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Abstract

We study a gas of attracting bosons confined in a ring shape potential pierced by an
artificial magnetic field. Because of attractive interactions, quantum analogs of bright
solitons are formed. As a genuine quantum-many-body feature, we demonstrate that
angular momentum fractionalization occurs and that such an effect manifests on time
of flight measurements. As a consequence, the matter-wave current in our system can
react to very small changes of rotation or other artificial gauge fields. We worked out
a protocol to entangle such quantum solitonic currents, allowing us to operate rotation
sensors and gyroscopes to Heisenberg-limited sensitivity. Therefore, we demonstrate
that the specific coherence and entanglement properties of the system can induce an
enhancement of sensitivity to an external rotation.
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1 Introduction

Quantum coherence and quantum correlations in many-body systems are fundamental fea-
tures that separate quantum systems from classical ones. These features have been of central
importance in the development of quantum optics [1], mesoscopic physics [2], and quantum
material science [3]; and they are now at the heart of quantum technology. Indeed, the defin-
ing goal of quantum technology is to realize new concepts of quantum devices and simulators
harnessing quantum coherence and entanglement [4–6].

A natural way to access the resources needed for quantum technologies is to refer to quan-
tum many-body systems in the strongly correlated regime. For example, superconducting
circuits and circuit QED rely on the quantum coherence resulting from the specific electronic
(pairing) correlations occurring in superconductors [7]. In precision measurement, many-
body correlations have recently been used in optical lattice clocks to prepare isolated atoms [8],
allowing in turn to measure many-body effects with clock precision [9]. With atomic ensem-
bles, massive particle entanglement has enabled a noise reduction by a factor of 100 in a
microwave clock system [10]. Our system is made of attracting neutral bosonic atoms flowing
in a ring-shaped lattice potential of mesoscopic size, which sustains a neutral persistent cur-
rent flow (see Fig. 1). As a physical implementation of such a system, we propose ultra-cold
atoms [11], with a new twist provided by atomtronics [12,13].

In contrast with continuous systems, lattice rings provide a characteristic energy-band
structure, displaying bendings, foldings and energy gaps. Such features lead to a specific
protection of the bright solitons [14]. On the other hand, we shall see that the lattice sys-
tem provides a nontrivial generalization of a theorem due to Leggett [15] that predicts the
characteristic response to an applied (artificial) magnetic field in quantum rings.

While our discussions apply to any type of artificial gauge fields [16], in the following
we will refer to the case of an artificial gauge field induced by a global rotation at angular
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Figure 1: Schematic representation of the system. Left: Ring lattice of bosons with
attractive interactions subjected to an artificial gauge field inducing matter-wave cur-
rents (arrows). Attractive interactions give rise to the formation of many-body bound
states, i.e. quantum analogs of bright solitons, where many particles are clustered
together (right).

frequency Ω. For such systems, it is found that the induced angular momentum increases in
quantized steps as a function of Ω [17, 18]; correspondingly, the amplitude of persistent cur-
rents displays periodic oscillations with Ω [19, 20], with a periodicity that Leggett proved to
be fixed by the effective flux quantum of the system, irrespective of particle-particle interac-
tions [15].

Below, we demonstrate that for strongly correlated one-dimensional bosons with attractive
interactions, the very nature of flux quantum is nontrivial, due to the formation of many-body
bound states. This feature has dramatic effects on the persistent current that oscillates with a
periodicity N times smaller than in the standard case corresponding to repulsive interactions.
Remarkably, the periodicity depends on interaction, which leads to an extension of the Leggett
theorem. We show how our system can be harnessed to construct specific entangled states
of persistent currents characterised by sensitivity to the effective magnetic field reaching the
Heisenberg limit (quantum advantage).

2 Physical model

2.1 Lieb-Liniger

Before treating the general case of the lattice ring, we will first assume that the density D = N/L
of bosons, where N is the particle number and L = 2πR is the perimeter of the ring of radius
R, is small enough to describe the system through the continuous Bose-gas integrable theory
or equivalently the Lieb-Liniger model [21]. For the lattice, that means small filling fractions
ν = N/Ns = D∆, with ∆ = L/Ns being the lattice spacing. For such systems, we can apply
exact results [22].

In the frame rotating at frequency Ω, the Lieb-Liniger Hamiltonian reads

ĤLL =
N
∑

j=1

1
2m

p2
j −ΩLz + g

∑

j<l

δ(x j − x l), (1)

where x i , m and the pi are, respectively, the position, mass and the momentum of each particle,
Lz =

∑N
j=1 Lz, j is the total angular momentum of the N particles and g is the interaction

strength. The Lieb-Liniger Hamiltonian can be recast to

ĤLL =
N
∑

j=1

1
2m

�

p j −mΩR
�2

+ g
∑

j<l

δ(x j − x l) + EΩ, (2)

with a constant EΩ = −NmΩ2R2/2. Here, we assume periodic boundary conditions.
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Using a transformation to Jacobi coordinates (see Appendix) ξl and their canonically
conjugate momenta Q l , where ξN = XCM and QN = PCM where XCM = (1/N)

∑

j x j and
PCM =

∑

j p j are, respectively, the coordinate and momentum of the center of mass, we
find that in the Hamiltonian (2) only the center-of-mass momentum is coupled to the ar-
tificial gauge field Ω. Correspondingly, the many-body wavefunction can be written as
Ψ(x1, ..., xN ) = ei(PCM−NmΩR)XCM/~χrelative(ξ1, ...,ξN−1). In this case, PCM = `~/R can take any
value allowed by quantization of momentum in the ring (` being an integer).

The ground-state energy reads EGS =
1

2Nm (PCM − NmΩR)2 + Eint , where Eint is the inter-
action energy of the fluid, which does not depend on Ω.

For any repulsive interactions, EGS is periodic in Ω with a period Ω0 = ~/mR2 (see Ap-
pendix). Therefore, the persistent current in the rotating frame Ip=−(Ω0/~)∂ EGS/∂Ω reflects
the center-of-mass quantization, and displays the characteristic sawtooth behaviour versus
Ω [15], corresponding to a staircase behaviour of angular momentum Lz .

For attractive interactions the ground state is a many-body bound state, i.e. a ‘molecule’
made of N bosons, corresponding to the quantum analog of a bright soliton [14,23,24]. This
picture arises from the exact Bethe ansatz solution; within the regime of validity of the string
hypothesis [24] (see Appendix) the ground state energy for arbitrary Ω reads

EGS =
~2

2MR2

�

`− N
Ω

Ω0

�2

−
N(N2 − 1)g2

12
, (3)

where the second term accounts for the interaction energy Eint . Therefore, the above equation
shows that attracting bosons behave as a single massive object of mass M = Nm under the
effect of the artificial gauge field. The energy displays a 1/N -periodicity as a function of the
artificial gauge field, Ω, in units ofΩ0 corresponding to fractionalisation of angular momentum
per particle. Transforming back to the non moving frame, we can observe that the average
persistent current per particle, Ip is also reduced by a factor N

Ip = ~
`

N
. (4)

In analogy to the fractional quantum Hall effect, in our system, the elementary particles car-
rying a fraction of quantum of angular momentum are parts of composite objects. We shall
see, however, that our composite object displays a very specific dependence on the interplay
between interaction and system size.

2.2 Bose-Hubbard

We now discuss the general non-integrable case in which the lattice effects are relevant. We
assume that the boson dynamics is entailed by the Bose-Hubbard Model (BHM) [25]:

ĤBH = −J
Ns
∑

j=1

�

e−iΩ̃a†
j a j+1 + h.c.

�

+
U
2

Ns
∑

j=1

n j

�

n j − 1
�

, (5)

where a j and a†
j are site j annihilation and creation Bose operators and n j = a†

j a j . The pa-
rameters J , U in (5) are respectively the hopping amplitude and the strength of the on-site
interaction, Ns being the number of sites in the ring lattice and Ω̃

.
= 2πΩ/(Ω0Ns) for brevity.

In this study we will restrain our focus to attractive interactions U < 0.
We point out that, for the lattice model (5), the center-of-mass and relative coordinates do

not decouple (for any finite interaction). As an effect, the internal structure of the many-body
bound state is affected by the interplay between interaction and artificial gauge field Ω (since
PC M depends on Ω, and the internal structure depends on PC M ).
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Figure 2: Average angular momentum per particle (main) and ground-state energy
(inset) for bosons on a lattice ring as a function of artificial gauge field, from nu-
merical exact diagonalization calculations: a) at varying particle number, for chosen
values of interaction strength as indicated on the figure, b) for various values of in-
teraction strength at fixed N = 4. Panel c) shows the corresponding predictions from
the mean-field Gross-Pitaevskii equation for zero and finite attractive interactions in-
dicated by the dimensionless parameter g0 = mg L/~2. The angular momentum per

particle is obtained as ~`=
Me f f

M

�~Ip

Ω0
+Ω

∂ 2EGS

∂Ω2

�

�

�

�

Ω=0

�

, with Me f f being the effec-

tive mass of the bound state in the lattice. Simulation have been carried out on a
system of Ns = 14 sites.

3 Results

3.1 Fractionalization of currents in the Bose–Hubbard model

Here, we find that the periodicity of the persistent current for lattice rings does depend on
interaction. We remark that such a ‘non-perfect’ fractionalization (see Fig. 2(b)) is observed
for solitons that are properly formed in the system (i.e. when the system size is larger than
the correlation length of the density-density correlations). Fig. 2 shows our numerical results
(confirmed by exactly solving the BHM in the 2-particle sector–see Appendix) for the ground-
state energy, persistent currents and angular momentum: also in the lattice nonintegrable case
the 1/N periodicity in Ω/Ω0 of the persistent currents emerges, as well as fractionalization of
angular momentum. Indeed, these features, though, are affected by the interplay between
system size and interaction strength. The 1/N periodicity is found when interactions are suf-
ficiently large: In these conditions, the ‘size of the many-body bound state’, defined as the
typical decay length of the density-density correlations [14], is smaller than the size of the
system. Upon decreasing the interactions, the many-body bound state spreads more and more
over the sites making the solitonic nature of the state less and less pronounced (see Appendix).
We remark that all the observed features are purely quantum many-body effects tracing back
to specific quantum correlations: Indeed, mean-field Gross-Pitaevskii equation (corresponding
to a non-entangled ground state) provides persistent currents displaying no fractionalization,
independently on the strength of the interaction (see Fig. 2, c and Appendix F).
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⌦/⌦0

Figure 3: a-b-c Density plot of the TOF expansion for different values of the artificial
gauge field in a system of N = 4 particles and Ns = 11 lattice sites. d Renormalized
width σTOF/σTOF(Ω = 0) of the time of flight density distribution, n(k). Green data
are for N = 2 and U/J = −3, blue for N = 4 and U/J = −1 and red for N = 6 and
U/J = −0.6. For the sake of graphical clarity, each curve is offset by 0.05. Note how
the TOF density distribution width abruptly changes with the increase of the strength
of the artificial gauge field, and how the sensitivity proportionally increases with
the number of particles. In all the calculations we have approximated the Wannier
functions with Gaussians functions with width δ = a/

p
2πwith a the lattice spacing.

3.2 Time of flight measurement

Remarkably, the afore discussed angular momentum fractionalization and persistent current
periodicity emerge in the time-of-flight (TOF) distributions of the atoms after releasing the
trap confinement and switching off interactions. We obtain it from

n(k) = |w(k)|2
∑

j,l

eik·(x j−xl )〈a†
j al〉, (6)

where x j indicates the position of the lattice sites in the plane of the ring and w(k) is the
Fourier transform of the Wannier function of the lattice [26]. Instead of the characteristic
wide `-dependent minimum (‘hole’) arising for zero or repulsive interactions [17,18], we find
no clear hole at k = 0 for the attractive case Fig. 3. Such a feature is due to the reduction of
coherence implied by the solitonic many-body bound state. Despite the seemingly featureless
momentum distribution, we find that fractional steps of the mean-square radius of the distribu-
tion for Ω/Ω0 = `/N [27]. This effect provides the univocal signature of 1/N fractionalization of
angular momentum in the presence of a many-body bound state.
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3.3 Entangling states with different angular momentum

We finally show how the scenario above can be harnessed to construct entangled states of
different current states with quantum advantage for atom interferometry. For this purpose we
follow the recipe proposed in [28] and illustrated in figure 4.
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<latexit sha1_base64="mINfg+aHheM79HZECEqXxvUGVvY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfTmMvQ==</latexit>

1
<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>
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<latexit sha1_base64="OkcV+PqiIHGLfGP+gI6yDRZSUWM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6qqMegF08S0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328ktLa+sruXXCxubW9s7xd29uo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGNxO/8YRK80g+mlGMfkj7kvc4o8ZKD97JXadYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR66pgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnflp1zGiUHJZot6iSAmIpO/SZcrZEaMLKFMcXsrYQOqKDM2nYINwZt/eZHUT8veRfns/rxUuc7iyMMBHMIxeHAJFbiFKtSAQR+e4RXeHOG8OO/Ox6w152Qz+/AHzucPhReNTg==</latexit>

1/N <latexit sha1_base64="uyNzX0fUOgpKP+QHrZmJr2Jt62Y=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KoqMeiF48VjC20oWy2m3bpZhN2X4QS+hu8eFDEqz/Im//GbZuDtg4sDDNv2PcmTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ7/YTNL1qza27M5Bl4hWkBgWaveqXzbEs5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfLTsiJVfokSrR9CslM/Z3IaWzMOA7tZExxaBa9qfif18kwug5yodIMuWLzj6JMEkzI9HLSF5ozlGNLKNPC7krYkGrK0PZTsSV4iycvk8ezundZP7+/qDVuijrKcATHcAoeXEED7qAJPjAQ8Ayv8OYo58V5dz7moyWnyBzCHzifP/QEjso=</latexit>. . . <latexit sha1_base64="uyNzX0fUOgpKP+QHrZmJr2Jt62Y=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KoqMeiF48VjC20oWy2m3bpZhN2X4QS+hu8eFDEqz/Im//GbZuDtg4sDDNv2PcmTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ7/YTNL1qza27M5Bl4hWkBgWaveqXzbEs5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfLTsiJVfokSrR9CslM/Z3IaWzMOA7tZExxaBa9qfif18kwug5yodIMuWLzj6JMEkzI9HLSF5ozlGNLKNPC7krYkGrK0PZTsSV4iycvk8ezundZP7+/qDVuijrKcATHcAoeXEED7qAJPjAQ8Ayv8OYo58V5dz7moyWnyBzCHzifP/QEjso=</latexit>. . . <latexit sha1_base64="0VK90Sjks+SjK6mKAM6t13Ig/w4=">AAAB8nicbVDLSsNAFJ34rPVVdekmtQh1YU1U1GXRjatSwT4gCWUynbRDJzNh5kYooZ/hxoUibv0ad/6N08dCWw9cOJxzL/feEyacaXCcb2tpeWV1bT23kd/c2t7ZLeztN7VMFaENIrlU7RBrypmgDWDAaTtRFMchp61wcDf2W09UaSbFIwwTGsS4J1jECAYjeeWaXzz1i+7JWa1TKDkVZwJ7kbgzUkIz1DuFL78rSRpTAYRjrT3XSSDIsAJGOB3l/VTTBJMB7lHPUIFjqoNscvLIPjZK146kMiXAnqi/JzIcaz2MQ9MZY+jreW8s/ud5KUQ3QcZEkgIVZLooSrkN0h7/b3eZogT40BBMFDO32qSPFSZgUsqbENz5lxdJ87ziXlUuHi5L1dtZHDl0iI5QGbnoGlXRPaqjBiJIomf0it4ssF6sd+tj2rpkzWYO0B9Ynz9o2Y9k</latexit>

(N�1)/N
<latexit sha1_base64="ENAJuxE0SGkesuMpiXM//ummG0Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLto1CPRi0eM8khgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHslHM47RD+lA8j5n1FjpwTurdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuy+f3F6XqTRZHHo7gGE7Bgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AWqeNMg==</latexit>
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<latexit sha1_base64="q8v1MArasuNohleCL5MOvin7e+g=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzqjoi6LbtxZwT6gHYZMetuGJpkhyQh16Je4caGIWz/FnX9j2s5Cqwcu93DOveTmRAln2njel1NYWl5ZXSuulzY2t7bL7s5uU8epotCgMY9VOyIaOJPQMMxwaCcKiIg4tKLR9dRvPYDSLJb3ZpxAIMhAsj6jxFgpdMvdWwEDcjxvoRe6Fa/qzYD/Ej8nFZSjHrqf3V5MUwHSUE607vheYoKMKMMoh0mpm2pICB2RAXQslUSADrLZ4RN8aJUe7sfKljR4pv7cyIjQeiwiOymIGepFbyr+53VS078MMiaT1ICk84f6KccmxtMUcI8poIaPLSFUMXsrpkOiCDU2q5INwV/88l/SPKn659XTu7NK7SqPo4j20QE6Qj66QDV0g+qogShK0RN6Qa/Oo/PsvDnv89GCk+/soV9wPr4B11ySkQ==</latexit>
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<latexit sha1_base64="ENAJuxE0SGkesuMpiXM//ummG0Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLto1CPRi0eM8khgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHslHM47RD+lA8j5n1FjpwTurdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuy+f3F6XqTRZHHo7gGE7Bgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AWqeNMg==</latexit>
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1
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0

<latexit sha1_base64="hO+YdBCl6d95EEqzJ7DglIJZ75Q=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lURFPRa9eLOC/YA2lM120i7d3cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVFOs05rFqhUQjZxLrhhmOrUQhESHHZji8mfjNJ1SaxfLBjBIMBOlLFjFKjJVanTuBfdJl3VLZq3hTuIvEz0kZctS6pa9OL6apQGkoJ1q3fS8xQUaUYZTjuNhJNSaEDkkf25ZKIlAH2fTesXtslZ4bxcqWNO5U/T2REaH1SIS2UxAz0PPeRPzPa6cmugoyJpPUoKSzRVHKXRO7k+fdHlNIDR9ZQqhi9laXDogi1NiIijYEf/7lRdI4rfgXlbP783L1Oo+jAIdwBCfgwyVU4RZqUAcKHJ7hFd6cR+fFeXc+Zq1LTj5zAH/gfP4A38OP3w==</latexit>

⌦i
<latexit sha1_base64="6rAulmn851+YLtQ9dQXEFykNjx4=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lURFPRa9eLOC/YA2lM120i7d3cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVFOs05rFqhUQjZxLrhhmOrUQhESHHZji8mfjNJ1SaxfLBjBIMBOlLFjFKjJVanTuBfdKNuqWyV/GmcBeJn5My5Kh1S1+dXkxTgdJQTrRu+15igowowyjHcbGTakwIHZI+ti2VRKAOsum9Y/fYKj03ipUtadyp+nsiI0LrkQhtpyBmoOe9ifif105NdBVkTCapQUlni6KUuyZ2J8+7PaaQGj6yhFDF7K0uHRBFqLERFW0I/vzLi6RxWvEvKmf35+XqdR5HAQ7hCE7Ah0uowi3UoA4UODzDK7w5j86L8+58zFqXnHzmAP7A+fwB2zeP3A==</latexit>

⌦f

<latexit sha1_base64="LVWpK8+qkGVhfNlBXg4C7HoEgvg=">AAACGXicbVDLSsNAFJ34rPUVdelmtAiCUBIVdSMU3biSCvYBTQiT6aQdOpmEmYlQY3/Djb/ixoUiLnXl3zhpI9jWA/dyOOdeZu7xY0alsqxvY2Z2bn5hsbBUXF5ZXVs3NzbrMkoEJjUcsUg0fSQJo5zUFFWMNGNBUOgz0vB7l5nfuCNC0ojfqn5M3BB1OA0oRkpLnmk9QObdQ2cHnmfNgo5AvMMIPBg3rn8NzyxZZWsIOE3snJRAjqpnfjrtCCch4QozJGXLtmLlpkgoihkZFJ1EkhjhHuqQlqYchUS66fCyAdzTShsGkdDFFRyqfzdSFErZD309GSLVlZNeJv7ntRIVnLkp5XGiCMejh4KEQRXBLCbYpoJgxfqaICyo/ivEXSQQVjrMog7Bnjx5mtQPy/ZJ+ejmuFS5yOMogG2wC/aBDU5BBVyBKqgBDB7BM3gFb8aT8WK8Gx+j0Rkj39kCYzC+fgDISpx2</latexit>|lz =0i + |lz =Ni

<latexit sha1_base64="oaNsC8rDe45VeErTaA38InB90zI=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KoqMeiF29WsB/QhLDZTtKlm03Y3Yil9q948aCIV/+IN/+N2zYHrT4YeLw3w8y8MONMacf5skpLyyura+X1ysbm1vaOvVttqzSXFFo05anshkQBZwJammkO3UwCSUIOnXB4NfU79yAVS8WdHmXgJyQWLGKUaCMFdvURezcJxCRwsSeJiDkEds2pOzPgv8QtSA0VaAb2p9dPaZ6A0JQTpXquk2l/TKRmlMOk4uUKMkKHJIaeoYIkoPzx7PYJPjRKH0epNCU0nqk/J8YkUWqUhKYzIXqgFr2p+J/Xy3V04Y+ZyHINgs4XRTnHOsXTIHCfSaCajwwhVDJzK6YDIgnVJq6KCcFdfPkvaR/X3bP6ye1prXFZxFFG++gAHSEXnaMGukZN1EIUPaAn9IJerYn1bL1Z7/PWklXM7KFfsD6+AQctk80=</latexit>|⌦1i
<latexit sha1_base64="9NdKcEYEDoFajrG8GKKCdinuINk=">AAAB+3icbVDLSsNAFJ3UV62vWpduBovgqiRV1GXRjTsr2Ac0IUymN+nQySTMTMQS+ytuXCji1h9x5984fSy09cCFwzn3cu89QcqZ0rb9bRVWVtfWN4qbpa3tnd298n6lrZJMUmjRhCeyGxAFnAloaaY5dFMJJA44dILh9cTvPIBULBH3epSCF5NIsJBRoo3klytP2L2NISJ+HbuSiIiDX67aNXsKvEycOamiOZp++cvtJzSLQWjKiVI9x061lxOpGeUwLrmZgpTQIYmgZ6ggMSgvn94+xsdG6eMwkaaExlP190ROYqVGcWA6Y6IHatGbiP95vUyHl17ORJppEHS2KMw41gmeBIH7TALVfGQIoZKZWzEdEEmoNnGVTAjO4svLpF2vOee107uzauNqHkcRHaIjdIIcdIEa6AY1UQtR9Iie0St6s8bWi/VufcxaC9Z85gD9gfX5Awi5k84=</latexit>|⌦2i

Figure 4: Schematic representation of the protocol. By quenching the flux in the
system from 0 to Ω0/2, the two states |Ω1〉 and |Ω2〉 are dynamically entangled.

The protocol, described in the following, is based on the idea that by quenching the flux
in the system, we can dynamically entangle any pair of ground states of the Hamiltonian
(5) at different Ω/Ω0. More precisely, let |Ω1〉 and |Ω2〉 be two ground states of (5) for
Ω1 = 0 and Ω2 = Ω0 respectively. After initializing the system in |Ω1〉, the flux is quenched to
Ω f = (Ω2 −Ω1)/2 = Ω0/2, exactly the value of flux for which such two states are degenerate
in energy. Since, Hamiltonian Eq.(5) commutes with the total angular momentum, in order
to entangle states with different angular momentum, the discrete rotational invariance of the
system needs to be broken. The ring is then interrupted by adding a localized potential barrier
of strength ∆0.

The state of the system will then evolve as:

|ψ(t)〉= e−iĤBH (Ω f )t |Ω1〉 . (7)

To analyse the nature of the state during the time evolution, we calculate its fidelity over the
equal superposisiton of the two target states, |Ω1〉 and |Ω2〉, as well as the current in the ring.

F(t) = | 〈ψ(t)|ψNOON 〉 |2 with |ψNOON 〉=
1
p

2
(|Ω1〉+ |Ω2〉) . (8)

I(t) = −iJ e−iΩ̃1

∑

j

〈ψ(t)|a†
j+1a j − h.c.|ψ(t)〉. (9)
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(a)
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(b)

Figure 5: Creation of entangled states of angular momentum with quantum soli-
tons. a Exact many-body dynamics of the current (in units of the hopping constant
J) following a quench from Ω/Ω0=0 to Ω/Ω0=1/2. Here we set Ns = 28, N = 3,
U/J = −0.51 and ∆0/J = 0.015. At one quarter of oscillation period, the superpo-
sition |ψ〉= 1p

2
(|lz=0〉+ |lz=N〉) is formed, with a fidelity very close to 1. No fine

tuning of parameter is required. b Scaling of the quantum Fisher information with
particle numbers, showing that it reaches the Heisenberg limit FQ∝ N2. The system
parameters are described in the supplementary material.

Remarkably, this procedure dynamically entangles the angular momentum state at Ω = 0,
i.e. lz = 0, with the one at Ω = Ω0, i.e. lz = N (see again Fig. 2), yielding
|ψ〉NOON =

1p
2
(|lz = 0〉+ |lz = N〉) when the current reaches the half of its maximum value.

We note that such entangled states are superposition of current states, which are dual to the
“NOON” states defined in the particle-number Fock basis [29].

The response of such a state to an external rotation is |ψ(φ)〉 = eiφ L̂z/~ |ψ〉NOON , and
the quantum Fisher information [30, 31] FQ = 4

�


ψ′(φ)
�

�ψ′(φ)
�

− |



ψ′(φ)
�

�ψ(φ)
�

|2
�

, being
�

�ψ′(φ)
�

= ∂ |ψ(φ)〉/∂ φ. For our state we find FQ ∼ N2, i.e. it reaches the Heisenberg limit -
see Fig. 5. The corresponding sensitivity δφ, therefore, is

δφ ≥
1

(FQ)1/2
=

1
N

. (10)

This shows that entangled states of quantum solitons with different angular momenta lead to a
quantum advantage of the sensitivity.

3.3.1 Quench parameters

The oscillation period of the current, that is inversely proportional to the gap induced by the
barrier at the crossing between |Ω1〉 and |Ω2〉, can be modified by tuning the potential barrier
strength∆0. The physical parameters we used to obtain the data shown in Fig. 5, panel (b) are
obtained as follows: for each value of N we choose U in order to have the same spatial size of
the many-body bound state as obtained by the study of the density-density spatial correlation
function. The final choices are summarized in the Table 1 below.
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Table 1: Choice of parameters for the study of the quench dynamics. For a given
particle number, we have chosen the interaction stregth and the barrier strength in
such a way that the many-body bound state has the same size. All the calculations
are performed with Ns = 20.

N U/J ∆0/J
2 -1.06 0.05
3 -0.72 0.03
4 -0.52 0.025
5 -0.40 0.01

4 Conclusions

In this work we present the first stages for creating a solitonic-based matter wave interferome-
ter [32] and how one can harness many-body effects to obtain a precision beyond the standard
classical limits [33–35]. A more thorough analysis for experimentally realistic scenarios can
be explored including quantum/thermal noise [36,37].

Summarizing, we have demonstrated that attracting bosons on a ring display fractional-
ization of angular momentum. On the fundamental level, such feature represents a remark-
able extension of well known predictions for repulsively interacting bosons due to Byers-Yang-
Onsager-Leggett [15, 19, 20]: The many-body bound-state nature of the ground state of at-
tractive bosons implies fractional angular momenta per particle; interactions do not change
the fractionalization on a continuous ring but they do affect it in the generic (lattice) system
in which also the relative coordinate of the particles are sensitive to Ω. These dependence is
related to the formation of solitons/bound-states which can only be fully formed when their
characteristic length is smaller than the system size, Such features are due to the entangle-
ment in the ground state: the effect vanishes in the Gross-Pitaevskii limit in which the many-
body wave function describes a factorized state. The 1/N fractionalization can be observed
experimentally by studying the system’s momentum distribution; the observation of such ef-
fect would provide the evidence of the formation of many-body quantum solitons beyond the
Gross-Pitaevskii mean-field regime.

We note that, because of the formation of quantum solitons, an enhanced control on N in
the experiments is expected; in the lattice such value is protected by a finite gap [14]. The
fractionalization of the angular momentum can define protocols to measure the number of
particles in cold atoms experiments. Our results yield a N -factor enhancement in the sensi-
tivity of attracting bosons to an artificial gauge field. We have provided a protocol to prepare
a superposition of current states, explicitly exploiting the strong correlations, and we demon-
strated that this state has a quantum Fisher information scaling as N2, thus allowing to reach
the Heisenberg limit in atomic interferometry.
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A Separation of center-of-mass and relative coordinates

We detail here the coordinate transformation to center-of-mass and relative coordinates. We
introduce the Jacobi coordinates







y1
y2
. . .
yN






= MJac ·







x1
x2
. . .
xN






,

with the Jacobi matrix given by

MJac =

















1 −1 0 0 · · · 0
1
2

1
2 −1 0 · · · 0

1
3

1
3

1
3 −1 · · · 0

· · · · · · · · · · · · · · · 0
1

N−1
1

N−1
1

N−1
1

N−1 · · · −1
1
N

1
N

1
N

1
N · · · 1

N

















. (11)

Here, yN = XCM ≡
∑N

l=1 x l
N is the center-of-mass coordinate we want to separate out. The Jacobi

matrix (11) is however not orthogonal (i.e. it is not a rotation). Nonetheless, the matrix MJac
can be easily converted to a pure rotation RJac via the rescaling:

RJac = diag

�√

√1
2

,

√

√2
3

, . . . ,

√

√N − 1
N

,
p

N

�

·MJac , (12)

where diag(. . . ) is a diagonal matrix, with the numbers in the parenthesis specifying the diag-
onal matrix elements. Indeed one can straightforwardly verify that RJac · R>Jac = 1, where R>Jac
is a transpose of RJac.

We define then the coordinates






z1
z2
. . .
zN






= RJac ·







x1
x2
. . .
xN






.

Note that zN =
p

NXCM.
Let us now introduce one final transformation, which brings us back to XCM as one of the

variables, while keeping the Jacobian determinant of the transformation equal to one:

ξl = N
1

2(N−1) zl , l = 1, 2, . . . , N − 1,

ξN =
1
p

N
zN = XCM .

This defines the relative and center-of-mass coordinates used in the main text.
By a similar procedure one can identify the transformation to the Jacobi momenta Q l ,

canonically conjugate to ξl , where QN =
∑N

j=1 p j = PCM is the center-of-mass momentum.

In particular, by introducing a set of momenta ~Pz = RJac~p, with the same Jacobi matrix RJac
as the one used for spatial coordinates, one can show that Q l = αPzl

for l = 1, ...N − 1 with
α= N−1/[2(N−1)], and QN =

p
N PzN

= PCM.
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The final Hamiltonian then reads

H =
N−1
∑

j=1

1
2µN

Q2
j + Vint(ξ1, ...,ξN−1)

+
1

2M
(PCM − NmΩR)2 , (13)

where µN ≡ N−
1

(N−1)m is the mass of the relative problem, M = Nm is the total mass.

B Exact Bethe Ansatz results for the continuous ring

We start from the Lieb-Liniger model Eq.(1) of the main text, where we drop the constant EΩ:

HLL =
N
∑

j=1

1
2m

�

p j −mΩR
�2

+ g
∑

j<l

δ(x j − x l) . (14)

For the Lieb-Liniger model, the total momentum and energy are PCM = ~
∑N

j=1 k j and

E = (~2/2m)
∑N

j=1 k2
j respectively, where the k j are obtained by solving the Bethe equations

[22]

k j =
2I jπ

L
+ 2π

Ω

Ω0 L
−

N
∑

`=1

arctan

�

k j − k`
c

�

, (15)

j = 1, ..., N ,

where c = 2mg/~2, L = 2πR is the ring circumference and I j is a set of integer (semi-integer)
numbers defining the state of the system. For repulsive interactions, all the k j ’s are real. For
2lπ/L ≤ Ω≤ 2(l +1)π/L, the ground states can be obtained by I j = −(N −1)/2+ j+ `, with
integer `, yielding a center of mass momentum given by PC M = ~

∑

j k j = `N~/R, as readily
follows by noticing that arctan[(k j − k`)/c] is an odd function.

For repulsive interactions, the allowed values for the center of mass are integer multiples
of 2pF , where pF = ~N/2R, yielding

EGS =
N~2

2mR2
(`−Ω/Ω0)

2 + Eint , (16)

with Ω0 = ~/mR2. The ground state energy hence results periodic in Ω with period Ω0 and
the persistent current, obtained as Ip = −(Ω0/~)∂ EGS/∂Ω, reflects the center-of-mass quanti-
zation for any value of interaction strengths.

For attractive interactions the Bethe equations of Eq. (15) admits complex solutions and
the ground state corresponds to a many-body bound state: k j = κ−i(n+1−2 j)g/2, j = 1 . . . n.
Such n string solutions holds also for Ω 6= 0, since the scattering matrix is not affected by Ω.
The ground state of Eq. (14) is made of a single n= N -string, yielding Eq.(3) of the main text.
Here we point out that string hypothesis holds for cL→∞. The finite size corrections to the
string solutions (for recent references, see [38,39]) can affect the interaction energy Eint .

C Numerical Methods

Here we present the numerical techniques that have been used to obtain the results presented
in this paper. We solve the eigenvalue problem by writing the Hamiltonian, Ĥ, as a matrix Hi j

11

https://scipost.org
https://scipost.org/SciPostPhys.12.4.138


SciPost Phys. 12, 138 (2022)

in the Fock basis. This basis is then hashed in a more efficient form [40] in order to write the
Hamiltonian in a sparse way. In particular, our numerical code is written in Python and the
sparse Hamiltonian is diagonalized using ARPACK within the SciPy library. We have performed
simulations with Ns = 11 to Ns = 24 sites and N = 2 to N = 6 particles, with a Hilbert space
dimension up to 5 × 105, for different values of the flux Ω/Ω0. Simulations have also been
benchmarked with DMRG [41] data. After solving the eigenvalue problem, the correlation
function Clk = 〈a

†
l ak〉 is calculated using the ground state of the system and is used to obtain

the time-of-flight results of Fig. 3.

D Two-particle exact solution

In the N = 2 sector, the Bose-Hubbard model the many-body wavefunction can be obtained
using the coordinated Bethe Ansatz approach. Therefore, the ground-state energy and corre-
lation functions can be accessed exactly. We generalize Ref. [42] to include the presence of
an artificial gauge field in the Hamiltonian. Here, we gauge away the Peirerls factors in the
Hamiltonian and we impose twisted boundary conditions: âNs+1 = e2πiΩ/Ω0 â1. A general two
particle state can be written as:

|φ〉=
Ns
∑

j,k=1

φ jk â†
j â

†
k|0〉, (17)

where φ jk is the two-particle wavefunction, symmetric under the exchange of j and k, and
normalized to unity. The energy of the system is found by solving the time-independent
Schrödinger equation Ĥ|φ〉 = E|φ〉 using the Bethe Ansatz technique. In the center-of-mass
and relative discrete dimensionless coordinates X = ( j + k)/2, x = j − k and P = p1 + p2,
p=(p1 − p2)/2 the wavefunction φ jk reads:

φ jk = eiPX
�

a12eip|x | + a21e−ip|x |� . (18)

The energy eigenvalues of the two-particle system are given by E=−4J cos( P+Ω
2 ) cos(p). The

center of mass momentum is obtained by imposing twisted boundary conditions and quanti-
zation of the ring:

Pn =
2π
Ns
(n− 2Ω/Ω0). (19)

For the BHM the relative momentum p is obtained by the condition:

(−1)neip(Ns+1) = y (Pn, p) , (20)

with

y (Pn, p)≡
a21

a12
= −

U
4J0
− i cos

� P
2

�

sin(p)
U

4J0
+ i cos

� P
2

�

sin(p)
. (21)

It is interesting to compare the BH and the Lieb-Liniger pictures. In the latter case, the
equations to solve are

eipL = Y (p) , (22)

with

Y (p)≡
a21

a12
= −

c − ip
c + ip

. (23)
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Note that, in contrast with the BH case, Eqs.(22), (23) are decoupled, i.e. the center of
mass momentum P decouples to the relative momentum. As a result, the imaginary part of
the momentum p is independent on Ω; this feature implies that the periodicity of the ground
state energy does not change with the interaction strength. For the BHM, instead, P and p
are coupled; this feature has a clear effect in the periodicty of the ground state energy. In
conclusion, in the BHM the dependence of the periodicity on interactions is an effect of the
coupling between center of mass and relative momentum.

Note that by solving Eqs.(20), (21) becomes fully determined. Thus, the time of flight
images can be then readily evaluated by:

n(k) =
Ns
∑

j,l=1

eik·(x j−xl )〈a†
j al〉

=
Ns
∑

j,l=1

eik·(x j−xl )+iΩ( j−l)/Ω0

∑

n

φ∗jnφnl . (24)
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Figure 6: a Density plot of the renormalized energy difference between the N -times
periodicity and the nonrotating system for N = 2. Solid lines gives the threshold
for which E(U , Ns, N) < 10−3. In figure b we show the threshold given by condition
E(U , Ns, N)< 10−3 for different number of particles and system sizes.

E Finite-size effects

In order to relate the size of the many-body bound state and the periodicity of the currents
we analyze the dependence of the ground-state energy on the artificial gauge flux Ω/Ω0 for
various values of interaction strength U and different system sizes Ns.

We estimate the spatial size associated to the many-body bound state by studying the ex-
ponential decay of the density-density correlations [14]

〈n jn j+r〉 ≈ exp[−r/ξ]. (25)

We quantify the quality of the 1/N periodicity of the ground-state energy E(Ω) by calcu-
lating

E(U , Ns, N) =
|E(Ω= Ω0/N)− E(Ω= 0)|

E(Ω= 0)
, (26)
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Figure 7: Density-density correlations C j, j+r for N = 4 within and outside the regime
where the system presents an increase of the periodicity of the current.

such that E(U , Ns, N) = 0 corresponds to a perfect 1/N periodicity.
Figure (6)(a) shows the density plot E(U , Ns, N) for a fixed number of particles N = 2.

In this figure, we show that for large U and a sufficiently large system size, the periodicity of
the ground-state energy is increased by a factor N with respect to the noninteracting case. In
Fig. 6)(b) we calculated the threshold for which the minimum of the N -time periodicity is ob-
tained within an error of 0.1%, i.e. E < 10−3, for different number of particles (corresponding
to the solid line in Fig. 6)(a)). Finally we compare the density-density correlations 〈n jnk〉 for
two different points in the density plot shown in (a), one within the region where the current
presents N -time periodicity and one above the threshold. Indeed, comparing Fig.7 and Fig.8,
we can demonstrate that the size of the soliton, which depends on U for a fixed number of
particles, must be smaller than Ns in order to observe the enhanced sensitivity presented in
this paper.
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<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

b

<latexit sha1_base64="nG3RQOthh/A/UtN9FmBPu+qmclU=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyXRxhIT+YhAyNwy4Ia9vcvunJFc8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvp5JaWV1bX8uuFjc2t7Z3i7l7DhrERWBehCk3LB4tKaqyTJIWtyCAEvsKmP7rM/OY9GitDfUPjCLsBDLUcSAGUSrcdwgfyB4k/6RVLbtmdgi8Sb0ZKbIZar/jV6YciDlCTUGBt23Mj6iZgSAqFk0InthiBGMEQ2ynVEKDtJtPEE34UW6CQR2i4VHwq4u+NBAJrx4GfTgZAd3bey8T/vHZMg/NuInUUE2qRHSKpcHrICiPTKpD3pUEiyJIjl5oLMECERnIQIhXjtJtC2oc3//0iaZyUvUr59LpSql7MmsmzA3bIjpnHzliVXbEaqzPBNHtiz+zFeXRenTfn/Wc058x29tkfOB/f0mOVrg==</latexit>

a

<latexit sha1_base64="Q3zDmvKkstIrxnYFzy3ZLc4e60s=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyXRxhIT+YhAyNwy4Ia9vcvunJFc8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvp5JaWV1bX8uuFjc2t7Z3i7l7DhrERWBehCk3LB4tKaqyTJIWtyCAEvsKmP7rM/OY9GitDfUPjCLsBDLUcSAGUSrcdwgfyBwlMesWSW3an4IvEm5ESm6HWK351+qGIA9QkFFjb9tyIugkYkkLhpNCJLUYgRjDEdko1BGi7yTTxhB/FFijkERouFZ+K+HsjgcDaceCnkwHQnZ33MvE/rx3T4LybSB3FhFpkh0gqnB6ywsi0CuR9aZAIsuTIpeYCDBChkRyESMU47aaQ9uHNf79IGidlr1I+va6UqhezZvLsgB2yY+axM1ZlV6zG6kwwzZ7YM3txHp1X5815/xnNObOdffYHzsc30NOVrQ==</latexit>

c

<latexit sha1_base64="snC9BC5cxnD1W4ShdfHMe7UgtR8=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyXRxhIT+YhAyNwy4Ia9vcvunJFc8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvp5JaWV1bX8uuFjc2t7Z3i7l7DhrERWBehCk3LB4tKaqyTJIWtyCAEvsKmP7rM/OY9GitDfUPjCLsBDLUcSAGUSrcdwgfyB4mY9Iolt+xOwReJNyMlNkOtV/zq9EMRB6hJKLC27bkRdRMwJIXCSaETW4xAjGCI7ZRqCNB2k2niCT+KLVDIIzRcKj4V8fdGAoG148BPJwOgOzvvZeJ/XjumwXk3kTqKCbXIDpFUOD1khZFpFcj70iARZMmRS80FGCBCIzkIkYpx2k0h7cOb/36RNE7KXqV8el0pVS9mzeTZATtkx8xjZ6zKrliN1Zlgmj2xZ/biPDqvzpvz/jOac2Y7++wPnI9v0/OVrw==</latexit>

d

<latexit sha1_base64="DqP1dr9HH4cbsKPAMYpLEN4JQSk=">AAAB/HicbVA9TwJBEJ3DL8Qv1NJmIzGxIncGoyXRxhIT+YhAyN4y4Ia9vcvunJFc8FfYamVnbP0vFv4Xj5NCwVe9vDeTefP8SElLrvvp5JaWV1bX8uuFjc2t7Z3i7l7DhrERWBehCk3L5xaV1FgnSQpbkUEe+Aqb/uhy6jfv0VgZ6hsaR9gN+FDLgRScUum2Q/hA/iDpT3rFklt2M7BF4s1ICWao9YpfnX4o4gA1CcWtbXtuRN2EG5JC4aTQiS1GXIz4ENsp1TxA202yxBN2FFtOIYvQMKlYJuLvjYQH1o4DP50MON3ZeW8q/ue1YxqcdxOpo5hQi+khkgqzQ1YYmVaBrC8NEvFpcmRSM8ENJ0IjGRciFeO0m0Lahzf//SJpnJS9Svn0ulKqXsyaycMBHMIxeHAGVbiCGtRBgIYneIYX59F5dd6c95/RnDPb2Yc/cD6+AdWDlbA=</latexit>
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<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns

<latexit sha1_base64="IqjiXe3Z6AaLvlme5ExXuvwTF5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1P98oVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOq6d3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BMliNwA==</latexit>

Ns
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Figure 8: a, b ground state energy for different interaction as a function of the flux.
c, d current, calculated as I = −∂ EGS(Ω)/∂Ω, for different interaction as a function
of the flux.
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F Mean-field theory

Here we provide extra data on the mean field Gross-Pitaevskii, which in the rotating frame is
given by:

i~
∂

∂ t
Ψ =

�

~2

2m

�

−i
∂

∂ x
−

2π
L
Ω

�2

+ g|Ψ|2
�

Ψ. (27)

For repulsive interactions, mean-field theory predicts no change in the energy landscape, which
is made of parabolas all centered around integer values of the flux quantization Ω0. However,
for the attractive case, where solitons are formed [43], the circulation is no longer quantized,
and the system reacts to the induced rotation. This breaking of the quantization reflects on
the current as a smoothening with no discontinuity at half values of the quantized circulation.
Figure 9 shows how this transition occurs for different values of the interactions, both in the
rotating frame and in the lab frame.
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Figure 9: Mean-field simulations of the Gross-Pitaevskii equation, Eq. (27), for both
attractive and repulsive interactions. The left panel shows the energy landscape as a
function of the flux Ω, while the right panels show the current and current in the lab
frame from top to bottom, respectively.
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