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Abstract

We study the dynamics of supersymmetric theories in five dimensions obtained by
compactifications of M-theory on a Calabi-Yau threefold X. For a compact X, this is
determined by the geometry of X, in particular the Kéhler class dependence of the volume
of X determines the effective couplings of vector multiplets. Rigid supersymmetry emerges
in the limit of divergent volume, prompting the study of the structure of Duistermaat-
Heckman formula and its generalizations for non-compact toric Kihler manifolds. Our
main tool is the set of finite-difference equations obeyed by equivariant volumes and their
quantum versions. We also discuss a physical application of these equations in the context
of seven-dimensional gauge theories, extending and clarifying our previous results. The
appendix by M. Vergne provides an alternative local proof of the shift equation.
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1 Introduction and summary of results

In realizations of topological, or partially topological, field theories via supersymmetric field
theories, one often encounters the paradigm of “fields, equations, symmetries” as the basic
setup [1] of an enumerative moduli problem, for which the supersymmetric field theory
provides an integral representation. The linearized equations and the linearized symmetry
transformations define the differentials in a three-term complex 7", whose cohomology H°(7")
in degree zero describes infinitesimal automorphisms, the cohomology in degree one H'(7)
describes infinitesimal deformations, while H2(7") packs the obstructions to deformations (the
first order deformations may not extend to the second order, the obstruction is given by a
quadratic Kuranishi map from H'(7") to H2(T7)).

Physically, the zero modes of fermions in the supermultiplet of a cohomological field theory
belong to these cohomology groups. The contribution to the path integral of a specific point in
the moduli space is non-zero if the Yukawa interactions of the fermions and bosons saturate
the fermionic zero modes, while the integral over the bosonic modes is finite. The latter is
problematic if the moduli space in question is non-compact. The non-compactness of the moduli
space of solutions to the partial differential equations representing, e.g., the BPS equations could
be both of ultra-violet (such as point-like instantons) and of infra-red (such as the runaway of
a localized solution to infinity in space-time) nature.
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While ultraviolet noncompactness requires knowledge of microscopic degrees of freedom
of the theory, in practice one fixes it by modifying the theory at short distances in a controllable
way. For example, one uses noncommutativity in gauge theories with unitary gauge groups, or
coupling to gravity in two-dimensional sigma models.

Infrared noncompactness is partly cured by Q-deformation [2]. Mathematically, this means
working equivariantly with respect to some rotational symmetries, or, more generally, isometries
of the background. Localization techniques such as Duistermaat-Heckman formula and Berline-
Vergne-Atiyah-Bott theorem are ubiquitous in mathematics and physics, and play key roles in
fields as diverse as enumerative geometry [3-5], exact calculations of effective actions and
BPS-protected correlators [2,6,7], gauge/string [8] and quantum gravity/topological string [9]
dualities, calculations of black hole entropy [10], and a-maximization [11,12].

Despite the wide applications, the justification of the equivariant approach and the precision
of its predictions for a given quantum field theory is not always clear. There are numerous
puzzles related to the importance of boundary terms [13, 14], decoupling or non-decoupling
of gravity modes, (non)existence of global symmetries [15], for which one turns on chemical
potentials in the twisted Witten index [16].

In this paper we shall be discussing M-theory compactifications on a Calabi-Yau threefold X
times five-dimensional Minkowski space R%*, or further compactifications of the form ) x R!,
with a Calabi-Yau five-fold ). Moreover, we shall also study the limits where the manifolds X or
Y have infinite volumes, effectively decoupling (super)gravity in five or one dimension. More
precisely, by working in a limit of low energy in five (one) dimensions, one does not excite
eleven-dimensional (super)gravity modes, which effectively are frozen in the background. But
let us start with the case of compact X.

The classical N' = 1 five-dimensional supergravity theory, obtained by compactification
of eleven-dimensional supergravity on a Calabi-Yau threefold X, contains h"!(X) — 1 vector
multiplets, whose low energy dynamics is governed by the superspace action, derived from the
homogeneous degree-three prepotential [17,18]

1 hl’l(X)
b
(=5 > capTOTOTE, (1.1)
a,b,c=1
where T are linear coordinates on H!(X) that we specify below. The matrix c,p, is the matrix
of the triple intersection form, so that in fact eq. (1.1) is the symplectic volume of X

F(T) =f ek (1.2)
X

Here k is the Kahler form associated to the Calabi-Yau metric on X, which can be expanded in
some integral basis (w,) of H?(X) (recall that for proper Calabi-Yaus h?° = h%2 = 0)

RLx)
k= > Tlw,,  w,€HXX,Z)NH"(X). (1.3)
a=1

As it stands, eq. (1.2) is a formal expression where one understands that the exponential of a
two-form is expanded in Taylor series, and only the six-form can be integrated over X, the rest
of the series integrating to zero. However, in extending the de Rham differential to the so-called
equivariant derivative, one appreciates the use of the exponential form of the integral eq. (1.2)
in that it leads to a streamlined formulation of certain WKB-exact integration formulas.

In writing eq. (1.2) or eq. (1.1) one uses a redundant set of parameters, the homogeneous
coordinates on the Coulomb branch of the moduli space of vacua, which is parametrized by
the vacuum expectation values of the real scalars in the vector multiplets, which, as we said
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earlier, come in the amount of n, = h*!(X)— 1. The number of U(1) gauge fields, however,
is h11(X), as these are obtained by Kaluza-Klein (KK) decomposing the three-form c® of
eleven-dimensional supergravity

hl,l(X)
= > A'Aw,, (1.4)

a=1

where in the KK approximation the w, are integral harmonic two-forms on X, while A® are
the U(1) gauge fields propagating in R%*. The subtlety of five-dimensional supergravity is
that a specific linear combination of U(1) vector fields in eq. (1.4), the graviphoton, is in the
supermultiplet of graviton. The remaining U(1) fields fall in the supermultiplets containing the
real scalars in the moduli space M, which is locally parametrized by the scalars T¢, restricted
by the relation

F(T)=—iQAQ (1.5)

set up by another part of the Calabi-Yau data, the normalization of the holomorphic (3, 0)-
form Q. Together with the choice of the harmonic 3-form (flat 3-form field) on X and their
superpartners, they form the massless hypermultiplet content of the effective five-dimensional
theory. The tangent space to the hypermultiplet factor My in the scalar manifold of the
five-dimensional theory coincides with the space of infinitesimal deformations of the Calabi-Yau
structure, preserving the Kahler structure, compatible with Q.

In making X non-compact we face the difficult problem of finding the L2-spectrum of the
Hodge Laplacian acting on the space of two-forms. Such harmonic forms enter eq. (1.4) to
define the dynamical gauge fields propagating in five dimensions. The total number of linearly
independent harmonic two-forms, not necessarily L2-normalizable, is in general larger. We
can interpret the excess as corresponding to non-dynamical vector fields, which can be viewed
as flavor symmetries of the effective five-dimensional supersymmetric theory. For example, in
SU(2) gauge theory in five dimensions, the vacuum expectation value po3 = (¢) of the real
scalar ¢ in the vector multiplet breaks the gauge symmetry to its maximal torus U(1). The
SU(2) instantons, which are solitonic particles, have a mass given by the sum of the inverse
renormalized coupling squared g—2 and the absolute value |p|. This agrees with a BPS formula
where g~ is interpreted as a scalar in a vector multiplet of some flavor topological symmetry
(the gauge field 0 in that multiplet would give rise to the coupling 6 AtrF A F producing the
theta term in four dimensions, if the theory is compactified further on a circle). The theory
also has a BPS particle, the W-boson, of mass |¢]|.

The gauge symmetry and the topological symmetry correspond, in a realization of SU(2)
theory as M-theory “compactified” on the total space X of the O(—2,—2) line bundle over
P! x P!, to the degree-two cohomology of X. As the latter can be contracted to the product
of two spheres, the degree-two cohomology is two-dimensional, it is generated by the first
Chern classes x1, x, of the line bundles (1) over the first and second P factors, respectively.
The manifold X has, additionally, one-dimensional degree-four cohomology, generated by
X1X5. Its Poincare-dual can be represented by a two-form with compact support. The latter
acts on H2(X) by shifts. In the M-theory realization the W-boson and instanton particles are
M2-branes wrapping the two P! factors in P! x P'. Which one is the W-boson and which one
is an instanton depends on the relative size of the two cycles. The presence of the |p| term in
the formulas for both masses reflects the action of H fomp(X ) on H%(X).

Now we come to the main point of this paper. In most geometric realizations of quantum
field theories in five dimensions (and their compactified four-dimensional versions) the “internal”
Calabi-Yau manifold X is not only non-compact, it is a toric manifold. For toric manifolds X,
there are additional non-dynamical symmetries in the effective five-dimensional theory. Indeed,
any isometry of X leads to a Kaluza-Klein-like gauge field in five dimensions. Thus, H(7)

4
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of the deformation complex corresponds to the tangent space to the space of scalars, while
HO(T) corresponds to gauge fields in the effective five-dimensional theory, both dynamical and
non-dynamical. We leave to further study the interpretation of H2(7") cohomology (for compact
X the theorem of Tian-Todorov says that the obstructions vanish, H2(7) = 0). Presently, let us
focus on the non-generic enhancement of H°(7") thanks to the isometries of X.

Consider the gravitational background of the form X x Y, with internal manifold X with

metric § = g,,(x)dx™dx" and spacetime Y with metric h = h,,(y)dy"dy”. Suppose the

Lie group G acts on (X, g) by isometries, generated by vector fields V, = Va’"(x)a%, for

a=1,...,dimG. The Kaluza-Klein ansatz gives us gauge fields A* =AZ(y)d y#* on Y. Geomet-
rically, turning on these gauge fields means modifying X x Y to the total space Z of a locally
trivial bundle Z — Y, with the G connection A that features in the metric on Z:

ds? =Ry, (y)dy dy” + g (x) (dx™ + V()AL (y)dy" ) (dx™ + V()AL (y)dy”) . (1.6)

For compact X the gauge fields A” are dynamical, and the Einstein-Hilbert action gives, in the
limit of small volume of X, the Yang-Mills action with gauge group G. Even if the manifold
X is non-compact, so that the gauge fields A* are non-dynamical, they can be turned on as
background fields.

In our present setup, of all the isometries of X we need those which preserve, in addition to
the metric g, the covariantly constant spinors, generating rigid supersymmetry in five spacetime
dimensions. Practically, for toric X we are taking the generators of the torus, preserving the
holomorphic top-degree form. There are two linearly independent vector fields for Calabi-Yau
threefolds, let us call them V; and V;. The associated five-dimensional background gauge fields
A! and A? belong to the vector multiplets. Their lowest components are the real scalars ¢!, 2.
Without breaking five-dimensional super-Poincare invariance, we can deform the theory by
turning on a non-zero value of these scalars. The so-deformed theory deserves a separate study.
Presently we assume this deformation corresponds to the equivariant extension of differential
forms that we employ below.

Once the five-dimensional theory is compactified on a circle, in addition to the real scalars
¢12 one can turn on the components of the gauge fields A', A% along the circle. Geometrically
it means fibering the Calabi-Yau threefold over the circle, with the isometric twist of the fiber.
In other words we take a quotient of R! x X by the action of Z by simultaneous translation
along R by 2718 and the isometry transformation of X by e (¢'i+e*V2) In this way the real
parameters £12 get complexified to q;,q, € C*,

Q1 = e b 42 = e HPY?, 1.7)

One can make an additional twist by the isometry of X not preserving the holomorphic top
form, provided we turn on the compensating twist of the remaining space R*. More generally,
we can replace X x R* by some toric Calabi-Yau fivefold ).

In the earlier work [19], a twisted version of a nonabelian gauge theory in seven dimensions
was studied. Mathematically, the theory is the nonabelian rank n K-theoretic Donaldson-
Thomas theory on a three-fold (which in ref. [19] was taken to be a toric Calabi-Yau manifold).
We are interested in factorization properties of the supersymmetry-protected sector of that
theory (fundamentally the theory needs an ultraviolet completion, and the factorization might
be sensitive to those details). Since our main tool is supersymmetric localization, in fact,
equivariant localization with respect to the isometries of the Calabi-Yau space, we are forced to
work on noncompact spaces. This leads to several puzzles.

The physical problem that involves passing to noncompact Calabi-Yau manifolds is the
realization of rigid supersymmetric theory as a limit of supergravity, in which the supergravity
multiplet freezes, while five-dimensional vector multiplets remain dynamical [20,21]. This is
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usually realized by a specific large T limit of eq. (1.1), where some of the T“ variables go to
infinity (essentially, as Mp,pa — ©©) while others remain finite. We denote the finite Kéhler
parameters by t® in what follows. This leads to the expression

F(T) — F(t;A) = A2F,(t) + AF,(t) + F5(t), (1.8)

where the coefficients Fy, F5 of the divergent terms as A — oo are linear and quadratic in t.
In the field theory interpretation of eq. (1.8) the leading divergence o< F; is irrelevant, while
the term quadratic in t gives the bare gauge couplings. The cubic term describes the effect of
(one-loop) corrections to the effective gauge couplings and five-dimensional Chern-Simons
term, induced by the loops of some charged heavy fields.

The 11d origin of eq. (1.1) is the Chern-Simons term in the action of eleven-dimensional
supergravity [22]. As is often the case with Chern-Simons terms, it can be expressed as a
twelve-dimensional integral [23]

f GHAGHAGH (1.9)
zZ12

where 8 Z12 is the eleven-dimensional spacetime. The main case of interest for us is the eleven-
dimensional manifold, which is a fibration over a circle S! with fiber a Calabi-Yau fivefold ).
For toric ) the twelve-dimensional extension Z'2 can be constructed as a Kihler manifold with
boundary, which is a holomorphic fibration over a unit disk |w| < 1.

Our goal is to construct equivariant extensions of eq. (1.2) and its higher analogue

F(t,..)= f exp G (1.10)
zZ12

and understand the structure of the full answer for non-compact spaces, without making ad
hoc choices. Details are provided below.

Now let us clarify the main subtlety. The definition of the triple intersection form in
egs. (1.1) and (1.2) does not make sense for toric Calabi-Yau threefolds, which are always
non-compact. Nevertheless, there is abundant literature discussing these intersections in the
context of topological strings and 5d gauge theories. The usual logic is the following: geometric
intersection numbers when one of the divisors is compact are fixed unambiguously, the rest
(when all the divisors involved are non-compact) is fixed in some ad hoc fashion.

As an example, let us look at local P! x P! i.e. the total space of the line bundle O(—2,—2) —
P! x P. There are two versions of F(t): an asymmetric version in the context of 5d gauge
theories [24, section B.3.1], and a symmetric one in the context of topological strings [ 25, section
2.1]. These two versions correspond to different ways of fixing the intersection numbers of
non-compact divisors. On the other hand, when we try to compute them from first principles
via equivariant localization, and the Duistermaat-Heckman (DH) formula, we are unable to
reproduce the known results in the literature. This question is not really Calabi-Yau three-fold-
specific. Indeed, it applies to all non-compact toric Kéhler quotients. The situation is even
more confusing since there are examples where, upon certain choices, one reproduces the
known intersection matrix as the first regular term in DH expansion (see the example of A,_;
spaces [26]) and there are cases where there is no way to get rid of equivariant parameters
and extract a polynomial in K&hler parameters.

In this work we study systematically the equivariant DH formula on non-compact toric
Kéhler manifolds and explain how to deduce geometric information from it. We use equivariant
volumes as regularized expressions for F(T), so that the role of the cutoff parameter A will
be played by the inverse powers ¢! of the Q-deformation parameters. This is similar in spirit
to the approach of ref. [26]. The crucial new ingredient is the set of difference equations

6
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(shift equations), representing the action of cohomology with compact support on de Rham
cohomology, which we use to extract the finite pieces F5(t) and constrain Fy(t).

In a way, this is similar to the time-tested dispersion relations in quantum field theory,
which are used to constrain the loop contributions to Green’s functions. The ambiguities in
reconstructing the real part of the Green’s function given its imaginary part, which is computed
by lower-order diagrams, correspond to the ultraviolet counterterms. In our story these
ambiguities correspond to the effects of frozen supergravity fields.

We concentrate on manifolds X with non-zero second cohomology with compact support
H czomp(X ), as these are relevant to geometric engineering and our equations are simpler here.
Upon certain (non-canonical) choices, we can solve this shift equation and produce the analog
of intersection polynomials for non-compact spaces. The non-uniqueness of this polynomial
mirrors the relation between Hfomp(X ) and H2(X). The shift equation helps us structure the
full equivariant result in a geometric fashion, without throwing away singular terms. Its
physical meaning is to compare two spaces with the same asymptotics but different values of
Kéhler parameters, in the same chamber, to extract finite data. We also analyze the quantum
mechanical analog of our shift equation and the related semi-classical expansion. In this
context, the difference of partition functions between singular and resolved spaces is effectively
reduced to a quantum mechanical problem on a compact space. We observe that higher-
dimensional compact support cohomologies lead to higher-order difference equations for
equivariant volumes and partition functions. We apply this set of ideas to toric Calabi-Yau
fivefolds, to get the correct classical action for DT theory, in the presence of four-cycles.

Several mathematical works addressed the issue of localization on non-compact spaces,
see e.g. the thesis [27] and references therein, as well as refs. [28,29]. Rather than focusing
on technical details, here we try to isolate a simple phenomenon, which surprisingly was
overlooked in prior literature, by looking at some key examples. This work is thus in the field
of experimental mathematics. Most likely, the action of compact support cohomology on de
Rham cohomology can be extended to the equivariant setting, and one should study the action
of compact support equivariant cohomology on equivariant cohomology [30,31]. We believe
our constructions can be extended to more complex setups, perhaps even to the full quantum
cohomology ring, although the details remain to be worked out, and similarly for the relation
of our shift equations to the chamber structure and wall-crossing.

It may be that our ideas play some role in other generalizations, for example we find some
resemblance between our eq. (6.6) for the conifold and a similar shift equation for resolved
conifold in the context of Gromov-Witten theory [32,33]. In this context it is crucial to push
the Calabi-Yau fivefold picture along the lines we have outlined here, and try to come up with
the appropriate quantum mechanical generalization of higher times.

Plan of the paper In section 2 we set up the geometric framework for toric Kdhler quotients
and discuss applications of DH formula. We stress the difference between compact and non-
compact cases. In section 3 we provide the quantum mechanical description of toric Kdhler
quotients and define the equivariant partition function, generalizing DH formula. We discuss
the corresponding semi-classical expansion of the partition function, stressing the difference
between compact and non-compact settings. Section 4 presents the shift equation, which is a
difference equation for the equivariant volume associated to the action of cohomology with
compact support on de Rham cohomology. We mostly focus on the case of H? cohomology.
In section 5 we go through different examples in real dimension 4, 6 and 10. In section 6
we briefly discuss the cases of cohomology with compact support in higher degree, in two
explicit examples. In section 7 we introduce the notion of higher times for the equivariant
volume. We explain how the higher time formalism can be used to write the shift equations
corresponding to higher-degree cohomology with compact support. In section 8 we illustrate
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the use of higher times for a specific Calabi-Yau fivefold, and apply our techniques to a physically
relevant class of problems, namely the factorization of classical actions in the context of non-
abelian Donaldson-Thomas theory on Calabi-Yau threefolds. This clarifies and extends the
considerations of ref. [19].

An appendix by M. Vergne provides an alternative local proof of the main shift equation.

2 Geometric setup

. . . N
We start with the complex vector space CV with complex coordinates z = (zl)l.zl and constant
Kéihler form in the coordinates g, Z:

N

1 . .
wo == )y dz' AdZ". 2.1
2045

Let T=U(1)" denote an r-dimensional compact torus, and T¢ = ((Cx)r its complexification.

A unitary T-action on CV is determined by an integral map Q : Z" — ZN, with integer-
valued matrix (Q}) fora = 1,...,r,and i = 1,...,N, the charge matrix in the language of
gauged linear sigma models:

gz (e, . elr) 5= (eiQ?’?azi)N (2.2)

i=1"~

where we sum over repeated indices a. The same Q defines the holomorphic action of T on
CN — simply let #,’s in eq. (2.2) be complex. We require that

gedQf =1 foreverya. (2.3)
1

Denote by p = (p' = |zi|2)i\[:1 the map CV — RY. The T-action eq. (2.2) defines the
moment map u : C¥ — R" = (LieT)" by

N
“:Qtr.p :(Ma):l:l , .U,a(Z,é):ZQ?pi. 2.4)
i=1

Fix an r-tuple t = (t%)] _; of real numbers t¢, then the symplectic quotient is defined as
X, =u H(t)/T. (2.5)

For generic t with eq. (2.3) in place, X, is a smooth symplectic manifold of dimension 2(N —r),
with the symplectic form @, verifying:

pro,=i"w,, (2.6)

where p : u~!(t) — u~'(t)/T is a projection, and i : u~'(t) — CV the embedding. Moreover
X, inherits a complex structure from the identification

Xt _ ((CN)Stable/((cx)r ) (27)

where the notion of stability is discussed below. Together, the complex and symplectic structures
make X, a Kéhler manifold of complex dimension d = N —r, and r-dimensional Picard variety,
so that dim H,(X,) = r. For two closeby values t ~ t’, the corresponding manifolds X, and
X, are diffeomorphic, so we can skip the subscript t, if we are only interested in the manifold
structure.
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The symplectic forms @, on X, and @,  on X,/, upon identification of the manifolds, can
be compared. The theorem of Duistermaat and Heckman states that the cohomology class
[@,] depends on t linearly, as long as one does not cross critical values of u.

An important combination of the charges

N
=>q¢ 2.8)

i=1

measure the degree of non-invariance of the holomorphic top-degree form on C¥. If
Q=0 2.9

for all a, then X; is also a Calabi-Yau (CY) d-fold, necessarily non-compact. Specifically, it
means two things:

1. X, inherits a holomorphic (d, 0)-form from the top-degree holomorphic form on CV:

Q=11 tyrdzt Ao AdZY, (2.10)
where
N o
[ 2.11

i=1

are the holomorphic vector fields on CV, generating the T-action.

2. there exists a smooth function f : X, — R, such that the modified Kéhler form:
w=w,+00f (2.12)

defines a Ricci-flat metric:
WOA...ANWXQAQ, (2.13)

with some constant prefactor (which may depend on complex moduli).

Although the Calabi-Yau condition is important for supersymmetry considerations, most of our
discussion below goes through without it.

Choose a one-parameter subgroup of ((CX)N /T¢, acting nontrivially on X;. It defines a
Hamiltonian H, : X; — C

N
H, :Zeipi, (2.14)
where the equivariant parameters €; are defined ambiguously, up to the shifts e; ~ €;+, Qi Aq

with arbitrary A, € C. Such transformations, given eq. (2.5), only shift the Hamiltonian H, by
a constant. We define the equivariant volume of X, by

Fe(t) =J e@e e (2.15)
X,

assuming the integral converges. It can be computed by the integral over the product of CV
and the Lie algebra of the torus U(1)"

f(t)—f dzdz f l_[—exp lpi+i¢a(Q§‘pi—ta)], (2.16)
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where the last factor on the right hand side of eq. (2.16) comes from the integral representation
of the delta-function:

1 +00
5(x) = —J dp e X9 (2.17)
21

—0Q

Integrating out the z variables in eq. (2.16), we arrive at the contour integral

~do, el"Pa
F(t) =f - (2.18)
(iR)" g 27 T, (e + Q%)

and if we close the contour (iR") — C so that the integral is convergent for our choice of t,
then we can calculate it by residues.

In simple cases one can determine the contour C explicitly by requiring convergence of
the above integral. However, with more integrations this becomes increasingly complicated
and one uses the Jeffrey-Kirwan (JK) prescription for choosing the relevant poles [34, 35].
We do not review here the general JK prescription for picking the poles, but we present some
explicit examples below. Assuming the appropriate contour C with JK prescription, we define
the equivariant volume of X by?

T d, et Pa
F(t):= - . (2.19)
©) Cg 2mi l_[IiV:1 (Ei +Q(l~1¢a)

This satisfies the property
Ferqur, () =e "M F (1), (2.20)

which may allow to set some €’s (or their combinations) to zero, and the scaling property
Fre( ) =270 F.(t). (2.21)

If X is compact, then the above integral is regular in the equivariant parameters €’s around
e;=0foralli=1,...,N (i.e., all €’s can be set to zero) and at zeroth order in €’s it gives the
volume of Delzant polytope (up to irrelevant numerical factors), or equivalently the symplectic
volume of X;. Thus for compact X, we have

Fe(t)=py(t)+0(e), (2.22)

with p,(t) a homogeneous polynomial of degree d. This polynomial has a clear topological
meaning as it corresponds (see eq. (2.16)) to the intersection polynomial on H2(X,R), with t
being coordinates on H2. Thus, eq. (2.19) is an efficient way to calculate it.

If X is non-compact, which is the case we are mainly interested in, then F.(t) has poles in
€’s. The scaling property eq. (2.21) together with the definition eq. (2.19) gives

1 o
F.(t)= m(l-i_;l)i(t’E))’ (2.23)

where R; and P; are rational functions in € and polynomials in t, satisfying
Ry(Ae)=A9R4(e), Pi(t,Ae)=AP,(t,e), P(A7't,Ae)=P(t,€). (2.24)

In the literature the main focus was on the most singular term Rgl (€), which is sometimes called
equivariant volume. The less singular terms P;(t, e)REl(e) have not been studied systematically.

3When there’s no ambiguity, we drop the dependence on the geometry X, by writing F instead of 7X. We
denote its dependence on equivariant parameters €; by the subscript index.
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For example, an important question is whether one can extract from P, (t, e)RE1 (€) a polynomial
in t with clear geometric meaning, as for the compact case. Since we cannot set € = 0, there is
no natural way to convert P,(t, e)REl(e) to a polynomial in t. In some special cases, upon a
clever choice of €’s (using eq. (2.20)), P,4(t, e)Rgl(e) collapses to a polynomial in t only. In
other examples this does not work, and there is always a dependence on €’s in P,(t, e)Rgl(e).
It is a goal of this work to explain the structure of P(t, e)REl(e) and their geometric meaning.

3 Quantum mechanical setup

As we said above, the Kihler quotient X = C¥//T has another interesting description. On
. a\N
CN, consider the A € T action 2 +— A -2 := (zl ]_[ a Agl ) v with the same charge matrix Q
=
as before. Given a polarization vector T € Z', let us define the open subset ((CN c CN of
T-stable points: a point 2, is stable if there exists a non-constant polynomial ¥(2z) obeying the
Gauss law:

)stable

v(a-z) = v(x)| [AL", (3.1)

a=1

which does not vanish at z,: ¥(z,) # 0. Then, the theorem states:
X = (CV)™ /T m p2(8)/T, (3.2)

where t = AT for any positive i € R,. The symplectic structure depends on #i, while the
complex structure does not.
More precisely, for integers n' > 0 satisfying Qn' = T“, consider monomials

U, (2) =] [ (3.3)

If we choose t* = AT%, then X = u~(t)/T gets equipped with an integral Kihler form @, /.
We denote by L the associated line bundle on X, the monomials in eq. (3.3) are its holomorphic
sections. They give rise to a basis that is diagonal under the torus H = U(1)N /T~ U(1)V"-
action on X,. One can define the norm ||¥(z)||? on X by choosing an appropriate Hermitian
structure on L (see appendix A for details) and construct the Hilbert space Hry.

Define the equivariant partition function (twisted index, or a character) as

Z(D)=try,q= >, []ar (3.4)

nezl, Qn=T i

which computes the H-character of the space of holomorphic sections of L. It defines a
meromorphic function of ¢ € H¢ (the sum in eq. (3.4) has, typically, only a finite convergence
radius). This corresponds to counting integer points inside a polyhedron.* For compact X,
Z,(T) is a Laurent polynomial in g, so we set g = 1, giving us the dimension Z;(T) = dimHy
of the associated Hilbert space.

Using the representation of periodic delta function, we can rewrite eq. (3.4) as

2,(1) = f S d(geh) T
q - N —
[—im,in]" a=1 2mi l_[ivzl (1 —qie hQ; ¢a)

and to calculate this integral we deform the contour of integration appropriately. The logic is
similar to the one in previous section and we apply the JK prescription to select the poles. The

(3.5)

“There exists a better basis for its description; we present explicit examples below.
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crucial fact is that the contours of integration in eq. (2.19) and its quantum version eq. (3.5)
are the same. It is natural to rewrite the above integral as

r oy ™
ym=cg a1 ) -

with an appropriate choice of contour I' and w, = e "%« Similarly to eq. (2.20), we have

Z g, (T) =" Zy(T). 3.7)

We can rewrite eq. (3.5) as

_i - d¢a et“qba a
Z,(T) = -; jgcl:! 2mi [T e, +Qa¢a)l:[G(ﬁ(e +Q%.)), (3.8)

where q; = e €. If we set x; = €; + Q! ¢, the function

h h hx)?  (hx)*
Gl) = —%_ =4 X, (BT () (3.9)
1—ehx 2 12 720
in eq. (3.8) corresponds to the equivariant Todd class of TX,
cy+c? —ct +4c%cy +cic5+3c2—¢
l_[G(hxi)=1+hC—1+h2 2T 3092 g TR T BT M (3.10)
; 2 12 24 720

where c; are the elementary symmetric functions of variables x;, namely

1 :le., CZZZXin, C3 = Z XXXy (3.11)
i

i<j i<j<k

which correspond to Chern classes. We obtain the semi-classical expansion [36]
7M=L | eoi(147L 42219 Lo 3.12
(D= (1+n5+ 12+()) (3.12)
X

which should be understood equivariantly on non-compact manifolds. If X is compact, then
one can evaluate the integral in eq. (3.8) and set €’s to zero. Since there are no singular terms
in €’s, we keep only relevant terms in eq. (3.8)

dqba 1 (-0 1 (¢p-)""
Zl(T)_hd JC 2mi n’i\’zl(ei+Q?¢a)[ d! "3 21 (d—1)
hz (d) )d -2
12(C1 ) d—2)! +- } (3.13)

where lower powers of ¢ - t do not contribute due to compactness. The expansion above is in
powers of T = t*/H, and # can be absorbed there. Thus the semi-classical expansion of Z,(T)
can be understood as an expansion in powers of T, and large T is the same as i !. So

d
7(T) = ZPoli(T), (3.14)
i=1

with the homogeneous polynomials satisfying Pol;(AT) = APol,(T), and

Poly(T) = pa(T) = Fo(T) (3.15)
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defined in eq. (2.22). This interpretation holds only for compact X, since T control the size of
the finite dimensional Hilbert space. This is well-known for compact spaces (see ref. [37] and
references therein). For non-compact X, this expansion does not make sense, since the Hilbert
space is infinite-dimensional, and we need full equivariance to make sense of Z,(T).

To get the index of Dirac operator, in eq. (3.8) we use

fix
G(hx) = Ty pp— (3.16)
which corresponds to A genus. The two partition functions are related by (cf. eq. (2.8))
1/2 ;
Z)(T) = (l_[q) 2T = 5(@-,Q). (3.17)
1

In what follows we only discuss partition functions built out of the Todd class.

4 Shift equations from compact support cohomology

For a non-compact manifold X, of real dimension 2d, let us denote by H*(X) the standard de
Rham k-th cohomology and by HX _ (X) the k-th cohomology with compact support. We have

comp

the dualities H*(X) ~ H2"K(X) ~ H,.(X), where H,(X) is the k-th homology group of X. The

comp
cohomology with compact support H fomp(X ) acts on H¥(X)
k k k
HN(X) x HE | (X) —» HY(X) 4.1)
by the shifts: (w, Wcomp) ™ @ + Weomp- Moreover there exists a natural map
HE (X)) — HX), (4.2)

which is defined via Poincaré duality for compact cycles. For details see the book [38].
Let us specialize to toric non-compact X. We assume that chomp(X ) is non-empty (for the
empty case, see section 6). We want to describe the maps egs. (4.1) and (4.2) more concretely.

On non-compact X with Kahler form w, we choose a basis for H,(X)

taZJ w, (4.3)
C(l

where C? is a basis in Hy(X,Z). For the actual Kdhler form w, the t should satisfy certain
inequalities. Let us denote by D; the toric divisors and by PD D; their Poincaré dual classes,
represented by closed two-forms. We can write the charge matrix as

f PDD; =Qf. (4.4)
C(I

Let us denote by I those i corresponding to compact toric divisors.> The Poincaré duals

w; = PD D; of compact toric divisors D; generate H fomp. Introduce m! as expansion coefficients

for a compactly supported two-form wqpp, = —m!ew; (here the minus is for later convenience),
o)

f (w—mlew;) =t —Q;’ml (4.5)
C(l
— H?. We call it the vp-map, t — t + 1) - m, given by

P =—(Q]) : Hopp(X) = HA(X), (4.6)

which is a realization of the natural map eq. (4.2) for second cohomology groups.

describes the map H? x H?>

comp

SExplicitly, >, me’ =mye’ =3, m;e'.

i| D; compact "'
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4.1 Shift equation

Our goal is to understand how the equivariant volume F,.(t) defined in eq. (2.19) behaves
under the action of compact support cohomology. The main statement of this paper is the
following shift equation

F(t)—e ™EF (t +-m)=py4(t,m)+ O(e) =regular in €, 4.7)

where m’s correspond to compact divisors and we denote m - € = ZI m'e;, where the sum
runs over compact divisors. The non-trivial content of this equation is that RHS is regular
in €’s, and at zeroth order in €¢’s we have a homogeneous polynomial g 4(t, m) of degree d,
pq(At, Am) = Adp,(t,m). The definition of F.(t) requires the specification of a chamber
in t, thus if we require that t + 1) - m are in the same chamber, then p,(t, m) is a concrete
homogeneous polynomial. If we change chamber, then this polynomial may change as well.
Equation (4.7) imposes constraints on the expansion eq. (2.23): the terms P;(t, e)REl(e) for

i < d depend on specific combinations of t (dim H2 — dim H fomp), as we explain below.

To prove eq. (4.7), consider a compact toric divisor D;, defined by the equation p! = 0, in
addition to the general moment map equations. By definition of compact divisor, the space of
p’s satisfying these equations is compact. Equivalently, if we remove the I-th column from the
charge matrix (Q7), then we obtain the charge matrix of a compact space. Consider

_ r d¢ etﬂd)ﬂ I a
Fo(t)—e ™ FL(t +¢-m)=§> . (1—e™mE@tQddy  (4.8)
‘ ‘ cg 2 [T, (e + Qi o)

and observe that
1 — e~ (e1+Qf $a)

N - Z N ) (4.9)
l_[i:1 (ei + Q?(Iba) I l_[i:Li;éI (Ei + Q?qba)
where dots contain (infinitely many) polynomial terms in ¢, €, and m (starting from the linear
term in m), while at denominator we have the Q-matrix of a compact space. We conclude that
eq. (4.8) is regular in €’s and its zeroth order corresponds to a homogeneous polynomial.
Let us elaborate on the geometry behind our manipulations. We define correlators for toric

divisors (Dj,, Dj,, ..., Dj)

S

k
_ b d
(D;,Dj, -+ Dj,)e —1_1[(61; +Q; W)Fe(t)- (4.10)

These correlators correspond to equivariant volumes of divisors, their intersections, etc. For
example, for one divisor we have
(Di>6 = VOIE(Di) (4.11)

and for two divisors
<D1D]>6 =V016(Dl~ ﬁDJ). (4.12)

These correlators contain singular terms in € unless at least one of the divisors is compact:
(DiD;, -+ D;, ) =regular in €, (4.13)

where D; is a compact divisor. Thus we can calculate intersection numbers from DH theorem
only when at least one of the divisors is compact

<D1Dj2"‘Djd>e = Cljy...j4 +0(e), 4.14)
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where d = dimcX. The analogous object with non-compact divisors only always contains
singular terms in € and there is no natural way to associate intersection numbers to these
divisors within this framework. Using this terminology the shift eq. (4.8) becomes

(1—e ™Dy, = p4(t,m)+0(e), (4.15)

where I runs over all compact divisors. Thus the polynomial p ;(t, m) has the interpretation
1
pq(t,m) =m!voly(D;)— EmlmJ volg(D;NDy)+---. (4.16)

We instead keep all equivariant parameters in place and avoid ad hoc choices, e.g. postulating
a particular answer for the intersection number of non-compact divisors. As we explain below,
we can define intersection numbers for all divisors upon certain non-canonical choices.

Equation (4.7) has a quantum analog, which can be proven in a similar fashion. Take
integer T’s, which belong to some chamber, and define Z,(T) as in eq. (3.6). If we take the
collection of integers M! (with I being a label for compact divisors), then we have the following
quantum shift equation

Zo(T)—Zy(T + ~M)l_[q§‘4[ =P(T,M;q) = a polynomial in q, 4.17)
I

where we assume that T +1) - M are in the same chamber as T, in order for P(T,M;q) to be a
well-defined polynomial. It is crucial that P(T, M;q) is an integer-valued polynomial, namely
it belongs to Z[qy, ..., qy] for any admissible choice of T, M. In examples below we illustrate
some chamber structure issues for PP. Since the pole structure of F(t) and Z,(T) are the same,
the proof of the quantum shift equation is analogous to the classical case.

Let us discuss the semi-classical expansion of the quantum shift equation. Since P(T,M;q)
is a polynomial in g’s, we can set ¢ = 1 and obtain another polynomial in T’s and M’s

d
P(T,M;1)= > P(T,M), (4.18)
i=1
where P;(AT,AM) = A'P;(T,M). The leading term corresponds to
Pa(T, M) = py(T,M) =T "py(t,m), (4.19)

with p,4 being the classical polynomial in eq. (4.7) and t = AT, m = AM. In general, we have
the semi-classical expansion

P(T,M;1) =k (t,m)+ P, (t,m) + A 2P, (t,m)+ -, (4.20)

where the correction P;_;(t, m) is controlled by ¢;, Py_,(t,m) by cf + ¢, etc. Thus we can
also write the shift equation order by order in #.

Let us conclude with an observation. If we pick a compact divisor CD with equivariant
parameter q.p, then formally we can write the partition function as a single infinite sum

Zy(T) = qp, ZEP (T +p - n), (4.21)
n=0

with Z(fD (T) the partition function for a compact divisor (a finite sum). As T + v - n may be

outside of the chamber for T, we have to replace ZLfD (T + 4 - n) with different polynomials for
different parts of the sum over n. Although it is hard to manipulate, eq. (4.21) provides a nice
physical intuition behind our quantum shift equation.
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4.2 Solving the shift equation

Let us discuss how to solve eq. (4.7). From one side, this is an algebraic equation, but we have
to keep in mind the chamber structure in t. Let us assume that t and t + 1) - m belong to the
same chamber (they can also lie on the boundary of the chamber).

Let us start from algebraic aspects. We identified the map ) : R® — R” with certain

components of the charge matrix, where b = dimH Czomp(X ) is the number of compact toric

divisors. Let’s choose a basis t* = 07t“, with a = 1,...,r — b for coker, and a basis t!, with
I =1,...,b for im, where the matrix 1) is invertible. This choice is not canonical. If we
choose m’s such that

Qm' =t’ (4.22)

then the second term in LHS of eq. (4.7) becomes
eMEE(t+1p-m)=e Q@ F (¢,,0). (4.23)
For the sake of clarity, using eq. (2.20) we can set €; = 0 and get
F(t) =Fe(t“,0)+pd(ta,(Q_l)ﬁtJ)-f-O(e). (4.24)

This is a solution to the shift equation, which depends on the choice of bases above. As far as
algebra considerations, all bases are equivalent. However, if we impose a chamber structure,
this is not true anymore. The above solution is valid if the point (t*,0) = (0Jt“,0) lays in the
same chamber (or its boundary) as the original t.

Another way to interpret this solution is to say that we compare the equivariant volumes of
two spaces: one F.(t) for the regular X and another F.(t%,0) for the singular relative of X,
where we degenerate some t in a particular way (staying in the same chamber or its boundary).
By comparing these two equivariant volumes, we obtain the regular term

F(t) = Fo(t%,0) = pg(t* (Q ) t)) + 0(e) (4.25)

and we can interpret the polynomial p, as a generalized intersection for non-compact spaces,
which depends on the choices above. In this representation we see that the singular terms in
F.(t) depend only on t“.

5 Examples with nontrivial H? with compact support

We present explicit examples of shift equations for cases with non-empty H Czomp(X ). These

examples illustrate and clarify our general discussion. We try to be explicit and emphasize
the different possible relations between H2(X) and chomp(X ). To avoid cluttering notation, in
examples we use lower indices for both ¢t and p.

5.1 A;-space
We realize the total space X = Tot(O(—2) — P!) as the quotient of C by U(1) with

Q=(1 -2 1). (5.1)
According to eq. (2.4), momenta satisfy

p1—2pa+p3=t. (5.2)
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This space has one-dimensional H? and one-dimensional H2 __, since it has one compact divisor,
comp

given by X N {p, = 0}. The ¢y -map is non-degenerate in this case. The equivariant volume is

_ | do et
F=9 il P —20) e+ 9) 3

where only poles at —e; and —e5 contribute. For this space eq. (4.7) becomes

F.(t)—e M F (t +2m) =mt +m? + O(e) (5.4)

and since there is no kernel for 1y-map the solution is
1
F.(t)= etEZ/zfe(O)—Zt2+O(e). (5.5)

The partition function
Z,(T) = >, q; a7 gy (5.6)
51,852,530, 57—259+s3=T

satisfies the quantum shift equation eq. (4.17)

M—-1T+2

Z(T)—g¥Z,(T +2M) = P(T,M;q) = Z Z ¢ gbgl s, (5.7)
[=0 s=0

where we assume M to be a positive integer. If we evaluate this polynomial at g = 1, we get
P(T,M;1)=TM + M?, (5.8)

which agrees with the RHS of eq. (5.4) (no quantum corrections).
Since X is the total space of a line bundle, the partition function can be expanded in terms
of compact divisor partition functions

T+2n

Z, (T)—Z:q2 Z q31q3T+2" - —Zq"ZP (T +2n). (5.9)

However, such simple expressions are not available in more complicated examples, for example
for the next example of A,-space.

5.2 A,-space

Consider a four-dimensional X, constructed as the quotient of C* by U(1)? with

1 -2 1 0
Q=(0 L s 1). (5.10)

Equation (2.4) becomes
P1—2py+p3=ty,

(5.11D)
P2—2p3+ps=t,.

This space has a two-dimensional H? and two-dimensional H fomp, with the two compact toric

divisors given by X N {p, = 0} and X N {p3 = 0}. The equivariant volume is

d¢1d¢2 e¢1tle¢2t2
Fut)= : :
D= “2r)? (o1 71— 261+ 2)(es + 1 —26)(es + $2) (512)
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where poles at (—e;,—€, —2€), (—e1,—€4) and (—e3 — 2€4,—€,4) contribute. We get

e—€1t1—(2€1+e)t, e €1t17€4l>

(361 +262 + 63)(261 + 62 —64) N (61 —63 —264)(261 + 62—64)

e—(€3+2€4)f1—€4f2

]:e(t)z_

- 5.13
(—€e; + €3+ 2€4)(€y+2€3+3€4) (>.13)

and we can derive the shift equation
‘/_'-E(tl’ tz) — e_mlez_mZEBfe(tl + 2m1 —my, t2 —my + 2m2)
= tlml+t2m2+m%+m§—m1m2+0(e), (514)

where we assume the chamber t; >0, t; > 0 and t; +2m; —my >0, t, —m; +2my > 0.
In this example the 1)-map is non-degenerate and we can solve this shift equation by

1
]:’e(t) — 6(262+63)t1/3+(62+263)t2/3fe(0, 0) _ g(t% +tyt, + t%) + 0(6) (5.15)
if we choose m; = —%(tz +2t), my = —%(tl + 2t,), which is on the boundary of the above
chamber. The partition function
Z,(T) = >, 0,024y g (5.16)

$1,59,53,54=0,81—255+53=T7,50—253+54=T5
satisfies the quantum shift equation
M; M
Zq(T) _qz 1q3 ZZq(Tl + 2M1 _Mz, TZ _Ml + 2M2) = P(T,M; q), (5.17)

with P a polynomial in q’s, whose concrete form depends on the values of T and M’s. In the
region where T; +2M; — M, > 0, Ty + 2M, —M; > 0 and M7, M, > 0, we have

T, T - -
P(T,M;q) =q;'q;> Y, (420205 V*(qq3a; )", (5.18)
(s9,83)€R
where the region of summation
R = {(55,53) € Z?| 59,55 = 0; 53— 255 < Ty; 55 — 255 < Ty; 55 < My ot 55 < My} (5.19)
has size
P(T,M;1)= > 1=MT;+M>+MT,+M2—MM,, (5.20)
(52753)€R
which agrees with the RHS of eq. (5.14) without quantum corrections. If we further assume
T,—M;+1>0,T; +2M; —M,+1>0and M;,M, > 1, we get

M,—1 Ty—M; +2s

3s+T1+2T5—2k 2s+T,—k
P(T,M;qQ)= D > g 22k gk
s=0 k=0

Ml_]' T1+25

ks 2s+Tj—k 3s+2T;+T,—2k
+Z Zq1q§q3 Vg, TP (52D
s=0 k=0

and its evaluation at g = 1 agrees with eq. (5.20).
Let us comment on the analog of eq. (4.21) for this space. Formally, we can write the
expansion in terms of g, (which controls the compact divisor p, = 0)

oo
Z(T) = q3Z5P(T; +2n, T, —n), (5.22)
n=0

with ZqCD being a finite sum. However, Z(fD is a different function depending on the value of
T, —n. For T, > n, the polynomial Z qCD is the partition function of a compact divisor.
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5.3 SU(3) example

Consider the Calabi-Yau three-fold given by quotient of C® by U(1)® with

1 11-3 0 O
Q=10 01 =2 1 O (5.23)
000 1 —-21

Momenta satisfy
p1+p2+p3—3ps=ty,
pP3—2p4+ps=tj, (5.24)
P4—2ps+pe=t3,
where we assume t; —t, > 0, besides t, > 0 for all a. This example was considered in ref. [19],

where it engineers SU(3) gauge theory with zero Chern-Simons level. Here we clarify a few

points. For this space, H? is three dimensional while Hfom is two dimensional, with the

corresponding compact toric divisors given by X N {p, = 0} and X N {p5 = 0}. Thus this is the
first example when our vy-map has a one-dimensional co-kernel. The shift equation reads

.Fe(t) - e_e4m1_65m2f6(t1 + 3m1, tz + 2m1 —my, t3 —my + 2m2) =

4 3 4 3 1 2 1 2
gml + gmz — Em1m2 — Emlmz

1 3
2 2
+ ml(tl + Etz) + mz(tl —ty + 51’3) + mlmz(tz — tl)
1 Lo
+ ml(tl t2 - Etz) + mz(tltg - t2t3 + 5[‘:3) + O(E), (5.25)
where we require t; — ty > —m; —m, and t3 —m; + 2m, > 0 to remain in the same chamber.
We can approach the boundary in two ways: either by setting m; = —%tl and my, =ty — %tl,

in the sub-chamber t; +2t, —t; >0

F.(ty, to, t3) = e401/3+€sQU=BLIS T (0 0, t,+ 2ty — 1)

3 2 2 2 2
t tlt t-tot t t3 tlt tzt
2_ -2 123 ,2° "3, °3.,0() (5.26)
3 3 3 2 3 2
or by setting m; = _%tg - %tz and m, = —%t3 — %tz, in the sub-chamber t3 + 2ty —t; <0

]:e(tlz t, t3) — 664(t3+2t2)/3+65(2t3+t2)/3F6(tl —ty— 2[’2, 0’ 0)
3 2 2 2 2
t_z_tltz_t1t2t3 t2t3_t1t3 N t2t3
3 3 3 2 3

+0(e), (5.27)

which gives the same five dimensional prepotential g5(t, m(t)). One can also set m; = —%tl
and my = _%tl —_ %tg

1 1
‘Fe(tli tZ? tB) = eE4t1/3+65(t]+3t3)/6fe(0’ t2 - Etl + §t3’ 0)
1
— 2—4(—t{’ + t5(—6ty + t3) + 3t3(2ty + t3) + ty(—4t] —4tyts + 5t§)) +0(e), (5.28)

with the caveat that this choice lies outside of the chamber. The partition function satisfies

Zo(T) =g} @t Z,(Ty +3My, Ty + 2My — My, Ty — My + 2M,) = P(T, M;q), (5.29)

19


https://scipost.org
https://scipost.org/SciPostPhys.12.5.177

Scil SciPost Phys. 12, 177 (2022)

with the polynomial

4 1
P(T,M;1) = g(Mf’ +M3)— E(Mle2 + M M2)
1 3
+M2(T, + 5TZ) +M2(T,— Ty + ET3) + M;My(T, — T;)
1.5 1
+ M (T, T, — ETZ )+ My(T T3 — Ty T + ETB )
1

— §(M1 +M,). (5.30)
Here we see quantum corrections to eq. (5.25), in the last line. In agreement with eq. (4.20), this
has the expected form for a Calabi-Yau threefold, namely P(T,M;1) = P5(T,M) + P,(T, M),
where the quantum correction P; corresponds to genus-one constant map contribution for

topological strings, provided we impose a relation between m and t as above.
Compare with the discussion around Fig. 5 of ref. [21].

5.4 Local del Pezzo 2

Consider the Calabi-Yau three-fold X defined as symplectic quotient of C® by U(1)3, with

111 0 0 -3
Q=1 01 -1 o0 -1]. (5.31)
6011 0 -1 -1

According to eq. (2.4), momenta satisfy

p1+p2+p3—3ps=ty,
D1t P3—P4—Pe=t2, (5.32)
D2 +P3—Ps—Des = t3.

We assume t; —t, —t3 > 0, t, > 0, and t; > 0. This space has dimH?(X) = 3 and
dimH fomp(X ) = 1, the compact toric divisor being X N {ps = 0}. The space of p’s satisfy-
ing eq. (5.32) is a non-compact convex body, whose five vertices are located at

Vi | P3=1t1, pa=t;—ty, ps=1t;—tg,

Vo | po =1t —ty, p3=ty, ps=1t;—tg,

V3 | py =t —t3, p3=t3, pg=1t;— 1y, (5.33)
V4 | P1=1ta, Pp =1t — 1y, ps=1t;—ty— 13,

Vs | P1 =t —t3, pp=1t3, psg=1ty—ty—t3,

with all remaining p’s set to zero. Vertices are connected by edges going from 1-3-5-4-2-1. The
equivariant volume is computed by the residue

3
d¢
Fe(ty, ty, t3) =}5 l_[ 2—7[(11

Ca=1
ef1¢1+f2¢2+f3¢3
, (5.34)
(e1+ @1+ d2)(ex+ @1+ P3)(e3+ 1+ o+ P3)(es— P2)(€5s — P3)(€6— 31 — P2 — P3)
where we take poles at the flags (¢q,P1,¢3) = (€4,—€1 — €4,€61 + €4 — €5),
(2,91, 93) = (e4,—€1 — €4,61 — €3), (¢3,¢1,¢2) = (€5,—€3 — €5,65 + €5 — €7),

(¢3, b1, P2) = (€5,—€5 —€5,€5 — €3), and (Py, P3, P1) = (€4, €5,—€3 — €4 — €5), the last one
with an extra minus sign. The shift equation reads
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Fe(t)—e M6 F (t;+3m,ty +m,t3+m) =
% (m(t% —t2—t3)+m*(3t; —ty—t3) + gm3) +0(e), (5.35)
where we require m > ty + t3 —t;, m = —t, and m = —t5. The quantum version reads
Z(T)—q Z,(Ty +3M, Ty + M, T3 + M) = P(T, M; q), (5.36)

with the polynomial

7 1 1 1
P(T,M;1) = gM3 + 5M2(3T1 —Ty,—T3)+ 5M(Tl2 —T;—TH— gM . (5.37)

We see again a quantum correction in the last term.

5.5 (O(—3,-3) over P? x P?

Consider the total space of the O(—3,—3) bundle over P? x P2. This Calabi-Yau five-fold X is
realized as the quotient of C” by U(1)? with

111000 -3
Q‘(o 00111 —3)' (5.38)

p1+p2+p3—3p;=ty,
P4+ ps+ps—3py=t,.

This space has two-dimensional H? and one-dimensional H Czomp, with the corresponding compact

divisor given by X N {p, = 0}. The shift equation reads

Momenta satisfy

(5.39)

.Fe(tl, tz) - e_m67f6(t1 + Bm, ty + 3m) =
81 27 3 3 1
—m’+ =m*(t; + t) + Zm3(t§ +4ty by + )+ ZmZ(tltg + i)+ th%tg +0(e),

20 8
(5.40)

where we assume t; >0, to >0 and t; +3m >0, t, + 3m > 0. By choosing m = —%tl, which
lies on the boundary of the chamber, we obtain

5 4 3.2

£t g

Fo(ty,ts) = e 3 F (0, ty—t;) — — +

—_—. 5.41
360 72 36 ( )

One can also produce a solution symmetric in t; and t,, with the caveat that this choice of t’s
does not lie in the same chamber as the one we started from.
We can also introduce the partition function

dWldWZ
Z(T;,T,)) = ———2—
o1, T2) (2mi)2wywy
—T, —T,
M1 W ——— (5.42)
(1—qiw1)(1—qaw1)(1 —gsw1)(1 — q4w2)(1 — gswo)(1 — gew2)(1 — gywi~w,”)
and the quantum shift equation is

Zy(Ty, Ty) — q’7WZq(T1 +3M,Ty+3M) =P(T;, Ty, M;q). (5.43)
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For M > 0, the polynomial takes the form

M-1

dwidw
P(leTz,M§CI)= Zq‘; : 2
s=0

(2mi)2wywy

—T1—3s_. —Ty,—3s
1 )

(1 —qw1)(1 —gowy)(1 —qzwy (1 —quwy)(1 —gswy)(1 —gews)

(5.44)

A direct calculation gives

— T1+3s T1+3s—1 Ty+3s To+3s—p

T1+3s—1— Tr+3 k
P(Ty, To, M3 q) = Zq7 Z Z ¢iq5a T Z Z ahqkq TP (5.45)
p=

Using the elementary identities

Zn:s _ nn+1) , Zn:sz _ n(n+1)(2n+1)

s=1 2 s=1 6

Srp_rn1f S nlnt 1(2n+ DEn +3n—1)
4 30

(5.46)

we can calculate

—1T1+43s T1+3s—1 Ty+3s Ty+3s—p
IO
0 p=0 k=0

M
7D(Tls TZ)M; 1) =

s=0 (=0 m= =
1M—1
=2 ((T2+3T, +2)+35(2T; +3) +952)((T2 + 3T, +2) + 35(2T, + 3) + 95%)
s=0
81 5 27 4 3 2 2 2 2 2 272
—2—0M +§M (T1+T2)+4M (Ty + T, +4T1T2)+4M (TyTy+ T, T)) + — MT T,

15 3
- ZM3 - EMZ(T1 +Ty)— —M(T2 +T2)— ZMTl T,

7
+—M. (5.
10 (5.47)

The different orders of this polynomial are controlled by the semi-classical expansion of the
Todd class in eq. (3.10). The fifth-order line corresponds to the classical contribution in
eq. (5.40). The forth-order is absent due to Calabi-Yau-condition (c¢; = 0). The third-order line
is controlled by ¢, and the second-order line is absent due to Calabi-Yau-condition (since this
term is controlled by c;c,). The linear term in the last line is controlled by 3c§ —Cy.

6 Examples with higher compact cohomologies

2
In section 4 we derived the shift equations for non-empty H omp

(X) = Hy4_5(X) and in section 5
we provided examples of that situation. There are cases when H Czomp(X ) vanishes, but higher-

degree cohomology with compact support does not, e.g. Hfomp(X ) =Hyy_4(X) #0.
In this section, we concentrate on the case of non-zero Hjom (X), assuming H Czomp(X )=0
We make a few observations, although a few aspects of this story are still unclear to us.
We inspect all intersections of two toric divisors D; and D;, and those intersections that
are compact generate H(‘:‘omp(X ). Let us assume that the intersection of divisors D; and D; is
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compact, for some fixed I and J. This means that, if from the charge matrix (Q}) we remove
the I-th and J-th columns, then we obtain the charge matrix of a compact space. We can then
repeat the procedure from section 4.1, but removing two columns in Q-matrix. We get

fe(t) melf- (ta —m EJI_- (ta QJ J)+e —mle;— mle- (ta Qam _QJ J)
% [ ]%2e 91— e i1 — Oy
Ca=1 2mi i:l (ei +Q?¢a)

where we do not sum over I and J. We obtain regular expressions in €’s, since in denominators
we effectively have the charge matrix of a compact space. The novelty is that we get a second-
order difference equation. We can write

F.(t)—e™CF(t +4 -m)—e TEF(t +) 1)+ e ™WEEL (¢ +p - m+p - 1)
=pq(t,m,m)+0(e) =regularin e, (6.2)

where m and 1 correspond to fixed toric divisors D and D that have a compact intersection
and g is a polynomial.® Analogously, one can derive the quantum version of second-order shift
equations, and discuss quantum corrections. We are not going to write explicit formulas, as
they are straightforward by now. At this point, we do not understand the geometric meaning
of these second-order shift equations. We provide a couple of examples below.

Let us comment on the analog of eq. (4.21) for the present case. If we fix two divisors D;
and D; such that their intersection D;D; is compact, then we have the expansion

Z(T)= Y q5 qf Z2P/ (T +4p - n+1p-m), (6.3)

n,m=0

where qp , qp, are equivariant parameters corresponding to divisors D; and D; and Zf 1P (T)
is formally the partition function of the compact intersection of divisors D;D; and thus it is a
polynomial. However, in the above sum Zf 1PJ can be a different polynomial for different parts
of sum, due to chamber issues related to the values of T+ - n+1) - m.

6.1 Resolved conifold

The simplest example X with empty H Comp(X ) and non-empty H COmp(X ) is the resolved conifold.

This Calabi-Yau three-fold is the resolution of the conifold singularity in C*, and it corresponds
to the total space of O(—1) ® O(—1) — P'. For this space H Comp(X ) = H4(X) is empty, and

comp(X ) = H,(X) is one-dimensional.
This X is the quotient of C* by U(1) with Q = (1,1,—1,—1). Momenta satisfy

D1+Pa—pP3—Dp4=t. (6.4)

The intersection of divisors X N {p; = 0} and X N {p, = 0} is compact, and by Poincaré duality

it generates H? comp (X). The equivariant volume is

o1t e—€at
F.(t) = + . 6.5
() (ex—€1)(es+e1)(es+€1)  (e1—€r)(e3+€x)(e4+€5) (6-3)

Equation (6.2) becomes

F(t)—e M3 F (t+m)—e M4 F (¢t + W) +e T (6 + m+ 1)

1 1
= tmm + Emzm + 5mrﬁ2 +0(e). (6.6)

With slight abuse of notation, we use the same letters p and P for the higher cohomologies.
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There is no natural way to solve this equation, if we want to stay in the same chamber t > 0.
The partition function

Zy(T) = > 7}q5q5d, 6.7)
s,n,k,[=0,s+n—k—I=T

can be rewritten as

e T+k+l oo 0 )
Zq(T) =ZZ LD Gatt =0 akdl )l (THk+D), (6.8)
=01=0 s=0 k=01=0

which illustrates the statement in eq. (6.3). One can derive the quantum analog of eq. (6.6)
Z(T)—q¥ Z,(T + M) — g Z(T + 1) + q¥ g Z,(T + M + 1) = P(T,M, M;q),  (6.9)

where T, M, M are integers and P is a polynomial in ¢’s,

S
El

-1
P(T,M,M;q) = nggzgiqz(T+k+l) (6.10)

o
Il
o
—
Il
o

such that 1 1
P(T,M,M;1)=TMM + 5MM2 + EMZM, (6.11)

which agrees with the RHS of eq. (6.6). There are no quantum corrections.

6.2 Calabi-Yau four-fold

As another example X with empty H2__ (X) and non-empty H* _ (X), consider the Calabi-Yau

comp comp
four-fold given by the quotient C®//U(1)? with
1100 -1 -1
Q‘(o 011 -1 —1)' (6.12)

Momenta satisfy
P1t+P2—Ps—Pe =11,
P3+P4—Ps—Pe=tl2-

It has empty He¢(X) =H Comp(X ). However, H4(X) = Com (X) is one-dimensional, generated
by the intersection of divisors X N {ps = 0} and X N {pg = 0}. The equivariant volume is

(6.13)

d¢1d¢2 e¢1tle¢2t2

(27i)? (@1 +€1)(P1+€x)(€5— P1— Do) €6 — 1 — P2)(o + €3) (P2 + 6(%)1'4)

]:e(t) =

By a direct calculation, we can derive the second-order shift equation

fe(tl, tz) - e_mesfe(tl + m, t2 + m) —_ e_me6./_"6(t1 + ﬁl, tz + ﬁl)
+e MM (t +m+ W, ty +m+m)

1 1 1
= minty £y + (6 + t,)(mim? + m*m) + Emzrﬁ2 + §(m3ﬁ1 +min®) +0(e). (6.15)

We are not sure how to analyze this equation. The partition function

Z (Tl,Tz)_Z(;;;qsq6 L(Ti+k+DZE  (Ty+k+1) (6.16)
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satisfies the quantum analog of eq. (6.15)

Z(T)—qM Z,(Ty + M, T2+M)—qg7fz (T1+]\7[ Ty + M) +qM g Z (T + M + M, Ty + M + 1)

= P(Ty, Ty, M, M5 q) = Z(:) Z): gty z8  (Ti+k+DZE (T +k+1), (6.17)

where P is a polynomial in ¢’s, and M;, M, are integers. If we evaluate it at ¢ = 1, we get
P(T, T, M, M;1) =
Y 1 o2 27 oo, 1rae 73) 4 2oy
MIIT, Ty + (T + T,)(MAT? + M?31) + SMPN + 5(M W+ MI®) + SM, (6.18)

where the last term corresponds to a quantum correction.

7 Higher times

So far we concentrated on the equivariant volume F,.(t), as defined in section 2. We can also
insert under the integral monomials Mony(¢) of degree k in ¢

§ e’ %<Mony(¢)
Ca=1 27‘[1 l_[ 1(6 +Qa

which can be interpreted as insertion of the equivariant class (Gyy + - - - + Gg) of degree 2k
in the DH formula on X. These integrals are calculated in the same fashion as we discussed

previously (i.e., keeping the same integration contour as before). To encode these classes, it is
convenient to define a generating function for higher times

d¢a exp(ta¢>a + tabd)ad)b)
Fo(t; 6@ é :
( ) Ca=1 2mi l—[i\le (ei + Q?‘Pa)

3 = J e“tH(Gy +---+Gp), (7.1)
X

(7.2)

where we introduced higher times t?) (the generalization to other times t ™ is straightforward).
The generating function F_(t; t?) satisfies many relations, e.g.

0 9 @)y _
G1aacb  Fab F(t;t'“)=0 (7.3)

and at first it may appear to be a redundant object. However, as we explain in next section, in
some special setting it can lead to interesting results.

The generating function with higher times can be used to write shift equations corresponding
to the action of higher compact support cohomologies. Let us concentrate on H Comp(X ), as the
generahzatlon to higher cohomologies (higher times) is straightforward. For X with non-empty
(X), we follow a similar route to the previous sections, and write

COInp

J___e(t’ t(z)) . emIJEIEJ.Fe(ta + GJQ?mIJ + engmIJ; tab + Q(IIQ?mIJ)
= polynomial in (t, t@:m@)+0(e), (7.9

where we are allowed to sum over pairs (I,J) such that divisors (D;, D;) have a compact
intersection. This is an important difference compared to eq. (6.1). It is useful to extend the
definition of 1y-map to higher times:

(I tab s pab 4 ZQ‘}Q’}m” (7.5)

I,J
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so that we can rewrite eq. (7.4) as

Fo(t; t®)— ee'm(z)'e}'e(t +-(e- m®); @ 4+ P - m®) = polynomial in (¢, t@:m)+0(e).

(7.6)
To prove this equation, it is enough to analyze the pole structure of the LHS and observe that
the problem becomes compact. The main difference with our previous discussion of Hfomp in
section 6 is that the equation with higher times is a first-order difference equation while the

shift equations in section 6 are second-order difference equations.

8 Calabi-Yau five-folds and factorization

The construction in this section is motivated by the study of the classical action for higher-
rank Donaldson-Thomas theory [19]. Consider the Calabi-Yau five-fold realized as the prod-
uct CYs = CY; x A,_; of four-dimensional A,_; space and a toric Calabi-Yau three-fold
with non-empty H2__(CY3) ~ H,(CY;). For CYs, Hg(CYs) = (CYs5) is empty, but

comp COI'HP
Hg(CYs) = Comp(CYS) is non-empty.
Our CYs is toric and it comes from the quotient
CY5 — CY3 XAn—l — Cr+3//U(1)r (Cn+1//U(1)n 1 _ (Cn+r+4//U(1)n+r 1 (8.1)

where we use the same notations as before. To distinguish the two factors, we put tildes over all
objects for A,_; space. The CY; has compact divisors {p! =0} for I =1,...,dimH2__(CY3),

f . comp
whileA,_4 has compact divisors {p! =0} forI =1,...,n—1. Therefore, on CYs the intersections
of divisors {p! = 0} N {p! = 0} are compact and generate Hfomp(C Ys).

The equivariant volume of CY5 is
} d L4 9+ s
‘Fec:?(t’ t)= f l_[ 2¢a 2¢a r+3 - n+1 ) (8.2)
m g 27 [T (e + Qi) TTE (& +Qia)

Following ideas from section 6, we could write a second-order difference equation for
Ys(t t) corresponding to the action of Hjomp(CYs). Instead, we define the equivariant
Volume with higher times as outlined in previous section. We only turn on the off-diagonal

higher times, with legs along compact divisors of each factor. The explicit form is

Feh(t,E 4 -m® _jﬁ d¢a 4
. ( ’l/) m'<’) l_[ 2771 1 27-“ l—[r+3( +Qa¢ )l—[n+1(~{+Q?q§d)

ol bt datm Q)b 6

, (83)

where we introduced higher times m®. This object is well-defined if we use the standard JK
prescription for each factor. Using eq. (7.4), we can write a shift equation, which is controlled
by H* (CYs):

comp

&:mld CY FCY: b
e€IEim ]_-eés (ta+mUQI€ i +m”QbeI, IJQaQb) ees(ta,fb,O)

= polynomial in (¢, f; m®) + 0(e, €), (8.4)

which can be derived by analyzing the pole structure of LHS, as in our previous discussion.
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To simplify our discussion, we set ; =0 and €; = 0 (for all compact divisors of CY; and
A,_1).” If we also set f = 0, we are left with

a a FAD %
CYS(t O ’l/) m(z))_é l_[d¢a i i):p(t ¢a+Q (m il J¢ )¢ )
o [ [T (e + Qi) T (& Q26

, (8.5)

where higher times mtJ Q? can be thought of as Kéhler parameters on A,_; with an extra label
corresponding to compact divisors of CY;. The explicit evaluation of eq. (8.5) gives

n
1
FEE(,05p-mP) = o oy Fe (e —y-HP) (8.6)
’ — SP gsp

as a sum over fixed points of A,,_; space, where (e(p ) el )) are local equivariant parameters at
fixed point p (see Appendix A.2 in ref. [19]) and H? is the value of a family of A,,_; Hamiltonians
(parametrized by compact divisors on CY3) at point p. These are defined in eq. (B.8), and their
relation to m® is given by the change of basis

m[jQz} = (n=d+1) _ I(n—ad) (8.7)

To make this map one-to-one, we impose the condition Z;Zl a!P = 0 for every I. Switching

from m®’s to a’s makes formulas simpler (this is the standard trick relating su(n) Cartan matrix
to the diagonal u(n) Cartan matrix).
Rewriting eq. (8.4) for this case, we get

FLE(,050p - m@) = FEE(E,0;0) = PE5(£;mP) + O(e, €) (8.8)

and our goal is to calculate the polynomial P¢Ys in terms of CY; data.

8.1 C(CY;data

We recall some facts about toric Calabi-Yau three-folds and set the notations for further discus-
sions. Let CY3 be a toric Calabi-Yau three-fold (d = 3) with non-empty H Czomp(C Y3). Expanding

in powers of # the difference of volumes at T and T +1) - M, using eqs. (3.8) and (3.10), we get

[ obt _ obetrpm) 2
%q [La" 1+—c,+0(" |.
2mi [1;x: 12

The Calabi-Yau condition implies ¢; = >} x; = > €l, so ¢; and cf are O(e) and O(e?), respec-
tively; being independent of ¢, they factor out of the integral, and contribute higher orders in
f, since eq. (4.7) implies (here we set €’s to zero along the compact divisors)

PCYs (T, M;q) = = § (8.9)
Ca

fECY3(t) — f£Y3(t + 1) - m) = a cubic polynomial P§Y3(t, m) +O0(hh). (8.10)

That’s because O(e) terms come with higher-degree polynomials in (t, m). We denote by PPC, 3;3
the part ofP * of degree pin t and q in m, with p+q =3

Py (t,m) =P CYg(m)+7DCY3(t m)+7>§§3(t m)

= Apgem'm’m" + By tm'm’ +Cab1tatme (8.11)

This is without loss of generality, as they can be turned back on using eq. (2.20). We also keep denoting the
subscript indices in F in the same way, with the understanding that some of the €’s may be zero.
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and clearly PBC’ 3)/3 = 0. If we define

1 rdg, et
CCY(t) = —§ —ra Cy (8.12)
€ 12 Cal:! 2mi 1. x;
then this satisfies
CECY3(t) — CECY3(t + 1) - m) = a linear polynomial 771CY3(m) +0(H?) (8.13)

and P; is a function of m only. So we get

Py (t, m) . P (m)

(T,M;q) =
P*3(T,M;q) = =

+O(R). (8.14)

Taking the limit i — 0, with fixed T = t /i and M = m/h, we get eq. (4.20),
PEB(T,M;1) = Py (T, M) + Py (M), (8.15)

As we explained in section 4.2, if we evaluate Pg Ys(t, m) at some specific m’s, we obtain the
analog of triple intersection on CY3, which is a genus-zero contribution from constant maps in
Gromov-Witten theory. Evaluating PIC Yg(m) at the same m’s gives the genus-one contribution
from constant maps in Gromov-Witten theory. As we explained, these objects are not unique
but instead depend on some choices.

8.2 Shift equations for CY;

We calculate P¢%(t;m®) in eq. (8.8) in terms of CY; data. Combining eqs. (8.6) and (8.10),
we obtain

n n
1 1
FoE 059 -mP) = s FE() = ) =Py U, —HP) + 0(e).  (8.16)
p=1€&4 &g p=1€&4 &g

Observing that the first term in RHS is ff?S(t, 0;0), we get

n

1

PCYS(t;m(Z))Z—Z WP?,CYS(L—HP)- (8.17)
p=1€4 &5

We can write this more explicitly
!
PO (t;mP) = > ———— (A HPH/PHK? — Byt HPHIP + C o t/tPHP) . (8.18)

) 8‘(‘p)ggp)

Next we use some combinatorial properties of A,_; space (see appendix B here and appendix
C in ref. [19]), to obtain

n n
CY-: CY- CY- CY-
FEE(t,059p - m®P) = FEE(£,050) + ZPL;(t, aP) + gZPO;(aP)
p=1 p=1

€ CY.
t5 ; Pos’(@?—aP)+0(e), (8.19)

where g and € are combinations of equivariant parameters on A,,_; (see appendix B).
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8.3 Factorization in higher rank DT theory

In this subsection, the discussion is within the context of the work [19], where we studied
rank n K-theoretic Donaldson-Thomas (DT) theory on a toric threefold CY5 and we conjectured
certain factorization properties for the classical action of this theory. As a corollary of eq. (8.19),
we show this factorization property for any toric CY; with non-empty H fomp(C Y3). We apply
our previous discussion to prove equality 5.29 in ref. [19] (see also appendix C there). We

define the classical action for U(n) DT theory® on CY; as

CnFR()

u(a; 8,t) = (ne/2f— g2

+ZPCY3(t aP)+gZ7D§§3(aP) chs(t), (8.20)
p=1

where the last term is defined in eq. (8.12). We drop the dependence on partitions K, A, which

is irrelevant to our present discussion. In the context of DT theory, g and € can be regarded as

couplings, but they are related to the CY3 €’s in a natural way: if one takes into account the

Calabi-Yau-5 picture, then g and ¢ are specific combinations of equivariant parameters of the
A,_; part of CYs. The equality we want to prove is

n

) € CY. L1) — .
(a3 8,6)+ 5 > P00, —afi 1) = 3 (058 ty), (8.21)

q<p p=1

where PC¢¥3(0, agp; 1) is defined in eq. (8.15), and it corresponds to perturbative contributions
in ref. [19], where we denoted it by |P,|. In eq. (8.21) we set (no summation over p)

€ €
th=t+1-(g,a +-0P), g,=g+-(n+1-2p), (8.22)
2 2
where we use notations from appendix B and ) corresponds to the 1-map for CY;. Equa-

tion (8.21) describes factorization of U(n) gauge theory on CY3 into copies of U(1) theory.
To prove eq. (8.21), we combine egs. (8.13) and (8.19)

n CY-
nF; 3 (t) n
Zul(o;gpa th)— e—gz + ECECYB(t) =

4 (ne/2)? —
5> CY3(aq—ap)+gZ CY3(ap)+ZPCY3(t ap)+Z77CY3(gpap+ —0,)+0(e).
q<p p=1 p=1
(8.23)

Using eq. (8.14), namely

D> P00l —af;1) = > Pyt al —aP)+ > P (al — of) (8.24)

q<p q<p q<p

we obtain eq. (8.21) up to order O(e). If we choose the truncated ﬁec Y3(t), which satisfies the
shift equation exactly, then

FEO(t) = FCB(t +4p -m) = P (e, m) (8.25)

and using .7:"5 Yg(t) in eq. (8.20) as classical action we get eq. (8.21) exactly. As described in
section 4.2, upon certain choices one can solve the shift equation: for example, we can choose
as .7-"€C Y3(t) the polynomial g 4(t%, (Q_l)f, t7) (see section 4.2 and the examples in sections 5.3

8We previously set Y. a =0, so we are actually dealing with SU(n) theory. Equation (8.21) below is also valid
modulo ) a terms.
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and 5.4). Alternatively, we can keep the singular terms in €’s together with p 4(t,, (Q_l)“[’ t;)as

part of .7:"5 “3(t), and this still satisfies the shift equation exactly.

In ref. [19], the numbers a’P were assumed to be integers. In the present context the
integrality of a’P does not play any role, although we used the semi-classical expansion for
CY;. Understanding this better would require embedding the Calabi-Yau fivefold picture into a
quantum mechanical framework. At the moment, we do not know how to do this consistently
in the presence of higher times.

8.4 M-theory interpretation

The classical action u,(a;g,t) is related to the equivariant volume with higher times
fec?(t,o;'llj -m®), defined in eq. (8.3) for CYs = A,_; x CY; (many arguments here can

be extended to generic toric CY5). They differ by the semi-classical part Cec Y3(t) and the
perturbative part of DT theory. We discuss a possible interpretation of ]-"EC? as equivariant
Chern-Simons term in M-theory, as anticipated in eq. (1.10). On CYs, the object

FLB(t, Ep.mP) = J e04tG2%Go (8.26)
CYs

corresponds to the exponent of some equivariant form
(d + Lv)(G4 + Gz + Go) =0. (8.27)

The choice of times (t, £, m?) is related to the choice of equivariant forms of degree 2 and 4.
With polar coordinates (r, ¢) on the disk D?, there is a natural action of 94 +v, with v being
the toric action on CYs, and the equivariant form eq. (8.27) admits a lift to D? x CYs

(d+1g, +1,) (G4 + Gy —d(Gyr?de) + Go(1—1%)) = 0. (8.28)

We can deform this lift, while preserving its class in equivariant cohomology, to some abstract
equivariantly-closed form G + G® 4+ G on D? x CYs, whose exponent provides the natural
equivariant extension of the CS term. As the only fixed point on the disk is its center, by
localization we have

FEE(t, B p.m@P) = J exp(G¥ +GP +G?), (8.29)
’ D2xCYs

which makes eq. (1.10) into a fully equivariant object.

If we restrict eq. (8.28) from the disk to its boundary, then on S* x CYs the zero-form part
vanishes and the conditions for four-form and two-form parts coincide with the conditions on
11d supersymmetric solutions in ref. [39]. The two-form is constructed there as Killing spinor
bilinear. This simple observation suggests a deeper relation between equivariance and 11d
supersymmetric backgrounds, which deserves further study.

9 Conclusions

This work was provoked by ref. [19], where we tried to calculate triple intersection numbers for
non-compact toric Calabi-Yau manifolds using DH formula. We were unable to reproduce the
known results from the localization calculation. In this work we address this puzzle and suggest
a framework to extract the intersections numbers using equivariant DH formula for non-compact
toric Kdhler manifolds. Unlike the compact case, for non-compact manifolds we cannot turn
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off the equivariant parameters and extract easily geometrical data from the answer. Our main
insight is that the full equivariant symplectic volume satisfies a difference equation (we refer
to it as shift equation), which is controlled by the action of compact support cohomology on
de Rham cohomology. Upon certain non-canonical choices we can solve this equation and
extract the intersection polynomial. We also consider the quantum mechanical analog of shift
equations and go through a number of explicit examples. As a byproduct, we prove a result
about factorization of classical actions in the context of non-abelian Donaldson-Thomas theory
on Calabi-Yau threefolds (conjectured in ref. [19]).

9.1 Future directions

Physically, it would be important to investigate further the 5d theory deformed by Calabi-Yau
internal isometries, and the role of the equivariant volume (or some related quantity). Since
extracting the intersection polynomial requires some non-canonical choices, it is suggestive
that in the context of string theory the full equivariant symplectic volume of a toric Calabi-Yau
threefold should be taken seriously and equivariant parameters should have a clear physical
interpretation.

Mathematically, it would be interesting to extend our results to the quantum cohomology
ring, and the study of Gromov-Witten invariants in the equivariant setup, without making ad
hoc choices for the equivariant parameters.
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A Norms and quantum Kiéhler potential

We collect some facts about norms of states on Kihler quotients. On CV define the norm

N
w2 = J [ a2 1w(@)pRe i S B, a1
CN =1
where the state ¥ is a holomorphic function of z, or a monomial if we want it to be diagonal
under all U(1) actions. If we choose a ¥(g) that satisfies Gauss law, see eq. (3.1), then it
descends to the quotient and it is interpreted as a section of the appropriate bundle. Let us see
what happens to eq. (A.1) in this case. Under the integral in eq. (A.1), we can insert

-
f [ Tave detl > Q2Q¥ (@Y p)llo [ [5Cut (e p)— P = 1, (A.2)
a=1 i b
where u?(p) is defined in eq. (2.4) and we use the shorthand notation

r
eQ,-vpi = l_[ eQ?Vapi (A.3)
a=1
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suppressing the index a when possible. We also introduced the real auxiliary variables V,,. Then
we can do the change of variables e~ p — p under the integral. Assuming that ¥(z) satisfies
eq. (3.1), we obtain

N
||\If||2=J [ [d%" e(z)Pe ™ @ det|| > Q¢ pille | 6P @)-1Y), @4
CN =1 i b

where K, is defined as

1 .
e Ko@) ::Jl_[dVaexp[—EZeQinl+TaVa+ZQ‘l.1Va . (A.5)
a i i

The last term in the exponent comes from the change in the measure and it is zero for Calabi-Yau
quotients. By construction, eq. (A.4) gives a well-defined integral on the quotient with the
appropriate Kihler form. To understand global issues, one can check that under (C*)-action

i (A-2) =21, AS? complemented by
V, = V,—(logA, +1ogA,) (A.6)

the potential K,(p) transforms as
Ky(p) = Ko(p) +(T+ > Q%)(log A, +10g A,). (A7)

This Kédhler potential only agrees with the standard Kahler potential on the K&hler quotient [40]
at leading order in the semi-classical expansion. The proper geometric and physical meaning
of this quantum Ké&hler potential is not clear to us at the moment. In this appendix we just
wanted to demonstrate that one can introduce an appropriate finite norm for the states that
are diagonal under U(1) action on non-compact toric spaces.

B Conventions for A,_; space
This appendix recalls some definitions for A,_; space, for a more detailed treatment the reader

may consult Appendix A in ref. [19]. The space A,_; is C"™!//U(1)"}. On C**! we set to
zero all é’s corresponding to compact divisors and keep only

84=€1, Eg =én+1. (B.].)
For p =1,...,n, we define equivariant parameters at fixed point p
egp) =(n—p+1es+(1—p)es, egp) =(p—n)ey+ pes. (B.2)

By DH theorem, the equivariant volume is
n HP
e
vol(A,_;) = E OROE (B.3)
p=184 &5

where HP? is the value of Hamiltonian at fixed point p. One can compute

n—p p
HP =g, > jtc+e5 > (k— 1) 1, (B.4)
k=1 k=1
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where the (n — 1) parameters t correspond to the values of eq. (2.4), as described in Appendix
A of ref. [19]. Introduce a? such that

TP =Pt — P, (B.5)

This map is not invertible unless we add an extra condition. It is natural to require

Z aP =0. (B.6)
p=1

One can check that egs. (B.5) and (B.6) provide an invertible map between t and a’s. Using
eq. (B.3) with the values of H? in eq. (B.4) expressed in terms of a’s, we get

vol(A,) = — @+ S S o —aty S)Z(ap)3+0(e2) 5.7
1

p<q
Let us write HP in terms of a’s
€
HP = —Eap(a)—gpap, (B.8)
where we used eq. (B.6) together with the map
oP(a) —Za — Z o (B.9)
s=p+1

and we defined (from the point of view of this paper)

2
€ —84+85—8£rp)+8§p), €4—€=:—g (B.10)
n
so that
¢ (p) (p)
g :=g+5(n+1—2p)=—4 T (B.11)

C Appendix by Michele Vergne

C.1 Shifts in equivariant integration

N. Nekrasov, N. Piazzalunga and M. Zabzine (NPZ) discovered a shift equation for equivariant
volumes of a family of Hamiltonian manifolds X,. The motivating example is: X = CY with
standard action of Ty = U(1)" and X, the family of non compact toric manifolds arising by
reduction with respect to an action of a subtorus T. Their proof uses an integral representation
of the equivariant symplectic volume via Jeffrey-Kirwan residues. We outline a proof of this
shift equation in a more general context, using equivariant cohomology arguments. We give a
simple example in the last section, making explicit the cohomological arguments used.

We slightly changed notations, and stick to the notations of [41] (Chapter 7) for equivariant
cohomology, so let us describe our setting.

Let Ty = U(1)N be the standard N dimensional torus, with Lie algebra Lie(Ty). We denote
by € an element of Lie(Ty). We write € = Zflzl €;p' where €; € R are reals. Let X be a
Ty-Hamiltonian manifold, possibly non compact, with symplectic form «w and moment map
i : X — Lie(Ty)*. The equivariant symplectic form is w(e) = w+([i, €) and satisfies D, cw(e) =0
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where D, = d —t(ex). Here t(ey) is the contraction by the vector field ey associated to the
infinitesimal action of € on X.

Fix T = U(1)", and consider an injective homomorphism T — Ty. Denote by
U : Lie(Ty)* — Lie(T)* the corresponding surjection. So the moment map u : X — Lie(T)* for
the T-action is Wfi. If t is a point in Lie(T)*, then u~*(t) is stable by the action of Ty. If tis a
regular value of u, then Lie(T) acts infinitesimally freely on pu~!(t). Thus X, = u~!(t)/T is an
orbifold with a Ty /T action, provided with a symplectic form w;. Its (real) dimension d is the
even integer dim X — 2r. The equivariant symplectic form of X, is w¢(€) = w; + (i(m), €). One

defines
1 . 1 L.
Ft) = — iwge) — __ — iy ,i{fi(m),e) .
() (2im)d/2 Lte (2im)d/2 JXte e

If Gi(m) growths sufficiently fast at oo, then F,(t) is well defined as a generalized function
of €. This is verified in the case X = CN considered by NPZ. When X, is compact, the value at
e = 0 of F(t) is the volume of X, for the symplectic form w,/(27). So the generalized function
€ — F.(t) is called the equivariant volume of X;.

Let ¢ C Lie(T)* be an open connected subset contained in the set of regular values of u,
and let X, = u~(c). If m € Lie(Ty)*, it defines a linear function (m, €) on Lie(Ty), thus can
be considered as a Ty closed equivariant form on X, of equivariant degree 2. We say that m
is u-compact if the class of (m, €) in equivariant cohomology is equal to the class of a closed
equivariant form Th(m)(e) on X, such that Th(m)(e) restricted to u~(t) (t € ¢) is compactly
supported. We give a simple example in the last section.

Here is the shift equation of NPZ.

Proposition C.1. Let m € Lie(Ty)* be u-compact. Let t € ¢ be a regular value of u and assume
that m is sufficiently small so that t+ sm is a regular value of u for s € [0,1]. Then

Fo(©) = eI F (t+ ¥ (m))
is an analytic function of €.

In the following, we prove this statement by giving a compactly supported integral formula
for
Ne(t,m) = Fo(t) —e ™ F (t+ ¥(m)).

Consider X, = u~!(c). It is provided with a locally free action of T. A basic (with respect to
T) equivariant form on X, is a Ty-equivariant form v(e) depending only of € modulo Lie(T)
(v(e +u) = v(e) if u € Lie(T)), and such that t(ux)v(e) = 0 for any u € Lie(T). If T acts freely,
basic forms are pull back of Ty /T-equivariant forms on X./T. We still say that basic forms
are Ty /T-equivariant forms on X_./T when the action is only infinitesimally free. The ring of
T -basic equivariant forms is stable by the equivariant differential D, and the pull back map
induces an isomorphism H ;N /T(X JT)—H ;N (X,) of the equivariant cohomology rings (this is
essentially due to H. Cartan [42]). For integration on non compact spaces, we need a description
in terms of equivariant forms. Choose a Ty invariant connection form a € Q!(X,) ® Lie(T) on
X for the infinitesimally free action of Lie(T). So a(ex) = € if € € Lie(T). Then there is an
homomorphism W, from the ring of Ty- equivariant forms on X, to Ty /T-equivariant forms
on X./T commuting with the equivariant differential. The map W, is a generalization of the
Chern-Weil homomorphism (see Lemma 23 in [43], or Proposition 85 in [44]). It is described
as follows. Let R, = da be the curvature of a, and R,(€) = da — (a, €x) be its equivariant
curvature (an element of Lie(T) with coefficient differential forms on X.). The homomorphism
W, consists in replacing in an equivariant differential form the variable € € Lie(Ty) by e +R(€),
and project the resulting differential form on horizontal forms.
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In particular,

Wy (m)(e) = (m, €) + (¥(m),R,(€))

is closed and basic. Indeed W, (m)(e +u) = W,(m)(e) when u € Lie(T) since R,(u) =R, —u for
u € Lie(T). For e =0, W,(m)(0) = (¥(m),R,). If m is u-compact and equivalent to Th(m)(e),
define Th,(m)(¢€) to be the image by W, of Th(m)(e). Then Th,(m)(e) restricted to X, is a
closed equivariant form which is compactly supported and Th,(m)(0) is a compactly supported
closed two-form on X;.

Let t; € ¢ and let X; = u~!(t;)/T, with symplectic form w;. We denote by w;(e) the
equivariant symplectic form of X;. So w; = w(0).

Proposition C.2. If t is near t; and m is small, then we have the compactly supported integral
representation of N.(t, m):

. 1
N.(t,m) = ; Tha(m)(e)ei(wl(e)_(t_tl:Ra(6)>)e_iswa(m)(e)ds )
(2im)d/2 X, Js=0

The value of N.(t,m) at e =0 is

1 (1 = (t=1t1,R,))* Thy(m)(0Y
- -1y .
(2m)d/2 j>0’k2§kzd/2 Ll( ) k! j!

Proof. Let us sketch a proof of the above proposition. We give an example at the end in the
simplest case A;, in order to see how arguments on convergence may be justified.

We work in a neighborhood of the regular value t; of u, so that all the spaces X, are
isomorphic to the same manifold X;. Let P = u~'(t;). So we may assume that X = P x Lie(T)*,
where P is provided with a locally free action of T (and still acted by the larger torus Ty), the
moment map U being the second projection.

Let p; : X — P be the first projection. We choose a Ty-invariant connection form a for
the action of T on P and still denote by a the reciproc image of a on X. Let us analyze the
Ty-equivariant symplectic form w(e) in this system of coordinates P x Lie(T)*.

Lemma C.3. There exists a T-basic form v € Q'(X), invariant by Ty, such that for € € Lie(Ty):
w(e) = piwi(e) — (t—ty,Ry(€)) — (dt, a) + D v.

Proof. The form w,(€) = (t—t;,R,(€)) + (dt, a) is equivarianty closed since this is D, {t—t;, at).
Similarly p]w, (€) is equivariantly closed. Now w(€e)—(p]w,(€)— w,(€)) restricts to P by zero.
Using the standard homotopy for the contraction p; : P x Lie(T)* — P, we see that there exists
a Ty invariant 1- form v on P x Lie(T)* such that

(1)(6) = pTwl(e)_ (<t_t17Ra(e)> + <dt) a)) + DEV'

Let us see that v is basic for the action of T, that is v(ex) = 0 if € € Lie(T). Compute the
function term (that is the degree 0 term with respect to the degree of differential forms) in
the equation above when € € Lie(T). The degree O term of D.v is —(v,ey). The degree 0
term of w(e) — pjw,(€) is (t—t;, €) and the degree O term of (t—t;,R,(€)) is —(t—t;,€). So
(v,ex) =0. O

Identify X, with X, by the first projection. From the lemma above, we obtain the following
corollary.

Corollary C.4. On X, we have the equation
wi(€) = wq(€) — (t—t;,Ry(€)) + D vy,

where v, is the one form on X; = P /T deduced from the basic one form v|P x {t} by quotient.
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So we see that the cohomology class of w,.(e) varies linearly with t. This is the content
(when T = Ty) of Duistermaat-Heckman theorem [45].

Using the fact that integrals of D.-exact equivariant forms integrated against test functions
vanishes, we conclude that

1 i 1 ‘ ‘
Fie— Lt | et L[ jien@ilttRy(e)
6( ) (Zin)d/z Ll (21'7-[)(1/2 X,

F(s, e,t) = e MmO F (4 s¥(m))

fors €[0,1]. So F(0,¢€,t) — F(1,¢€,t) = N.(t,m) is the shift we want to compute.
We relate it to the generalized Chern Weil homomorphism. Indeed

Define

_ 1 (01 ()—{t—t;Ry(€))) ,—is(m.e) ,—is (¥(m),Ry(€))
F(s,e,t) = @i Jxl e e e

= ;J ei(wl(6)_(t—t1,Ra(e)))e—iSWa(m)(e)’
(2im)d/2 X,

since W,(m)(e) = (m, €) + (¥(m),R,(€)). So we obtain that %}"(s, €,t) is equal to

G )d/zf W (m)(e)el(wl(e) (t=t1,Rg(€))) p—isWo(m)(e) (C.1)
i

This equation holds true without any hypothesis on m.

Now assume that m is y-compact. So we can replace W,(m)(e) by Th,(m)(e). Integrating
in s, we obtain the first assertion of Proposition C.2.

Let us compute the value at € = 0. Then W,(m)(0) = (¥(m),R,) is a differential form of
degree 2. So

1 iwu(m)(0) _q 42 W, (m)(0)’
—isW, (m)(O)_
fs 0 —iw, (m)(O) Z( DG

We can replace W,(m)(0) by Th,(m)(0) which is equ1valent in cohomology. We then obtain
the formula for the value at € = 0. O

. J .
Assume that my,m,,...,m; is a sequence of u-compact elements, then m = >, _, s;my is
u-compact. If t is sufficiently near t; and s, are sufficiently small, then

Ne(t, Y spmy) = Fo(t) — e 26mee) 7 (£ 4" p0(my)

k

is an analytic function of e. We see that from the formula above for m =, s, m; that the value
N(t, > semy)) at € = 0 is a polynomial in t and s of total degree d /2. It involves products of
the forms Th,(m;). In the case considered by the authors, the m;,k = 1,...,J corresponds
to compact divisors D;. of the non compact toric manifold X;, and therefore their product are
obtained by computing various cohomological intersections of the compact divisors D.

Consider a product of linear forms [ [;; m;. It can happen that the closed equivariant form
[ Lic; (m;, €) is cohomologous on X, to a form Th;(e) such that Th;(e) restricted to u=i(t) is
compactly supported, but each individual m; itself non compact (see Example 6.1 of the NPZ
article). Using the formula

[T —1=S S -1 = [ [

iel Jcl i€l i€l
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one obtains the generalized shift equation of NPZ when [ [,

,€) is u-compact:

IEI
Ne(t,1) = > (=1)Vle!2e M9 F (2 + Zw(mj))
Jcl jeJ

is analytic in €.

C.2 A simple example

We reconsider the example 5.1 (A;-space) of the NPZ article.
Let X = C? with standard action of Ty = U(1)3. We write € € Lie(T;) as e;p' +€,p? +€3p°>,
py being the vector field y;d,. — x;0,.. The equivariant symplectic form is

1
w(e)=(dx; Ady; +dxy Ady; +dxs Adys)+ §(€1|Z1|2 + €525]% + €3)231%) .

If we integrate (in €) the function eilerlar P realzl tealzg1)/2 against a smooth compactly supported
function of €, the result is a rapidly decreasing function in z;, 2,,23. So ﬁ f(cg '€ is well
defined as a generalized function of € € Lie(T3). It is the Fourier transform of the characteristic
function of the cone in Lie(T;)* generated by p;, ps, p3. Outside the hyperplanes €; = 0, it is
given by the rational function et

Let T=U(1)and let T — T3 be the homomorphism associated to

Q=(1 -2 1).

We denote by J the generator of Lie(T), with Jy = (y10y, — x19,,) — 2(¥20x, — X20,,)
+ (¥30,, —x30,,). The moment map u : X — Lie(T)" for the action of T is u(z;,25,23) =
2 (121 1% — 2|z, % + [23]2)J* with (J*,J) = 1.

Let t > 0 and let

1
P ={(21,20,23) € c3; §(|2>'1|2 —2|22|2 + |23|2) =t},

which is not compact, since z, can be arbitrary large. Then X, = P, /T is a smooth non compact
manifold of real dimension 4 (the total space of O(—2) — P;(C)).
Let w,(€) be the equivariant symplectic form of X, obtained from w(e) by restriction and

quotient. Then
J*) = eiwt(e)
Fe(tJ*) = 2in)? J

is a generalized function of €. It is the Fourier transform of the characteristic function of the
Izll

(non compact) polyhedron C, = {p; —2py + p3 = t,p; = 0,py = 0,p5 = 0} with p; =
Outside the hyperplanes €; —e3 = 0,2€; + €5 = 0,2€3 + €, = 0 it is given by

iteg

e elt€s

(261 +€3) (€7 —€3) N (2e5+€5)(e3—€1)

We will see that the linear form p,(e) = €, is y-compact, reflecting the fact that
C.N{py =0} ={p, =0,p; + p3 =t,p; = 0,p3 > 0} is compact. We have ¥(—mp,) = 2mJ*.
The shift equation of NPZ (for —p,) says that, when t > 0 and t +2m > 0,

N.(t) = F.(tJ*) —e™2 F ((t +2m)J*)

is an analytic function of €1, €,, €5 with value at 0 equal to m(t +m). Of course in this example,
everything can be computed directly. However we sketch below a complicated proof, but it
clarifies the local equivariant cohomology arguments given in the proof of Proposition C.1.
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First. We identify all the manifolds X/, for t > 0, to the same manifold X; = P, /T using
homothety, and denote still by w,(e) the corresponding equivariant symplectic form on X;.
Then w,(€) = tw,(€) is already in the form provided by Duistermaat-Heckman theorem (linear
dependance in t). So F.(tJ*) is equal to

'1 J piten(e)
(2im)2 X,

F(s, e, t)= ﬁ J pls mea pi(t+2ms)ws (€)
I
X1

Define

Here s vary between 0 and 1. Thus N,.(t) = F(0,¢,t)— F(1,¢,t).

Second. Our next step is to compute %]—" (s, €, t) using the generalized Chern Weil homo-
morphism W, associated to a connection form on X;.

Let

1
a= —E(Jﬁdh — y1dxq + xody; — yodxg + x3d ys — y3dxs)J,

which restricts to P; as a connection form with value in Lie(T) = RJ. Let R, be its curvature,
and R,(e) =da— (a, €x) be its equivariant curvature with value in Lie(T). The equivariant
curvature R, (€) of a restricted to P; is —w;(€)J with

1
wq(e) =w; + §(€1|Z1|2 + €575 + €3]231%) .

The Chern Weil homomorphism W, consists in replacing in an equivariant form the variable
e=2.€ep' by

€ +Ry(€) = (67 — w1 (e))p" + (€5 + 2w1(€))p* + (€3 — w1 (€))p?

and project the result on basic forms. For example, consider (p,, €) = €, as a closed equivariant
form on X = C® . Then
Wo(p2)(e) = €5+ 2w, (€),

a closed equivariant form on C3. We have W, (p,)(€) = (€1 +€5/2)|z|* + (€3 +€5/2)|23]> + 200,
on P;. It depends only of € modulo Lie(T)), and it is already horizontal. So it defines an
Ty /T-equivariant closed form on X;. Thus, we can rewrite

F(s,e,t)=

f eis mezei(t+2ms)w1(€) — 1 f eitwl(e)eimsWa(pz)(e)
X1 X

(2im)? (2im)2

Equation C.1 says that as a generalized function of €, we have
ds” =77 @in)? Jy, ¢ ’

which is readily verified.
Third. We now prove and use the fact that p, is u-compact. This will allow us to give a
convergent integral expression for

1
N.(t)= —f i]:(s,e, t).

—o ds
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Let A(x) be a smooth function on R, supported in a small neighborhood if 0, and equal to 1
at 0. Let A’ its derivative. We consider

2, 2
X5+ Y,

2

2 2
X5+
)+A’(ZTy2)dx2/\dy2.

Py(€) := e,A(

It is equivariantly closed on C3 for D, and equivalent to p,(¢e) in cohomology. Indeed one
verifies that
Py(e)—ey=D.v,

with s
1[ACCE2)-1 . .

V_E W (xodys — yadxsy).

2

Remark that -~
1 1
o Pz(e)zz—J A(r)drd6 =—1,
n X2,Y2 n 0

since A(0) = 1. In other words —P,(¢€) is the reciproc image of the equivariant Thom form of C
by the fibration U : C3 — C given by (21, 25,23) — 25.

The support of P,(€) intersects the fiber of u in a compact set, so p, is u-compact.
So W,(P,)(e) will be a compactly supported form on X; equivalent to W,(p,)(e). Let
us compute W,(P,)(e) = Thy(€). By definition, Th,(e) is the horizontal projection of
(€5 +2wq(e))A( Xg;yzz) +A( xg;yzz )dx, Ady, on P. The horizontal projection of

dxy, Ady, is

de A dyz + (L(Jx)(dXZ A\ dyz)) ANa = dX2 AN d_yz - 2(}(2(1)(2 + yzdyz) AQ.

Consider the two form

2 2 2 2

x2+y xZ+y
22 2)dxy A dy, —24'( 22 2

2, .2
x5+
I, = 24( 22 Y2

Jw; +A'(

)(xadxy + yadys) A,
Thus dI; = 0 and

2, .2
X5+ Y5
2

Thy(€) = (€1 + €2/2)Iz11* + (€3 + €2/2)125]*)A( )+

on P. We have

2, .2
1( x5+y;
W, (v) = V—E(A( 2 )—l)a
It is easy to verify that indeed Th,(e) is equivariantly closed, basic and that
Thy(e) — W, (p,) = D.W,(v). The boundary term D.W,(v) does not contribute to the integral,
since integrated against a test function, it gives a differential form on X; rapidly decreasing at

00, as easy to check. We have the equation

im

d
E}—(S,G, t)= Gin?

J Thz(e)eis mezei(t+2m5)w1(e) )
X,

This shows that

. 1
N.(t) = _—tm Thz(e)eitwl(E)eisWa(Pz)(e)
‘ @in) Jpr Js=o ,

so N.(t) = F.(tJ*)—e'™2F ((t + 2m)J*) is analytic in €.
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Consider € = 0 in this formula. So N._y(t) is equal to

1
—m Jszo(t + 2ms)ds (ﬁ JP/T w1 A Th2(0)> =m(t+m),

provided we prove that fp 7 @1 A (=Th,(0)) = (27)2. As we have seen, the form ;—;PZ(E) is

the equivariant Thom form of the normal bundle of C3 Nz, =0 in C3. So %Wa(Pz)(e) is the

equivariant Thom form of the normal bundle of (P N {2z, = 0})/T in P/T. So we obtain that
O fp/T w1 AThy(0) = 5= f(Pm{ZFO})/T w;. But (PN{z, = 0})/T is {|2,1%/2+|23|%/2 = 1}/T,
and has volume 27t for w;. So we obtain our constant 1.

References

[1] E.Witten, Introduction to cohomological field theories, Int. J. Mod. Phys. A 06, 2775 (1991),
doi:10.1142/S0217751X91001350.

[2] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7, 831 (2003), doi:10.4310/ATMP2003.v7.n5.a4.

[3] M. Kontsevich, Enumeration of rational curves via torus actions, arXiv:hep-th/9405035.

[4] M. Mirzakhani, Weil-Petersson volumes and intersection theory on the moduli space of curves,
J. Amer. Math. Soc. 20, 1 (2006), doi:10.1090/S0894-0347-06-00526-1.

[5] A. Okounkov, Lectures on K-theoretic computations in enumerative geometry,
arXiv:1512.07363.

[6] N. A. Nekrasov, Localizing gauge theories, in XIVth international congress on math-
ematical physics 645, World Sci. Publ., Hackensack, New Jersey, US (2005),
doi:10.1142/9789812704016_0066..

[7] N. A. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions, Prog. Math.
244, 525, (2006), doi:10.1007/0-8176-4467-9 15.

[8] D. Maulik, N. Nekrasov, A. Okounkov and R. Pandharipande, Gromov-Witten
theory and Donaldson-Thomas theory, I, Compositio Math. 142, 1263 (2006),
d0i:10.1112/50010437X06002302.

[9] A.Igbal, C. Vafa, N. Nekrasov and A. Okounkov, Quantum foam and topological strings, J.
High Energy Phys. 04, 011 (2008), doi:10.1088/1126-6708/2008/04/011.

[10] N. Banerjee, S. Banerjee, R. Kumar Gupta, I. Mandal and A. Sen, Supersymmetry,
localization and quantum entropy function, J. High Energy Phys. 02, 091 (2010),
doi:10.1007/JHEP02(2010)091.

[11] D. Martelli, J. Sparks and S.-T. Yau, The geometric dual of a-maximisation for Toric Sasaki-
Einstein manifolds, Commun.Math.Phys.268, 39 (2006),d0i:10.1007/s00220-006-0087-0.

[12] D. Martelli, J. Sparks and S.-T. Yau, Sasaki-Einstein manifolds and volume minimisation,
Commun. Math. Phys. 280, 611 (2008), doi:10.1007/s00220-008-0479-4.

[13] S. Sethi and M. Stern, D-brane bound states redux, Commun. Math. Phys. 194, 675 (1998),
doi:10.1007/s002200050374.

40


https://scipost.org
https://scipost.org/SciPostPhys.12.5.177
https://doi.org/10.1142/S0217751X91001350
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/9405035
https://doi.org/10.1090/S0894-0347-06-00526-1
https://arxiv.org/abs/1512.07363
https://doi.org/10.1142/9789812704016_0066
https://doi.org/10.1007/0-8176-4467-9_15
https://doi.org/10.1112/S0010437X06002302
https://doi.org/10.1088/1126-6708/2008/04/011
https://doi.org/10.1007/JHEP02(2010)091
https://doi.org/10.1007/s00220-006-0087-0
https://doi.org/10.1007/s00220-008-0479-4
https://doi.org/10.1007/s002200050374

Scil SciPost Phys. 12, 177 (2022)

[14] S.-J. Lee and P Yi, Witten index for noncompact dynamics, J. High Energy Phys. 06, 089
(2016), doi:10.1007/JHEP06(2016)089.

[15] D. Harlow and H. Ooguri, Constraints on symmetries from holography, Phys. Rev. Lett.
122, 191601 (2019), doi:10.1103/PhysRevLett.122.191601.

[16] N. A. Nekrasov, Instanton partition functions and M-theory, Jpn. J. Math. 4, 63 (2009),
doi:10.1007/s11537-009-0853-9.

[17] M. Giinaydin, G. Sierra and P K. Townsend, The geometry of N' = 2 Maxwell-Einstein
supergravity and Jordan algebras, Nucl. Phys. B 242, 244 (1984), doi:10.1016/0550-
3213(84)90142-1.

[18] A. C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, 11-dimensional supergravity com-
pactified on Calabi-Yau threefolds, Phys. Lett. B 357, 76 (1995), doi:10.1016/0370-
2693(95)00891-N.

[19] M. Del Zotto, N. Nekrasov, N. Piazzalunga and M. Zabzine, Playing with the index of
M-theory, arXiv:2103.10271.

[20] M. R. Douglas, S. Katz and C. Vafa, Small instantons, del Pezzo surfaces and type I theory,
Nucl. Phys. B 497, 155 (1997), doi:10.1016/S0550-3213(97)00281-2.

[21] K. Intriligator, D. R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497, 56 (1997),
doi:10.1016/S0550-3213(97)00279-4.

[22] E. Cremmer, B. Julia and J. Scherk, Supergravity in theory in 11 dimensions, Phys. Lett. B
76, 409 (1978), doi:10.1016/0370-2693(78)90894-8.

[23] E. Witten, On flux quantization in M-theory and the effective action, J. Geom. Phys. 22, 1
(1997), doi:10.1016/S0393-0440(96)00042-3.

[24] C. Closset, M. Del Zotto and V. Saxena, Five-dimensional SCFTs and gauge the-
ory phases: An M-theory/type IIA perspective, SciPost Phys. 6, 052 (2019),
doi:10.21468/SciPostPhys.6.5.052.

[25] A. Klemm, M. Marifio and S. Theisen, Gravitational corrections in supersymmetric gauge
theory and matrix models, J. High Energy Phys. 03, 051 (2003), doi:10.1088/1126-
6708/2003/03/051.

[26] G. Moore, N. Nekrasov and S. Shatashvili, Integrating over Higgs Branches, Commun.
Math. Phys. 209, 97 (2000), doi:10.1007/PL00005525.

[27] G. Z. Szilagyi, Equivariant Jeffrey-Kirwan theorem in non-compact settings, These, Univer-
sité de Geneve, (2013), doi:10.13097/archive-ouverte/unige:35402.

[28] Y. Karshon and E. Lerman, Non-compact symplectic Toric manifolds, Symmetry Integrability
Geom. Methods Appl. 11, 37 (2015), doi:10.3842/SIGMA.2015.055.

[29] N. Berline and M. Vergne, Classes caractéristiques équivariantes. Formule de localisation en
cohomologie équivariante, C. R. Acad. Sci. Paris Sér. I Math. 295, 539 (1982).

[30] P-E. Paradan, The moment map and equivariant cohomology with generalized coefficients,
Topology 39, 401 (2000), doi:10.1016/S0040-9383(99)00028-2.

41


https://scipost.org
https://scipost.org/SciPostPhys.12.5.177
https://doi.org/10.1007/JHEP06(2016)089
https://doi.org/10.1103/PhysRevLett.122.191601
https://doi.org/10.1007/s11537-009-0853-9
https://doi.org/10.1016/0550-3213(84)90142-1
https://doi.org/10.1016/0550-3213(84)90142-1
https://doi.org/10.1016/0370-2693(95)00891-N
https://doi.org/10.1016/0370-2693(95)00891-N
https://arxiv.org/abs/2103.10271
https://doi.org/10.1016/S0550-3213(97)00281-2
https://doi.org/10.1016/S0550-3213(97)00279-4
https://doi.org/10.1016/0370-2693(78)90894-8
https://doi.org/10.1016/S0393-0440(96)00042-3
https://doi.org/10.21468/SciPostPhys.6.5.052
https://doi.org/10.1088/1126-6708/2003/03/051
https://doi.org/10.1088/1126-6708/2003/03/051
https://doi.org/10.1007/PL00005525
https://doi.org/10.13097/archive-ouverte/unige:35402
https://doi.org/10.3842/SIGMA.2015.055
https://doi.org/10.1016/S0040-9383(99)00028-2

Scil SciPost Phys. 12, 177 (2022)

[31] S. Kumar and M. Vergne, Equivariant cohomology with generalized coefficients, in Sur la
cohomologie équivariante des variétés différentiables 215, Astérisque. Société mathématique
de France, (1993).

[32] M. Alim, Difference equation for the Gromov-Witten potential of the resolved conifold,
arXiv:2011.12759.

[33] M. Alim, Intrinsic non-perturbative topological strings, arXiv:2102.07776.

[34] L. C. Jeffrey and E C. Kirwan, Localization for nonabelian group actions, Topology 34, 291
(1995), doi:10.1016/0040-9383(94)00028-J.

[35] L. C. Jeffrey and E C. Kirwan, Localization and the quantization conjecture, Topology 36,
647 (1997), doi:10.1016/S0040-9383(96)00015-8.

[36] M. Vergne, The equivariant Riemann-Roch theorem and the graded Todd class, Comptes
Rendus Mathematique 355, 563 (2017), d0i:10.1016/j.crma.2017.01.009.

[37] M. Vergne, Applications of equivariant cohomology, Proc. Int. Congr. Math. Madr. 1, 635,
Eur. Math. Soc., Ziirich, Switzerland,(2007), doi:10.4171/022-1/24.

[38] R. Bott and L. W. Tu, Differential forms in algebraic topology, Springer New York, US, ISBN
9781441928153 (1982), doi:10.1007/978-1-4757-3951-0.

[39] J. P Gauntlett and S. Pakis, The geometry of D= 11 Killing spinors, J. High Energy Phys.
04, 039 (2003), doi:10.1088/1126-6708/2003/04/039.

[40] N.J. Hitchin, A. Karlhede, U. Lindstrém and M. Roc¢ek, Hyperkdhler metrics and supersym-
metry, Commun. Math. Phys. 108, 535 (1987), doi:10.1007/BF01214418.

[41] N. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac operators, Grundlehren der
Mathematischen Wissenschaften 298, Springer Berlin, Heidelberg, ISBN 9783540533405
(2004).

[42] H. Cartan, Notions d’algébre différentielle; application aux groupes de Lie et aux variétés ot
opere un groupe de Lie, Centre Belge Rech. Math. 1, Colloque Topologie, Bruxelles, 15
(1951).

[43] M. Duflo and M. Vergne, Cohomologie équivariante et descente, in Sur la cohomologie
équivariante des variétés différentiables, Astérisque 215, 104 (1993).

[44] S. Kumar and M. Vergne, Equivariant cohomology with generalized coefficients, in Sur la
cohomologie équivariante des variétés différentiables, Astérisque 215, 96 (1993).

[45] J. J. Duistermaat and G. J. Heckman, On the variation in the cohomology of the symplectic
form of the reduced phase space, Invent Math 69, 259 (1982), doi:10.1007/BF01399506.

42


https://scipost.org
https://scipost.org/SciPostPhys.12.5.177
https://arxiv.org/abs/2011.12759
https://arxiv.org/abs/2102.07776
https://doi.org/10.1016/0040-9383(94)00028-J
https://doi.org/10.1016/S0040-9383(96)00015-8
https://doi.org/10.1016/j.crma.2017.01.009
https://doi.org/10.4171/022-1/24
https://doi.org/10.1007/978-1-4757-3951-0
https://doi.org/10.1088/1126-6708/2003/04/039
https://doi.org/10.1007/BF01214418
https://doi.org/10.1007/BF01399506

	Introduction and summary of results
	Geometric setup
	Quantum mechanical setup
	Shift equations from compact support cohomology
	Shift equation
	Solving the shift equation

	Examples with nontrivial H2 with compact support
	A1
	A2
	SU(3) example
	Local del Pezzo 2
	O(-3,-3) over P2xP2

	Examples with higher compact cohomologies
	Resolved conifold
	Calabi-Yau four-fold

	Higher times
	Calabi-Yau five-folds and factorization
	CY3 data
	Shift equations for CY5
	Factorization in higher rank DT theory
	M-theory interpretation

	Conclusions
	Future directions

	Norms and quantum Kähler potential
	Conventions for An space
	Appendix by Michèle Vergne
	Shifts in equivariant integration
	A simple example

	References

