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1 Motivation for my analyzing Hawking flux

We will start with a 4D spacetime, then impose some falloff condition to its spatially infinite
region!, which means the spacetime asymptotes to the flat spacetime according to that. Then,
we will consider the diffeomorphism at its spatially infinite region in the range of the falloff
condition (at this time, gauge conditions to eliminate local diffeomorphism ambiguities are
also preserved). Transformation of the spacetime by this diffeomorphism is called asymptotic
(or BMS) symmetry [3,4]. I list several facts known for this.

Diffeomorphism of the asymptotic symmetry is an infinite dimensional group, which
contains the Poincare group as its subgroup.

There are so-called supertranslation and superrotation in the asymptotic symmetry, which
respectively contains the global translation and Lorentz transformation.

Diffeomorphism of the asymptotic symmetry maps a configuration of an asymptotically
flat spacetime as a solution to an other physically different asymptotically flat spacetime
as a solution in the range of the falloff condition.

Asymptotically flat spacetime is infinitely degenerated in the range of asymptotic sym-
metry, and the symmetry of theory at that asymptotic region is not Poincaré symmetry
but the one associated with supertranslation and superrotation.

Infinite number of conserved charges for supertranslation and superrotation can be de-
fined respectively. These can respectively generate these diffeomorphism, however these
are given by 2 parts: so-called hard- and soft-parts, which will become creation and an-
nihilation operators for soft-gravitons at quantum level. For this, the quantum state
for the infinite far region of the asymptotically flat spacetime becomes another one of
asymptotically flat spacetime when these charges act on these, and soft-gravitons can
be considered as a kind of Goldstone boson. In this sense, the asymptotic symmetry is
some kinds of spontaneously broken symmetry [5].

Supertranslated spacetimes are normal [6], therefore considering asymptotic symmetry
is meaningful realistically.

1Talk slide is in the homepage [1].
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In [2], I obtain the Schwarzschild black hole spacetime with supertranslation correction to
the second-order, which I sketch as

ds* = —(1—2m/r+---+0(e*))dt? + (1 —2m/r) ' +---+ O(e*)) dr?
+(r2+ -+ O(e3)dO2 + (r*sin® 0 + - + O(e*)) d p?
+2((--)e+---+ O(e)) dr,db,, ey

where ¢ mean the order of supertranslation correction and the full expressions of metrices are
given jl(fv) in (45a)-(49b). We can obtain the position of the horizon from this as

15msin(26
Thap = 2m— %82 +0(£3). 2)

The correction of supertranslation enters from the second-order, which is the motivation for
our analysis to the second-order. Here, as this is not constant, there may be a concern for the
zeroth law of the black hole thermodynamics. It is no problem since the Hawking temperature
is constant in the range of our analysis’s order, £2, as shown below.

As for the problem with Birkhoff’s theorem, considering the point that the information is
encoded in the asymptotic region, it is inferred that the deformed near-horizon geometry is
meta-stable and will get settled down to just a Schwarzschild finally, while that in the asymp-
totic region is the stable.

Since the position of the horizon is displaced for supertranslation correction, it is interest-
ing to check how the Hawking temperature is. Its result is

Ty = 1/8mm + 0(£3), 3)

which is no difference from just the Schwarzschild (reason is written in Sec.B.2).

Since Hawking temperature can be calculated from Hawking flux, if the Hawking temper-
ature were preserved the Hawking flux would be expected to be preserved. However I have
considered a possibility that supertranslation corrections may be involved in the Hawking flux
but would be canceled out in the Hawking temperature. This is one of my motivations for my
computing the Hawking flux in [2].

There is another motivation, which is that as a result of involving the supertranslation cor-
rections as in (1), it becomes obscure whether field theories can reduce to free 2D or not in the
near-horizon. Originally it should be so for the strongly gravitational force at the horizon, and
if not, it would be physically abnormal. Although it can be shown in Sec.B.5 that the scalar
theory can reduce to free 2D, whether it is possible or not is unclear before trying (I comment
on the key for the feasibility of this in the last of Sec.B.5).

There would be many works analyzing the Hawking radiation in some supertranslated
situations. In these, as the works relating with this study, I take [7-10] in the range I know.
From the research situation mentioned in the following, the analysis in this study would be
worthwhile.

In [7], considering Vaidya spacetime with linear order supertranslation correction, it is
shown that Hawking radiation depends on supertranslation correction if the mass depends on
the advanced time v. Conversely, if the mass is a constant, M’ = 0, there is no correction
in Hawking radiation. This is consistent with the result in this study, however my analysis is
performed to second-order.

Result in [8] is that Hawking radiation in the asymptotically flat spacetime given by Bondi
coordinates does not get corrected, however the position of the horizon in their analysis is
assumed to be 2GM. The analysis in this study is performed taking the correction to the
position of the horizon into account.
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[9] performs linear order analysis regarding general diffeomorphisms including super-
translation expressed by F (see (7)), then it is concluded the proportional coefficient in the
relation between the surface gravity and Hawking temperature, 1/27 in Ty; = /27, gets some
correction (see 2 points: “However, macroscopic - - - transformation.” in P2 and “as expected
--- and Hawking [68].” in P9, and (54)). This is against to the conservative results in [7], [8]
and this study.

In [10], a Hawking radiation in a 4D supertranslated Schwarzschild black hole is analyzed
by some expansion around large mass, and its result depends on the angular. This interferes
with the zeroth law of the black hole thermodynamics, and does not agree to [7-9] and this
study. However, remember it is the laws for the stable solutions and the shape of the asymp-
totic region is the key in the information paradox. Then, the interference with the black hole
thermodynamics would not be any problems if the deformation of the near-horizon geometry
is meta-stable, while that in the asymptotic region is stable (as mentioned between (2) and
(3)). As for the disagreement of results, we could not say anything immediately, since the kind
of the expansion is different and cannot compare.

2 What’s supertranslation and its NG boson fields

We start with an expression of general 4D spacetime by the Bondi coordinates (u, r, %) (u = t—r
and ©" are the spherical coordinates (z,%) on the S?) as

ds? = —Udu® — e*Pdudr + gp(d0* + %UAdu)(d@B + %UBdu)’ 4)

where the Bondi gauge is imposed to fix the local diffeomorphisms, which is g.. =0, g,4 =0
and 0, det(g45/r?) = 0. Then, supposing that the spacetime will asymptote to the flat space-
time, let us consider to describe the neighborhood of 7. At this time we need to impose a
falloff condition to the metrices, however there is no systematic ways to determine the falloff
condition, and various falloff conditions can be considered. Typically, it is chosen so that phys-
ical solutions can exist and unphysical solutions do not exist.

As an expansion of (4) to r~?, the following one is conventionally adopted [3, 4]:

ds? =—du? —2dudr + 2r?y,;dzdz
+2mg/r du® + rC,,dz* 4+ rCz;dz* + D*C,,dudz
1 4 1
+— (g(Nz +ud,mg) — Z(CZZCZZ))dudz +cc.+0(r?), (5)
r

where D, is the covariant derivative with respect to y;,. It is usual that the structure to 7~ is

important. C,,, C;;, mg and N, are functions of (u, z,%) but not of r, and

* mp is the Bondi mass aspect. fsz dzdzmg gives the Bondi mass, which can be ADM mass
in the cases of black hole spacetimes.

* N, is the angular momentum aspect. f 52 dzd2ZN,V* gives the total angular momentum,
which is ADM angular momentum in the black hole spacetimes.

* C,, and Cj;; play the role of potential for gravitational wave (akin to vector potential for
electromagnetic field), and N,, is the Bondi news given as d,C,, (N;; is likewise).

The falloffs of the metrices in (5) are given as follows:
= —1+00™), g,=-1+00"2), g,=0(),

(6)
82z — O(r): 82z = r2YZfZ + O(l)a &rr = &rz — 0.
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Let us turn to the supertranslation. Displacement of metrices, mg, N,, and C,, in (5) by
the diffeomorphism of the supertranslation is given by the Lie derivatives as

Legy =—0,0"+00™),

L8y =1%7,30,07 = 3,0+ O(r ™),

Legyz = r7.:(20" + 1D, +rD;0%) + O(1),

Leguy =—20,0" —23,¢" +O(r™), (7)

1
Lempg = fo,mp+ Zr(NZZDZZf +2D,N*D,f +c.c.),

ﬁész :fausz,
Egczz :fauczz _ZDZZf:

where the vector field proscribing the coordinate transformation in the Lie derivatives above
is given as

5:f8u+%(sz32+D£f8§)+DZDZf8r. (8)

f is arbitrary function of (z,2), and normally spherical harmonics are taken. The field referred
to as NG boson field is defined for one for every f as

L:C(z,2) = f(2,2). ©))

3 Fun in the asymptotic symmetry

First of all, what 4D Minkowski spacetime has not been an unique vacuum but infinitely de-
generated would be a surprisingly interesting fact. This had been already found in 1962 [3,4],
however it is in just the last decade that hep-th has recognized this problem [11,12]. As in-
teresting directions from the study of the asymptotic symmetry, the following ones could be
taken: 1) gravitational memory effect, 2) link with soft theorems and holography, and 3) in-
formation paradox.

1) is the variation in the relativistic position of two objects near the future null infinity 7+
for the passing of the gravitational wave, which could be measured by the formalism of the
asymptotic symmetry.

Consider the gravitational wave is turned on at u = u; and off at u = uy, and two objects
near 7+ are exposed it during the time interval Au =u ¢ —u;. The Bondi news tensor and the
energy momentum tensors are zero at any time except for the time getting the gravitational
wave. Then, one can evaluate the displaced amount as

A= T ac s 10
S —E 225 > ( )

where As? = s4|,_, ;o sAlu:ui (s* mean the relativistic position of the two objects), and
Al = CAB|u=uf - CABluzui'

Hence, the passing of gravitational wave is considered to arise the displacement by the
order r!. Now observation of the gravitational memory effect is undergoing [13-18].

Other types of memory effect are also considered: spin memory effect [19], color memory
effect [20], and electromagnetic memory effect [21-23]. Observing the soft graviton may be
also planed, however it is so silent that it is not caught in our current detection.
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Regarding 2), the equation of the soft theorem can be obtained from the Ward identity
with regard to the asymptotic symmetry ([24,25] and [26-31] for gauge theories and gravity,
respectively). Therefore,

asymptotic symmetry «— soft theorem. (11)

Currently the correspondence between the S-matrix in 4D asymptotically flat spacetime
and 2D CFT are ongoing [32-37].

Next, the DC shift (equation given in P91 of [5]) and “the effect of attaching one soft-
graviton line to an arbitrary Feynman diagrams” can be identical each other via Fourier trans-
formation (with adjustment of some notation’s conventions). From this fact, it is considered
that the gravitational wave from black holes and the soft particles from the elementary parti-
cle’s collisions will show analogous behavior at the long distance in the observation [5]. Thus,
as the phenomena showing analogous behavior [38],

soft theorem «— memory effect. 12)

Lastly, the gravitational wave at the long distance can be considered as a kind of diffeo-
morphism of the asymptotic symmetry, and has a relation with memory effect. Hence,

memory effect «— asymptotic symmetry. (13)

It is very interesting that different theories and phenomena can get related like the one
above. Same relations can be obtained in the gauge field theories [5]. Therefore, gravita-
tional and gauge theories would be universal in the IR-region.

Regarding 3), an initial configuration to form a star or black hole finally leads to some
deformed spacetimes by supertranslation (for an explicit analysis for this, see [6]), and its
phase space is infinite dimensional. Hence, we can expect that the information of the initial
configuration could be preserved in the final shape of the spacetime, which is the scenario we
can highly expect as the solution to the information paradox [12,39,40].

4 Our 2D effective action with supertranslation correction

From here, I would like to talk on my study. What I want to do first is to obtain the Schwarzschild
black hole metric with the supertranslation correction to the second order in the Schwarzschild
black hole coordinates. For this we will start with the Schwarzschild black hole spacetime given
in the isotropic coordinates:

(1—m/2p)?
ds? = —— "5 dt2 4+ (1 4+ m/2p)*(dp? + p2d02), 14
s T m2p )2t (1+m/2p)*(dp; + p7dSX) (14
where a flat three-dimensional space part, dps2 + ps2

translation correction according to [6].

dQSZ, is convenient to involve the super-

Then, writing as dps2 + pszdﬂs2 = dxs2 + dys2 + dzs2 and ps2 = xs2 + ysz + zsz, we involve the
supertranslation correction according to [6]:

x; =(p—C)sin6 cos ¢ +sin¢ csc O J, C —cos O cos p FC, (15a)
Ys=(p—C)sinOsin¢ —cos¢ csc6 9, C —cos O sing FC, (15b)
2z, =(p—C)cosO +cosb cos¢p 94C, (15¢)

where the function C is the NG boson field for supertranslation, which we will take as

C =me Y20(9,¢). (16)
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* ¢ is dimensionless, which we attach to measure the order of supertranslations in our
analysis. m is that in (14), which we involve to have C have the same dimension with
o (now, G/ ¢2 =1). The correction of & appears from the second-order (see (2)) in the
position of the horizon, which is our motivation for the analysis to £2-order.

* Why we consider Y2O that this mode is expected to be dominant in the process forming
a soft-hairy black hole (e.g. [41]). We have also performed the analysis with Ylo just in
case. Although we have not performed the calculation to the end, it has been seemed to
be essentially same with what will present in the following.

Involving (15) into the isotropic coordinates (14) to g2-order, we will rewrite it into the
Schwarzschild coordinates (for detail, see Sec.A), and finally obtain like (1).

Then, with these 4D metrics, we consider a complex scalar field theory as

S:fd“x\/—ggMNanS*aNqb. a7

Writing ¢ (t,1,0, ¢) = ¢1(t, r)Ynlq(Q, ¢), and taking near-horizon limit by writing r = r, 4p+Ar,
we can get the 4D near-horizon action as

s=-23 | atartzm?{

I,m k,n

2m 15m?¢? 5
¢l*m( - mAlm,kn - deﬂ sin (20)(Ylm)*Ykn)8tat¢kn
r—2m 15m2¢2 .
+ ¢l*mar(7/\lm,kn - WJdQSlnz(ze)(ylm)*ykn)arqbkn}_l_ 0(83)>
(18a)
Aim, kn EJ dQ{l + %\lg(l +3cos(28)) e
+ ﬂ(M —cos%(0) +3cos?(0) COS(29))82} Yy, (18b)
27

Integrating out (0, ¢), we obtain 2D near-horizon effective action as (Sec.B.4 and B.5)

lmax l
Speit = D J d2x @1 (8o, 10180 im + (8ei)i 0r01n 0 Pim)s  (19)
=0 |m|=0
O = 2(Megp)m, 1m)°> (20a)

2(Met)ken, tm

(geit)it =—1/(geg)) = ————— +0(?), (20b)
etilm elm r— 2(meff)kn,lm
15m
(Mefe)in,im = M+ %Ikcn,lmgz +0(e%). (20¢)

(For r-dependence in (Meg)ky 1m> S€€ (81)). Whether the 2D near-horizon effective action can
be obtained or not is non-trivial before trying as mentioned in Sec.1, to check which is one of
the motivations in this study.
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5 Result of Hawking flux with supertranslation correction

We obtain Hawking flux by anomaly cancellation method [42,43], in which reducing to 2D is
crucial, because analysis is performed with the 2D anomaly. For details, see Sec.D.

Anomaly cancellation will focus on the fact: 1) At the classical level, there is no outgoing
flux in the near-horizon region for the strong gravitational effect, 2) however, at the quantum
level, outgoing flux will arise by the quantum tunneling [44]. Hence, the outgoing flux exists
in the near-horizon region finally. At this time, if one takes in the analysis as

amount of flux from tunneling = amount of lack of flux at the classical level, 2D

the amount of the flux by the quantum tunneling can be identified as the Hawking flux.

The amount of the outgoing flux is represented by the integral constant obtained from the
formulas of the 2D anomaly:

0% OSyp
V—=(getm O1%1m

which can be fixed by the condition that the system is symmetric, which is at the point where
the variation of the action vanishes:

(552D)lm = _J dzx Vv _(geff)lm nvvu,lmT“v,lm- (23)

The Hawking flux we have obtained has been (127), nTé /12, which is the same with just
a Schwarzschild. The reason of this is written in Sec.D.2.

+ both/either o/ (22)

v, lm>

vuTMv,lm =

6 Conclusion

Although the position of the horizon has been displaced and whether the near-horizon field
theories can reduce to free 2D has been non-trivial, Hawking temperature and flux have been
obtained without changes. This no changes in Hawking temperature had been already clear
when near-horizon metrices are obtained, however whether Hawking flux can be obtained
without any changes or not is unclear for the reason written in Sec.1.

Furthermore, although there are works relating with this study as mentioned in Sec.1, for
the research situation mentioned there, the analysis in this study would be worthwhile.

The value of the Hawking flux would be always (127) as long as the function C is 1) to
the second-order, and 2) independent of ¢. The reason for this is as follows.
First, if the correction is to €2 but C is some one other than (16) independent of ¢,

* highly complicated terms of 6 will be newly involved into the each coefficient of £-? in
(18). At this time, the feasibility of the integrate out for (6, ¢) is the problem, however
it would be no problem by using the following formula and (77):

My, my 2L +1)(2l, +1) M
Y111Y122—§\J iz D) (O0LOILOYhm Lm M)y, 24)

* coefficients of "2 in (20c) will get highly involved concerning 6, however the structure
of (20b) as the function f would be no changed (see the last of Sec.D.2), since C depends
only on 0 and ¢ by definition.
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Therefore, if the two conditions above are satisfied, one could always get the 2D near-horizon
effective action with the f same with (19) as the structure. On the other hand,

* if the correction of € were involved more than 3rd-order, the feasibility of the analysis to
get the free 2D theory as in Sec.B.5 gets unclear. See the last line in Sec.B.5. Namely, if
the same behavior with (91) were not held, the analysis to get the free 2D theory would
be impossible.

* If ¢p-dependence were mixed in the C, the formulas (24) might get unavailable, and we
could not get the 2D action like (19).

This study has considered only Y20 for the NG boson field of the supertranslation, then
given a conclusion considering the contribution of other modes would be qualitatively same.
Therefore this study should be careful on whether other mode’s contributions are qualitatively
the same or not, which point is cared as above.

It is considered from our result, no changes, that Hawking temperature and flux may be
the conserved quantities under the asymptotic symmetry.
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Appendix

A Metrices with supertranslation correction

This appendix is the detailed description of [2], and in this section, we obtain the metrices for
a 4D Schwarzschild black hole spacetime with supertranslations to the second-order.

A.1 Introduction of supertranslation

We start with the following coordinate system for a 4D Schwarzschild black hole spacetime:
ds?>=—(1— 2m/rs)dt52 +(1-— 2m/rs)_1dr52 + rszdﬂsz. (25)

We refer to this type of coordinate system as the “Schwarzschild coordinates”. In order to
involve the supertranslations, we rewrite (25) into (14), where r,=p, (1 + m/ 2ps)2. We refer
to this type of expression as “isotropic coordinates”.

Note that in this relation, two p correspond to one r, as

psz(—m+r5:|:1/—2mrs+r52)/2. (26)

See Fig.1. We can see 1) positions of horizon in isotropic and Schwarzschild coordinates
correspond each other, 2) isotropic coordinates do not cover the inside of the horizon.

Is

P

Ps

Figure 1: Plot for r, = p, (14 m/2p,)* for m = 1.

We denote the supertranslated isotropic coordinates as (t, p, 0, ¢ ). These and (t;, x;, s, 2;)
are related like (15), where

dp?+p2dQ?in (14) =dx?+dy2 +dz?, t,in (14) =t. (27)

We take C we consider as (16). Description here overlaps with the one under (16) (but one
comment; if we employ YlO as C, rh.s. of (27) results in just dp? + p2d0? + p?sin® Od ¢?,
namely no supertranslation corrections, which get involved from (30), supertranslated p.)

A.2 Isotropic coordinates with supertranslations
We now write (14) in terms of (¢, p, 6, ¢). For the parts in (14), we can write as

pZ=x2+y>+22, (28a)
(L+m/2p) (dp2 + p2dQ?) = g,,dp* + g9pd 0% + g dd>. (28b)

We can evaluate dp? + dp2dQ? as (27), with which we obtain g,y from now. We write

gy for the metrices of the supertranslated isotropic coordinates (29a)

jun for the metrices of the supertranslated Schwarzschild coordinates (29b)

in what follows, where M, N in g,y and jy,y refer to (t,p,0,¢) and (¢, 1,0, ¢).
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We can obtain p, by calculating (30) using (15) to g2-order as

1,|5 5¢2m? sin?(26
ps=p—=\| —em(3cos(20)+1) + 45e7m” sin”( )+O(€3). (30)
8\m 321p
With this we can obtain g,y as
(m—2p)>? 5 ,(m—2p) 5¢2m3 )
=\ Zem?—F(3c0s(20) + 1) — ———————(22mp —
® u (m+2p)2 nsm (m+2p)3( cos(260) +1) 87'cp(m+2p)4( mp —9m
+14p2 + 9cos(40)(m? + 2mp — 6p2) + 24p cos(20)(m — p)) + O(e>), (31a)
(m+2p)* [5 ,(m+2p) 5¢2m3(m+ 2p)>
= o\ Zem*—"E2 (3cos(20) + 1) + 19m—28
Spp 16p% \ e 32p5 (3cos(260)+1) 102416 (19m P
+12co0s(20)(5m + 4p) + 27 cos(40)(3m + 4p)) + O(¢*), (31b)
20" .[5 3cos(20)(5m + 6 —2p  5e2m*(m+2p)?
. 369:(m+ o) +\E.€m(m+2p)3 cos(20)(5m+6p)+m—2p e“m“(m+ p)(
16p2 T 64p3 2048mp4
12c0s(20)(39m? + 76mp + 20p2) + 9 cos(40)(27m? + 44mp + 4p?)
+249m? + 484mp + 236p2) + O(e>), (310)
+2p)*sin?(0) |5 +2p)3
. g¢¢:(m ff,)pzm( )+ ;em%sin2(9)(cos(20)(9m+6p)+7m+1Op)
5¢*m*sin*(6)(m + 2p)*
eem”sin(O)M +2P)” 9 40,2 4 484mp + 2362 + 12 cos(20)(39m? + 76mp
2048mp4
+20p2) +9cos(40)(27m? + 44mp + 4p?)) + O(£%). (31d)

A.3 Rewriting from Schwarzschild to isotropic coordinates

Since we have obtained the metrices in the supertranslated isometric coordinates (t, p, 9, ¢),
we will rewrite these to the following Schwarzschild coordinates:

ds®> =—(1—2p/r)dt* + (1 —2u/r) 7 dr? + jped > + jypd > (32)

Then, we will find the mass part u cannot remain constant (if analysis is to !-order, it can be
constant). Therefore, we treat u as u(p). In what follows, we obtain 1) a relation between r
and p, and 2) u(p) as the solution, by solving the following relations:

o —(1—-2u(p)/r)= 8tts (33a)
1 dr\2
* ooy ap) = (5

The argument in u(p) should be p. If we express u(p) in terms of r, (37) is plugged in.
We can obtain the r satisfying (33a) to e2-order as

2
;= Me)m+2p) e \ > (3¢0s(20) + D(p)(m? —4p?)
4mp 32p2 T
2
L2 mu(p) m“(p)(g cos(46)(3m? —8p?) + 12m? cos(20) — 7m> + 72p2) + O(e3). (34)

512mp3

Let us obtain the u(p). For this, look (33b), then plugging (34) into the r, solve it for u(p)
order by order to €2-order. As a result we can obtain

C1PE g2

(m+2p)? * 64mp2(m+2p)3
+8p2(8mcyp(m +2p) — V5meym(m —2p))
+30m3sin?(20)(m + 2p)(m? — 12p2)} + O(&>), (35)

wp) = m+ {(—24+v/51c;mp? cos(20)(m —2p)
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where we took the integral constant at £°-order so that £°-order becomes m. ¢y are the
integral constants at e2-orders (these can depend on (6, ¢) and determined at (41)).

Now we have obtained the relation “r = - - -” as in (34), with which, rewriting the Schwarzschild
to the isotropic coordinates to £2-order is possible:

—(1—2u(p)/1)dt? + (1 —2u(p)/r) " dr? + jogd 0 + j o d

1 ar 2 ar or
2 2 . 2 2
- gdt?+g,,dp +(199+—1_2“(p)(89) )62 + —1 50 3 56 0PA0 +ipedd” (36)
r

However what is needed is rewriting from the isotropic to Schwarzschild coordinates.

A.4 Rewriting from isotropic to Schwarzschild coordinates

We will obtain the relation between p and r in the form “p = ---” to e2-order to become
possible to rewrite (36) in the opposite direction. For this, there are two ways: to solve 1)
(33b) or 2) (34). As a result of our try, if we solve to el-order, we can get the same p from
either of them (we checked this sameness numerically). However, if we try to obtain to g2-
order, we can obtain only from 2) (for some technical reason of mathematica).

Writing what we did, plugging u(p) in (35) into the u in (34), then expanding it to £2-
order, we can obtain p order by order. As a result, four solutions are obtained. At this time,
the £%-order in the two of these do not agree with (26), while those of the rest two can agree
with (26). Therefore, we employ the latter two, which are

pA(r) = —(r—m:F \/m)+ {nclr(r—Zm):I:nclm\/m
2

Frcyry/r(r —2m)— V5am?r(3cos(20) + 1)(r —2m)} — £ [

1287mtmr2(r — 2m)2
16mc,(r* M) —120m*r(4r + M)
+60m3(16r3 + 94/r5(r — 2m)) — 8m2{(604/17(r — 2m) F 8mcyr?) + r* £ 75
+amc,r/r(r — 2m)} + m{120r5 + 1204/r9(r — 2m) F 27,2/ r(r — 2m)
—64mcyr> £ 487c, \/M} + 60mr(2m—r)cos(46){
m2(4r % /r(r —2m)) +2(r> £ 4/r5(r —2m)) — 2mr (3r £ 24/r(r —2m))}

1+ 0(&2), (37)

8mm r(2m r)

where the 1 and 2 in the p?)(r) correspond as
(1,2) » (+,—) of £ and (—, +) of F. (38)
Let us determine which p?(r) we employ and determine ¢1,2. For this, plugging pH?

in (37) into u(p) in (35), write it in terms of r to e2-order as

2
(1,2)( ,(1,2) — €
u (1) = m+ 2 + [
( ) 4T 8mmr(+/r(r—2m)Fr)3(«/r(r—2m)xmFr)?

m{—4c,m rm+48c2m m—c m \/m
—80cym \/M‘i‘ 1261 m rm+ 32c2m\/m
+r(£7m3 F 28m?r £ 28mr? ¥ 8r3)(4comr + ;%) + 8c12m
—20¢,2m/r5(r — 2m)} — 30m*r sin?(20){m2(y/r(r — 2m) F 7r)
+3mr(5r F3¢/r(r —2m)) + 6(Fr° + /r5(r —2m))} 1+ 0(e®). (39
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Behavior of these at the distant region is given as

15r2s5in?(260) _ 45 sin?(20)r N 45msin%(20)
21tm 27 4m

pB(pW))=m+ 8(% +0(r2))+ 62(
N 15m?sin?(20)/m + ¢,
4r

C1 _ 82 Co
B =m+e(Gr+o () + (T +

+0 (r_z) ) +0(e%), (40a)

2c,® —45m*sin®(20)/n 45m*sin®(26)

r 8mr2 8nr3
105m°sin?(260)  135m®sin?(26) 6 3
- - +0(r™ +0 . 40b
167trs 167r> (r )) (8 ) (40b)

It can be seen from the above we should discard u(!) by the reason: It is always diverged at
15r2sin?(26) __45r sin?(26)
2mm 27

only with u® in the following, but we proceed with both just in case.

the distant region irrelevantly of ¢, , for the terms, . Thus, it is enough

Now we determine c; 5. Since these are integral constants, we are allowed to take these
arbitrarily. However in this study, by the reason written in what follows we will take as

c12=0. 41)

Looking ,u(z)(p(z)(r)), we can find that it diverges at m = 0 unless c; is zero for the term
3§:r11i2 at its e2-order. Hence we take c; to 0.

As for our logic for cy, 1) consider starting with just a flat spacetime patched by
Schwarzschild coordinates with the zero mass, therefore u(® at the starting stage is zero.
2) Suppose changing it to the isotropic coordinates, involve the supertranslations. Then, back
the coordinates to the Schwarzschild. At this time, the expanded u(® is given by (40b). 3) At
this time, the mass should be zero, therefore ,u(z) should be zero. However, if ¢, is not zero,
we can see u(?) is not zero for the terms z- at the e'-order and 22 at the e2-order. 4) As c; has
been taken to zero in the above, we take c, to zero.

Above, we have considered in terms of the supertranslation toward the flat spacetime
and based on the consideration that mass in the spacetime should not be changed by the
supertranslation. The same issue is taken up in Sec.24.2 in [45]. There, again mass is not
introduced, though C,, and C;; are introduced.

With (41), (37) and (39) are fixed as

o2 = %(ZF\/ r(r—2m)—m+r)+ %\Jgsm(B cos(20)+1)— 12175;222??;?)2 {
—10mr* F8m4/r7(r —2m) + 2(r° £ 1/ ro(r —2m)) — 2m3r(4r £ /r(r —2m))
+m2(167r3 £ 94/r5(r —2m))} + 0(£2), (42)

15¢2m°3sin?(20)(m? — 3(v/r(r —2m) £ m ¥ r)?)

8n(r F /r(r—2m))2(\/r(r—2m) £ m ¥ r)?

Using these we can rewrite the isotropic to the Schwarzschild coordinates as
gredt® + 8,pdp? + 89ad 0 + gy d

(1224 (12N (g4, (22 i

pB(pLA(r)) = m+ +0(e%). (43)

dp dp 2
+2gpp5%dpd9 +g¢¢d¢
= jpedt? + j, dr® + joed 0% + 2j,drd6 + ju 5 dd?, (44)

where p = p(r,0) and gy are in (31). We give the expressions of j,y in the next.
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A.5 Metrices with correction to g?-order in 4D Schwarzschild coord.

We give the expression of j,;y in (44) in the case of (41).
(2 (g 2_m) N 1562 5in?(20)(m® —3m3(/r(r —2m) £ m ¥ r)?)

* e r 0 amr(r F /r(r—2m)2(y/r(r —2m) £ mF r)?

_. 15&%sin?(20)
(12) =(1—- )1+4nm(r—2m)2{ m3 +3m?r —6mr? £2(y/r5(r —2m) £ r3)

F 4mr/r(r —2m)} +0(e), (46a)
W 5 3y/Zemeos20)(r — v/r(r—2m))* 15¢2m?
+

* Joo= 2(«/r(r—2m)+m—r)3 8nr(r—2m)2(y/r(r—2m)+m—r)3
x {r?(r —2m)?(cos(40)(m? + 6mr — 9r?) — (m? — 18mr + 15r2))

+12m34/r5(r —2m)(cos(40) — 1) + m24/r7(r — 2m)(24 cos(40) + 72)
—m4/r9(r —2m)(33 cos(40) + 63) + 4/ r11(r —2m)(9 cos(40) + 15)} + 0(&2),

+0(e®), (45a)

(47a)
@ 3\/—8mcos(29)(m+r)4
0T 2(4/r(r—2m)—m+r)3
+ 8mr(r —2m)2{m* — 4m3(y/r(r —2m) + 4r) + 20m2r(+/r(r —2m) + 2r)
156%2m?

oA/ T5G =2 — 32mr® + 8/ =2 4 1))

—4mr2 + 8m*(24/r5(r —2m) + 13r3) — 5m3(324/17 (r — 2m) + 73r%)

+ m2(268m +409r°) + cos(40){4m°r? — 8m4(2m +r3)
+m3(=32¢/r7(r —2m) — 115r%) + m2(1164/79(r — 2m) + 191r°)

— 84m+/r11(r —2m) — 102mr® + 18(y/713(r —2m) + 1)}

+30(y/713(r —2m) + r7) — 6m(264/r11(r — 2m) + 31r)] + O(¢?), (47b)

o (LD_ _ 3\/%”” sin(20)(r ¥ v/r(r —2m))* N 15¢°m*r sin(46)
Tro 8v/r(r—2m)(W/r(r—2m)£xmFr)® 4n@2m—r)(V/r(r—2m)£mFr)3
+0(&%), (48a)
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3\/—em sin?(20)(r — v/r(r —2m))*

" e 8(v/r(r—=2m)+m—r)3
15¢2m?sin?(26) 5
0)4/75(r —
+871:1"(1"—2m)2( r(r—2m)+m—r)3{12m cos(20)/r>(r —2m)

—12m3 \/m + 24m2\/m +r2cos(260)(r —2m)?*(m? —3r?)
—r2(r —2m)*(m? — 6mr + 3r%) + 3cos(20)/ r11(r — 2m) + 34/r11(r — 2m)
—9m cos(29)m— 15m \/M} +0(e®), (49a)
@ ) 3\/gsm sin?(20)(y/r(r —2m) + r)*
]¢¢—r sin“(0) + S 2 —mi 1)

15¢2m?sin®(260)
[—4m®r> + 8m*(24/r7(r —2m) + 7r)
47‘cr2(r —2m)2(+/r(r—2m)—m+r)*

—m3(64+/12(r — 2m) + 125r%) + m*(764/r11(r — 2m) + 109r6)

+ cos(20){4m°r3 — 16m4(\/m +2rY) + m3(16m +5r°)
+m2(204/r11(r — 2m) + 41r%) + 6(4/715(r — 2m) + r8)

— 6m(4y/r13(r —2m) + 5r7)} + 6(1/r15(r — 2m) + %)

—6m(64/r13(r —2m) + 7r7)] + O(e). (49b)

1) numbers in the superscripts mean those j,;y are associated with which of p%) in (42) with
(38). (Origin of jl(\/}l’\?) is (37), then it turns out above (41) that ,u(l) is unphysical and ,u(z) is

physical. j(z) is associated with u(®.) 2) Killing vector in the system above is £ = (1,0,0,1)

as well. With either Jz(v}z\?)’ 3) Einstein eq. is satisfied to g2-order. Also from either ](1 :2) 4)

MN >
(31) can be obtained using following one, (34) with (35) and (41):

. m_2 ot \/—m(m —4p?)(3cos(20) + 1) 5m4(1—12cos(29) 21 cos(40)) 22
~ 2p p 32p2 512703
+0(&3). (50)

A.6 Commenton ¢, ,

Positions of the horizon in supertranslated isotropic and Schwarzschild coordinates are

1,|5 5
Phap = E+—\ —m£(3cos(29)+1)—4—82msin2(29)+0(83), (51)
’ 2 8\n 167
15
Thap = 2m—8—€2msin2(29)+0(€3), (52)
’ T

where 1y 4p gets to this above regardless of j](v}]’\?). Then it turns out py, 4p can be transformed
to ry, 4p through (34) (u(p) is replaced by (35)), but ry, 4p is transformed to

m 5 3cos(20)+1 1 — B 45¢2msin?(20) 3
5+ \l: me(——g——— 16\/6( 1+cos(40)) = ——————+0(e").  (53)

through (42).
Since j,;y can be transformed to gy by (42), r-coordinate corresponds to p-coordinate
by (42). However, as mentioned above (41), there is freedom for how to take c; ,. Moreover,
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as the problem of how the coordinates are patched toward a spacetime, there is ambiguity up
to ¢y , for the mapping of each point in r-coordinate to each point in p-coordinate through
(42), and vice verse through (34).

Actually, the position of horizon in the Schwarzschild coordinate is obtained if one proceeds
calculation with unfixed c; , as

om+ 28y 22 —15msm2(29))+ 0(%). (54)
4m 4m 8n

Here, the position of horizon in the Schwarzschild coordinate obtained from pj 4p through
(34) (this (34) is given with unfixed c; 5) is (54). Therefore, the position of horizon in the
isotropic coordinate is always mapped to that in the Schwarzschild coordinate.

Toward (54), if we take as ¢; =0 and ¢, = %;2(29), Pr4p can be obtained through (42)
(this (42) is given with these ¢, 5). However, the ry, 4 at that time is 2m + O(&?).

One may consider to determine c; , based on agreement of the positions of horizon. How-
ever these should be zero for the reason under (41), therefore the positions of horizon deter-

mine to those obtained from c12 =0, (51) and (52).

B 2D effective near-horizon action

We have obtained the metrices with the supertranslation correction to the second-order in the
Schwarzschild coordinates. In this section, obtaining the near-horizon expression of these,
we consider the scalar field theory. Then, expanding the field by the spherical harmonics, we
integrate out its (0, ¢). We will finally obtain 2D effective near-horizon action. The scalar
field theory we consider is

1 . .
Sscalar = EJ d4X % _g]MNaM¢ aN¢’ (55)

where M,N =t,r,0, ¢, and j”N mean j®MN_ We do not include the mass and interaction
terms, since these are ignorable in the near-horizon [46]2.

B.1 Near-horizon metrices

To obtain the near-horizon expression of (55), we first obtain the 4D metrices JI(V?])\I in Sec.A.5
in the near-horizon. For this, we replace r in those ]]%)V with rp, 4p + Ar (Ar =1 —rp4p and
I'nap s given in (52))3, then expand around Ar = 0. Writing these as t,y,

2It is considered that theories effectively become 2D free massless in the near-horizon at the classical level as
the particles effectively fall freely and these longitudinal motions get dominant.
3We give the Jacobian and partial derivatives when we change from r to Ar. We denote the old and

new coordinates as (r, 6) to (Ar, §). The relations between these are Ar = r — r,(6) and 6 = 0.
ar ar
3 a8 A A 3 a(a Eil 26 2 i
Then, drd = ZE%) 3§ |d(ar)dé = d(Ar)df. Further, £ = 9085+ 28 = 4o and
I
2 2@ o 002 __2n(0) 2o 2
36 — 36 a@an 636 36 a0 36"
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Ar  Ar? 15sin2(260) (3A 2A1r3/2 3Ar2
= ( r r (ArB))+ez sin®( ){ r_\/_ r r
47 4m m3/2 4m?2

+0 (Ar3) } +0(e®), (56)

8215 sin2(29){ 3m _ V/2m N 6 3VAr N 2Ar
4Ar  JAr 4 242m 4m

+0(ar’?)} +o(e?), (57)

t, = (%+1+O(Ar3))+

3Ar3/2
16+/2m3/2

tog = (4m2+4Arm+Ar2+o(Ar3))+ez4\Ecos(29){m2—m3/2«/§\/E

5 5 0¢?
+2mAr — Z\/ZmAr?’/z + ZArZ +0 (Ars/z) } + 9—8{2m2 cos?(260)
T

m(41cos(49) + 39)Ar _ v2m

—4v/2m®2 cos2(20) VAT + : im(14cos(49) +13)Ar3/2
2
(S0 1)), -

5
top = sin?(6) (4m2 +4Arm+Ar?+0 (ArB)) +3¢\| = sir12(29){2m2 —2v2m2V Ar
i

)
gzw{mz COS(26)
T

3
+4mAr —5/mArY? + ZAr’ +0(Ar%?) |+

_ 2
—2v/2m%2 cos(20)V AT + %(21 cos(20) —1)Ar 4 21 €0s26) — DAr

8
+% V2m(2 — 29 cos(20))Ar%% + 0 (Ar¥2) } + 0(e?), 59

NE 22 27Ar%2  Ar?
tg = —3¢\| = sin(26){ ‘/_—2m+Z,/T«/Ar—6Ar+ 7ArTE _Ar
T v Ar 2V 2 164/2m 2m

. 2 3/2
+o(ar’?) } L 2158in(40) m*  3m*®  19m _ 41/myAr
s 2Ar  J2J/Ar 4 442

33Ar  329Ar3/2  5Ar2
43340 3294177 | SAr +O(Ar5/2)}+0(e3). (60)
4 32+/2m m

010.17


https://scipost.org
https://scipost.org/SciPostPhysProc.4.010

Scil SciPost Phys. Proc. 4, 010 (2021)

Contravariant metrices toward these are obtained as

 _ (_2m _ Ar ) 245sir12(29) _2v2m . JAr
‘ _( ar ' om +O(A )) 2n (2Ar 3\/Ar+1 V2m
7Ar
to +0(ar¥?))+0(e), (61)

2 3/2
o (£+O(Ar2))+ 5 15sin (20)(3Ar Ar +O(Ar2))+0(83), (62)

2m T 16m 4/2m3/2
1 Ar 1 v Ar
00 _ _ 2 2 _ 3/2
t?Y = (4m2 e +O(Ar ))+3£\ ncos(ZO)( [ 5 +O(Ar ))
245 11cos(46)+13 (11cos(46)+13)vA (65 cos(460) + 79)Ar
+e2—>(
8w 4m?2 vV 2m5/2 8m3
+0(ar®2) ) +0(e%), (63)
3 v Ar Ar
re _ .27\l 2 _ 3/2
t" = 84\ 51n(29)([ 2 2 +0(Ar ))
15sin(46) 6vA 16Ar
&2 3/2 3
16m (m - x/_m'é’/2 m?2 +o(ar ))+O(8 ) (64)

csc? 0 Ar 5 1 JAT
t?? = 4 (———+O(Ar ))+3€\ ﬂmtze(_ﬁ—’_mwz"'o( 3/2))

m2  m3
245 cotZ(Q)(cos(29)+2 (cos(29)+2)1/_ (11cos(26)+ 25)Ar
T 4m?2 Vv 2m5/2 16m3
+0(ar®2) ) +0(e?). (65)

We can check these are the inverse each other in the range of €. (Leading of these are the
same with just a Schwarzschild, which is the technical reason for our result, no change.)

B.2 Hawking temperature in the original 4D

We have given the Killing vector in (A.5), and obtained the position of the horizon in (52) and
the near-horizon metrices. With these and the formula: x2 = —2DM&ND,, £y, the Hawking
temperature in the original 4D spacetime can be obtained as

Ty = 1/8mm + O(e). (66)

This is the same with the one in just the Schwarzschild. We can understand this as follows.
Generally, Ty = 4Ln|8rf(r)’r:rh| for ds? = —f (r)dt?+f Y (r)dr?+- -, where f(r)|,—,, =0
(these f(r) and ry, are irrelevant with this study). However, our f (r) behaves same with just
the Schwarzschild at Ar =0 (r = rp, 4p) as in (56).
Our Hawking temperature might have been expected to depend on the angular directions,
which breaks the zeroth law of black hole thermodynamics. However, we could expect from
the result above that it would be always out of the analysis’s order.
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B.3 Near-horizon action

Having obtained 4D near-horizon metrices, let us obtain near-horizon action. For this, we
write down (55) term by term, then express each line order by order as to £2-order as

£ of (55) = —¢* 3 {(v=t + V=t + v=£D)(t11© 4 1 @)3,} ¢ (67a)
—¢* 3 {(V=tV + V=t + V=) (7O 1 @), )¢ (67b)
—¢ 0 {(v=t? + vt + v=t?) (0D 4 93, } ¢ (670)
—¢*39{(«/—_t(0)+«/—_t(1)+«/—_t(z))(tee(o)+t99(1)+t99(2))39}¢ (67d)
—¢ 0 {(v=t® + v=t + v=tP) (0D 4 0@)3 }¢ (67¢)

—* 0, (V= + V=t 4 /D) (99O 4 40D 4 99D, 1, (676)

where the numbers in the superscripts mean the part of that quantity at that order when that
quantity is expanded with regard to & *.
We write the order behavior of the ingredients in (67a)-(67f) based on (61)-(65) as

e V4 VTV e V=P~ (L4 AR + (1 + VAR)E + (1 + VAR)ES,
o t1O 4@ L (AP 4+ 2(Ar) 7

o t7O 4@ Ar+ Are?,

o 70 4702 o W ATe 4+ (14 VATr)e?,

o 9900 4 000 L 90 L (1 4+ AF)+ (14 VAr)e+ (1 + VAr)e?,

o (PO 4 #9992 L (14 AF)+ (14 VA)e + (1 + VAr)e2,

With these, we can get the order behavior of the each line (67a)-(67f) as

(672) ~ (é +1+0(ar?))+ s(i I +0(ar’?))

Ar  /Ar
2f 2 1 3/2 3
+e (Ar A ))-I—O(é‘ ),
67b) ~ (1+2ar+0(Ar?) ) +e(1+ 3‘/2A_r +0(ar??))
+e2(2+ 3‘/2A_ +2Ar+0(ar¥2) )+ 0(e%),
(67¢) ~ s(leA_r + BJZA_r +0 (Ar3/2)) + 82(‘/% +2+ 3‘/_ +0(ar®?) ) +0(e),

(67d) ~ (1+2Ar+0(Ar?))+e(2+2vVAr +2Ar + o(Ar3/2))
+e2(3+4vAr +3ar +0(ar®?)) +0(e%),

(67e) ~ e(VAr +0(Ar®*?)) +&2(1+2VAr +2Ar +0(Ar*?)) +0(?),

670 ~ (1+2ar +0(Ar?)) +e(2+2vAr +2Ar +0(ar®/?))
+e2(3+4vAr +3ar +0(ar®?))+0(e%).

We find (67a) is dominant and others are vanish or ignorable compared with (67a) at
Ar — 0. Therefore, from the viewpoint of which parts remain at Ar — 0, we may remain

“E.g., V=t + v=t + v=t® means the first three terms writing as v/—t =(---)+ (- )e+(---)e2 + -+
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only (67a). However, since the (t, r)-space is crucial in the analysis of Hawking temperature
and flux, the parts on and tangling with the (¢, r)-space are indispensable in our analysis.
(Also note that (67b) makes the action at Ar — 0 finite.) Therefore, remaining (67b), (67c)
and (67e) in addition to (67a), we consider the following action:

(67) = VH (' 18,6" 00 — 70, 0" 0, b — 708, 8" By — 0By "B, h) + -
or or 2
_ J—_t(t“atqb*atqs+t”(ar¢*+ttTagqs*)(arqurttTagqs) (t )

o™ 3¢ )(68)

as the near-horizon action, where “---” is (67d), (67f) (the terms Vanishlng at Ar — 0 and
irrelevant for the (t, r)-space) and terms under g3-order.
Let us look (tgr)z/t” and ter/t” in (68). Using (61)-(65), we can write these as

tor 3.5 .
. F:gi\ligsm@@)(‘/_‘/—r_E"‘O(‘/_))

—¢ 81—51n(49)( \/_1/_ O(Aro))+0(£3), (69a)
6ry2 2
(ttrr) 2455;;7&26)(,,12 jﬁ\/n;z +O(Ar1))+0(e3). (69b)

Thus, (¢97)2/t"" is ignorable in the limit Ar — 0, but 7/t is not. However t?7/t"" is
ignorable finally in the analysis of Hawking temperature and flux for the following facts:

* We can regard & o 89¢ as the r-component of U(1) gauge field in the sense that we
can evaluate the anomalies and currents associated with it using the way to evaluate
those for U(1) gauge field. The point here is that it is composed of the t-independent
r-component only, therefore we can see by looking at (4) in [43] the gauge anomalies

. or or .. .
do not arise from %agqb. Hence, %agd) is irrelevant of this study.

* Next, as for the gravitational anomalies, since J* is zero according to (4) in [43], the
second term in r.h.s. in (16) in [43] is some constants. The first term in the (16) will be
also zero, since our gauge field is composed of only t-independent r-component.

Hence, since t77/t"" has nothing to do with gauge and gravitational anomalies, we can ignore
it in our analysis and are allowed to write the near-horizon action we consider as

Soh = %fdx4\/—t(t“3tqb*3tq§+t”8rqb*8r¢). (70)

Let us obtain the concrete expression for (70). For this we write as
L of (70) = — ¢*{(vV=0) Pt ©}5,8,¢ — p*0, {(vV=0) Dt "3 ¢} (71a)
— pH{(V=0)Ot"@ 4 (V=) + (v=1)@)g"'}5,5,¢ (71b)

~$" (VOO D + (VEOV + (VOD) g g, (710

where the meaning of the numbers in the superscripts are the same with (67).
We list the ingredients needed to calculate (71) as

o (V=0 =4msin(0)(Ar +m), (72a)
Z (V=D = 90£2m? sin(0) cos?(0)(3 cos(260) — 1) \lssm sin(60)(3 cos(26) + 1),
i=1,2 n T

(72b)

o 'O =_om/Ar, 7O =Ar/2m, (72¢)

o '@ =_45:2msin®(20)/4nAr, 7P =45Are?sin?(20)/16mm. (72d)
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Using these, we can obtain the concrete expression of (70) to g2-order as

(70) = _f d*x (2m)? sin(@){l + §\175(1 +3cos(260)) e + ﬁ(—sm(ZQ) —cos?(6)
2\n 27 4
+3 cos?(0) cos(29))82}¢>*(t”at8t +3.(t""3,))¢ 73)
_2am 2n
Ar’ 2m
2m 15¢2m?sin?(20) r—2m _ 15¢2 sin2(29))
©2m 167 '

(¢, ¢ = (

B (_r—2m_ 41(r —2m)2

(74)

Note that the mass parts in the denominator of —2A—”rl and numerator of % do not agree each
other. We fix this point in (80b) by defining the effective mass (80d).

B.4 Integrate out of (0, ¢)

We will obtain the 2D effective near-horizon action by integrating out (8, ¢) of (73). For this,
we first expand ¢ by the spherical harmonics as

$(6,1,0,8) = D diu(t,1)V"(0, ). (75)
I,m

Then defining the following A, i, (dQ2 = d6d¢ sin 6), we can write (73) as

Atm,kn Zf dQ{l + %@(1 +3cos(20)) e

ﬁ(sin(ZG)
27 4

73)=—>. ZJ dedr(2m)?{

I,m k,n

— cos?(0) + 3 cos?(0) cos(26) )e? } (V) Yy, (762)

2m 15m?e?
r—2m Mk 4n(r —2m)2

r—2m 15m?e? .
+ ¢;<mar(7/\lm,kn - fdg sin?(20)(Y"'Y{") 3, $in }- (76b)

¢l*m( _ JdQsin2(29)(Ylm)*Ykn)at3t¢kn
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We can evaluate all kinds of the (0, ¢)-integrals in (76b) (totally four) using (77) as®

. f dQcos26 (Y,")*Y™

2(—1)2m ((I+1)2—m?)((1+2)*—m?)

4m?—1 @I+ 1)(20+5)
=516 + 51 015
412 4 4] —3 KTnm 20+3 k=2, %nm
_ A _
= Izqn(; O110nm t+ Ilrfl 5k—2,15nm = lAm,kn: (78a)

° J dQcos? 6 (Y yy™

(—1)2m ((I+1)2—m2)((1+2)>—m?)

212421 —2m?—1 (l+1)(20+5)
= O0k10pm + 5. 5.8
41+1)2—4(1+1)—3 H°mm 21 +3 k=21%nm
=1,° 5118 um + L, Skt Orm = Lo s (78b)

. J dQsin®(20) (Y'Y,

_ 8(—1)?>™(I(1+ 1)(1? +1—=5) +2I(1 + 1)m? —3m* + 3)

(21 —3)(2l —1)(2L +3)(2L +5) Ok Onm
ameaiy | (@ +1)2=m2)((1 +2)2 —m?2)
41 q 412 +12] +5
(=122l —1)(21 + 7) — 4(=1)*>"(I(l 4+ 3) — 7m?)
x 5k—2,l5nm

72l —1)(2l +3)(2 +7)

Q (0 + 12 —m2)((L+2) = m2)((L+ 3> —m2)(L+ 4P — m?)
21+ 1)(21 +3)2(21 + 5)2(21 + 7)2(21 + 9)

= Ifn(; 5kl5nm + Ilcnzl 5nm5k—2,l + Ifni 5nm5k—4,l = IC

Im,kn>

_ 4(_1)2’" 5k—4,l5nm

(78c)

. J dcos 26 cos® 6 (Y™

_(=D)P(2(=8I(L+ 1)m? + L(1 + 1)(21(L + 1) — 7) + 6m™) + 30m? + 3)
B (21 —3)(21 —1)(21 + 3)(21 + 5)
om—oir| ((L+1)2—m2)((I +2)2 —m2)
1 \J 412+ 121 +5
y 8(—1)?™(I(1 4+ 3) —7m?) + 5(—=1)? (2l — 1)(21 + 7)
7(21 —1)(21 + 3)(21 + 7)
q ((1+1)2=m2)((1 +2)?2 —m2)((L +3)2 —m2)((I +4)> —m?)
2L+ 1)(21 +3)2(21 + 5)2(21 + 7)2(21 + 9)
=T 5118 nm + 1.2 SOkt + 1 SpmOrqy = IP

Im,kn"

6kl 5nm

6nm6k—2,l

+ 2(_1)2m 5nm5k—4,l

(78d)

>Necessary formulas for the calculations (78a)-(78d):

"y ="y, f an (Yl':‘l )*Yl;"Z = 61,1, 6 mymy> Jdﬂ sinze(Y[I"l)*Yl;"Z =0 and

My oy M N J @@L +1)(21,+1)
fdﬂ (Ylll)'(YIZZ) YLM = m(llolzouoﬂll my L my|L M),

where (l;m;l,m,|LM) mean Clebsch-Gordan coefficients [47]. We can obtain (78a)-(78d) using (77) by rewriting
these integrands into the form of the 3 products of spherical harmonics. To be concrete, express cos(28), cos? 0,
sin®(260) and cos® 0 cos(26) by Y, ¥, and Y, (e.g. cos(20) = g\/?YZO - %YO").

77)
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Next problem is it is not diagonalized with regard to k and [. This reflects the shape of the
horizon of our 4D black hole is not a sphere. Actually, it depends on (6, ¢) as in (52) (for
zeroth law of black hole thermodynamics, see Sec.B.2). In the next subsection, we diagonalize
these by redefining fields, which corresponds to rearrange appropriate bases.

B.5 2D effective near-horizon metrices
Using (78a)-(78d), we can write (76b) as
2m 15m2e?
2 *

kn lm

r—2m 15m?e?
+ ¢znar(WAlm,kn - Wz—kn,lm)arqblm}

= J dtdr (2m)*Agp, 1m((&et)en, 1m0t Pin O Pim + (8etin, 1mOr PinOr Pim)> (79

kn Im

where (geff)]t{;’ 1 and (geff)l’;;,lm are the 2D effective near-horizon metrices given as

Aot (1 432 \F (1437 o) + 55 (L2 +322) )

1 135
IBZ + SI ) 2)5k—2,l5mn ID4825k—4,l5mn
= A§Sj5k15mn + Alm)(sk_m S + A DS 416 s (80a)
2 2(meg)
(geff)kn Im =- i = el n, Im + 0(83): (8Ob)
F—om— Ikn “kn,lm 15me2 r— 2(meff)kn,lm
Akn lm 87‘[1‘
(geff)]’;;,lm = ((geff)kn lm)_ > (80¢)
15 C 3 Akn,lm 2
(Mef)kn, im =m + Py Ikn Im€ 24 0(e )Em+Ts , (80d)

=1+ 0(£%) in (80d), 2) we defined A(024) A im and (Meg)in, 1m> and 3)

(Mettkn, 1m get depended on r, which may be concerned However metrices before the near-
horizon limit in SecA.5 satisfy Einstein equation, and

(gett)t! 1+— 5 in 2, 225 Finin)” o(e%) (81)
—1+—- + + :
Eeff kn,im = om  16mm © 128mn2r © ¢

Therefore, r-dependence is out of the analysis’s order. (Hawking temperature and flux are
obtained without any problems later.)

We perform the summation with regard to k and n. Then, the indices k and n in all the
(Zett)r tm> (Meftdin, 1m and Apn, 1m become [ and m for the delta-functions in (80a). Therefore,
to shorten the expressions of equations, we in what follows denote these as

(&et)im im = Cetimy  (Medim,im = (Medims  Aim,im = Bim- (82)

In what follows, tt- and rr-parts are basically same. We check rr-part only at the check-
point.
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In (79), we consider to change the front factor (2m)? to (2(meg);,,)?. For this we evaluate

2m)? .
Be = A, m- With

(2m)?

_\enJ) 1 ZAlm 2 3
2(Me)m)? ! mr +0(e”), (83)

and Ay, 1, given in (80a), we can calculate in g2-order as

2m)? 2A
EICIE (Enmi )zAggg A(")——Ir’" e2+0(%) =02, (84a)
effJim
L0 SNC JRNC I (84b)
(2(meg)im)? ™ tm ’
@Cm)® @ _ @ +0(e%) (84¢)
@(mgg)y 2 m — Sim TR ‘
Therefore, we can write the tt-part in (79) as
lmax
(79) = Jd X (2(meg)m)2(L0 + £2) 1 £19y (85a)
l 0 m=—I
+ Z Z fdzx(z(meff)lm)z(a(m+,c(2)) (85b)

=lpax—3 m=—1

TTl(lX

+ Z Zfde(Z(meff)lm)%g?n), (850)

1=l gy —1 m=—1

where L0 =AN(g. )it 8,08, by forK=0,2,4, (85d)

l[hax is finally taken to oo. The ¢;,, with [ larger than [,,,, are zero, since no such ¢, exist
by definition. Calculation from (79) to (85) proceeds irrelevantly of either tt- or rr-part.

Focusing on (85a), we write its integrand as

(2)

4
(geff)l+4m ()
) t¢l+2m

——m_ma
(gefd; @(0) ¢l+4m) t(plm)’ (86)

(geff)l+2m

le (O)(a ¢lma ¢lm ( (g f)“ @(0
eff/im

Qm = (2(meff)lm)2(geff)ltm

0 are in (84a), and we defined Q;,, to shorten the expression. Rescaling as

Im
d)lm i W or all l, m, (87)
(elm)
we can rewrite (86) as
(gerr)i A?
86 = b, tun+ (zn g
fim (€70, )
@ity Al
o, % bim |- (88)
(0) ~(0) 1/2 t l+4m) trim
(geff)lm (@ el+4m)
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Rescaling above can be understood as follows. Writing ¢;,, as (@l(?n))_l/ 2(@523)1/ 21, treat
as ¢ = (@l(gl))l/zcj)lm. At this time, S[¢] = S[(O@©@)1/24(e")] but of course

Im

D # Dp™) = TD¢ formally writing, therefore,

J D¢ exp(—iS[¢]) # J D) exp(—iS[(O@)/2¢ "W, (89)

and J involves r somehow as can be seen from (91). However, 7 would be finally just a
finite numerical value, although we could not evaluate its numerical value specifically. This is
because our analysis is the one with the Ar (= r —ry, 4p) assumed small, therefore the values
of r in our analysis are always some values slightly larger than r, 45. Therefore, in (89), J
is just some finite number and its rh.s. can be finally written as JZ, (Z4 = Lh.s. of (89)),
and the effect by the rescaling of (87) is irrelevant in the following analysis®. Even if 7 is a
divergent quantity it is still a number, therefore the conclusion is not changed’. In any case,
following a general formula: fDd) exp(—i f dx* f dy* ¢ (x)M(x,y)¢p(y)) o< Det M, there
is no difference finally in the results of the path-integral obtained with/without (87).

It is important to give attention to the consideration above that r-direction is finite as it
is related with the problem of boundary condition (this is the problem arising even in the
classical level) and a fundamental supposition in the quantum field theory that spacetime
spreads infinitely (breaking of translational symmetry at the boundary in r-direction may be
needed to be cared, if to be exact).

What is being done in this section is just to obtain the expression of the action, not obtaining
the solution, therefore these problems are irrelevant in this section. However, since we treat
the quantum effect in the next section, we give attention to these problems.

In the next section, we use the formulas of quantum anomaly. Although author has not
checked the derivation process of these one by one entirely, these are obtained by once ob-
taining these in a flat spacetime, then by replacing the derivatives in these with covariant

To understand this, let us consider the following path-integral for a limited section, r, < r < ry,
mn
Zy~ J D¢ exp(—if dro(r)f(r)¢(r)r™),
To

D o< [ dor), J dro(Mfr)¢(r)r2~ > d(r)f(r)¢(r)r Ar,

i=0to 1 0 i=0to 1

where f(r) is some function with derivatives J,. r; is the discretized coordinate, which represents some points on
ro < r <, and Ar corresponds to dr. “~” in the first line means, roughly saying, an expression having been
reached performing path-integral for canonical momenta.

Now, consider to change the variable of the path-integral as ¢ — ¢ ") = ¢ r~!. At this time, the expression of
Z, is changed as

zZo— [ n f D) exp(—i f dr 60 £ () 90,

i=0to1 0
where [ [ dg(r)— [] rdeor™ =] n- ] de™ .
i=0to 1 i=0to 1 i=0to 1 i=0to 1

[Ty 7: corresponds to 7, which is some finite number. The rescaling of (87) is likewise.

7Let us just check the difference with the case of quantum anomalies. For any gauge transformation,
Z4 = Z, . However, for some kinds of gauge transformation, the path-integral measure is not invariant, which
we formally represent as D¢’ = JD¢p. Action is also not invariant in some cases, which we represent as
S[¢']=S[p]+6S[¢]. Therefore, Z,, = [ TD¢ exp(~i(S[¢]+85[¢1)) = [ D¢ exp(log 7 —i(S[¢]+55[$ 1)),
from which log 7 —i6S[¢ ] = 0 is obtained. In evaluating log 7, some regularization is needed. As a result, log 7
is given as some function of field strengths (e.g. around Eq.(5.20) in [48]) and the quantum anomaly is given,
which is the different point from the case of (87).
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derivatives [49]. In these derivation process, the supposition that the spacetime spreads in-
finitely would be used.

Therefore, as what we do in fact, our study focuses on the vicinity of the horizon before
taking the quantum effect, and quantum effect is taken in after focusing on the vicinity of the
horizon, however, as the problem of how to consider, it would be possible to consider by the
following way: 1) performing the analysis for the quantum anomaly in an infinitely spreading
flat spacetime, 2) then replacing that flat spacetime with the one in this study with r-direction
not limited, 3) then just focusing on the vicinity of the horizon (not limiting r-direction), 4)
we have used the formulas of quantum anomaly at there. By considering like this, problems
mentioned above are considered not to arise in the analysis in this study.

We here would like to look at the calculation from (86) to (88) via (87) in the rr-part,
since @l(gl) depend on r as can be seen in (84a), and at (88) in the calculation of the rr-part,
the following equation appears, and which can be calculated as

rr (K)

(geff [+Km Alm 2 ( ¢I+Km )3 ( ¢lm )

o ) “r (0) 1/2 (0)\1/2
(Settdim @) (09, ) (&)
K
_ (geff)lr.:Km Agm)

(a’”@l(-(g(mqbl"‘Km_ arqsl-b-Km )(arel(gjqblm_ ard)lm )

T (0) ©0) 3/2 ) \1/2 (0))3/2 (0))1/2
(geff)lm @lm 2(®l+Km) (®l+Km) 2(Glm ) (elm )
(K)
_ (geff lr.:Km Alm ar¢1+Km arqslm 3
(&) 0@ (@ Y12 m1ﬂ+o@)’ 0
el Im Im (61+Km) (elm
where K = 2,4 and
(g )rr A(K)
eff)l4km 1462, AE) eKI2, 00 v1te+ (1 n r—l) £, _im ek/2, 91)
(g rr Im Im (0)
eff)im @lm

from the definitions of (80b), (80a) and (84a). Therefore, the extra terms drop and the rr-
part at (88) can be obtained in the same way with (88) except J, and (gef); -

Then, for the parts in (88), the following calculation can be held in g2-order:

(8ef) ik m A% A% w0
—_— 3 —
(&)l (0@e@ /2 (g0g@ 1/2 +0(e7) =20, (92)
tm ( Im l+Km) ( Im l+Km)

for all [, m, where K = 2, 4.

The one above can be actually checked with the (gq)!" Afﬁ) and @ff)n) given in (80b), (80a)

lm’
and (84a) respectively, and can hold in the case of rr, namely if (ges);" ;. and (ges);. are

(8eft) [+ @0 (8esr); 1,- Using (92), we can write (88) as

—(2) —(4)
(88) = (8070t Pim + 2(Ay O b2 m + My 0 D71 41m) e Dim)- (93)
We here define
2) _ (2 4) _ (2 —(4)
Fz(m) = Azm 3t ¢l+2 m> Fl(m) = Azm 3t ¢l+2m + Azm 3t ¢l+4m: %94)

to shorten the expression of the equations (Fl(:z) is not used immediately). Then,

93) = (|8 b1 + T = (A2) 0,07, 300 Lyam) (95)
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)

where A( ~ eX/2 from (92) and l"l(;)*l"l(:) (A (2)) e D} om0 Pream +O(e°).
Performing the calculation regarding (85b) likewise, we can write (85) as

lmax

ROy
(88) = fd x (|8 pim + T | = O 7' 2m @ brsam)
1 0 |ml=0

max

+ Z Z Jd xﬂlm |a ¢lm rl(:l) (A(Z)) 9 ¢l+2m8 ¢l+2m)
1=l

max—3 |m| 0

lmax

+ > f d%x Q. d7, B, bim + O(62). (96)

[=lpax—1 |m|=0

Calculation for the rr-part from (88) to (96) can be proceeded without problems, and the
rr-part at (96) is also obtained basically same with (96).

Now we consider to do uniformly slide each “le(A(z)) 20N +2m8 ®142m  appearing in the
line of [ to the line of [ + 2 in (96). For this, let us check le(Alm) :

374242
—(2)2 405m (Ilm 9 3
QA =—¢“40 s
(M) 2t —2my & T o) (97)

where Il are numbers in (78a). Thus we can write le(A( )) changing its [ to [ + 2 as

(2)

2
<22 (Z,) —2) 2 _ -
( = L Ql+2m(A1+2m) + 0(83) = Ql+2m':'l+2m: (98)

Qm —
( l+2m)2

where

(T2 @L+9)@l+ 70 ((1+1)* = m?) ({1 +2)* —m?)

= s 99
(ZAz )2 QI+1D)2L+3)2(1+3)2—m2)((1 +4)2—m?2) (992)
1+2m
IAz 2
_ —(2) 2
Sram = 2, (Aam) (99b)
( l+2m)
With (98), we can replace as
(2)
le( ) Z ¢1+2m8 ¢l+2m - Ql+2m‘—‘l+2ma ¢1+2ma ¢l+2m for all l m. (100)
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Therefore, uniformly sliding each “le(A(z)) 0t ®/ 0Ot Prom” by 2 regarding [ in (96),

1 l
©6) = > > Jd 3 |3 bim + T |

+ Z fd X Q |8 Pim + F(4) ~Eim ¢ 0c Pim)
=2 m

le

+

4)12
d%x Q| 0, P + T

—

[=2 |m|=l-1

Y

I= lmaX—B |m|= 0

A2 (|8 b1 + T ~ B 8,078 b1m)

J
v g

max

LSS | il 2L

1=l0x—3 [m|=1—1

lmax

+ f d Xle a ¢1ma ¢lm _‘—‘lma ¢1ma ¢lm)
l= max_]-|m| O
lmax
+ > fd X Q8 Bppim + O(2). (101)
[=lpe—1 |m|=1-1

We once again perform the rescaling of the fields as

Pim forl =2,3,-+,l,4 (I =0,1 are not included)

Pim = o iz
(1—Em) and l/m|=0,1,---,l—2 for each . (102)

This rescaling is possible by the same reason written around (89). At this time, Kgi) ~ gk/2
(see under (95)) and 1% and 2 ¢ % can stay same in g2-order as
Im t Im

[0 =T +0(%), p T — dp T +0(e®) (103)
for all [ and m, where K = 2, 4.

Therefore, we can exchange the lines in (101) with the squared form as

K)2
|0 b1m + T8 = Eim 8,975, 8e bim — 8 pim + (104)
where “—” means the rescaling (102). Therefore, we can write (101) as
lmax
2
(101) = Jadzxsym|8¢nm +T
l 0 m=—I1
max 2
+ Z Z Jd Xle|a ¢lm F( )|
1=l —3 m=—1
lmax
+ Jd Xlea ¢lma (le (105)

I= max—l m=—1

We here would like to give attention to the rr-part. The point to be checked between (96)

and (105) is the manipulation (102): whether 3r((1_§'")1/z) (114)1'311/2 n 0(33) can be held
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or not at (102) in the calculation of the rr-part. For this, let us check the r-dependence of =;,,:

T2y A® 2 (Z,2)? 2
S = IA 2(—’"1/2) , where = are numbers, Agm) ~ ¢ and
( 1+2m ) 2(91(23@52)2’71) ( l+2m)

@l(?n) ~1+¢e+(1+r 1) Therefore, Zj,, is independent of r in £2-order. If so, the equation
above can be held, and the rr-part at (105) can be obtained as (105) as well as the tt-part
without the difference of 9, and (gef);,,

Since it can be written as follows:

—(4)
Brbim + T = B.( i + Mo Prazm + A Brsm), (106a)

2
Bibim + T2 = 8,(pm + A bream)s (106b)

let us perform the redefinition of the fields as

n @

® YPim= <Islm + Alm ¢l+2m + Alm ¢l+4m forl = 0,1,--- lmax —4, (1073)
—(2)

® Yim= ¢lm + Alm ¢l+2m for 1 = lmax -3, lmax -2, (107b)

[ (plm = ¢lm fOI' l = lmax - 1, lmax> (107C)

where m above are 0,%1,---, (1 — 2) for each I. The leadings of Kgln? is £K/2,

(87) and (102) are rescalings which can be absorbed as configurations of the path-integral
for ¢, for the reason written around (89), however (107) is recombinations. Therefore, the
Jacobian for ¢;,, = ¢, should be checked. Forming a matrix according to (107) We can
check it gives unit.

With ¢,,, above, we can finally obtain the decoupled 2D effective action which is equivalent
with (70) as a action in the range of 2 as

max

(105) = Z Z Jd xq)lm((geff)lm t@lm tgolm'i'(geff)zm r(le r(plm), (108)

[=0 |m|=0

where 1) &;,, = (2(meff)1m)2 and the 2D effective metrices are given in (80). 2) Einstein
equation can be satisfied with these effective metrices. 3) Since the labels distinguishing the
effective metrices are irrelevant of the spins, the effective metrices would not be changed if
we considered fermions [50-52] and higher spin fields [53].

Lastly, the behavior (91) is critical in the feasibility of the analysis in this subsection.

C Hawking Temperature in the effective 2D

We have obtained the 2D effective metrices, which are labeled by spherical harmonics modes.
From these, we can naively expect 1) existence of various Hawking temperatures for each effec-
tive metric, 2) correspondingly, breaking of the zeroth law of the black hole thermodynamics.
(Furthermore, 3) (Megt)kn,1m get depended on r as in (80d), though this is not problems in the
analysis’s order.) Hence, let us check the Hawking temperature.

We can obtain the position of the horizon in the 2D picture from (ges)¢¢,1m = O as

15mZ° 2 o}
(rh,ZD)lm =2m+ T + O(S ) (109)

As this is labeled by spherical harmonics modes, we can expect the points above. However,
the Hawking temperature obtained from the 2D effective metrices with the one above is

Ty =1/8mm + 0(e?). (110)
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This is just that in the 4D Schwarzschild and free from the concerns above. The reason of this
is the same with those written in Sec.B.2, where it is considered replacing with (81).

The original 4D and effective 2D spacetimes are different each other. However the Hawking
temperature in the effective 2D spacetime is generally considered to coincide with the one in
the original 4D spacetime. Actually the one above coincides with (66).

D Hawking flux by anomaly cancellation

We call the anomaly cancellation method as “anomaly cancellation”. Since our U(1) gauge
field does not arise chiral anomalies, we ignore it as mentioned under (69b). Hence, we do
not consider the Hawking flux of the electric charged current.

D.1 Set up of the radial direction

The key point in the anomaly cancellation is the fact of no outgoing modes on the horizon
at the classical level. To treat this situation in the anomaly cancellation, some interval from
(Th,2p)im in the radial direction are sharply divided as follows:®

(rh2pdim <7 < (Th2p)im + €1ms (111a)
("h2pdim + €1m <7 =< (15)im- (111b)

* €, represent the divided points, which are finally taken to zero,

* (r,);m mean the positions put by hand reasonably supposing that it is the maximum of
the r to where the description by the 2D effective action (108) is possible.

* (111a) is the region where supposed only ingoing modes exist at the classical level,

(111b) is the region where both ingoing and outgoing modes exist at classical level.

We refer to the two regions, (111a) and (111b), as the regions H and O, respectively. In
what follows we suppose the following corresponding in the 2D effective picture:

the outgoing modes — the right-hand modes,

the ingoing modes — the left-hand modes.

D.2 Hawking flux of the energy-momentum tensors

We consider the distribution function in the region (rp, op)im < 7 < (7)1 as

Z[ (et ®pm | = f D@1 €xpiSan((8ett)s Pims Pim)» (112)

where (geff)ﬁ:, ®;,, and ;,, are those in (108). Then, consider degrees of gauge freedom of
general coordinate transformation in that region as

xHs xH = xH —nH (xH). (113)

8Radial direction is sharply divided with e in all the papers of the anomaly cancellation, which is unnatural.
This problem is commented in Chap.4 in [46] and treated in [54]. There is one more artificial point in the anomaly
cancellation, which is to use two anomalies, gravitational and consistent anomalies. [55] cares this point.
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Variation toward these can be written as

o o
(62) 6;(g ) —+5A —+06;9 Z (114)
Im — ( L\&seff)im 5[,( eff L ulm 5LAu,lm L¥*lm 5L(I>lm)
with 6L(geff)ﬁ: — (V" + Vs (115a)
5LAu,lm _vu lmn Avlm + n vv lmAu lm> (115b)
(5LA‘IAm = _v,u ’)’) s Ayim + 1 vv lmAlm)
61 %1m = 1" ®im; (115¢)

where 6; means Lie derivative. [ and m are not summed. We keep A, ;,,, just in case.

Each (6Z);,, should vanishes, from which we can obtain the conservation laws for the
energy-momentum tensors at the classical level from (6Z2);,, = 0. Aside from these, quantum
anomalies exist as [56]

1

u _ poé a +
R v o o W TR A L Ity (116a)
(+/— — left- / right-hand mode’s contributions)
~ 1
VT i =F O Ry = A 1 (116b)

€
967 (—(gest)im)/?
(—/+ — left- / right-hand mode’s contributions)

where €' = 1 and €, = (gef)uq, lm(geff)vﬁ,lmeaﬁ. Top and bottom are the consistent and
covariant anomalies. T#, ;,, follow the boundary condition as

(TH)uv,lm| = =0. (117)

r=(rp,20)im

The conservation laws in the anomaly cancellation are given combining these as

3,%, 5Sop
VT im =Fpwimdie + Ay, lmvHJ;‘m—(_(gif)l’”)l/z 5 0, +both/either <7, (118a)
e m
~ 0,® 5S
VT i =Fpnimd e + A, iVl — v_lm 2D + both/either <7/;,,, (118b)

(—(ge)im) /2 61,81

1 6Sop 2 6Sop
= ) ” O1Au1m (—(8etm)? 51 (gese)y
according to both left- and right-hand modes exist or not. Anomalies vanish in “both” as the

left- and right-hand modes cancel each other.
We show (118) in our case by calculating these for the case v =t and r respectively using
(80b), (80c) and (80b) etc as

where Jl and T, jm = . “both” or “either” is taken

0,T"; 1, = both/either ﬂft’ilm(: +0, N 1m), 0T . 1m=0, (119a)
2 T“t im = both/either &/, (= £3,N" 1), 8,11 =0, (119b)
Toim =P+ FF)1921, N = (F 7= (f)?/2)/96m,

where f means —(gefr),r,;m and ' means J,. We have used the facts that our gauge fields are
ignoble (see under (69b)) and our dilaton is time-independent with our killing vector.
We give the expressions of the energy-momentum tensors we employ as

T'uv,lm = (To)'uv,lm@lm + (TH)Mv,lmHlm: (120a)
T“v,lm = (To)uv,lm@lm + (TH)Mv,lmHlm: (120b)
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where ©;,,, mean the step function 6 (r - ((rh’ZD)lm + fzm)) and H;,, is 1 —©;,,. Therefore,

(Tg)*y, 1 include only the right-hand modes, (121a)
(T,)",, 1 include both hand modes, which leads no anomalies. (121b)

(T)™ v,1m and (T, »,1m are likewise. Sharp expressions of (120) is rooted in setting (111).
From (119) and (120) with (121), we can obtain the identities we consider as

ar(TH)rt,lm = ”Q{tj_lm = ar]\/vrt,lm and ar(To)rt,lm =0, (122a)
O(Tu) tyim = F, 1= 0N 1w and (T,) (1 = 0. (122b)

From these, we can get the expressions of (T ,)";,;, and (TH,o)rt,lm as

r
(TH)rt,lm = (CH)rt,lm +J dr arNrt,lmn (To)rt,lm = (Co)rt,lm: (1233)
(rn2p)im
r
(TH)rt,lm = (EH)rt,lm +J dr 8rNrt,lm’ (To)rt,lm = (Eo)rt,lm7 (123]3)
(rh,ZD)lm

where ((cy)" ¢ 1m> (€g)"¢,1m) and ((¢,)" ¢, 1m> (¢5)"+,1m) are integral constants. The former two
are the values of those at horizon, the latter two are the values of those at r = (r);- (¢,)"¢,1m
is identified with the total amount of the Hawking flux (e.g. [43,57]%).

We consider an equation obtained from (123) as!0

(T) ¢, tm = (Te) e1m = (F £ = 2(f")?)/ 192 (124)
We can obtain the value of (cy)", i, from (124) with (117) as
. (f)? )

() cm = ——e(f " = 20£?)

—T 125
1927 ( )

r=(rnoplim 967 r=(n,20)im B 6

where fllr:(rh,ZD)lm = 41Ty, (Ty is (110)). Variation for (113) can be written as

(552D)lm = _Jdzx(_(geff)lm)l/znvvu,lmT“v,lm

= —f dx® ' (T) e.im — (Te) t.tm + N7 .18 (1 = ((rh.20)im + €1m))

+8,(N" 1 H)). (126)

?(€,)".1m can be identified with the value of the total amount of the black-body radiation through the identi-
fication of T", with that ((28) in [43]), where the fermion case is considered in [43,57] to avoid the problem of
superradiance supposing that it would be the same with the bosonic case.

Once one has checked that the value of T", can agree to the black-body radiations in the 3 kinds of the fun-
damental 4D black holes (Schwarzschild, Kerr and charged), all the papers concerning the anomaly cancellation
compute the value of T", in various black holes, and consider that it always represents the total amount of the
black-body radiation. We in this study also follow this way.

10There is one point. We can see a quantity: (T;)", ;m — ((€,) ¢.im — (¢)"¢.1m) aPpears when obtaining (124)
from (123). We can see we should redefine it as a new (Ty)" t.1m SO that new (TH)rt, 1m can vanish at the horizon
as in (117) by appropriately taking the integral constants, (¢,)", ;, and (¢,)";, 1

This is because (TH)r”m should vanish at the horizon to get (124) (or (24) in [43] or (36) in [57]), however
r=(rhapdim N’ im r=(rh,2p)im # 0 with f” r=(rn,2p)im # 0
(This is not written in any papers such as [43,57]. Further, [56] is referred at (36) in [57], so look it. Then its
(6.21) corresponds to (124). There should be some integral constants there when P, is obtained by performing
integration in (6.22), however no comment about this point there.)

it does not if it is as it is. We can see this as (Ty)", 1,
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€1,y are taken to zero as the near-horizon limit. The last term will vanish [42,43,58]1.
(6S3p)im should vanish, from which (c,)"; ;;,, the total amount of the Hawking flux, are
determined as

(Co)rt,lm = (CH)rt,lm _Nrt,lm|r:(rh,2D)lm = TCTé/lZ. (127)

This result is the same with just the Schwarzschild [42,43,57]. The reason of this is that
the Hawking flux is determined from the f, f" and f” at r = (ry, 5p )y, as in (124) and (125),
however these are not changed from just the Schwarzschild as can be seen from (81). This is
the same situation with the Hawking temperature in Sec.B.2 and C.

E Comment on result in terms of the information paradox

As mentioned under (110), the result (127) would be the one in the original 4D black hole,
and if the correction is to £2-order and ¢-independent, we could conclude by the logic in Sec.6
the black-body radiation of the supertranslated black holes would be always thermal.

Important problem for us is the information paradox. As an insight obtained from this
work, the Hawking temperature and flux could not be the solution as we have found there is
no breaking of the thermal flux in the range of the analysis in this paper.

Supertranslated black hole spacetimes would be normal in reality and how to be super-
translated is determined by the initial configuration [6]. Therefore, the information of the
initial configuration would be stored in the configuration of the asymptotic region of the space-
time, again which would be the key of the information paradox.
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