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Abstract

In this paper, we are going to construct the classical field theory on the boundary of
the embedding of R x S! into the manifold M by the Jacobi sigma model. By applying
the poissonization procedure and by generalizing the known method for Poisson sigma
models, we express the fields of the model as perturbative expansions in terms of the
reduced phase space of the boundary. We calculate these fields up to the second order
and illustrate the procedure for contact manifolds.
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1 Introduction

Very recently, the Jacobi sigma models have been realized as embeddings into the Poisson
sigma models in a target space of one dimension higher [1, 2] by using a procedure called
poissonization [3]. The poissonization method has been used to study several important prob-
lems of Jacobi structures of interest in mathematics and physics such as the reduction of the
homogeneous tensors [4], the integrability [5], the supergeometry formulation [6], the defor-
mation of their coisotropic submanifolds [7] and the contact structures with singularities [8].

In this paper, we are going to apply the poissonization technique to obtain the classical field
theory on the boundary 8% of the base space ¥ = S! x [0, L] of a Jacobi sigma model with
the target space M. The interest in this type of field theories is on their interpretation as holo-
graphic dual fields to the Jacobi sigma models upon quantization. By extension, we call the
poissonization of the Jacobi sigma model z : ¥ — M a Poisson sigma model z : ¥ — M, where
M, =R x M. In local coordinates, the fields of the Poisson sigma model are 2’ = (z°,2') with
2! denoting the fields of the Jacobi sigma model, i = 1,2,...,dim(M) and M being a Jacobi
manifold. The Jacobi structure on a differentiable manifold was introduced by Lichnerowicz
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in [3] as a generalization of the Poisson manifold and a local realization of the Kirillov al-
gebras [9] (see also [5]). In general, the poissonization procedure refers to the embedding
of a Jacobi manifold into a higher dimensional Poisson manifold. Here, we are going to use
this embedding to derive a lower dimensional field theory from the classical field theory of
the Poisson sigma model associated to the Jacobi sigma model. The field theory on 9% for
the Poisson sigma model with ¥ = S! x [0, L] was discussed previously in [10,11]. The same
problem on the disk was addressed in [12].

The paper is organized as follows. In Section 2, we are going to review the Jacobi structure
and the poissonization procedure and outline some of their properties. In Section 3, we are
going to present the construction of the Jacobi sigma model by poissonization following the
recent results from [1,2]. In Section 4, we will derive the classical boundary field theories
associated to the Jacobi sigma models by poissonization of the classical field theory of the
corresponding higher dimensional Poisson sigma model. Here, we obtain the classical action
and calculate the classical fields as a power expansion with coefficients that depend on the
the reduced boundary phase space. Also, we give the explicit formulas for the fields up to the
second order in the expansion and illustrate the results in the case of the contact manifolds.
Our discussion follows closely the analysis from [11] of the Poisson sigma model. In the last
section we conclude the paper.

2 Jacobi structures

The Jacobi manifolds were introduced in [3] as a natural generalization of the Poisson mani-
folds. In this section, we are going to review some basic definitions, properties and examples
of the Jacobi structures following mainly [13, 14].

Definition 1. A Jacobi structure is the triplet (M, 7t,R) where M is a differentiable manifold,
7 is a bivector from I'(A2(T(M))) and R is a vector field from I'(T(M)) such that
[n,t]=2RA7n and Lzrm=[R,t]=0. (1)

Here, [-,-] is the Schouten-Nijenhuis bracket [-,-] : AP(M) x AY(M) — APT9~}(M) and R is
the Reeb vector field. The manifold M with the Jacobi structure is called a Jacobi manifold. A
Jacobi bracket can be defined on the set C°°(M) by the following relation

{f.g} =n(df,dg)+fR(g)—gR(f), Vf,ge€C™(M). 2
The Jacobi brackets satisfy the following relations
{af +eg,hy =i {f, 8} +c2{f, 8}, 3)
if,ey=—1e.f}, 4
{f. g}, h}+{{g,h},f}+{{h,f},8} =0, (5)
{f.ght =g{f,h}+h{f,g} +sh(Rf), (6)

for all f,g,h € C°°(M) and all ¢, ¢, € R. Since

supp{f,g} S suppf Nsuppg, 7

for all f,g € C°°(M), it follows that (C°°(M), {-,-}) is a local Lie algebra [9]. We note that
the Jacobi structure induces the following bundle map

(m,R)*: T*(M) xR — T(M) x R, (8)
(m,R) (w,v) = (n*w + VR, —(w,R)) , 9)

for all w,v e T'(T*(M) x R) where v acts multiplicatively on R.
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Examples. Well know examples of Jacobi structures are the symplectic Poisson structures,
the vectors fields on manifolds for which the bivector vanishes, the locally conformal symplec-
tic manifolds and the contact structures. Let us see some of these examples in more detail.

1. Locally conformal symplectic manifolds. The locally conformal sympletic structure is de-
fined on an even dimensional symplectic manifold M of dimension 2m endowed with a
non-degenerate 2-form f3 € A2(M) and an 1-form y € A'(M) that satisfy the following
equations

dp+pBAy=0, (10)

dy =0. (1D

The other two components of the triplet = and R are defined by the following relations
I =—w, (13)

for all w € A'(M). For any point x € M, there is an open set U, C M and a function
f :U, = Rsuchthat y =df and ef B is symplectic.

2. Contact manifolds. The contact manifolds and their Jacobi structure are defined as fol-
lows [15]. Let M be an odd dimensional manifold of dimension (2m+1) and y € A'(M).
Then 7 is a contact form if it satisfies the following relation

Y A(dy)™ #0, (14)

at every point of M. The pair (M, y) is a contact manifold.
Let b be the following isomorphism of C°°(M,R)-modules

b: T(M)— AY(M), (15)
b(X) = ixdy +y(X)y. (16)
Then the bivector 7t and the Reeb vector R are defined by the following relations
m(w,n)=dy (b (w),b" (), (17)
R=b71(y), (18)

for all w,n € A*(M). In particular, the Reeb vector field satisfies the following equations

iRY: ]., leY:O. (19)

In general, the Jacobi structure reduces to a Poisson structure for a vanishing Reeb vector
field R = 0. This defines a rather trivial relation between the Jacobi and the Poissson structures
on a given manifold. However, there is a non-trivial connection between the Jacobi structure
and the Poisson structure given by the poissonization.

Definition 2. The poissonization of the Jacobi structure (M, 7t,R) is the Poisson structure
(M., a) where M, =R x M and the Poisson bivector a is defined as follows

a=e '(n+0,AR), (20)

where t is the canonical coordinate on R.
The Hamiltonian vector fields play an important role in the Jacobi as well as in the Poisson
structures. Therefore, let us give their definition below.
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Definition 3. Let (M, 7t,R) be a Jacobi structure and f € C°°(M,R). Then the Hamiltonian
vector field associated to f is defined as

X;=mn(df)+fR. (21)

The Hamiltonian vector fields on the Jacobi structure (M, t,R) define the characteristic
distribuition of M as follows

C(M) := Span {R, Tw|w€E Al(M)} CT(M). (22)

If C((M) = T(M), the Jacobi structure is said to be transitive. In general, C(M) is integrable
and defines a foliation on M.

Definition 4. Let (A,p,M) be a vector bundle over M. Then A is said to be a Lie alge-
broid if there is a Lie bracket [-,-]4 on the space of smooth sections I'(A) and a bundle map
p :A— T(M) such that

p (X, Y1) =[pX),p(Y)], (23)
X, fY],=f[X, Y], +(pX)f)(Y), (24)

for any X,Y € T'(A) and any f € C°°(M). The map p is called the anchor of the algebroid A.
One can associate a Lie algebroid to any Jacobi structure by considering that A = T*(M)®R
and defining the following Lie bracket on I'(T*(M))

{(,£), (1,8} gy = (Lroy — Ly —d (n(w,7)) + f Lry — g Lrw —ig (0 ATY),
(w,y) + m(w,dg)—n(y,df)+ fR(dg)— gR(df)) . (25)

The anchor map of the Jacobi algebroid is given by the following relation

p(w,f)=mnw=fR. (26)

For more details on these constructions see, e. g.[13,14,16].

3 Jacobi sigma models

In this section, we are going to review the construction of the Jacobi sigma models by pois-
sonization as given in [1,2].
3.1 Poisson sigma models

Consider a Jacobi structure (M, ,R). This structure can be lifted by poissonization to the
Poisson structure (M, a) as discussed in the previous section. Without loss of generality, we
can choose the embedding M = {0} x M € M, of M at the origin of the factor R.

Let us give a formal definition of the Poisson sigma models [17,18].

Definition 5. The Poisson sigma model is defined by the following set of objects:
1. A base space % which is a two-dimensional smooth manifold of boundary 9.

2. A target space M which is a finite dimensional smooth manifold endowed with a Poisson
structure (M, ).
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3. A space of fields ® of the model which is the space of morphisms of vector bundles
Mor* (T(Z), T*(M)) and are continuous of class Ck.

4. A local action functional constructed as follows. Consider a (z,7n) parametrization of
Mor* (T (%), T*(M)) where z € Mor**! (£, M) define the embedding of the base space
into the target space and 1 € T¥ (2, T*(Z) x 2*T*(M)) denote the space of differentiable
sections of class CK. Then the first order action of the Poisson sigma model is given by
the following functional

S[z,n]ZJ (n,dz)+%<n,(anoz)n> . (27)
b2

Here, we are using the following notations. The bracket (-,-) denotes the pairing of
elements from A! (,2*T*(M)) and A' (Z,2*T(M)) , o denotes the composition of maps
and

d T (M) > T(M), - a(w,-). (28)

As mentioned above, we consider that n € A! (Z,2*T*(M)) and dz € A! (Z,2* T(M)).

Note that if the manifold = has a boundary 9%, then the space of fields ®|,5, contains the
morphisms of class C* between T(8%) and T*(M). The set of these morphisms form a fiber
bundle P(T*(M)) with fibers T (P(M)) over the space of paths P(M) in M. The identification
between T*(M) with P(T*(M)) is given by the following map

¢ : T*(P(M)) = P(T"(M)), (2,m)— c(7)=(2(7),n(7)), (29)

where c(7) is a path. This space can also be endowed with a symplectic form w;, such that for

any curve ¢
1

wa[C](Xl’Xz):f d7 wo(X1 (1), Xo(7)), (30)
0

where w, is the canonical symplectic form on T*(M) and X; and X, are tangent vectors to the
curve c(71).

For the calculations in field theory, it is convenient to introduce local coordinates on both
base and target spaces, respectively. In what follows, we are going to use 0 = (%, o'!) as local
coordinates on % and z' = (z!,...,2™) as local coordinates on M. By applying the variational
principle to the action (27), we obtain the following equations of motion

dz' + aij(z)nj =0, (31)
1.
dni+§3ia]k(z)nj/\nk=0. (32)
The above equations represent the condition for the vector bundle morphisms to be the mor-
phisms of the corresponding Lie algebroids [19] L.

The action (27) is invariant up to a total derivative term under the infinitesimal gauge
transformations given by the following relations

5.2t = aij(z)ej, (33)
oen; :—dei_aiajk(z)ﬂjek, (34)

where e € T¥ (2*T*(M)) is the gauge parameter. The total derivative term has the following
form

5.8[z,m] = _J d(dz'e;) . (35)
z

T acknowledge T. Strobl for pointing this out to me

011.5


https://scipost.org
https://scipost.org/SciPostPhysProc.4.011

Scil SciPost Phys. Proc. 4, 011 (2021)

The variation §.S[z,n] = 0 if % = @. For the particular choice € = ({,n")y, where the
contraction is with respect to the cotangent and tangent spaces of the base manifold and
¢ e TH(T(X)), the gauge transformations (33) and (34) take the following form

5.2t = Egzi —1y (dzi + aij(z)ej) , (36)
: 1,
Oeni = Lymi — iy (d’fli +§8iajk(z)nj/\nk) . (37)

From the equations (36) and (37), we can concluded that the action S[z, 1] is invariant under
the local diffeomorphisms on-shell. However, the gauge symmetries are not covariant with
respect to the target space transformation of the coordinates. In order to remedy this, an
torsion-free connection term can be introduced [20].

3.2 Jacobi sigma models

The Jacobi sigma model with the target space given by the Jacobi structure (M, t,R) was de-
fined in [1, 2] such that its dynamics coincide with the dynamics of the poissonization sigma
model (in the sense defined in the previous section) with the target space given by the Poisson
structure (M,,a) at t = 0. In this definition, a is given by the relation (20). These require-
ments are satisfied by the following action functional

S;[z,m]= J (n,dz) + %(n,(ﬂ oz)n) +{(Roz)n,A), (38)
PN

where for simplicity we have identified notationally the sharp quantities with the correspond-
ing un-sharp ones. Here, A € T* (Z, T*(Z) x 2*T*(M)) is an auxiliary field introduced by the
poissonization procedure.

We use the coordinate system introduced in the previous subsection with the coordinate
2% on R. Then M, = R x M has the local coordinates z' = (2°,2'). One can easily see that the
action (38) takes the following form in these coordinates

1o o
S;[z,1] =f d*c e (naoabzo+naiabzl +5e Zonl](z)'f)ainbj +e ZORI(Z)’flaoﬂbi) . (39)
2

As usual, one can derive the equations of motion from the action (39) by applying the varia-
tional principle. The result is the following set of equations

8,2°+e* Rin, =0, (40)
9,2t + e_zonijnaj — e_ZORinaO =0, 41
1 o 0
BaMbo — ¢ I ngine;—eF R'MgoNp =0, (42)
1 ik —20 4 pj
OaMpi + € O, Nginpk €7 ORI MgeMp; = 0. (43)

As was noted in [2], if the defining conditions of the Jacobi structure given by the relations
(1) are satisfied, then the action S;[z, 7] is invariant under the following infinitesimal gauge
transformations

5.2° =—e* Rle,, (44)
5.2t = e = (—nijej +Rieo) , (45)
OeMqo = Og€0— e ”jk”flajek +e 'R (najeo - ’flaoej) , (46)
OeMgi = 04€; + e_zoai“jkﬂajek —e_zoaiRj (T)ajfo —ﬂaoej) , (47)

011.6


https://scipost.org
https://scipost.org/SciPostPhysProc.4.011

Scil SciPost Phys. Proc. 4, 011 (2021)

where the gauge parameters €, and ¢; are two-dimensional smooth scalar functions. Also, the
algebra of these transformations closes only on-shell

[61,8.2]2° = 5,320, (48)
[6.1,8.2]2" =82, (49)
[6c1,02]M00 = 5€3na0—e§’ (eq. motion zI) , (50)

[6c1,002]Ngi = 0e3Ngi — 6? (eq. motion zo)

re (Bi J; nkle}(elz — 3 8ij (eieg — eieé)) (eq. motion zi) . (51)

The general formulation of the Jacobi sigma model given above as a poissonization model
considers the target space M, . In order to define the Jacobi sigma model on M, one has to
consider the embedding M € M, at 2° = 0 [1] which introduces a certain simplification in the
general case. Also, in order to cancel the gauge variation of 2° from the gauge algebra, one
should require that the gauge transformations of z° vanish. The same considerations apply to
the conjugate field variable ny. These requirements impose the following constraints on the
remaining fields

Rin, =0, (52)

nijnainbj =0, (53)

Rle; =0, (54)

aaeo—njknajek +Rjnajeo =0. (55)

The above construction shows that the Jacobi sigma model has a simple form after the pois-
sonization procedure is applied. Also, we can use the correspondence between the Jacobi and
the Poisson sigma models to derive some properties of the classical Jacobi field theory from
the corresponding properties of the Poisson field theory.

4 Classical boundary field theory of Jacobi sigma model

In this section, we are going to derive the classical boundary field theory of the Jacobi sigma
model by applying the poissonization procedure discussed above. Since the field theory lives
on the boundary, the choice of the base manifold % determines its general properties.

The starting point is the Jacobi sigma model on cylinder 3 = S! x [0, L] defined by the
following action

. 1 _o 0
S[z,m] =J d*ce? (Zoaanb0+zlaanbi + 5¢ = (2)nainy; te Rlﬂaoﬂbi) . (56)
=

The action has the full target space M, with z denoting the coordinates z' on M submani-
fold. The equations of motion, the gauge symmetries and the gauge algebra were given in the
Section 3.2 above (with an overall minus sign of the gauge parameter).

In order to find the classical field theory of the Jacobi sigma model on the boundary, we
apply the poissonization method to extract the relevant information from the field theory lo-
calized on the boundary of the corresponding Poisson sigma model. We follow the general
procedure of constructing solutions of the classical equations of motion with given boundary
conditions given in [10,11].

The first step is to perform a gauge fixing of the Jacobi sigma model on M such that the
gauge be consistent with the gauge chosen for the Poisson sigma model on M, . This condition
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ensures that the field theory on the boundary obtained from the Jacobi sigma model is mapped
into the field theory on the boundary of its poissonization. The latter has been analyzed in[11].
The correspondence between the two field theories requires picking the boundary values of
the fields n,o and 1, and of the parameters €, and €; such that the gauge variation of the
action and the gauge variations of 7,y and 7,; vanish on the boundary.

The second step is to analyse the variation of the action under the gauge transformations
on the boundary % = S x {0, L} which has the following form

27
6.S[z,n]= f do® {e_zo [(R'+2°R"—2/9;R") (noo&; — Moio)
0
.o .o .. L
+ Noi€j (7'5” +207Y —zkaan)]} . (57)
0
The variation of the action 6.S[z,n] and the variation of the fields 1., and 7,; vanish if the
following equations are satisfied

Noolaz = Noilax =0, €olaz =€ilsx=0. (58)

In the next step, we consider a classical background that is close to the trivial solutions of the
equations of motion as in [11,12]

22=21=0, myu=n4=0. (59)
The variations of the fields in this background read
5.2°=Rle;, b5.2'= Ttijej —Rley, (60)
8eNao = —0u€0, OcMai = —04€; - (61)
From the equations (58) and (61) we conclude that

n10(0) = ¢o(c®), ny(0) = ¢i(c?). (62)

By correspondence to the Poisson sigma model, the generators of the gauge transformation
are the constraints

220 0

22 R =0, ©)
8zi _,0_ _,0 s
ﬁ—e *R'¢g+e” Tfl]¢j:0. (64)

Since the action S[z,n] is presented in the first order formalism, we can employ the Fadeev-
Jackiw method to determine the reduced phase space variables [11]. To this end, we consider
the following initial conditions that could select a single solution from each gauge orbit

(0% 0 =0)=(%0", (00" =0)={(0"). (65)
The general form of the solutions in the vicinity of the initial conditions is

2% (015 ¢0(0%), ¢:(0°),¢°(0), {(0%) =2° (o 61, 1), (66)
z' (015 ¢0(0), ¢:(0°),°(0°), {(0) =2' (o5 01, ¢") . (67)
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By using z° and z! from the relations (66) and (67) we can define the following boundary
fields

L
x%(0%) =x(¢, ¢ = J do'z%(o';91,0"), (68)
0
L
xi(00)=xi(¢1,él)5f do'z' (o' 1, ¢"). (69)
0

Note that the fields x° and x! are implicit functions on o° through the reduced phase space
variables (¢;, ¢1).

The above data allows one to determine the action of the boundary field theory which is
given by the action (56) with the boundary conditions (62) and depends on the fields x9 and
x!. It is easy to see that the sought for action has the following form

d¢ ;do;
0 0xvo i i
do [x 750 +x dao]' (70)

Sbound[x: ¢] = _J

S1
The action Syq,nq[ X, ¢ ] describes an one-dimensional classical field theory on the boundary
of ¥ =S x [0, L]. Since this is the dual field to the poissonization of the Jacobi sigma model,
we call it by extension the poissonization of the dual field to the Jacobi sigma model.

The action SypunqlX, ¢ ] has the same form as the classical action of the Poisson sigma
model obtained in [11] which is no coincidence since this is the poissonization of the Jacobi
model we started with. The dependence of the Lagrangian from (70) on the Jacobi structure is
implicit in the construction of the canonically dual variables {x!, ¢;}. As shown above, these
variables are solutions to the equations (63) and (64) which are more difficult to solve than
in the Poisson case since they are non-linear in general. However, one can always search for
an approximate solution if a formal power expansion is defined as in [11]. To this end, one
introduces a real positive parameter A which will be set to one at the end of the calculations.
The modified equations are

0
=, 2e'Ri(z)p; =0, (71)
_ do!
95 _ Ae = Ri(2)po + Ae = 1 (2)p: = 0. (72)
dol J

The fields 2z° and z' are assumed to depend on A. Then the formal series in powers of A have
the following form

o
20 =x0+ Z A"zg , (73)
n=1
o0
gzt =xt +ZA”Z;, (74)
n=1
oo
B B gritnateng B o .
() = i n ij i ylo .. gl
nl(z)=m (X)+Z£7L an1zi18nzziz---anszisn (z)|zzxznllznZ2 Zn (75)
n=
oo
_ ‘ gritnat-ng . L .
i _ pi n i 1 502 . ..ol
Ri(z) =R(x) + ;A oy e A | NICUE SRR (76)

with ny +ny +---+n, = n and in the equations (75 ) and (76) there is a sum over each index
ir. The initial conditions are defined as follows

zg=x", 20=0, (77)

zo=x', z.=0, neN. (78)
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For an arbitrary z°, the expansion of the exponential factor spoils the power expansion of
the modified constraints. Therefore, the method is valid strictly at the point z° = 0 where
the Jacobi structure is embedded into the poissonization. Then a simple algebra gives the
constraints and solutions at all orders in A.

Let us write down the corresponding relations at the first orders. At order zero, there is no
constraint and the solution is the initial condition

zé = xi(ao). (79)

At first order, the constraint and the solution are

R'(x)¢; =0, (80)
= [Ri(x)o—m(x)¢p;] 0. (81)
At second order, the constraint and the solutions have the following form
R (x) _
3Zj ¢i - O) (82)
i i ik
%= [5”; e O I
zJ
L,
7; SC) kr(x)¢ ¢]:|(O.1) (83)

Similarly, we can solve the equations at arbitrary higher order in A which determines the
classical boundary field theory completely.

As an example, consider the contact manifold (M, y) with dimM = 2m + 1. As discussed
in Section 2, there is an induced Jacobi structure (M, t,R). The poissonization of the contact
manifold has the dimension dimM, = 2m + 2. We denote by 2l =(t,2",2™"), rns=1,...,m
the canonical coordinates of (M, 7t,R). Then one can see that at order 0,1, 2 in A the relations
(79) - (83) take the following form

to=1t(c?), z5=x"(c?), " =x""(c?), (84)
t1 =[po—x"Pppis] o’ gB=¢,0', T =[-x"T¢ +¢.]o", (85
ty= [_xm+s¢m+s¢t - ¢m+s¢s] (0'1)2 > 25 =0, m+r =9, ¢m+r( 1)2 . (86)

Here, the only constraint left at A =0 is ¢, = 0.

5 Conclusions

In the present work, we have constructed the classical boundary field theory associated to the
Jacobi sigma model by applying the poissonization procedure which gives a correspondence
between the sought for field theory and the boundary field theory of the Poisson sigma model
[11]. The next step is to quantize the field theory obtained here to obtain the holographic
dual of the Jacobi sigma model. Since the discussion presented here is at the classical level,
it is natural to ask what is the covariant quantization of the Jacobi sigma model and whether
there is a relation between the quantum Jacobi and Poisson sigma theories. This question is
not trivial since the quantization of the two theories imply the quantization of two different
algebraic structures. We hope to report on that soon [21]. Other interesting problems related
to the Jacobi sigma models are the existence of a AKSZ derivation in the sense of [22] and a
thorough analysis of the existence of the induced morphism between the Jacobi algebroids in
the sense of [19].
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