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Abstract

We consider R-matrix realization of the quantum deformations of the loop algebras g cor-
responding to non-exceptional affine Lie algebras of type g = ASII, Bfll), C,(ll), D,(ll), Aﬁll.
For each U, (§) we investigate the commutation relations between Gauss coordinates of
the fundamental L-operators using embedding of the smaller algebra into bigger one.
The new realization of these algebras in terms of the currents is given. The relations
between all off-diagonal Gauss coordinates and certain projections from the ordered
products of the currents are presented. These relations are important in applications to

the quantum integrable models.
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1 Introduction

Classification of the solutions to the quantum Yang-Baxter equation for the case of non-
exceptional quantum affine Lie algebras was found in the pioneering paper [1].

Let g be one of the Lie algebras sly, 05,41, Py, OF 05, corresponding to the series of the
classical Lie algebras Ay_;, B,,, C, and D, respectively. Let g be one of non-exceptional affine
Lie algebras AS\})_l, Br(ll), Cfll), D,SU and A(I?)_l. By § we denote the loop algebra which is the
affine algebra g with zero central charge. To save notations we will use the same names for
the different loop algebras § as for the affine algebras g.

Let g € C be an arbitrary complex number not equal to zero or root of unity. In this paper
we consider quantum deformation U,(§) [2] of the universal enveloping algebra U(§) which
we call the quantum loop algebra. One may think about U,(§) as the corresponding quantum
affine algebra U, (@) with zero central charge.

Algebra U, (§) has several descriptions. It can be formulated in terms of the finite number
of Chevalley generators or countable set of Cartan-Weyl generators. Latter generators can be
gathered into finite number of the generating series and the commutation relations between
whole set of the Cartan-Weyl generators can be realized as finite number of the formal series
relations between these generating series.

For the applications to the quantum integrable models, the second description of U, (§)
is more suitable since generating series of the Cartan-Weyl generators can be identified with
Gauss coordinates of the fundamental L-operators, which satisfy the same RLL-type commuta-
tion relations as quantum monodromies of the integrable systems do. It opens a possibility to
construct off-shell Bethe vectors for these integrable models in terms of Cartan-Weyl generators
of the algebra U,(§) [3].

Realization of the algebra U,(§) in terms of Cartan-Weyl generators has in turn two faces.
One is given by the quadratic RLL-type commutation relations for the fundamental L-operators
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defined by the solution of the quantum Yang-Baxter equation [1]. This construction was first
proposed in the paper [4]. On the other hand the algebra U,(§) can be realized in terms

of so called currents [5]. For the case Uq(é\[N) an isomorphism between these two descrip-
tions was found in [6] . Recent papers [7, 8] prove similar isomorphisms for the algebras
Uq(B,(ll)), Uq(C,(ll)) and Uq(Dr(ll)). In our investigation we extend these results to the case of

Uq(AS\?)_l). Key observation is the fact that R-matrix associated with the algebras Uq(Bgl)),

Uq(C,SU), Uq(Dr(ll)), Uq (AE\?)_l) has the same structure for all these algebras. The differences are
accumulated in one parameter & (see (2.1)).

In [1] one more solution to the quantum Yang-Baxter equation was found. It corresponds
to the affine algebra DT(IZ). This solution has more complicated structure than R-matrices for
above mentioned algebras. We will describe the corresponding quantum loop algebra U, (Dr(lz))
in our future publications.

The paper is composed as follows. In section 2 quantum R-matrix for the algebra U, (§) is
defined together with its properties. Section 3 is devoted to definition of the algebra U,(§) and
description of its central elements and automorphism. Gauss coordinates of the fundamental
L-operators are introduced in section 4. Here we discuss normal ordering of subalgebras in
U, (@) induced by the cyclic ordering of the Cartan-Weyl generators in the quantum affine alge-
bras. Section 5 contains the theorem which describes embedding of the smaller rank algebra
U,(@) into the bigger one. This embedding is described on the level of matrix entries of the
fundamental L-operators and in terms of the Gauss coordinates. Section 6 describes new real-
ization of the algebra U,(§) in terms of the currents. In section 7 so called composed currents
are introduced which belong to certain completion of U,(§) and related to off-diagonal Gauss
coordinates of the fundamental L-operators. It was shown in [9,10] that analytical properties
of the composed currents and the commutation relations between them are equivalent to the
Serre relations between simple root currents. Proofs of auxiliary Propositions and Lemmas are
gathered in four Appendices.

2 R-matrix for U,(§)
Let N be dimension of the fundamental vector representation of the algebra § in CV. Let e; j
be an N x N matrix unit (&;;)i; = 616 for 1 <1,j,k,l <N and

i’=N+1—i, 1<i<N.

To describe quantum R-matrix associated with the algebra U, (§) [1,7,8] we define param-
eter £ and dimension N of the fundamental vector representation of the algebra § given in the
table

~ 1) 1 1 1 (2) (2)

g | Ay, Bfl ) Cr(1 ) DT(I ) Ay Agna

N N 2n+1 2n 2n 2n+1 2n (2.1
5 q—N q1—2n q—2—2n q2—2n _q—1—2n _q—2n

Define also the sign function
+1, (>0

sign({) =
gn(®) {—1, <0

and a set of integers ¢;,i=1,...,N

sign(n—1), for §= Cr(ll) ,
E: =
' 1, for all other cases.
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For § =A§\})_1,B£11), Cr(ll),Dr(ll) and A(A?)_l we need the mapifori=1,...,N

N 1N 3 N,3 N, |1 = _ A(1)
T3 3oty T 3), for g_AN—l’(z)
1 31 13 1 ~ _ n(l
T (Tl——,...,5,5,0,—5,—5,...,—Tl+i), for g—Bg),Azn,
(n,n—1,...,1,-1,...,—n), for g:cgl),
= _ (1) 42
(n—1,...,1,0,0,—1,...,—n+1), for §=DWM,AS)

We introduce functions

— g1 _ 1 |
f(U,V)ZM, g(u,v)zw, g(u,v)zw
u—v u—v u—v

of the arbitrary complex numbers u and v, which we call the spectral parameters.

Define matrices P(u, v) and Q(u, v) acting in the tensor product C¥ ® CV

P(u,v) = Z pij(u,v) & ®ejj,

1<i,j<N

Qu,v) = Z qij(w,v) ey ® ey,

1<i,j<N

where rational functions p;;(u, v) and q;;(u, v) are defined as follows

f(u,v)—l, l:])

pij(u,v) =+ g(u,v), i<j,
g(u,v), i>7j,
fv&u)—1, i=j, £,
) fvEW—1—a,, i=j, i=1,
ql‘j(U,V)ISiqul] ! .
gvé,u), i<j,
gvE,u), i>j,
and
ag= (q1/2 _q—1/2)2.

One can check that functions (2.6) have a property

ql'j(u:") = qj'/i/(U,V)-

Let
N
I= Z &
i=1

be identity matrix in CV.

(2.2)

(2.3)

2.4)

(2.5)

(2.6)

2.7)

Definition 2.1. Quantum trigonometric R-matrix acting in the tensor product of two fundamental

vector representations of § [1] for the algebra § ZA%)_l is

R(u,v) =11+ P(u,v)
and for the algebras § = Br(ll), Cr(ll), D,(ll) and AS\?)_l is

R(u,v) =R(u,v) + Q(u,v) =11+ P(u,v) + Q(u,v).

4

(2.8)

(2.9)
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For any X € End(C") transposed matrix X is

(Xt)i’j = 8i ngj/,i/ . (2,10)

Let D be a diagonal matrix

D = diag(q',¢%,...,q"),
whereifori=1,...,N are given by (2.2).
Let P be permutation operator (P? =1) in CY ® CN and Q be projector (Q> = NQ) onto a
one-dimensional subspace in CN @ CV

P= Z eij®eji: Q: Z SiEjei/j/®eij:Pt1:Pt2‘

1<i,j<N 1<i,j<N

Trigonometric §-invariant R-matrix given by (2.8) and (2.9) possesses following properties.

* Scaling invariance
R(Bu, Bv) =R(u,v), (2.11)

for any complex parameter 3 which is not equal to zero.

* Transposition symmetry
Rlz(u,V)tltZ = R]_z(u, V). (2.12)

* Twist symmetry
K; Ky Ris(u,v) =Ryy(u,v) Ky Ky, (2.13)
where K is N x N C-valued matrix such that KK' =1, K; =K ®I and K, =I® K. The
equality (2.13) is valid for K = D since D' = D™ due to (2.3).

* Yang-Baxter equation

Rio(u,v) - Rys(u, w) - Ros(v, w) = Rz (v, w) - Rys(u, w) - Ryp(u, v), (2.14)
where subscripts of R-matrices mean the indices of the spaces C where it acts nontriv-
ially.

* Unitarity

R]_z(u, V) . R21(V, u) = f(u, V)f(v, u) I® ]I, (2.15)

where Ry;(u,v) = P1aRya(u, v) Pqs.
* Crossing type symmetries
DI Ryp(vE%, u) DT* Ryy(u,v)1 =1®1, (2.16)
for § =AS\})_1 with & = ¢V and
D; Rip(vE, )" D' Rip(v,w), = fF(w,v)f (v,w) I®1 (2.17)

for g = Bgl), Crgl),D,(ll),Ag\?)_l. Crossing relation (2.17) follows from the presentation of
the matrix Q(u, v) given by (2.5) in the form

Q(u,v) = Dy P1y P1p(vE,u) Py, Dgl - aq5N,odd €n+1,n+1 ® €nt1n+1>
where Oy oq¢ =1 for N =2n+ 1 and 0 for N = 2n. This relation implies
Rio(w,v) = Dy P1y Rip(vE,u) Py Dgl

which is equivalent to (2.17) due to (2.15). Crossing symmetry (2.17) for R-matrix (2.9)
yields the relation similar to (2.16)

D2 Rip(vE%,w)" D% Ry (u, v)" = £ (u,vE)f (vE,u) I (2.18)

5
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* Pole structure
R-matrix (2.8) for § =AS\})_1 has a simple pole at u = v

(u—v)
u(@q—q1)

Rlz(u, V) = P]_z, (2.19)

u=v

while R-matrix (2.9) for § = B,(ll),Cr(ll),Dr(ll),Ag\?)_1 has two simple poles at u = v and
u = v& with residues
(u—v)
u(g—q1)

=Py, _(vé—u) Ryo(u,v)

=D'PLD,. (2.20
u=v u(q - q_l) ! ! ! ( )

R12(u) V) 2

u=vg

This pole structure and crossing relations (2.16) and (2.18) allow to get for both R-
matrices (2.8) and (2.9)

vE2—u

2\—1
X e u(@—q~)

=D;? P}, D3, (2.21)

u=v&2

(Rlz(U, v)o )_1

where rational function x(u,v) is

~ A1)
x(u,v) = . for §=Ay5,, (2.22)
F@WE, V) Hf(v,u&)™! for all other §.

* Scaling limit
In the scaling limit e - 0 and u — e, v —» e, g —> e
R-matrix (2.9) goes into rational g-invariant R-matrix

/2 & — ¢7¢* trigonometric

Ru,v) = 19T+ ——P ——% Q, (2.23)
u—v u—v-+cK

for the algebras g = Br(ll), C r(ll), Dr(ll) and into rational gly-invariant the R-matrix
c
R(u,v) = 11+ —— P,
u—v

W 4@
N—1*

for the algebras § = Ay,

Quantum R-matrix (2.23) appeared in investigation of the classical series Yangians and their
doubles in [11-13].

3 R-matrix formulation of the algebra U,(§)

The algebra U, (§) over C(q) (over C(q'/?) for § = Br(ll) and A(Zzn)) is generated by the elements
L;kj[im], 1<1i,j <N, meZ, such that

+ - — S + - —1- + —
L [0]=1;[0]=0, i<j, Lj[0lL;[0]=L;[o0]Lf[0]=1. (3.24)
There are also additional relations for the operators ij[:l:m] which are due to existence of

the central elements in Uq(g) described in section 3.1.
The generators of the algebra U,(§) can be gathered into formal series

oo
LE (1) = Z Ly [Em]u™ (3.25)
m=0

6
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and combined in the matrices

N
L¥(u) = 'Zl e ® LE (1) € End(C) ® Uy ()[[u,u11], (3.26)
L,]=

which we call L-operators'. The commutation relations in the algebra U, (@) are given by the
standard RLL commutation relations in (C")®? ® U, (§)[[u,u™"]]

R(u,v) - (" (w)eD) - (IeLP(v))=1eL°(v)) - (L*(w)®1)-R(u,v), (3.27)

where u, p = £ and rational functions entering R-matrices (2.8) and (2.9) should be under-
stood as series over v/u for u =+, p = — and as series over u/v foru=—, p =+. Foru=p
these rational functions can be either series over the ratio v/u or the ratio u/v.

The commutation relations in the algebra U,(§) may be written in terms of matrix entries
(3.25). Using explicit expression (2.4) and (2.5) one gets

(L (), L2 ()] = pyi(ae,v) L 0L () = pigae,v) LY ()LE, (v)

N
(3.28)
+ Zl (815 apt(w,v) L (LY (1) = 840 Gy (1, ) L, (W)L ().
p:

The sum in the last line of the commutation relations (3.28) is absent for the algebra § = A(I\})—l'
It follows from the commutation relations (3.27) or (3.28) that modes L;r j[m] and Ll._j[—m],
m > 0 form Borel subalgebras U;(g) C Uq(d).

Remark 3.1. One can check that the restrictions to the zero mode generators (3.24) are con-
sistent with the commutation relations (3.28). Indeed, taking the limit u — oo in (3.28) with
u = + and using the expansion (3.25), one gets

¢+ [01L] (V) — gLy (V)L [0]

= (q—q ") (61; L 0ILF[0] = 6o L [OILL, (1)

N (3.29)
+ Zl (81apLy , (ILE, 101 6wy L, [OILE (),
=
where §;.; =11if i <j and 0 otherwise and
g -1, i=j, i#7,
1—q, i=j, i=1,

— i-j
dij = €i€j q L
v 0, i<j,

—q7(q—q "), i>]j.

Now, if one supposes that i > j and applying (3.24) for the zero mode operators LI].[O],
the Lh.s. of (3.29) vanishes identically. Due to the coefficients §;.; and 6, in the second
line of (3.29) and the combinations qu/Ll?tp,[O], qi/pL;,’j[O] in the third line of this equality,
the r.h.s. also vanishes for the same reason.

Analogously, one can check that the restriction that zero mode operators LEJ.[O] vanishes
for i < j is consistent with the series expansion (3.25) in u of the L-operator L™ (u). In that
case, the zero modes occur in the limit u — 0, which changes the exchange relations (3.29)
and makes everything consistent again. Finally, one can also verify that the limit v — o0 in

(3.28) for L'k* ;(v) and the limit v — 0 for L, ,(v) leads to the same conclusions.

"Further on we will skip the sign ® of the tensor product in (3.26) and write simply L*(u) = 37, ; ;L ;@)

7
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3.1 Central elements in U,(§)

Due to the commutation relations (3.27) algebra U,(§) has central elements which are given
by the following

Proposition 3.1. For any § =A(A})_1, AS\?)_P Br(ll), C,(ll) and D,(ll) the algebra U,(§) has the central
elements Z*(v) € qu(g)
+ 2 p %0, r2 2 (r£r.7-1)" 0 -1\ N2 1%, £2 2
Z*(v) 1=D? 1*(vg?) D2 (L*(») ™) = (1*(v)!) D2 L*(vg?)' D2, (3.30)

where parameter & is given by the table (2.1). Equation (3.30) means that products of the ma-
trices

D2 L*(vE?) D (LX) ™) and  (L*()™) D2 L*(vg?) D2

are equal and proportional to the unit matrix 1. The proportionality coefficients are the central
elements.

Proof. To find central elements (3.30) one can transform the commutation relations for the
fundamental L-operators (3.27) to the form?

(Riz(w,v)") " LAWY 1O =1D@) L) (Ryp(w,v)1) ™,
where standard notations
LYW =Lwel, LPw)=I&L)
are used. Taking the residue at the point u = v&? in this equation and using (2.21) one gets
D2 P}, D2 LA(v) !t LO(ve2)s = LW (veH)s LA (v)™! D72 P, D?

or
t t:
(L(l)(v)—l) 1 D% L(l)(vg2)t1 D;Z _ D% L(Z)(V€2)t2 Dgz (L(Z)(v)_l) 2 ’

which proves equality in (3.30). To prove centrality of the elements Z*(v) we consider the
chain of equalities

Z@Wly L) = D? LOwe?) D (LW ™) '12w)
= D2 L0 DRy () L2W) (L0@) ™) Ros (v, )t
= x(u,)D? LOWE) R y5(ug?, v L) DI (L) ™) Ryy (v, )
= (1, V)LO(¥) D? Ryp(u?, v)* LV (g2 DLV @) ™) Roa (v, )
-1
=120) (Ru(,w)1)  Z@)l; Ry (v,u) =1P(v) Z(w)Iy,

where x(u,v) is defined by (2.22). For these calculations one has to use RLL commutation
relations and equalities (2.16) and (2.18) for R-matrices (2.8) and (2.9). O

2In what follows we will sometimes skip superscripts of L-operators. If these superscripts is not explicitly
mentioned it means that the corresponding relation is valid for both values +.

8
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Remark 3.2. Existence of the central element Z(u) for the Yangian Y (gly) was mentioned
in [14]. In this paper a quantum Liouville formula for the Yangian was considered. Analogous
relation in the case of the algebra U, (AS\})_l) takes the form

N +0, —2s _ +r -2
7w =[] KOg ) _ ader(l7(0q ) (3.31)
=1

KE(rg %) T qdet(LA(v)
and can be proved in the same way as in the Yangian case [15]. In (3.31) kzt(v) are diagonal
Gauss coordinates introduced by (4.37).

We set the central elements Z*(u) equal to 1 in the algebra Uq(@). We denote by qu (A(l,\})_1
the algebra defined by U, (gly)-invariant R-matrix (2.8) without any restrictions to these cen-
tral elements.

The pole structure of R-matrix for § = Bfll), Cr(ll),Dr(ll),Ag\?)_1 given by (2.20) yields other
central elements in the corresponding algebras U,(§). We have following

Proposition 3.2. There are central elements z*(v) € U;E(ﬁ) for g = Br(ll), Cr(ll), Dr(ll) and A(I?)_l
given by the equalities

2ZE(W) I=D L*(v&)' D7 L*(v) =L*(v) D L¥*(v&) D71 (3.32)
Again, (3.32) means that products of the matrices
DL*(w&E) D' L*(v) and L*(v) D L*(v&)! D!

are proportional to the unity operator I and the proportionality coefficients are central elements.
They are related to Z*(v) by the relations

ZE(v) =z (vE) 25 (v) L. (3.33)
Proof. Calculating residue at u = v& in the commutation relation (3.27) one gets
D! P, D; LOE) LA (v) =L@ (v) LY(vg) D! P, Dy,
which is equivalent to
D, LOWE) DT LV(v) =L@ (v) D, LA (vE)2 D3

This proves (3.32).
To prove that the elements z*(u) are central elements in the algebra U,(§) we consider the

product z(u)T; L®(v) and a chain of equalities
2l L2(v) = D; LM (wg)" D! LWL ()
= D; LOE)" D7 Ryp(u,v) ™ LP0) LO@W) Ryy(u, v)
= x(u,vE) Dy LY(Ew)" Ryp(u,v) LB (v) DT LO(w) Ryp(u, v)
= x(u,vE) D; L) Ryp(ug,v)s LY wE) DT LY (W) Ryp(u, v)
=L () Rya(u,v)™ Dy LYEW" D L) Ryp(u, v)
=1P(v) Ryp(u, v) ™" 2l Ryp(u,v) =LP() 21 .

t
Equality (3.33) can be proved by expressing (Li(v)_l) from (3.32) and substituting it into
(3.30). O
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For the algebras U,(§) with § = Bgl), C,SU,Dr(ll),AS\?)_l we set central elements z*(v) = 1.
Then equalities (3.32) take the form

DL*(vE) Dt =1L*(v) 7!,

or
D {*(v&) D! =L*(v), (3.34)

where transposed-inversed L-operators £.*(u) are defined as
. -1
P5w) = (L)) . (3.35)

Due to (3.33) the central elements Z*(v) also equal to 1 when z*(v) = 1. Then equality (3.30)
can be written in the form

. -1 t

=) = (1*w)) =D72(L*(v&?)™) D? (3.36)

and describes the relations between order of transposition and taking inverse of the funda-
mental L-operators in the algebra U,(§).

One can check that L-operators [.*(u) given by (3.35) satisfy the same commutation rela-

tions (3.27). Let us apply to (3.27) the transposition (2.10) in both auxiliary spaces and use

(2.12) to get
L) LD ()2 Ryg(w, v) = Ryp(u, v) LAw)2 LO@)"

Multiplying from both sides of this equality first by L(!(u) and then by L) (v) one gets
Ria(w,v) LY@ L) = LA) L) Ry, (7).
Summarizing we conclude that the map
L*(u) — L*(w)

moves the algebra U,(§) into the algebra given by the same commutation relation (3.27) but

for the transposed-inversed L-operators [.*(u). One can also check that central elements Z*(v)
and £*(v) defined by (3.30) and (3.32) with L¥(v) replaced by L.*(v) are related to the central
elements Z*(v) and z*(v) as follows

2E()=z*(v)t, 2E(v) =z5(v) 7.

4 Gauss coordinates

It is known [16] that Gauss coordinates of L-operators introduced below by the equality (4.37)
are related to the Cartan-Weyl generators of the algebra U,(§). The Cartan-Weyl generators
satisfy certain ordering properties described in details in [3] and shortly presented in the sec-
tion 4.1. In this paper we consider Gauss decomposition of the fundamental L-operators of
the algebra U,(§)
L= >, Fy k) Ef W, (4.37)
{<min(i,j)

where one assumes that Ff;.(u) = Efi(u) =1for1<i<N.

Gauss decompositions formula for the matrix entries of L-operators is associated with the
products of lower triangular, diagonal and upper triangular matrices

L*(u)' = Z ij(u) e = ( Z e Fji,i(u)) : ( Ze; kl.i(u)) . ( Z el; Efj(u)). (4.38)

1<i,j<N 1<i<j<N 1<i<N 1<i<j<N
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Equality (4.38) allows to obtain Gauss decomposition of L-operators [.%(u). Indeed, using

T ¢
multiplication rule for e = Ei€j &y

t t t
& & = Ou &;

and taking inverse of both sides of the equality (4.38)

RO () R e

1<i,j<N
(4.39)
:( Z el; Efj(u)).( Z e, kl-i(u)‘l).( Z el Ffi(u))
1<i<j<N 1<i<N 1<i<j<N
one obtains
L5 = eie; Z B /() K (uw)™ F;,j,(u), (4.40)
{<min(i,j)

where equality &;6; = ¢, was used. Gauss coordinates f?jii(u) and ]::fj(u) in (4.39) and

(4.40) satisfy recurrence relations

2, L@ =6, and )| Ef @ ) =5y,

i<l<j i<l<j

which can be resolved in the form

j—i—1
=t ot 041 + + + +
Fj’i(u) - _Fj’i(u) + Z (_) Z Fj,ig (u)Fi@,ig_l (u) tee Fiz,i1 (U)Fil,i(u)
(=1 J>ig>e>ip>1
and
j—i—1

B (u) = —EF(u) + Z(—)f+1 Z Ef (WES , () EX | (WEE ().
¢=1

ig—1,1¢
J>ip>e>ip>1

4.1 Normal ordering of the Gauss coordinates

In order to obtain commutation relations for Gauss coordinates from (3.28) one can use the
normal ordering of the Cartan-Weyl generators [3].
Let U;c, U;t and Uki be subalgebras of U,(§) formed by the modes of the Gauss coordinates

Ffl.(u), Efj(u) and kf(u), respectively. The fact that these unions of generators are subalgebras
follows from the identification of modes of Gauss coordinates with Cartan-Weyl generators
[16]. It is known that Cartan-Weyl generators have two natural circular orderings which imply

the normal ordering of the subalgebras formed by the Gauss coordinates. These orderings are

— — + + + — —
~--<Uk<Uf<Uf<Uk<Ue<Ue<Uk<-~- (4.41)
or
+ + — — — + +
-~-<Uk<Uf<Uf<Uk<Ue<Ue<Uk<---. (4.42)

If one places subalgebras Uz, U and U; onto circles

u; uf U, uf

Ue O Ul  and  Ug O Ul (4.43)
— + - +
U U5 Ug Uy

11
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then ordering (4.41) is counterclockwise in the left circle and the ordering (4.42) is clockwise
in the right circle of (4.43). The general theory of the Cartan-Weyl basis allows to prove that in
both types of ordering the unions of subalgebras Ufi, Ue:E and Uki along smallest arcs between
starting and ending points are subalgebras in U,(§). For example, the union of subalgebras
UJ;F UU, or U;u U;r UU, or U;(f;) = U; U U, UU; and so on are subalgebras in U, ().

The notion of the normal ordering yields a powerful practical tool to get relations for the
Gauss coordinates of the specific type. In any relation which contains Gauss coordinates of the
different types one first has to order all monomials according to (4.41) or (4.42) and then sin-
gle out all the terms which belong to the one of subalgebras which is composed from the Gauss
coordinates of the necessary type. We call this procedure a restriction to subalgebras in U,(§)
and will use this method to get relations between Gauss coordinates from RLL-commutation
relations (3.28).

Subalgebras U;(g) = Ufi LU, VU were already introduced above as Borel subalgebras in

Uy(8). To descride so called 'new realization’ of these algebras in terms of the currents [5] one
has to consider different types of Borel subalgebras Uy = U U Uf+ UU; and U, = U UU; LU, .
In [18] certain projections Pfi and Pei onto intersections of the Borel subalgebras of the dif-
ferent types were introduced. These projections were further investigated in [3] for the or-
dering (4.41) and was used for the first time in [19] to describe the off-shell Bethe vectors or
weight functions in terms of the Cartan-Weyl generators. One can check that the action of the

projections Pfi and Pe:h onto Borel subalgebras Uy and U, introduced in [18] coincides with

restrictions onto subalgebras Uf and UejE defined for the ordering (4.41).

5 Embedding theorem

Each algebra § of the type B,gl), Cr(ll), D,(Il) and AS\?—] has rank n as rank of the underlying finite
dimensional algebra. To stress this fact we will use notation Ug(g) to denote explicitly rank for
any of the quantum loop algebras considered in this paper. Following ideas of the paper [7]
we consider in this section embedding of smaller algebras U(’;_l (§) — U;’(ﬁ). To note that
R-matrix corresponds to the algebra U g(g) we will use superscript R*(u, v), R"(u,v), Q"(u,v),
etc.

In this paper we use Gauss decomposition of the L-operators for the algebra U g(g) given
by (4.37)

L= D, FLkWE;W
1<{<min(i,j) (5-44)
= ij(u) + Ffl (u)kli(u)Eii(u) = M (u) + L1 ](u)L1 L@ 1L1 @)

Let us consider matrix entries Mii j(u) defined by (5.44) for 1 < i,j < N. These are matrix
entries of the (N —2) x (N — 2) matrix M*(u) of the fundamental L-operators for the algebra
Ug—l(g). For 1 < i,j < N matrix entries ij(u) have Gauss decomposition

ME (1) = Z Fy () k(W) B (u). (5.45)
2<0<min(i,j)
For g = B(l) C(l) D(l) and A(z) we have following

Theorem 5.1. The commutation relations for the U" 1(§) matrix entries ME.(u) follow from the
Yang-Baxter equation (2.14) and the commutation relatlons (3.27) in U”(gS and take the form
(U, p==%)

R’El(u, v) M) D) (IeMP(v)) =1 MP(v))(M*(u)®I) R’El(u, V). (5.46)
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To prove this theorem we formulate auxiliarly Lemmas 5.2 and 5.3. Let L(>2)(1) be fused
L-operator defined as (we again skip superscripts of L-operators to avoid bulky notations)

L% (W) =R(1,¢%) LY(w) L2 (¢*w) = 1LP(¢%uw) LY (w) R(1,¢%).
One can calculate its (i, j; 1, 1) matrix element

N
Lijia () = (L, ILY2D W5, 1) = D Rijr(1, 42y @)Ly 1 (gu)
= (5.47)

= Li,j(u)]-l,l(qzu) — qu,j(u)Li,l(qzu) ,

where |i,j) = |i) ® |j) and (i, j| = (i| ® (j| are vectors in ((CN)®2 such that (i|j) = 6;;.
The commutation relations for 1 <i < N

Ly 1(w) 'L (w) = qL; 1(¢*w)Ly 1 (¢*u) ™!

and (5.47) imply that L-operators M(u) for the algebra Ug—l(g) can be presented as

M; (1) =L j.q,1(w) Ly1(q*w™, (5.48)
where 1 <1i,j <N.

Lemma 5.2. There is a commutativity of the matrix entries in U g(g)
L) M; ;(v)=M;;(v) L1 ;(w), 1<i,j<N.

According to (5.48) matrix entries M; ;(u) are proportional to the matrix entries IL; ;. ; (u)
up to commuting with L; ;,; ;(u) invertible operator L, ;(v) (see Appendix A). It yields that
the commutation relations for M; ;(u) should coincide with the commutation relations of
L; j;1,1(w). To find the commutation relations for the matrix entries L; ;,; 1(u) we need fol-
lowing

Lemma 5.3. There are equalities for 1 <1i,j <N
RY,(1,¢*)R%,(1,¢*)R],(u, ¢* VIR, (w, v)Ii, 1,1, 1) = R},(1,¢*)RG, (1L, ¢*RY; (w, )i, 1,5,1)  (5.49)
and

(i,1, ), 1R, (u, V)R] ,(u, ¢*vIRS,(1,¢*)R},(1,4%) = (i, 1, j, 1IR3 (u, v)RY,(1,¢*)R%,(1,¢%), (5.50)

where |i,k,j,1) =1i) ® |k) ® |j) ® |l) and (i, k, j,l| = (i| ® (k| ® (j| ® (| are vectors in ((CN)®4.

Proofs of the Lemmas 5.2 and 5.3 can be found in Appendix A.
To prove theorem 5.1 we consider RLL-commutation relations for L-operators L(u) and
L(v) (A.80) and for 1 < iy, j;, iy, jo < N take the matrix element of this commutation relation

(i1,1, j1, RS, (qu, vIR, (u, VIR, (u, V)R], (1, ¢*V)R] (1, ¢*)RS,(1,¢%)
x LYWL (@WLB LB (q*)liz, 1, jp, 1)
= (i, 1, j1, LB LB (¢*v)LD @)LP (gPu)
x R3,(1,¢*)R]},(1,¢*)R], (1, g* V)RS, (u, V)R], (1, VIR, (g%, V)i, 1, jz, 1) .

(5.51)
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Let us transform last line in (5.51) using Lemma 5.3, equality (A.81) and Yang-Baxter equation
(2.14). We have

R%,(1,¢*)R],(1,¢*)R],(u, ¢*VIRY, (u, VIR 4 (u, V)RS, (q%u, v)liz, 1, o, 1)
=R1,(1,¢*)R],(u, V)R], (1, ¢* V)RS, (1,¢*)R] , (u, V)RS, (q°u, v)liz, 1, o, 1)
= f(q%u, V)R] ,(1,¢*)RS, (1, %R}, (u, ¢*VIR] 5 (, V)liz, 1, jip, 1)
= f(q*u, V)R], (1, ¢*)R%, (L, ¢*)R; (1, V)liz, 1, o, 1) -

(5.52)

At the second step of this calculation we used equality (A.81) taken at u — q?u and scaling
invariance of R-matrix (2.11).
Analogously first line in (5.51) can be transformed to

(i1, 1, j1, 1IR%,(q%u, v)R}, (u, vIRG, (u, V)R], (u, V)R, (1, ¢*)RE, (1, ¢%)

n—1 2 2 (553)
:f(q u’v)<11’1).]1)1|R13 (U,V)R 2(1 q )R 4(1 q )

where we used (A.82) atv — q_zv.
Equalities (5.52) and (5.53) allow to rewrite (5.51) in the form

(i1, 1,71, 1|R] l(u V) L& 2)(U)L(3 4)(V)|12,1 Jj2, 1)
= (i1, 1, j1, LGP WILED (W) RS (w, v)lip, 1, ja, 1),

which proves the statement of theorem (5.46) due to Lemma 5.2 and relation (5.48). O

Theorem 5.1 implies that in order to find the commutation relations between Gauss co-
ordinates in the algebra U;(@) it is sufficient to obtain these commutation relations for the
smallest rank nontrivial algebras. We will find such commutation relations in the algebras
U, (@) for § of the types BV, (), DV, AS\?)_l in Appendix C.

We can formulate analogous statement for the algebra U, (Ag\})_l). LetM; j(u)for1<i,j <N
be matrix entries of the L-operators for the algebra U, (A(l) ) defined by (5.45). Denote by

RN (u,v) R-matrix (2.8) for the algebra U (A(l) 1)- Using similar arguments as above we can
prove following

Proposition 5.4. The commutation relations of the matrix entries M; ;(u) and their Gauss coor-
dinates of the fundamental L-operators of the algebra U, (A(I\})_z) for 1 <i,j <N follow from the

commutation relations (3.27) for the algebra U (A(l) ) and take the same form with R-matrix
RN "(u, v).

We are not going to provide a proof of this Proposition since it can be performed in a
similar way as the proof of theorem 5.1. Practical meaning of this Proposition is that in order
to obtain the commutation relations between Gauss coordinates for the algebra U, (AE\})_l) it is
sufficient to consider the commutation relations for the algebras at small values of N.

5.1 Embedding in terms of the Gauss coordinates
Let us introduce ’alternative’ to (4.37) Gauss decomposition of the fundamental L-operators

L(u) =( Z &ji Ei,j(q_z(i_l)u)) X ( Zeii ki(q_z(i_l)u)) ( Z & Fj,i(q_z(i_l)u)) ,

1<i<j<N 1<i<N 1<i<j<N

14


https://scipost.org
https://scipost.org/SciPostPhys.12.5.146

Scil SciPost Phys. 12, 146 (2022)

—2(i—-1)

where shifts by ¢ in the arguments of ’alternative’ Gauss coordinates Fj,i(u), Ei, j(u) and
k;(u) are introduced for the further convenience. In terms of these Gauss coordinates matrix
entries of L-operators have the form

L;j(u) = Z By (g 2w k(g2 F (M), (5.54)
1<{<min(i,j)

In (5.54) we assume that F(u) = EF,(u) =1 for 1 <i <N.
Our goal is to find relations between Gauss coordinates F; ;(u), E; ;(u), k;(u) and Fj,i(u),
Ei,j(u), k:(w). This is given by

Proposition 5.5. For §j = Bfll), C,SU,DS),A%)_I Gauss coordinates Ffl.(u), Efcj(u) and l_cj.t(u) are
related to the initial Gauss coordinates Ffl.(u), Eli j(u) and kji(u):
B (w) = qF (g 7w, (5.55)
BT (u) = —1E#.(q—2u) (5.56)
— :t 2(L—s)
(@ W)
+ +
KW=k, (u)ﬁki(qw_s O

wherei<j<i,1<i<n 1<{<n+1forodd N=2n+1land1<i<n—1,1<{<nfor
N =2n even. Moreover, for 1 <i<j<Nand1<{<N

(5.57)

Fi (W) =¢€iq t JFi (qz(l Dew), (5.58)
B (w) = ¢;8 ¢ E; l,(qZ“ Ve, (5.59)
k;(u)=k;t,(q2“ 1)§u)_ : (5.60)

The proof of this Proposition is given in Appendix B.
Note that equality (5.57) can be written in the form

(q)
;@)

which is a consequence of the embedding relation (B.91) at each step of the embedding. More-
over, we can exclude kzt(u) from (5.57) and (5.60) to obtain

— :l: —2s
k(W) =k (g Ve u)” l_[ki(((zlu—jg 11131)

where 1 <{ <n+1forodd N=2n+1and 1</{ <nfor N=2n even.
Proposition 5.5 has an obvious

k(W) = kg (u )

(5.61)

Corollary 5.6. There are relations between Gauss coordinates of the fundamental L-operators in
the algebra U,(§) corresponding to the simple roots of the underlying algebra g

FI\iI-J-l—i,N—i(u) = _Fif-l,i(q_mg_lu) )

L 9i e (5.62)
Elj\:l—i,N+1—i(u) = _Eii+1(q 27,
forYNand1<i<n—1and
Fy; W) =—q'"? Fy,; (@),
n+2,n+1 n+1,n (5.63)

E:+1,n+2(u) =—q ' Ein+1(q_2n§_1”) )
for N =2n+1.

This corollary together with equalities (5.61) defines the algebraically independent sets of
the generators in each of the algebras U,(§) of the type § = BS), Cr(ll), Dr(ll) and A(A?)_l.
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6 New realization of the algebra U (&)

A new realization of the quantum affine algebras U,(g) was given in [5] in terms of the formal
series called currents labeled by the simple roots of the underlying finite-dimensional algebra

g. Relations between currents and Gauss coordinates for the algebra Uq (AS\})_I) was given in [6]

Fi(u) =Ff, (W) —F, () =) sign(O)Fy [(Ju,

leZ

Ei(w) =Ef () —E, (W) =— > sign(—0E; ;. [(Ju™,

leZ

(6.64)

where 1 <i <N —1.
For the algebras Uq(B,(Il)), Uq(CT(Il)) and Uq(AS\?)_l) the currents are introduced by the for-

mulas (6.64) for 1 < i < n. For the algebra Uq(D,(ll)) first (n — 1) currents are also introduced
by (6.64) with 1 <i < n—1 and the currents F,(u) and E, (u) by the equalities [8]

F (u) n+1 n— 1(u) E. n+1,n— l(u) n+2 n(u) n+2 n(u)

(6.65)
E (u) n 1 n+1(u) - En—l,n+l (u) - n,n+2(u) En n+2(u) :

It is obvious from the commutation relations in the algebra U,(g) (3.28) that term Q(u, v)
of the R-matrix (2.9) do not contribute into commutation relations of the matrix entries Liij(u)

and L:kk (v) for 1 < 1,j,k,l < n. Commutation relations between these matrix entries and

between corresponding Gauss coordinates are defined by U,(gl,)-invariant R-matrix (2.8).
These commutation relations can be translated into commutation relations between currents
F;(u), E;(u), 1 <i <n—1 and Gauss coordinates kzt(u), 1 < { < n according to the standard
approach developed in [6]. We formulate all nontrivial commutation relations between these
currents without proofs

I W),k ()™ = UGy,
u—v
|
@RI @7 = FEE ),
K= () By (V) (u) = UV by,
u—v

ki ) E (v, (W) = E;(v), (6.66)
(¢ 'u—qv) F;(WF;(v) = (qu—q~'v) F;(¥)F;(u),
(qu—q'v) Ew)E;(v) = (¢ u—qv) E;(v)E; (1),
(u—v) Fi(uF 1 (v) = (q_lu —qv) Fi1(V)Fi(u),
(g 'u—qv) E(WE;1(v) = (u—v) E;11(ME; (),
[E;(u), F(v)] =8, (g —q )8, v)(Ki, ) K (D)7 = ki k() ™).

qu—q v
u—

There are also Serre relations for the currents E;(u) and F;(u) [5,6]

Sym [ Fi(n), [Fi(2), Fea @l ] =0,

(6.67)
Sym| £ (v)), [E:(va), Eena )], | , =0,

V1,V2
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where [A, B], means g-commutator

[A,B],=AB—q BA

and Sym, ,, G(v1,v3) = G(v1,v5) + G(vy, v1).
The multiplicative delta function in (6.66) is defined by the formal series

6(u, V)_Z 0

éeZ

which satisfy the property
6(u,v)G(u) = 6(u,v)G(v),

for any formal series G(u).

Remark 6.1. The equalities (6.66) should be understood in a sense of equalities between
formal series. It means that these commutation relations should be understood as infinite set
of equahtles between modes of the currents which appear after equating the coefficients at all
powers u Y for ¢,¢’ € Z. The rational functions in the commutation relations (6.66) should
be understood as series over powers of v/u in the relations containing the current k;.’(u) and

over powers of u/v in the relations with the current kj_(u).

The commutation relations of the currents F,(u), E,(u) and diagonal Gauss coordinates
will be specific for each of the algebras Uq(Bfll)), Uq(CT(ll)), Uq(Dr(ll)) and Uq(A(I?)_l). According
to the theorem 5.1 these commutation relations can be obtained by considering algebras of
the small rank presented in the Appendix C.

6.1 New realization of the algebra Uq(B,(ll))

The full set of the nontrivial commutation relation for the algebra Uq(BT(ll)) is given by the
relations (6.66) and [8]

ky (WF,(Wk; ()™ =

-1
qg u—qy
Fh(V),
u_

q u qv qu—vVv

ki WF, (ks (@) = Fp(v),

u—v u—qv

= () B (V) () = L u“ T E,v),
10, Sy ) = T oy E0),

(u—qv) Fp(u)Fy(v) = (qu—v) Fy(v)F,(u),
(qu—v) Ey()E,(v) = (u—qv) E,(v)E, (u),
(=) Fo1 (WF,(v) = (@ 'u—qv) Fy(v)F,y (),
(¢ 'u—gqv) En s (WE,(v) = (u—v) E,()E, 1 (W),
[E,(u), Fa(0)] = (q— ¢8Ik, (D kG 0 = K () k) ™),

where modes of the dependent currents k L1 (1) are defined by the relation

[ [ki@ Dy =k, (qu) k2, @) | [k (@ Pu)

(=1 =1
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following from (5.57) and (5.60) for £ = n+ 1 and & = q'~2". Serre relations which include
currents E,(u) and F,(u) are

Sym [ Fy (), [Foa (). Fa @]y ] =0,

V1,V2

Sym [En—l(vl): [Ep—1(v2), En(u)]q]qﬂ =0,

v (6.68)
Sym [Fy(v), [Fo (), [Fo(v2), Foa ] ] =0,
Sym [ Ey(),[ B2, [Ea(9), B @], | =0.

Here Sym,, ,, ,. G(v1,V2,v5) = 20663 G(Vo(1)> Vo(2), Vo(3))-

6.2 New realization of the algebra U,(C(")

The nontrivial commutation relations for the set of the currents in the algebra U,(C ,(11)) are
given by the commutation relations (6.66) and the commutation relations involving the cur-
rents F,(u) and E, (u) [7]

K WF, (k)™ = —q_zuu_‘qu” F,(0),
W E Ok W = T g ),
(q2u—q*v) F,()F,(v) = (q*u—q 2v) F,(v)F,(u),
(¢®u—q ) E,(WE,(v) = (¢ *u—q*v) E,(V)E,(u),
(w—v) Frq(WF,(v) = (g 2u—q*v) Fy(v)F, 1 (W),
(@ %u—q*v) Epy(WE,(v) = (u—v) E,(V)E,_1 (1),
[E,(w), F, ()] = (g% — )8, v)(Kyyy () - Ky () = K, (0) - KE() 7Y,

where
1 2n+2 20 )

ki (W) =k (q"w)™ l_[ ki(qzn+4—2eu)

Serre relations which include the currents F, (u) and E,(u) are
Sym[Fn(vl)J [Fn(vz),Fn_l(u)]q_z:l ) = 0,
V1:V2 q

Sym|[ B, (v, [En(v2), Ena@)gz] , =0,

V1,V2

(6.69)
Sym [Eyy ), [Faca 02), [Fea (00), Fa )2 |, =0,
Sym [ By (1), [Ena (), [Ea (00), En ()2 ], =0

6.3 New realization of the algebra U,(D{")

Using results presented in Appendix C.3 one can obtain that the current realization of the
algebra U, (D,(ll)) is given by the commutation relations (6.66) and all nontrivial commutation
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relations which include the currents F,(u) and E,(u) are [8]

£ (W)F,(0kE W)™ = _ U )
u—v

-1,
W F,kEw) " =T 2T F (1),
u—v

-1
= W) E,mkE w) =" g ),
u—v

_1 _
k@ E (ks () = T B, ), (6.70)

(g 'u—qv) F,F,(v) = (qu—q~'v) F,("F, @),
(qu—q'v) E,(WE,(v) = (q"'u—qv) E,(V)E, (W),
(w—v) Foa()F,(v) = (¢ u—qv) F,(V)F, (),
(" u—qv) By (WE,(v) = (u—v) E,(V)E,_(u),
[E,(w), Fa()] = (g —q )8, v)(ky, () Ky @)™ =k, (0) - K (0)7L).

In (6.70) the Gauss coordinates k (u) are given by (5.61) for £ = n and & = q2 21 The
Serre relations which include currents F,(u) and E, (u) can be written in the form [8]

Sym| F, (), [Fi(v2), Faw)]g | =0, Sym|[Fy(vy), [Fa (). F()]g | =0,

V1,V2 V1,V2

Sym| B (v, [Ei(vo), En()]g ], =0, Sym[En(vy), [E(02). Ew)],] , =0,

V1,V2 V1,V2

fori=n—2,n—1.

6.4 New realization of the algebra U (A(Z))

Nontrivial commutation relations for the new realization of the algebra U, (A(zzn)) is given by the
relations (6.66) and additional relations which include currents F,(u) and E,,(u) listed below

-1, _
K w)F,(kE ) = =TV F (),
u— V

qu—q~tv qv+u

K R0k @ = = T E),
k=W E,(WkE(u) = qu—qv E,(v),
u—vy
-1
KE, () E 0k () = L Y Yy

u—v v+qu

(¢ 'u—qv)(qu+v) F,(WF,(v) = (qu—q~"v)(u +qv) F,(")F,(u),

(qu—q "V)(u+qv) E,(wE,(v) = (¢ 'u—qv)(qu+v) E,(V)E,(u),

(=) Foey (W)F (V) = (¢~ qv) Fr(v)Fp (W),
(¢ 'u—qv) En g (WE,(v) = (u—v) E,(")E,1(u),
[ (), Fa(v)] = (q— ¢ )8, v) (kD K ()7 =k K (),

where ki 1 (w) are defined by the relation
kei(_an—Zs+1u)

SO G qu)—l_[m

s=1
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following from (5.61) at £ = n+ 1 and £ = —q~ 172", Serre relations which include currents
E,(u) and F, (u) are the same as in the case of Uq(B,(ll)) (6.68)

Sym [Fn—l(vl): [Fn—l(vz), Fn(u)]qfl ]q = O,

V1,V2

Sym | Byt (vi), [Epoa (v2), W), ], =0,

71 -
V1,Vo q

Sym [ Fu(vy), [Fa(va), [Fa(vs), Fra )] ] ] =0,

V1,V2,V3

sym [ E,(n), [ Ea(v2), [Ea(v3), Eaca )]y ] ] =0,

V1,V2,V3 q
and there are additional Serre relations for the currents E,(u) and F,(u) which can be pre-
sented in the form [5]

Sym (u—(q +¢*)v + ¢*w)F,(WF,(v)F,(w) =0,

Sym (q3vw —(q+q>uw+ uv)Fn(u)Fn(v)Fn(W) =0,

Sym (g*u—(q +q*)v +w)E,(WE,(V)E,(w) =0,
Sym (vw —(q+q®uw + qSuV)En(u)En(V)En(w) =0.

u,v,w

6.5 New realization of the algebra U, (A(ZZH)_1

Finally using results presented in Appendix C.5 one can describe the new realization of the
algebra U, (A(zzn)_l) as collection of the commutation relations (6.66) and additional relations
which include currents F,(u) and E,,(u)

2.2 —2.2

_ v u
KEFR0 W™ = IR,
22 _g22

@ E 0k ) = T B ),

(q%u® —q*v?) F,(WF,(v) = (¢*u® —q*v?) F,(V)F,(u),
(¢°u® —q*v?) E,(WE,(v) = (¢"*u* — ¢*v?) E,(V)E, (1),
(W? —v?) Fpy (WF,(v) = (q7%u* — q*v?) F,(v)F, 1 (),
(¢%u? = ¢*v?) Ep 1 (WE,(v) = (u® —=v?) E,(VE, 1 (W),
[E,(w), F,(v)] = (¢* —q )8 (u, v) (k. 0Dk, ()" =kt ki (W) ™)
where §-function &(u, v) is given by the series

_ 20+1
o(u,v)= é % .

The currents F,(u) and E, (u) are series with respect to the odd powers of the spectral param-
eters and the ratio of the Gauss coordinates k:Jrl(u)k:(u)_1 are series with respect to even
powers of the spectral parameters. Serre relations which include the currents F,(u) and E,,(u)
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are the same as in the case of Uq(CTSU) (6.69),

Sym|[ Fy(v1), [Fa(v2), Faca (]2 ] , =0,

V1,V2

Sym| Ey(n)), [Ea(v), Eper ()2 | , =0,

Vi,V q2
Sym [Frca 1), [ Frca (v2), [Foa (v3), Fn(”)]q-Z]qz] o,
VS?/fni [En—1 (v1), [En—1(vz), [E,—1(v3), En(u)]qz]q_z] 0.

7 Currents and the projections

Currents and the Gauss coordinates can be related through projections Pfi and Pe:k onto sub-
algebras U;E and Ue:k acting on the ordered products of the currents. Rigorous definitions of
these projections depend on the type of the cycling ordering of the Cartan-Weyl generators
(see [3] for detailed exposition of the properties of the projections for the ordering (4.41)).

Denote by Uf [20] an extension of the algebra Uy = Uf_ U UJT U U]j formed by linear com-
binations of series, given as infinite sums of monomials a; [n;]---a; [n;] with ny <--- < ny,
and n; + ... + ny fixed, where q; [n;] is either F; [n;] or kl?l*[nl]. Analogously, denote by U, an
extension of the algebra U, = U, UU, U U, formed by linear combinations of series, given as
infinite sums of monomials a; [n,]---q; [n;] with ny > --- > ny, and n; +... + ny fixed, where
a; [n;] is either E; [n;] or k;[nl].

It was proved in [3, 9, 20] that the ordered products of the simple roots currents
Fi_1(w)---F;(u) and E;(u)---E;_;(u) in the algebra INJq(Ag\})_l) are well defined and belong
to ﬁf and U, respectively. Moreover, the actions of the projections PfjE and Pei onto these
elements are well defined.

The action of the projections Pfi onto product of the currents can be defined as follows.
In order to calculate projections from such product one has to substitute each current by the
difference of the corresponding Gauss coordinates (6.64) and using the commutation relations
between them order the product of the currents F;(u) in a way that all negative Gauss coor-
dinates Fj_’i(u) will be on the left of all positive Gauss coordinates Fl:: ,(v). Then application
of the projection PJT to this product of the currents is removing all the terms which have at
least one negative Gauss coordinate on the left. Analogously, application of the projection Pf_
is removing all the terms which have at least one positive Gauss coordinate on the right. The
action of the projections Pei onto product of the currents E;(u) is defined analogously, but the
ordering of the Gauss coordinates is inverse: all positive Gauss coordinates El.fj(u) should be
placed on the left of all negative coordinates El_’k(v) using the commutation relations between
them and according to the ordering (4.41).

For Uq(Br(ll)), Uq(Cr(ll)), Uq(Dr(ll)) and Uq(AS\?)_l) we introduced currents F;(u) and E;(u),
1 < i < n by the formulas (6.64) and (6.65). Using relations (5.62) we define dependent
currents F;(u) and E;(u),n”’ <i<N—1

F(wW) = —Fy_;(¢2"™M¢e ), Ej(u) =—Ey_;(¢2"™Ve ). (7.71)

For the algebras Uq(Br(ll)) and Uq(A(zzn)) and according to (5.63) we introduce additional
dependent currents

Fp1(@W) =—q"? F(¢2"E ),  Epp(u) = —q Y2 Ey(g 2" ). (7.72)
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For 1 <i < j < N one can define the elements F;;(u) and &; ;(u) from the completed

subalgebras Ef and U,

Fji(w) =F;(WFj_5(u) - Fi (WF(u),

7.73
€)= E(Eiy1 () -+ Ej_p(w)E; 1 (), 7.73)

for Uq(Bgl)), Uq(C,(ll)), Uq(AS\?)_l) and

r Fj_l(u)Fj_z(u)' . -Fl-+1(u)Fl-(u), i <_] <n or n+l1<i< j,

O’ l =n, ] =n-++ 1 5
Fiiw) =1  Fy(WF,_5)--Fuw), i<n—1,j=n+1,
—Fj_1 (W) Fpyp(W)F(w), i=n,j>n+2,

Fi @) Fopo(WFn (WF,(WF,5()---Fi(w), i<n<j-—1,

( Ei(u)Ei_H(u)-~-Ej_2(u)Ej_1(u), i <] <n or n+1<i <j,

0, i= n, ] =n+1,
& (W) = { E;(u)- -+ Epp(u)E,(w), i<n—1,j=n+1,
_En(u)En+2(u) o 'Ej—l(u)z 1= n, J 2n+ 2;

\ E@) - Ep p(WE (WEp 1 (WEp o) Ejy(u), i<n<j—1,

for U, (Dlgl)). To define composed currents for U, (D,(ll)) one can use commutativity
[Fn—l(u)’ Fn(v)] =0, [En—l(u): En(v)] =0and F,;(u) = —Fp_1(u), Epy1 (W) = —E,_1(u) (see
(7.71)).

We call elements F; ;(u) and &; ;(u) the composed currents. For the algebra U, (A(A})_l) these
currents were investigated in [3,9]. It was shown there that the analytical properties of the
products of the composed currents considered in the category of the highest weight represen-
tations are equivalent to the Serre relations for the simple root currents.

Using result of [3] that action of the projections P}E and Pe:t can be prolonged to the exten-

sions ﬁf and U, respectively we formulate following

Proposition 7.1. There are relations between Gauss coordinates of the fundamental L-operators
and projections of the composed currents in the algebra U,(§)

PH(F ) =F ), P (Fw)=F,w,

N 7.74

P:(El-,j(u)) = El?tj(u), Pe_(é'i’j(u)) =E;;W). 774

Proof of this Proposition will be given in Appendix D simultaneously for all algebras U, (§)

and is based on induction over rank n of these algebras. The base of induction is a verifi-

cation of (7.74) for all algebras U,(§) of small ranks performed in the Appendices C.1, C.2,

C.3, C.4 and C.5. In particular, formulas (C.110) and (C.111) are base of induction to prove
Proposition 7.1 in case of the algebra U, (Dr(ll)).

8 Conclusion

In this paper we investigate quantum loop algebras for all classical series (except Uq(D,(lz)))
associated to the quantum R-matrices found in [1]. Results obtained in this paper can be used
for investigation of the space of states of the quantum integrable models with the different
symmetries of the high rank. This investigation can be performed in the framework of the

22


https://scipost.org
https://scipost.org/SciPostPhys.12.5.146

Scil SciPost Phys. 12, 146 (2022)

approach to integrable models proposed and developed in [3,9,21]. In this method the states
of integrable models are expressed through current generators of the quantum loop algebras.
To investigate different physical quantities in such models such as scalar products of the states
and form-factors of the local operators it is not necessary to have explicit form of the states in
terms of the current generators. Usually, it is sufficient to get the action of monodromy matrix
entries onto these states. This approach was called zero modes method and was already used
in [22-24] to investigate the space of states in quantum integrable models related to Yangian
doubles and rational g-invariant R-matrices. Using results of the present paper we plan to
develop this method for the integrable models associated with U, (g)-invariant R-matrices.

Funding information. The study has been funded within the framework of the HSE Univer-
sity Basic Research Program.

A Proofs of the Lemmas 5.2 and 5.3

Recall that we denote by |i) and (j|, 1 < i,j < N sets of orthonormal vectors in C¥ with pairing
cNecN - c: (ilj) = &;;. Consider R-matrix (2.9) for v = q?u: R(1,¢%) =R(1,¢*)+Q(1,q4?),

where
N N N
R(1,¢%) = Zeii ®ej;—q " Zeij ®ej; _qzeji ®ejj

i#j i<j i<j
and calculate
R(1,¢3)|6,0)=0 (£,0|R(1,q®)=0 for 1<¢{<N and (#{, (A.75)
and
R(1>q2)|1,e> = |1,£)_q|‘€:1>) R(lsqz)w: 1) = |£} 1>_q_1|1’£>: (A 76)
(€,1R(1,¢*) = (€, 1] —q(1,£], (LLR(1,¢*) = (1,£]—q " (¢,1], '
for 1 < { < N. Equation (A.76) implies
R(1,¢*)(|1,€) +ql¢,1))=0 for 1<L<N. (A.77)
Here |i,j) = |i) ® |j) and (i, j| = (i| ® {j| are vectors from (CN)®2.
Consider commutation relation (3.27) at v = q2u
R12(1,¢%) LO@)LP(q%u) = 1P (q*u)L (W) Rio(1,¢%). (A.78)

Using (3.27) one can obtain the commutation relations between L-operators L(u) and L(v)
Ryo(1, v)Ry3(w, ¢*v) LY () L& (v) = LEI(v) LY (W) Ry, ¢*v)Ryp(w, v), (A.79)
where Yang-Baxter equation (2.14)
Rio(u, v) - Ryz(u,¢%v) - Roz(1,4%) = Ras(1, %) - Ryz(w, ¢*v) - Rya(u, v)

is used.
Analogously, one can obtain the commutation relations between L-operators L(u) and IL(v)

Ro3(q%u, V)R13(, V)Roq (1, V)R 14w, ¢?v) LD (w) LEA(v)

(A.80)
= L(3’4)(V) ]L(l’z)(u) R14(u; qZV)R24(U, V)R13(u7 V)RZS (qzu’ V) .
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To prove Lemma 5.2 one has to obtain two equalities for 1 < { < N

R23(15 qz)R13(U, qzv)R12(u) v)|1,£7 1) = f(u: V)R23(1, q2)|1,£: 1> (A81)

and
(1’€; 1|R12(u3 V)R13(u’ qZV)Rzg(l, qz) = f(u) V)(].,Z, 1|R23(1: qz) . (A-82)

One can verify equality (A.81)
Ras(1,q*)Ry3(, ¢*V)R1a(u, V)1, €, 1)
= Roa(L,qR13(w, a2)(11,6,1) + (Wi, 1,1))
= Ry3(1,3)((1 + 1, @v)IL, 6,1) + pae(ut, 4V )pea (1, V)11, 1,£)) )
= (1+ P11 (w,g®) — 0 p1e(, ¢®VIPer (1, v) JRos (L, g2 1,6, 1)
= f(u,v)R3(1,4M)I1,4,1),

where identity
fu,g*v)—qgu,¢*Ew,v) = f(u,v)

and equation (A.77) were used. Equality (A.82) can be checked analogously.
Multiplying equality (A.79) from the left by the vector (1,i,1| and from the right by the
vector |1,j,1) for 1 <i,j < N and using (A.81) and (A.82) one obtains

(1,1, 1ILO@LEI )1, 7,1) = (1,1, 1ILED LD W), , 1),

which implies the statement of the Lemma (5.2). O

To prove equality (5.49) of the Lemma 5.3 one can present its left hand side
R},(1,¢*)R,(1,¢)R], (u, ¢*VIR] 5 (w, V)i, 1, 7,1)
as sum of two terms using (2.9): R};(u,v) = R;(u, v) + QY;(u, v). First term is equal to

R%,(1,¢%)R%,(1,¢HR%, (u, ¢*V)R,(w,v)Ii, 1,5, 1)
=R, (1,¢H)R%, (1, ¢)RY, (w, Vi, 1,7,1) (A.83)
=R, (1,¢H)R%, (1, ¢)R;G W, )i, 1,7,1),

since 1 <i,j < N. Indeed, the action of R’h(u,qzv)R'llg(u, v) onto vector |i,1,j,1) is
|i: 1:j: 1) + pji(u, v)lj: ]-’ i’ 1) + pli(ua qzv)|1: ]-:j) l) + pji(u5 v)plj(u: qzv)lly ]-a l)])

and last two terms are annihilated by the actions of Ry,(1,¢?) due to (A.75).
Now consider the second term

R, (1,q*)R%,(1,¢*)R], (w, ¢*V)Q,(w, V)i, 1,5,1),

where by definition (2.5)

N
QWi 1,5, 1) =6 Y ag(w,v)IE, 1,6,1).
=1
Calculating the action

N
R’i4(u,q2v)|€’, 1,6,1)=€/,1,6,1) + prp(u,¢*v)|1,1,0,0') + 51, Z am (U, ¢?v)|Im’, 1,1, m)

m=1
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one can observe that second term in the right hand side drops out due to the action R,(1, q%)
and (A.75) and by the same reasons the sum over m reduces to the sum for 1 < m < N. Finally,
one gets

R, (1,q*)R%,(1,¢*)R],(u, qzv)Q’;g(u i, 1,j,1)

5:R%,(1, )R, (1, qz)Z(Qe](u VI, 1,6,1) + ar;(u, a0 W, g1, 1,1,0))

(=2

N—-1

= 6,;R%,(Lg*)R5,(1,4%) D (90w, vIE) — g a1;(w, vIE)ae (w,¢>vI8) )¢/, 1,6,1),
(=2

(A.84)

where in the last line of (A.84) we used (A.77) for R 4(1 qz) and write explicitly dependence
of the functions q;;(u, v|) given by (2.6) on parameter &.

One can check that for all algebras § = Br(ll), Cr(ll), D,(ll) and AS\?)_I and corresponding pa-
rameters £ given by the table (2.1) following identity is valid

qe;(w, v1€) —q a1;(w, vIE)ap (u, °vIE) = qg;(u, vIg*E).
Since multiplication of the parameter & by g means the change of the rank n — n—1 for all
algebras U,(§) (see table (2.1)) one concludes that
R1,(1,¢*)RY,(1,¢*)RY, (1, ¢*v)QY, (w,v)Ii, 1,5, 1)
= RY,(1,¢*)RY,(1,¢)Q5 (w, v)Ii, 1,7, 1)

Summing (A.83) and (A.85) we obtain (5.49). Equality (5.50) can be proved analogously.
This concludes the proof of the Lemma 5.3. O

(A.85)

B Proof of Proposition 5.5
Equalities (3.34) and (4.40) imply that

Loj)=ee; ¢ > Eop(u) kp(Eu)™ By j(Ew). (B.86)

{<min(i,j)

Comparing these expressions for the matrix entries of the fundamental L-operator with (5.54)
proves equations (5.58), (5.59) and (5.60) for1 <i < j <N and 1 <{ < N. Introduce matrix
entries M; ;(u) for the algebra U (?—1 (§) by the equality

L (W) =M, ;(u)+ El,i(u)l_cl(u)la‘j,l(u) =M; ;(u)+ Li,l(u)Ll,l(u)_lLl,j(u) . (B.87)

Entries 1\_/Il~’j(u) for 1 <i,j < N has Gauss decomposition

M; (W) = Z By (¢ Du) k(g2 V) Fj,z(q_z(l_l)u)
2<(<min(i,j) (B.88)

=1L;;(u)— Li,1(U)L1,1(U)_1L1,j(U) .

Calculating matrix elements of the equality (A.78) between vectors (1, 1| and |1, j) using
(A.75) and (A.76) one obtains

Ly,;(q*u)Ly 1 (1) = q Ly 1 (q%u)Ly (1) (B.89)
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and matrix entries (B.88) can be written in the form

M, ; () = (Lo j(@L1 1(q%uw) — q Ly ()L ;(q720) )Ly 1 (g7 20) (B.90)

One can prove commutativity

M; ;@) L1;(v) =L11(v) M; j(w), 1<i,j<N,

in the same way as Lemma 5.2 was proved.
Multiplying (A.78) from the left and from the right by the vectors (1,i| and |j,1) for
1 <1i,j < N and using (A.76) one gets

Li,j(u)]-'l,l(qzu) —q L1,j(U)Li,1(q2u) = Li,j(qzu)]-'l,l(u) —q Li,l(qzu)]-'l,j(u)
or due to (5.48) and (B.90)
Mi,j(qzu)]_.l’l(qzu)_l - Mi,j(u)]_.l,l(u)_l for 1< l,] <N. (B.91)

We prove only (5.55) and (5.57). Equality (5.56) can be proved analogously. Comparing
(4.37), (5.54) and (B.86) for the matrix entry L, ;(u) one concludes that

ky(u) = ky(u) = ky(Eu) ™" (B.92)
Using Ly ;(u) = F; 1(wk(u) = I_cl(u)l_?j’l(u) equality (B.89) can be rewritten in the form
Fi1(w) = qFj,1(q_2U) =ky (W) 7'F; 1 (w)ky (u). (B.93)
This yields o
Fj’l(u) = qFj’l(q_Zu) = ql_]slsjf"N’j,(éu) for 1<j<N (B.94)
and (5.58) yields o
By (W) =q" NejeyBy 1 (Ew). (B.95)
Consider (B.91) for i = j = 2. It yields
k() = ko(u) kq(q*uw)ky (u) ™" = ky_1(¢*E)7", (B.96)

where the second equality follows from (5.60). Then consider (B.91) fori =2and2 < j < N—1
to obtain

M, (1) = k(g *w)F; 5(q %) = ky (Wky (g %w) ™" Fj 2(q 2wky(q %),

which can be presented as
Fio(u) = kz(u)_le,z(u)kz(u)-
Recall now that according to the theorem 5.1 L-operator M(u) satisfy commutation rela-
tions (5.46) for the algebra U‘;_l(ﬁ) and we can apply analysis as above to have
kz(u)_le,z(u)kz(u) =q Fj,z(q_zu) (compare with (B.93)) and

Fj’z(u) =q Fj’z(q_zu) = qz_jszejf“N_l,j/(ngu) for 2<j<N-—1. (B.97)
The second equality in (B.97) follows from (B.86) as well as

Fio(u) = q*Teye;Fy_1 jy(q*EW), j=N—-1,N. (B.98)
Note that equalities (B.97), (B.98) and second equality in (B.96) for the Gauss coordinates of
the embedded algebra Ug_l (§) repeated the equalities (B.94), (B.95) and (B.92) respectively
with the only difference that parameter & is replaced by the parameter 2. According to
dependence of £ on the rank n of the algebra § this replacement is equivalent to change of the
rankn - n—1.
Continuing embedding process and repeating these arguments for the Gauss coordinates
Ei,j(u) one proves Proposition 5.5. O
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C Algebra U, (g) for small ranks

In this Appendix we obtain the commutation relations for the currents F,(u) and E, (u) for
each of the algebra U,(§) of the small rank. Here we will introduce different rational functions
denoting them by the same notations valid inside of each subsection. Hope that this will not
lead to misunderstanding.

C.1 Algebras U,(B{") and U,(B{")

In order to find commutation relations of the special currents in case of the algebra U, (B,(ll))

we first perform investigation of the simplest nontrivial example of the algebra Uq(Bgl)) as it
was done in the paper [23]. In this algebra the algebraically independent series of generators
are kf(u), in,1 (u) and Eﬂf’z(u) and algebraically dependent generating series are kzt(u), £=2,3
and

Fy,(u) =—q'?Fy (¢ 'u), Ej4(uw)=—q VBT (¢ "u),
O O OB RS

The modes of kgi(u), ¢ = 2,3 are defined by the relations
ki) =ki(qu)™, k(W) = k5 (qu) ks (w) ki (q*u).
The commutation relations between Gauss coordinates for the algebra U(Bgl)) are

ky (WFy (k)™ = (v, w)Fy 1 (v) — g (v, u)Fy 1 (1),
kq (u)_lEl,z(V)k1 (1) = f(v,WE; 5(v) — §(v,u)Eq 5(u), (C.99)
[E12(v), By 1 ()] = g(u,v) (ky(ky (W)™ — ke (W (V)

ky(WFy 1 (Vko(w) ™ = f (v, W) f (@ u, VIFy 1 (V) + g(v, By 1 (W) + §(q ', v)Fy 1 (g M),
ky(u)E1 2(Vka(u) = £ (v, w)f (¢ u, vIE; o(v) + §(v, B () + g(q ", v)Ey o(q 'u),

(C.100)
(qv,w) g(qv,u)
Fy 1(WF, 1 (v) = f(u,qv)Ey 1 (V)Fy 1 (u) + g1q+ Fpq(u)*+ %FZJ(V)Z ,
slqu) o tau (c100
Eq 2(WE; 5(v) = f(v,qu)E; 5(v)Eq o(u) + 2 E 5 (u)? + T, (v)2.
1+¢q 1+
Restoring upper indices % in (C.101) atu=q v
1 1
—1\pt _ 1.2 £ 32
BB () = 1B @+ B )
and subtracting one equality from another one gets
_ 1
F2+,1(q 1V)F1(V): PR 21( )2 21( )2 (ClOZ)

Using (C.102) one can calculate the projection Pf+ (Fy(u)F 1(u)) onto subalgebra Uf+ assuming
that Gauss coordinates in the product of the currents F,(u)F; (u) are ordered according to the
order (4.41). We obtain

P (PP () == Pf (w0 (w) = —15 5, 00 = 5y ),
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This relation together with analogous formulas for the projections Pf_ (Fo(u)F;(u)) and

PejE (Eq(u)E4(u)) are base of the induction proof of the Proposition 7.1 which explains the
relation between Gauss coordinates and projection of the currents for the algebra Uq (BT(IU).

Considering similar commutation relations for the algebra U, (Bgl)) and using embedding
theorem 5.1 one obtains besides commutation relations (C.99)-(C.101) for the Gauss coordi-
nates kj (u), £ = 1,2,3 with F?fz(u) and Eis(u) also the commutation relations of these Gauss
coordinates with Fzﬂfl(u) and Eiz(u)

Fy1(V)F32(w) = f (1, v)F; 5(w)Fy 1 (v) + & (u, V)(FS,l(u) — F3,2(u)F2,1(u)) —g(u,v)F;;(v),
Ey 3(WEq 2(v) = f (4, v)Eq 2(V)Ey 3(u) + g(u, V)(El,s(u) - El,z(U)Ez,g(U)) — &, v)Eq5(v).

This information is sufficient to obtain for the algebra U, (Bfll)) the commutation relations
of the currents F,(u), E,(u), Gauss coordinates kzt(u), 1 <{¢ < n+1 and the currents F;(u),
E;(u), 1 <i<n-—1 given in section 6.1.

C.2 Algebra Uq(Cél))

Since algebra Uq(Cgl)) is not representative we start to consider first algebra Uq(Cél)). In
this algebra the algebraically independent generating series are FfH (W), E:; 141 (W) and kzh for

¢ =1,2. Gauss coordinates in,l(u), Eﬂf’2(u), kf(u) and k;(u) form the subalgebra in Uq(Cél))
isomorphic to the algebra Uq (A(ll)) and we do not write explicitly commutation relations be-
tween them.

Introduce the rational functions relevant to the considered case

(¢*—q Hu

2__ -2
, gw,v)=——"7—, g(u,v)zm.
u—v

u—v

2. -2
flu,v) = qu—q v

The rest commutation relations in Uq(Cél)) can be written in the form

ko (V)F 5 (ko (v) ™ = f(u, v)F; 5 (w) — g(u, v)F3 2(v),

ky(v) 'Eq3(u)ko(v) = f(u, v)Eq 5(u) — §(w, v)Eg 5(v),

(v, u)Fs 5 (W)Fs 5 (v) = f(u, v)F3 ,(V)F3 2(w) + g(v, u)Fs 5 (1) — g(u, v)F3 5(v)?,

f(u, v)Ey 3(u)Ey 3(v) = f(v,u)E 5(V)Ey (1) + E(u, v)Ez’g(v)2 —&(v, u)Ez,g(u)2 , (C.103)

Fy 1(V)F3 5(w) = f(u, v)F; 5(u)Fy 1 (v) + &(u, V)(F3,1(u) - F3,2(u)F2,1(u)) —g(u,v)F;1(v),
E; 3(WEq 5(v) = f(u, v)Eq 2(V)E, 5(u) + g(u, V)(El,S(u) - EI,Z(U)Ez,B(u)) —&(u,v)Eq 5(v),
[Ez3(v), B3 2(w)] = g(u,v) (ks (ko)™ —ks(Mko (1)),
where diagonal Gauss coordinate k3(u) due to (5.57) and (5.60) is equal to
ks(w) = ko(q*u) k5 (g ki (¢°w)

These commutation relations allows to restore the full set of the commutation relations in
terms of the currents for the algebra Uq(Clgl)) given in section 6.2.

To obtain the commutation relation (C.103) one has to use (3.28) for the values of the
indices {i, j,k,1} — {2,3,1,2} and {i, j, k,1} — {2,4, 1, 1} which results to

S, vIF oWk, (v) = 'MFz,l(v)ngz(u) + W
u,v)

fw) F;1(v)
+g(v, U)(Fs,l(u) — Fs,z(u)Fz,l(u)) +

q2g(v,u)

f(u, V) F4,2(u) .
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Considering the latter relation at v = q?u we obtain

Fyo(u) = qz(F3,1(u) - F3,2(u)F2,1(u)) (C.104)

and (C.103). Now one can calculate the projection PfJr (F5(u)F4(u)), where dependent current
F3(u) = —F,(q*u) is defined by (7.71) for N = 4 and £ = q~°. Restoring in (C.103) superscripts

of the matrix entries and setting v = g*u we obtain

B (g )Bs(u) = ¢2(B, (B () — By () ) + 2 (q*u).

Calculating projection P;(F3(u)F2(u)) onto U;r according to the ordering (4.41) one gets

PF (F3(w)F(w) = —PfJr (F1(g*WFy (W) = _p;r (F2+1 (q4u)F2(u))
— qZ(F:_;f (W) —Ff 2(u)FZfl(u)) =F}, ().
Analogously, one can prove that
Pf (Fy(WF; (W) =F;,(w) and P} (F3(wF,(w)F; (w) =F, ().

These relations together with analogous relations for the currents E;(u) are base of the induc-
tion for the proof of the Proposition 7.1 in case of the algebra Uq(C,(ll)).

C.3 Algebra Uq(DS))

As above we start to consider algebra U, (Dgl)) for small n. The case n = 1 is not representative
and we begin with the case n = 2 to prove that ngfz(u) = E;S(u) =0.

Excluding term Ly;(v)Lo4(u) from the commutation relation (3.28) with set of indices
{i,j,k,1} = {2,3,2,2} and {i, j, k,I} — {2,4,2,1} we have

f(u,v)Ly 5(u)Ly 5(v) — f (v, u)Lg 5(v)Lg 5(u)

C.10
— 3, WLy 4 (V)L 1 (1) — £ (u, E (s V)L 4 (W)L 1 (V). (C.105)

This relation after setting v = ¢—2u and projecting onto subalgebras U}t U Uki in the algebra
Uq(Dél)) yields the equality
F?fz(u)kf(u)kéc(q_zu) =0.
Since Gauss coordinates kéc(u) are invertible it results that
Fy,(u)=0. (C.106)
Analogously one can prove
E;,(u) =0. (C.107)

In order to find relations between Gauss coordinates Fj’l(u), j = 2,3,4 one can consider
the commutation relation (3.28) for the values of the indices {i,j,k,1} — {1,3,1,2} and
{i,j,k,1} — {1,4,1,1}. Excluding term Lq;(v)L14(u) we have

f W, v)Ly 5(u)Lq 2(v) = f(v,u)Lq 5(v)Lq 3(u)
+ f(v, )& (v, )Ly 4(v)Lq 1 (W) — f (1, V)& (u, V)L 4 (W)L 1 (V).

Using explicit expressions for the matrix entries L ;(u) through Gauss coordinates (4.37), mul-
tiplying both equalities by the product of k(1) "k;(v)~! and using the commutation relations

(C.108)

Ky (WF; 1 Dk ()7 = £, WF; () — g (v, WF; 1 (W), j=2,3 (C.109)
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one can get from (C.108)

£, v)F ) (Bt (VB 3 () = By 1 (W (V) ) =g, v)f (v, 1) (B 1 (v) + By (VF3 1 ()
+ g (v, )f (1, v)(Fy 1 () + F () ().

Taking in this equality u = q?v and u = q~2v one can find the relations

E, 1 (u) = —F, 1 (W)F3 1 (1) = —F5 1 (W)F, 1 (1),

(C.110)

Fy1(V)F3 1 () = F3 1 (w)F, 1 (v).

In the same way one can prove that
Ei4(u) =—E{o(uw)E;3(u) =—E;3(uw)E;5(u),

1,4(W) 1,2(W)Eq 3(w) 1,3(WEq 5(u) (C.111)

E;12(V)E; 3(u) = Eq 3(u)Eq 5(v).

Equalities (5.55), (5.56), (5.58) and (5.59) yields in this case

F4,5_j(u) = _Fj,l(u) 5 E5_J~,4(u) = —El,j(u) B ] = 2, 3. (C.].].Z)

Using (3.28) for {i,j,k,I} — {2,2,1,3} we can calculate

kz(u)F3’1(v)k2(u)_1 =f(vg, U)Fg,l(v) —q &y, Vg)kl(V)FS,l(u)kl(v)_l >

where we have used (C.106) and (C.112). Using now (C.109) and identities

f(v§: U)_q g(u:V§)g(u:v) :f(V: u)’ q g(uﬁv€)f(u) V) = —g(V, u)

one can find that

ky(WF3 1 (Mko (V)" = f(v,u)F3 1 (v) — g(v,u)F3 1 (u).

Analogously one can obtain

ko(W) 'Eq 3(v)ko(v) = £ (v, u)Eq 3(v) — g(v,u)Eq 3(u).

Using (C.109) and analogous commutation relations for E; ;(u) one can calculate from the
commutation relation (3.28) at {i, j, k,l} — {1,3,3,1} that

[E1,3(), Fs 1 ()] = g, v) (k)™ = ey (0)ky (v) 7).

The embedding theorem 5.1 and commutation relations between Gauss coordinates obtained
for the algebra Uq(Dél)) are sufficient to get full set of the commutation relations for the algebra
Uq(Dgl)) in terms of the currents presented in the section 6.3.

(2)
C.4 Algebra U, (A,")

RLL realization of this algebra is given by the R-matrix (2.9) with £ = —q~'™?" and N = 2n+1.
In the same way as we investigated the algebra U, (Bgl)) we study first the algebra U, (A(zzn)) in
the simplest case n = 1.

Introduce the functions

12y 4 g—1/2 12 4 g=1/2
fuv)= LU v g(u,v)zw,

u+v u+v
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The commutation relations for the Gauss coordinates in the algebra U, (A(Zz)) between F, ; (u),
ki(u) and E; 5(u) are the same as for Uq(Bgl)) (see (C.99)). The rest relations are

P 0 )eaw)™ = F )T () + 0B 1)+ (L= )T (),
) By o0 = f () B o) + 8001 (00 + (g~ DE s ()

and
f(w, v)f (v,u)Fy 1 (W)Fy 1 (v) = f(v,u)f (u, v)F, 1 (V)F; 1 ()
+ g(u,v)g(v, u)(FZ,l(u)z +F2,1(v)2) (C113)

+

1+ 1 [F,1[0], g(w, v)E, 1 (v) — g(v, u)E, 1 ()],

F(v, U)f (11, VB p(W)E; 5(v) = F(u, v)f (v, 1)E 5 ()Eq 5(u)
+ (v, 1)g(w, v)(Eq2(u)? + Eq 5 (v)?) (C.114)

+ [E12[0], g(v, w)E; 2(v) — g(u, VIE; 2(w)]g-1 -

qgl+1
To prove (C.113) one can use the commutation relation
£, B WS, (v) = £ (v, —qu)f (1, v)Es, (v)ES, (1)
+g(v,u)Fy; (W) + f (v, —qu)g (v, u)Fy; (v)? (C.115)
+q 2 g(v,—qu)E} (W) + ¢ g (v, —qu)F5, (v).
Putting v — oo in (C.115) one obtains

Setting u = —qv in (C.115) one finds
Fy 1 (—q)Fy (V) = (1 =g E] (—qv)* —q % (—qv) — ¢ /7F;, (v).
Using this equality one can calculate
P (Fo(v)F1(V)) = —v/qP; (Fy ,(—qv)F,(v)) = B, (v), (C.117)

where dependent current Fy(v) = —,/qF;(—qv) is defined by (7.72) forn =1 and § = —q>.
Relation (C.117) as well as analogous relation for the projections Pei(El(u)EZ(u)) are base of

. . - . 2)
induction to prove Proposition 7.1 in case of the algebra U, (A;).

2 2
C.5 Algebras Uq(A(1 )) and Uq(A(3 ))
Algebra Uq(A(22n)—1) is defined by the R-matrix (2.9) with £ = —q~2" and N = 2n. In this
Appendix we investigate algebra U, (A(zzn)_l) in two simplest cases n =1 and n = 2.
For n = 1 R-matrix (2.9) has the form

f(u,v) 0 0 0
u+v 0 1 g(u,v) 0
R(y,v) = ——— s
(u,v) qu+q~1lv 0 g(u,v) 1 0
0 0 0 f(u,v)
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where rational functions f(u, v) and g(u, v) are defined as follows

2,2 —2.2 2_ -2
_ U —q v _ (@ =gy
f(U,V)—W, g(u,v)—ﬁ.

Up to overall factor this matrix coincides with the symmetric form of the R-matrix for the
algebra U (A(ll)). This results that the commutation relation for the Gauss coordinates F, ; (u),

E; 5(u), ky(u) and ky(u) of the algebra Uq(A(lz)) can be written in the form

ky (W) 1 (V) ()™ = F(v, u)Ey 1 (v) — g(v, WEy 1 (1), (C.118)
ky (W)™ Ey 5 (Vky (W) = F(v, u)E; 5(v) — g(v, u)Eq 5(u), (C.119)
[E12(w), B (V)] = g(v,u) (ky(Mky(v) ™ = kp(w)k; (W), (C.120)
Ky (W)Fy 1 (V)ky ()™ = f(u, v)Fy ; (v) — g(u, v)Fy 1 (1), (C.121)
k(1) Eq 5 (v)ka(u) = f(u, v)Ey 5(v) — g(u, v)Eq 5(u), (C.122)

and

f(v, wF, 1 (WF, 1 (v) — g(v, U)Fz,l(u)2 = f(u, v)E, 1 (V)Fy 1 (1) — g(u, V)Fz,l(v)z ) (C.123)

f(u, v)E1 o(WE o(v) — g(u, v)El’z(v)2 =f(v,u)E; 5(V)Eq o(u) — g(v, u)ELZ(u)2 . (C129)

The commutation relations (C.118)—(C.120) imply certain analytical properties of the Gauss
coordinates F,;(u), E;,(u) and kz(u)kf(u)_l. Indeed, setting in (C.118) and (C.119)
v = £q~2u we obtain

ky (W) Fy (Why (u) = + Fy 1 (£q %),

O o (C.125)
ki(WE; 5(w)ki (W)™ =+ Eq 5(q "u)

which imply
Fz)l(_u) = —Fz’l(u) and El,z(—u) = —El,z(u) . (C.126)

These equalities signify that Gauss coordinates in1(”) and Efz(u) are series with respect of
odd powers of the spectral parameters and equalities (C.125) are simplified to

kq(w) By 1 (Wky (1) = Fy1(q 2w,
ki(WEq o(wky (W)™ =Eq15(q%u).

On the other hand, replacing u by —u in (C.120), using (C.126) and the fact that
g(—u,v) = —g(u, v) one obtains that

(C.127)

ky(Wky (W)™ = ky(—wk; (—u) ™! (C.128)

which signifies that the ration kj (u)kj(u)™" are series with respect to even powers of the
spectral parameter. Moreover, equality (3.34) together with (C.127) yield in this case that
ky (u) = ki (—q*u)*. Together with (C.128) it proves that in the algebra Uq(A(lz)) both diago-
nal Gauss coordinates kf(u) and k;c(u) are series with respect to even powers of the spectral
parameters.
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In the case n = 2 and according to the embedding theorem 5.1 the Gauss coordinates
F, 1(u), E1 »(u), k; (1) and ky(u) satisfy the commutation relations in the algebra ﬁq (A(ll)) while
Gauss coordinates F; 5(u), E; 3(u), ko(u) and k3(u) satisfy the commutation relations (C.118)-
(C.124). Commutation relations between these algebraically independent sets of the Gauss
coordinates take the form

F1 (V)Fs,z(u) =f(u, V)Fs,z(u)Fz,l (v)—g(u, V)F3,1 ()
1 g(u,v)

+g(u,v) (FS,l(u) - F3,2(U)F2,1(U)) + @ m [F2,1[0:|> F3,2(U)]q—2 >

Ey 5(W)Eq o(v) = f(w, v)Eq o(V)Eg 3(w) — g(w, v)E, 3(v)

1 )
+g(u,v) (E1,3(u) - El,z(u)Ez,s(U)) + @ %

(C.129)

[Ez3(w),E12[0]]2,

where

To prove equality (C.129) one can use an equality

Fyy (VES, (1) = f(u, v)F3, (W)ES, (v) — g(u, v)E] ; (v)

qu+qly .
F4’2(u)

+ g, V) (B (1) — B, (WES (1)) —

(g+qYHu u+v

which helps to calculate P;“(F3(u)F2(u)), where F3(u) = —F;(—q?u) is a dependent current
defined by (7.71) for N =4 and & = —q_4. Putting v — o0 in (C.130) one obtains

E, (W) = F LWk, (W) —F, W - #[FZJ[O], By, (W)]g- (C.131)

Setting in (C.130) v = —q?u one gets
thg(u)F?fZ(u) = F§L,1 (—¢%u) + Fj"fz(u)

which implies

P (Fa(w)Fy(w)) = P (5 (w)(Ff (1) — F; (1)) = Ff,(u). (C.132)

Analogously, considering equality (C.130) at v = u one can prove that

P} (FyFy () = P} (B, ()(] () — By, (w)) = B, (). (C.133)

Let us consider commutation relation (3.28) for the values of the indices
{i,j,k,1} — {2,4,1,2} and {i,j,k,1} — {2,4,1,1} to obtain commutation of the Gauss co-
ordinates

+ 1 +
f ( VIE ()3, (V) = s By (VE, (@)

g(u,v&)
qf (v&,u)

+ g (u, vIEE (v) — g, v)(Efy () — B (WFS, ().

(Fil(v)Fg'fl(v) + Fil(v)2F;2(u)) (C.134)
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Taking difference of two equalities in (C.134) and applying the projection P;’ to this difference
one obtains

£, vPF (B, (F, (v)) = g(u, vIE], (v) +

g(u,v&)
T UGE

(B (ES (V) + B (02, (W),
which after setting u = v implies

P (B WF, () =Ff, ().
Using latter equality and (C.132) one gets
P/ (F3(WFo(WF, () = P/ (F,(WF, (W) =F;, (). (C.135)

Equalities (C.132), (C.133) and (C.135) together with analogous relations for the currents
E;(u) are base of the induction to prove Proposition 7.1.

D Proof of Proposition 7.1

We start with the proof of the first equality in (7.74). Assume that it is valid in the algebra
U ;_1(@. It means that in order to prove first equality in (7.74) one has to prove it for the
Gauss coordinates F;\;,i(u), 1<i<N-—1and F].fl(u), 2 < j < N using induction assumption
that it is valid for all FJT’Ll.(u), 2<i<j<N-1.

To do this we consider RLL commutation relations (3.27) written in the form

f,v)f(v,u) @®LT () (L7 (W) eI

D.136
— Ryp(,v) - L@ ® 1) - (1& L (v)) - Roy (v, ). (B-136)

Consider (i,i + 1) matrix element in the first space and (i + 1, N) matrix element in the
second space of the equality (D.136). After substitution in the resulting equality Gauss de-
composition (4.37) one can multiply it from the right by k. ,(v)™" and k; (1)~" and normal
order products of Gauss coordinates according to the ordering (4.41). Then one has to restrict
resulting equality to subalgebra U;’ as it was described in the section 4.1, multiply it by (u—v)>
and set u = v. Final equality takes the form

(u—v) (FI_\'I—,i+1(V)k;—kl(v)Fijrl,i(u)kzil(V)_l + F;,i(v)k:r(v)[Eziﬂ(V)’F;r1,i(u)]kitrl(v)_l) =0.

+ —
Uf u=v

Using the commutation relations k;r+1 (v) and E;rl. +1(v) with F_, ;(u) which are different for
different U,(§) when i = n + 1 and taking into account that restriction to subalgebra U}r
coincides with the action of the projection P;“ onto subalgebra Uy one obtains the equality in
+
Uy
F (V)= p;(F;,m(v)(F;u(v) —F. (1)) = p;(F;M(v) F(v)), (D.137)

where i <N —1 for all U,(§) except Uq(Dr(ll)) and
By () =P (B o ((Fp () = Fop (1)), (D.138)

for the algebra Uq(Dr(ll)) ati =n—1,n. To obtain (D.138) one can use (i,i+2) matrix element
in the first space and (i + 2, N) matrix element in the second space of the equality (D.136)
since F_ , . (u) = 0 for the algebra U, (D,(ll)).
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The statement of the Proposition is obviously valid for i = N — 1 since
FJ’N_I(u) = PJf(FN_l(u)). Assume that it is valid for the Gauss coordinate F;\;’i +1 (@) with
i < N —2. Then equality (D.137) takes the form

By ()= P (PF (Fya () Fen (1) FO)).

The statement of the Proposition 7.1 for the Gauss coordinate F;,r ;(v) is proved by induction
since projection Pj;F possesses the property [3] that fori < j

Pf(Fimy () Fi(w) = Fyy () Fy(w) + ..., (D.139)

where ... stands for the terms annihilated by the projection P;’.

Taking in (D.136) matrix entries (1, 2) in the first space and (2, j) in the second space, using
Gauss decompositions (4.37) for the matrix elements of L-operators, multiplying resulting
equality by (u —v)* and by ki (u)"'kj (v)™! from the right, normal ordering of the Gauss

coordinates and restricting to subalgebra UJQL one obtains after setting u = v

Fr(v) = p;(F;jz(v) F(v)).

Using induction assumption for the Gauss coordinate F].sz(v) and (D.139) we finish proof of
the first equality in (7.74).

To prove the second equality in (7.74) we have to repeat all arguments as above for
the transpose-inverse L-operators L*(u) using Gauss decomposition (4.40). Taking the cor-
responding matrix elements in (D.136) one can find that

pf_(F]._l(v) Fj__1,1(")) = 15;1(")

and
Pr(Fyoa () By, (0)) = By ().

By the property of projection P [3]

Pr(Fi(w)-+ Fi(w) = Fj(w) - Fw+...,

where ... stands for the terms which are annihilated by projection Pf_ and induction assump-
tion one can prove the second equality in the first line of (7.74). The second line in (7.74) can
be proved similarly. O
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