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Abstract

We study the orbifold singularities X = C3/T' where T is a finite subgroup of SU(3).
M-theory on this orbifold singularity gives rise to a 5d SCFT, which is investigated with
two methods. The first approach is via 3d McKay correspondence which relates the
group theoretic data of I' to the physical properties of the 5d SCFT. In particular, the
1-form symmetry of the 5d SCFT is read off from the McKay quiver of T' in an elegant
way. The second method is to explicitly resolve the singularity X and study the Coulomb
branch information of the 5d SCFT, which is applied to toric, non-toric hypersurface and
complete intersection cases. Many new theories are constructed, either with or without
an IR quiver gauge theory description. We find that many resolved Calabi-Yau threefolds,
X, contain compact exceptional divisors that are singular by themselves. Moreover, for
certain cases of T, the orbifold singularity C3/T can be embedded in an elliptic model
and gives rise to a 6d (1,0) SCFT in the F-theory construction. Such 6d theory is naturally
related to the 5d SCFT defined on the same singularity. We find examples of rank-1 6d
SCFTs without a gauge group, which are potentially different from the rank-1 E-string
theory.
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1 Introduction and summary

In five-dimensional Minkowski spacetime there exists infinitely many non-trivial strongly-
coupled N = 1 superconformal field theories. The original examples of 5d SCFTs include
Seiberg’s rank-1 and rank-N E,, theories, which can be thought as the UV completions of
SU(2)+(n—1)F and Sp(N) + 1AS + (n— 1)F gauge theories, respectively [ 1-3]. After that it
was found there are two different ways to construct 5d SCFTs systematically, in the framework
of superstring/M-theory. For a relatively complete overview on these approaches, see [4].
The first approach is to define a 5d SCFT T;’d as M-theory on a canonical threefold sin-
gularity X [5]. More specifically, one can take either an isolated singularity where X is only
singular at the codimension-three point {0} or a non-isolated singularity where X is also sin-
gular along codimension-two loci. For the isolated singularities, the Coulomb branch and
Higgs branch information of T)?d can be read off from the resolution X and deformation X
of the singularity [6-8]. For the non-isolated singularities, one can only directly read off the
Coulomb branch from the resolution X, but the flavor symmetry (algebra) Gy is nicely encoded
in the codimension-two singularities of X [9-14]. Alternatively, one can directly classify the
resolved space X according to the topology of exceptional divisors S;, which are subject to the
“shrinkable” condition [ 15-25]. This technique was further extended to include cases without
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a straight-forward geometric description [26,27]. In the special cases of toric geometry, the
theory has a IIA construction as well [28-32].

The second approach is to construct the 5d SCFT with a (p,q) 5-brane web system in IIB
superstring theory, where both the Coulomb and Higgs branch information can be extracted
via the shifting of branes [33-51]. More recently, this approach was also reformulated and
generalized in the framework of “generalized toric polytopes” (GTP) [52-54].

In this paper, we further explore the set of 5d SCFTs T)?d defined as M-theory on orbifold
singularities X = C3/T, where T is a finite subgroup of SU(3). In general, C/T has non-
isolated singularities and we only study the Coulomb branch data of T;d from the resolved

space X. Mathematically, the relation between X and I' was studied under the framework
of 3d McKay correspondence [55, 56], which we briefly review in section 2.1. In short, after
the crepant resolution, X has no terminal singularity, and b3(X)=0. The different conjugacy
classes g of I one-to-one correspond to different cycles in X. For each conjugacy class g where
each element has the eigenvalues

{1} ={exp(2nim), exp(2min), exp(2mip)} (0<m,n,p<1), (D

its age is defined as the sum (m + n + p). The set of conjugacy classes with age 2 is denoted
as T, which corresponds to the set of compact divisors S; C X. The set of conjugacy classes
with age 1 is denoted as I} whose elements correspond to the Poincaré dual of S; and flavor
2-cycles C, (corresponding to non-compact divisors D, ) that generate the flavor symmetry Gg
of T}?d. Thus, one can do a simple group theoretic computation to get the rank r = |I;| and
flavor rank f = |I}| — || of the 5d SCFT. We also propose a way to read off codimension-two
singularities of X based on the structure of subgroups of T in section 2.3.1.

The classification of finite subgroups I' of SU(3) was known for a long time, following [57-
60]. They were also applied in the studies of 4d quiver gauge theories [61-65] and particle
physics model building [58,66-70]. In table 1, we list the different classes of I" following the
classifications in [71,72]. In this paper, we also use some notations in [73]. The details of the
generators for these groups are presented in section 3.

(A) The abelian subgroups, including Z,, and Z,, x Z,,.

(B) The non-abelian subgroups with the generators

O2x2 0
( 0 det(UZXz)_l) ’ (2)

where 04, are generators of a U(2) subgroup. In this paper, the finite subgroup of
SU(2) of D and E types are denoted as D, (the binary dihedral group with order 4n)
and E, (including the binary tetrahedral group T, the binary octahedral group O and
the binary icosahedral group I).

(C) These subgroups have the structure of T' = (Z,, X Z,,) X Z3, where the Z; generator is
the off-diagonal matrix

(3)

e
Il
—= O O
oS O
o~ O

(D) These subgroups have the structure of I' = [(Z,,, X Z,,) X Z3 ] X Z,, where the Z; generator
is E and the Z, generator is

(4)

—
I
—= O O
oo
oo R
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Table 1: Classification of finite subgroups I' of SU(3) and the list of T used in this
paper with their order |T|.

Class resu(s) T|
Zy, n
*) Ly X 2Ly, mn
Gn 8m
Gpgq 8pq”
G 8m
EM 72
E@ 24
E® 96
B) EE:; 48
E 96
E® 48
ED 144
E® 192
E® 240
(10 360
(0D 600
A(3n?) 3n?
© ct 3nl
Dy}, 1=2k | 9
(D) A(6n?) 6n>
(E) | H3g=2X36x3 | 108
(F) | Hzpp=1Xg3 | 216
(G) | Hai = Eo16x3 | 648
(H) | Heo = 2o 60
(D | Hieg =165 | 168
(L) | Hzgo = X360x3 | 1080

(E) An exceptional subgroup of SU(3) of order 108, which is also denoted as Hsg.
(F) An exceptional subgroup of SU(3) of order 216, which is denoted as H,.

(G) An exceptional subgroup of SU(3) of order 648, which is denoted as Hy14.
(H) A subgroup of order 60, H¢, which is isomorphic to the alternating group As.

(I) A subgroup of order 168, Hgg, which is isomorphic to the permutation group generated
by (1234567), (142)(356) and (12)(35).

(L) An exceptional subgroups of SU(3) of order 1080, which is denoted as Hsg.

For a given I', one can write down all the invariant polynomials F; (i = 1,...,p) in terms
of the complex coordinates (Z;, Z,, Z3) of C3. Then the singular equation of X = C2/T can be
written as q independent relations among F;. If ¢ = 1, p = 4, X is a hypersurface. If ¢ > 1
and (p —q) = 3, X is a complete intersection of q equations. If ¢ > 1 and (p —q) < 3, X
is a non-complete intersection of q equations. For example, for the group T' = Z, x Z, with
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generators

diag(w,1,w™1), diag(w,w1,1) (w = e2™/m) (5)

acting on (Z;, Z5, Z3), the invariant polynomials are

F1:Z{l, FZZZ;, F3:Zn

3, Fa=212573. (6)

There is a single relation among F;, which is the hypersurface description of the singularity
C*/(Zy * L)
F1F2F3:F‘r‘l. (7)

In this paper, we only explicitly study the the following cases, where the resolution X is
easier to perform:

1. Abelian groups I = Z,, or Z,, x Z,. In these cases, X = C3/T is always toric, which can
be resolved in the standard triangulation method. We discuss the geometry and physics
of these cases in section 3.1.

2. X is a hypersurface in C*, where the resolution procedure is reviewed in section 2.2.1.

3. X is a complete intersection of two equations in C°, where the resolution procedure is
discussed in section 2.2.2.

The case 2 and 3 were classified in [71,74], where the notations for I" are different. We list the
5d rank r and flavor rank f of T;d and the codimension-two ADE singularities of X in table 2.
Note that we only listed the cases of non-abelian I' there, while examples of abelian I' can be
found in table 5 and 6.

For some of the cases, the singular equation X can also be embedded in a non-compact
elliptic Calabi-Yau threefold. Namely, if X can be rewritten as

y2=x*+fx+g, 8

where f and g are holomorphic functions in other coordinates, then it can be embedded in
the singular Weierstrass model

y2=x3+fo4+gZ6. (9)

[x : y : Z] are the projective coordinates of P>*!, and Z = 0 is the zero section of the elliptic
CY3. In this description, we can also define the 6d (1,0) SCFT T§d and study its tensor branch
generated by blowing up the base B, [75-78]. In section 2.5 we explicitly give the relation
between T}?d and T ;d from the same singularity X. Namely, if T)?d is very-Higgsable, in the
terminology of [79], T)?d is generated by decoupling a matter hypermultiplet from the 5d KK
theory of de. If de is non-very-Higgsable, T;’d is constructed by decoupling vector multiplets
from the 5d KK theory of T)?d. This lines up with the philosophy of [13].

We present examples of this 6d/5d correspondence in section 4.1, 4.2 and 4.3. In partic-
ular, in the case of A(48) (section 4.2.1), the tensor branch takes the form of type I; singular
fiber on a (—1)-curve. We argue that it corresponds to a 6d SCFT that is potentially different
from the rank-1 E-string, using both geometry and anomaly arguments. Similar arguments can
be applied to the case of Hy4g as well, whose tensor branch takes the form of type II singular
fiber on a (—1)-curve, see appendix B.5.1.

For a 5d SCFT T)?d from X = C3/T, a question of interest is how to read off the global
symmetry from group theoretic data of I'. We separate this question into the usual (0-form)
flavor symmetry and the 1-form symmetry.
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Table 2: Summary of the data associated to the non-abelian groups I' covered in this

paper.
r | r | f | codimension 2 ADE
T(.2 3
A(3n?) 3|n d (n2 —3n+6) n+5 A,_q XA
3tn g(n —3n+2) n+1 A,_1 XAy
1.2 _ T 7 3
A6n), n=2k+1 |o1" 1 (”2+6" 3) PA) Apg XAy XAy
3tn 11—2(712 +6n—7) %’H‘i Apq XA, ><A23
A(6n?), n =2k 3|n 12 (nz +6n—12) pLL +5 Dyjaio X A X Ay
3tn | 15 (n*+6n—16) Zn+3 Dy /o2 XAy X Ay
Cézl)z | sP—gl+1 | [+5 | Al x A3
T
c® 31 :(712-31+6) [+5 Al x A3
7L 341 z (712 -31+2) 1+1 Al XA,
T
Dél,)l’ [=2k | al?+21-1 | 3l +5 | Dy/34p X Ay X A3
T
G 2|m 1§m1 m+5 Dypyo XA
m 2¢m sm—5 m+3 Dypyo X A2
G 21p [ pe®—Ipa+29—2 [ pg+2q+3 | Dpgig XAZ x Agyy
P 24p | pq®—3pq+39—1 | pg+2q+1 | Dygin XAy XAggy
. 2| m zm m+ 2 Dypig X A;
" 2{m 3(m+1) m+ 4 Dppz X A2
E(l) 5 10 Fe XA%
E® 1 4 Dy x A,
EY) 3 9 E; x A?
E(4) 1 5 E6 XAl
E®) 4 7 Eg x Ag
E®) 3 7 Eg x A4
E(7) 7 9 E7 XAZ
E® 10 11 E, x Ay X A
E) 4 9 Eg x A;
(O 8 10 Eg x A,
EUD 16 12 Eg XA,
Hse | 4 | 5 | A3xA;xA,
Heo | 0 | 4 | AyxAyxA;
Hyy | 5 | 5 | Dy x A,
Hieg | 1 | 3 | As x A,
Hae | 9 | 5 | D, x A2
Hsg | 5 | 6 | Ay xA3x A3

1. Lie algebra of the O-form flavor symmetry Gp

We find out that Gy may be different from the factors read off directly from codimension-
two singularities. These subtleties are discussed in section 2.3.

As an example, in section 4.2.2 we discuss the case of A(48). The singularity X = C>/A(48)
has a type A3 and a type A, codimension-two singularity, which naively gives rise to a
rank-1 theory with Gy = SU(4) xSU(3). Nonetheless, due to the splitting of flavor curve
on the compact divisor Sy, the flavor symmetry factor SU(4) is broken to SU(2)? x U(1).


https://scipost.org
https://scipost.org/SciPostPhys.12.4.127

Scil SciPost Phys. 12, 127 (2022)

Table 3: A number of T;d with known 5d gauge theory descriptions.

r r f Gr IR description

Gox k | 2k+5 | SO(4k +8) x SU(2) Sp(k) + (2k + 4)F
Gheyqy | k+1 | 2k+5 S0(4k +10) 4F —SU(2)—SU(2)g—---—SU(2)o

E©®) 3 8 Eg x SU(2) x U(1) SU(3)y—SU(2)—5F
AR7) | 1 8 Eg SU(2) + 7F
AGG4) | 2 5 Sp(4) x Sp(1) Go + 4F

2F
Hsg 4 5 SU(4) x Sp(2) SU(2), —éz —SU(2),

2. 1-form symmetry ')

The higher form symmetry of 5d SUSY quantum field theories has been studied in [6~
8,80-83], using geometric and field theoretic approaches. In this paper, we propose a
method to compute the electric 1-form symmetry IV of T ;‘d using the McKay quiver of
T', see section 2.4. Most of the cases with a non-trivial M are the abelian ones, ' =7Z,,
and the results are cross-checked with toric geometry methods in section 3.1. We present
a partial list of examples in table 5.

We list a number of theories with their IR gauge theory descriptions and Gy in table 3,
where T' is non-abelian. For the cases of abelian T, see table 5 and table 6 for a (non-complete)
list.

Besides these cases, we also studied the resolutions for a number of higher rank SCFTs.
For A(3n?) theory with n = 3k, the flavor symmetry is enhanced to Gy = SU(3k) x Eg. For
example, the A(108) theory is a rank-4 SCFT with Gy = SU(6) x E¢ and the triple intersection
numbers in (166). The A(243) theory is a rank-10 SCFT with Gy = SU(9) x Eg and triple
intersection numbers in (171).

Moreover, the Cégl) theory is a rank-4 SCFT with f = 8, the triple intersection numbers are
shown in (460). The Dg , theory is a rank-4 SCFT with f = 6, the triple intersection numbers
are shown in (464). We also presented the resolution sequences for A(6n?), n=2k, H 79 and
H,1¢ without computing the triple intersection numbers in appendix B.

The structure of the paper is as follows: in section 2 we discuss the general mathematical
setup of McKay correspondence, resolution of singularities, flavor symmetry, the way of com-
puting 1-form symmetry and the 6d/5d correspondence. In section 3 we give a list of finite
subgroups of SU(3) that we study in this paper. In particular the section 3.1 covers the cases
of abelian T', which corresponds to toric Calabi-Yau threefolds, and the 5d physics is also dis-
cussed. In section 4 we present a number of notable examples for the 6d/5d correspondence,
where the 6d tensor branch geometry and the 5d resolved geometry are discussed in details.
In appendix A we list a number of I' and their maximal abelian subgroups, from which one
can read off the codimension-two singularities of C3/T. In appendix B we present the details
of other non-abelian I' examples, their resolution geometry and 6d/5d physics.

2 3d McKay correspondence, resolution and physics

2.1 TIto-Reid theorem on C3/T orbifolds

In this section, we review Ito-Reid’s result on the McKay correspondence of C3/T orbifolds [84],
where T is a finite subgroup of SU(3). We denote the conjugacy classes of I' by g1, 85, .., gp-
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All the group elements g € SL(3, C) in the same conjugacy class g; have the same eigenvalues
{A;}. If these group elements are all of order r:

g =1, (10)

then the eigenvalues can be written as

{A} = {exp(ztia),exp(ztib),exp(ziic)} = %(a, b,c) (0<a,b,c<r). (11)

We define the age of a group element g and its corresponding conjugacy class g; to be

1
age(g) = age(g;) := ;(a +Db+c). (12)
Hence the identity element 1 has
age(1)=0 (13)

and is the only element whose age is 0. The other group elements either have age(g) = 1,
which are called junior elements, or age(g) = 2. We denote the set of conjugacy classes g;
with age(g;) = m by T},,.

Ito-Reid proved that for every C3/T orbifold, there exists a crepant resolution

¢:XV—>(C3/F, (14

such that _
bym(X) = Tp| (m=0,1,2)
b3(X) =0,

and there is no residual terminal singularity.
Hence the total number of conjugacy classes is equal to the Euler characteristic of X:

(15)

2(X) = bo(X) + by (X) + by(X)

(16)
=1+ + Ty,

Namely, there is a one-to-one correspondence between the 2-cycles in X and the junior
conjugacy classes in I3. There is also a one-to-one correspondence between 4-cycles in X and
the conjugacy classes in I,. In the language of 5d SCFT, it means that for a 5d SCFT constructed
from M-theory on the orbifold singularity C3/T, its rank r and flavor rank f can be computed
group theoretically '

r= b4(55)
17)
= |F2|J
f =Dby(X)—by(X) (18)
= |F1|—|F2|-

In practice, the conjugacy classes corresponding to f can be computed in the following
way. For any junior conjugacy class g; € I} with elements g, 1,..., g; ,,- The inverse elements
gl._ll, . gi_;l all belong to the same conjugacy class g;. There are the following two cases:

1. g; € T;. g; and g; correspond to a pair of 2-cycle and 4-cycle that are Poincaré dual to
each other.

2. gj € Ty, g; corresponds to a flavor curve, which is Poincaré dual to a non-compact 4-
cycle D;. Hence it contributes to the flavor rank f. We denote the set of these conjugacy
classes by I .

1Because by(X) = 0, there is no extra contribution to f as in [6].

9
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2.2 Resolution

In this section, we review the basics of resolution techniques used in this paper, which can
be applied to more general canonical threefold singularities as well. Note that for a given
singularity, we always choose a crepant resolution ¢ : X — C3/T such that all compact 2-
cycles are contained inside the compact 4-cycles (for the cases of b,(X) > 0). Physically, the
resulting configuration of compact surfaces describes the Coulomb branch of T;d with the
maximal flavor rank f, which matches the group theory result (18). For the cases of abelian
T, the threefold singularity is always toric, and one can apply the standard toric resolution as
a maximal triangulation of polygons [85-87], see section 3.1.

2.2.1 Hypersurface

Starting from a singular hypersurface equation X ¢ C*, we consider the crepant resolution of
singularity X
¢:X—>X, Ky=¢"Ky. (19)

The resolution involves a sequence of blow-ups of the ambient space. We use the notation
in [6,11,88], and the possible blow-ups are [89,90]:

1. Weighted blow-up of the locus x; = x5 = x3 = x4 = 0 on the ambient space, with
weights (a;,a,,as,a4) =(3,2,1,1),(2,1,1,1) or (1,1, 1, 1). This blow-up is denoted by
(xgal),xéaZ),xgag'),x(a“); 6), or simply (xq,X,,X3,x4;6) iff the weights are exactly

(1,1,1,1). The exceptional divisor on the ambient space is 6 = 0, which has the topol-

ogy P%-92:93.94  After the blow-up, the singular equation is properly transformed by

x; — x;6%, and the whole equation is divided by 5241 A new SR ideal genera-

tor x;x5Xx3Xx,4 appears as well.

2. Blow-up of the locus x; = x, = x3 = 0 on the ambient space, with weights
(wq,wy,w3) = (1,1,1). The blow-up is denoted by (x7, x5, x3;6). After the blow-up,
the singular equation is properly transformed by x; — x;6, and the whole equation is
divided by 52. A new SR ideal generator x;x,X; appears.

3. Blow-up of the locus x; = x, = 0 on the ambient space, with weights (w;,w,) = (1, 1).
The blow-up is denoted by (x;, x,; 6). After the blow-up, the singular equation is prop-
erly transformed by x; — x;6, and the whole equation is divided by 6. A new SR ideal
generator XX, appears.

After the resolution sequence, if the SR ideal does not involve polynomial generators, then
the ambient space X can still be considered as toric. The intersection numbers among divisors
Sy; on X are computed in the standard way, and the intersection numbers of divisors S; on
the anticanonical hypersurface X can be computed as

S;i*Sj Sk =—Ks-Sz;-Sg;j Ssk- (20)

Subtlety arises when the blow-up locus is singular by itself. For example, if we try to resolve
the equation F(x, y,z,w) = 0 at the codimension-two locus

x=y=f(w)=0, (21
where f(z,w) is singular at 2 = w = 0. In this case, we can define a new variable

U=f(z,w), (22)

10


https://scipost.org
https://scipost.org/SciPostPhys.12.4.127

Scil SciPost Phys. 12, 127 (2022)

and the hypersurface equation is equivalent to a complete intersection

F J b 5 5 U = O b
(x,y,2,w,U) 23)
U—f(z,w)=0.
After the blow-up (x,y, f (z,w); &), the proper transform of second equation is
Us—f(z,w)=0, (24)
which is still singular at
U=6=2=w=0, (25)

and additional blow-ups are required.
In general, if the resolution locus is singular, one always need to introduce a new variable
and transform the hypersurface equation into a complete intersection.

2.2.2 Complete intersection in ambient 5-fold

In this section, we consider the canonical threefold singularity X given by the complete inter-
section of two equations f; and f, in C°. One can similarly resolve X by blowing up the fivefold

ambient space .. We denote a blow-up of variables x;, xs, ..., X} with weight (a;,a,,...,ax)
by

(xgal), xgaz), e x,((a"); 6), (26)
where 6 = 0 is the exceptional divisor E. If a; = a, = -+ = q; = 1, the subscripts of x; can be

omitted. Then after the replacement
x;=x6% (i=1,...,k), 27)
f1 and f, takes the form of
fi :fj’apf (i=1,2). (28)

f].’ is an irreducible holomorphic polynomial in the new variable x;. The new complete inter-
section X’ is given by f; = f, = 0.
Now we derive the condition for crepant resolution. Denote the divisors associated to x; by
D;, hence the new divisor associated to x; is D; — a;E after the blow-up. We denote the divisor
class of f; =0 in X by F;. Before the blow-up, from the adjunction formula the canonical class
of X is given by
Ky =Ky +F,+F,)-F-F,. (29)

The Calabi-Yau condition of X means Ky, = —F; —F,. After the blow up, Ky is transformed as
k
Ky = ¢*(Ks)+ Y ¢;E—E. (30)
i=1

Hence the canonical class of the resolved X’

Ky = (Kyw +F] +F,)-F| - F, (3D
is trivial iff Ky, 4+ F; + F, = 0. Since the proper transformation of F;,

F! =F;—p;E, (32)

the condition for a crepant resolution is

k

Zai_1=P1+P2- (33)
i=1
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After the blow-up, we replace the notations of F’, x’ and f’ by F, x and f to simplify the
notations. Also, a new SR ideal generator x;x,...X) in the ambient space will be added.

The triple intersection numbers of divisors S; in X can be computed from the ambient space
divisors Sy, as

Si'Sj'Sk=F1'FZ'SZ,I'.SZ,]"SZ,R' (34)

Let us present a simple example of resolving a complete intersection, and computing the
triple intersection number of compact divisors in the resolved CY3. Consider the complete
intersection of two generic quadratic equations in C>:

x,y,%,u,v) =0,
f1(x, y,2,u,v) (35)
folx,y,2,u,v)=0.
The crepant resolution is
(x).yaz)u)v; 51)' (36)

As one can check, p; = p, = 2 in this case, and the crepant condition (33) holds.
In the original C°, the non-compact divisor associated to x =0, y =0,z = 0, u = 0 and
v =0 are all linearly equivalent, which is denoted as D. Its self-intersection number is

D>=1. (37)

After blowing up the 5d ambient space, these divisors are transformed to D — E;, where
E; : 67 = 0 is the exceptional divisor in the ambient space. Because we have an SR ideal
{xyzwv}, the following intersection number vanishes:

(D—E;)*=0. (38)

In this case, all the crossing terms between D and E; vanish, and the only non-vanishing
intersection number involving E; is

E}=1. (39)
Now we can evaluate the triple intersection number S3, where S; = E; - F; - F, is the compact
complex surface in the resolved CY3 X. As F; = F, = —2E; (32), this number is computed as

S}=E}-F,-F,
=4E? (40)
=4.

From the self-triple intersection number, we can see that topology of S; is d Ps. This is consis-
tent with the definition of dPs as the complete intersection of two quadratics in P*.

2.2.3 Applicability of intersection number computations

Here we comment on the applicability of triple intersection number computations described
in section 2.2.1 and 2.2.2, based on toric ambient spaces. If one tries to compute the triple
intersection numbers among all the compact divisors S; and non-compact divisors D, in X,
one needs to work out the full resolution. The full projective relations (and SR ideal) would
generally involve polynomial terms, and in such cases the resolved CY3 X cannot be taken as
a hypersurface or complete intersection inside a toric ambient space.

Nonetheless, if one only wants the triple intersection numbers among the compact divisors
S;, in many cases there exists a partial resolution ¢; : X; — X where the exceptional loci
contains all the desired compact divisors S;:

¢ (0 =Js:- (41)
i=1
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The projective relations on X; only involves monomial terms, and X; can still be thought as
a hypersurface or complete intersection inside a toric ambient space. The partially resolved
X still contains codimension-two singularities at the subset s; € X;, and after the resolution
¢, : X — X, we get the fully resolved X with exceptional locus

f
¢5'(s1) = Da- (42)
i=1

If the resolution ¢, does not involve the blowing up of ambient space divisors Sy, ; correspond-
ing to S;, the triple intersection numbers S; - S; - Sy are unchanged through the resolution ¢,
and one can compute them via the partial resolution ¢;.

As a positive example, consider the singularity corresponding to A(27) in section 4.1.2:

wl® —3whx +3w?x2 —x3—4uly +dwxy + 8y — 16w’z 4+ 24wxz® +24y23 + 7225 = 0. (43)

The first partial resolution ¢, is given by a weighted blow-up (x®, y® 21 w(1): 5 Y in the
toric ambient space. After this step, the partially resolved X; only has codimension-two singu-
larity at non-toric loci, which can be further resolved to get the eight non-compact exceptional
divisors. The point is, the second step of resolution ¢, does not involve the blowing up of 61,
thus it does not change the triple intersection number Si’ of S; : 6; = 0 computed in the first
step, and we still have

S¥=1. (44)

S; indeed has the topology of a generalized dPg as a degree-6 hypersurface in the weighted
projective space P>>L1,
As a negative example, consider the singularity corresponding to A(48) in section 4.2.2:

w® —3wx +3w?x2 —x3 —4uwly + 4wxy +8y2 —16wz* + 24wxz* + 24y2* +722% = 0. (45)

After the partial resolution ¢, given by the same blow-up (x®, y® 21 w(D); 5.), the resulting
equation

w® —3whx +3w?x? —x3 — 4wy + 4wxy + 8y?

(46)
+ (—16w3z* + 24wxz* + 24yz4)51 + 722;86f =0,
has a codimension-two singularity at
— v — w3 4 _
x=y=w>—27z"6, =0. (47)

There is no way to resolve this singularity without blowing up the &; coordinate. Hence one
cannot simply apply the triple intersection number computation of Si” from the toric ambient
space.

2.3 Codimension-two singularities and flavor symmetry

2.3.1 Codimension-two singularity from group structure of T'

In this section, we propose a procedure of reading off codimension-two singularities of C3/T,

which are labeled by ADE Lie algebra g,py, from the group theoretic data of T

Conjecture 1: consider the maximal subgroups G; € T of type Zy, Dy, E, E, and Eg, where
every non-identity element belongs to the set I'; ;. We define an equivalence relation ~ among

Gi: G; ~ 5]- if and only if there exists group isomorphism f : G; — G, such that Vg € G,
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f(g) and g belong to the same conjugacy class of I'. Then each equivalence class of G; one-
to-one corresponds to a codimension-two singularity of C3/T. If G; = Zy, Dy or Ey, the
codimension-two singularity has ADE type Ay_;, Dy or Ey, respectively.

In practice, the non-abelian subgroups of I' can be difficult to enumerate. Inspired by [84],
a simpler method is to write down all the maximal Zy abelian subgroups G; of T' whose non-
identity elements belong to the set I ¢, modded out by the equivalence relation ~.

For each maximal Zy subgroup G;, denote the group elements by (1, g;, gl.z, ey gf\’ —1). We
only consider the subgroups G; where each non-identity element g; belongs to a conjugacy
class g € I . Each non-identity element glk (k =1,...,N —1) gives rise to a node in the
Dynkin diagram g; of type Ay_;, and the nodes gf and glk“ (k=1,...,N—2) are connected
by a single edge. For each G;, there are two cases:

1. Each group element gk € Zy C G; belongs to a different conjugacy class gak) Of T. In
this case, the contribution to the rank of Gy is N —1.

2. Each group element gk € Zy, (k =0, ..., L%J) belongs to a different conjugacy class g k)
of T. For the other group elements, g and gV % belongs to the same conjugacy class
dq(k)- In this case, the contribution to the rank of Gy is L%J. This precisely corresponds to
the action of Z, outer automorphism on ADE Lie algebra, which gives rise to non-simply
laced gauge groups in F-theory [91] (which is called Tate-monodromy in that context).
In table 4 we list the possible (maximal) flavor symmetry factors from a certain type ADE
codimension-two singularity. For an actual 5d SCFT, the flavor symmetry factor may be
smaller than the expected factors in table 4, due to the fact that the compact divisor
lies on the ramification point, see the discussions in section 2.3.2 and the example in
section B.6.

Finally, the different Ay_; Dynkin diagrams are glued together by identifying nodes in the
same conjugacy class. In the case of 2d McKay correspondence, this is exactly the procedure
leading to ADE Dynkin diagrams. Nonetheless, in the cases of SU(3) orbifolds, there are
ambiguities in certain cases, due to the monodromy reduction effect. For example, consider
the case of type D, codimension-two singularity, which is reduced to G,. Using the notations
in Appendix A, the abelian subgroup Z, and the resulting D, Dynkin diagram can be written

as
.
Z4:{0,1,2,1} o—0—0 —
1 2 1

21 (48)

We labeled the conjugacy class of each element. Nonetheless, the abelian subgroup structure
is exactly the same as an A5 singularity, reduced to C, C A;. Hence these two cases cannot
be distinguished by the structure of abelian subgroups G; alone, and one needs to study the
non-abelian subgroups G;.

Similarly, there is an ambiguity between type E¢ and D5 (with monodromy reduction). The
abelian subgroups

1 2 3 2 1 4 3 4 (49)

>

which can be glued into either the Dynkin diagram of Eg

1 2 3 2 1 (50)
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or Ds

(51)

We present examples of this procedure in Appendix A, for the cases of exceptional sub-
groups H; and E®) of SU(3). One can see that the resulting gupy exactly matches the result
from geometry.

For the flavor symmetry Gy of the 5d SCFT, there are two additional subtleties:

1. The flavor symmetry factor for each ADE singularity may be different from the expected
one in table 4, see the discussions in section 2.3.2 and the case of A(48) in the sec-
tion 4.2.2 for example.

2. There can be further rank-preserving flavor symmetry enhancements, such as the en-
hancement of SU(3)® C E, in the case of 5d T theory [4].

Finally, we present the simplest example, Ty theory [4,92,93], where I' = Zy x Zy. Since
I is abelian in this case, each group element is a conjugacy class by itself. The total number of
conjugacy classes is n?, and the number of conjugacy classes in each set is

NN +3) = (N—1)(N —2)

I|= ,
ml= = :

ITyf]=3N-3. (52)

We show the case of N = 5 and the 24 non-identity conjugacy classes. The two Zy generators
are denoted as w; and w,, and the conjugacy class (element) colf wg sits on the point (p, q):

0,5

(53)

Here the blue dots correspond to the conjugacy classes in I, which correspond to the compact
divisors in Ts. The black dots denotes the inverse conjugacy classes of the blue ones, which
correspond to the Poincaré dual of the compact divisors. The yellow dots correspond to the
elements in the set I ¢.

As one can see, the elements in I} ; along with the identity element 1 exactly form three
commuting Zy’s in I'. They give rise to the codimension-two singularity of type g pr = A13v—1’
and UV flavor symmetry Gz = SU(N)3. When N = 3, the flavor symmetry is further enhanced
to Gy = Eg, which cannot be detected by this method.

2.3.2 5d flavor symmetry from resolution

After the equation for an orbifold singularity C3/T is written down, one can compute the
loci and ADE types of codimension-two singularities via the local Jacobian rings for example.
As we show in section 3.3 and 3.4, for all of the C3/T" covered in this paper, the 5d flavor
rank f always matches the number of non-compact exceptional divisors from the resolution
of codimension-two singularities.
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Table 4: The list of possible (maximal) flavor symmetry factors from a codimension-
two singularity with type ADE, which can be different from the actual 5d flavor sym-
metry Gp. For a given type, the rank of flavor symmetry factor is determined by the
number of different non-compact divisors (conjugacy classes in I ¢) associated to a
single codimension-two ADE singularity.

ADE type | Flavor symmetry factor
A, SU(n+1) or Sp(| %))
Dy S0(8) or SO(7) or G,
Dpsy S0(2n) or SO(2n—1)
Eg EgorFy,
E; E;
Eg Eg

In general, after resolving a codimension-two singularity of ADE type gspz, there will be
a number of non-compact exceptional divisors D; (j = 1,..., f) in X. Along with the compact
exceptional divisors S;, there will be P! curves

C; :Dj'(z €:iSi)s (54)

with normal bundle Neg = O & O(—2), which are called flavor curves in [10-12] (the integer
coefficient &; ; is defined in [13], which depends on the detailed resolution sequence). M2-
brane wrapping modes on C; precisely give rise to the W-boson of the non-Abelian flavor
symmetry factor. The symmetrized Cartan matrix [94] is computed from the triple intersection
numbers as

2((1, a)max(aj) ak)

C.p =—
Ik (aj: aj)<ak: ak)

Naively, the flavor symmetry factor from an ADE singularity type is given by table 4. The
non-simply-laced factor appears when

f <tk(gapg)- (56)

Nonetheless, the actual 5d flavor symmetry may be different from the expectation. As
an example, consider the geometry in figure 1, where there exists a non-compact exceptional
divisor D from the resolution of a codimension-two A; singularity and a family of divisors S,
t € C. For a generic S,(t # 0), the intersection curve D - S, is a smooth flavor curve with

S;-D*=-2, D-S$?=0. (57)

But at t = 0, the curve splits into two components C; and C, with normal bundle
N¢, =Ng, = O(=1) @ O(—1). In fact, this geometry appears in the splitting I,,,; — I, +I; in
F-theory, see e.g. [95]. In the 5d setup, suppose that S is the compact divisor, and we have

So'C1:SO'C2:—1, (58)

the divisor D would generate U(1) flavor symmetry instead of SU(2).
We will apply this discussion to the case of A(48) in section 4.2.2.
As another example, consider the geometry in figure 2, which is the resolution of a
codimension-two D, singularity
C+y3t+22=0 (59)
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Figure 1: The splitting of flavor curve into two O(—1) @ O(—1) curves.

Figure 2: The ramification point of codimension-two D, singularity gives rise to an
O(—1)® O(—1) curve on S,.

in C*[x, y,z,t]. The blow up sequence is

(x,y,2;61),
(Z> 51; 62): (60)
(61,62;63).
The resolved equation is
(x®+y3t)5, +2%5,=0. (61)

Note that there are only two irreducible non-compact divisors D; : 5 =0and D, : 653 =0
in the resolution. The fiber over t # 0 is four P! curves in the shape of a D, Dynkin diagram.
Over the ramification point t = 0, the fiber 5§, = 0 degenerates to a single P!

S,=t=x=0, (62)

which is rigid and has normal bundle O(—1) & O(—1). If t = 0 is the location of compact
divisor S, then the codimension-two D, singularity only gives rise to flavor symmetry factor
SU(2) x U(1) instead of G,.

This is exactly the case of T = E® in section B.6.
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2.4 McKay quiver and 1-form symmetry of 5d SCFT

In this section we present the method to compute the (electric) 1-form symmetry I'V) of the
5d SCFT, using group theoretic data of I'. It is based on a version of 3d McKay correspon-
dence [96], which is proved in [97] for any I' € SL(3,C):

the T-Hilbert Scheme (Hilbert quotient) T-Hilb C® is an irreducible crepant resolution of C3/T.

We first review the definition of McKay quiver of TI' [55, 62]. For each irrep
p; (i =0,...,x(X)—1) of T', we draw a node labeled by i. Then we consider the tensor
product with the three-dimensional natural representation 7t (which can be reducible)

pi®7T:ZClﬁpj. (63)
j

For each non-zero a;; term, we draw a;; arrows from the i-th node to the j-th node. The
resulting quiver diagram is the McKay quiver of T
We define the antisymmetric adjacency matrix A(T') = {A;;} by

—ay;. (64)

Ajj=a ij

ji
Now we apply corollary 5.3 of [96], and we have the following statement:

A(T') has the same Smith normal form as M(T'), where the latter is the intersection product
matrix between y(X) =1+ by(X) + b4(X) topological cycles of the resolved CY3 X.

M(T") has the block form of
0 0 0

MT)=| 0 0 My, xv, | > (65)
0 (MT)b4><b2 0

where My, ., is the intersection matrix between compact 2-cycles and 4-cycles in X.
Smith normal form of M(T") (which is the same as that of A(T')) has the form of

a; 0 0 0 .. 0
0 a 0 O 0
0 0 a, O 0

0

0O 0 o o0 ... 0

a; 0 ... O
{01 ay, ... O \
D= 0 0 a'b4 . (66)
0 0 0
\o 0 ... 0 )

The 1-form symmetry IV of T3¢ is computed as [80]

W =9 7/(a;2). 67)
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As an example, consider the case of I' = Zs, whose group generator is a = %(2, 2,1). The
1d representations of Zs are denoted by p; (i =0,...,4), where p;(a’) = a".
The natural representation of Zs in this case is

T=p®P®pP;. (68)
The McKay quiver is

(69)

The antisymmetric adjacency matrix of the McKay quiver can be computed as

0 1 2 —2 -1
-1 0 1 2 -2

AZ)=|-2 -1 0o 1 2 |. (70)
2 -2 -1 0 1
1 2 —2 -1 0

The Smith normal form of A(Zs) is

5 0 00O
0 5000
0 01 0 0, (71)
0 001O0
0 00O0O

which is exactly the same M(T'). The intersection matrix M., then has the Smith normal

form
50

which gives rise to the correct 1-form symmetry I'V = Zc of T;’d. We will check this result
using toric geometry in section 3.1.1.

More generally, when I' = Z,;,;, the Smith normal form of the antisymmetric adjacency
matrix A(Zyj.1) is of the form diag(2k + 1,2k +1,1,---,1,0) whose dimension is 2k + 1 and
the number of diagonal 1’s is 2k — 2, while when I' = Z,, the Smith normal form of the
antisymmetric adjacency matrix A(Z,; ) is of the form diag(k, k, 1,-- - , 1,0, 0) whose dimension
is 2k and the number of diagonal 1’s is 2k — 4. The above results match the fact that the
1-form symmetry of C3/Zo,, theory is Z,,; and the 1-form symmetry of C3/Zy; theory
is Zy. For the T, series, the Smith normal form of the antisymmetric adjacency matrix is
diag(1,---,1,0,---,0) whose dimension is n? and the number of diagonal 1’s is (n —1)(n—2)
therefore the 1-form symmetry of T, theory is trivial. For the A(3n?) and A(6n?) series a
similar result holds such that the number of diagonal 1’s is 2r and the other diagonals are
zeroes therefore the 1-form symmetry of these theories are also trivial.

It is also rather trivial to compute the 1-form symmetry of the exceptional cases Hsq, Hgg,
Hy9, Higg, Ha16, Hago Whose McKay quivers can be found in [62,98,99]. The Smith normal
form of the antisymmetric adjacency matrices of these exceptional cases are all of the form
diag(1,---,1,0,---,0) whose dimension is y (X) and the number of diagonal 1’s is 2r. There-
fore the 1-form symmetry of this set of 5D theories is trivial. Similar results can be found for
other non-abelian I's in table 2.
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We also present a non-abelian I with a non-trivial 1-form symmetry, which is the following
class (B) example with the generators (w = e™/3):

i 0 0 0 i O w 0 0
M;=|0 —i 0], M,=|i 0 0], My=[0 w 0 |. (73)
0 0 1 0 01 0 0 w?

The 5d SCFT has r = 5, f = 4 and ') = Z,, and the singular equation C3/T is neither toric, a
hypersurface nor a complete intersection of two equations. We leave a complete classification
of these cases in a future work.

2.5 Relation between 6d and 5d SCFTs

Here we consider the cases where (after the redefinition of variables) the canonical threefold
singularity X can be rewritten in the form of

y2=x3+fx+g, (74)

where f and g are holomorphic functions. In this case, we can embed the singularity into a
Weierstrass model
yi=x3+fxz*+gz°, (75)

where [x : y : Z] are projective coordinates of P>>!. We can thus define a 6d (1,0) SCFT T)?d as
F-theory on this elliptic singularity. Now we discuss the relation between T)?d and T)?d, starting
with the KK reduction of T;’d on S', and goes on the Coulomb branch. Geometrically, the 5d
KK theory is M-theory on the resolved elliptic CY3 Xy, with compact 4-cycles |JS;. The zero
section Z = 0 is a non-compact divisor of )?ell. To get the 5d theory T)?d, the elliptic fibration
structure needs to be broken, and the zero section Z = 0 should not intersect the compact
4-cycles any more. In order to achieve this, there are two different geometric transitions from
X to X, depending on whether T)?d is very-Higgsable:

1. (75) is a hypersurface equation and (f, g) are holomorphic functions on C2. In this
case, T}?d is a very-Higgsable theory as the base B in the tensor branch description can
be blown down to C2.

Now consider the intersection curves between the non-compact zero-section Z = 0 and
compact 4-cycles S;. Because T)?d is very-Higgsable, these curves can be linearly com-
bined into a curve C; = Y. €: 7S - Z with normal bundle O(—1) ® O(—1). In fact the
curve C, corresponds to a (n,g) = (—1,0) node in the language of combined fiber di-
agram (CFD) [11,13], and the coefficient &; ; are the multiplicity factors. Then in the
transition from the 6d to the 5d description, one decouples a hypermultiplet by flopping
Cy out of | JS;. The resulting CY3 is no longer elliptic as the zero section Z no longer
intersects the new set of compact 4-cycles USl’ . The 5d SCFT T. ;d defined as M-theory
on X is obtained at the origin of the new Coulomb branch, where S's are all shrunk to a
point.

For example, in the case of
X: y?=x3+25+0b, (76)

the 6d interpretation is the rank-1 E-string. Its KK reduction has an IR description of
SU(2) + 8F. After decoupling a fundamental hyper, we get SU(2) + 7F whose UV com-
pletion is the rank-1 Seiberg Eg theory. In the resolved CY3 picture, the decoupling
precisely corresponds to the blow down of a dPy into a dPg. This is also consistent with
the 5d interpretation of (76) [6].
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2. (75) is a complete intersection equation, which can be interpreted as a Weierstrass model
over a singular base B. In this case, T)?d is a non-very-Higgsable theory. From the full
tensor branch of T)?d, we perform a number of blow downs until the compact curves C;
(i=1,...,q) on the resulting base all have self-intersection number n < —2.

In this case, starting from the resolved elliptic CY3 X,, we cannot flop out the curve
C, because its normal bundle is not O(—1) @ O(—1). Alternatively, we decompactify all
the vertical divisors over C; (i = 1,...,q) (with the topology of Hirzebruch surfaces).
Equivalently we decouple q U(1) vector multiplets on the Coulomb branch. As a conse-
quence, the zero-section Z = 0 no longer intersects X, and we can get the 5d SCFT T)f'd
as the origin of the new Coulomb branch.

Examples can be found after comparing the 6d description of I' = A(54) in section 4.3.1
and the 5d description in section 4.3.2, or comparing the 6d description of I' = Hy¢ in
section B.3 and the 5d description in section B.3.2.

These procedures precisely match the systematics of decoupling in [13].

3 The finite subgroups of SU(3)

In this section we present the group theoretic data and geometry of C2/T orbifolds. In section
3.1 we study the cases where T is abelian. In these cases we are able obtain maximal under-
standing of the corresponding 5d theories via both the group theoretic data of I' and the toric
geometry of the C3/T orbifold. In Section 3.2 we discuss the cases of non-abelian I' which
can be thought as finite subgroups of U(2) ¢ SU(3). In Section 3.3 and 3.4 we study the
non-abelian finite subgroups of SU(3) that are not subgroups of U(2). In particular, in Section
3.3 we will focus on the infinite series (cf. A and D series of finite subgroups of SU(2)) while
in Section 3.4 we will focus on the exceptional cases (cf. E type finite subgroups of SU(2)).

3.1 Abelian subgroups

In this section, we discuss the simple cases of " being abelian. In these cases, every conjugacy
class of T' only contains a single element, and the total number of conjugacy classes equals to
the order of T', we have

IT| =1+ + |y . (77)

The generators of T are chosen in a way such that C*/T" contains a codimension-three singu-
larity.

For example, taking T' = Z, the generator can be chosen as either %(1, 1,1) or %(O, 1,2).
In the first case, the junior conjugacy classes and age-two conjugacy classes are

1 1
h={;0,11}, L={3(222)}. (78)
Hence we have r =1, f = 0, and the 5d SCFT exactly corresponds to the rank-1 Seiberg E,,

theory. The single compact exceptional divisor in the resolution X is exactly P2.
In the second case, the conjugacy classes are

L ={500,1,2,302D} L=0. 79

It corresponds to the singularity C x C2/Z4, which gives rise to a 7d SU(3) SYM theory rather
than a 5d theory. In the following discussions, such 7d cases are not included.
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3.1.1 7,

The generator of Z,, is chosen as %(p,q, r), p+q+r = n. The threefold singularity C3/Z,
is toric. Denote the three vertices of weighted projective space PP%" as v;,v,, V3 € Z2, then
the rays in the fan of the toric threefold singularity are (v;,1) (i = 1,2, 3). The resolution of
C3/7z,, is thus given by a fine, regular star triangulation (FRST) of the 3d polytope.

Since C3/Z, is toric, the (magnetic) 1-form symmetry I'") of the 5d SCFT can also be
computed with the procedure in [80]. Define a 3 x (3 + f) matrix Ay to be the list of rays on
the boundary of the 3d polytope, including (v;,1) (i = 1,2,3), then we compute the Smith
decomposition

Ap=SDT, (80)

where D is the Smith normal form of Ag

aq 0 0
0 Ay 0
0 0 as
D= 0 0 0 . (81)
0O 0 O

The 1-form symmetry group is computed as
W= 7/(a;Z). (82)
In particular, for Z,;, with the generator ﬁ(l, 1,2k —1), the vertices can be chosen as
vi=(-1,-1), v,=(0,1), v3=1(k,0). (83)
The resolution is shown as

(0,1)
(k,0)

-L-1) (84)

The black dots correspond to compact divisors. From the counting of conjugacy classes,
we also get
| =l =k, (85)

which implies
r=k, f=0. (86)

The 1-form symmetry is generally IV = Zojs1-
For example, for k = 2, the only orbifold singularity C3/Zs exactly corresponds to a rank-2
SCFT with f = 0, which is labeled as P? UF5 in [16]. It has 1-form symmetry I'") = Z< [80].
For arbitrary k > 2, the compact complex surfaces are P2 UF; UFs U+ -- UFy_;.
Similarly, for Z.; with the generator ﬁ(l, 1,2k — 2), the vertices can be chosen as

V1= (_13_]—): Vo = (_1: 1)) V3 = (k_ 170) . (87)

The resolution is
(-1,1)

(k—1,0)

=1.=1) (88)
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Here the non-compact divisor that gives rise to flavor symmetry is colored yellow. From
the counting of conjugacy classes, we also get

|F1|=k5 |F2|=k_1’ (89)
which is consistent with
r=k—1, f=1. (90)

The 1-form symmetry is T = 7, .

The flavor symmetry of the corresponding 5d SCFT is always Gy = SU(2) for this sequence
of theories. In fact, they have exactly the IR gauge theory description SU(k); (SU(2), when
k=2).

Note that for certain Z, generators, such as ﬁ(l, k—1, k), the singularity is isomorphic to
C3/Zy x Zy.

Apart from these two infinite series, we also list a number of C3/Z, orbifolds with their
resolutions for small n.

1. n=7, generator %(1, 2,4), r=3,f =0, r@® = Z (this theory is known as B, in [80])

(0,1)
(1,0

(=2.=4) (1)

2. n =8, generator 5(1,2,5), r =3, f =1, G, =SU(2), TV =7,

(0,1)
(1,0

(=2.-5) 92)
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3. n=9, generator %(1,2, 6),r=3,f =2 G =SU(3), IV =7,

(0,1)

(—2,-6)

(1,0

We list the physical data of C3/Z,, theories with small n in table 5.

Table 5: List of C3/Z, with their generators, r, f, UV flavor symmetry G, 1-form

symmetry I'™) and IR gauge theory descriptions of the corresponding 5d SCFT.

n | Generator |r | f Gr r IR gauge theory

3] 31,1, [1]o0 — Zs —

4 1,12 |11 SU(2) Z, SU(2),

51 2(1,1,3) |20 - Zs -

6 | 2(1,1,4) |21 SU(2) Zs SU(3);

6 | £(1,2,3) | 1|3 ]|SU@)xsuR)| - SU(2) + 2F

7 | 7(1,1,5) |30 - Z, -

7 | 7(1,2,4) |30 - Z, -

8 | s(1,1,6) |31 SU(2) Z, SU(4)4

8 | 5(1,2,5) |31 SU(2) Z, —

8 | 5(1,3,4) |23 SU(4) Z, SU(2)o—SU(2),

9| 35(1,1,7) |4]o0 — Zo —

9 | 3(1,2,6) |3]2 SU(3) Zs —

10| 5(1,1,8) |41 SU(2) Zs SU(5)s

10| +(1,2,7) |41 SU(2) Zs —

10| +(1,3,6) |41 SU(2) Zs —

10 | +(1,4,5) | 2|5 |SUBG)xSUR) | - SU(2)o—SU(2) —2F
11| £(1,1,9) |5]0 — Z1; —

11| £(1,2,8) |50 — 71, —

12 | £5(1,1,10) | 5| 1 SU(2) Zg SU(6)g

12| £(1,2,9) | 4|3 |SUB)xSUQ) | Z, SU(4),—SU(2),
12| £(1,3,8) | 3|5 |SUM@)xSU@B) | — SU(3),—SU(2), — 2F
12| 5(1,4,7) |43 SU(4) Zs —

12| £(1,56) [3]5 Su(6) Zo | SU(2)o—SU(2)y—SU(2)o
13| %5(1,1,11) | 6 | 0 — Z13 —

13 | %(1,2,10) | 6 | 0 - Zs —

13| £(1,3,9) |60 - Z13 —
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Table 6: List of C3/Z,, x Z, with their r, f, UV flavor symmetry G and IR gauge
theory descriptions of the corresponding 5d SCFT.

m|n| r | f Gp IR gauge theory

32113 SU(3) x SU(2) SU(2) + 2F

42| 1| 5 | S0(10)>SU(4) x SU(2)? SU(2) +4F

5121215 SU(5) x SU(2) SU(2),—SU(2)—2F

612|217 SU(6) x SU(2)? SU(3)o + 6F /2F —SU(2)—SU(2) — 2F

712317 SU(7) x SU(2) SU(2)g—SU(2),—SU(2)—2F

81213109 SU(8) x SU(2)? SU(4), +8F/2F —SU(2) —SU(2), —SU(2) — 2F

313|116 E¢ D SU(3)® SU(2)+5F

41335 SU(4) x SU(3) SU(3),—SU(2)—2F

513|416 SU(6) x SU(4) —

6 3] 4] 9 SU(6) x SU(3)? SU(2),—SU(4), —6F

713|618 SU(7) x SU(3) -

41413109 SU(4)® 4F —SU(3),—SU(2)—2F

5|14 6|7 SU(5) x SU(4) SU(4)s —SU(3), —SU(2) — 2F

6 4] 7| 9| SUB)xSU4)xSU(2) SU(2),—SU(4): —SU(3), — SU(2) —2F

714919 SU(7) x SU(4) -

55| 6 |12 SU(5)3 5F —SU(4),—SU(3),—SU(2)—2F

6 |5|10] 9 SU(6) x SU(5) SU(5); —SU(4)o—SU(3), —SU(2) —2F

715|121 10 SU(7) x SU(5) -

6 | 6|10 15 SU(6)° 6F —SU(5), —SU(4), —SU(3), —SU(2) — 2F

71611511 SU(7) x SU(6) SU(6)7 —SU(5)o—SU(4), —SU(3), — SU(2) — 2F

71711518 SU(7)3 7F —SU(6)y —SU(5), — SU(4), — SU(3), —SU(2) — 2F
3.1.2 Z,x7Z,

In this case, the generators of Z,, and Z,, are chosen as %(1, m—1,0) and %(0, 1,n—1). The
orbifold C3/Z,, x Z, is a toric threefold singularity, with rays (0,0, 1), (m,0,1), (0,n, 1).

For example, if m = n, the singularity C3/Z, x Z,, exactly gives the 5d T, theory. If m = 3,
n = 2, the singularity C®/Z3 x Z, corresponds to rank-1 E; theory, which has the following
toric diagram:

(0,2)

(0,0) (3,0)

(94)

From the picture, we can easily read off Gy = SU(3) x SU(2).
We list the basic data of C3/Z,, x Z, theories with small m,n in table 6. The 1-form
symmetry is always trivial for these cases.

3.2 Non-abelian subgroups of U(2)

In this section, we discuss the cases of I' as a non-abelian subgroup of U(2), namely the class
(B) in table 1. In particular, we will focus on the cases where X = C3/T can be written as a
hypersurface in C* or a complete intersection of two equations in C>, which were classified
in [74].

3.2.1 Infinite sequences G, G, , and G/

1. G,
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This is the case (2) of [74]. The generators are:

w 0 0 -1 0 0 01 0
M;=|0 ot! 0], Mpy=|0 1 0], My=|1 0 0 |, (95)
0 0 1 0 0 —1 0 0 —1

where w = e™/™. From group theoretic data, when 2 | m, x =2m+6, |I}| = %m +5,
ITy| = %m while when 2tm, y =2m+3, |I}| = %m+ %, |5y| = %m—%. In this case C3/T
is a hypersurface given by the equation

4wx™ —wxy? +2%2=0. (96)

2. Gp’q
This is the case (18) of [74]. The generators are

w 0 0 wP 0 0 01 0
M;=|0 o' 0], M=l 0 1 0 |, My=|1 0 0|, 97)
0 0 1 0 0 w?® 00 -1

where w = ¢™/P4 p > 1 and q > 2. In this case C*/T is a complete intersection given
by the equations

{ 4uxP —uy?+2%=0, 98)

u?—vyx =0.

3. G,

This corresponds to the case (19) and (20) of [74], the order of group is |G/ | = 8m.
When m is even, the group generators are

0 —i 0 iw 0 0
M;=|—-i 0 0|, My=[0 iw?! 0], (99)
0 0 1 0o o0 -1

where w = ¢2™/4M_ For this group we have y =2m+3, |I}| = 3m+2 and |I,| = 3m. In
this case C3/T is a complete intersection given by the equations

2 m
u'—y(x—4y™)=0,
100
{ v2—xz=0. (100)
While m is odd, the group generators are

0 -1 0 iw O 0
Mi=(-1 0 0|, My=[0 iw! 0|, (101)

0O o0 -1 0 0o -1

where w = e2™/2™_ For this group we have r = 3(m+1), f = m+4. C3/T is a complete
intersection
(102)

2

w—y(x+4y™=0,
vi—xz=0.
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3.2.2 Sporadic cases E®

In this section, we present other sporadic cases of I' C U(2) with a hypersurface or complete
intersection description, which are labeled by E(). For the details of invariant polynomials,
see [74].

. E(l) D) ]E6

This is the case (3) of [74], the order of group is 72, and the generators are

i 0 0 0 i 0
M;=|0 —i 0}, My,=[i 0 0],
0 0 1 001
3+3 —3+5 O w 0 0
My=|3+3 3-3 0|, Mg=|0 w 0 |,
0 0 1 0 0 w?

where w = ¢2™/°, For this group we have y =21, |I}| =15, r = |I,| =5, f = 10. C3/T
is a hypersurface
22 —w(y?+108x*) =0. (103)
. E(Z) ) ]D)4

This is the case (4) of [74], the order of group is 24, and the generators are

0 —i 0 —i 0 0 . e’ €l 0
My=|—i 0 0|, My=[0 i 0|, My=—|€" ¢ 0 ,
0 0 1 0 0 1 V2l o o V2l

where w = ¢%™/24_ For this group we have y =7, [I}| =5, r = || =1, f =4.
C3/T is a hypersurface
22 —w(y® +12v3ix2)=0. (104)
« E®>5E,

This is the case (5) of [74], the order of group is 96, and the generators are

{0 o 0 i 0 bag e
My=|0 —i O], My=[i 0 O), My=|3+5 3—3% ,
0 0 1 0 01 0 0 1
e 0 0 w 0 0
M,=|0 € 0|, Ms=[0 w o0 [,
0 0 1 0 0 w?
where € = ¢2™/8 and w = €2™/4, For this group we have y =16, [Iy| =12, r = || = 3

and f =9.

C3/T is a hypersurface
22 + w(108x3 —xy3)=0. (105)

. E(4) DE6
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This is the case (6) of [74], the order of group is 48, and the generators are

0 —i 0 — 0 0
0 0 1 0 0 1
—1—i 1—i O 1 e 0 0
My==|-1—i —1+4i 0|, My=—=|0 € 0 |,
2\ o 0o 2 V2\o o0 -1

27mi/8

where w =e . For this group we have y =8, |I}| =6, r =|I}|=1and f =5.

C3/T is a hypersurface

22+ w(108x* —y3)=0. (106)
. E(S) ) E6
This is the case (7) of [74], the order of group is 96, and the generators are
0 —i O -1 0 O
0 0 1 0 0 —1
—1+i —1—i O 1 -1 0 O
2\ o 0o 2 V2l o0 o0 —i

For this group we have y =16, |I}| =11, r =|I;|=4and f =7.
C3/T is a hypersurface

108z* + w(y*—x3)=0. (107)
° E(6) D) E6
This is the case (21) of [74], the order of group is 48, and the generators are
i 0 O 0 i O
M;=10 — 0], M,=|1i 0 0],
0 0 1 0 01
1 1
5+ % -3 +é 0 i 0 O
My=|3+% 3-% 0], My=|0 i O
0 0 1 0 0 -1

For this group we have y =14, |[}| =10, r =|I,| =3 and f =7.

C3/T is a complete intersection

y®—2%=108x2, (108)
u?—vx=0.
s ED SR,
This is the case (22) of [74], the order of group is 144, and the generators are
i 0 0 0 i 0 3+5 —3+5 0
My=|0 —i 0|, My=|i 0 0|, My=[141 1_-1 o],
0 0 1 0 01 0 0 1
e 0 0 w 0 0
M,=|0 € 0|, Ms=|0 w 0 |,
0 0 1 0 0 w?
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27i/8

271i /6

where e = e andw=c¢e

and f =9.

C3/T is a complete intersection

. For this group we have y =24, |T}| =16, r =|I,| =7

yv— ul=0,
) 5 (109)
z“+108x° =xy.
s E®>5SE,
This is the case (23) of [74], the order of group is 192, and the generators are
i 0 0 0 i 0 1+f —31+L 0
Ml_ 0 —i O 5 Mz— l 0 0 5 M3: %4—% %_% O .
0 0 1 0 01 0 0 1
e 0 0 w 0 0
M,=|0 € 0|, Ms=(0 w o0 [, (110)
0 0 1 0 0 w?
where e = €2™/8 and w = ¢2™/8, For this group we have y = 32, |I}| =21, r = || = 10

and f =11.

C3/T is a complete intersection

22 +108ux —uy3 =0,
(11n

u?—vx=0.

¢ EO >Ry

This case and the next two cases correspond to the case (8) of [74]. The order of group
is 240, and the generators are

L [ nf=m mP=n® 0 ; [(n*=n* nt=n 0
My=—|n*=n° n—-n* 0|, My=—| 1-n n°-n 0 |,
51 o 0 V5 V51 o 0 /5
w 0 O
M;=10 w 0 |,
0 0 w?
where 1 = e>™/5 and w = e2™/4, For this group we have y =18, |I}| =13, r = I,| = 4

and f =9.
C3/T is a hypersurface

22+ w(—1728x° + y*)=0. (112)
° E(lo) ) ES
The order of group is 360, and the generators are
TR A , [m*—n* nf=n 0
1= n?=n> n-n* 0|, My=—7=| 1-n #°-n 0 |,
>\ o 0o V5 >\ o 0o V5
w 0 O
M3 == O w O ,
0 0 w?
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21i/6

2mi/5

where n =e and w=e . For this group we have y =27, |I}| =18, r = || =8

and f =10.
C3/T is a hypersurface
23+ w(—=1728x° +y?)=0. (113)
° E(ll) D) ]Eg

The order of group is 600, and the generators are

' A A N B AU N B
Mi=—|n"=n> n—m" 0 |, My=—| 1= n°—m 0 [,
V5 0 0 V5 V5 0 0 45
w 0 O
M3: 0 w 0
0 0 w?
where 17 = e2™/> and w = ¢2>™/19, For this group we have y = 45, |I}| = 28, r = |I| = 16
and f =12.

C3/T is a hypersurface
1728z° —w(x3 + y2) =0. (114)
3.3 Infinite series of non-abelian finite subgroups of SU(3)
3.3.1 A(3n?) series

The generators of A(3n?) groups are:

010 w 0 0
E=(0 0 1|, L,=(0 w? 0}, (115)
100 0 0 1

where o = e27/n,

The number of conjugacy classes can be computed as

1 1
ITol =1, |F1|=g(n2+3n+8), IBl=c(n=1)(n=-2), 3tn,

1 1 (116)
Tl =1, |1“1|=6(n2+3n+36), |1“2|=6(n2—3n+6), 3| n.
The gauge and flavor rank are
1
r=6(n—1)(n—2), f=n+1, 3fn,
117)

1
r=g(n2—3n+6), f=n+5, 3|n.

For C3/A(3n?) theories, they can be written as a hypersurface singularity in C*:

—16wW32"+24wxz"+24yz" + 7222+ 3wl x2—3wrx 4w y + WO+ 4wxy —x3+8y% = 0. (118)
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3.3.2 A(6n?) series

The generators of A(6n?) groups are:

010 0 0 -1 w 0 0
E=(0 0 1|, I=l0 -1 o, L,=[0 ™ 0], (119)
100 -1 0 0 0 0 1
Zm'/n.

where w =e
The gauge and flavor rank are

%(n2+6n)—1,n=6k,
&(n+7)(n—1),n==6k+1 or 6k +5,
%(n+8)(n—2),n=6k+2 or 6k + 4,
((n*+6n—3),n=06k+3.

=

. (120)
r5n+5,n= 6k,
f= { %n+%,n=6k+1 or 6k +5,
%n+3,n=6k+20r6k+4,
%n+%,n=6k+3.
For n = 2k + 1 these theories can be described as a complete intersection in C°:
(121)

2

27u”+4unz;1vx—1OunT_1vy—xy2+2)/3+z2 =0,
ve—ux—2uy =0.

When n is even, for n = 2k (k # 1) these theories can be described as a hypersurface in
Cc*:

—20w>1x3 + 36W%+1xy +108w™ ! 4 5wx?y? —4wx*y + wx® —2wy? +422=0. (122)

3.3.3 Cr(lkl) series

L (nkD)=(3,1,0),3]l

A series of simple examples is given by (r,k,1) = (3,1,1) where n = rl = 3l and 3|,
whose generators are:

010 w 0 0 1 0 O
E=|0 0 1|, By;=(0 w 0 |, G,,=|0 w? 0|, (123
100 0 0 w- o o0 w
where w = e2™/"_ For this series we have
1 1
|F1|=Elz+§l+6,
1 1 (124)
r=|l,|==1>—-1+1.
2 2
C3/T is a hypersurface given by the equation:
wlx? + 3w x — 6lez +on? —xyz+y3+23=0. (125)
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2. (rnk,)=(7,2,1)

Another example is given by (r, k,1) = (7,2,1) where n = rl = 71, whose generators are:

010 w 0 0 1 0
E=|0 0 1], By,=(0 w* 0 |, Gy,=|0 w
100 0 0 w3 0 0

(126)

where w = €2™/", When 3 | [, f =1+ 5 while when 341, f = [ + 1. For this series we

have
Zk2+3k+6, =3k,
=4 Zk2+Yk+3, [=3k+1,
2 2
2k2+3k+7, 1=3k+2,
Zk?—3k+1, =3k,
r=|={ Zk2+Lk+1, 1=3k+1,
Sk +2k+4, 1=3k+2.

In this case C3/T is a complete intersection given by the equations:
u?ly —ulz +vy—x2=0,
out +3u?y —sulvx +v3 —xz+y%2 =0.

3.3.4 pW

5, Series, 2|1

The generators are E, I, B3 ; where

w 0 0
B3l,1 = 0 w 0
0 0 w?

and w = e2™/3!, We consider the case of 2 | [, where r = %12 +2l—-1, f = %l +5.

In this case C3/T is a complete intersection given by the equations:

4v2ul 2 4 12vu! — 6x2ul/? + 621/ + 36132 —vx2 + vz + x3 + 3xz = 0,

{ yz—uz=0.

3.4 Exceptional finite subgroups of SU(3)

(127)

(128)

(129)

(130)

Here we discuss the classes (E)(F)(G)(H)(I)(L), the “exceptional” finite subgroups of SU(3)

that are analogs of E-type finite subgroups of SU(2).

1. Hgg
This group is generated by

1 0 O 010 1
0 0 w? 100 1 w?

where h = (w — w?)™! and w = e>™/3, The order of Hy is 108.

x=14, |Iy}|=9, r=|L|=4, f=5.

32
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The singular variety C3/Hs4 can be written as a complete intersection given by the equa-

tions:
3u?v +2u® — 36uy — 36vx —v3 + 43222 =0,
2 2 2 2 (133)
u“x—u“y—12x*+9y~=0.
2. Heg
This group is generated by
1 0 O 010 (1w ow
Ml - 0 _1 O 5 MZ - 0 O 1 5 M3 = 5 uZ u1 _1 5 (134)
0 0 -1 100 uy -1 u
where u; = 3(—1 + +/5) and u, = 3(—1 — v/5). The order of Hy is 60, and
x=5, |l=4, r=IL =0, f=4. (135)

Therefore there are 4 non-compact exceptional divisors in C3/Hg, and no compact ex-
ceptional divisors.

The singular variety C3/Hg, can be expressed as a hypersurface in C*:

0 = 10125w? — 13071240x*y 2z + 446240256 x°y% — 408197440x°y> (136)
+174372625x3y* + 25927020x2 y 22 + 40449024x” yz
—245088256x12y —17622576x°2% — 13658112x 1%z + 54329344x 1°
—21994875x y3z — 18907875y ° — 27778952> .

3. H72
This group is generated by

w
w I, (137)
w

where h = (w0 — w?)™, w = e2™/3, The order of Hy, is 216, and

y=16, |Ij|=10, r=|L|=5, f=5. (138)
The singular variety C3/H,, can be described as a hypersurface in C*:

(—w3 + 3wy + 432x2)2 —4(3yzz —3yz? + 23) =0. (139)
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This group is generated by

w 0 0 010
M;=[{0 w? 0|, My=|0 0 1], (140)
0 0 wt 100
0)4—603 602 0)5 co—co6
M3 =h w—w w—w® wt—wd], (141)
6 4 3 2 5

where @ = e2™/7 and h = 2(w + w? + w* — w® — w® — w®). The order of Hyg is 168,
and

X:6) |F1|:4: r:|F2|:1> f:3 (142)

The singular variety C3/H;cg can be described as a hypersurface in C*:

23 +1728y7 +1008zy*x — 8822y x? — 60032y° x>

(143)
+1088zy2%x* +22016y3x® — 2562x7 —2048yx° —w? =0.
5. Hy6
This group is generated by
1 0 O 010
M1: O w O N M2: 0 0 1 N
0 0 w? 1 00
1 1 1 1 00
My=h|1 o w?|, My,=€e|0 1 0], (144)
1 w? w 0 0 w

where h = (0 — w?)7!, w = *™/3 and e = e*"/?, The order of Hy¢ is 648, and

x =24, |}|=14, r=|L|=9, f=5. (145)
The singular variety C3/H,;¢ can be described as a hypersurface in C*:
1
y3—ZZ((432W2—2—3y)2—6912x3) =0. (146)

The group Hsg is generated by

-1 0 O 1 0 0
M;=|0 0 -1}, My=[(0 w* 0],
0 -1 0 0 0 w
1 V2 V2 1 V22 V210
M, = — V2 st M, = — V21 s t (147)
3 5 4 — 2 ’
V5 V2t s V5 V22, t s

where w = €2™/5 s = %(—1 —5), t = %(—1 +4/5), Ay = %(—1 + +/15i) and
Ay = %(—1 — +/15i). The order of Hs¢, is 1080, and

=17, ||=11, |L|=5, f=6. (148)
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4 Examples

In this section, we provide a number of notable examples of C3/T, their resolutions and the
5d SCFT interpretation. If the singularity can be embedded in a singular elliptic Calabi-Yau
threefold, one can also study the 6d (1,0) SCFT from F-theory. The 6d and 5d theories are
naturally related, see section 2.5. We put additional examples in appendix B.

4.1 A(3n?),n=3k

In this section we study the cases of X = C3/A(3n?), n = 3k. One can dimensionally reduce
T )‘?d on S!, and then decouple a 5d hypermultiplet to get T;d.

4.1.1 6d interpretation
Starting with the singular equation
—16W3z" +24wxz"+24y 2"+ 7222+ 3w x> —3wx—4wly + Wl +4wx y —x3+8y% = 0, (149)

we can rescale and shift coordinates and rewrite it as

y?=x%+ Hw(8U — 9w®)x + 155(8U% —36UW> + 27w°),
3 (150)
U=w>—-27z".
The discriminant is
A = 42"(272" —w?)?
(151)
= iU3(U —w?).
27
If n = 3k, the non-compact curves supporting Kodaira singular fiber are
2=0:1,,, Gpgq=SU(n)
s n,s F,6 (152)
w—3e"""3 =0:13;, Greg=SU(3) (m=0,1,2).
The total flavor symmetry is
Greq 2 SU(n) x SU(3). (153)

Now we discuss the tensor branch geometry of a few A(3n?) theories with small n = 3k.
For n = 3, the base blow up is (w, 2; §), and the resulting (f, g, A) are

1 3 3
= w(w’ +216z°),
f==1 ( )
6

g= W + 5w323 + 542° s (154)
108
A =—4z3(w® —272°)3.
The tensor branch is
[SU(3)]
|
[SU(3)]- 1 —[su(3)], (155)
|
[SU(3)]

with only a single (—1)-curve. Hence the corresponding 6d (1,0) SCFT is the same as rank-1
E-string theory.
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For higher n = 3k (k > 1), the base blow ups are

(w,2;61) (156)
(W>5i;6i+1) (l:].,,k—].)
The resulting (f, g, A) are
1 k—1
__ 3 3k 3k—3i
f= 12W(W + 216z D5i ),
W6 k—1 . k—1 .
g=—jo+ swia* [ 632 + 5420k [ o0k, (157)
i=1 i=1
k=1 A= .
A = —453k (Ws — 9743k l_[ 5?k—31) l_[ 5?k—31 ]
i=1 i=1
From the Weierstrass model, we read of the following tensor branch
[SU(3)]
|
su(3k—3)  su(3k—6) su(3)
[SUBK)]- 2 — 2 —...— 2 —1— [SU@3)]. (158)
|
[SU(3)]

The compact curves from left to right are 6; =0, 6, =0, ..., §; = 0. The flavor symmetry
SU(3)? attached to the (—1)-curve on the right is enhanced to Ej, after the three I 3,5 loci collide
into an IV, and the tensor branch becomes

su(3k—3)  su(3k—6) su(3)
[SUBK)]— 2 — 2 —-— 2 —1—[E]. (159)

These 6d SCFTs are very-Higgsable tensor-gauge quiver theories that naturally appear in
the literature, such as [79].

4.1.2 5d interpretation

The 5d interpretation of these theories has also been studied in [100] using a different ap-
proach. In this section we study the resolved geometry explicitly.

1. n=3

The non-isolated singular equation is

w8 —3whx +3w?x? —x2 — 4wy + 4wxy + 8y —16w32> + 24wxz® +24y23 +722° = 0.

(160)
The equation is homogeneous with weights
1 1 1 1
d(x) 3 d(y) 5 d(z) % d(w) o (161)

hence the singular point x = y =z = w = 0 can be removed after the weighted blow up
of ambient space
(x®, y®,20,wM; 5). (162)
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After this blow up, the equation of compact exceptional divisor ; = 0 has the same
form as (160). There are still four cod-2 A, singularities at the following curves

2 3 3

9 w w 3 W
— — — —0, —_— = —_— = __—O’ 163
X—w'=y=g b'e 3 y 5 Z 77 (163)

which all intersects 6; = 0. Note that the last one has three components. Now after
the four A, singularities are resolved, the compact surface S; : &; = 0 has the form of
a generalized dPg of type 4A, (the (—2)-curves on S; consists of four disconnected A,
Dynkin diagram).

In the limit of zero surface volume, the UV SCFT is the rank-1 Seiberg Eg theory. We do
not write down the fully resolved equation for simplicity.
2. n=6

For n = 6, the whole resolution sequence giving rise to compact divisors is

(X(Z)ay(g):z(l))w(l);51)) (X(Z))y(g))w(l)s 551): 62): (XZ:.y) 61’53)

(164)
(7,835 04).

The resolved equation at this step is

_X§53 +4wx,y +8y254+725?5§52212 (165)
+863532°(w? + 365385 ,wxy + 36362y )z° =0.

The compact divisors are S; : 61 =0, S5 : 6, =0, S3: 63 =0, S4: 64, = 0 and they
are all irreducible. This matches the expected r = 4. The intersection numbers between
them can be computed using the SR ideal from the resolution sequence

(166)

Since S; - S5 is a section curve on S but a ruling curve on Sy, the geometry does not have
a ruling structure and an IR gauge theory description.

There are still three codimension-two A, singularities at the loci
Xy + 6e 5" 5%635424 =y— 35?5%5426 =w— 36@51536422 (m=0,1,2) (167)

and an Ajs singularity at
xXo=y=2=0. (168)
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After shifting coordinates, these codimension-two singularities can be resolved in the
usual way, without further blowing up the compact divisors S;. We will not write out the
fully resolved equation.

The flavor symmetry from the codimension-two singularity is SU(6) x SU(3)3, which is
further enhanced to®

3. n=9
For n = 9, the resolution sequence giving rise to compact divisors is
(x®,y® 2 w5y, (x®,y®,wh, 51;5,), (x@,y®,w®, sWM; 5,
(XZ’y: 51;54)3 (XZ;y) 549 55); (XZay) 55;56): (y; 64: 57)
(7,65508), (x,¥,02569), (¥,69;010)-

(170)
The intersection numbers are shown below
(171)
The flavor symmetry is enhanced to
Gr =SU(9) x Eg. (172)
For higher n = 3k, the flavor symmetry is similarly
Gr =SU(3k) x Eg. (173)

4.2 A new 6d (1,0) SCFT from C3/A(48)

In this section we consider the case of A(3n%), n = 4. An interesting observation is that the
tensor branch geometry of T)?d consists of a (—1)-curve with an Kodaira I, singularity. From
resolution geometry and gravitational anomaly arguments, we postulate that T)?d is different
from the rank-1 E-string. We also work out T}?d from the resolution of C3/A(48), which turns
out to be the rank-1 Seiberg E; theory.

20One can also view the 5d theory as a descendant of the KK reduction of the 6d theory (159), and the flavor
symmetry SU(3)? is already enhanced to E in that case.
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4.2.1 6d interpretation

From the equation

y2=x3+ Sw(8U — 9w®)x + 155(8U% —36UW> + 27w°),
3 4 174
U=w>—-272",
we can see that the non-compact curves supporting Kodaira singular fiber are
2=0:1,,,Greqg =SU(4),
; , 4.s> JF,6d (175)
U=w>—-272"=0: 13,5>GF,6d = SU(3)
The total 6d flavor symmetry is
Greq = SU(4) x SU(3). (176)

To get the tensor branch, one blows up the base (w,2; &), and the resulting (f, g, A) are

1
f= —EW(WS +216245),

6

__w 3_4 82
g——ﬁ+5wz5+5425 , 177)
A = —4z*(w® —27246)3%65,

=—4z*U3%5.

The tensor branch is

v U=0 I

\j L /

o=0
13'5 z=0
I

[SU@3)] = SU@I, (178)

with a single (—1)-curve carrying I; singular fiber. At the collision point z = 6 = 0 between
I and Iy, the I, fiber splits into I5;. At the collision point U = 6 = 0 between I3 and
I;, the Kodaira fiber type becomes type IV. Hence at 2 = 6 = 0, there are 4 localized neutral
hypermultiplets in the 4 representation of the flavor symmetry group SU(4). At U =6 =0,
the enhancement of I3, — IV does not give rise to matter hypermultiplets as there are no
additional P's from the enhancement.

From the above discussions of splitting of Kodaira fiber on 6 = 0, we can draw the config-
uration of curves on the vertical divisor S over 6 = 0:

179)

C1, Cy, C3, C4 and C; comes from the split Is ;, Cs, Cg and Cg comes from the type IV fiber, Z
corresponds to the intersection curve with the zero-section. Note that C; and C, have normal
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bundle O(—1) ® O(—1), because M2-brane wrapping modes over them would give rise to
matter hypermultiplets under SU(4).

For the topology of S, it is different from a rational elliptic surface as the Picard rank is
smaller than 10. The h»!(S) = 7 generators include the base curve Z, the generic fiber and
the five (—2)-curves generating Grpgq = SU(3) x SU(4). The generic (I,) fiber of S, F, is a
cubic curve with a double point singularity. Because of the double point singularity, the curve
F has geometric genus g(F) = 0. In terms of the Picard group generator h, ey,...,eq of a dPg,
the fiber F can be written as

F=3h—2e;—e;—e3—es—es5—eg. (180)

Although S is a singular dP¢ surface rather than an elliptic surface, the uplift to 6d still works
geometrically, since the genus-0 fiber F is interpreted as a singular cubic curve.

An important question is whether this 6d theory is equivalent to rank-1 E-string theory.
Positive evidences were provided in [101], where it is showed that for the cases of type I, or
II fiber over a (—1)-curve, the flavor symmetry group G on non-compact curves intersecting
the (—1)-curve is always a subgroup of Eg. This is a crucial feature of rank-1 E-string theory.
Nonetheless, if the tensor branch shown in (178) is embedded in a compact base, after going
to the origin of the tensor branch by blowing down the (—1)-curve, the number of tensor
multiplets T and charged hypermultiplets Hyargeq are shifted as

AT =-1, AHgargeq =—4. (181)
The 6d gravitational anomaly cancellation can be written as
AHmoduli + AHlocalized + AI_Icharged —AV +29AT =0, (182)

where H,qui corresponds to the number of complex structure moduli of the CY3, which is
unchanged after going into the tensor branch. Hj.1,.q denotes additional SCFT sector which
contributes to the gravitational anomaly, V denotes the number of vector multiplets.

In this case, we have

AHigcalized = —AH, charged — 29AT

183
33, (183)

which is bigger than the contribution of a simple rank-1 E-string theory. This is due to the fact
that additional hypermultiplets on the tensor branch become a part of the strongly interacting
theory at the origin of the tensor branch. In other words, the Higgs branch dimension of
this rank-1 theory is bigger than dy = 29 of the rank-1 E-string theory. Conservatively, we
conjecture that the 6d theory associated to A(48) is different from the rank-1 E-string theory,
but it is possibly rank-1 E-string theory coupled to —AH ar6eq = 4 neutral hypermultiplets.

4.2.2 5d interpretation
Now we discuss the 5d interpretation of the non-isolated singular equation
wl —3whx +3w?x2—x3—4wly + 4wxy +8y2 —16w3z* + 24wxz* +24yz* + 7228 = 0. (184)

We first do the resolution
(), x®, 20 wM; 5y, (185)

resulting in the compact exceptional divisor S; : 6; = 0.
After substituting variables
2 3
w w
x—>x+—3, y—>y+—9, (186)
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the equation can be rewritten as

—x3 +2w?x? + 4wxy — gwa + %(81)/2 —9yU+U?) =0,
U=w>—-272%5,.

Now we can blow up the A, singularity

(x,y,U;05)
and get the new equation
{—x352 +2w?x? + 4wxy — SwxU + &(81y2 —9yU +U?) =0,
U, =w3—272%5,.
To see the remaining singularity, we work in the patch of U # 0, and substitute

W3 —272461
52 = —U

into the first equation. We again get a hypersurface:

sU® 8
TR §U2(wx +y)+2U(Wx% + 2wxy +4y?) — x3(w® —278,2%) = 0.

Further introducing variables

_ e WX g o3wx
Yo=Y 6: 2 — 2 )

(191) can be rewritten as

8

The type A5 singularity at U, = y, =z = 0 can be resolved as
(U27y212; 63); (U2:y2>63;54)~

The resolved equation at the U # 0 patch is

81 27

The projective relations are
(X52: y2625352>253547 W))
(X>J’25353,; U253542;),
(U254:.y254>z);
(Uz, Y2, 53)

The irreducible non-compact divisors are

D1: 63:2U2_9y2=0,
Dz: 53=U2+9y2=0,
Dg: 54=O.

41

4
aUz(Uz2 —9U,y, +81y2) — 2—7wx(2U2 —9y,)(Uy +9y,) +27x32*5, = 0.

8 4
—Uy(Us —9Uyy, +81y3)8385 — ——wx(2Uy — 9y2) (U + 9y,) + 27x°2*5,65 =0

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)
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In the U # 0 patch, the equation for the compact exceptional divisor S; : §; =0 is

8 4

The surface S; still has a double point singularity along the curve U, = y, = 0. The intersection
curves 6, - 63 and 61 - 64 are

01=063=0: (2U;—9y2)(Uy+9y,)=0,

(199)
61=064=0: (2U;—9y,)(Us+9y,)=0.
Each of these curves have two components, denote the curves by
Cll 51=53=2U2—9y2=0,
Cy: 6;,=03=U,+9y,=0,
2 1 3 2T 72 (200)
CBZ 61:64:2U2_9y220,
C4: 61:54:U2+9y220.
The intersection relations are
C1=D1'Sl, C2=D2‘Sl, C3+C4=D3‘Sl. (201)
The other non-compact divisors are
9 .
D4 . 62 = U2—§(1+11/§)y2 :0,
(202)

DS . 52 = Uz_g(]._l\/g)yz =0,
which give rise to the (—2)-curves Cs = D,-S; and Cg = D5 -S;. There are also two (—1)-curves

C7: U:O,
(203)
Cg: 2=0,

which mutually intersects. The intersection relations between all these curves are shown in
the following figure

(204)

Since S; has a double point singularity along the central curve C : 6; = U, = y, =0, it is
not a smooth rational surface. For C3 and C4, they come from the same non-compact divisor
D5 and only give rise to a single flavor curve, which is a reminiscence of matter curve splitting
in the 6d description in section 4.1.1. Note that C5 and C,4 are (—1)-curves on Sy, as M2-brane
wrapping modes over them should give rise to matter hypermultiplets. One can also generate
(204) by blowing down the (—1)-curve labeled by Z in the 6d geometry (179).
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The codimension-two A, singularity generates SU(2)? x U(1) flavor symmetry in the 5d
theory, and the total flavor symmetry is

Gr =SU(3) x SU(2)? x U(1), (205)

which can be embedded in the flavor symmetry group of rank-1 Seiberg E5 theory. There are
two possible physical interpretations:

1. The rank-1 SCFT from C3/A(48) is equivalent to the Seiberg Es theory. Additional
evidences are also provided via brane-web arguments in [100]. Nonetheless, it is unclear
how to get the correct BPS states from M2 brane wrapping curves in (204).

2. The geometry describes a new rank-1 theory, analogous to the cases with terminal sin-
gularities or singular divisors in [7,8].

To solve the problem, more physical quantities should be computed, such as the Higgs
branch dimensions or superconformal indices. Similar subtleties appear in the cases of
I'=E® E® G, and Hygg as well.

4.3 A(54)

In this section we discuss the case of X = C3/A(6n?), n = 3. In this case T;’d is non-very-
Higgsable. To get T;d, one need to decouple a single vector multiplet after the KK reduction.

4.3.1 6d interpretation

Starting with the singular equation

2 (206)

27k 4 4ywuk —18ufvx —wx? +4x3 + y2 =0,
vi—uw=0,

we rescale and shift the coordinates and rewrite the equation into a Weierstrass equation

3
{_yz =x3— =L _(216uFv + w?)x + 27ult2k 4 %ukvw— 376>

) 12x22/3 (207)

vi—uw=0.
Thus the singular equation can be viewed as an elliptic fibration over a singular base with Z,
orbifold singularity atu =v =w =0.
Another equivalent description is to replace

u=s%, v=st, w=t2, (208)

and the Weierstrass polynomials become

f=—rg gt + 21657 ),
209
t® 5 opi13 4k+2 (209)

g= —E + ES t°+27s .

Nonetheless, the base still has a Z, singularity at s = t = 0. Now we discuss the tensor branch
of models with small k.
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In the case of k = 1,n = 3, after the base blow up (s, t; &) (or equivalently (u, v, w; 5)), the
new (f,g,A) are

_ 1 4 3,752

f= 12><22/3(t +216s°t)6°,
t® 533 6)s3 (210)

g= —216+£st+27s 07,

A =s33s— t)3(36%s — t)3(364Tms —t)38°.
There is no codimension-two (4,6) locus any more. Over the compact (—2)-curve: 6 = 0,

there is type Ij . singular fiber and G, gauge group. There are four I3, fiber and SU(2)

flavor groups over four non-compact curves
s=0, 3s—t=0, 3e3s—t=0, 3eSs—t=0. 211)

In fact, if one tunes G, gauge group over a (—2)-curve, the 6d gauge theory is exactly G, +4F.
The four matter hypermultiplets exactly locate on the intersection points between 6 = 0 and
(211). The tensor branch of the 6d SCFT is written as

[SU(2)]
|
[SU(2)]- 3 —[SU(2)]. (212)
|
[SU(2)]

One can also collide the four intersection points into a single (Sp(4), G,) collision, and the
tensor branch is

[Sp(4)] -3, (213)

The resolution geometry of this SCFT was already worked out in (4.38) of [17]. The triple
intersection numbers among three compact surfaces S;, S, and S5 are

S?=8, S;=-24, S3=8, S3S?=-2, $3S3=18, S,55=-12. (214)

4.3.2 5d interpretation

First we consider the case of C3/A(6n?) theory with n = 3:

{iZf;tng—lSuvy—xyz+4y3+z2=0, (215)
We can perform the following resolution sequence
(x,y,2,u,v;61), (2,61;02), (61,62;63), (216)
and the equations become
(27u® + 4uvx — 18uvy — xy? + 4y3)6, + 225, =0,
{vz—ux=0. (217)

Note that the divisors 6; = 0 is an empty set, 6, = 0 and 63 = 0 are the two compact
exceptional divisors.
In the patch of u # 0, we plug x = v2/u into the first equation, and get

(27u* + 4uv® —18u?vy —v2y? + 4uy®)5, + uz?5,=0. (218)
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The remaining codimension-two singularities are type A; at

u=v=2%5,+4y%6,=0, (219)

(note that this curve is non-singular since u = v = y =z = 0 is removed in the first blow-up)
and type A, at 4 4
g=v—e2mmBy —y—e4mm3y — 0 (m=0,1,2). (220)

The resolution of each type A, singularity gives rise to a single non-compact exceptional divisor,
after
(z,v— ezmm/Sy, u— e4mm/3y; O44m) (Mm=0,1,2), (221)

the non-compact exceptional divisors 64,, (m = 0,1,2) are irreducible. The same
codimension-two singular loci can be seen from the other patch x # 0 as well.

Furthermore, there is an A; singularity at v = u = x = 0. Hence in total there are five
non-compact exceptional divisors, giving rise to G D SU(2)°.

We can also compute the triple intersection number of the two compact surfaces S, : 6, =0,
S3 : 03 =0, following the algorithm in section 2.2.2:

(222)

The topology of S, is a P! fibered over the g = 4 curve S, - S3, and S5 is a Hirzebruch surface.
Nonetheless, we can blow up S, - S5 at four double points on S3, and transform it to a rational
configuration [16]:

(223)

The latter geometry gives rise to the 5d IR gauge theory G, +4F (with equivalent descriptions
Sp(2)+2AS +2F and SU(3)5 +4F), which indeed has f =5 and r = 2. The flavor symmetry
is Gz = Sp(4) x Sp(1).

Note that in the 6d description of A(54), whose resolved elliptic CY3 has three compact
divisors (214). Now we decompactify the divisor Sy, following the philosophy of [13,21], and
the remaining compact divisors S,, S3 exactly correspond to the two compact divisors in this
section. An additional SU(2) flavor symmetry appears from 6d to 5d, because SZSf =—2in
(214), and S; - S, becomes a new flavor curve that generates SU(2) flavor symmetry factor.

44 G,

In this section, we provide a class of examples without a straight-forward T}?d interpretation,
which is ' = G,,. The G,, orbifold is given by the hypersurface equation

wx(4x™—y?) +22=0. (224)

The resolution of this singularity is qualitatively different for odd and even m. For even m, the
codimension-two singular loci are all smooth, and the resolution procedure is the conventional
hypersurface one. On the other hand, for odd m, the resolved equation becomes a complete
intersection CY3 in the process.
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441 m=2k

For example, for m = 2, the equation
wx(4x?—y?)+22=0 (225)

can be resolved by
(=@, x0, y wh; 5,). (226)

Then one can resolve the D, x A‘Qi codimension-two singularities afterwards.

The compact exceptional divisor S; : §; = 0 is a generalized dP, of type D, + 3A;. The 5d
SCFT is the rank-1 E- theory.

For m = 2k (k = 2), the equation

wx(4x* —y?) +22=0 (227)
can be resolved by
(z(z),x(l),y(l),w(l); 51)
(Y:Z>5i§5i+1) (izla"':k_l)-
And then the Dy 5 X Ai codimension-two singularities can be resolved in the conventional
way.
The triple intersection number among the compact exceptional divisors S; : 6; = 0 are

(228)

(224 5,,(8) 5,(4-2K)

(229)

The corresponding 5d SCFT is the UV completion of IR gauge theory Sp(k) + (2k + 4)F. The
UV flavor symmetry is
Gr = SO(4k +8) x SU(2), (230)

which contains the flavor symmetry read off from codimension-two singularities as a subset.

442 m=2k+1

For m = 3, we first do the blow ups

(Z(Z):x(l)jy(l))w(l); 51)) (X;Z:W; 52): (X,y,Z; 53): (.y’z) 53)64)

(231)
(Z’ 53;55)9 (635 65;56)7 (545 65567)
and get
wx(4x3515§53555§—y254)53 +2%65=0. (232)
Then we define
U=14x>5,63636562—y>8, (233)
and blow up
(z,w,U; bg). (234)
The resolved equation is
wxUS3 +2255=0,
35 <3 2_ .2 (235)
U58 = 4x 5152536556 _y 54 .
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The curves on the single compact divisor S; : 6; =0 are

Cs 61=06=0, (236)
C4 51:57: 5
Cs 6,=06,=0,

Among these, C;, C,, C3, C4 come from the resolution of codimension-two D5 singularity,
and C; is the degenerate P! curve with normal bundle O(—1) @ O(—1). The other curves are
all (—2)-curves, which form the Dynkin diagram of A, XA%. Hence the flavor symmetry factors
from C; is G = SU(4) x SU(2)? x U(1).

5 Future Directions

In this paper, we investigated various C3/T orbifolds using 3d McKay correspondence and
resolution techniques. Nonetheless, there are still infinitely many cases to be studied in details.
We conclude the paper by listing a number of future questions.

* In the version of McKay correspondence in [96], the I'-Hilbert scheme corresponds to a
particular resolution X of C3/T. The detail of this correspondence is unknown except
for the abelian T' [55,96] and a few non-abelian cases [102,103]. It would be interesting
to read off more details of X and the 5d SCFT T)?d from the group theoretic data of T'.

* Resolving C3/T for the other cases of I' mentioned in section 3, which are not explicitly
studied in this paper. Especially, more advanced techniques are needed to compute triple
intersection numbers in the cases involving polynomial blow-ups, shifting variables and
singular divisors. There are also additional cases in the class (B), (C) and (D) that cannot
be written as a hypersurface in C* or a complete intersection in C°, which should be
investigated in the future. In particular, they include interesting cases with a non-trivial
1-form symmetry, which is mentioned at the end of section 2.4.

* Understand the physics associated to compact divisors with log-canonical singularities,
which often appears in not only the cases of X = C3/T, but also the isolated hypersurface
singularities [6, 7]. In the 6d descriptions of A(48) and Hyeg, these singular divisors
potentially give rise to new 6d (1,0) SCFTs. The details of these (1,0) SCFTs should be
elucidated in a future work.

* Study the Higgs branch of T}?d, using either brane web or geometric techniques. For
the cases of I' = A(3n?), this is worked out in [100]. It would be interesting to study
the other classes of SU(3) subgroups as well. A more difficult question is to study the
deformation of X, which is a non-isolated singularity.
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A The abelian subgroups of the exceptional finite subgroups of
SU(3)

In this appendix we summarize the abelian subgroups G* of the exceptional finite subgroups
G Cc SU(3), i.e., E™ and Hag, Heo, Hye, Hygg, Hopg, Hago. We will represent type of an abelian
subgroup G4 C G by the conjugacy classes of its elements. We will underline the conjugacy
class if age(g) = 2 for its representative ¢ € G* and overline the conjugacy class which has an
age(g) = 2 dual. For example if

GA:{]-’al}aZ)".’an} (237)
then we represent G by
r(GA) = {C(].), C(al)J C(QZ)J ) Can}i (238)

where c(-) maps a group element to the conjugacy class it belongs to and in this case age(a;) = 2
and a, has an age(g) = 2 dual. Also we will adopt the notation that when GA = Z,, 1 x Z,,,4
we represent it by

r(GA) = {C(aOO) ) C(a01)1 ) C(aOm) 5
(239)
C(an0): C(an1)> ) C(anm)} 5

where q, is the generator of Z,,,; and a, is the generator of Z,,; and a;; = aj, - aél.

Note that two different abelian subgroups Gf C G and Gg C G can have the same types,
ie., r(G‘{‘) = r(G’Zq). Physically, different abelian subgroups of G that have the same r(G*) lead
to identical information on the Coulomb branch. Therefore, for our purpose, we will only list
the abelian subgroups G* that have distinct r(G*). In our notation the zeroth conjugacy class
is always the class of Ids,s.

We also write down the maximal Z,, subgroups whose non-identity elements all belong to
I s. These subgroups are further glued together into a set of Dynkin diagram of ADE type,
which exactly matches the ADE type of codimension-two singularities in C3/T.

A.1 Sporadic subgroups of U(2)
A11 EW

There are in total 21 conjugacy classes and 7 abelian subgroups. There are 4 of them that are
Zg X Z5 whose types are

r(G*=1{0,12,17,2,11,20,
4,13,16,5,10,15, (240)
3,8,18,6,9,19}
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and there are 3 of them that are Z, x Z3 whose types are
r(GY=10,1,2,1,
9,7,8,7, (241)
16,14,15,14}.

The maximal Zy subgroups
{0’ 51 3’ 2) 4’ 6} J

{0,1,2,1},
(242)
{0,17,11},
{0,18,10}
are glued into the Dynkin diagram of Eg X Ay X Ay:
O—O—iio—o
o—0 O0—O
5 3 2 4 6 17 11 18 10 (243)
This matches the flavor rank f = 10.
From the equation of E(V,
2> —w(y?+108x*) =0, (244)

one can see two A, singularities along w = y £ 6iv/3x? = z = 0 respectively and an Eg
singularity along x =y =z =0.
A1.2 E®

There are in total 7 conjugacy classes and 7 abelian subgroups. There are 4 of them that are
Zs3 x Z5 whose types are

r(G*={0,3,4,

2. 6, 5) (245)
and there are 3 of them that are Z, whose types are
r(¢" =1{0,1,2,1}. (246)
The maximal Zy subgroups
{0,1,2,1}, 247)
{0, 3,4}
are glued into the Dynkin diagram of D, x A,:
1
O—i—@ o—oO
1 2 1 3 4 (248)

This matches the flavor rank f = 4. Note that the D, singularity only contributes flavor rank
f =2, due to monodromy reduction. In fact, the binary dihedral group D, is a subgroup of
E@, which also confirms that there is a D, factor instead of As.

From the singularity equation

23 —w(y® +12v3ix%) =0, (249)
one can also check that there is a D, singularity along x = y = z = 0 and an A, singularity

along w =2 = 124/3ix% + y3 =0.
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A1.3 E®

There are in total 16 conjugacy classes and 13 abelian subgroups. There are 3 of them that
are Zg x Z, whose types are

r(G*=1{0,15,9,14,8,14,9,15,

___ (250)
11,6,4,6,11,7,5,7},
there are 4 of them that are Z, x Z3 whose types are
r(G")=1{0,4,8,5,
12,3,13,2, (251)
12,3,13,2}
and there are 6 of them that are Z, x Z, whose types are
r(¢* =1{0,4,8,5,
(GH=10.4 (252)
1,10,1,10}.
The maximal Zy subgroups
{0,15,9,14,8,14,9,15} ,
{0,11},
{0,13,12,8,12,13}, (253)
{0,10,8,10} ,
{0,1}
are glued into the Dynkin diagram of E; x A; X A;:
I 10
O O
15 9 14 8 12 13 11 1 (254)
This matches the flavor rank f = 9.
From the singular equation
22 +w(108x3 —xy3) =0, (255)

there is an E, singularity along x = y = 2z = 0, an A; singularity along w = x = z = 0 and
another A; singularity along w =z = 108x2 — y® = 0.
A14 E@

There are in total 8 conjugacy classes and 13 abelian subgroups. There are 3 of them that are
Zg whose types are L
r(6)=1{0,7,1,7,3,6,1,6}, (256)

there are 4 of them that are Z5 x Z, whose types are

r(G" ={0,4,4,

257
3,5,5}, @57
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and there are 6 of them that are Z, x Z, whose types are

r(¢={0,3,
(G ={ (258)
2,2}.
The maximal Zy subgroups
{07 1) 37 ]‘} 2
{07 5) 47 3) 47 5} 2 (259)
{0,2}
are glued into the Dynkin diagram of Eg x A;:
O—O—iiO—O
©)
5 4 3 4 5 2 (260)

The number of conjugacy classes in I ; matches the flavor rank f = 5. Note that the Eg
singularity only contributes f = 4. One can confirm that there is a binary tetrahedral subgroup
Eg in E®), instead of Ds.

From the singular equation

22+ w(108x*—y3) =0, (261)
there is an Eg singularity along x = y = gz = 0 and an A; singularity along
W:z:108x4—y3:O.

A15 E®

There are in total 16 conjugacy classes and 13 abelian subgroups. There are 3 of them that
are Z, x Z4 whose types are
r(¢*=1{0,8,1,9,
14,9,4,3,
7,3,1,2,
13,2,4,8},

(262)

there are 4 of them that are Z, x Z3 whose types are

r(G*)={0,13,7,14,
11,12,15,10, (263)
11,12,15,10}

and there are 6 of them that are Z x Z whose types are

r(G*) =1{0,14,7,13,

_ (264)
55 é: 55 é} .
The maximal Zy subgroups

{0,8,1,9},
{0,4,7,4}, (265)
{0,15,11,7,11,15}
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are glued into the Dynkin diagram of Eg x A5:

N P

15 11 7 11 15 8 1 9 (266)

The number of conjugacy classes in I ; matches the flavor rank f = 7. Note that the Eg
singularity only contributes f = 4, due to monodromy reduction. One can confirm that there
is a binary tetrahedral subgroup E¢ in E®, instead of Ds.

From the singular equation

108z* + w(y?—x%) =0, (267)
there is an E singularity along x = y = z = 0 and an A, singularity alongw =z = y2—x3 = 0.

A1.6 E®©

There are in total 14 conjugacy classes and 7 abelian subgroups. There are 4 of them that are
Z4 % Z3 whose types are

r(G*)={0,10,3,11,
5,9,13,4, (268)
7,8,12,6}

and there are 3 of them that are Z, x Z, whose types are

r(¢*=1{0,2,3,2,

— (269)
1,11,1,10}.
The maximal Z,, subgroups
{0,12,5,3,7,13}
{0,2,3,2} (270)
{0,1}
are glued into the Dynkin diagram of Eg X A;:
O—O—iio—o
O
12 5 3 7 13 1 (271)
This matches the flavor rank f = 7.
The singular equation is a complete intersection
y3—22=108x2, 272)
u?—vx=0.

We impose v # 0 first and plug x = u?/v into the first equation. We see that on the v # 0
patch there is an Eg singularity along u = x = ¥ =z = 0. Clearly there is also an A; singularity
alongu=v=x=2%2—y>=0.

52


https://scipost.org
https://scipost.org/SciPostPhys.12.4.127

Scil SciPost Phys. 12, 127 (2022)

A17 ED

There are in total 24 conjugacy classes and 13 abelian subgroups. There are 3 of them that
are Zg x Zz whose types are

r(G" =1{0,14,1,15,7,15,1,14,
11,21,2,22,8,22,2,21, (273)
10,23,3,20,9,20,3,23},
there are 4 of them that are Zg x Z3; whose types are
r(¢")=1{0,8,10,7,11,9,
16,18,12,19,17,13, (274)
17,13,16,18,12,19}
and there are 6 of the that are Z4 x Z; whose type are
r(G") =1{0,4,7,4,
,6 (275)
5

\O| |00

11,6,
m;é, }
The maximal Z,, subgroups
{0,14,1,15,7,15,1, 14}
{0,13,12,7,12,13}
{0,4,7,4}

{0,16,17}

(276)

are glued into the Dynkin diagram of E, x A,:

o—o—o—iio—o
0—o0O
14 1 15 7 12 13 16 17 277)

This matches the flavor rank f =9.
The singular equation is

(278)

yv—u3 =0,
z2+108x3 =xy.

First we require v # 0 and plug y = u®/v into the second equation. We see that on the v # 0
patch there is an E; singularity along u = x = y = 2z = 0. Clearly there is also an A, singularity
alongu=v=y=2%+108x>=0.

A.1.8 E®

There are in total 32 conjugacy classes and 13 abelian subgroups. There are 3 of them that
are Zg x Z4 whose types are

r(6*) = {0,23,5,31,8,20,4,30,
19,7,24,14,16,6,27,15,
11,26,9,18,11,26,9,18,
27,15,19,7,24,14,16,6},

279)
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there are of 4 them that are Zg x Z3 whose types are

,29, (280)

and there are 6 of them that are Zg x Z, whose types are

r(G* ={0,23,5,31,8,20,4, 30,

— T (281)
1,25,10,17,1,25,10,17}.
The maximal Zy subgroups
{0,14,9,15,8,15,9,14},
{0,13,12,8,12,13},
{0,10,8,10}, (282)
{19,11,27},
{0,1}
are glued into the Dynkin diagram of E; x A3 X A;:
Z 10
oO—0—0 O
14 9 15 8 12 13 19 11 27 1 (283)
This matches the flavor rank f = 11.
The singular equation is
22 4+ 108ux —uy3 =0,
) (284)
u“—vx =0.

In the patch v # 0, we plug x = u?/v into the first equation, and see an E, singularity at
z=u=y=x =0. In the patch 108x — y3 # 0, we plug u = 22/(108x — y*) into the second
equation, and see an A5 singularity at v = x = z = u = 0. Finally there is also an A; singularity
atz=u=108x—y>=v=0.

A.19 E®

There are in total 18 conjugacy classes and 31 abelian subgroups. There are 6 of them that
are Zs x Z4 whose types are
r(G" ={0,15,16,16,15,
2,6,7,7,6,
9,14,12,12,14,
1,5,3,3,5},

(285)

there are 10 of them that are Z, x Z3; whose types are

r(¢"=1{0,1,9,2,
17,4,13,8, (286)
17,4,13,8}
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and there are 15 of them that are Z, x Z, whose types are

r(¢*=1{0,1,9,2,

287
11,10,11,10}. (287)
The maximal Zy subgroups
{0,14,16,12,15,9,15,12,16,14} ,
{0,13,17,9,17,13},
(288)
{0,10,9,10},
{0,11}
are glued into the Dynkin diagram of Eg X A;:
Z 10
O
14 16 12 15 9 17 13 11 (289)
This matches the flavor rank f = 9.
The singular equation is
2 5. .3y —
2 +w(—1728x>+y°)=0. (290)
There is an Eg singularity along x = y = 2z = 0 and an A; singularity along

w=z=y>—1728x°=0.

A.1.10 EUO

There are in total 27 conjugacy classes and 31 abelian subgroups. There are 6 of them that
are Zg x Zs whose types are
r(¢*) ={0,10,20,2,11,19,
6,12,24,5,16,23,
7,14,25,3,15,21, (291)
7,14,25,3,15,21,
6,12,24,5,16,23},

there are 10 of them that are Z¢ x Z3; whose types are

r(6*) ={0,10,20,2,11,19,
26,4,17,22,8,13, (292)
17,22,8,13,26,4}
and there are 15 of them that are Z, x Z3; whose types are
r(¢Y)=1{0,1,2,1,
11,9,10,9, (293)
20,18,19,18}.
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The maximal Zy subgroups

{0} 5) 7} 3, 6} 2, 6} 3} 7, 5} >

{0,4,8,2,8,4}, (294)
{0,1,2,1},
{0,26,17}
are glued into the Dynkin diagram of Eg x A,:
O—O—O—O—iiO—O
o—=0
5 7 3 6 2 8 4 26 17 (295)
This matches the flavor rank f = 10.
The singular equation is
22+ w(=1728x° + y?)=0. (296)
There is an Eg singularity along x = y = gz = 0 and an A, singularity along

w=z=y2—1728x>=0.

A.1.11 EGD

There are in total 45 conjugacy classes and 31 abelian subgroups. There are 6 of them that
are Zqy % Zs whose types are
r(G* ={0,29,21,18,34,1,30,22,17,33,
28,9,26,20,21,27,8,25,19,22,
19,31,2,33,15,20,32,3,34, 16, (297)
23,16,30,7,28,24,15,29,6,27,
32,18,23,25,4,31,17,24, 26,5},

there are 10 of them that are Zg x Zs whose types are

r(G" = {0, 35,36, 1, 36,35,
2,37,38,3,38,37,
4,39,40,5,40,39, (298)
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The maximal Zy subgroups
{0,25,15,16,26,1,26,16,15,25} ,
{0,35,36,1,36,35},

300
{0,10,1,10}, (300)
{0,28,19,23,32}
are glued into the Dynkin diagram of Eg X A,:
10
O—O—O—Q—i—@—@ O—O0—0—0
25 15 16 26 1 36 35 28 19 23 32 (301)
This matches the flavor rank f = 12.
The singular equation is
17282° —w(x® + y2)=0. (302)

There is an Eg singularity along x = y = z = 0 and an A, singularity along w = z = y?+x> = 0.

A2 Hy

There are in total 14 conjugacy classes. The representatives of each non-trivial conjugacy
classes are

0 -1 0 0 -1 0 0 01
M;=|-w 0 O |, My=|—w* 0 0|, My=|1 0 0],
0 0 —w? 0O 0 —w 010
0 0o 1 -1 0 0 —-w+1 —w+1 —w+1
My=|-w? 0 0|, Ms=|0 0 -1, Mg==|-w+1 —w—2 2w+1 |,
0 —w 0 0 -1 0 3\lw+1 2w+l —w—2
1 —-w+1 —w+1 —w+1 w+2 w+2 w+2
M,==12w+1 —w+1 —w—-2|, Mg==-|w+2 w—1 =2w-1]|,
3low—2 —w+1 2w+1 3S\lw+2 —2w—1 w—1
1 w+2 w+2 w+2 —2w—1 w+2 w—1
Myg=—-|—-2w—1 w+2 w—-1 |, Mpg==-| w+2 —-2w—-1 w—1],
3\ w1 w2 —2w—1 S\ w=1 w—1 w1
w2 0 0 1 2w+l w+2 —w-—2 w 0 0
Mj;=0 w? 0|, Mip =3 —w+1 2w+1 —w—-2]|, M3z=[0 w 0],
0 0 w? —w—2 —w—2 —w-—2 0 0 w
where w = e27/3,

There are in total 13 abelian subgroups. There are 9 of them that are Z, x Z3 whose types
are:

r(¢*=1{0,9,5,7,

13,8,2,12, (303)
11,10,1,6},
there are 2 of them that are Z5 x Z3 whose types are
r(¢"=1{0,3,3
13,3,3, (304)
11,3,3}
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and there are 2 of them that are Z; x Z5 whose types are

r(¢"=1{0,4,4
13,4,4, (305)
11,4,4}.
The maximal Zy subgroups
{0,9,5,7},
{0,3,3}, (306)
{0,4,4}

form the Dynkin diagram of A5 x A, X Ay:

9 5 7 3 3 4 4 (307)

The number of conjugacy classes in I ; matches the flavor rank f = 5. Note that each of the
two A, singularities only has contribution f = 1.
The singular equation is

2 (308)

3u?v + 2u® —36uy —36vx —v3 + 43222 =0,
u?x —uly —12x2+9y? =0.

We can solve the first equation in Eq. 308 for either x or y and plug into the second equation.
Solving for x then plugging into the second equation while requiring that v # 0 we will see
there are a A singularity along the locus

{u=x=y=43222—v3=0} c C, (309)
an A, singularity along the locus
{u+tv=x=y=2=0}ccC’ (310)

and another A, singularity along the locus
u? 5
{u—v=x=y—3=z=O}C(C. (311

Solving for y then plugging into the first equation while requiring that u # 0 we see an A,
singularity along the locus

{u+v=x=y=2=0}cC® (312)

and another A, singularity along the locus

2
{u—v=x=y—%=z=0}C(C5. (313)

We see that the two A, singularities seen in the u # 0 patch are exactly the same A, singularities
seen previously in the v # 0 patch. Therefore we conclude that the total codimension 2 ADE
singularity is A; x A, X A,. Due to monodromy reduction, the two A, factors are reduced to
flavor rank 1.
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A3 Hg,

There are in total 5 conjugacy classes. The representatives of each non-trivial conjugacy classes
are

1 —1 w3 —w? —wi+w?+1
Ml:E —wP+w? —witw?+1l 1 s
w3 —w?—1 1 w3 —v?
1 1 w3 —w? —wi+w?+1
M, = - w2 —w? —wi+w?+1 1 s
2 w3 —w?—1 —1 —w? +w?

1 1 w3 —w? —w+w?+1
M;=— —w3 +w? w?—w?—1 -1 s
2 —w3+uw?+1 1 w3 —w?

-1 0 O
My=10 -1 0],
0 0 1
where w = ¢27/10,

There are in total 21 abelian subgroups. There are 6 of them that are Zs whose types are
r(6")=1{0,2,3,3,2}, (314)

there are 5 of them that are Z, x Z, whose types are

r(G*) ={0,4,
(G =4 (315)
4,4}
and there are 10 of them that are Z3; whose types are
r(¢")=1{0,1,1}. (316)
The maximal Zy subgroups
{0,2,3,3,2},
{0,1,1}, (317)
{0,4}
form the Dynkin diagram of A4, x Ay X A;:
o—O0—0—0 O0—O O
2 3 3 2 1 1 4 (318)

The number of conjugacy classes in I} ; matches the flavor rank f = 4. Note that the A4
singularity only has contribution f = 2 and the A, singularity only has contribution f = 1.
The singular equation is

0 = 10125w? — 13071240x*y2z + 446240256x° y? — 408197440x° y*
+174372625x3y* 4+ 25927020x2y2? + 40449024x” yz — 245088256x 2y
—17622576x°2% —13658112x %2 4+ 54329344x 1> — 21994875x y 32
—18907875y> — 277789523 .

(319)
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In this case we find an A4 singularity along the locus

{w =35y —32x> = 952 — 64x° = 0} c C*, (320)

an A, singularity along the locus
w=y—-x}=z—x

and an A, singularity along the locus

>=0}cct (321)

{w =63y —64x> = 1539z — 1600x° = 0} c C*. (322)

Due to monodromy, the A, factor is reduced to
to flavor rank 1.

A4 H,

flavor rank 2 and the A, factor is reduced

There are in total 16 conjugacy classes. The representatives of each conjugacy classes are

0 -1 o0 0 -1 0 0 01
My=({-w 0 0 |, My=[{—w? 0 0 |, My=|[1 0 0],
0 0 —w? 0 0 —w 010
-1 O 0 1 —w+1 —w+1 —w+1
My={0 0 -1), Msg=—-|—w+1l —w—2 2w+1 |,
0 -1 0 3\lw+1 2w+l —w-—2
1 —w+1 —w+1 —w+1 —w+1 —w+1 2w+1
Mg=—-|2w+1 —w+1 —w-2|, M,=|—-w+1 —w—-2 —-w-—2],
3 \w—2 —w+1 2w+1 —w—2 —w+1l —w—2
1 —w+1 —w+1 2w+1 —-w+1 —w+1 —w—2
Mg=—-|2w+1 —w+1 —w+1]|, My==|—w+1 —w—-2 —w+1]|,
3low+1 —w—2 2w+1 2w+l —w—2 —w—2
1 —w+1 —w+1 —w-—2 1 w+2 w+2 w+2
Mijpo==-|2w+1 —w+1 2w+1 |, M;;==-[(w+2 w—-1 -2w-—-1],
Slws1 2w+1 2w+1 S\lw+2 —2w—1 w—1
1 w+2 w+2 —2w-—1 1 w+2 w+2 w—1
Mp=—-|lw+2 w—1 w—1 |, Mjz==| w+2 w—1 w+2],
3lw—1 we2 w—1 3\l ow—1 w—1 w—1
w2 0 0 w 0 0
Myu=|0 w?> 0], Ms=|0 w 0],
0 0 w? 0 0 w
where w = e27/3,

There are in total 31 abelian subgroups. There are 9 of them that are Z, x Z3; whose types

are

r(G*) =1{0,8,4,8,
15,13,2,13, (323)

Ha Z’
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there are 9 of them that are Z, x Z3 whose types are

r(G*) =1{0,6,4,6,
15,11,2,11, (324)
14,5,1,5},

there are 9 of them that are Z, x Z3 whose types are

r(G* ={0,10,4,10,
15,12,2,12, (325)
14,9,1,9},

and there are 4 of them that are Z5 x Z3 whose types are

r(G* =1{0,15,14,

3,3,3, (326)
3,3,3}.
The maximal Zy subgroups
{0,8,4,8},
{O) 6J 4) 6} )
(327)
{0,10,4,10},
{0,3,3}

form the Dynkin diagram of D, x A,:

8 4 6 3 3 (328)

The number of conjugacy classes in I ; matches the flavor rank f = 5. Note that the A,
singularity only has contribution f = 1.
The singular equation is

(—W3 + 3wy +432x2)2—4(3yzz—3yz2 +23) =0. (329)
There are an A, singularity along the locus
{x=y—W2=Z—W2=0}CC4 (330)
and a D, singularity along the locus
{432x2 —wi =y =2=0} cC*. (331)

Due to monodromy, the A, factor is reduced to flavor rank 1.
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A5 Hyg

There are in total 6 conjugacy classes. The representatives of each non-trivial conjugacy classes
are

0 0 1
M=|1 0 0,
01 0
—w? —wt 2w —2w+2 3w —2wt—4uwd—2mP—w 3w +wt+uwl +2nw?—1
M2=l —w’ + 2wt +2wd —w? —2 2wt —w? —2w? —w+2 4w’ + 2w+ wP +wr+2w+4 |
7\ w3 e wiew+3  —2wS— 3wt —3wd—2w?—4 w’—wt+wd +3w+3
1 —2w® —2w*—3n? —4w—-3 w—wr+2w?—2w+2 B +3wt+uwi—w+1
M;== wh+w? —w?+3w+1 —3w*—2w? —4w?—2w—-3 2w*—wr-2wr—w+2 |,
7 w® —wt+wd +3w+3 —3w® —4w* —3wd —2w—2 2wt —2nwt+2uP—w—1
wt 0 0
M,=({0 w 0|,
0 0 w?
3w +wt+wl + 3w —1 —w® —wt 2w —2w+2  —3w® —2w*—4ud —2uw? —3w
Ms== | 4w’ +2w* + 1w’ + w2 +2w+4 —w’ +2w*+2uP—w?—2  2w*—1wP—-2w?—w+2
w—wr+uwd+3w+3 W +3mP+wP+w+3 2w’ —3wt—3wi-20w?—4

where w = ¢27™/7,

There are in total 65 abelian subgroups. There are 8 of them that are Z, whose types are
r(G*)={0,4,4,3,4,3,3}, (332)

there are 28 of them that are Z3; whose types are
r(6GM=1{0,1,1}, (333)

there are 8 of them that are Z, x Z, whose types are

r(GY)=1{0,5,
(G =A{ (334)
5,5},
and there are 21 of them that are Z, whose types are
r(¢*)=1{0,2,5,2}. (335)
The maximal Zy subgroups
{O’ 2) 5’ 2} >
(336)
{0,1,1}
form the Dynkin diagram of A; x A,:
o—0—0O 0—O
2 5 2 1 1 (337)

The number of conjugacy classes in I} ; matches the flavor rank f = 3. Note that the A3
singularity only has contribution f = 2 and the A, singularity only has contribution f = 1.
The singular equation is

22 +1728y7 + 1008zy*x — 8822y x? —60032y° x> + 1088z y2x* + 22016 y°x°®

(338)
—2562x” —2048yx° —w? =0.
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There are an A5 singularity along the locus

{w=y?+4x®=22+20736x" =0} c C* (339)
and an A, singularity along the locus
{w=27y?+4x> = 24322 + 256x” = 0} c C*. (340)

Due to monodromy reduction, the A; factor is reduced to flavor rank 2 and the A, factor is
reduced to flavor rank 1.

A6 Hy,

There are in total 24 conjugacy classes. The representatives of each non-trivial conjugacy
classes are

3

w® 0 0 wP 0 0 1 0 O
Mi=l0 w® 0|, My=[0 w® 0], My=|0 w® 0|,
0 0 wb 0o 0 wt 0 0 wd
-1 0 O —w® 0 0 —w® 0 0
M, = 0 -1, Ms=| © 0 —wb|, Mg=| O 0o —w,
-1 0 0o —w® o o —w® o0

B

0
0
1 —2wi—1 —2w*—1 —2uw’-—1 1 w—1 w-1 w3 —1
My = —2w*—1 w42  wi-1 Mg =2 wi-1 —2wP—1 wi+2 |,

—2w3—1 w—1 w42 w3 —1 w3 +2 2 —1
1 wi+2  wi+42 w3 +2 w2 0 0 wd 0 0
My==[w?+2 wP-1 —2ud—1|,Mpy=(0 w? O |,My;=(0 wd® 0|,
S\wd+2 —2wP—1 wi-1 0 0 w 0 0 w?
w> 0 0 0 0 w? —w? 0 0
M12 == O W5 O N M13 = VV2 0 O N M14 = O 0 _VV2 N
0 0 wt 0 w 0 0 —w 0
—w® 0 0 —w> 0 0 wt 0 o0
Mys=| 0 0o —wd|, M= O o —w |, Mpy=(0 w* 0],
0 —w* 0 o —w® o 0 0 w!
w 0 0 w/ 0 0 o o wt
Myg=|0 w 0|, Mg=|0 w 0], My=|w* 0 0],
0 0 w o o0 wt 0O w 0
—w*t 0 0 —w 0 0 —w’ 0 0
Myy= 0 0 —w*|, My=[0 0 —w]| My=| 0 0o —-w ],
0O —w 0 o —w 0 o —w* o

where w = 27/9,

There are in total 91 abelian subgroups. There are 4 of them that are Zq x Z3 whose types
are

,19
,19, (341)
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there are 36 of them that are Zy x Z, whose types are

r(6"=1{0,17,11,2,19,10,1,18,12,
4,22,14,6,21,16,5,23,15},
there are 27 of them that are Z, x Z; whose types are
r(G"=1{0,7,4,7,
E: 57 §:§,
1,8,5,8},

and there are 24 of them that are Z3 x Z; whose types are

r(GM=1{0,1,2,
13,13,13,
20,20, 20} .
The maximal Zy subgroups

{O) 37 3} >

{O, 7) 4’ 7} >

{0,13,20}

form the Dynkin diagram of A5 x A, X Ay:

o—0 O0—0C0—0O 00—
3 3 7 4 7 13 20

(342)

(343)

(344)

(345)

(346)

The number of conjugacy classes in I3 ; matches the flavor rank f = 5. Note that the A3
singularity only has contribution f = 2 and one of the A, singularity only has contribution

f=1.

The singular equation is

1
¥ -ge ((432w% —2—3y)" —6912x°) =

There are an A, singularity along the locus
fw=x=y—z=0}ccC*
and a second A, singularity along the locus
{(x®=27w*=y =2=0} cC*.
There is another D, singularity along the locus

{x =y =2—432w? =0} c C*.

0. (347)

(348)

(349)

(350)

Therefore the total codimension 2 ADE singularity is D, x A%. Due to monodromy reduction,
the D, is reduced to flavor rank 3 and the two A,s are reduces to flavor rank 1.
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A.7 Hsg

There are

in total 17 conjugacy classes. The representatives of each non-trivial conjugacy

classes are

—w>—1 0 0 w> 0 0
M, = 0 —w—1 0|, M= o w 0 |,
0 0 —w’—1 0 0 w
-1 0 0 w®+1 0 0
M; = 0 0o —w |, M= 0 0 w—w+w4+w—1 |,
0 w +w? 0 0o —w 0
—w 0 0
My = 0 0 —w+w—w'+w—w+1 |,
0 —w? 0
1 [ 2w’ 2w —2w?+1 2w+ w42 w —2ub—2wd+w?
Ms = ¢ —4w’ + 4w —aw?+2 —w®—3w—1 3w’ +wl+w?—3u? |,
—4w7 + 4w — 4w +2 —wl+2mP —1 2w” + wl +wd + 2w?
3 5 3 3
1 ( —w®+2wt+2w—1 3w —IwS+iwt+2ui-1 W= oW bt = Jw e
M7=g 6w’ — 5wl + 3w* — 5w’ + 5w + w—5 —w +w—=3w+1 3w’ —w+wt—1 5
—w +5wl+wi+2w+1 3w’ +2w® — 3w —2w+2 w’ —2wt +w
1 1 1
—2W5—W4—W—2 —§w7-¢—w(’+w5-*—Zwa—sz—lw-F§ —W6+—W4+—W3—W2+W——
1 2 2 272 2 2 2
MS = g W7—2W6+2W5+W3—2W2—W+1 W7—2W5 +2W4_2 —4w7 +w® +w® — 2wt + 2uwd —4uw? — 2w+ 4 >
—6w” +2w° +5w° —aw* + 4w’ —3w? —3w+6  —w —wC +w® —2w* + 3w —w? —2w+3 —W7—W5—W4+W—1
( WSt wt —wd rwt dw—1 —rwatwtrtwsowtowz Lty d Cles eyl L 503
1 2" 2" T2 272 2 2 2 272
M9=g w A ws—wt 3w —2w 2 —ow 4205+ 2w — 2w + 20 — P 42 4w’ —2w° —2wd + 2w +w—3 |,
3w’ —w®—2u® — 4w+l +w—1 —w* 2wl +2n? —2w—1 w =20 + WS+ wt—uwd—w—1
3 1 1 3
1 —w” +w? —w? +3 3w7—%wﬁ—%w5+2w"72w3+gw2+w—3 Ew(’—w5+7w4—w3+7w2+iw—1
M1o—g 2w WS — 2w+ — P 4 Bw—3 w’—2w® —2ul +uw? —wl+w+2wt+2ul+w—1 |,
3w —wf—3wt+awt 2wt +2w—5 W +w®—w’ +3w —wP —w? +4w—2 2wl +wd +2
1 w® —2w*—2w+1 —2w’ +2w° —w+2 2w’ + w* + 2w
M“_E —2w” —2w® —2w* + 2w —2 —w’ =3wt—w 2w+t —wt+1 |,
2w’ —4w® + 4wt —4 2w’ +3w° —2w*—3w+3 W —w®—2w-—1
1 207 —w® + 2w — 2w + 2w? + 2w —2 W —2w® — 2w +w - —wh—wt P+ uP—2w+1
M, = 3 2w’ —4wS £ 2w 42wt —2wP —2w—2 3w —2wS 43w  —3wP 42w +w—3 W —wS—wP+wt—wiP+3w?—1 |
—4w” +4w° + 4w® — 4wt +4w® —2wP +4 2w +wd — 3w + 2wt — 2w’ + 3w —2 2w8 +w® +w? 4 2w
1 —2w’ 4+ 2w —2uw? +1 2w’ —wl +2u? -2 —w’ +uwb—wiP—w?—1
Mis = < awb+2uP+4 2w’ + 2w+ 3wl —2w?+3 3w’ +wl+wP—3u? |,
2w” — 4w — 4ws 4 2u? —wé+2nw® —1 —w’ —2w® —w?+1
—W7+W3—W2—2 —W7-I-W6+lws+w4+lwg+lw-¢—§ §w77wéflw5+§w47w3+1w2+2wf1
1 2 2 2 2 2 2 2 6 2 5 2
M14—g 2w +wl+ws 2wt —wP 4wt +w 2w’ — 2w — 3w + 4wt — 207 +wd 2w —3 ow’ —wl+2u? -2 |,
4w —wb —wS + 3wt — 5w + 2w + 4w —3 —w +wb—wP—n?—-1 —w’ 42w —2w® + w + WP + 3w
3W5—W4—W+3 7§W7+1W67w57§W4+w372w2+1 7W7flwf’flwsflw4+§w371w272w+1
1 2" T2 2 2 27 20 2,02 2
Mls_g —5w WS —wS—wt 2wt —dw w2 —3w + 200 + WS — 2w+ 4wP — 3w — 2w+ 2 2w + 2w —w+2 ,
—w® —2w® +2w* + 3w® —w? 2w’ + w* + 2w —2w7 — 20 + WS — 2w +w® —2w® — 2w
1 3 1
1 W7—3W5+W4—W3+W2+W—1 gw77%w6+%w5+%w47%w3+2W27%W72 —§W7+—W6+W5—W4—5W3
M16:§ 3w’ —2w® —wt—wP —2w—2 w’ +2w° —2w* —2uw® +2u? + 1 wl —2w® —2w? +w
—4w’ 4 2w® + 3wS — 5w 4+ 2wP —w? — 4w + 3 W —wh—wttwttwr—2w+1 3w 4+ w +wt—2w 2w —w,
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27i/15

where w =e
There are in total 143 abelian subgroups. There are 36 of them that are Zs x Z3 whose

types are

r(G* ={0,16,13,13,16,
1,14,11,11,14, (351)
2,15,12,12,15},

there are of 38 them that are Z¢ x Z, whose types are

5

- (352)
S

there are 29 of them that are Z, x Z; whose types are
r(G* = {0, 10,3, 10,
2,959, (353)
> §} 5

there are of 20 them that are Z5 x Z; whose types are

= N

5§:
5§:

EN )]

r(¢H=1{0,1,2,
6,6,6, (354)
6,6,6},

and there are 20 of them that are Z; x Z3; whose types are

r(¢h=1{0,1,2,
7,7,7, (355)
7,7,7}.

The maximal Zy subgroups

{0,16,13,13,16},
{0,10,3,10},

356
{0,6,6}, (356)
{0,7,7}
form the Dynkin diagram of Ay X A3 X Ay x Ay:
o—0—0—0 O0—0—0 O0—O0 O0—O
16 13 13 16 10 3 10 6 6 7 7 (357)

The number of conjugacy classes in I3 ; matches the flavor rank f = 6. Note that the A4
singularity and As singularity only has contribution f = 2, each of the two A, singularities
only has contribution f = 1.
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B More examples

B.1 E®
B.1.1 6d interpretation

The equation is a complete intersection in C°:

) (358)

y2 = x3—10822,
u“—vz=0,

which takes the form of a Weierstrass model over a base B, with A; singularityatu =v =z =0.
We can replace
u=st, z=s%, v=t>. (359)

After the resolving the base (u,v,2; 6,), we get the Weierstrass model on the tensor branch
y*=x*>—108s*62. (360)

Since there is a (f, g) vanishes to order (4,6) at s = §; = 0, we need to further blow up
(s,61;0,) on the base
The final tensor branch is then

su(3)
3 —1—[E]. (361)

B.1.2 5d interpretation

We start with the complete intersection

y3—22=108x2,
w—vx=0 (362)
We first do the blow up sequence
(u’ vV, X; 5]_) (363)
and get
3_,2 252
—2°=108x“6%,
{ ZZ —vx=0 1 (364
We then work in the patch of v = 1, and substitute x = u? into the first equation:
y?—2*=108u*s52. (365)
We further blow up
(r®,5%,u®,51; 5,) 366)
(.yz z, 51; 53)
and the Eg singularityatu=y =z =0:
(U,}’,Z§U1), (ul)y’z;uZ): (z:ul;US)a (u25u3;u4): (u3,u4;u5), (ul’u3;u6)'
(367)
The resolved equation is
y363u1u§u4 —2%uy = 108u45fufu3u§ . (368)
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The compact divisor 65 = 0 has two components:

S1: 83=2z+6vV3iu?s,ujus =0,
.9 (369)
Syt 83=2—6v3iu?5uju =0.

Along with S, : 6, = 0, the rank of the 5d SCFT is r = 3. The 5d geometry can also be thought
as the decoupling of vertical divisor over the (—3)-curve, from the 6d geometry (360).
We use a notation similar to [19] to show the triple intersection numbers in a picture:

(370)

The number n in the bracket S;(n) denotes the self-triple intersection number Sf, and the

number in a square box inside S; is equal to S;S JZ for the corresponding intersection curve S;-S;.

The number among three divisors S;, S; and S; is the triple intersection number S; - S; - S.
The theory has an IR description of SU(3); —SU(2) —5F and UV flavor symmetry

Gp =E¢ x SU(2) x U(1). (371)

The 5d geometry can be obtained by the decoupling of the vertical divisor over the (—3)-curve
in the 6d theory ( 361).

B.2 E7

We present the detail of the 6d SCFT T)?d associated to C3/E), which is non-very-Higgsable.
After shifting and rescaling variables, the equation is a complete intersection in C°:

{ zv—u3:O, (372)
y2=x%— —3><4111/32x ,

which takes the form of a Weierstrass model over a base B, with A, singularityatu =v =z =0.
We can replace

u=st, z=s>, v==t. (373)

After resolving A, base singularity, we get the Weierstrass model on the tensor branch

1
2_ .3 3¢2
y =X _3><—41/38 5152)('. (374)
We need to do the further base blow-ups to remove cod-2 (4, 6) singularities:
(5,61;03), (s,03;04). (375)
The final Weierstrass model is
1
2_ .3 352
yei=x _3><41/3S 076503x. (376)

The final tensor branch is
su(2)  so(7)  su(2)
2 — 3 — 2 —1—-[E;]. (377)
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B.3 C3/H,,

In this case, T}?d is also non-very-Higgsable, and to get T)?d one needs to decouple three vector
multiplets from the KK theory.

B.3.1 6d interpretation

In this case C3/Hsq is described by the following complete intersection in C>

3u?x + 2u® — 36uz — 36vx — x> +432y2 =0,
2 2 2 2 (378)
u“v—uz—12v*+92°=0.
We do the coordinate transformation
y L y
- =Y,
123
Z 2 Z L v+ 2 2
= —_—— B — —us,
V3 243 31 (379)
V=2 — iv + i.uz
—“1 48 1 2 1°
u=—2+3e"4u,,
and rewrite the equations as
y?=x3+ (362, — 18iu? — 3v; ) x + 3e™/*u; (v, +4821),
4 (380)
zZ1V1 = ul .

The first equation is a Weierstrass model over a base B, with A5 singularity atz; = v; =u; = 0.
One can also introduce new base coordinates (s, t):

zy=s%, vy=t*, u;=st. (381)

The base has an A, singularity ats = t = 0, and it has the following toric resolution ¢ : B, — Bj.
The resolved base B, is

(382)

The exceptional base divisors are 6; = 0 (k = 1,2, 3), which one-to-one correponds to lattice
points (1 — k,—k) in the N lattice. For the line bundle (9(—nKB2 ), the monomial generator
associated to the point (p, q) in the dual lattice M of N is (for example see [104])

= sPH TSP g A 5T P 57 2pSa (383)

Mp,q) 2 3

Thus the Weierstrass model after resolution is
yr=x*+ (365453 —18is2t25, 55 — %t45§)515§53x +3e™/*st(485%5, + t455)526352, (384)
27

— ; ; 2.,2rc2.4 2.4\2
A= T65§5§5§((—241515352t2—5§t4+485§s4)3+144151633 t°(55t* +4867s*)°).  (385)
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The tensor branch is

[2F]
| 386
su(2) g2 su(2) ( )
2 — 2 - 2

Note that the central G, gauge theory on a (—2)-curve should be G, + 4F due to anomaly
cancellation, and the extra matter 2F locates on the I; loci.

B.3.2 5d interpretation

We start with the singular equation in (380)

yi=x3+ (3621 - 18iu% — %vl)x + 3™/ 4y, (vy + 4827),
4 (387)
21V1=u1.
We do the following resolution sequence
21,U1,v1501),  (21,v1,01302),  (x,¥,01583), (X,¥,02;64),
(z1,u1,v1561),  (21,v1,61;02), (x,¥,61;03), (x,¥,02;64) (388)

(,64;65), (04,05;06)-
The resulting equation is
¥265 =x3636, + (362, — 18iu?5,55 — 2v1) 5,525, + 3e™/*u (v, + 4821)52536,,
Z1V1 = u411.5%53 .

(389)
The compact divisors are
Sl . 53 =2z = 0 ,
Syt 63=v;=0,
2 3=V1 (390)
83 . 55 = 0,
S4 . 66 =0.
The triple intersection numbers are
0158 [0]
(391)
The rank-4 SCFT has an IR gauge theory description of
2F
| (392)

SU12)g— G, —SU(2),.
The UV flavor symmetry should be enhanced to
Gp =SU(4) x Sp(2), (393)

where SU(4) comes from the A5 singularity, and Sp(2) comes from the classical flavor sym-
metry of G, + 2F. The 5d theory is generated by taking the KK reduction of T}?d in (386), and
decoupling the three vertical divisors over the (—2)-curves.
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B.4 C3/Hg,

In this case after rescaling and shifting the coordinates we obtain a Weierstrass model defined
by
1
f=57 (—237160w?z> + 15435w> + 1214080wz°® —207078427) ,

1
g =75 (2327256960075 + 423097360w"5° — 38139885w"s’ (394)

+1361367w° + 6355937280wz'* — 69022760962 %),
whose discriminant is

A= (553 w)? (32:% — 7w)’ (3205° — 63w)° . (395)
2187
The above Weierstrass model involves no codimension-two (4,6) points hence there is no
tensor branch. The 6D physics is given by the F-theory compactification on a local elliptic CY3
on which there is a type I, fibration along w—>52% = 0, a type I 5.ns fibration along 7Tw—3223 =0
and a type I3 , fibration along 63w—320z> = 0 all of which meet at the point w = z = 0 where
the degree of (f, g, A) enhances to (4,5, 10).

B.5 C3®/Hig
B.5.1 6d interpretation

In this case the Weierstrass model is given by

16
f=7z (—280w?z* + 189w* — 482°)
64 2.6 4.3 6 9 (396)
g= 2—7w(1456w 2® —12852wz> + 729w® — 403227,

whose discriminant is
A =—4096 (42% —27w?)’ (w? +42°)" . (397)

At w = z = 0 the order of (f,g,A) is greater than (4,6,12) therefore a base blow-up at
w =z = 0 can be performed to obtain a minimal elliptic fibration given by

1
f= —?652 (2805W223 —189w* + 485226) ,
64 (398)
g= 2—75W(145652W226 —128526wz® + 729w° — 40325°27)

whose discriminant is
A = 40965 (27w? — 452%)° (w? + 462°)* (399)

where w and z cannot vanish simultaneously. The base blow-up is shown schematically in
figure 3.

Clearly at 6 = 2z = 0 nothing interesting happens but at 6 = w = 0 we see that all the
three irreducible components of the discriminant locus given by (399) intersect and the order
of (f,g,A) on 6 = 0 enhances from (1,1,2) to (3,5,9). At this point we can let z = 1 hence
we will study the Weierstrass model y2 = x> + f x + g where

16
f=—gb (4852 +2805w? — 189w*)

64
g= 2—75w(—4o3253 +14565%w? — 128526w* + 729u°) .

(400)
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6 I 3,ns

I 4,ns

I 3,ns

Z Z

Figure 3: Before the base blow-up there are two self-intersecting divisors intersect at
w = g = 0. After the base blow-up at w = 2 = 0 the w = 0 line and the z = 0 line
are separated by the compact curve 6 = 0 on the base over which there is a type I
elliptic fibration except at the point 6 =w =0.

The discriminant of this Weierstrass model is
A = 409652 (27w? —45)° (w? + 45)* (401)

from which one can see that there is a type 14 ,; fibration over w?+45 =0, atype I 3.ns fibration
over 27w? — 48 = 0 and a type II fibration over § = 0.

Now we try to resolve the singular equation y? —x3 — f x — g with (400). In this case we
keep track of the new coordinates after the i-th blow up using subscripts b;. We first perform
a shift 39 .

X=X — ?WB , 0=06,— erz (402)
to put one of the codimension-two singularity along x,, = y = 6, = 0. We then apply the first
blow-up

(Xsl)y: 651;61), (403)

whose proper transformation is

0= 25804857 , ejw + 691257 , elx,p, —4249605] , eyw’ +3513657 , eyw’x

(404)
3 2 5 3.2 4 2
—27e1x;,, + 614400681b1w + 864w X5 b, 460806, p WXy p, + 27Yp, -
We then perform a second shift
80
Xs1by = Xs,b, + ?W651 by (405)
and a second blow-up

(elzxszbla.ybl;eZ)z (406)

whose proper transformation is
0= 163845;‘1 blefblw + 645521b161b1(4551b1€1b1€z - 13W2)x52b2 “407)

2y,.2 2.3 2
+ 16w(—50, 5 €1p, €2 + 2w )xszb2 —e1p, 5%, + Vi -
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We then perform a third shift in the patch x;,;, # 0:

862, e 448653, e
b, <1b b, €1b
W=wsl—#,ezzezﬁ+$ (408)
Xs2bs xszbz
After the third blow-up
(Wsl ’ 6251) ybz; dl) (409)
whose proper transformation is
32x522b2d1W§1b1 - xszbzelbl (x52b2 eZslbl + 40651 b, Wslbl )2 + J’i =0 ) (410)

one can check that there are no more codimension-two singularities in the above proper trans-
formation.
The projective relations of the blow-ups are

2
(x5,5,d1€25, b, A7 Vb, €25, by5 Os, b, ) »

(€1, €25,5,d1> Xs,by> Vb, €26, b, A1) 5 (411)

(Wslbl’ eZSlbIJ ybg) .

Note that the original surface S : 6 = 0 becomes

1o 9 4 2
_Zd1wslb1x52b2 +432('551b1e1b1 +x52b2d1531blelbl(45511,1W31b1 + e251b1x32b2) =0. (412)

To see the geometry of S, we define the following curves on S

Cp:dy =eip, =Yp, =0,

CZ P €1bh, = Weib, :yb3 =0,

. _ 2 3 2 2 2
C3 . ezslbl = 32x52b2dlwslb1 1600X$2b2€1b1 531b1W51b1 +yb3

1 (413)
_ 1329 2 4 2 2 _
= 4d1Ws1b1xs2b2 +432531b161b1 +4)(52,,2d1551,3161,,1W51b1 =0,
. _ .2 .3 2 _ 2 _
C4 . Wslb1 = yb3 x32b2615162s1b1 = 432531b1€1b1 +x52b2d16251b1 = 0,

. — 2 3 2
Cs: 551b1 =Wsb, = ybg x52b261b16251b1 .

Note that S has a curve of double point singularity along C;. The intersection relation between
these curves are

G (-2
C
(DG, 2
(@)
C, /
(-2)
C4 (414)

The exceptional divisors of Sp(2) are ey;,, = 0, ey 5, = 0 and the affine node 6 ; = 0. The
exceptional divisors of Sp(1) are d; = 0 and the affine node wy,; = 0. Hence from the (—1)-
curves on S, we derive the matter spectrum on the 6d tensor branch under the representations
of flavor symmetry group Sp(2) x Sp(1):

C,—(5,2), C,—(1,2). (415)
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One can check that the above matter representations satisfy the 6d gauge anomaly cancellation
conditions.

Similar to the discussions of A(48) in section 4.1.1, the 6d SCFT is different from the rank-
1 E-string since the contributions to gravitational anomaly (AHyca1ied = 41) and flavor rank
(3 instead of 8) are both different from those of a rank-1 E-string.

B.5.2 5d interpretation

In the 5d case, the first blow up is a weighted blow up
(x®, y®, 20, wh; 5,) (416)

instead of blowing up the base. We will not repeat the details of the resolution. In the end,
the curves on the compact divisor S; : 6; =0 are

C (1)
C
(DG, 2
(@)
C, /
(-2)
C4 417)

Note that the curve Cs correponds to the affine node of Sp(2) and Sp(1), which becomes a
(—1)-curve after the blow down of S from the 6d geometry. The flavor symmetry factors read
off from the geometry are G = SU(2)? x U(1).

Note that the resolution of (338) is also discussed in [105].

B.6 E®

We start with the singular equation

22 —w(y® +12v/3ix?) =0, (418)
and do the blow up sequence
(X,J’,Z,W; 51)> (X,)’,Z;az): (X,52;63), (52:63;64)- (419)
We get
238, —w(y35,6, +12v/3ix%55) = 0. (420)
Now we define
U=y35,6,+12+/3ix25;. (421)
After the blow up
(Z> W; U; 65)7 (551 W; 66)) (422)

the resolved equation is a complete intersection

{ Ubs6c = y35,65 + 124/3ix255, 423)

2365 =wU.

Since 6, = 0 is an empty set, the variable 6, can be dropped from the equations.
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The compact divisor S; : 6; = 0 has equation

(424)

USs6¢ = 124/3ix%5,4
2365 =wU.

Now we discuss the flavor symmetry Gy from non-compact divisors. We plot the configu-
ration of curves on 6; = 0:

Ci: 0,=063=U=2=0,

Cy: 6,=06,=Ubs55—12v3i63=23556¢—wU =0,

C3: 6,=65=x=U=0, (425)
Ci: 6,=064=x=265—wU=0,

C;: 0;,=x=z=U=0.

(426)

Note that C; and C, come from the resolution of the codimension-two D, singularity, while
C5 and C4 come from the A, singularity. Cs is the curve of cusp singularity x =2z = U = 0.

A non-trivial fact is that the curve C; has normal bundle O(—1)®O(—1). From the perspec-
tive of D, singularity over the §-axis, the fiber 65 = 0 has three P! components over any point
6, # 0. The point 6; = 0 is exactly the location where the fiber 65 = 0 degenerates. Since
the degenerate P! fiber §; = &5 = 0 is rigid, it should have normal bundle O(—1) ® O(—1).
Note that in the context of elliptic Calabi-Yau threefolds, the degenerate point is exactly the
ramification point in presence of Tate monodromy [91].

Hence from the (—2)-curves on S;, we can read off flavor symmetry factors
Gr =SU(3) xSU(2) x U(1).

B.7 EW
We start with the singular equation

22 —w(108x*—y3) =0, 427)
and do the blow up sequence

(X(l)ay(l)az(Z))W(l);51)’ (X,.)’,Z; 52): (y,Z, 62;53)) (5232; 54):

(428)
(63,04;65), (04,05;06), (02,04567).
We get
22 —w(108x5,556,65 — y>5,6255) =0. (429)
Now we define
U =108x"6,556,62—y>5,6255. (430)
After the blow up
(z,w,U;6g) (431)
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the resolved equation is a complete intersection

432
22 =wU. ( )

{ Ubg = 108x*5,625,562 — y25,6255,
Since 6, = 0 and 64 = 0 are empty sets, the variables 6, and 64 can be dropped from the
equations.
The compact divisor S; : 6; = 0 has the equation

USg+y3626:=0,
{ 28 Y 0305 (433)
ze=wU.
We plot the P! curves on S;:
C1: 51=53=U=2=0,
CZZ 51:55:U:Z:0,
C3 : 51 = 56 = U68 +_y35§55 :ZZ_WU = 0, (434)
Cy: 51=57=U58+y35§55=zz—wU=0,
Cs: 6,=06g=y=22—wU=0,
C6Z
(435)

The curves Cy, C,, C3 and C4 comes from the resolution of codimension-two Eg singularity.
Similar to the case in the previous section, the curves C; and C, are exactly the degenerate
P's at the ramification point of the E4 singularity. From the curves on Sy, one can read off the
flavor symmetry factors Gy = SU(3) x SU(2) x U(1)?.

B.8 G;n with odd m

The singular equation is

) (436)

W —y(x+4y™=0,
ve—xz=0.

The codimension-two singularities are D,, 5 X A%.
When m = 1, the singular equation is a complete intersection of two quadratics in C°, and
after the resolution
(x,y,2,u,v;67), (437)

the compact divisor §; = 0 is a smooth dP5. The 5d SCFT T;d is the Seiberg rank-1 Es theory.
Note that the flavor symmetry factors SU(4) x SU(2)? from the codimension-two singularities
is enhanced to

Gr =S50(10). (438)

76


https://scipost.org
https://scipost.org/SciPostPhys.12.4.127

Scil SciPost Phys. 12, 127 (2022)

When m = 2k + 1 > 1, the resolution sequence that gives rise to the compact divisors is

(X:}’:Z; u,v; 61)

. (439)
x®,u®,vD, 605, (=1,....k).
The resolved equation is

w2 —y (x + 4y T 6% =0,

) y( Y n)—l J ) (440)
ve—xz=0.
The triple intersection numbers among S; : §; =0 are
(24 5,(8) 5,(3-2K)

(441)

After a series flops that blow down S, ; and blow up S;, the new triple intersection numbers
are

(224 5,(8) 5,(4-2K)

(442)
The 5d IR gauge theory description is
4F —SU(2)—SU(2)g—---—SU(2),- (443)
The flavor symmetry factors SO(2m + 4) x SU(2)? are generally enhanced to
Gr =S0(2m+8). (444)

B.9 C3/A(6n%), n=2k
The singularity C2/A(6n?) (n = 2k) has the following hypersurface equation
—20w2t1x® + 36wt xy + 108w + 5wx2y? —4wx*y + wx® — 2wy + 422 =0. (445)

Apart from cod-3 singularity at x = y =z = w = 0, there are also cod-2 singularities at

Ay y—%zzzw—o,
Diy: y—x*=z=w=0, (446)
Aq y—?=z=x —27w?2 =

If 3} n, the last cod-2 loci is singular. If 3 | n, the last cod-2 loci is smooth with three irreducible
components.
For n = 4, we first do coordinate substitution

2

X
y=y2+?, 447)
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and rewrite the singular equation as

0 =422 —2wy3 +3wx2y2 — 2wxy,U + £wU?,
3 -)/22 .yz 3 Y2 27 (448)
U=x>—-27w".
We use the following resolution sequence
(yZ’Z) U; 51)) (x)ZJWJ U; 51;52)3 (ZJWJ 51752; 53) (449)
to get
0=422 —2wy35, + 3wx2y25, — Fwxy,US, + 5wU25,, 450)
0= X352 —27W253 — U61 .
Then we look at the patch of §; # 0, and plug
35, —27w?8
U= X 027 4/W 03 (451)
01
into the first equation. After the shifting
252x2
—y,— ’ 452
Y3=DX2 36, (452)

the first equation becomes
108525§W5 + 165%53w3x3 +3685,5,83w3xy; — 5%52wx2y§ - 25fwy§’ + 45%22 =0. (453)

We can do the further blow ups and resolve the remaining D, and A; codimension-two singu-
larities

(2w, ¥3:84), (2,64;85), (84,85:86), (2,,65x%+251646562y3;57). (454)
The resolved equation is

54W(4525357W2(27535‘2‘5§525§W2 + 452X3) + 3651625354555%67W2xy3

(455)
- 5%_)’%(52){2 + 251546552}’3)) + 45%5522 =0.

The two compact divisors are S, : 6, = 0 and S5 : 65 = 0. The other divisors are non-
compact, S; : 67 =0, Sg: 6 =0 and S, : 6, = 0 are irreducible while S5 : 65 = 0 has two
components. This exactly matches r =2, f =5.

B.10 cV

3L 3 | !

Start from the singular equation
wlx? +3W21x—6w1yz+9wgl —xyz+y3+2°=0, (456)
one can always do the following sequence of resolutions

(nyJZ)W; 51):

. (457)
(xzy,zz5i;5i+l) (l=1’Jl_1)

Nonetheless, the resulting equation is still singular and more blow ups need to be done.
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For | = 3, the resolution sequence giving rise to compact divisors are

(x,y,2,w;61),
(x,y,2,61;62),
(x,y,2,09;63),
(5,2,61;64).

(458)

The equation after this is
W x2526, + 3w°x 576567 — 6w yz525,67 + W 5553654 —xyz + ¥ 5, +2°6,=0. (459)

The compact divisors are S; : 6; = 0, (i = 1,...,4). Then intersection numbers among
them are

(460)

The number “2” on a edge means that the intersection curve S; - S4 has two irreducible com-
ponents, and ;5,54 = 2.

After this, there are still codimension-two singularities which can be resolved without
changing the triple intersection numbers among compact divisors.

1 5 _
B.11 D), 1=2k

We study the p¥

311 singularity with [ = 2. The singular equation is a complete intersection

4v2u+ 12vi® — 6x%u+ 62u + 361 —vx? + vz + x3+3x2 =0, 461)
y2—uz=0.
The resolution sequence that generates compact divisors are
(x;.)’aZ>U,V§ 5]): (5172; 52)) (521y; 63): (52753;64)) (5372; 55)' (462)
The transformed equation is
(4v2u+12vu® + 36u® —vx? —6x%u+x3)6, +2(6u+v +3x)55 =0, 463)
y253 _uZ62 =0.

The irreducible compact divisors are S; : 61 =0, S,:03=0,53:04=0and S;: 65 =0.
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The triple intersection numbers are computed with the methods in section 2.2.2:

(464)

The geometry does not have a ruling structure since the curve S; - S5 is a section curve on

S, but a ruling curve on S;.

B.12 H,,

We start with the singular equation

0= —236117700w%x? + 2526543w?y2 — 1744878w"y + 321071w®
+638296200wx?y + 43435278000x* — 1102736y> + 1608714000z° .

We first do the resolution
(X,y,z, w; 61)

and get the equation

0= —236117700w*x?52 + 2526543w?y25, — 1744878w*y 52 + 321071w°53

+638296200wx?y 51 + 43435278000x*5, — 1102736y + 16087140002> .

The equation is still singular at the loci

432x2 —w35, =164y —95,;w?> =2 =10

x=y—86wt=2=0.

Now we substitute

_ n 961W2
Y=X2 164 )
and rewrite (467) as
72075
(372387563w®)/16 — 1102736y3 — T5§w~°’(5580x2 +41wy,)

+ 13955, (5580x2 4+ 41wy,)? + 1608714000z> = 0.

(465)

(466)

(467)

(468)

(469)

(470)

Now we can rewrite the equation as a complete intersection with the new variable A

(372387565w°)/16 — 1102736y3 — 222 52w3 A + 13955, A% + 16087140002° = 0,

{A —(5580x2 + 41wy,) =0.

80
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After the resolution

(61,¥2,4,2;6,), (472)

the equations become

(372387553w5)/16 — 11027363 — 2252w A + 13955, A% + 16087140002° =0,
A5, —(5580x2 +41wy,5,) = 0.

(473)
The first equation is still singular at
12A—1556;w* =y, =2=0. (474)
Now we substitute
A=A+ 1556,w” (475)
- 2 12 >
and rewrite the first equation of (473) as
13955, A5 — 1102736y + 1608714000z° = 0. (476)

The singularity at A, = y, = 2z = 0 is of du Val type D,, and we can perform the following
resolution sequence

(A2,¥2,%;03), (A3,63;64), (63,04;05). (477)
Finally, we use the resolutions
(x,62;66), (82,86;67) (478)

to make the second equation in (473) smooth as well. The final equations are

13956,A3%6, +(—1102736y; + 16087140002)55 =0, 479)
(8555253 + 150 4 411y,5,5,62)5, — 5580x25¢ = 0.
The compact divisors are 6; =0, 6¢ =0 and 6, = 0. The equation for 6; =0 is
—1102736y3 + 1608714000z° = 0, (480)
(82636562 +41wy,836,62)6, —5580x2655 =0.

The first equation is reducible, hence §; = 0 has three irreducible components. The other
compact divisors are irreducible, and we get the correct 5d rank r = 5.

For the flavor rank, note that the sequence in (477) gives new non-compact divisors 64, =0
and 65 = 0 as the same way as the resolution of a D, singularity. 6, = 0 has three irreducible
components and &5 = 0 is irreducible. Along with the non-compact divisor A = 0, they give
rise to the correct flavor rank f = 5.

B.13 H,,

Starting from the singular equation

0 = 7996685367948717077820w? x> 4+ 5751067536004617099w?y2
—52005772276829280w?yz 4+ 131753659993217447094w*y
+201282072182100w?z% — 1056790655463324600w*z
+1112324224808258441343w° + 21970495217646693900x°y
+826556965553185776x°3z + 17145803149032y %z
— 8560505896492y — 8610088608588 Y22 + 247913560482°

(481)
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we first substitute variables

7 — 2 —12420w? - M
, Y—>y+ 1003 (482)

The equation is rewritten as

—4778596(1791427y —51882)(y —2)* + 804043740810492U(27325y + 1028z)
+3038392539w2(66673y — 5162)(27325y + 10282) =0,
U=x3+27w*.
(483)
We do the following resolution sequence

(}’:Z> U16],)5 (UJ51)XJW; 52)) (X) U,51,52;63), (U56])52’53;54)
(51,52;55), (51,27325_)""10282; 66)? (52,56; 57), (55,27325}/"‘10282; 58)
(U) 52; 69); (51>59; 510)) (551 69;511)'
(484)
The resolved equation is

—4778596(1791427y —51882)(y —2)?5,55 + 804043740810492U(27325y + 10282)5,
+3038392539w2(66673y —5162)(27325y + 10282)5,555,655¢ =0,
Ub,6¢ = x3525§54 + 27w45§65575859510611 .
(485)
The compact divisors are S; : 63 =0, S, : 04, =0,S3:0=0,5,:6,=0,S5:065=0,
Se:00=y—2=0,5,:09=1791427y —51882 =0, Sg: 619 =0, Sg : 677 = 0. Note that
the equation of 69 = 0 has two irreducible components. The number of irreducible compact
surfaces exactly matches the expected rank r = 9.
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