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Abstract

We show how Newton-Cartan geometry can be generalized to String Newton-Cartan ge-
ometry which is the geometry underlying non-relativistic string theory. Several salient
properties of non-relativistic string theory in this geometric background are presented
and a discussion of possible research for the future is outlined.
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1 Introduction

Starting from classical mechanics, there are at least three interesting ways to extend the theory
each of which introduces a constant of nature that is absent in classical mechanics: (1) at large
velocities with respect to the velocity of light ¢ the theory extends to special relativity; (2) at
small distances certain physical quantities get quantized in units of the reduced Planck’s con-
stant # corresponding to quantum mechanics and (3) a gravitational force can be introduced
via Newton’s constant G leading to Newtonian gravity. There are two well-known ways to
combine two of these extensions: (1) extending classical mechanics with high velocities and
gravity leads to general relativity and (2) extending classical mechanics to high velocities and
small distances leads to quantum field theory. Logically speaking, however, there is a third
way, namely extending classical mechanics to small distances and gravity. This would lead
to a theory of non-relativistic (NR) quantum gravity. Finally, the maximal extension to high
velocities, small distances and gravity leads to the long sought for theory of quantum gravity.
This situation can nicely be summarized via the the so-called Bronstein cube [1] in Figure 1.
Usually, the issue of finding a consistent theory of quantum gravity is approached either by
adding gravity to quantum field theory or by quantizing general relativity. The Bronstein cube
suggests a third way to approach this issue: can quantum gravity be viewed as the relativistic
extension of a self-consistent NR theory of quantum gravity? This leads to the related question
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Figure 1: The Bronstein cube shows how classical mechanics can be extended in three
different ways to (1) special relativity, (2) quantum mechanics and (3) Newtonian
gravity. Combining two of these extensions leads to general relativity, quantum field
theory or NR quantum gravity. Ultimately, combining all three extensions leads to
relativistic quantum gravity.

of how essential relativity is in constructing a theory of quantum gravity or, put differently,
whether one can take in a consistent way the NR limit of quantum gravity. Motivated by this
we wish to address the following intriguing question:

can one define a consistent NR theory of quantum gravity?

This question can be asked for each approach to define a consistent theory of quantum
gravity: is relativity essential for the construction, yes or no? String theory is one approach to
define a theory of quantum gravity. In this talk we wish to discuss the definition of a NR string
theory including its underlying geometry and some of its basic properties. In particular, we will
show how the geometry corresponding to NR string theory can be viewed as a generalization
of the well-known Newton-Cartan (NC) geometry that underlies NC gravity.

2 From NC Gravity to String NC Gravity

The independent fields of D-dimensional NC geometry are given by (a=1,---,D—1)
{TuEu, My} (D

Here, 7, is the time-like Vierbein acting as the clock function and E,,* is the spatial Vierbein
acting as the ruler. The charge corresponding to the gauge field M, is a central charge in the
Galilei algebra thereby extending it to the Bargmann algebra. These gauge fields transform
under (local) spatial rotations with parameters A%}, Galilean boosts with parameters A® and
central charge transformations with parameter o as follows:

5'5“ =0,
SE,* =A% E,"+2%7,, 2
6M, =3,0 + A, E,°.
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b

The spin-connection fields w,*” corresponding to spatial rotations and w,“ corresponding to
Galilean boosts are functions of 7, E,* and M,,.
In NC gravity one cannot define a single non-degenerate metric for the full spacetime like
the Riemannian metric in general relativity. Instead, one defines two degenerate metrics
Typ=7,7, and K"’ =E* E”, 5% 3)

© U

that are invariant under the Bargmann transformations (2). Here E*, is the projective inverse
of Eua which, unlike the spatial Vierbein, is invariant under Galilean boosts. This means that
the combination

E,°E,"5, 4

is not invariant under Galilean boosts and, for this reason, cannot be used as a metric. In order
to make a boost-invariant combination one often considers the combination

H,,=E,E,’6,,+M,7,+M,T,.

However, this combination is not invariant under central charge transformations. Neverthe-
less, it is used in the construction of a NR particle action coupled to NC gravity in such a way
that the central charge gauge field M, couples to the particle via a Wess-Zumino (WZ) term
of the form

M, x", 5)

where x*(7) is an embedding coordinate. This leads to a particle Lagrangian that is invariant
under central charge transformations up to a total derivative. We will often call the symmetric
tensor H,,, the transverse metric and 7, the longitudinal metric. !

The central charge gauge field M,, of NC gravity has a precursor in general relativity as an
Abelian gauge field M ., to be added to general relativity. The only difference is that the Poincaré
algebra does not get modified by the gauge field I\A/IM. This gauge field plays a crucial role in
constructing NR limits without divergencies. For instance, starting from the Klein-Gordon
Lagrangian coupled to general relativity one can only obtain the Schrodinger Lagrangian cou-
pled to NC gravity as a NR limit provided one extends general relativity with a fluxless Abelian
gauge field ]\A/[M that couples to a complex Klein-Gordon scalar. Similarly, one can only define
a NR limit of a relativistic particle coupled to general relativity without divergencies provided
the relativistic particle couples to M ., via a WZ term of the form

W5t ©)

It is instructive to give some details here. To define the NR limit we first express the Rie-
mannian metric of general relativity and the gauge field ]\A/[M in terms of the NC fields (1) and
a contraction parameter w. Next, after substituting these expressions into the action of the
relativistic particle coupled to general relativity, we take the limit v — o0o. This leads to a
divergence linear in w coming form the kinetic term that is cancelled by a similar divergent
term coming from the WZ term by expressing M ., in terms of the NC fields as follows:
N 1
MﬂszM+;MH' (7)
Given the fact that a vector field only couples via a WZ term to a particle, it is clear that
one cannot apply the same procedure to define the NR limit of a string. In this case, it is the

IStrictly speaking, the metric H, v is only transverse in the absence of the terms containing the central charge
gauge field M,,.
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Kalb-Ramond 2-form gauge field B’W that couples to the relativistic string via a WZ term of
the form

e“ﬁaax“aﬁx”éw, (8)

where d, (@ = 0,1) is the derivative with respect to the world-sheet coordinates o* and
x*(o®) are the string embedding coordinates. It turns out that taking the NR limit of a string
leads to a divergence quadratic in w coming from the kinetic term. To cancel this quadratic
divergence we cannot work with a NC geometry since that contains only one clock function
T, and there is no way to express the Kalb-Ramond field in terms of this single clock func-
tion. To cancel the quadratic divergence coming from the kinetic term we need two so-called
longitudinal Vierbeine © MA (A=0,1) and write

éuv = wZEABT“ATvB +BW, )]
where B, is the NR Kalb-Ramond field. This leads to a new so-called String Newton-Cartan
(SNC) geometry that is characterized by two special directions instead of the single Newto-
nian time direction in NC gravity. The difference between particles and strings is that a particle
sweeps out a one-dimensional time direction whereas a sting sweeps out two directions lon-
gitudinal to the string: one time direction and one spatial direction, see Figure 2.

.........
-----
. .,

space
. RN
particle  (closed) string
Figure 2: A particle (left) sweeps out a one-dimensional time direction whereas a
string (right) sweeps out two directions: one time and one spatial direction.

Ignoring central extensions the algebra underlying the SNC geometry is the so-called string
Galilei algebra where we distinguish between the two directions A = 0, 1 longitudinal to the
string and the remaining directions a = 2,--- D — 1 transverse to the string. We thus have

2 longitudinal indices A
D flat indices — (10)
D-2 transverse indices a

with the following symmetries and generators:

longitudinal translations Hy, (11a)
transverse translations P, (11b)

string Galilei boosts Gap (110)
longitudinal Lorentz rotations Jap (11d)
transverse spatial rotations Jab (11e)
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This string Galilei algebra is extended to a so-called enhanced string Galilei algebra with two
types of non-central > generators:

Z, and Z,; with Z4, =0. (12)

Ignoring matter fields, like the Kalb-Ramond 2-form field, the independent string NC fields are
{r,)E,, M} (13)

For the construction of a NR string action we need both a longitudinal metric 7,,, and a trans-

verse metric H,,, which are the following generalizations of the particle case given in egs. (3)
and (5), respectively:

longitudinal metric: Ty =T MA’L' PN s

transverse metric: H,, = EMaE,,b6ab + (TMAMVB + T,,AMMB) NaB -

3 An Action for the NR Bosonic String

We are now in a position to construct the action of NR string theory in a general SNC gravity
background. For flat spacetime the action was already given a long time ago and reads [2, 3]

Sﬂat =

4na/Jd20(8xa§xb6ab+ng +20X), (14)

with
X =x"+x!, X =x0—x! (15)

and similar for the Lagrange multipliers A, A. A special feature of NR string theory is that the
(perturbative) spectrum only contains winding strings along the compact x! direction [2].

The presence of the Lagrange multipliers can be understood as the result of taking the NR
limit of the relativistic string action in Polyakov form. > This is best understood by comparing
to the particle and considering the following relativistic particle action coupled to general
relativity in Polyakov form:

1. 4.4 5 N
Spol. = —3 f dt { ——E %ME,PXx "4 + MPe — 2MMH>'C”} .
e
Here e is the worldline Einbein and M is a mass parameter. Expanding the general relativity

fields in terms of the Newton-Cartan background fields one encounters the following quadratic
divergence that is not cancelled by the vector field in the Wess-Zumino term:

1
Spol.(wz)z—%f df—wz[’c“)'c“—me]z. (16)

e
It should be noted that this is an artefact of the Polyakov formulation. In the Nambu-Goto
formulation there is no quadratic divergence left. The quadratic divergence given in (16) is

not fatal. The reason for this is that it is the square of something and therefore can be re-
written, using a Lagrange multiplier A as follows:

1 . 1
Spol.(a)z)=—%f dt E{A(T“X’L—me)—mlz}. (17)

2We call a generator non-central if it only has non-zero commutators due to its index structure.
3The presence of the Lagrange multipliers can alternatively be understood by taking the NR limit in an Hamil-
tonian formulation.
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Written in this form, the limit that v — oo can be taken and one ends up with the following
NR Polyakov action:

1
SpoL(N.R) = —1 J dr E{xuxmw + (7,5t —me)}. (18)
Integrating out the Lagrange multiplier A one finds that
T, X"
e=—- (19)
m

Substituting this back into the Polyakov action (18) one obtains the following NR particle
action in Nambu-Goto form:

m xBx?

SN.G.(N'R') = —E J dt

3 H,, . (20)

One can now take a similar limit of the relativistic Polyakov string. We thus find the fol-
lowing expression for a NR string in a (matter-coupled) SNC background [4,5]:

T -
Ssne = 5 J dzo[v —hhP O x"0gx"H,, + eaﬁ(k eq Tyt Aéafu)aﬁx“]
T 1
—3 J d?c €% 3,x"35x" By, + = J d*cv/—hR(¢—:InG), (21)

where T is the string tension, o are the world-sheet coordinates, h,p = eaaeﬁbnab is the
worldsheet metric with Zweibeine e, %, R is the Ricci scalar defined with respect to hqp and
x*(o),u=0,1,---,D—1 are the string embedding coordinates. The action (21) also describes
the coupling to the background Kalb-Ramond field B, and the dilaton ®. Furthermore, A

and A are two world-sheet Lagrange multiplier fields whose equations of motion allow us to
solve for the world-sheet metric h,g up tp a scale factor a(x) in terms of the pullback of the

longitudinal metric 7, as follows:

hop = a(x)0,x"Fpx "7, . (22)

As mentioned in the previous section, the so-called transverse metric H,,, is given in terms of
the SNC background fields by ®

H,,=E, E,"5 .+ (7, "M% + 7, M, P ) npp. (23)

The definition of G occurring in the string sigma model action (21) in terms of H,, and TMA
is given by
G =det deet(TPAHPUTUB). (24)

Finally, the lightcone components 7,,, 7, of TMA and e, ,é, of e,* are defined in [4,5].

Upon integrating out the Lagrange multipliers, one can show that the string action is in-
variant under Galilean boosts with parameters A%, non-central charge transformations with
parameters A and second non-central charge transformations with parameters 0”5 (with
o, =0):

5’5“‘4 = 0,
SE,* = —2,°1,%, (25)
5MHA = DM(co)AA + AAaEua + O'ABTMB .

“For other recent work on non-relativistic strings in a curved background, see [6-12].
Note that this metric is strictly speaking transverse only in the absence of the second term.
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Here D,,(w) is the Lorentz-covariant derivative with respect to the longitudinal Lorentz rota-
tions. Note that the gauge field corresponding to the second non-central charge transformation
does not occur in the string action. The invariance under the first non-central charge transfor-
mations is valid provided that the following zero torsion constraint holds: ®

D[M(O))TVJA =0. (26)

Part of this constraint contains the spin-connection field w MAB , enabling one to solve this con-
nection field in terms of TMA and its derivative. The remaining part is a geometric constraint
given by the projection of (26) that does not contain the spin-connection:

eC(AT[MB)av ’L'p]c =0. 27)

An important feature of the NR action (21), which is absent in the relativistic case, is that
the action is invariant under certain Stiickelberg symmetries of the background fields implying
that some of the components only occur in special combinations. A similar thing happens for
the NR Nambu-Goto particle coupled to a vector gauge field B,:

xhx”
el _B %M
{T o Huy =B, 3 (28)
1]

Sye(N.R) = —% J dt

in which case the Stiickelberg symmetries are given by

1
H,,— H,,+ E(THC,, +7,C,), B,—C,. (29)

In terms of the Stiickelberg-invariant combinations the NR particle action (28) reads
EEbS
Sxo(N-R) = —% f d7{=—= + 7(Hoo — Bo) + E“(Ho, — B,)} , (30)
T

where we have used flat indices and where we have defined
T=xtr,, E*=x"E,". (BD

Similarly, one finds that, after integrating out the Lagrange multipliers, the NR string action
(21) is invariant under the following (infinitesimal) Stueckelberg symmetries, with parameters
C,*, given by

8By, =(C, 15 —C, P eas, sm,t=—C*. (32)

This Stueckelberg symmetry is a reducible symmetry in the sense that the transformation rule
(32) of B, is formally invariant under a gauge symmetry, with singlet parameter C, given by

§C, =1 C. (33)

4 Discussion

Once the action for the NR string in a curved background has been constructed several research
directions become possible. Following the techniques of [13, 14] we have constructed a NR
version of the T-duality rules [4,5]. A remarkable consequence of this T-duality is that taking

®At the classical level there is another way to achieve invariance of the action under the first non-central charge
transformations by assigning to the Kalb-Ramond field an extra central charge transformation that is proportional
to the torsion [12].
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the T-dual along the spatial direction of the string leads to a string theory that looks relativistic
but in fact, due to the presence of a null-isometry, is non-relativistic. The (one-loop) beta
functions of the string sigma model, leading to field equations of the background fields, have
been calculated both for the closed string [15, 16] as well as for the open string [17]. An
intriguing consequence of the Stueckelberg symmetries mentioned in section 3 is that there
are less equations of motion than in the relativistic case. The missing equations of motion are
precisely in the same representation as the Stueckelberg parameters. ’

An interesting future research direction is to generalize the results of [19] on superstrings
in a flat background and of [ 18] on superstrings in a special curved background to superstrings
in a general curved background and to see what the geometry is that one is ending up with.
This would open the way to start discussing NR D-branes and NR holography from the per-
spective of a NR gravity theory in the bulk. We hope to come back to these interesting research
equations in the nearby future.
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