phys. 322, 2831
(2007), d0i:10.1016/j.a0p.2007.01.007.

[113] H. Gies, Introduction to the functional RG and applications to gauge theories, In Renor-
malization group and effective field theory approaches to many-body systems, Lect.
Notes Phys. 852, 287 (2012), d0i:10.1007/978-3-642-27320-9 6.

39


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.22323/1.384.0005
https://arxiv.org/abs/2007.10353
https://doi.org/10.3389/fphy.2020.00056
https://doi.org/10.3389/fphy.2020.00269
https://doi.org/10.1103/PhysRevD.72.064014
https://doi.org/10.1103/PhysRevLett.107.161301
https://doi.org/10.1016/j.physrep.2012.03.007
https://doi.org/10.1007/JHEP04(2015)028
https://doi.org/10.1103/PhysRevD.96.064015
https://doi.org/10.1007/JHEP06(2018)111
https://doi.org/10.1088/1361-6382/ab57c7
https://doi.org/10.3390/universe7040079
https://doi.org/10.1103/PhysRevD.103.114504
https://doi.org/10.1142/S0217751X08038135
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1016/j.aop.2007.01.007
https://doi.org/10.1007/978-3-642-27320-9_6

Scil SciPost Phys. Core 4, 020 (2021)

[114] J. Berges and D. Mesterhdzy, Introduction to the nonequilibrium func-
tional renormalization group, Nucl. Phys. B - Proc. Suppl. 228, 37 (2012),
doi:10.1016/j.nuclphysbps.2012.06.003.

[115] N.Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M. Pawlowski, M. Tissier and N. Wsche-
bor, The nonperturbative functional renormalization group and its applications, Phys. Rep.
910, 1 (2021), doi:10.1016/j.physrep.2021.01.001.

[116] A. Nink, Field parametrization dependence in asymptotically safe quantum gravity, Phys.
Rev. D 91, 044030 (2015), doi:10.1103/PhysRevD.91.044030.

[117] M. Demmel and A. Nink, Connections and geodesics in the space of metrics, Phys. Rev. D
92, 104013 (2015), doi:10.1103/PhysRevD.92.104013.

[118] R. Percacci and G. P Vacca, Search of scaling solutions in scalar—tensor gravity, Eur. Phys.
J. C 75, 188 (2015), doi:10.1140/epjc/s10052-015-3410-0.

[119] P Labus, R. Percacci and G. P Vacca, Asymptotic safety in O(N) scalar models coupled to
gravity, Phys. Lett. B 753, 274 (2016), doi:10.1016/j.physletb.2015.12.022.

[120] N. Ohta and R. Percacci, Ultraviolet fixed points in conformal gravity and general
quadratic theories, Class. Quantum Grav. 33, 035001 (2016), doi:10.1088/0264-
9381/33/3/035001.

[121] N. Ohta, R. Percacci and A. D. Pereira, Gauges and functional measures in
quantum gravity I: Einstein theory, J. High Energ. Phys. 06, 115 (2016),
doi:10.1007/JHEP06(2016)115.

[122] R. Percacci and G. P Vacca, The background scale Ward identity in quantum gravity, Eur.
Phys. J. C 77, 52 (2017), doi:10.1140/epjc/s10052-017-4619-x.

[123] M. Reuter and H. Weyer, Background independence and asymptotic safety in conformally
reduced gravity, Phys. Rev. D 79, 105005 (2009), doi:10.1103/PhysRevD.79.105005.

[124] E.Manrique and M. Reuter, Bimetric truncations for quantum Einstein gravity and asymp-
totic safety, Ann. Phys. 325, 785 (2010), doi:10.1016/j.a0p.2009.11.009.

[125] E. Manrique, M. Reuter and E Saueressig, Matter induced bimetric actions for gravity,
Ann. Phys. 326, 440 (2011), doi:10.1016/j.a0p.2010.11.003.

[126] E.Manrique, M. Reuter and E Saueressig, Bimetric renormalization group flows in quan-
tum Einstein gravity, Ann. Phys. 326, 463 (2011), doi:10.1016/j.a0p.2010.11.006.

[127] A. Codello, G. D’Odorico and C. Pagani, Consistent closure of renormalization
group flow equations in quantum gravity, Phys. Rev. D 89, 081701 (2014),
doi:10.1103/PhysRevD.89.081701.

[128] D. Becker and M. Reuter, Propagating gravitons vs. ‘dark matter’ in asymptotically safe
quantum gravity, J. High Energ. Phys. 12, 025 (2014), doi:10.1007/JHEP12(2014)025.

[129] J. A. Dietz and T R. Morris, Background independent exact renormalization
group for conformally reduced gravity, J. High Energ. Phys. 04, 118 (2015),
doi:10.1007/JHEP04(2015)118.

[130] M. Safari, Splitting Ward identity, FEur. Phys. J. C 76, 201 (2016),
doi:10.1140/epjc/s10052-016-4036-6.

40


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1016/j.nuclphysbps.2012.06.003
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1103/PhysRevD.91.044030
https://doi.org/10.1103/PhysRevD.92.104013
https://doi.org/10.1140/epjc/s10052-015-3410-0
https://doi.org/10.1016/j.physletb.2015.12.022
https://doi.org/10.1088/0264-9381/33/3/035001
https://doi.org/10.1088/0264-9381/33/3/035001
https://doi.org/10.1007/JHEP06(2016)115
https://doi.org/10.1140/epjc/s10052-017-4619-x
https://doi.org/10.1103/PhysRevD.79.105005
https://doi.org/10.1016/j.aop.2009.11.009
https://doi.org/10.1016/j.aop.2010.11.003
https://doi.org/10.1016/j.aop.2010.11.006
https://doi.org/10.1103/PhysRevD.89.081701
https://doi.org/10.1007/JHEP12(2014)025
https://doi.org/10.1007/JHEP04(2015)118
https://doi.org/10.1140/epjc/s10052-016-4036-6

Scil SciPost Phys. Core 4, 020 (2021)

[131] C. Wetterich, Gauge-invariant flow equation, Nucl. Phys. B 931, 262 (2018),
doi:10.1016/j.nuclphysb.2018.04.020.

[132] C. Wetterich, Gauge symmetry from decoupling, Nucl. Phys. B 915, 135 (2017),
doi:10.1016/j.nuclphysb.2016.12.008.

[133] T R. Morris and A. WH. Preston, Manifestly diffeomorphism invariant clas-
sical exact renormalization group, J. High Energ. Phys. 06, 012 (2016),
doi:10.1007/JHEP06(2016)012.

[134] M. Safari and G. P Vacca, Covariant and single-field effective action with the background-
field formalism, Phys. Rev. D 96, 085001 (2017), doi:10.1103/PhysRevD.96.085001.

[135] M. Safari and G. P Vacca, Covariant and background independent functional RG
flow for the effective average action, J. High Energ. Phys. 11, 139 (2016),
doi:10.1007/JHEP11(2016)139.

[136] P Labus, T. R. Morris and Z. H. Slade, Background independence in a back-
ground dependent renormalization group, Phys. Rev. D 94, 024007 (2016),
doi:10.1103/PhysRevD.94.024007.

[137] N. Ohta, Background scale independence in quantum gravity, Prog. Theor. Exp. Phys.
033E02 (2017), doi:10.1093/ptep/ptx020.

[138] C. M. Nieto, R. Percacci and V. Skrinjar, Split Weyl transformations in quantum gravity,
Phys. Rev. D 96, 106019 (2017), doi:10.1103/PhysRevD.96.106019.

[139] B. Knorr, C. Ripken and E Saueressig, Form factors in asymptotic safety: concep-
tual ideas and computational toolbox, Class. Quantum Grav. 36, 234001 (2019),
doi:10.1088/1361-6382/ab4a53.

[140] A. Bonanno, T. Denz, J. M. Pawlowski and M. Reichert, Reconstructing the graviton
(2021), arXiv:2102.02217.

[141] B. Knorr, Exact solutions and residual regulator dependence in functional renormalisa-
tion group flows, J. Phys. A: Math. Theor. 54, 275401 (2021), doi:10.1088/1751-
8121/ac00d4.

[142] J. Ziebell, Existence and construction of exact functional-renormalization-group
flows of a UV-interacting scalar field theory, Phys. Rev. D 103, 025002 (2021),
doi:10.1103/PhysRevD.103.025002.

[143] S. Rechenberger and E Saueressig, A functional renormalization group equation for foli-
ated spacetimes, J. High Energ. Phys. 03, 010 (2013), doi:10.1007/JHEP03(2013)010.

[144] W. B. Houthoff, A. Kurov and E Saueressig, Impact of topology in foliated quantum Ein-
stein gravity, Eur. Phys. J. C 77, 491 (2017), doi:10.1140/epjc/s10052-017-5046-8.

[145] B. Knorr, Lorentz symmetry is relevant, Phys. Lett. B 792, 142 (2019),
doi:10.1016/j.physletb.2019.01.070.

[146] A. Baldazzi, R. Percacci and V. Skrinjar, Wicked metrics, Class. Quantum Grav. 36,
105008 (2019), do0i:10.1088/1361-6382/ab187d.

[147] A. Eichhorn, A. Platania and M. Schiffer, Lorentz invariance violations in the
interplay of quantum gravity with matter, Phys. Rev. D 102, 026007 (2020),
doi:10.1103/PhysRevD.102.026007.

41


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1016/j.nuclphysb.2018.04.020
https://doi.org/10.1016/j.nuclphysb.2016.12.008
https://doi.org/10.1007/JHEP06(2016)012
https://doi.org/10.1103/PhysRevD.96.085001
https://doi.org/10.1007/JHEP11(2016)139
https://doi.org/10.1103/PhysRevD.94.024007
https://doi.org/10.1093/ptep/ptx020
https://doi.org/10.1103/PhysRevD.96.106019
https://doi.org/10.1088/1361-6382/ab4a53
https://arxiv.org/abs/2102.02217
https://doi.org/10.1088/1751-8121/ac00d4
https://doi.org/10.1088/1751-8121/ac00d4
https://doi.org/10.1103/PhysRevD.103.025002
https://doi.org/10.1007/JHEP03(2013)010
https://doi.org/10.1140/epjc/s10052-017-5046-8
https://doi.org/10.1016/j.physletb.2019.01.070
https://doi.org/10.1088/1361-6382/ab187d
https://doi.org/10.1103/PhysRevD.102.026007

Scil SciPost Phys. Core 4, 020 (2021)

[148] S.Nagy, K. Sailer and I. Steib, Renormalization of Lorentzian conformally reduced gravity,
Class. Quantum Grav. 36, 155004 (2019), do0i:10.1088/1361-6382/ab2e20.

[149] D. E Litim and J. M. Pawlowski, Renormalisation group flows for gauge theories in axial
gauges, J. High Energ. Phys. 09, 049 (2002), doi:10.1088/1126-6708/2002/09/049.

[150] E. Mottola, Functional integration over geometries, J. Math. Phys. 36, 2470 (1995),
doi:10.1063/1.531359.

[151] K. Groh, E Saueressig and O. Zanusso, Off-diagonal heat-kernel expansion and its appli-
cation to fields with differential constraints (2011), arXiv:1112.4856.

[152] D. V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rep. 388, 279 (2003),
doi:10.1016/j.physrep.2003.09.002.

[153] A. Codello, R. Percacci and C. Rahmede, Investigating the ultraviolet properties of grav-
ity with a wilsonian renormalization group equation, Ann. Phys. 324, 414 (2009),
doi:10.1016/j.a0p.2008.08.008.

[154] T Kimura, Explicit description of the Zassenhaus formula, Prog. Theor. Exp. Phys. 041A03
(2017), doi:10.1093/ptep/ptx044.

[155] B.Knorr and C. Ripken, Scattering amplitudes in affine gravity, Phys. Rev. D 103, 105019
(2021), doi:10.1103/PhysRevD.103.105019.

[156] D. Brizuela, J. M. Martin-Garcia and G. A. Mena Marugan, xPert: computer algebra for
metric perturbation theory, Gen. Rel. Grav. 41, 2415 (2009), doi:10.1007/s10714-009-
0773-2.

[157] J. M. Martin-Garcia, R. Portugal and L. R. U. Manssur, The Invar tensor package, Comput.
Phys. Commun. 177, 640 (2007), doi:10.1016/j.cpc.2007.05.015.

[158] J. M. Martin-Garcia, D. Yllanes and R. Portugal, The Invar tensor package:
differential invariants of Riemann, Comput. Phys. Commun. 179, 586 (2008),
doi:10.1016/j.cpc.2008.04.018.

[159] J. M. Martin-Garcia, xPerm: fast index canonicalization for tensor computer algebra, Com-
put. Phys. Commun. 179, 597 (2008), do0i:10.1016/j.cpc.2008.05.009.

[160] T. Nutma, xTras: a field-theory inspired xAct package for mathematica, Comput. Phys.
Commun. 185, 1719 (2014), do0i:10.1016/j.cpc.2014.02.006.

[161] A. Casalino, xParallel (2020), https://github.com/alessandrocasalino/xParallel.

[162] O. Lauscher and M. Reuter, Flow equation of quantum Einstein grav-
ity in a higher-derivative truncation, Phys. Rev. D 66, 025026 (2002),
doi:10.1103/PhysRevD.66.025026.

[163] D. Benedetti, P FE Machado and E Saueressig, Asymptotic safety in higher-derivative
gravity, Mod. Phys. Lett. A 24, 2233 (2009), doi:10.1142/S50217732309031521,
arXiv:0901.2984.

[164] D. Benedetti P E Machado and FE Saueressig, Taming perturbative di-
vergences in asymptotically safe gravity, Nucl. Phys. B 824, 168 (2010),
doi:10.1016/j.nuclphysb.2009.08.023.

42


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1088/1361-6382/ab2e20
https://doi.org/10.1088/1126-6708/2002/09/049
https://doi.org/10.1063/1.531359
https://arxiv.org/abs/1112.4856
https://doi.org/10.1016/j.physrep.2003.09.002
https://doi.org/10.1016/j.aop.2008.08.008
https://doi.org/10.1093/ptep/ptx044
https://doi.org/10.1103/PhysRevD.103.105019
https://doi.org/10.1007/s10714-009-0773-2
https://doi.org/10.1007/s10714-009-0773-2
https://doi.org/10.1016/j.cpc.2007.05.015
https://doi.org/10.1016/j.cpc.2008.04.018
https://doi.org/10.1016/j.cpc.2008.05.009
https://doi.org/10.1016/j.cpc.2014.02.006
https://github.com/alessandrocasalino/xParallel
https://doi.org/10.1103/PhysRevD.66.025026
https://doi.org/10.1142/S0217732309031521
https://arxiv.org/abs/0901.2984
https://doi.org/10.1016/j.nuclphysb.2009.08.023

Scil SciPost Phys. Core 4, 020 (2021)

[165] D. Benedetti, P E Machado, E Saueressig, J. Kowalski-Glikman, R. Durka and M. Szcza-
chor, Four-derivative interactions in asymptotically safe gravity, AIP Conf. Proc. 1196, 44
(2009), doi:10.1063/1.3284399.

[166] A. Codello and R. Percacci, Fixed points of higher-derivative gravity, Phys. Rev. Lett. 97,
221301 (2006), doi:10.1103/PhysRevLett.97.221301.

[167] E Saueressig, K. Groh, S. Rechenberger and O. Zanusso, Higher derivative gravity from
the universal renormalization group machine (2012), arXiv:1111.1743.

[168] K. Falls, N. Ohta and R. Percacci, Towards the determination of the dimension of
the critical surface in asymptotically safe gravity, Phys. Lett. B 810, 135773 (2020),
doi:10.1016/j.physletb.2020.135773.

[169] M. Reuter and FE Saueressig, Renormalization group flow of quantum grav-
ity in the Einstein-Hilbert truncation, Phys. Rev. D 65, 065016 (2002),
doi:10.1103/PhysRevD.65.065016.

[170] O. Lauscher and M. Reuter, Ultraviolet fixed point and generalized flow equation of quan-
tum gravity, Phys. Rev. D 65, 025013 (2001), doi:10.1103/PhysRevD.65.025013.

[171] D. E Litim, Fixed points of quantum gravity, Phys. Rev. Lett. 92, 201301 (2004),
doi:10.1103/PhysRevLett.92.201301.

[172] D. Litim, Fixed points of quantum gravity, Proc. Sci. 043, 024 (2008),
doi:10.22323/1.043.0024.

[173] A. Eichhorn and H. Gies, Ghost anomalous dimension in asymptotically safe quantum
gravity, Phys. Rev. D 81, 104010 (2010), doi:10.1103/PhysRevD.81.104010.

[174] E. Manrique and M. Reuter, Bare action and regularized functional integral
of asymptotically safe quantum gravity, Phys. Rev. D 79, 025008 (2009),
doi:10.1103/PhysRevD.79.025008.

[175] E. Manrique and M. Reuter, Bare vs. effective fixed point action in asymptotic safety: the
reconstruction problem, Proc. Sci. 079, 001 (2011), doi:10.22323/1.079.0001.

[176] T. R. Morris and Z. H. Slade, Solutions to the reconstruction problem in asymptotic safety,
J. High Energ. Phys. 11, 094 (2015), doi:10.1007/JHEP11(2015)094.

[177] J.-L. Lehners and K. S. Stelle, Safe beginning for the Universe?, Phys. Rev. D 100, 083540
(2019), do0i:10.1103/PhysRevD.100.083540.

[178] B. Knorr, Lessons from conformally reduced quantum gravity, Class. Quantum Grav. 38,
065003 (2021), doi:10.1088/1361-6382/abd7c2.

[179] L. Bosma, B. Knorr and E Saueressig, Resolving spacetime singularities within asymptotic
safety, Phys. Rev. Lett. 123, 101301 (2019), doi:10.1103/PhysRevLett.123.101301.

[180] T. Draper, B. Knorr, C. Ripken and FE Saueressig, Finite quantum grav-
ity amplitudes: No strings attached, Phys. Rev. Lett. 125, 181301 (2020),
doi:10.1103/PhysRevLett.125.181301.

[181] T. Draper, B. Knorr, C. Ripken and FE Saueressig, Graviton-mediated scattering am-
plitudes from the quantum effective action, J. High Energ. Phys. 11, 136 (2020),
d0i:10.1007/JHEP11(2020)136.

43


https://scipost.org
https://scipost.org/SciPostPhysCore.4.3.020
https://doi.org/10.1063/1.3284399
https://doi.org/10.1103/PhysRevLett.97.221301
https://arxiv.org/abs/1111.1743
https://doi.org/10.1016/j.physletb.2020.135773
https://doi.org/10.1103/PhysRevD.65.065016
https://doi.org/10.1103/PhysRevD.65.025013
https://doi.org/10.1103/PhysRevLett.92.201301
https://doi.org/10.22323/1.043.0024
https://doi.org/10.1103/PhysRevD.81.104010
https://doi.org/10.1103/PhysRevD.79.025008
https://doi.org/10.22323/1.079.0001
https://doi.org/10.1007/JHEP11(2015)094
https://doi.org/10.1103/PhysRevD.100.083540
https://doi.org/10.1088/1361-6382/abd7c2
https://doi.org/10.1103/PhysRevLett.123.101301
https://doi.org/10.1103/PhysRevLett.125.181301
https://doi.org/10.1007/JHEP11(2020)136

	Introduction
	Functional renormalisation group
	Criteria for a successful flow

	Field decompositions in curved spacetime
	Transverse decomposition of an Abelian gauge field
	General vector field
	Decomposition of the graviton
	Regularisation and decoupling in gravity

	Inversion of the graviton two-point function
	Commutator rules
	Simplification of tensor expressions of maximal order
	Application to quartic order
	Action
	Flow equations
	Intermezzo: fixed point search strategy
	Fixed point analysis
	Comparison: regulator without endomorphism
	The flow of the Gauss-Bonnet term

	Conclusion
	Some commutator formulas
	References

