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Abstract

Nonequilibrium steady states (NESSs) in periodically driven dissipative quantum sys-
tems are vital in Floquet engineering. We develop a general theory for high-frequency
drives with Lindblad-type dissipation to characterize and analyze NESSs. This theory is
based on the high-frequency (HF) expansion with linear algebraic numerics and without
numerically solving the time evolution. Using this theory, we show that NESSs can de-
viate from the Floquet-Gibbs state depending on the dissipation type. We also show the
validity and usefulness of the HF-expansion approach in concrete models for a diamond
nitrogen-vacancy (NV) center, a kicked open XY spin chain with topological phase transi-
tion under boundary dissipation, and the Heisenberg spin chain in a circularly-polarized
magnetic field under bulk dissipation. In particular, for the isotropic Heisenberg chain,
we propose the dissipation-assisted terahertz (THz) inverse Faraday effect in quantum
magnets. Our theoretical framework applies to various time-periodic Lindblad equations
that are currently under active research.
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1 Introduction

Periodically driven quantum systems have seen a resurgence of interest motivated by laser
technology advancement and theoretical developments [1–5]. Such systems are theoretically
described by the Floquet theorem [6, 7], which enables us to study nonequilibrium states of
matter systematically [8, 9]. An important application is the Floquet engineering, i.e., artifi-
cially creating useful functionalities of physical systems by designing an appropriate driving
protocol. Floquet engineerings for various systems have been proposed theoretically and real-
ized experimentally: the dynamical localization [10–14], Floquet topological states [15–19],
Floquet time crystals [20–22], the inverse Faraday effect [23–25], etc.

Despite those extensive studies, most of their theoretical analyses neglect the dissipation
effect and focus mainly on well-controlled artificial systems and ultraclean materials. Con-
sidering dissipation is important in two ways. First, most physical systems such as generic
materials contact their environment, and dissipation is not negligible. Second, without dissi-
pation, the Floquet-engineered states are eventually broken by injected heat, and the system
becomes the featureless infinite-temperature state [26–28]. Thus, in isolated systems, the Flo-
quet engineering is usually considered in the Floquet prethermalization regime of finite time
window [29–33]. In dissipative systems, nonequilibrium steady states (NESSs), where the en-
ergy injection by the periodic driving is balanced with the energy dissipation, are established
and give us the opportunity to the long-lived Floquet engineering.

There have been several approaches to analyze NESSs in periodically driven dissipative
systems. The nonequilibrium Green function method is a successful approach and particularly
useful in electron systems coupled to several leads [34–37]. Several systems have been ana-
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lyzed with this approach, such as the Floquet topological insulators [38], strongly-correlated
electrons [39], and so on. Quantum master equation [40,41] is another useful formulation to
analyze various periodically-driven dissipative systems and has been applied to periodic ther-
modynamics [42–44], Bose-Einstein condensation [45], Floquet-band occupation [46], and so
on. Fermi’s golden rule is a similar technique to define the NESS [47].

Among quantum master equations, the Floquet-Lindblad equation (FLE) is a powerful and
flexible description for periodically-driven systems subject to Markovian dissipation [48–51].
The FLE is an extension of the Lindblad (or Gorini-Kossakowski-Sudarshan-Lindblad [52,53])
for time-periodic systems and has nice properties such as the complete positivity and trance-
preserving condition. However, it is generally hard to solve each FLE and find the NESS except
for some special cases [54–56]. Recently, based on the high-frequency expansion method, a
part of the present authors [57] have analytically solved NESS in a phenomenological FLE.
However, there are two major remaining issues to be solved. First, that work assumed that
the dissipation is time-independent and satisfies the detailed-balance condition, but dissipa-
tion without these properties has also attracted attention in the literature. Second, the NESS
was solved at the leading-order approximation for 1/ω (ω is the driving frequency), and the
systematic extension to higher orders has not been studied.

In this paper, we extensively study the NESS in the FLE for high-frequency drives. For this
purpose, we formulate how to characterize and obtain the NESS using the high-frequency (HF)
expansion for the Liouvillian (Lindbladian) from the van Vleck point of view. Compared to the
Floquet–Magnus viewpoint [50], the van Vleck approach involves fewer terms and enables us
to study NESSs, including the micromotion. Following the general formulation, we apply this
method to example models: an effective three-level model for a nitrogen-vacancy (NV) center
in diamond, a periodically driven topological XY spin chain, and the Heisenberg spin chain
under a circularly polarized magnetic field. The HF-expansion approach enables us to analyze
the NESS systematically by numerically obtaining an eigenstate of the effective Liouvillian
without resorting to the direct numerical integration of the FLE. From our formalism, we also
reveal the condition that the NESS approaches or deviates from the Floquet-Gibbs state.

The rest of this paper is organized as follows. In Sec. 2, we introduce the FLE and formulate
our problem of finding the NESSs that we address in this paper. In Sec. 3, we develop the van
Vleck HF expansion for Liouvillians. Importantly, we generally prove that a zero-mode exists
for the effective Liouvillian at each order of the HF expansion. The zero mode is shown to
correspond to the NESS in Sec. 4, where general aspects of the NESS are discussed within the
FLE. In Sec. 5, we apply the HF expansion methods to time-independent dissipators, includ-
ing two models. We first discuss an open XY spin chain under a periodic drive and boundary
dissipation and analyze its topological phase diagram together with its stability against dissi-
pation. We second analyze an effective model for the NV center in diamonds, demonstrating
how the HF-expansion method gives the NESS accurately. In Sec. 6, we apply the HF expan-
sion to a class of time-dependent dissipators derived from the system-bath coupling and the
rotating-wave approximation (RWA). We derive such FLEs with a slight generalization of pre-
vious studies in that one allows the Floquet quasienergies to be degenerate, and we reveal
the conditions for the NESS being approximated by the Floquet-Gibbs state. We then apply
these general discussions to two concrete example models: the effective model for the NV
center and the Heisenberg spin chain under a circularly polarized magnetic field. For the NV
center model, unlike with the time-independent dissipator, we show that the relationship be-
tween the driving frequency and the bath spectral cutoff brings about a nontrivial effect on
the NESS. Namely, when the photon energy ħhω is below the cutoff, some photon-exchange
processes are active, and the NESS cannot be described by the Floquet-Gibbs state. Even in
this case, the HF expansion is valid and enables us to obtain the NESS with the systematic
improvement of accuracy. For the Heisenberg chain, we first provide a microscopic theory for

3

https://scipost.org
https://scipost.org/SciPostPhysCore.4.4.033


SciPost Phys. Core 4, 033 (2021)

the dissipation-assisted inverse Faraday effect in magnetic insulators, i.e., the emergence of
time-averaged magnetization due to the circularly polarized ac magnetic field. Unlike related
studies, the magnetization is activated not by magnetic anisotropy of the Hamiltonian (the
Heisenberg spin chain is isotropic) but by dissipation, i.e., the system-bath coupling. Finally,
in Sec. 7, we summarize our work and present some outlooks.

2 Floquet–Lindblad Equation (FLE)

In this section, we introduce the most general form of the Floquet–Lindblad equation (FLE)
that we study in this work and formulate our problem.

Let us consider the quantum master equation

d
dt
ρ(t) = Lt[ρ(t)] . (1)

Here, ρ(t) is the density operator describing the quantum state of the system of interest, and
Lt is the Liouvillian superoperator generating dynamics. We use the term “Liouvillian” for
the right-hand side of Eq. (1) by analogy with the Liouville equation in classical mechanics.
Throughout this paper, we use calligraphic symbols for superoperators. We suppose that the
Liouvillian is periodic in time: Lt+T = Lt , where T is the period. In the following, we shall
use the corresponding angular frequency ω≡ 2π/T .

We suppose that the Liouvillian is of Lindblad (or GKSL [52,53]) form. Namely, the Liou-
villian consists of the Hamiltonian and dissipator parts:

Lt(ρ) =Ht(ρ) +Dt(ρ) , (2)

with

Ht(ρ)≡ −i[H(t),ρ] . (3)

Here, H(t) = H(t+ T ) is the time-dependent Hamiltonian (involving the Lamb shift contribu-
tion [40]) in general). The dissipator is described by the jump operators Lα(t) as

Dt(ρ) =
∑

α

�

Lα(t)ρL†
α(t)−

1
2

�

L†
α(t)Lα(t),ρ

	

�

. (4)

We assume that Dt is also periodic: Dt+T = Dt . Under this assumption, we further assume
that each Lk(t) is also periodic.1 In the following, we call Lt as the Lindbladian when we
emphasize that it is a Liouvillian of Lindblad form. We call the quantum master equation (1)
generated by a time-periodic Lindbladian the FLE.

The periodicity in time of the FLE enables systematic analysis by Fourier expansions. We
Fourier-expand the Hamiltonian and dissipator superoperators as

Ht =
∑

m

Hme−imωt ; Dt =
∑

m

Dme−imωt . (5)

Here, the Fourier components Hk are simply given by

Hm(ρ) = −i[Hm,ρ] , (6)

1This assumption can be slightly relaxed as follows: For each α, there exists θα(t) ∈ R such that
Lα(t) = eiθα(t)LP

α
(t) with periodic part LP

α
(t + T ) = LP

α
(t). In such cases, we can replace Lα(t) by LP

α
(t) with-

out changing Dt since the nonperiodic phase factors eiθα(t) cancel between Lα(t) and L†
α
(t). Thus, under this

assumption, we can assume Lα(t) are periodic without loss of generality.
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where Hm are defined in H(t) =
∑

m Hme−imωt . In contrast, Dm are a little more complicated
because it is not linear in Lα(t) and L†

α(t). Fourier expanding them as

Lα(t) =
∑

m

Lα,me−imωt ; L†
α(t) =

∑

m

L†
α,me+imωt , (7)

we have

Dm(ρ) =
∑

α,n

�

Lα,m−nρL†
α,n −

1
2

¦

L†
α,n Lα,m−n,ρ

©

�

. (8)

We note that Lα(t) is not necessarily Hermitian, and Lα,−m 6= L†
α,m in general.

The formal solution of the FLE (1) is represented by the propagator V(t, t ′) as

ρ(t) = V(t, t ′)ρ(t ′) , (9)

with

V(t, t ′) = exp+

�∫ t

t ′
Lsds

�

, (10)

where exp+ denotes the time-ordered exponential. One merit of assuming that Lt is a Lind-
bladian at each time t is that the propagator V(t, t ′) is guaranteed to be a completely positive
and trace preserving (CPTP) map [52, 53]. Thus, ρ(t) is qualified as a density operator at
any t during time evolution, which is not guaranteed in other master equations such as the
Redfield equation [58,59].

Finally, we discuss how the NESS is characterized in the FLE, following Ref. [60]. To this
end, we take an initial time t = 0 and consider a long-time evolution to t. To utilize the
periodicity Lt+T = Lt and hence V(t + T, t ′ + T ) = V(t, t ′), it is useful to denote t = t0 + `T ,
where 0 ≤ t0 < T and ` ∈ Z. Together with the property V(t, t ′) = V(t, t ′′)V(t ′′, t ′) for any
t ′′, we have

ρ(t) = V(t0, 0)V`Fρ(0) , (11)

where VF ≡ V(T, 0) is the one-cycle propagator. Being a CPTP map, VF is known to have an
eigenvalue 1, and we let the corresponding eigenstate be η. Supposing, for simplicity, that all
the other eigenvalues have absolute values less than 1 (see Ref. [61] for a sufficient condition
for this), we obtain the long-time behavior ρ(t) → V(t0, 0)η as t → ∞. This is the NESS
solution periodic in time, and V(t0, 0) is called the micromotion within a period. Although
the NESS is thus obtained from the one-cycle and micromotion parts of the propagator, it is
difficult to obtain them analytically and a hard task to do them numerically.

3 van Vleck high-frequency expansion of Liouvillian

The high-frequency (HF) expansions offer systematic ways for looking into the propagator
analytically when ω is large enough. As developed for isolated systems, there are, at least,
three versions: the Floquet–Magnus [62], van Vleck [8], and Brillouin–Wigner [9]. These
three look different but are related to each other by appropriate transformations [8, 9]. The
Floquet–Magnus approach has been generalized to the FLE in the literature [50, 63]. In this
section, we generalize the van Vleck approach to the FLE, which will be useful for analyzing
the NESS in the following.

Before discussing the FLE, we briefly review the van Vleck HF expansion in isolated sys-
tems. In isolated systems, one tries to solve the Schrödinger equation d

dt |ψ(t)〉= −iH(t) |ψ(t)〉
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for a periodic Hamiltonian H(t). The formal solution is given by |ψ(t)〉= U(t, t ′) |ψ(t ′)〉 with
U(t, t ′) being the unitary propagator from t ′ to t. The HF expansion is derived from the
following decomposed form of U(t, t ′) [8,9].

U(t, t ′) = e−iK(t)e−iHeff(t−t ′)eiK(t ′) , (12)

where Heff is a time-independent effective Hamiltonian, K(t) = K(t + T ) is a periodic Her-
mitian operator, and eiK(t) is called the micromotion operator. With the series expansion,
K(t) =

∑∞
k=1 K(k)(t) and Heff =

∑∞
k=0 H(k)eff , we obtain each of K(k) and H(k)eff order by order,

where K(k) and H(k)eff are O(ω−k). First few terms are given in Appendix A.
Now we generalize the van Vleck HF expansion to the FLE in open systems. To this end, we

invoke the formal analogy between the FLE (1) and the Schrödinger equation. Although there
is a difference between the operator −iH(t) and the superoperator Lt , these are both linear
operators. Thus, the derivation of the HF expansion goes in parallel by the formal substitution
H(t)→ iLt . More concretely, we put the following ansatz:

V(t, t ′) = eGt eLeff(t−t ′)e−Gt′ , (13)

where Leff and Gt (= Gt+T ) are superoperators corresponding to the effective Liouvillian and
the micromotion. Introducing the series expansion

Leff =
∞
∑

k=0

L(k)eff ; Gt =
∞
∑

k=1

G(k)t , (14)

with L(k)eff = O(ω−k) and G(k)t = O(ω−k), we obtain

iL(0)eff = iL0 , (15)

iL(1)eff =
∑

m 6=0

[iL−m, iLm]
2mω

, (16)

iL(2)eff =
∑

m 6=0

[[iL−m, iL0] , iLm]
2m2ω2

+
∑

m 6=0

∑

n6=0,m

[[iL−m, iLm−n] , iLn]
3mnω2

, (17)

and

−G(1)t = −
∑

m 6=0

iLm

mω
e−imωt , (18)

−G(2)t =
∑

m 6=0

∑

n6=0,m

[iLn, iLm−n]
2mnω2

e−imωt +
∑

m 6=0

[iLm, iL0]
m2ω2

e−imωt , (19)

up to the second order of 1/ω. Here, Lm denotes the Fourier components of the Liouvillian:

Lt =
∑

m

Lme−imωt , (20)

and the results have been obtained by the replacements

Hm→ iLm , (21)

Heff→ iLeff , (22)

K(t)→ iGt , (23)

in the HF expansion for isolated systems (see Appendix A). One can obtain higher-order terms
by continuing the procedure systematically.
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We remark the relation to the Floquet–Magnus (FM) approach in the literature [50, 63].
In this approach, we take a reference time t = t0 and define the one-cycle evolution superop-
erator VF (t0) ≡ V(t0 + T, t0). The Floquet Liouvillian LF (t0) is defined, in the FM approach,
by

VF (t0) = eTLF (t0) . (24)

On the other hand, in the van Vleck HF expansion [Eq. (13)], this one-cycle propagator is
represented as VF (t0) = eGt0 eTLeffe−Gt0 . By equating these, we have

eTLF (t0) = eGt0 eTLeffe−Gt0 , (25)

where we have used the periodicity Gt0+T = Gt0
. Thus, the effective Liouvillians LF (t0) and

Leff in the different approaches are related to each other by the similarity transformation eGt0 .
The FM expansion is the series expansion forLF (t0)with 1/ω, and we haveLF (t0) = Leff = L0
at the zeroth order of 1/ω. At higher orders, the LF (t0) involves more terms than Leff and the
dependence on a reference time t0 similarly to the case of isolated systems [9]. We note that
LF (t0) contains the micromotion information.

Despite the formal analogy in the derivations of the van Vleck HF expansion in open and
isolated systems, we need to be careful about the properties of Gt and Leff. First, the micro-
motion superoperator eGt is not unitary in general unlike eiK(t). Second, Leff may not be of
Lindblad form. As shown in Refs. [64, 65], even if the one-cycle evolution eTLF (t0) is a CPTP
map, its logarithm TLF (t0) may not be a Lindbladian. One representative situation is when
the one-cycle evolution eTLF (t0) has a negative real eigenvalue [64, 65]. Noting that Eq. (25)
implies that eTLF (t0) and eTLeff have the same eigenvalues,2 it also happens that Leff is not a
Lindbladian. In addition, Mizuta et al. have recently shown that the FM expansion for LF (t0)
may not be a Lindbladian [67]. In the following, we will show that, in the van Vleck approach,
Leff is of Lindblad form at the first order of 1/ω for physically relevant models. Another recent
work [68] has also pointed out that Leff can be of Lindblad form while LF (t0) is not.

Nevertheless, Leff has a good property for analyzing the dynamics and NESSs: Leff has at
least one eigenvalue equal to zero at every order of the HF expansion. To show this, we first
prove the following lemma.

Lemma 1 At each order of the HF expansion, we have

tr[Leff(A)] = 0 , for any operator A . (26)

Proof. We begin by proving

tr[Lm(A)] = tr[Hm(A) +Dm(A)] = 0 , ∀A and ∀m . (27)

To show Eq. (27), we first notice Eq. (6) implies tr[Hm(A)] = −i tr([Hm, A]) = 0, where we
have used the cyclic property of the trace tr(HmA) = tr(AHm). We second notice Eq. (8) leads
to tr[D(A)] = tr[Lα,m−nAL†

α,n −
1
2{L

†
α,n Lα,m−n, A}] = tr[L†

α,n Lα,m−nA− L†
α,n Lα,m−nA] = 0, where

we have again used the cyclic property. These two steps prove Eq. (27).
Now we prove Eq. (26) using Eq. (27) at each order N of the HF expansion. As

Leff =
∑N

k=0 L
(k)
eff and hence tr[Leff(A)] =

∑N
k=0 tr[L(k)eff (A)] at an N -th order, it is sufficient

to prove

tr[L(k)eff (A)] = 0 , ∀A and ∀k . (28)

2Similarity transformations do not change eigenvalues [66]. Equation (25) means that eTLF (t0) and eTLeff are
connected by a similarity transformation eGt0 .
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For k = 0, Eq. (28) is obtained from tr[L(0)eff (A)] = tr[L0(A)] = 0, where the last
equality follows from Eq. (27) for m = 0. Let us hence prove Eq. (28) for k ≥ 1. As
represented in Eqs. (16) and (17), L(m)eff consists of nested commutators between Lm’s for
different m’s. Unraveling all the commutators, we have the following formal expression
L(k)eff =

∑

m1,m2,...,mk
Cm1,m2,...,mk

Lm1
Lm2

. . .Lmk
, where Cm1,m2,...,mk

are complex numbers. This
expression gives

tr[L(k)eff (A)] =
∑

m1,m2,...,mk

Cm1,m2,...,mk
tr[(Lm1

Lm2
. . .Lmk

)(A)] (29)

=
∑

m1,m2,...,mk

Cm1,m2,...,mk
tr[Lm1

(Am2,m3,...,mk
)] , (30)

where we have defined operators Am2,m3,...,mk
≡ (Lm2

. . .Lmk
)(A). Here, substituting m = m1

and A = Am2,m3,...,mk
into Eq. (27), we have tr[Lm1

(Am2,m3,...,mk
)] = 0 holds for every set

(m1, m2, . . . , mk), meaning that tr[L(k)eff (A)] = 0. Thus, we have proved Eq. (28) and hence
Eq. (26).

From this lemma, the following theorem holds true.

Theorem 1 Leff has at least one eigenvalue equal to zero at every order of the HF expansion .

Proof. Recall that 〈X , Y 〉 ≡ tr(X †Y ) serves as an inner product for two operators X and Y . We
translate Eq. (26) as 〈I ,Leff(A)〉 = 0 = 〈L∗eff(I), A〉, where I is the identity operator and L∗eff
is the adjoint superoperator3 for Leff. Remembering that A can be any, we have L∗eff(I) = 0,
which means that L∗eff has a zero eigenvalue (and I is the left eigenvector of Leff). Therefore,
Leff also has a zero eigenvalue

As we will see below, the zero eigenvalue corresponds to the NESS.
In this work, we assume that Leff’s eigenvalues all have nonpositive real parts. Since we

have shown the existence of the zero eigenvalue, it means that the maximum of the eigenvalues
real parts is zero. This property is important to obtain sensible time evolution since if Leff had
an eigenvalues with a positive real part (and hence VF had one with absolute value greater
than 1), the density operator would blow up in many cycles of evolution. In physically relevant
setups discussed in Secs. 5 and 6, we will see that Leff is of Lindblad form at O(ω−1) and
indeed has the good property. Thus, if the zero eigenvalue is not degenerate (as is the case
in all example models in this paper), the higher-order corrections do not break the property
for large enough ω. If it is degenerate, there may appear small positive real parts at higher
orders, and thus one must be careful about this possibility in general. We leave the general
proof of the nonpositivity as an open problem and assume the nonpositivity throughout this
work.

4 General aspects of NESS solution

With the van Vleck HF expansion discussed in the previous section, we can obtain the NESS
solution, including the micromotion, without explicitly calculating time evolution. We discuss
how it generally works in this section and will analyze physically relevant examples in the
following sections.

Let us suppose that we have an arbitrary initial state ρ0 at time t = 0 and consider its
long-time evolution. Equations (9) and (13) give us the quantum state at time t as

ρ(t) = eGt etLeffe−G0ρ0 . (31)

3For clarity, we use A† for the adjoint operator for an operator A and L∗ for that for a superoperator L.
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In analyzing the long-time behavior, it is convenient to absorb the micromotion by the similarity
transformation:

ρ′(t)≡ e−Gtρ(t) , (32)

which satisfies

ρ′(t) = etLeffρ′(0) . (33)

In other words, ρ′(t) obeys the time-independent master equation dρ′(t)
dt = Leffρ

′(t) with the
initial condition ρ′(t = 0) = e−G0ρ0.

To investigate the long-time behavior of ρ′(t), it is useful to introduce the eigenstates of
Leff. For simplicity, we assume that Leff is diagonalizable and introduce the eigenstates of Leff
as follows:

Leff(ηλ,a) = ληλ,a . (34)

Here, ηλ,a is the eigenstate of Leff (ηλ,a is a complex matrix acting on the Hilbert space)
belonging to the complex eigenvalue λ, where a (= 1, 2, . . . , Nλ) labels the degenerate eigen-
states with Nλ being the degree of degeneracy. As discussed in the previous section, there
exists λ= 0 eigenvalue, and we assume that Reλ≤ 0 for all λ.

We note that the trace preserving nature of the effective evolution etLeff imposes the fol-
lowing condition,

tr(ηλ,a) = 0 , (for λ 6= 0) . (35)

Here the trace preserving nature means tr
�

etLeffA
�

= tr(A) for any matrix A, which follows
from tr[Leff(A)] = 0 at each order of the HF expansion. To prove Eq. (35), one considers ρ′(t)
starting from an arbitrary initial states ρ′(0), which can be represented as a linear combination
of ηλ,a ’s (see Eqs. (37) and (38) below). Since tr[ρ′(t)] is time-independent, one obtains that
tr(ηλ,a) must vanish except for the zero modes λ = 0. For the zero modes, tr(η0,a) can be
nonvanishing, and, if so, we impose the following normalization

tr(η0,a) = 1 . (36)

By using the eigenstates ηλ,a, we solve the asymptotic behavior of ρ′(t). To this end, we
express the initial state by these eigenstates as

ρ′(t = 0) = e−G0ρ0 =
∑

λ,a

cλ,aηλ,a , (37)

which leads with Eq. (34) to

ρ′(t) =
∑

λ,a

cλ,aeλtηλ,a . (38)

Since Reλ < 0 holds true for all the λ’s except λ = 0, these eigenmodes all vanish in the
long-time limit t →∞, and we have

ρ′(t)→ ρ′∞ =
∑

a

c0,aη0,a . (39)

Thus, ρ′(t) approaches a time-independent asymptotic state, which can be calculated with
linear algebras for Leff instead of explicit time-evolution simulations.
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Once we have ρ′∞, we immediately obtain the NESS solution for ρ(t),

ρ(t)→ ρness(t) = eGtρ′∞ =
∑

a

c0,aeGtη0,a . (40)

The periodicity of Gt = Gt+T ensures that the ρness is also periodic

ρness(t + T ) = ρness(t) . (41)

Depending on whether Nλ=0 = 1 or Nλ=0 ≥ 2, Eq. (40) gives different physical consequences.
When Nλ=0 = 1, the sum over a is absent and we have c0,1 = 1 owing to the trace condition
tr(ρ′∞) = 1. Thus, Eq. (40) is further simplified as

ρness(t) = eGtη0,1 (when Nλ=0 = 1) . (42)

We emphasize that there is no dependence on the initial state ρ0 in Eq. (42). When Nλ=0 = 1,
there is the unique steady state for Leff, and ρ′(t) converges to this special state no matter
what initial state we take. On the contrary, when Nλ=0 ≥ 2, there remain some initial state
dependence in c0,a ’s. To obtain the NESS, we need to solve the linear equations [Eq. (37)] for
the unknown coefficients cλ,a, plugging cλ=0,a into Eq. (40). The multiple zero modes happen
in physical models typically when the model has symmetries (see, e.g., Ref. [60]).

For completeness, we discuss how to calculate expectation values of observables in the
NESS assuming Eq. (42). Using Eq. (14) together with Eqs. (18) and (19), we have

ρness(t) = (1 + G(1)t + [G
(1)
t ]

2

2 + G(2) . . . )η0,1 =
∑

mρme−imωt , where ρm is time-independent
and obtained up to a desired order of ω−1. For an observable A, we have its expectation
value as A(t) = tr[ρness(t)A] =

∑

m tr(ρmA)e−imωt . Therefore, once we have ρm’s from the HF
expansion, we can immediately obtain expectation values at arbitrary times t without time
integration.

The above argument in deriving the NESS solution is exact once Leff and Gt are given at
an arbitrary order of the HF expansion. In this approach, the analytical expressions for the
approximate Leff and Gt give us physical intuitions for the effects of the drive and dissipation.
Also, the HF expansion avoids dynamics simulations and enables efficient NESS calculations
and possibly analytical calculations in some problems. For instance, one can use the Lanczos
algorithm to numerically obtain η0,1 more efficiently than the direct dynamics simulations.
In the following sections, we classify the problems and develop and demonstrate the NESS
calculations based on the HF expansion.

5 Phenomenological time-independent dissipators

In this section, we focus on the case in which the dissipator is time-independent Dt =D. This
class of problems is widely studied in, e.g., quantum-optic [69], Rydberg atoms [70], cavity-
QED [71], electronic [72,73], and spin [74–77] systems. Bloch equations used in magnets [54]
and semiconductors [78,79] can also be viewed as equations of motion with time-independent
dissipators. First, we reduce the HF expansion for the Liouvillian in Sec. 3 with the Hamiltonian
and dissipator. Then, we apply the reduced formulas to the example model of a dissipative
spin chain [80–82] and discuss what can be known by the HF expansion approach. We note
that the van Vleck HF expansion for a time-independent dissipator was studied in Ref. [57] at
the leading order O(ω−1). Here we study general dissipators at higher orders.
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5.1 High-frequency expansion

When Dt is time-independent as Dt = D, we have Dm = δm0D. Therefore, the Liouvillian
Fourier components are simplified as

Lm =Hm +δm0D . (43)

We substitute this special form of Lm into the Liouvillian HF expansion derived in Sec. 3,
obtaining more concrete formulas.

Since the derivation is rather straightforward, we write down the results as follows:

L(0)eff (ρ) =H0(ρ) +D(ρ) , (44)

iL(1)eff (ρ) = [H
(1)
eff ,ρ] , (45)

iL(2)eff (ρ) = [H
(2)
eff ,ρ] +

∑

m 6=0

[[iH−m, iD] , iHm] (ρ)
2m2ω2

, (46)

and

−G(1)t (ρ) = [iK
(1)(t),ρ] , (47)

−G(2)t (ρ) = [iK
(2)(t),ρ] +

∑

m 6=0

[iHm, iD] (ρ)
m2ω2

e−imωt . (48)

Here, H(k)eff and K(k)(t) are the effective Hamiltonian and micromotion defined in the HF ex-
pansion for isolated systems (see Appendix A for their explicit forms). In the derivation, we
have used a useful formula for nested commutators presented in Appendix B. Higher-order
results are similarly obtained by straightforward calculations.

We remark that, up to the first order, the effective Liouvillian is in Lindblad form:

Leff(ρ) = −i[Heff,ρ] +D(ρ) +O(ω−2) , (49)

which follows from Eqs. (44) and (45). This is a good property particular to the van Vleck
approach and does not hold for LF (t0) [Eq. (24)] in the FM representation [67]. However, at
higher orders, Leff is not necessarily of Lindblad form due to the second term of the right-hand
side in Eq. (46). These kinds of terms derive from the interplay between the external drive Hm
and dissipation D. As for Gt , Eq. (47) dictates that the micromotion is essentially the same as
in isolated systems up to the first order, whereas the interplay sets in at the second order, as
one can see in Eq. (48).

5.2 Example 1: Open XY Chain with Boundary Dissipation

Let us apply the HF expansion to an open XY spin chain subject to dissipation acting on the two
edges of the chain. This class of models is mapped to quadratic Majorana fermions [80] and
studied extensively. Here we discuss such a chain under periodic drive f (t) = f (t + T ) [83]:

H(t) =
N−1
∑

j=1

�

1+ g
2
σx

j σ
x
j+1 +

1− g
2
σ

y
j σ

y
j+1

�

+ hf (t)
N
∑

j=1

σz
j (50)

and the dissipator

D(ρ) =
4
∑

α=1

�

LαρL†
α −

1
2

�

L†
αLα,ρ

	

�

, (51)
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with

L1,2 =
Ç

Γ L
1,2σ

±
1 , L3,4 =

Ç

ΓR
1,2σ

±
N . (52)

In the literature, this model was first studied analytically for the periodic kicks
f (t) = δT (t)≡ T

∑

m∈Zδ(t −mT ) [83]. They showed the following two properties:

(i) This model exhibits a rich phase diagram in the (T, h)-plane,

(ii) the boundary dissipations {Lα}4α=1 do not qualitatively change the phase diagram .

Here, the rich phase diagram was characterized by the spin-spin correlations [83], and, its
correspondence to the topological edge mode was elucidated afterwords [81, 82]. Our aim
here is to reexamine this model by applying our HF expansion method and to provide further
insights. Note that the HF expansion approach can be used for various driving protocols f (t)
other than δT (t) in exchange for restricting ourselves to the HF regime.

We begin by considering the property (i) described above by the HF expansion. As noted
above, this property is related to the bulk Hamiltonian (the bulk-boundary correspondence was
confirmed for the topological edge mode [81]). Thus, we neglect the dissipator and consider
the infinite chain in discussing the property (i).

The spin Hamiltonian (50) is many-body and hard to solve analytically, and it is convenient
to map this to Majorana fermions, or the two Hermitian components of the complex Jordan-
Wigner fermions. We introduce 2N Majorana fermions w j ( j = 1,2, . . . , 2N) for an N -site chain
as

w2n−1 =

 

n−1
∏

j=1

σz
j

!

σx
n , w2n =

 

n−1
∏

j=1

σz
j

!

σ y
n , w2n−1w2n = iσz

n , (53)

which satisfy the Majorana commutation relations {wi , w j}= 2δi j and translate Eq. (50) into
the following quadratic Hamiltonian

H(t) = −i
N−1
∑

j=1

�

1+ g
2

w2 jw2 j+1 −
1− g

2
w2 j−1w2( j+1)

�

− ih f (t)
N
∑

j=1

w2 j−1w2 j . (54)

The Majorana fermions are interpreted as spinon excitations behaving as magnetic domain
walls. From the Majorana fermions to the spins, we can use the inverse transformation of
Eq. (53) given by

σx
n = (−i)n−1

 

2(n−1)
∏

j=1

w j

!

w2n−1 , σ y
n = (−i)n−1

 

2(n−1)
∏

j=1

w j

!

w2n , σz
n = −iw2n−1w2n .

(55)

It is convenient to introduce the two-component fermions Wj = t(w2 j−1, w2 j) and make the
Fourier transform Wj →fWk ∝

∑

j e−ik jWj in the limit of N →∞. Then we have the Heisen-

berg equation for fWk (see Appendix C for derivation):

dfWk(t)
d t

= −ih(k, t)fWk(t) , (56)

where

h(k, t) = −2{(g sin k)τx + [cos k− hf (t)]τy} , (57)
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where τα (α = x , y, and z) denote the Pauli matrices. Thus, the original spin Hamiltonian
has been mapped to noninteracting two-component Majorana fermions. Although the map-
ping (53) is nonlinear and does not simply tell us every spin observable, the two eigenvalues
of Eq. (57) describe the instantaneous energy dispersion relations for the elementary spinon
(Majorana fermion) excitations.

As shown in Refs. [74,83], the nontrivial phase is related to the quasienergy bands of the
elementary Majorana fermions. Since h(k, t) is Hermitian and traceless, the two eigenvalues
of the one-cycle unitary V (k) = exp+[−i

∫ T
0 H(k, t)d t] are given as exp[±iε(k)T], and ±ε(k)

determine the two quasienergy dispersion relation for the Floquet modes in k ∈ (−π,π]. The
appearance of the nontrivial phase is signaled by the appearance of the nontrivial solutions
for dε(k)/dk = 0 [74,83]. Here, the nontrivial solutions mean k 6= 0 or π, since, without the
periodic drive, or f (t)=0, the two quasienergy bands are given by±ε= ±2

Æ

cos2 k+ g2 sin2 k
and dε(k)/dk = 0 at k = 0 and π.

Let us now derive the phase diagram by applying the HF (or small T) expan-
sion to Eq. (57) for the periodic kicks f (t) = δT (t). In this example, the Fourier
components of the Hamiltonian hm(k) =

∫ T
0 dt h(k, t)eimωt/T are simply given by

hm=0 = h(k, t) = −2{g sin kτx + (cos k − h)τy} and hm 6=0 = 2hτy . At the zeroth or-

der of the HF expansion, we have h(0)eff (k) = hm=0, which gives the quasienergy bands

±ε(0)(k) = ±2
Æ

(cos k− h)2 + g2 sin2 k. In this order, ε(0)(k) does not depend on T , and
the number of solutions in dε(0)(k)/dk = 0 changes whether |h| ≥ 1 or |h| < 1. Whereas,
for |h| ≥ 1, the only solutions in k ∈ [0,π] are k = 0 and π, there is an extra solu-
tion k = k∗ ∈ (0,π) for |h| < 1. Correspondingly, the spin-spin correlations [83] and
the number of topological edge modes become different in these parameter regions as
shown in Fig. 1(a). At the first order of the HF expansion, heff does not acquire a cor-
rection: h(1)eff = 0. This follows from the time-reversal symmetry of the driving protocol,

f (−t) = f (t), and h(2n+1)
eff = 0 (n ∈ N) more generally. At the second order, we obtain a

nonvanishing correction from h(2)eff , and the effective Hamiltonian up to this order is given by
heff = −2{g[1 − 2(hT )2/3] sin kτx + (cos k − h)τy}. We note that the periodic kick in the
Zeeman coupling has reduced the anisotropy |g|. In this order, heff depends on T and gives
more complex phase diagrams as shown in Figs. 1(b) and (c). We remark that the phase dia-
grams are consistent with the exact solution [83] at the small-T (i.e., high-frequency) region.
We leave it an open question to examine how the phase diagram changes for higher-order
calculations, which require considerable effort.

One advantage of the HF expansion approach is that we can analyze other driving protocols
rather than periodic kicks. While the problem is exactly solvable for the kicks, it is not for, e.g.,
the harmonic drive hf (t) = b + a cosωt. To obtain the phase diagram for this drive, we
decompose h(k, t) into its Fourier components: hm=0 is the same as before, hm=±1 = hσy , and
hm = 0 otherwise. Thus, at the zeroth order, we obtain the same phase diagram as before
(see Fig. 1(a)). Again, all the odd-order corrections vanish in the harmonic drive as well, and
the first nontrivial correction comes at the second order. The effective Hamiltonian up to the
second order is given by heff = −2{g[1− (bT )2/π2] sin kτx +(cos k− a)τy}, in which we find
a quantitative difference in the change of anisotropy g.

Now, we discuss the other property (ii). As we have seen in Sec. 5.1, the effective Liouvil-
lian involves the contributions from the interplay between the drive and dissipation (see the
second terms on the RHS of Eqs. (46) and (48)). These terms, in general, act on sites other
than the two edges even if the bare dissipator D acts only on the edges. As we go higher or-
ders, the dissipators propagate into the bulk and can cause a nonnegligible effect on the bulk
property in general.

Nevertheless, we can show that the present model is so special that all drive-dissipation-
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Figure 1: Number of solutions for dε(k)/dk = 0 in k ∈ (0,π) obtained by the HF
expansion. The blue (yellow) region represents the number 0 (1). The zeroth-order
(a) and second-order (b) calculation for g = 0.1. (c) The second-order calculation
for g = 0.9.

interplay terms vanish and

Leffρ = −i[Heff,ρ] +D(ρ) , (58)

holds at each order of the HF expansion. Namely, the drive does not let the dissipator propagate
into the bulk, and the effective dynamics is described by the effective Hamiltonian plus the bare
boundary dissipation.

To prove Eq. (58), it is enough to show [Hm,D] ∝ [Sz ,D] = 0, where Sz denotes the
superoperator Szρ ≡ [

∑

j σ
z
j ,ρ]. Note that Hm ∝ Sz for m 6= 0 because Hm ∝

∑

jσ
z
j (see

Eq. (50)). One can easily show this by straightforward calculations for the superoperator
commutators, but this approach cannot gain physical insights. Here we provide another proof
based on the vectorization of the operator space [66]. In this technique, the density matrix ρ
acting on the Hilbert space H is regarded as a vector ~ρ in H⊗H. Correspondingly, a superop-
erator ρ → LρR with L and R being matrices acting on H is regarded as a matrix L ⊗ RT (T
denotes the transpose) acting on H⊗H. Graphically, each superoperator becomes an operator
acting on two copies of spin chains, as illustrated in Fig. 2. In our model, the dissipator is
represented as

D =D1 +D2 , (59)

D1 ≡
4
∑

α=1

Lα ⊗ (L†
α)

T = Γ L
1σ
+
1 ⊗σ

+
1 + Γ

L
2σ
−
1 ⊗σ

−
1 + Γ

R
1σ
+
N ⊗σ

+
N + Γ

R
2σ
−
N ⊗σ

−
N , (60)

D2 ≡ −
1
2

4
∑

α=1

�

L†
αLα ⊗ 1+ 1⊗ (L†

αLα)
T
�

= −
1
2
(K ⊗ 1+ 1⊗ K) , (61)

K ≡ Γ L
1σ
−
1σ
+
1 + Γ

L
2σ
+
1σ
−
1 + Γ

R
1σ
−
Nσ
+
N + Γ

R
2σ
+
Nσ
−
N

=
Γ L

2 − Γ
L
1

2
σz

1 +
ΓR

2 − Γ
R
1

2
σz

N +
Γ L

1 + Γ
L
2 + Γ

R
1 + Γ

R
2

2
, (62)

where we have used σ+j σ
−
j = (1 + σ

z
j )/2. Although the explicit form involves many terms,

its physical meaning is obvious if we think of D as a virtual Hamiltonian acting on the two
spin chains. First, D1 consists of pairwise spin raising or lowering on the left or right edges, as
shown in Fig. 2(a). Second, D2 gives local Zeeman energy on each corner of the two chains,
where K⊗1 (1⊗K) acts on the upper (lower) chain as illustrated in Fig. 2(b). Thus, D does not
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j=1 2 N-1 Nj=1 2 N-1 N

Figure 2: Schematic illustration of matrices (a) D1 and (b) D2 in the vectorization
scheme of ρ → ~ρ ∈ H⊗H. The upper (lower) chain corresponds to the left (right)
part of H⊗H. The colored sites show nontrivial actions of parts of D1 and D2 (see
Eqs. (60)–(62)).

conserve the total spin along the z direction but conserves the difference between the in-chain
total spins along z. Now, we recall that Sz is given in the matrix representation as

Sz =
∑

j

σz
j ⊗ 1− 1⊗

∑

j

σz
j , (63)

which is the in-chain spin difference. Therefore, Sz is a conserved quantity under the “Hamil-
tonian” D, and we obtain [Sz ,D] = 0 that means [Hm,D] = 0 (∀m) leading to Eq. (58).

We remark that the disentangling of the drive and dissipation is particular to the present
dissipator (52), which is absent in generic models (another special case is the dephasing
Lα∝ σz

j ). For example, we can think of other dissipators such as spin raising and lowering
along x instead. In this case, D1 involves the terms like σ+1 ⊗σ

−
1 , and the difference between

the in-chain totalσz is no longer conserved, implying that the drive-dissipation-interplay could
influence the bulk property more.

Let us summarize this subsection. We have studied the prominent dissipative open spin
chain, addressing the issues (i) and (ii) from the HF expansion viewpoint. As for (i), we have
provided a way to analyze generic driving protocol f (t) at high frequency. As for (ii), we
have found the drive-dissipation disentangling, which means that the effective Liouvillian is
of Lindblad form, and the dissipator is confined in the spin chain edges.

5.3 Example 2: Three-level system

Here we demonstrate, more quantitatively, the NESS calculation by the HF expansion. To
this end, we take an effective Hamiltonian for the NV center in diamonds under a circularly-
polarized ac magnetic field [84]:

HNV(t) = H0 +Hcirc
ext (t) , (64)

H0 = −BsSz + NzS2
z + Nx y(S

2
x − S2

y) , Hcirc
ext (t)≡ −Bd(Sx cosωt + Sy sinωt) , (65)

where Sx ,y,z are the spin-1 operators, Bs is the static Zeeman field, Nz and Nx y represent the
magnetic anisotropy terms, and Hcirc

ext (t) denotes the coupling to the circularly-polarized ac
magnetic field. In our analysis, we set Nz = 1 and Nx y = 0.05 because of Nz � Nx y in NV
centers [84]. Since we consider the spin S = 1, the spin matrices are 3× 3. This model was
analyzed in Ref. [57] at O(ω−1), and we here extend the analysis to O(ω−2). We write the
H0’s eigenstates as H0 |Ei〉= Ei |Ei〉 (i = 1, 2, and 3).

As in Ref. [57], we here consider time-independent dissipation and will analyze time-
dependent dissipation to compare the two cases in Sec. 6.2. To make the comparison easy,
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we use the dissipator that represents the coupling of Sx to an ohmic bosonic thermal reser-
voir [40]:

D(ρ) =
∑

i, j

γ(Ei j)
�

AEi j
ρA†

Ei j
−

1
2

¦

A†
Ei j

AEi j
,ρ
©

�

, (66)

where Ei j ≡ Ei − E j , AEi j
= ΠEi

SxΠE j
(ΠEi

≡ |Ei〉 〈Ei|), and

γ(ε) = γ0
εe−

ε2

2Λ2

1− e−βε
, (67)

is the bath spectral function. Here, γ0 gives the system-bath coupling strength, β the in-
verse temperature, and Λ the spectral cutoff. In the following numerical calculations, we set
γ0 = 0.2, β = 3, and Λ= 10.

We remark that the dissipator (66) is approximate because it is represented by the en-
ergy eigenvalues and eigenstates for the undriven H0. Later in Sec. 6.2, we will analyze a
more precise dissipator that is derived microscopically and involves the driving effect, finding
that the dissipator difference only gives small quantitative corrections except some symme-
try. Given that similar approximate time-independent dissipators are widely used in NV-center
studies [84], the comparison between Secs. 5.3 and 6.2 offers a theoretical validation for the
approximation.

The dissipator (66) satisfies the detailed balance condition. To see this, we rewrite Eq. (66)
as

D(ρ) =
∑

i, j

Γi j

�

Li jρL†
i j −

1
2

¦

L†
i j Li j ,ρ

©

�

, (68)

where Li j = |Ei〉 〈E j| are jump operators between the energy eigenstates, and
Γi j = γ(Ei j)| 〈Ei|Sx |E j〉 |2 are the corresponding transition rates. Noting that γ(−ε) = e−βεγ(ε),
we have Γi je

−βE j = Γ jie
−βEi . This detailed balance condition ensures that, without drive

Hcirc
ext (t), the stationary solution of the Lindblad equation corresponds to the canonical en-

semble ρcan = e−βH0/Z with Z = tr(e−βH0).
In this setup, we calculate the NESS for the Lindblad equation in two ways. The

first way is the numerical time-integration of the Lindblad equation dρ
d t = Ltρ for

Ltρ = −i[HNV(t),ρ] +D(ρ). By solving for independent initial conditions, we numerically
obtain all the matrix elements for the one-cycle superoperator (9 × 9 matrix) VF . Then we
diagonalize VF , finding η as the eigenvector with eigenvalue 1. Finally, the NESS ρness(t) is
obtained by the time-integration starting from η. For clarity, we write ρness(t) thus obtained
as ρexact

ness (t). This way of calculation is exact but demands many time integrations.
The second way of calculation is the HF expansion approach. Following Eqs. (44)–(46),

we write out Leff at an order N (= 0,1, 2, . . . ). Then we numerically find η as the eigenvector
of Leff with zero eigenvalue. Then we obtain ρ(N)ness(t) = eGtη, where Gt is calculated from
Eqs. (47) and (48), depending on N . In this approach, we do not need any time-integration
but only use linear algebra. At the first order [57], ρ(N=1)

ness (t) was exactly solved for any γ0
and shown to coincide with the canonical Floquet steady state in the limit of γ0→ 0. We note
that the correction terms to Heff in the present model are given by

H(1)eff = −
2B2

d

ω
Sz , H(2)eff = −

2B2
d

ω2

�

−BsSz + 3NzS2
z + Nx y(S

2
x − S2

y)
�

. (69)
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Whereas the first term represents an effective Zeeman field, the second modifies the nematic
terms Nz and Nx y . The corrections to the micromotion read

K(1)(t) =
2Bd

ω
[sin(ωt)Sx − cos(ωt)Sy] , (70)

K(2)(t) =
2Bd Bs

ω2
[sin(ωt)Sx − cos(ωt)Sy]

+
2Bd(Nx y + Nz)

ω2
cos(ωt){Sy , Sz} −

2Bd(Nx y − Nz)

ω2
cos(ωt){Sz , Sx} , (71)

which consist of circularly polarized ac magnetic field and similar terms for nematics. The
drive-dissipation-interplay terms are not written in simple form and hence treated just numer-
ically.

The one-cycle evolutions for the NESS calculated with these two ways are plotted in Fig. 3,
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Figure 3: NESS in one cycle calculated by the exact numerical integration (blue) and
by the HF expansion approach at order 0 (orange), 1 (green), and 2 (red). All the
independent 8 observables are plotted in each panel. The parameters are chosen as
Bs = 0.3, Nz = 1, Nx y = 0.05, Bd = 0.1, ω= 10, β = 3, γ0 = 0.2, and Λ= 10.
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where we have set Bs = 0.3, Bd = 0.1, ω = 10, β = 3, γ0 = 0.2, and Λ = 10. For the HF
approach, we plot the results for the zeroth, first, and second orders. At the zeroth order,
Heff = H0 and G(t) = 0, and thus the NESS corresponds to the thermal equilibrium showing
no time dependence. As we increase the order, the HF result tends to approach the exact
numerical integration, which we verify quantitatively below. We note that there are some
period-T/2 (or the second harmonic) oscillations in, e.g., S2

x − S2
y in Fig. 3. These oscillations

cannot be taken up to the first order since the micromotion K(1)(t) contains only frequencyω.
At the second order, ρ(N=2)

ness (t) = eGtη= (1+Gt +
1
2G

2
t )η, where 1

2G
2
t η involves the frequency

2ω.
The HF expansion approach becomes more accurate for higher frequencyω. Figure 4 show

the ω-dependence of one-cycle averages of observables

O =

∫ T

0

d t
T

tr[ρness(t)O] , (72)

for O = Sz , S2
x − S2

y , S2
z , and {Sx , Sy} =

1
2i ((S

+)2 − (S−)2) in the NESS (S± = Sx ± iSy). We
note that the other observables have zero one-cycle averages for symmetry reasons, as shown
in Ref. [57]. We observe that the higher-order HF expansion reproduces the exact results. To
quantify the goodness of the HF expansion approach more strictly, we introduce the following
measure

δρN =

�

∫ T

0

d t
T
‖ρ(N)ness(t)−ρ

exact
ness (t)‖

2

�1/2

, (73)

where ‖ · · · ‖ denotes the Hilbert-Schmidt norm for matrices. If δρN = 0, it follows that
ρ(N)ness(t) = ρ

exact
ness (t) for any t. Figure 5 shows δρ for the orders 0, 1, and 2 plotted against

ω. We observe

δρN ∝
1

ωN+1
, (74)

for high frequencies ω ¦ 2. This is a clear indication that the N -th order approximation
ρ(N)ness(t) completely describe ρexact

ness (t) up to O(ω−N ).
Let us summarize this subsection. We have used the HF expansion approach to calculate

the NESS quantitatively. This approach does not require numerical time integration but uses
linear algebra. In this approach, the effective Hamiltonian and micromotion are interpretable.
Although the drive-dissipation-interplay terms are difficult to interpret, they are important to
reproduce the exact results quantitatively.As discussed at the end of Sec. 4, this approach is
numerically efficient especially for many-body systems. To obtain the NESS, the time integra-
tion requires many matrix-vector multiplications (i.e., applications of Lt onto ρ(t)) before the
NESS is reached. The number of multiplications is estimated by ∼ 1/(γ0∆t), where γ0 is the
dissipation strength and ∆t is the time stepping. To obtain high-accuracy results, we have
to decrease ∆t and need numerous multiplications. On the other hand, in the HF-expansion
approach, we are to find the eigenstate η0,1 of Leff with the largest real part. For this pur-
pose, we can use the famous Lanczos algorithm, where the required number of matrix-vector
multiplications are greatly suppressed. So we can reach the NESS more efficiently with the HF-
expansion approach within the HF approximation. The efficiency also applies to calculating
physical observables as discussed at the end of Sec. 4.

6 Microscopically-derived dissipators by weak thermal contact

In Sec. 5, we have discussed phenomenological Floquet-Lindblad equations, where the dissipa-
tors are time-independent. However, those dissipators are only approximate, strictly speaking.
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Figure 4: One-cycle averages of observables in the NESS [Eq. (72)] plotted against
ω. Here ρness(t) is calculated by the exact numerical integration (blue) and by the
HF expansion approach at order 0 (orange), 1 (green), and 2 (red). The parameters
are the same as in Fig. 3 except ω.
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Figure 5: Difference between NESSs ρexact
ness (t) and ρ(N)ness(t) [Eq. (73)] plotted against

ω. The data points are the results for N = 0 (blue), 1 (orange), and 2 (green), and
the dashed lines are guides to the eye for some slopes (see legend).
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The dissipator originates from the fact that the system of interest is coupled weakly to its en-
vironment [40], and thus it can be modified and time-dependent when the system is driven
periodically.

In this section, we discuss time-dependent dissipators that are microscopically derived
for the system-bath coupling setup. The most well-known example is the quantum master
equation obtained by the rotating wave approximation (RWA) [41, 85]. Also, there are other
time-dependent Lindblad equations that have recently been derived without the RWA [86–88].
In these FLEs with or without the RWA, one can apply the HF expansion for the Liouvillian
derived in Sec. 3 to the expansions for the Hamiltonian, Lamb shift, and dissipator. Unlike
time-independent ones, time-dependent dissipators have multiple Fourier components, which
induce more terms in the HF expansion. One subtlety is that the Lamb shift and dissipator can-
not be Taylor-expanded for ω−1 in general because the bath spectral function γ(ε) cannot be
Taylor-expanded (see, e.g., Eq. (67)) but depend on ω in it if the dissipator is affected by the
drive. Nevertheless, one can still use the HF expansion if we treat these ω-dependence rigor-
ously while HF-expand other ω−1 dependences (see a related discussion below in Sec. 6.1.3).

Throughout this section, we focus on a widely-accepted special class of FLEs: the quan-
tum master equation obtained by the RWA [41, 85]. As we will see below, these FLEs have
the special property that the time-dependence can be eliminated by an appropriate unitary
transformation. Thus, we will derive a different HF-expansion-based approach to analyze the
NESS utilizing this useful special property. This new approach is different from the previous
one derived in Secs. 3 and 4, but one could also use the previous one to the examples in this
section.

6.1 Floquet-Lindblad equation obtained by RWA

6.1.1 Floquet-Lindblad equation and its characteristic properties

Leaving its derivation in Appendix D, we here summarize the FLE obtained micro-
scopically with the RWA. Suppose that we have a system-bath coupled Hamiltonian,
Htot(t) = HS(t) + HB + HSB, where HS(t + T ) = HS(t) is for the periodically driven system of
interest, HB for the heat bath (reservoir), and HSB =

∑

α Aα⊗Bα for the system-bath coupling.
The bath is characterized by the correlator,

Γαβ(ω) =

∫ ∞

0

ds eiωs〈Bα(s)Bβ(0)〉=
1
2
γαβ(ω) + iSαβ(ω) , (75)

where Bα(t) = eiHB t Bαe−iHB t , and γαβ(ε) and Sαβ(ε) are Hermitian matrices. We assume that
the bath is in thermal equilibrium ρB ∝ e−βHB at inverse temperature β , which implies the
Kubo-Martin-Schwinger (KMS) condition

γαβ(−ω) = e−βωγβα(ω) . (76)

The system-bath coupling acts on the system through Aα whose natural basis is the Floquet
eigenstates:

i
d
d t
|ψm(t)〉= HS(t) |ψm(t)〉 ; |ψm(t)〉= e−iεm t |um(t)〉 ; |um(t + T )〉= |um(t)〉 , (77)

where εm is called the quasienergy.
Under appropriate Born and Markov approximations [41, 85] (see also Appendix D), we

obtain the Floquet-Lindblad equation with the Lindbladian

Lt(ρ) = −i[HS(t) +Λ
LS(t),ρ] +Dt(ρ) , (78)
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with the Lamb shift ΛLS(t) and the dissipator Dt given by

ΛLS(t) =
∑

α,β ,ε

Sαβ(ε)A
α†
ε (t)A

β
ε (t) , (79)

Dt(ρ) =
∑

α,β ,ε

γαβ(ε)
�

Aβε (t)ρAα†
ε (t)−

1
2

�

Aα†
ε (t)A

β
ε (t),ρ

	

�

. (80)

Here, the jump operators are given by

Aαε(t) = e−iεt
∑

m,n

Aαmn(ε) |ψm(t)〉 〈ψn(t)| , (81)

where the matrix elements Aαmn(ε) are defined by the Fourier expansion

〈ψm(t)|Aα|ψn(t)〉=
∑

ε

Aαmn(ε)e
−iεt . (82)

and periodic in time as Aαε(t) are periodic. Since 〈ψm(t)|Aα|ψn(t)〉= ei(εm−εn)t 〈um(t)|Aα|un(t)〉
and |un(t + T )〉= |u(t)〉, the sums over ε in the above equations are taken for

ε= εnm;k ≡ εn − εm + kω (k ∈ Z) . (83)

Thus, one can also rewrite Eq. (82) as

〈ψm(t)|Aα|ψn(t)〉=
∑

k

Aαmn(εn − εm + kω)e−i(εn−εm+kω)t ≡
∑

k

Aαmn;ke−i(εn−εm+kω)t . (84)

As shown in Sec. D, the jump operator Aαε(t) (Aα†
ε (t)) lowers (raises) quasienergy by ε.

One remarkable property of this FLE is the existence of a reference frame in which the
Lindbladian is time-independent. This frame is the interaction picture as is evident in the
derivation of the FLE (see Appendix D). Also, as shown in Appendix D, the Lamb shift can be
written, without loss of generality, as ΛLS(t) =

∑

nλn |ψn(t)〉 〈ψn(t)|, where λn are the (real)

eigenvalues of the Hermitian matrix
∑

α,β ,ε,l Sαβ(ε)Aα∗ml(ε)A
β

ln(ε). Using this expression for
ΛLS(t) and writing ρ(t) as

ρ(t) =
∑

m,n

|ψm(t)〉σmn(t) 〈ψn(t)| , (85)

we have the Lindblad equation for the matrix σ(t) (in the interaction picture):

dσ(t)
d t

= −i[λ,σ] +
∑

α,β ,ε

γαβ(ε)
�

Aβ(ε)σ(t)Aα†(ε)−
1
2

�

Aα†(ε)Aβ(ε),σ(t)
	

�

, (86)

where (λ)mn ≡ δmnλm. Thus, written for σ(t), the Lindbladian is time-independent. This is a
special property of the FLE of the RWA and not shared with other FLEs in general.

In the rest of this subsection 6.1.1, we assume that the quasienergies are not degenerate
and analyze the NESS using the FLE in the time-independent frame (86). Then, the diagonal
elements, Pn(t)≡ σnn(t), form a closed set of differential equations (see Appendix D.3 for the
derivation)

dPn(t)
d t

=
∑

m

[WnmPm(t)−WmnPn(t)] , (87)
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∼ Λ
bath spectrum

Figure 6: Schematic illustration of the k-photon process for k = 1 in a periodically
driven two-level system. The curved arrow indicates a dissipation-induced transi-
tion between the Floquet states m = 1 and n = 2 entailing the quasienergy change
ε2 +ω − ε1. Upon this process, the bath’s energy changes by ε1 − ε2 −ω, which
compensates the system’s quasienergy change.

with

Wnm ≡
∑

α,β ,ε

γαβ(ε)[A
β(ε)]nm[A

α†(ε)]mn =
∑

α,β ,ε

γαβ(ε)A
α∗
nm(ε)A

β
nm(ε) (88)

=
∑

α,β ,k

γαβ(εm − εn − kω)Aα∗nm;kA
β

nm;k , (89)

where we have used Eq. (84) to obtain the last line. As discussed below, the off-diagonal
elements, forming another closed set of equations, do not contribute to the NESS in most
cases, and we ignore them at this moment (see Appendix D.3 for detail). Since γ(ε) is a
positive Hermitian matrix, Wnm is nonnegative for any m and n and hence can be regarded as
the transition rates from the Floquet state |ψm(t)〉 to another |ψn(t)〉. Equation (87) dictates
that the Floquet-state population Pn(t) obeys the classical master equation with the transition
rates Wmn.

Here we make a physical interpretation of the transition rate Wnm. Equation (89) dic-
tates that the transition rate Wnm consists of contributions labeled by integer k. For each
k, in addition to the transition amplitude Aβnm;k, there appears the bath’s spectral weight
γαβ(εm − εn − kω). For k = 0, the argument of the spectral weight is εm − εn correspond-
ing to the quasienergy difference between the initial |ψm(t)〉 and final |ψn(t)〉 Floquet states
in the transition. For k 6= 0, the argument involves an extra energy kω, which corresponds
to the energy of k photons. From these observations, we interpret that k in Eq. (89) stands
for the number of photons involved in the Floquet-state transitions, and the quasienergy dif-
ference and the photon energy are exchanged between the system and bath (see Fig. 6 for
illustration). Thus, in the following, we will refer to each k contribution in the sum of Eq. (89)
as the k-photon process.

To study the NESS, we assume that Wmn is irreducible so that the classical master equa-
tion (87) has the unique steady-state solution Pss

n , which Pn(t) approaches as t →∞. This
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solution is characterized by Eq. (87) as
∑

m

�

WnmPss
m −WmnPss

n

�

= 0 , (90)

which is equivalent to
∑

m

SnmPss
m = 0 , Snm ≡Wnm −δmn

∑

m

Wmn . (91)

Equation (91) means that Pss
m is the zero-eigenvalue eigenvector for the matrix Smn. Let us also

assume that the NESS density matrix is unique,4 in which case all the off-diagonal elements
σm 6=n are guaranteed to vanish in the NESS (see Appendix D.3 for the proof). Once having
Pss

n , we obtain the NESS density matrix as

ρness(t) =
∑

n

Pss
n |ψn(t)〉 〈ψn(t)| . (92)

It is noteworthy that Pss
n and hence ρness(t) are independent of the system-bath-coupling

strength. Suppose that we multiply a common real number c onto Aα (or Bα). This results in
the change Wnm → c2Wnm. However, this change does not affect Eq. (91), meaning that Pss

n
is independent of c. This independence is a special property of the FLE obtained by the RWA
and does not hold for general FLEs such as time-independent ones discussed in Sec. 5.

6.1.2 Conditions for Floquet-Gibbs state (FGS)

Before analyzing concrete examples, we generally study whether the NESS coincides with the
so-called Floquet-Gibbs state (FGS)

ρFG(t) =
∑

n

PFG
n |ψn(t)〉 〈ψn(t)| ; PFG

n ≡
1
Z

∑

n

e−βεn; Z ≡
∑

n

e−βεn , (93)

for high-frequency drives. The difference between the exact NESS (92) and FGS (93) is
only the Floquet-state population: While Pss

n are determined microscopically by Wmn as in
Eq. (91), PFG

n are the simple canonical distribution for the quasienergies. As discussed above,
the quasienergies εm are defined modulo ω, and the FGS is ill-defined in general. How-
ever, when ω is much larger than the system’s energy scale, we have a natural choice in that
−ω/2 < εn < ω/2 and εn approaches, in the limit of ω→∞, each eigenenergy of the time-
averaged Hamiltonian. When we discuss the FGS in this paper, we implicitly assume those
situations.

The FGS well approximates the NESS if the driving frequency ω is not only larger than
the system’s energy scale but also than the high-frequency cutoff Λ of the bath spectral func-
tion. For simplicity, we here discuss the case in that the quasienergies εm are not degen-
erate and make use of the classical master equation (87). However, we can generalize the
arguments to the case of degenerate quasienergies (see Appendix D.4 for detail). When
ω is much larger than the bath spectral cutoff Λ, for, e.g., the ohmic bath (67), we have

γ(εm − εn + kω)∝ exp
�

− (εm−εn+kω)2

2Λ2

�

≈ exp
�

− k2ω2

2Λ2

�

≈ 0 (similar arguments hold for any
other spectral functions). Thus, Eq. (89) can be approximated as

Wnm ≈
∑

α,β

γαβ(εm − εn)A
α∗
nm;0A

β
nm;0 . (94)

4This assumption corresponds to the one that ensures the uniqueness of the NESS eigenvector η mentioned in
Sec. 4.

23

https://scipost.org
https://scipost.org/SciPostPhysCore.4.4.033


SciPost Phys. Core 4, 033 (2021)

Within this approximation, we obtain the detailed balance condition Wnm = eβ(εm−εn)Wmn
with the help of the KMS condition (76). The detailed balance condition means that the
FGS population PFG

n = e−βεn/Z satisfies Eq. (91), meaning that the FGS (93) is the NESS
ρness(t)≈ ρFG(t).

Physically speaking, all k-photon processes except k = 0 are negligible in this limiting case
ofω� Λ. As discussed in Sec. 6.1.1, for a k-photon process to occur, the accompanied photon
energy kω has to be compensated by the bath. However, if the bath spectral cutoff Λ is much
smaller than the photon energy ω, this compensation is impossible.

However, in more realistic situations with ω ® Λ, k-photon (k 6= 0) processes can be
relevant. As one can check easily, if we do not ignore k 6= 0 terms in Wmn (89), the detailed
balance condition is not satisfied, and the FGS is not necessarily the NESS except for some
special cases [89].

6.1.3 Implementation of high-frequency expansion

Let us now discuss how we use the HF expansion approach to obtain the NESS (92). As the
standard HF expansion applies to |ψn(t)〉, we consider how to calculate Pss

n . Since Pss
n are

given as the zero-eigenvalue eigenvector for Smn as in Eq. (91), it is sufficient to have Wmn by
the HF expansion.

First, we consider the case of ω � Λ. In this case, as we have discussed in Sec. 6.1.2,
we can ignore k 6= 0 terms in Eq. (89), having Eq. (94). Once we insert the standard ω−1

expansion for the quasienergies εm and Aαnm, we obtain the HF expansion for Wnm and hence
Pss

n . As shown in Sec. 6.1.2, the first-order approximation in this method leads to the FGS as
the NESS, and higher-order calculations give more accurate NESSs.

Second, we consider the other case ω ® Λ. In contrast to the first case, in Eq. (89), k’s
with |k|ω ® Λ give nonnegligible contributions to Wmn that cannot be expanded for ω−1 in
general. Thus, we have

Wnm ≈
∑

α,β

kc
∑

k=−kc

γαβ(εm − εn + kω)Aα∗nm(εm − εn + kω)Aβnm(εm − εn + kω) , (95)

where kc > 0 is a cutoff for the photon number k and depends on the accuracy which we
require for the results. Within the approximation (95), we can use the HF expansion for the
quasienergies εm and Aαnm, obtaining a good approximation for Wnm and hence Pss

n .
In the following sections, we demonstrate that this method quantitatively works in concrete

models and show that the FGS may not be the NESS in some cases.

6.2 Example 3: Three-level system revisited and deviation from FGS

Now we study concrete example models and their NESSs for time-dependent dissipators. As
a first example, we revisit the three-level system studied in Sec. 5.3, making the dissipator
time-dependent within the RWA. For simplicity, we neglect the Lamb shift. In the absence of
nematic terms Nz and Nx y , this model has recently been analyzed for a general spin S, and
the environment-controlled Floquet-state paramagnetism has been proposed [90].

Following Eq. (80), we write down the time-dependent dissipator. For concrete calcu-
lations, we use |um(t)〉 instead of |ψm(t)〉. In doing so, we choose εm so that εm satisfy
Em − Ω/2 ≤ εm < Em + Ω/2 for m = 1,2, and 3. Note that this choice is possible only for
high-enough frequencies that we consider here. We also define the set of possible values for
quasienergy differences as

Sδε = {E = εn − εm | 1≤ m, n≤ 3} . (96)
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Note that this set has 7 elements since εm are not degenerate in our model. Then the dissipator
is given by

Dt(ρ) =
∑

E∈Sδε

∞
∑

k=−∞
γ(E + kω)

�

AE ,k(t)ρA†
E ,k(t)−

1
2

¦

A†
E ,k(t)AE ,k(t),ρ

©

�

, (97)

where

AE ,k(t) = eikωt
∑

m,n
(εn−εm=E)

Amn;k |um(t)〉 〈un(t)| , (98)

Amn;k =

∫ T

0

dt
T

eikωt 〈um(t)|Sx |un(t)〉 . (99)

As remarked in Sec. 6.1, we can utilize, for this class of problems, a convenient frame in which
the Lindbladian is time-independent. Thus, we make use of it and consider Eq. (88) that leads
to

Wmn =
∞
∑

k=−∞
γ(εn − εm + kω)|Amn;k|2 , (100)

which gives the Floquet-state population Pss
n by Eq. (92).

Our aim here is to show how well the HF-expansion approach formulated in Sec. 6.1.3
gives a systematic approximation for ρness(t). Let us suppose that we try to obtain Pss

n up
to O(ω−N ) for an N (≥ 0). For this, we invoke the HF expansion for isolated systems to
have the Floquet states |un(t)〉 and their quasienergies εm up to this order, which give Amn;k
up to the desired order O(ω−N ). More concretely, we calculate Heff and K(t) up to O(ω−N )
by the van Vleck expansion (12), which give |un(t)〉 = e−iK(t) |Eeff

n 〉 and εn = Eeff
n , where

Heff |Eeff
n 〉 = Eeff

n |E
eff
n 〉. Although these calculations provide appropriate approximations for

each term in the summation of Eq. (100), we need to take a large-enough cutoff kc for

Wmn ≈
kc
∑

k=−kc

γ(εn − εm + kω)|Amn;k|2 , (101)

so that the truncation error can be negligible in our O(ω−N ) calculation. For the present
model, the appropriate choice is kc = b(N + 1)/2c (b· · · c denotes the floor function) because
of the following reason. As one can check easily in our model, |Amn;k|2 = O(ω−2|k|), whereas
γ(εn − εm + kω) is at most O(ω1) for k 6= 0, and their product is of O(ω−2|k|+1). Thus, once
we choose kc = b(N + 1)/2c, the truncation error (i.e., the difference between Eqs. (100) and
(101)) is negligible in our O(ω−N ) calculation. Once we have Wmn, we obtain the steady-state
population Pss

n from Eq. (91) and ρness(t) by Eq. (92).
The one-cycle evolutions for the NESS calculated in this way and in the exact numerical

time integration are plotted in Fig. 7. As in Sec. 5.3, we use the bath parameters as β = 3, and
Λ = 10 (the NESS does not depend on γ0 in the present case). For the HF approach, we plot
the results for the zeroth, first, and second orders, which are obtained by expanding Heff and
K(t) up to O(ω−N ) for N = 0,1, and 2, respectively. It is worth noting the similarity between
Figs. 7 and 3. This means that the approximate bath model in Sec. 5.3 is quantitatively good
for high-frequency drives.

Similarly to the time-independent dissipator studied in Sec. 5.3, at the zeroth order, the
NESS corresponds to the thermal equilibrium showing no time dependence. As we increase
the order, the HF result tends to approach the exact numerical integration, which we ver-
ify quantitatively below. We note that there are some period-T/2 (or the second harmonic)
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Figure 7: NESS in one cycle calculated by the exact numerical integration (blue) and
by the HF expansion approach at order N = 0 (orange), 1 (green), and 2 (red). All
the independent 8 observables are plotted in each panel. For each N , we expand
Heff and K(t) up to O(ω−N ) and set kc = b(N +1)/2c. The parameters are chosen as
Bs = 0.3, Nz = 1, Nx y = 0.05, Bd = 0.1, ω= 10, β = 3, γ0 = 0.2, and Λ= 10.
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Figure 8: One-cycle averages of observables in the NESS [Eq. (92)] plotted against
ω. Here ρness(t) is calculated by the exact numerical integration (blue) and by the
HF expansion approach at order N = 0 (orange), 1 (green), and 2 (red). For each
N , we expand Heff and K(t) up to O(ω−N ) and set kc = b(N +1)/2c. The parameters
are the same as in Fig. 7 except ω.
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Figure 9: Accuracy of HF expansion approach for the NESS density matrix δρN (73)
(left panels) and the Floquet-state population δPss

N (105) (right panels) plotted
againstω for the bath spectral cutoffs Λ= 10 (upper panels) and 106 (lower panels).
Each data set corresponds to a pair of (N , kc) as shown in legend, for which we use
Heff and K(t) expanded up to O(ω−N ). The other parameters are chosen as Bs = 0.3,
Nz = 1, Nx y = 0.05, Bd = 0.1, γ0 = 0.2, and β = 3.
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oscillations in, e.g., S2
x − S2

y in Fig. 3. These oscillations cannot be taken up to the first

order since the micromotion K(1)(t) contains only frequency ω. At the second order,
ρ(N=2)

ness (t) = eGtη= (1+ Gt +
1
2G

2
t )η, where 1

2G
2
t η involves the frequency 2ω.

The HF expansion approach becomes more accurate for higher frequency ω. Figure 8
shows the ω-dependence of one-cycle averages (72) of observables O = Sz , S2

x − S2
y , and S2

z
in the NESS as the other observables give vanishing averages due to symmetry reasons. For
a more strict measure of the accuracy of the HF approach, we again consider δρN defined
in Eq. (73). Figure 9(a) shows δρ for the orders 0, 1, and 2 plotted against ω. We here
observe δρN ∝ ω−(N+1) for high frequencies. This is a clear indication that the N -th order
approximation ρ(N)ness(t) completely describe ρexact

ness (t) up to O(ω−N ).
We remark the qualitative difference between the time-independent and time-dependent

dissipators found in the one-cycle average in a quadrupolar (spin-nematic) operator
{Sx , Sy} =

1
2i ((S

+)2 − (S−)2) [91–94]: While it does not vanish for the time-dependent dissi-
pator, it does for the time-independent one. As shown in Ref. [57], one can understand this
difference by the following antiunitary symmetry operator V : VSy V † = −Sy and VSαV † = Sα
(α = x and z). One can easily check that our Hamiltonian satisfies the following dynamical
symmetry HNV(t) = V HNV(T − t)V †. This means that |ũn(t)〉 ≡ V |un(T − t)〉 is also a Floquet
state having the same quasienergy with |un(t)〉. If there is no degeneracy in quasienergies as
is the case of our model, |ũn(t)〉 and |un(t)〉 are the same state: there exists a phase factor eiθn

(θn ∈ R) such that |ũn(t)〉= eiθn |un(t)〉. Noticing V †{Sx , Sy}V = −{Sx , Sy}, we have

〈un(t)|{Sx , Sy}|un(t)〉= 〈ũn(t)|{Sx , Sy}|ũn(t)〉 (102)

= −〈un(T − t)|{Sx , Sy}|un(T − t)〉 (103)

= −〈un(t)|{Sx , Sy}|un(t)〉 , (104)

which means 〈un(t)|{Sx , Sy}|un(t)〉=0. Therefore, from the definition of ρness(t) in Eq. (92),

we have {Sx , Sy} = tr[ρness(t){Sx , Sy}] =
∑

n Pss
n 〈un(t)|{Sx , Sy}|un(t)〉 = 0. In words, the

Hamiltonian’s antiunitary symmetry is not broken by the dissipation if it is treated within the
RWA. This is a special property of this class of FLEs that become time-independent in the inter-
action picture. In general, antiunitary symmetries can be broken as in the time-independent
dissipator that we analyze in Sec. 5.3.

Let us discuss the cutoff Λ of the bath spectral function. We have thus far set Λ = 10
and confirmed that the HF approach works well for ω ¦ Λ = 10. For ω ¦ Λ, the subtlety
about the cutoff kc discussed in Sec. 6.1.3 has not been problematic, and kc has not played
important roles. In fact, in Fig. 9(a), we also plot δρN for N = 1 and 2 with kc = 0 that turn
out to coincide with those with kc = 1. As another measure of the HF approach’s accuracy, we
introduce

δPss
N ≡

√

√

√

√

3
∑

n=1

(Pss
N ,n − Pss

n )2 , (105)

where Pss
N ,n denotes Pss

n obtained by our HF approach at the N -th order whereas Pss
n does the

numerical exact solution. In Fig. 9(b), we plot δPss
N for N = 0, 1 and 2 with kc = 0 and 1

and find that the choice of kc is not relevant. We do not have to set kc to be larger than zero
because each contribution from k 6= 0 in Eq. (100) is negligibly small as γ(εn − εm + kω) ≈ 0
if ω� Λ.

A more nontrivial situation happens when ω� Λ. To verify how our HF approach works
in this case, we perform a similar numerical analysis for Λ= 106 with all the other parameters
being the same. Figures 9(c) and (d) show δρN and δPss

N for orders N = 0,1, and 2 with
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Figure 10: Difference between the FGS (93) and the exact NESS (92) for bath spec-
tral cutoff Λ = 102 (circle), 104 (square), and 106 (diamond). The dashed line is
the guide to the eye showing the slope of −1. The other parameters are chosen as
Bs = 0.3, Nz = 1, Nx y = 0.05, Bd = 0.1, γ0 = 0.2, and β = 3.

cutoff kc = 0 and 1. For the correct cutoffs kc = 0 for N = 0 and kc = 1 for N = 1 and 2, we
obtain δρN ∝ δPss

N ∝ω−N−1, meaning that the N -th order HF expansion correctly describes
the NESS up to O(ω−N ). However, when we set the smaller cutoff kc = 0 for N = 1 and 2,
δρN and δPss

N eventually scales like ω−1 as ω increases. For this range of ω, by taking kc
appropriately, we can obtain the NESS at a desired precision with the HF expansion.

Finally, we comment on the accuracy of the FGS, which we quantify by

δρFG ≡ ‖ρFG(t)−ρness(t)‖ . (106)

Equations (92) and (93) lead to δρFG =
q

∑

n(PFG
n − Pss

n )2, which is time-independent. We
plot δρFG in Fig. 10 for different bath spectral cutoffs Λ. We note that, to calculate the FGS
exactly, we need numerical integration to obtain the quasienergies εn and time-dependent
Floquet states |ψn(t)〉. As discussed in Sec. 6.1.2, the FGS becomes accurate rapidly when ω
exceedsΛ, where k-photon (k 6= 0) processes are suppressed. Meanwhile, forω® Λ, the FGS’s
error is as large as O(ω−1), which derives from the 1-photon processes of O(ω−1) neglected
in the FGS. Thus, for ω ® Λ, the HF expansion approach with appropriately taking k-photon
process gives better description for the NESS without numerical integration. In the following
section, we further investigate the NESS and FGS in another model.

6.3 Example 4: Inverse Faraday Effect in Heisenberg chain and dissipation-
assisted Floquet engineering

Magneto-optics has been long studied actively [25, 95] and various ultrafast methods of con-
trolling magnetism with light have been discussed. Among them, the inverse Faraday ef-
fect [23–25] is a representative phenomenon and it means a magnetization change by ap-
plying circularly polarized light to magnetic materials. The sign of varied magnetization can
be controlled by switching the polarization direction (i.e., left- or right-handed polarization).
This effect can be viewed as one of typical Floquet engineerings. The inverse Faraday effect
has been indeed observed in various magnetic materials [96–100] with application of visible
or infrared light whose photon energy is comparable to the electron band energy.
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Figure 11: (a) Illustration of inverse Faraday effect in the presence of dissipation.
(b) Time evolution of magnetization along z-axis. The blue (orange) line shows
a result for a right (left)-handed circularly polarized laser. The parameters are
B = 0.1,ω= ±5,β = 10,Λ= 5, and L = 8.

Its microscopic theory [24] was first developed by Pershan et al., who predicted circularly-
polarized light-driven Zeeman coupling appears when the light is applied to conducting elec-
tron systems with spin-orbit (SO) coupling. We emphasize that an SO coupling is necessary to
generate the effective Zeeman interaction between electron spins and the ac electric field of
the light.

Recently, in magnetic insulators, the THz-light-driven (or shortly THz) inverse Faraday
effect has been investigated theoretically [101–103]. The THz light is suitable in these sys-
tems as its photon energy is comparable to the magnetic excitation energy of, e.g., magnons
and spinons, especially in antiferromagnetic systems. As in conducting electrons, magnetic
anisotropy originated from the SO coupling is necessary for the THz inverse Faraday effect.
Namely, the spin rotation symmetry has to be broken [102] to induce a THz-laser-driven mag-
netization.

On the other hand, instead of an SO coupling or a magnetic anisotropy, we expect that
even dissipation can also assist the emergence of the THz inverse Faraday effect because the
Lindblad type dissipation can break spin rotation symmetry. In fact, small SO coupling or
spin-rotation-symmetry breaking interactions (such as spin-phonon coupling and dipole inter-
action) are always present even in ideal magnetic materials. Such weak but finite interactions
may be viewed as a source of dissipation for the systems we consider.

To demonstrate this dissipation-assisted THz inverse Faraday effect, we consider an SU(2)-
symmetric Heisenberg spin-1/2 chain driven by a circularly polarized laser. The Hamiltonian
and dissipator are given by

H(t) = H0 + V (t) = J
L
∑

j=1

~S j · ~S j+1 + B
L
∑

j=1

�

S x
j cos(ωt) + S y

j sin(ωt)
�

, (107)

Dt(ρ) =
∑

j,ε

γ(ε)
�

Aj
ε(t)ρAj†

ε (t)−
1
2
{Aj†
ε (t)A

j
ε(t),ρ}

�

, (108)

where ~S j is the spin-1
2 operator on jth site and J > 0 is the antiferromagnetic exchange cou-

pling, and B is the coupling constant of the ac Zeeman interaction of the circularly polarized
THz laser with frequency ω. In the dissipator Dt(ρ), Aj

ε(t) is defined in Eqs. (81) and (82)
with Aj = S x

j . Here, as we did in other sections, we suppose that γ(ε) is the spectral function
of the ohmic boson bath with a Gaussian cutoff Λ and, for convenience, redisplay its form:

γ(ε) = γ0
εe−

ε2

2Λ2

1− e−βε
. (109)
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(a) β = 10, B = 0.1 (c) β = 1, B = 0.1 (d) β = 1, B = 1

M

ω ω ω ω

(b) β = 10, B = 1

Figure 12: ω-dependence of total magnetization M =
∑

j 〈S
z
j 〉/L for (β , B) =

(a)(10, 0.1), (b)(10, 1), (c)(1, 0.1), and (d)(1,1). The dashed and dotted lines are
the first-order Floquet-Gibbs state (FGS), and the blue and orange solid lines denote
the exact NESS for L = 6 and 8. Note that the lines for L = 6 and 8 are overlapped
in (c) and (d).

For simplicity, we have ignored the Lamb shift ΛLS(t) here, which does not change the NESS
because both the Lamb shift and NESS are diagonal in the time-independent frame (see, for
example, Eqs. (86) and (87)). In this subsection, we calculate the magnetization dynamics and
its value in the NESS by solving the time-dependent Floquet-Lindblad equation of Eqs. (107)
and (108) with the forth-order Runge-Kutta method. The initial state is the ground state of
H0 = J

∑L
j=1
~S j · ~S j+1, which is a spin singlet for even L’s. From now on, we fix the parameters

as J = 1 and γ0 = 0.1.
In the absence of the dissipation (i.e., γ0 = 0), the inverse Faraday effect does not occur be-

cause of the spin SU(2) symmetry of H0, which leads to a conservation law
[H(t), S2

tot] = 0 [102]. The symmetry prohibits the magnetization amplitude from growing
up, although its direction changes due to the precession around the circularly polarized laser.

On the other hand, in the presence of the dissipation (i.e., γ0 6= 0), the conservation
law breaks down due to the dissipator, [Aj

ε(t), S2
tot] 6= 0, and the total magnetization can

grow up. Figure 11 shows the inverse Faraday effect by dissipation. The total magneti-
zation M =

∑

j 〈S
z
j 〉/L starts from zero and grows up, approaching a nonzero value. We

note that the right- and left-handed circularly polarized lasers give rise to the opposite direc-
tions of the magnetization because they are transformed by the π-rotation around the x-axis,
S x

j → S x
j , S y

j →−S y
j , and Sz

j →−Sz
j .

As discussed in Sec. 6.1, if the driving frequency is larger not only than the system’s energy
scale but also than the bath spectral cutoff Λ, the NESS in this model is approximately the
Floquet-Gibbs state (93) with the effective Hamiltonian

Heff = H0 −
B2

2ω

∑

j

Sz
j +O(1/ω2) . (110)

The second term on the right-hand side in Eq. (110) is an effective magnetic field induced by
the circularly polarized laser, giving rise to the inverse Faraday effect. Recall again that, in
the absence of dissipation, the effective magnetic field only cannot induce magnetization, as
illustrated in Fig. 11(b). Figures 12 (a)-(d) show the ω-dependence of the magnetizations in
the exact NESS and FGS for various β and B. For any β and B, the NESS is well described by
the FGS in the high-frequency region, where the magnetization decays as M ∝ω−1.

We briefly discuss the system size dependence although the numerically accessible system
sizes are strongly limited by computational complexity in the dissipative quantum many-body
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Figure 13: (a)Λ-dependence of total magnetization M . The circles, triangles, and
squares denote the magnetization in the NESS for ω= 10,20, and 100, respectively.
The dashed lines are the magnetization in the FGS for eachω. The other parameters
are B = 1,β = 10, and L = 8. (b) β-dependence of total magnetization M . The
circles, triangles, and squares denote the magnetization in the NESS for ω= 10,20,
and 100, and the dash-dotted, dashed, and dotted lines are the magnetization in the
FGS for corresponding ω. The other parameters are B = 1,Λ = 5, and L = 8. (c,d)
γ(ε)/γ0 are plotted for (c) Λ = 5, 10, and 20 with β = 10 and (d) β = 0.5, 1, and
20 with Λ = 5. In γ(ε), the y-intercept is 1/β and the position of the peak is O(Λ).
Therefore, for example, |γ(0)/γ(ω = 20)| becomes smaller for the larger Λ or the
larger β .

system. Figure 12 shows that the high-frequency expansion predicts the NESS for each of L = 6
and 8. Meanwhile, we observe that the magnetization shows slow system-size convergence
for lower temperatures. The reason why the system-size dependence for β = 10 is larger than
that for β = 1 is that the low-temperature state is sensitive to the fictitious energy gap due
to the finite-size effect (the Heisenberg chain is known to be gapless in the thermodynamic
limit [104,105]).

Another subtlety in approaching the thermodynamic limit L →∞ is the heating and the
breakdown of the HF expansion. However, we do not expect that this subtlety is a serious
problem in our model. This is because our Hamiltonian H(t) becomes time-independent in the
rotating frame |ψ〉 → e−iSzωt |ψ〉, and thus the system does not heat up. We note that, in the
generic many-body systems, it is known that the high-frequency expansion does not converge
in the thermodynamic limit, at least in the isolated systems [2,31,32]. Understanding the high-
frequency expansion in the generic many-body systems with dissipation is an open question,
and we do not go into detail further in this work.

Let us now study the breakdown of the FGS. As discussed in the previous section, the
NESS is not necessarily well approximated by the FGS due to the spectral function γ(ε). The
sufficient condition that the FGS is a good approximation is that the contributions of k 6= 0
in Wmn of Eq. (89) are much smaller than that of k = 0 within the desired order of ω. For
example, when the cutoff Λ in γ(ε) of Eq. (109) is much larger thanω, we need to include the
contribution of k = 1 to obtain the accurate first-order HF expansion because γ(kω) ∼ O(ω)
and |Aα∗nm;kA

β

nm;k| ∼ O(ω−2|k|). Then, the approximated NESS is not the FGS. Conversely,
when the cutoff Λ is much smaller than ω, the contribution of k 6= 0 is negligible because of
|γ(0)| � |γ(kω)| (k 6= 0) (see Fig. 13 (c) for the configuration of γ(ε)with variedΛ). Figure 13
(a) shows the Λ-dependence of the magnetization in the NESS and the FGS for various ω.
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We observe that the FGS indeed becomes less accurate for larger Λ and the threshold of the
breakdown is O(ω).

Besides, the FGS becomes less accurate for lower temperature. This is because γ(kω)
becomes relatively larger in comparison with γ(0) = 1/β for the larger β (see Fig. 13 (d)),
meaning that we cannot neglect the contribution of k 6= 0 in Wmn of Eq. (89) in the low
temperature. Figure 13 (b) shows the β-dependence of the magnetization in the NESS and
the FGS for various ω. Indeed, the FGS becomes less accurate for larger β and the range
where the FGS is valid becomes wider as ω increases.

Finally, we emphasize that the concept of the dissipation-assisted inverse Faraday effect
would be valid even in real materials as well as nanodevices consisting of a few spins although
the analysis can not be quantitatively correct. The FLE with the RWA that we have used
in this section is known not to work well in many-body systems in general since we cannot
use the rotating wave approximation in the derivation. However, even in real materials, the
dissipation can break the spin symmetry, giving rise to the inverse Faraday effect, although
the detailed form of the dissipation can be different from the Lindblad-type dissipation. The
detailed analysis for real materials that are not described by the Lindblad equation is future
work. We also note that dissipation-assisted engineered observables can change, depending
on the type of dissipation. As we discussed in Sec. 6.2 and Ref. [57], in the driven single NV-
center model with the time-independent dissipator, we can find a dissipation-assisted Floquet
engineering of a quadrupolar moment {Sx , Sy}, which is odd for the antiunitary symmetry
operation V .

7 Conclusion

In this paper, we have theoretically studied the nonequilibrium steady states (NESSs) in the
time-periodic quantum master equation of Lindblad (or GKSL) form. Considering the high-
frequency regime, we have developed a systematic high-frequency (HF) expansion for Liouvil-
lians. One important consequence is that, although the effective Liouvillian is not necessarily
of Lindblad form (Lindbladian), it is still useful to analyze the NESSs. This is mainly because
the effective Liouvillian is trace-preserving (Lemma 1) and the NESS is guaranteed to exist at
each order of the HF expansion (Theorem 1). With the effective Liouvillian and micromotion
superoperators at high-enough expansion order, we can obtain the NESS density matrix by
linear algebra without directly solving the time evolution obeying the Lindblad equation.

We have first applied this theory to concrete models for one-body and many-body quantum
systems subject to phenomenological time-independent dissipators. With the HF-expansion ap-
proach, the effects of external drives are manifest in the effective Liouvillian and micromotion
superoperators, which are represented by the commutators of Hamiltonians and dissipators.
This representation, without solving the Lindblad equation, has enabled us to grasp physical
consequences of the drive and dissipation, such as the effective Hamiltonian in an NV center
(Sec. 5.3) the robustness against boundary dissipation in the XY spin chain (Sec. 5.2).

We have then analyzed the microscopically-derived time-dependent dissipators within the
rotation wave approximation (RWA). Besides the general theoretical framework in Secs. 3 and
4, we have developed a slightly different HF-expansion method utilizing a special property of
this class of dissipators. For these dissipators realized in a weak contact to heat baths, we
have shown that the cutoff Λ of the bath spectral function serves as an important energy scale.
Within these Floquet-Lindblad equations, we have generally shown that the NESS is well-
described by the Floquet-Gibbs state [Eq. (93)] irrespective of model details as long as the
driving frequency (ħh)ω is higher than both the system’s energy scale and the cutoff Λ. Mean-
while, when (ħh)ω is higher than the system’s energy scale but smaller than the cutoff Λ, richer
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physics, such as the breakdown of the Floquet-Gibbs state, happen due to dissipation processes
accompanying photon exchange between the system and baths. In these cases, however, the
HF-expansion approach, being implemented appropriately, enables a systematic analysis of
the NESS. We have exemplified these in an NV center (Sec. 6.2) and the dissipation-assisted
inverse Faraday effect in the isotropic Heisenberg spin chain.

One important open problem is whether the HF expansion makes sense in generic many-
body systems, where the so-called heating problem matters. In isolated many-body systems,
the periodic drive is known to heat the system to the featureless infinite-temperature state, and
thus the HF-expansion description is valid at finite time range [2,31,32]. This phenomenon is
related to the fact that the HF expansion for generic many-body systems is not a convergent
series. The example systems that we have analyzed in this paper are so special that the heating
does not occur. However, it is of great interest how the heating is compensated by dissipation
and the convergence property of the effective Liouvillian in generic many-body systems. To
address these systems, we may need to consider Floquet-Lindblad equations beyond the RWA,
which is another important open problem.
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A van Vleck high-frequency expansion in isolated systems

We recap the results of Refs. [8, 9]. In an isolated system, the time evolution is given by the
Schrödinger equation.

i∂t |Ψ(t)〉= H(t)|Ψ(t)〉 . (111)

The propagator is decomposed as

U
�

t, t ′
�

= e−iK(t)e−iHeff(t−t ′)eiK(t ′) , (112)
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Heff =
∞
∑

n=0

H(n)eff , (113)

H(0)eff = H0 , (114)

H(1)eff =
∑

m 6=0

[H−m, Hm]
2mω

, (115)

H(2)eff =
∑

m 6=0

[[H−m, H0] , Hm]
2m2ω2

+
∑

m 6=0

∑

n6=0,m

[[H−m, Hm−n] , Hn]
3mnω2

, (116)

H(3)eff =
∑

m 6=0

[[[H−m, H0] , H0] , Hm]
2m3ω3

+
∑

m 6=0

∑

n 6=0,m

[[[H−m, H0] , Hm−n] , Hn]
3m2nω3

+
∑

m 6=0

∑

n6=0,m

[[[H−m, Hm−n] , H0] , Hn]
4mn2ω3

−
∑

m,n6=0

[[[H−m, Hm] , H−n] , Hn]
12mn2ω3

(117)

+
∑

m 6=0

∑

n6=0,m

[[H−m, H0] , [Hm−n, Hn]]
12m2nω3

+
∑

m,n6=0

∑

l 6=0,m,n

[[[H−m, Hm−l] , Hl−n] , Hn]
6lmnω3

+
∑

m,n6=0

∑

l 6=0,m−n

[[[H−m, Hm−n−l] , Hl] , Hn]
24lmnω3

+
∑

m,n6=0

∑

l 6=0,m,n

[[H−m, Hm−l] , [Hl−n, Hn]]
24lmnω3

,

K(t) =
∞
∑

n=0

K(n)(t) , (118)

iK(1)(t) = −
∑

m 6=0

Hm

mω
e−imωt , (119)

iK(2)(t) =
∑

m6=0

∑

n 6=0,m

[Hn, Hm−n]
2mnω2

e−imωt +
∑

m 6=0

[Hm, H0]
m2ω2

e−imωt , (120)

iK(3)(t) = −
∑

m 6=0

[[Hm, H0] , H0]
m3ω3

e−imωt +
∑

m 6=0

∑

n6=0

[Hm, [H−n, Hn]]
4m2nω3

e−imωt

−
∑

m 6=0

∑

n6=0,m

[[Hn, H0] , Hm−n]
2mn2ω3

e−imωt −
∑

m 6=0

∑

n6=0,m

[[Hn, Hm−n] , H0]
2m2nω3

e−imωt (121)

−
∑

m 6=0

∑

n6=0

∑

l 6=0,n,m

[[Hn, Hl−n] , Hm−l]
4mnlω3

e−imωt −
∑

m 6=0

∑

n6=0

∑

l 6=0,m−n

[Hn, [Hl , Hm−n−l]]
12mnlω3

e−imωt ,
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B Commutator calculations

Lemma 2 Suppose iLmρ = [Hm,ρ]. We define for N ≥ 2

KmN ,...,m2,m1 = [iLmN
, [· · · , [iLm2

, iLm1
]]] , (122)

HmN ,...,m2,m1 = [HmN
, [· · · , [Hm2

, Hm1
]]] . (123)

Then, it follows that

KmN ,...,m2,m1(ρ) = [HmN ,...,m2,m1,ρ] , (124)

for any ρ .

Proof. We invoke the mathematical induction. First, for N = 2, the statement follows from
the Jacobi identity [A, [B, C]] + [B, [C , A]] + [C , [A, B]] = 0. In fact,

Km2,m1
(ρ) = [Hm2

, [Hm1
,ρ]]− [Hm1

, [Hm2
,ρ]] (125)

= [Hm2
, [Hm1

,ρ]] + [Hm1
, [ρ, Hm2

]] (126)

= −[ρ, [Hm2
, Hm1

]] (127)

= [Hm2,m1
,ρ] . (128)

Next, we suppose that the statement is true for N = M and prove the statement for N = M+1.
This step is achieved as follows:

KmM+1,...,m2,m1(ρ) = iLmM+1
KmM ,...,m2,m1(ρ)−KmM ,...,m2,m1iLmM+1

(ρ) (129)

= [HmM+1
, [HmM ,...,m2,m1

,ρ]]− [HmM ,...,m2,m1
, [HmM+1

,ρ]] (130)

= [[HmM+1
, HmM ,...,m2,m1

],ρ] (131)

= [HmM+1,...,m2,m1
,ρ] . (132)

C Majorana representation of the XY chain

In Sec. 5.2, we have used the Majorana-fermion representation for the infinite XY chain. Here,
we derive the representation and its Fourier transform.

We introduce 2N Majorana fermions w j ( j = 1,2, . . . , 2N) for an N -site chain as

w2n−1 =

 

n−1
∏

j=1

σz
j

!

σx
n , (133)

w2n =

 

n−1
∏

j=1

σz
j

!

σ y
n , (134)

w2n−1w2n = iσz
n , (135)

which satisfy the Majorana commutation relations {wi , w j}= 2δi j and translate Eq. (50) into

H(t) = −i
N−1
∑

j=1

�

1+ g
2

w2 jw2 j+1 −
1− g

2
w2 j−1w2( j+1)

�

− ih f (t)
N
∑

j=1

w2 j−1w2 j . (136)
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It is convenient to introduce the two-component fermions Wj = t(w2 j−1, w2 j), which lead to

w2 j−1w2 j =
1
2
(w2 j−1w2 j −w2 jw2 j−1) =

tWj iτ
yWj , (137)

w2 jw2 j+1 =
1
2
(w2 jw2 j+1 −w2 j+1w2 j) =

1
2

tWjτ
−Wj+1 −

1
2

tWj+1τ
+Wj , (138)

w2 j−1w2( j+1) =
1
2
(w2 j−1w2( j+1) −w2( j+1)w2 j−1) =

1
2

tWjτ
+Wj+1 −

1
2

tWj+1τ
−Wj , (139)

where τ± ≡ (τx ± iτy)/2 and τα (α = x , y, and z) are the Pauli matrices. These equations
give

H(t) = −
i
4





N−1
∑

j=1

�

tWj(gτ
x − iτy)Wj+1 − tWj+1(gτ

x + iτy)Wj

	

+ 2hf (t)
N
∑

j=1

tWj iτ
yWj





(140)

= −
i
4

t WX W , (141)

where W is the 2N -component vector, and X is the antiHermitian 2N × 2N matrix. Thus, we
have obtained the quadratic Majorana representation of the Hamiltonian, which is translation
invariant except for the boundaries.

To obtain the quasienergy bands, we derive the time-evolution equation in the Majorana
representation. It is convenient to work in the Heisenberg picture to have

dW(t)
d t

= i[H(t), W(t)] = −X W(t) , (142)

where W(t) is the Heisenberg-picture operator for W and we have used the commutation
relation {wi , w j} = 2δi j . To recover the translation symmetry, we consider the infinite chain
(N →∞) and invoke the Fourier transform: Wj → fWk ∝

∑

j e−ik jWj . In the Fourier basis,
we have

dWk(t)
d t

= −X (k, t)Wk(t) , (143)

where

X (k)≡ (gτx − iτy)e−ik − (gτx + iτy)eik + 2hf (t)iτy = −2i{g sin kτx + [cos k− hf (t)]τy} , (144)

is a 2× 2 matrix for each k. Physically, the 2× 2 matrix describes the evolution of the quasi-
particles.

According to the Floquet theory, the one-cycle evolution

V (k) = exp+

�

−
∫ T

0

X (k, t)d t

�

, (145)

determines the Floquet modes and the two eigenvalues define the quasienergy bands. Since
X (k, t) is antiHermitian and traceless, the eigenvalues of V (k) are given as e±iε(k)T , and we
regard ±ε(k) as the quasienergy bands for the Majorana fermions. In the absence of the
external drive f (t) = 0, we have ε(k) = 2

Æ

cos2 k+ g2 sin2 k. Note that dε(k)/dk = 0 at
k = 0 and ±π.

To use the HF expansion for the Hamiltonian, we notice the formal analogy of Eq. (143)
to the Schrödinger equation. In fact,

h(k, t)≡ −iX (k, t) = −2{(g sin k)τx + [cos k− hf (t)]τy} , (146)

plays the role of Hamiltonian and gives V (k) = exp+[−i
∫ T

0 h(k, t)d t], and, hence, the HF
expansion in Appendix A is applicable to h(k, t).
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D Derivation of time-dependent FLE for weak thermal contact

Historically, dissipative Floquet systems weakly coupled to thermal reservoirs were studied by
quantum master equations [41,85], which are equivalent to the FLE. Here, for completeness,
we summarize the derivation with slight generalization and emphasis on the Lindblad (GKSL)
form. Our derivation follows a textbook [40] in which the GKSL equation is derived for the
time-independent HS .

D.1 Interaction picture

We begin by considering the system-bath composite system whose Hamiltonian reads

H(t) = HS(t) +HB +HSB , (147)

where HS(t+ T ) = HS(t) is for the periodically driven system of interest, HB for the heat bath
(reservoir), and HSB =

∑

α Aα ⊗ Bα for the system-bath coupling. Here, precisely speaking,
HS(t) (HB) represents HS(t)⊗ 1 (1⊗HB), but we omit ⊗1 and 1⊗ for brevity.

Under the Hamiltonian (147), we consider the time evolution of the total system. To this
end, it is useful to work in the interaction picture:

dρ I(t)
dt

= −i[HI(t),ρ
I(t)] , (148)

and its integral form

ρ I(t) = ρ I(0)− i

∫ t

0

[HI(s),ρ
I(s)]ds , (149)

where ρ I(t) is the density matrix for the total system in the interaction picture, and
HI(t) = U†(t)HSBU(t) with U(t) = exp+

�

−i
∫ t

0 (HS(s) +HB)ds
�

. In the following, we drop
the superscript I for density matrices for brevity until we arrive at the final result (170). We as-
sume that, at the initial time t = 0, the system and bath are not entangled: ρ(0) = ρS(0)⊗ρB,
where ρB represents a static state of the bath. We then substitute Eq. (149) into the RHS of
Eq. (148) and take TrB of the both sides, having

dρS(t)
dt

= −
∫ t

0

dsTrB[HI(t), [HI(s),ρ(s)]] , (150)

where we have used TrB[ρ(0)Bα] = 0 for all αwithout loss of generality. To make this equation
Markovian, we make the replacement ρ(s)→ ρS(t)⊗ρB, by which the RHS only depends on
ρS(t). We then remove the dependence on the initial time by replacing s in the integral by
t − s and extending the integration as

∫ t
0 →

∫∞
0 . Then, we obtain the following Markovian

equation:

d
d t
ρS(t) = −

∫ ∞

0

dsTrB {[HI(t), [HI(t − s),ρS(t)⊗ρB]]} , (151)

which is Markovian but not in Lindblad form yet. We remark that these approximations are
based on physical intuitions, but the errors accompanied by them have recently been quantified
in a mathematically rigorous manner [86,87]. According to the error bounds, the approxima-
tions are valid if the system-bath coupling is weak enough and the bath-correlation time is
short enough.
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We can simplify Eq. (151) by introducing the bath spectral function. To this end, we de-
compose the system-bath interaction as HSB =

∑

α Aα ⊗ Bα and correspondingly

HI(t) =
∑

α

Aα(t)⊗ Bα(t) , (152)

where Aα(t) = U†
S(t)AαUS(t) with US(t) = exp+

�

−i
∫ t

0 dsHS(s)
�

, and Bα(t) = eiHB t Bαe−iHB t .
We define the bath spectral function by

〈Bα(t)Bβ(t − s)〉 ≡ TrB

�

ρBBα(t)Bβ(t − s)
�

. (153)

Although the above arguments apply to anyρB, we here assumeρB = e−βHB/ZB. Then we have
〈Bα(t)Bβ(t − s)〉 = 〈Bα(s)Bβ(0)〉 and the so-called Kubo-Martin-Schwinger (KMS) condition:
〈Bα(t)Bβ(0)〉 = 〈Bβ(s)Bα(t + iβ)〉. By using the bath spectral function, Eq. (151) is rewritten
as

d
d t
ρS(t) =

∑

α,β

∫ ∞

0

ds〈Bα(s)Bβ(0)〉
�

Aβ(t − s)ρS(t), Aα(t)
�

+H.c. (154)

Equation (154) can be further simplified once we Fourier expand Aα(t) and Aβ(t − s). For
the conventional setup where HS is time-independent, the Fourier expansion is done simply
by the decomposition into the eigenmodes of HS . However, in our periodically driven systems,
the decomposition into the Floquet states [6,7] are useful:

i
d
d t
|ψm(t)〉= HS(t) |ψm(t)〉 ; |ψm(t)〉= e−iεm t |um(t)〉 ; |um(t + T )〉= |um(t)〉 .

(155)

Here, {|ψm(t)〉}Nm=1 (N <∞ is the Hilbert-space dimension) are independent solutions for
the time-dependent Schrödinger equation without system-bath coupling, and we call εm and
|um(t)〉 the quasienergy and Floquet state, respectively. We remark that εm and |um(t)〉 are
not uniquely defined, but we can redefine them by εm→ εm+ kω and |um(t)〉 → eiεm t |um(t)〉
without changing |ψm(t)〉 and the periodicity of |um(t)〉. For concrete calculations, one may
fix a set of εm’s, but the physical observables must be invariant under those shifts.

These states give

US(t) =
N
∑

m=1

|ψm(t)〉 〈ψm(0)| , (156)

which leads to

Aα(t) =
∑

m,n

|ψm(0)〉 〈ψm(t)|Aα|ψn(t)〉 〈ψn(0)| . (157)

We note that 〈ψm(t)|Aα|ψn(t)〉= ei(εm−εn)t 〈um(t)|Aα|un(t)〉 has a discrete spectrum, in which
nonzero weights lie at ε = −(εm − εn) + `ω (` ∈ Z), since the Floquet states |um(t)〉 are
periodic. Thus we introduce the spectral decomposition for the matrix elements as

〈ψm(t)|Aα|ψn(t)〉=
∑

ε

Aαmn(ε)e
−iεt =

∑

`∈Z

Aαmn(εn − εm + `ω)e
−i(εn−εm+`ω)t , (158)

and correspondingly that for the operators as

Aα(t) =
∑

ε

e−iεtAαε ; Aαε ≡
∑

m,n

Aαmn(ε) |ψm(0)〉 〈ψn(0)| . (159)
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For later use, let us show that Aαε and (Aαε)
† are operators that lower and raise quasienergy

by ε:

UF AαεU†
F = e+iεT Aαε, UF Aα†

ε U†
F = e−iεT Aα†

ε , (160)

where

UF ≡ US(T ) =
N
∑

m=1

|ψm(T )〉 〈ψm(0)|=
N
∑

m=1

e−iεmT |ψm(0)〉 〈ψm(0)| (161)

denotes the one-cycle unitary evolution. To prove Eq. (160), we first notice that

UF |ψm(0)〉= |ψm(T )〉= e−iεmT |ψm(0)〉 , (162)

meaning that |ψm(0)〉 is an eigenstate of UF with eigenvalue e−iεmT . This equation also implies

〈ψn(0)|U
†
F = eiεnT 〈ψn(0)| . (163)

Using Eqs. (162) and (163) together with Eq. (159), we have

UF AαεU†
F =

∑

m,n

Aαmn(ε)e
i(εn−εm)T |ψm(0)〉 〈ψn(0)| (164)

=
∑

m,n

Aαmn(ε)e
iεT |ψm(0)〉 〈ψn(0)| (165)

= eiεT Aαε . (166)

Here, to obtain the second line, we have used the fact that Aαmn(ε) is nonvanishing only when
εn − εm = ε+ `ω for some ` ∈ Z. Equation (166) is the first equation in Eq. (160) that we
wanted to prove, and we obtain the second one by taking the Hermitian conjugation of the
first one.

We are ready to obtain the Lindblad form with the final approximation, the rotating wave
approximation (RWA). Substituting Eq. (159) into Eq. (154), we have

d
d t
ρS(t) =

 

∑

α,β ,ε,ε′
Γαβ(ε)e

i(ε−ε′)t
�

AβερS(t)A
α†
ε′
− Aα†

ε Aβ
ε′
ρS(t)

�

!

+H.c. , (167)

where we have defined the bath spectral function

Γαβ(ε) =

∫ ∞

0

ds eiεs〈Bα(s)Bβ(0)〉 . (168)

Since Γαβ(ε) is not a Hermitian matrix, it is convenient to decompose it into the Hermitian
and antiHermitian parts:

Γαβ(ε) =
1
2
γαβ(ε) + iSαβ(ε) . (169)

The RWA means that we keep ε = ε′ terms only in Eq. (167), by which we arrive at the
following equation of Lindblad form:

d
d t
ρ I

S(t) = −i[ΛLS,ρ I
S(t)] +DI(ρ I

S(t)) , (170)

40

https://scipost.org
https://scipost.org/SciPostPhysCore.4.4.033


SciPost Phys. Core 4, 033 (2021)

where the Lamb shift ΛLS and dissipator DI are defined by

ΛLS =
∑

α,β ,ε

Sαβ(ε)A
α†
ε Aβε , (171)

DI =
∑

α,β ,ε

γαβ(ε)
�

Aβερ
I
S(t)A

α†
ε −

1
2

�

Aα†
ε Aβε ,ρ I

S(t)
	

�

, (172)

Here we have recovered the superscript I on ρS(t) to emphasize that this is in the interaction
picture.

The RWA is valid when quasienergy spacings are large enough but becomes invalid if the
quasienergy spacings become infinitely small with the system-bath coupling and the bath cor-
relation time being fixed. In this sense, Eq. (170) cannot apply to large nonintegrable many-
body systems, where (quasi)energy spacings decrease exponentially in the system size. Thus,
Eq. (170) should apply, e.g., to two- or few-level quantum systems like an atom, small clusters
of spins, or some integrable quantum systems with nonvanishing energy gaps. There have been
new approaches to derive master equations of Lindblad form without using the RWA [86,87].

We note that our derivation for Eq. (170) is slightly generalized from that of
the previous studies [41, 85] in the following sense. We recall that ε takes the values in
{∆mn(`) ≡ εn − εm + `ω}m,n,k. Here, we emphasize that the correspondence between ε and
(m, n,`) is not one-to-one in general, and there are multiple (m, n,`)’s that give the same ε.
This situation occurs, for example, in the following three cases:

1. The quasienergies {εm} are degenerate.

2. The quasienergy differences {εm − εn} are degenerate, such as for equidistant {εm}.

3. There are some pair (m, m′) such that εm − εm′ =ω/2 .

Our derivation of Eq. (170) is valid even if the correspondence between ε and (m, n,`) is not
one-to-one in contrast to that in the previous studies [41,85].

We note that the Lamb shift ΛLS does not change the quasienergy. This follows from the
above-shown fact that Aα†

ε (Aβε) raises (lowers) the quasienergy by ε. As an operator expres-
sion, we have

[UF ,ΛLS] = 0 , (173)

which follows from Eq. (160). This is a Floquet counterpart of the following property: The
Lamb shift does not change the energy of the system in the time-independent case. As a conse-
quence, when the quasienergies are not degenerate, ΛLS is diagonal in the Floquet eigenbasis

ΛLS =
∑

m

λm |ψm(0)〉 〈ψm(0)| , (174)

and hence only shifts the quasienergy by λm.

D.2 Schrödinger picture

Equation (170) is written in the interaction picture. To go back to the Schrödinger picture, we
remember ρS(t) = US(t)ρ I

S(t)U
†
S(t). Then we have

d
d t
ρS(t) = −i[HS(t) +Λ

LS(t),ρS(t)]

+
∑

α,β ,ε

γαβ(ε)
�

Aβε (t)ρS(t)A
α†
ε (t)−

1
2

�

Aα†
ε (t)A

β
ε (t),ρS(t)

	

�

. (175)

41

https://scipost.org
https://scipost.org/SciPostPhysCore.4.4.033


SciPost Phys. Core 4, 033 (2021)

Here the jump operators are given by

Aαε(t) = e−iεt
∑

m,n

Aαmn(ε) |ψm(t)〉 〈ψn(t)| , (176)

and the Lamb shift is by

ΛLS(t) =
∑

α,β ,ε

Sαβ(ε)A
α†
ε (t)A

β
ε (t) . (177)

Here, in Aαε(t), we put the oscillating phase factor e−iεt so that Aαε(t) becomes time-periodic

(this phase factor keeps the Lindbladian invariant as Aα†
ε (t) and Aβε (t) appear in pairs).

To show the periodicity Aαε(t) = Aαε(t + T ), we write Eq. (176) in terms of
|um(t)〉: Aαε(t) =

∑

m,n A
α
mn(ε)e

i(−ε−εm+εn)t |um(t)〉 〈un(t)|, in which we need to prove
ei(−ε−εm+εn)t is periodic (|um(t)〉 are periodic by definition). Since Aαmn(ε) is nonvanishing
only when ε = εn − εm + kω for integers k, the oscillating phase factor ei(−ε−εm+εn)t becomes
e−ikωt , which is periodic.

It is convenient to introduce the dissipator Dt , which is the following superoperator

Dt(ρ)≡
∑

α,β ,ε

γαβ(ε)
�

Aβε (t)ρAα†
ε (t)−

1
2

�

Aα†
ε (t)A

β
ε (t),ρ

	

�

. (178)

We also introduce the Lindbladian superoperator by

Lt(ρ) = −i[HS(t) +Λ
LS(t),ρ] +Dt(ρ) . (179)

One can easily confirm that this FLE reduces to the well-known Lindblad equation for undriven
systems [40], noting that, in undriven systems, each Floquet eigenstate |ψm(t)〉 corresponds
to the time-evolving energy eigenstate e−iEm t |Em〉 for HS |Em〉= Em |Em〉.

It is noteworthy that the Lindbladian of the FLE is time-independent in the interaction
picture (170) while not in the Schrödinger picture (175). This is an extraordinary property
of the FLE based on the weak system-bath coupling and the RWA, and we cannot find such a
nice frame in which the time dependence is eliminated for a general FLE in the Schrödinger
picture. In this sense, the FLE derived in this Appendix is special, making analysis easier.

D.3 Time evolution of density matrix

Here we analyze the time evolution of density matrices, showing that their off-diagonal ele-
ments decay whereas the diagonal ones obey the master equation. In Ref. [85], these prop-
erties were obtained under the strong assumption: If εn − εm + `ω = εn′ − εm′ + `′ω, then
(m, n,`) = (m′, n′,`′) holds true. Our argument here relaxes this assumption and also applies
when the quasienergies are nondegenerate as long as the NESS is unique. We also discuss how
the results change for degenerate quasienergies.

D.3.1 Nondegenerate quasienergies

We first discuss the case when the quasienergies are not degenerate. To analyze the time
evolution, it is convenient to work in the interaction picture (170) and represent the density
matrix in the Floquet-state basis:

ρ I
S(t) =

∑

m,n

σmn(t) |m〉 〈n| , (180)
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where we have introduced the abbreviation |m〉 = |ψm(0)〉. Substituting Eq. (180) into
Eq. (170), we have

dσmn(t)
d t

= −i(λm −λn)σmn(t) +
∑

α,β ,ε

γαβ(ε)





∑

m′,n′
〈m|Aβε |m

′〉σm′n′(t) 〈n′|Aα†
ε |n〉

−
1
2

∑

m′
〈m|Aα†

ε Aβε |m
′〉σm′n(t)−

1
2

∑

n′
σmn′(t) 〈n′|Aα†

ε Aβε |n〉

�

. (181)

To simplify the sums in Eq. (181), we recall that Aβε and (Aαε)
† are operators that lower and

raise quasienergy by ε as shown in Eq. (160). Thus, Aα†
ε Aβε does not raise or lower quasienegies,

meaning that 〈m|Aα†
ε Aβε |m′〉 ∝ δmm′ as the quasienergies are not degenerate. Together with

Eq. (88), we can rewrite Eq. (181) as

dσmn(t)
d t

= −i(λm −λn)σmn(t)−
1
2

∑

n′
(Wn′m +Wn′n)σmn(t)

+
∑

α,β ,ε

γαβ(ε)
∑

m′,n′
〈m|Aβε |m

′〉σm′n′(t) 〈n′|Aα†
ε |n〉 . (182)

We now have a set of N2 differential equations for 1≤ m, n≤ N , part of which are coupled by
the final term on the right-hand side (RHS) of Eq. (182).

Here, we can prove the remarkable property of this set of equations that the diagonal
ones ({σmm(t)}Nm=1) and off-diagonal ones ({σmn(t)}m 6=n are decoupled with each other. To
show this, we first substitute n by m in Eq. (182) and prove that only m′ = n′ terms appear
on the RHS. As Aβε (Aα†

ε ) lowers (raises) the quasienergy by ε, σm′n′(t) appears only when
εm ≡ εm′ − ε and εm ≡ εn′ − ε (mod ω), implying m′ = n′. Thus, we have obtained the result
that the diagonal elements {σmm(t)}m form a closed set of equations. Second, we suppose
m 6= n in Eq. (182) and prove that only m′ 6= n′ terms appear on the RHS. The proof goes
similarly. One can easily check that the set of equations for the diagonal elements are the
same as Eq. (87).

The off-diagonal elements σm 6=n(t) form a complex set of equations except for the special
case studied previously [85], where εn−εm+`ω= εn′−εm′+`′ωmeans m= m′, n= n′, and
` = `′. In this special case, the final term on the RHS of Eq. (182) vanishes for m 6= n, and
each σm 6=n(t) obeys a closed differential equation. As Wn′m +Wn′n > 0, the equation means
that each σm 6=n(t) exponentially decreases with oscillation to vanish as t → ∞. However,
this special case does not necessarily occur even if we assume that the quasienergies are not
degenerate (recall the example cases 2 and 3 discussed in Sec. D.1.

Nevertheless, in the weaker assumption of nondegenerate quasienergies, we can prove
that the off-diagonal elements σm 6=n vanish in the NESS as long as the NESS is unique. For
this purpose, we invoke a symmetry argument in the Lindbladian systems [106–108]. Let us
symbolically represent the interaction picture (170) as

d
d t
ρ I

S(t) = LI[ρ
I
S(t)] . (183)

Now we notice that the Lindbladian LI has the following weak symmetry [106] associated
with the quasienergy:

[LI ,UF ] = 0 , (184)

where UF is a superoperator defined by UF (ρ) ≡ UFρU†
F . One can easily confirm Eq. (184)

by using Eqs. (160) and (173). One important consequence of this weak symmetry is that
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there exists a stationary solution of the following form [106]: ρ =
∑

µ pµτµ, where {τµ} are
matrices belonging to the zero eigenvalue of UF . For our UF , these zero-eigenvalue states are
τµ = |n〉 〈n|. As we have assumed that the NESS is unique, this type of stationary solution is
the NESS, implying that σm 6=n(t)→ 0 as t →∞.

D.3.2 Degenerate quasienergies

When the quasienergies εm’s are degenerate, we cannot, in general, have the decoupling of
the diagonal and off-diagonal elements σmn(t) of the density matrix. This is due to, e.g.,
〈m|Aα†

ε Aβε |m′〉 6∝ δmm′ .
Yet, the weak symmetry constrains the form of the NESS density matrix. To see this, we

introduce a new index a that distinguishes the degenerate Floquet states. In this new notation,
Eq. (161) is represented as

UF =
d
∑

m=1

e−iεmT
Nm
∑

a=1

|m, a〉 〈m, a| , (185)

where d is the number of distinct quasienergies, Nm the degree of degeneracy of each
quasienergy εm, and |m, a〉= |ψm,a(0)〉. Thus, the zero-eigenvalue states for the superoperator
UF (ρ) = UFρU†

F are |m, a〉 〈m, b|, and the weak symmetry tells us that the NESS is represented
as

ρ I
ness =

d
∑

m=1

Nm
∑

a,b=1

cm
ab |m, a〉 〈m, b| . (186)

The expansion coefficients within each degenerate subspace cm
ab depend on models. As cm

ab are
Hermitian matrices for each m, they are diagonalizable by a unitary basis transformation, so
is ρ I

ness. Note, however, that the differential equations for σmn(t) cannot, even in this basis,
be separated for the diagonal and off-diagonal elements like in the nondegenerate case.

D.4 Conditions for FGS when quasienergies are degenerate

Here we show that, within the FLE obtained by the RWA, the NESS coincides with the FGS
for an extremely large frequency even if the quasienergies are degenerate. In this subsec-
tion, we work in the interaction picture (170) and discuss when ρ I

ness sufficiently approaches
ρ I

FG = e−βHF /Z , where

HF =
∑

m

εm |ψm(0)〉 〈ψm(0)| . (187)

As discussed in Sec. 6.1.1, the quasienergies εm’s are defined only modulo ω, and the FGS is
ill-defined in general. Here we consider the situation that ω is much larger than the system’s
energy scale, i.e., HF becomes close enough to H0 (H0 is the undriven Hamiltonian). In such
a case, we can uniquely determine εm’s so that εm − Em = O(1/ω) holds for each m (Em are
the eigenenergies of H0). Also, we assume that ω is so large that

|εm − εn|<ω , ∀m, n. (188)

To judge if ρ I
FG = e−βHF /Z is a steady-state solution we substitute it into the right-hand

side of the FLE (170) and ask if it vanishes. Assuming the basis on which ΛLS is diagonal (174),
we have [ΛLS,ρ I

FG] = 0. Thus, we are to show DI(ρ I
FG) = 0.
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First, let us argue that DI(ρ I
FG) = 0 holds if we are allowed to use

[HF , Aαε] = −εA
α
ε, [HF , Aα†

ε ] = εA
α†
ε , (189)

which are stronger versions of the commutation relations (160). Assuming Eq. (189) as a
working hypothesis, we have

DI(ρ I
FG) = Z−1

∑

α,β ,ε

γαβ(ε)
�

Aβε e−βHF Aα†
ε −

1
2

�

Aα†
ε Aβε , e−βHF

	

�

(190)

= Z−1e−βHF

∑

α,β ,ε

�

e−βεγαβ(ε)A
β
εAα†
ε − γαβ(ε)A

α†
ε Aβε

�

, (191)

where we have used [HF , Aα†
ε Aβε] = 0 and Aβε e−βHF = e−βεe−βHF Aβε , which follow from our

working hypothesis (189) and the Baker–Campbell–Hausdorff formula. Then we rewrite the
first term in the sum of Eq. (191) by changing the dummy index as ε→−ε, having

∑

α,β ,ε

e−βεγαβ(ε)A
β
εAα†
ε =

∑

α,β ,ε

eβεγαβ(−ε)A
β
−εA

α†
−ε (192)

=
∑

α,β ,ε

eβεγαβ(−ε)A
β
ε†Aαε (193)

=
∑

α,β ,ε

γβα(ε)A
β†
ε Aαε , (194)

where we have used the KMS condition (76) and Aα−ε = (A
α
ε)

†. Substituting Eq. (194) into
Eq. (191) and changing the dummy indices appropriately, we obtain

DI(ρ I
FG) = 0 . (195)

Thus, we have shown that the FGS is a steady-state if our working hypothesis (189) are justi-
fied.

Finally, we justify Eq. (189) when the driving frequency is much larger than the bath spec-
tral cutoff. From the definition of Aαε (81), we have

[HF , Aαε] =
∑

m,n

(εm − εn)A
α
mn(ε) |ψm(0)〉 〈ψn(0)| . (196)

We recall that Aαmn(ε) is nonvanishing only when ε = εn − εm + kω for integer k’s. However,
like in the argument in Sec. 6.1.2, the k 6= 0 contributions are vanishingly small because it
is accompanied by the bath spectral function γαβ(ε) = γαβ(εn − εm + kω) ≈ 0 if ω � Λ.
Therefore, we can neglect k 6= 0 contributions and set εm−εn = −ε in Eq. (196), which leads
to

[HF , Aαε] =
∑

m,n

(−ε)Aαmn(ε) |ψm(0)〉 〈ψn(0)|= −εAαε . (197)

Thus, we have shown that Eqs. (189) are justified when the driving frequency is much larger
than the bath spectral cutoff and hence ρ I

ness ≈ ρ
I
FG.
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