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Abstract

Consider a generic quantum spin chain that can be mapped to free quadratic fermions
via Jordan-Wigner (JW) transformation. In the presence of arbitrary boundary magnetic
fields, this Hamiltonian is no longer a quadratic Hamiltonian after JW transformation.
Using ancillary sites and enlarging the Hamiltonian we first introduce a bigger quadratic
Hamiltonian. Then we diagonalize this enlarged Hamiltonian in its most generic form
and show that all the states are degenerate because of the presence of a zero mode. The
eigenstates of the original spin chain with boundary magnetic fields can be derived after
appropriate projection. We study in depth the properties of the eigenstates of the en-
larged Hamiltonian. In particular we find: 1) the eigenstates in configuration bases, 2)
calculate all the correlation functions, 3) find the reduced density matrices, 4) calculate
the entanglement entropy. We show that the generic eigenstate of the enlarged Hamil-
tonian (including the eigenstates of the original spin chain) breaks the parity number
symmetry and consequently one needs to take care of some technicalities regarding the
calculation of the reduced density matrix and entanglement entropy. Interestingly we
show that the entanglement structure of these eigenstates is quite universal and inde-
pendent of the Hamiltonian. We support our results by applying them to a couple of
examples.
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1 Introduction

There exist many quantum spin chains which can be transformed into quadratic fermion mod-
els using Jordan Wigner (JW) transformation, the spin-1/2 XY chain is just one example of
such spin chains. These fermionic models have been studied thoroughly in the past, and it was
shown that they are exactly solvable [1]. In the context of the non-interacting fermions, the cal-
culation of some quantities such as reduced density matrix (RDM) [2,3], entanglement [4-7]
and formation probabilities [8-10] can be written in terms of correlation functions, which re-
duces the adversity of such calculations. The connection to the free fermion models also makes
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it possible to study the Rényi entanglement entropy for excited eigenstates of free fermions
and related spin chains [11-19].

Most of the above mentioned studies were based on the bulk properties, however, there are
also studies regarding the entanglement entropy in systems with boundaries and impurities. In
the presence of boundaries analytical and numerical calculations of the entanglement entropy
can be more challenging due to the lack of the translational symmetry. The entanglement
entropy of a few quantum chains in the presence of the boundaries has been studied with
analytical and numerical techniques, see for instance [20-27]. An interesting consequence
of presence of the boundary is the breach of connection between spin chains and quadratic
fermion models, specially in subsystem entanglement [27,28]. An spin chain (containing L
spins) with arbitrary boundary magnetic fields can be modeled as: bulk Hamiltonian plus
boundary terms,

SpinChain = Hbulk + H (1)

o resembles the effect of boundary on far end sites or spins. For instance, a general
—— B.S +B .S,
where S, S; are spin operators at the beginning and end of the chain, and B;, B; denote
the preferred direction of alignment of boundary magnetic fields. While such a non uniform
boundary condition can be physically valid for a spin chain, the fermionization of such a spin
chain would end up in a non-physical fermion model. A fermion model which violates the
parity symmetry will break the locality. Locality forbids a Hamiltonian that does not commute
with fermionic parity symmetry [29-31]. However, as far as one is concerned with spin model
this violation is not a problem.

Some spin models, such as the XXZ chain, with arbitrary direction of boundary magnetic
fields (ADBMF) have been already exactly solved by the thermodynamic Bethe ansatz method
[32-44]. However, calculation of some quantities such as the entanglement entropy seems out
of reach at this moment. In this work we take advantage of a method proposed in [45, 46],
see also [47-49] to transform a generic quantum spin chain; with H _ that can be mapped to
the Hamiltonian of free fermions; with non uniform magnetic field at the boundaries into a
quadratic fermion Hamiltonian. It is done by adding auxiliary spins to the system with coupling
to the boundary spins and enlarging the Hilbert space of the original model. Afterward, we
would be able to fermionize the spin system via JW transformation and make use of postulation
of quadratic fermion Hamiltonians to study the quantities of interest. The quadratic (or bi-
linear) form of Hamiltonian in fermionic operators is crucial since the Hamiltonian can be
diagonalized exactly and the correlation functions can be reduced to the expectation values
of pairs of fermionic operators (Wick theorem [50]). To retrieve the eigenstates of original
model, we can use particular projection of new model’s eigenstates. In [45], the same method
was used to study a fermionic model with linear operator terms, which breaks the parity. In
this case, the author couples the auxiliary fermions to every other in the system, and gets a
quadratic Hamiltonian.

Starting from the enlarged bi-linear fermionic representation of the Hamiltonian, similar to
[45,47,49], the degeneracy of (at least) two is expected. This degeneracy results in degenerate
ground states with opposing parities, which allows us to find a superposition for the ground
state with broken parity number. However, for such an eigenstate, we would not be able to
use conventional methods to find the RDM, entanglement and so forth. We study the aspects
of this state and how it is related to the ground states of the original boundary magnetic field
(BMF) Hamiltonian. Also, the comparison of the correlation of this state with those of the
parity symmetry states is investigated. Such an investigation enables us to make an ansatz for
RDM based on the correlation matrices. This ansatz was first proposed in [49] for a special
type of parity broken state and special type of subsystem. Here, we generalize the previous
results and provide a proof for consistency of this ansatz. In addition, the RDM has been

boundary °
The Hbounda
boundary condition produced by external magnetic fields reads as H,_
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calculated in different methods. We also show that all of these results can be extended to
arbitrary enigenstates of the Hamiltonian (1).

Having the RDM in terms of correlation matrices facilitates the calculation of entangle-
ment. For the parity broken state the behavior of entanglement entropy with respect to parity
number is intriguing. In this paper, we mostly deal with a connected subsystem starting from
one end of the chain to some point in the middle of the system. An interesting observation is
that based on the way one breaks the parity of the ground state entanglement can be minimized
or unaffected. Besides, we show that with an adjustment to the Peschel method [2,3,5,51,52],
it is possible to get the entanglement of parity broken state in terms of entanglement of parity
protected ground states. With these results, we will be able to study the effect of boundary
conditions on the entanglement of subsystem, in particular, change in the direction of magnetic
field at boundaries on the value of entanglement entropy.

It is worth mentioning that one can treat the enlarged Hamiltonian as a model of interest
and study its different properties independent of the quantum spin chain with boundaries.
This might be an interesting approach to study a phenomena like spontaneous breaking of
parity number symmetry. Having this in mind most of our studies and results go beyond just
the quantum spin chains with ADBME We find the correlations, reduced density matrix and
entanglement for generic eigenstates of the enlarged Hamiltonian. Quite surprisingly, the
general features of the results are quite independent of the bulk Hamiltonian.

The remainder of this paper is structured as follows: In section 2 we first summarize the
main results of the paper. In section 3, we start by general quadratic Hamiltonian that one can
derive after the addition of extra sites. We, provide a general discussion on diagonalization of
such a system, and the connection to the eigenstates of our original model, the BMF Hamilto-
nian. In section 4, we use the result of diagonalization of quadratic Hamiltonian to find the
correlation matrices for the generic eigenstates including the most interesting ones, i.e. states
with £1 parity and the one with no parity. Section 5 contains study of the reduced density
matrix (RDM). We first present a general formulation of RDM using Berezin integration of
Grassmann variables, followed by the RDM in terms of correlation matrices. We address the
RDM not only for typical eigenstates of Hamiltonian, but also eigenstates which break the par-
ity. With the results of former sections, we study the entanglement in section 6. Notably, we
dig to the behavior of entanglement for a state which defies the parity symmetry. In section
7 we give an interesting physical interpretation of the parity-broken state based on three-part
system. This gives a simple way to reproduce some of our results in especial cases. Finally, in
section 8, we look at some interesting examples of systems with no parity symmetry. The first
being free fermion model with no bulk term, and the second being the XY -spin chain with
arbitrary boundary magnetic fields.

2 Summary of Main Results

Consider the spin chain Hamiltonian

SpinChain = Hbulk + bl 'Sl + bL‘SL 4 (2)
where S; and S, are spin operators at the beginning and end of the chain, and B;, B, are
arbitrary boundary magnetic fields. We consider here bulk Hamiltonians, i.e. H,_ , that can
be mapped to quadratic free fermions via Jordan-Wigner (JW) transformation. The above
Hamiltonian does not have quadratic form after JW transformation and a priory is not clear
that can be solved exactly. However, using the ancillary spins, S, and S;,; one can transform
the above Hamiltonian to

_ Yy Y Yo¥
H=H  + bySySy +b1SySy +biS]+byS; S, +b;S;S;,,+ bS] . 3)

4
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The above Hamiltonian after JW transformation has a quadratic form and can be solved exactly.
The Hamiltonian (5) is considered with this goal in mind. The eigenstates and eigenvalues
of the original Hamiltonian can be found with proper projections. The section 3 of this paper
shows how this procedure can be done in its most general form. The idea of using ancillary
sites to solve boundary spin chains is already explored before in [45-49], however, in this work
we solve the problem in its most general form without restricting to a particular Hamiltonian.
The eigenstates, eigenvalues and correlation functions are found in the most general cases in
sections 3 and 4.

Interestingly all the eigenstates of the Hamiltonian (3) have at least the degeneracy of two
due to the presence of a zero mode. In the fermionic language the vacuum, i.e. |0),,, and the

state with the zero mode excited, i.e. ng |0),,, are degenerate. This means one can define

_ 1 T :

18) m(|0>n+/5n0|0>n), C)
as the most generic ground state of this Hamiltonian!. In particular, the ground state of the
boundary quantum spin chain can be derived out of the especial cases of 3 = £1. Due to its
generality in sections 3 and 4 we study some basic properties of this state such as parity and
correlation functions. This state has also an interesting interpretation as three part system
which we will explore in section 7.

In section 5 we give two different forms for the reduced density matrix of the generic |f)
state. We first find the reduced density matrix in fermionic coherent basis. The presented form
can be used to calculate the Rényi entanglement entropy as it was shown in section 6. We also
think that this form is useful to calculate the formation probabilities in the configuration basis
which are although interesting for their own sake, we are not going to explore them in this
paper. The second method is a generalization of the results of [49] for generic eigenstates of
the generic Hamiltonians with arbitrary . It is an extension of a method which is based on
making an ansatz for the reduced density matrix and then fix the exact form by matching the
correlation functions [53]. Our result for 5 = £1 gives also the reduced density matrix of the
quantum spin chain with arbitrary boundary magnetic fields. Using the results of this section
in section 6 we write an exact formula for the entanglement entropy of the |f3) state which its
complexity grows polynomially with the size of the subsystem. As before, this also solves the
problem of the calculation of the entanglement entropy of the eigenstates of the Hamiltonian
(2).

In section 7 we show that the |) state has a very interesting property. It can be written
like a three-part system which helps to understand the entanglement of the ancillary sites
with the rest of the system using this simple interpretation. This property makes studying
the Hamiltonian (3) and its entanglement content interesting for its own sake independent of
the original motivation of solving the quantum spin chain with arbitrary boundary magnetic
fields. This has been the main motivation to start with the fermionic version of the enlarged
Hamiltonian in section 3.

All of the discussions up to section 8 are independent of the Hamiltonian and also valid
for arbitrary eigenstates of the Hamiltonians (2) and (3). In section 8 we give two explicit
examples. The first one is a slight generalization of the Hamiltonian (3) without a bulk term.
In the first sight this seems oversimplification but interestingly a lot of entanglement proper-
ties of the generic Hamiltonian have similar features which was the main motivation for its
presentation. To give a non-trivial example we also study the entanglement entropy in the XY
chain. The boundary entropy of this model is already studied in [49], however, here we fill

INote that the same can be done with all the eigenstates. Our results can be extended for the |f) states made
of each eigenstates.
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a few holes such as the presentation of the exact extra zero modes present in the Ising chain
which their form is essential to calculate the entanglement entropy exactly.

3 The Hamiltonian

In this section, we introduce a general bi-linear fermionic Hamiltonian which is related to spin
chain Hamiltonians with boundary magnetic field (1). We first study the general properties
of this model and point out the evident zero mode of the model. In subsection 3.3, we tend
to present the diagonalization procedure using the standard methods. Later, in subsection
3.5, we look into the particular eigenstates of the Hamiltonian which does not respect the
parity number symmetry. Finally, subsection 3.6 presents a set of selection rules to retrieve
the eigenvalues of the boundary magnetic field (BMF) model. Interestingly the structure that
unfold is very similar to the ones in [49], see also [47] with a slightly different notation.

3.1 General properties

We are going to study the quadratic fermionic Hamiltonian of the form:

H = HO +Hb 5 (5)
where
L 1 )
— T 1 7
Ho= Y [c[Ae; + 5¢/Byc] + JaiBje; ] Sua), 6)
ij=1
and
L
Hy, = Z [a?(cocj — c(“)cj) + a]L“(cchfH +cjcp41) +H. C.] . 7)
j=1

As we mentioned in the introduction, Hy, part can be related to the boundary terms. Note that
the above Hamiltonian is a bit more general than just the extension of a quantum chain with
boundaries because the added extra sites 0 and L + 1 are coupled to all the sites. Note also
that we are not bounded here to any particular dimension. That means all of the upcoming
results, as far as we do not talk about spin chains, are valid in arbitrary dimensions. Here, A
matrix should be Hermitian and B matrix should be anti-symmetric. The Hamiltonian can be

written as:
1 . c
_ 4]

H= 5 ( C C )M c-'r , (8)
where ( ¢' ¢ ) stands for ( cy CZ w1 € tttoCr ). The matrix M in (8) should look
like below.

0 —a(l) —(xg 0 0 —a(l)* —a(L)* 0
0¥ __L+1% | 0% L1
aq aq a; ap
: A : : B :
* L+1* o* L+1*
—a —at ad . a7
M= 0 att! . —alt? 0 0 ot alt! 0
N 0 a . al 0 0 a® a®” 0
0 ! L L+1 ! L L+1
—ay “ ap a; 8 a7
: —B : —A :
0 L+1 0 L+1
\ ar ar ar . LA
0 _ai,+1 - _a£+1 0 0 a:ll,+1 . aé+l 0

9


https://scipost.org
https://scipost.org/SciPostPhys.12.6.195

Scil SciPost Phys. 12, 195 (2022)

For later use, we define the following spin operators at positions O and L + 1,

L

0y =c¢o+ cg and oy, =(1— ZCOCS) l_[(l — ZCITCI)(CLH + CZ+1). (10)
=1

These operators commute with each other and the Hamiltonian (5); i.e.
[H,07,,]=[H,05]=[05,07,,]=0. (1

The above relations are important in upcoming sections.

3.2 Zero mode eigenstates

The M matrix in (8) has at least two eigenvectors with zero eigenvalues. These eigenvectors
correspond to the modes with zero energy. Later on in this paper, we present a formulation
(section 3.3) which simplifies the effort to find the correlations (section 4), reduced density
matrix (section 6) and other properties of the system such as entanglement. To use such a
formulation, one needs to identify and write the zero eigenvectors in a correct form (see the
following subsection).

Due to the form of the M matrix (9), we expect to have two zero modes. These zero modes
do not depend on the parameters and interactions of the system. They can be written as:

RGN [ Viman)

0
0 0
‘/l_ iy _f i$s
Jug) = f/ae(ilgl o ug)= \/%—_a;igz : (12)

0 0

0 0
 —yI—ae® ) L vaew

The orthogonality condition of these states requires the following equality to hold for the
parameters

01— 0, =1 — 3. (13)

The above zero modes are independent of the parameters of the Hamiltonian. In the rest, for
the sake of simplicity, we take all the angles (0;, 65, ¢, ¢5) to be zero and put a = %. Taking
other values does not change the upcoming results. Depending on the values of coupling
parameters there could arise more zero modes in spectrum of M matrix?.

3.3 Diagonalization

In this subsection, we want to briefly review the diagonalization and find the eigenstates of
the Hamiltonian. First, we introduce a new operator J which acts on the eigenstates of the

matrix M as
u y*
o(3)-(0),

2See section 8.2.
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It is easy to show that the operator J anticommutes with the matrix M, i.e. {M,J} =0. Asa
consequence, if |V) is an eigenvector of matrix M with eigenvalue A then the vector J|V) is
also an eigenvector with eigenvalue —A. It means that finding the eigenstates corresponding
to positive eigenvalues is enough; we can get the eigenstates for negative eigenvalues by acting
on the eigenstates of the positive eigenvalues with operator J [54].

As a result of operator J, the Hamiltonian (8) can be diagonalized in the following form:

1 . - - c 1 . A O 1
H=§(c‘ c)U'UMU'U( c]..)=5(n* n)(o _A)(nf). (15)
The matrix A is a diagonal matrix with non-negative entries and matrix U has the block from:

[ & h
U_(h* g*)- (16)

The Hamiltonian can also be written with respect to new fermionic operators (Bogoliubov
fermions) as

1
H=Z7Lk’fl;'<nk—§tf(!\), (17)
k

(3)-+(5)

From (14) and special form of U matrix, we get the following constrains on the elements of g
and h matrices:

where

8k1+1 =hir+1 and  ggo=—hyo for k#O0. (19)

To conclude the diagonalization part, we write the explicit expression of 1) operators:

L+1 L
M = Z 8kjCj + hkjc}' = grolco—cy) + Z(gkjcj + hkjc}.) + grr+1(cre1 + ¢ 1) k7 QR0)
i=0 =1
1 t
Ny = E(CO+CL+1 +c0—cL+1). 2D

From above, we can also write the c-fermions in terms of n-operators as:

L+1
= Z(gj-‘,knj +hin)); k#0,L+1, (22)
j=1
L+1
o = 3Mo+3ne+ Y .(&on;—gjon)) (23)
=1
L+1
o = 30— 3N+ D (&) + &irn))- (24)
j=1

This final result means that the following commutation (anticommutation) relations hold (for
k #0)

[O_f+1’nk] = [UJLC+1’77;;] =0, (25)

{o5.m} = {o5.m}=0. (26)

Anticommutations (26) will be useful in subsection 3.6 for sectorization of eigenstates of the
Hamiltonian (5).


https://scipost.org
https://scipost.org/SciPostPhys.12.6.195

Scil SciPost Phys. 12, 195 (2022)

3.4 Eigenstates in configuration basis

The vacuum state |0>’n is the state which is annihilated by the action of all 1, operators,
Nk l0), =0, Vk. (27)

One can write the |0), as a superposition of configurations of the c-fermions [2]. It is called
the configurational basis of such a state. For even size, if the parity of |0), is +1 then we have:

R |
10),, = (det{1+ R'R]) %2 Zus i< o), (28)

where c; [0), = 0 for all j, and the R matrix is an antisymmetric matrix defined as g.R+h = 0.
The (28) works only for the case where parity of the |0),, is +1, and/or the matrix g is invertible.
Otherwise, to use the above equation, one needs to do a canonical transformation to change
the parity of the vacuum for n-fermions, and/or to make the g invertible [55].

Such a canonical transformation could be the following change in the creation and anni-

hilation operators:
f
¢ = &,
i oo (29)
N

J

We call this transformation Tilda transformation. If we do such a change for even number of
the indices, the parity would not change (in the case where g matrix is not invertible). For odd
number of sites, it will change the parity of the state |0),,. As an example, when the vacuum
state has parity —1, we do the tilda transformation

oF i -
¢j = ¢ and ¢ = &, (30)

for only one specific index j. Regardless of selected j, the entanglement properties of the
vacuum would not change. If we choose j = 0 then this transformation can be written in

operator form as P = ¢139

As a matter of fact, any eigenstate of Hamiltonian (5) (with parity +1) can be written in
configurational basis in an exponential form. Excited states are created by exciting different
modes on the vacuum (27) as:

1
) = lki, kg, ky) = l_[ TI;'(J, 10}, 5 Ey= Z Ak, — Etr(A), 31

k;€E k;€E

where the set E can be any subset of indices from 0 to L + 1. We denote the set of indices of
excited modes as E and the set of indices which are not excited as E (RUE = {0,1,---,L+1}).
Assume that we can write the following excited state in the configurational form as:

1 ¥ bt
) = C¥e2 ZuiRicici o), (32)

1
where C¥ = (det[I+RY'RY¥])"4. For this excited state we have:

J

; (33)
0 [)=0; Kk, €E.
Therefore, from the above equation, we get:
gk}-ZR?bm_l_hkjm =0; k] EI_E, (34)
R +g;,,=0; k,€E. (35)

9
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The generalized formula for the RY would be:

gR¥Y +p =0, (36)

where g and § are generalized versions of g and h given by

(37)

gnm

_ | & ifneE, b = h,, ifneE,
~\n:, ifnekE, " gk, ifneE.

Note that same as the case of vacuum state, one should make sure that the g has an inverse,
and state |v) has the right parity. If not one should use the canonical (Tilda) transformation to
be able to write a typical eigenstate in configuration basis. The (32) gives an excited eigenstate
in the configuration basis which is advantageous in the study of entanglement in later sections.

3.5 Parity broken state

The quadratic Hamiltonian (5) commutes with the parity operator defined as P = (—1)1\7 where
N= lL;rol c;'cl is the fermion number operator. This means that the eigenstates of the Hamil-
tonian have fixed parity P = £1. One can have eigenstates that do not respect the parity and
these types of states are very interesting to study. For instance, these types of states are related
to the ground state of spin systems with boundary magnetic fields which one example is given
in section 8.2.

We define a parity broken state (3-defected parity state) as:

_ 1 T .
1B) = m(lon +pBny10),); (38)

where 3 can be a complex number. The expectation value of parity for such a state is given by

P(B)=(BIP|B) = (39)
Py=+1,

where P, is the parity of vacuum state. The first excited state after the vacuum is created by
ng |0),, which inevitably has the same energy as the vacuum, while this excited state has parity
-Py. In fact 3 can be considered as a parameter which can be tuned to break the parity.

We define the state |G, ) by taking = %1 as:

1 .
1GL) = E('(’)” £mn510), ). (40)

These states are especial cases of 3-broken parity states and have interesting properties which
cares for special attention. As an example, these states are related to the ground state of
Hamiltonian with boundary magnetic field (see 1). Other useful properties of these two states
are

0y |Gy) ==%|Gy) and o7,,1GL) =6.(G) . (41)

The 6, = % can be calculated with respect to the expectation values of Majorana fermions [49].
For instance, one can write:
5, = ()''PD], (42)

10
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where
0 (Yor1) (vor1) -+ (Yorr+1)
{(r17o) 0 (rav1) - (ravesn)
p=| (hio (fir) 0 o (T |, (43)
(rrs170) (rrsav1) (rpsata) - 0

in above, Pf{ D] is the Pfaffian of the matrix D, and Majorana fermions are defined as y; = c;+cj

and v; = i(c]T —c;). In (43), the (---) stands for the expectation value with respect to the vac-
uum state of the n-operators (|0)).

3.6 Eigenstates of boundary magnetic field model

Since the eigenstates of boundary magnetic field model is related to those of Hamiltonian (5),
we are going to present selection rules to get the desired eigenstates. In fact, Hilbert space of
Hamiltonian (5) is 4 times bigger than BMF Hamiltonian.

The Hilbert space of Hamiltonian (5) can be divided into 4 sub-spaces. Each sub-space can
be identified using eigenvalues of operators o and o7, acting on states |G.). We can make
the following argument: consider &, = 1, which means |G, ) belongs to the sector marked by
the pair ((G4| o3 |GL), (G4 Ufﬂ |G4)). Then due to commutation (anticommutation) relations
(25) and (26) all the states

n
l_[n]'( |G,), niseven, (44)
J
=1

also belong to (+,+). Note that in the above expression 0 < k; < kj;; < L + 1 which means
that the dimension of (+, +) sub-space is 2-. Next, in this case (5, = +1), the state |G_) and
the following states belong to (—,—) sector,

n
l_[n]'( |G_), nis even. (45)
J
j=1

For the two other sectors we have:

n
[ [nil6.).  nisodd. (=),
N (46)
l_[ nij |G_), nisodd. (+,-).
j=1
In the case of 6, = —1, we have the following eigenstates for each sector,
n 0
l_[ n, 1Gy) n is even, (+,-), (47)
j=0
n
l_[ n, |G_),  niseven, (—+), (48)
=0
n 0
l_[n]'(_ |G,), nisodd, (=), (49)
=1
n 0
[[ni16),  nisodd, (+,+). (50)
]
j=1

11
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As an example in the (+, +) sector, we can write:

lpr) =1+), @ ler) ®+),,, » (51)

where |¢) is an eigenstate of Hamiltonian (5), |+)O,L+1 are eigenstates of o* at the position 0
and L+ 1. The |g) is an eigenstate of the BMF model. Knowing |¢;), we can obtain the |py).

The above argument means that to know the sector (+, +) we need to figure out the value
of 6. The ground state of the Hamiltonian with boundary magnetic field is going to be one
of the following two states:

|G+> b 5+ = +1 ) (52)
n' 1G.),  &,=-1. (53)

It is interesting to mention that exist transformations which change the sign of boundary

couplings in the Hamiltonian (5). Such transformations could be Ty, = o7 +1 and Ty, L= o

where they change the sign of x and y component of boundary couplings (?1, 3) 1 Or equiv-

alently a(l), af“), without affecting the energy spectrum of the Hamiltonian:
’Tb-’1 Tbl; H(bl,x’ bl,y; bl,Z7 bL,x: bL,y; bL’Z)TbL Tbl = H(_bl,x’_bl,y’ bl,ZJ_bL,X’ _bL,y’ bL,Z) . (54)

As a consequence, if the eigenstates of the BMF Hamiltonian (1) is found in one of the sectors
of the Hilbert space of the Hamiltonian (5), then other sectors are related to the eigenstates
of BMF Hamiltonians with different signs of boundary couplings. For example, if a typical
eigenstate of the BMF Hamiltonian like |py), is in the (+,+) sector, then from (51) we have
|+)0 ®lpi) ® |+)L+1 for the eigenstates of Hamiltonian (5). The action of T}, T}, on a state like
|¢x) would be

Ty, Tp, 1) =1-), ®lei) ® ), (55)
which is equal to changing the sign of boundary couplings. Therefore, |¢;) would be an eigen-
state of BMF Hamiltonian with boundary couplings: —b, , —b, ,, —b; , and —b; ,,. Equiva-
lently, spectrum of of BMFH with negative couplings at boundary can be found in the (—,—)
sector of Hamiltonian (5).

4 Correlation functions

In this section, we would like to calculate the correlation matrix for different eigenstates of
the system. It is more convenient to calculate the correlation matrices for Majorana fermions.
For instance, one can use Majorana fermion correlations to calculate the entanglement in
the system (for particular eigenstates). We introduce Majorana fermions as y; = ¢; + c;r and

¥ = i(ciT —¢;). We symbolize the correlation matrices as:
(7ive) = iGji, (rjvi) = Kik, (7i7x) = Kjk - (56)

It is useful to write the later two point correlation in a block matrix form denoted by T as:

K—-1 —iGT
F_( iG K—I)' (57)

One can easily find all the different elements of the T' matrix. It is possible to write G, K and
K in terms of correlation matrices of c-fermions

K=F +F+C—CT +1I,
K=—F —F+C—-CT +1, (58)
G=-F +F+C+CT -1,
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_ T _ T . . .. . . . .
where C;; = (c¢/c;) and F;; = (c/c )>' The C is a Hermitian matrix and F is antiSymmetric.

Therefore, K and K are Hermitian, and we can conclude that G is real. Knowing these prop-
erties, we can prove that the T’ correlation matrix is Hermitian too. All the analysis so far are
valid for arbitrary eigenstates of the Hamiltonian (5). In the rest, the correlations for vacuum
and zero mode excited eigenstate (ZME state or ng |0),)) will be presented in details. The
calculation of correlations of excited quasi-particle eigenstates is presented in appendix A.

4.1 Correlations for vacuum state

Using the notation introduced in (15), we calculate the correlations for the vacuum of 7’s.
. . 0 0 .

In this case, we can write C = h'".h and F = h'.g, where superscript zero stands for the

expectation values calculated in the vacuum state. Putting these relations in (58), we get

K =(h'+g").(h+8g),
K’ =(h'—g").(h—g), (59)
G =(h'—g".(h+g).

Therefore, for the vacuum of n-operators, we can find the correlations in terms of the elements

of U matrix, which means correlation matrix calculations are straightforward. The above-
mentioned correlation matrices have the form (i,j # 0, L + 1):

( 3 — S g ohks | E et 808k L

Co _ _Zk L+1 k] ko (hT-h)i,j ]]z i+1 h;;]gk . 5 (60)
\_Tl_ ijﬂ gi,mgk,o Iijﬂ ZL+1hk %
( 0 e g o8k | 3y 8 o8k

Fo= Ilzjﬂ gk,jgz’o (h]’--g)i,j —Zk b 8k,i8 kL+1 - (61
\ +Zk i 8k1+18k0 EH 8k 1+18k.j 0

Using the relation (58), for the correlation of Majorana fermions, we can write:

( 1 0 0

K = 0 (h"+g").(h+g); ZZk R ( e+ 8k 8kr+1 |° (62)
| © 23y g (e + 8 1 )
( 1 —2 3t g o (i — 8k ) 0\

K = | a3k ;=8 )8ko|  (W'—g).(h—g); |0 | (©3)
\ 0 0 1)
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k=L+1
0 |—2>,; " 8 olhej + &k,j)

k=L+1
_42 gz,ogk,L+1

\

(h" —g".(h+ 8)ij

2 Zk L+1

*
- gk’j)gk,L+1

(64)

\ -1 0 0 }
To calculate the higher point correlation functions, one can use the Wick theorem, which is
computationally favorable.

4.2 Correlations for ZME state

From now on (for the sake of simplicity), we are going to indicate the ZME state by |) = ng |0).
This state is degenerate with the vacuum, which is crucial for later studies. For this eigenstate,
we get (i,j #0,L +1):

( 1

2 Zk o 81 oMk, j i ijﬂ 8108k, L+1
¢'= Zk " hy ,j&k,0 (hT'h)iJ i iH hy 8k L+1 ) (65)
K 411 - ijﬂ gk 1+18k,0 Zk i Z[,Hhk %
( P
0 Zk o gk 0 8k JJ Tl - I]:=§‘+1 gi’ogk,L+1
F = EH 8k,i8k0 (h".g);; _Zk - 8k, &k 141 (66)
| F 20 Sngko Mt Shinsk 0 )

As a result, the correlation matrices C and F are only different in only two elements from state
|0) to the state |@). It can be observed that the correlation matrices K, K does not change from
state |0) to |@). Form of the Majorana correlation matrices are presented below as:

] 0 —0 —0

K =K K, (67)

\

B

k=L+1 k=L+1
0 —23, ) " gz’o(hk,j"'gk,j) —42 " g:’ogk,L-i—l

sz L+1
\ 1 0 0 j

Similar to the result of previous subsection, for higher point functions, one make use of the
Wick theorem to calculate the quantity of interest.

G = 0 (h" —g".(h+ 8)i — gZ’j)gk,L+1 (68)

4.3 Correlations for the general parity broken state

In this subsection we study the correlation function of general states that break the parity,
such as |fB) defined in (38). Calculating correlations (or any expectation value) with respect

14
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to the state |f), is not as trivial as the calculations for eigenstates, since we are not able to use
the Wick theorem. However, there could be many subtleties when we come across quantities
which are evaluated with respect to |3).

For instance, such a subtlety could be calculation of one point function with respect to the

1B):
Re[ ] im(p]
1+|BI2 1+|p2 ot

The above means that one point correlation functions are not necessarily zero for the state |f3).

In general, we can say that (8| O |B) is not necessarily zero, if operator O has odd number of
fermionic operators. Nonetheless, if @ does not depend on ¢, Cy» €141 and cL 4+ then we can
write (8| O|B) = (0| @]0). With this condition, we can assume that the state |3) obeys the
Wick theorem. In the following, we denote the correlation matrices by superscript 8 for the

BlejlB)=T—25350i0t — 1y (69)

state |). These correlations have the form:

( ) k=L+1 _iigpp L \
2 _kz gz’ohk] Tl ﬁ Z gk’ogk,L+1
5 k=L+1 k=L+1
¢ = - Z h)]z’jgk,O (hT_h)l] Z hk’jgk,L+1 ’(70)
k=1 k=1
k=L+1 k=L+1
—1 1-|B[? 1
\ 7 1HBE kzl 8x.1+18k0 Z Srr+1Mk,j 2
k=L+1 k=L+1
11-P
( 0 Z]l %508k | FLrpE — kgl 8 08k L+1
P k=L+1 ) k=L+1
F o= kZ 8k.i8k.0 (h'.g); ; —kZ 8k,i8k 141 - (71)
=1 =1
11-1P2 k=L+1 k=L+1
*
\_Z HpE T Z 8k 14180 k; 8k, 1+18k,j 0 ]

Based on the above calculations, the correlations for |3) can be written in terms of correlations
of vacuum and ZME state. For rest of the correlation matrices, we have:

8 0

K = K, K=K, (72)
k=L+1 k=L+1
0 |—2 Z 8r ok j + &k ) —4k2 8k 08k L+1
=1 =1
B ) . k=L+1
G = 0 (h'—g").(h+g); |2 Z (hy ;= 8k )8k L+1 (73)
1-|J>
THAP 0 0

For a higher point correlation like O, when operator @ contains fermionic creation and anni-
hilation operators at position 0 or L + 1, then the relation between (), and (O) p would not
be trivial. For example, in some cases, one can have Wick theorem for the |3) too. Some of
the interesting cases are listed in table 1.

Results of this part can be extended to the zero parity state. Form of the correlation matrices
for the state |G.) (40), can simply be obtained by putting § — £1.

15


https://scipost.org
https://scipost.org/SciPostPhys.12.6.195

SciPost Phys. 12, 195 (2022)

Table 1: Terms “even" and “odd" mean that the operator @ contains even or odd
products of c-operators. Also, k,l # 0,L + 1 and the Einstein summation rule is as-
sumed. The notation (: - - ) stands for the expectation value calculated in the vacuum

state.
O has no c((;'-) and cg?l
even odd

(Bl 1B) S0, gio (01 O10)

(BlciO1B) T (0), —g5o (01 mO10)
(Bler1018) T O), g5 141 (017 O10)
(Blc},,O1B) el (0), 8141 (01 O10)
(BlcicoO1B) 30), e (g om — gLom)O),

(Blet1c14101B) 1(01010) (e m+g,,.,m)0),

(/5|CSCL+1(/A) 1B)

AN

(O)o— g 8,,..(mm,Oo

Re A il A
1+|[//55|:|2 (g, ,mO), + 11355/72] {g;,mO),

(Bleger 1 O1B)

N

(O)o—878,,..(mmO)o

1,L+1
Re A i1 A
b (er mO), — T g mO),

I+BI2 141 1+

(BlroO1B)

O has no Yo and v+

2Re A
ek 010 0)

0

(B17001B)

0

—2ig}, (0l O10)

5 Reduced Density matrix

In this section, we calculate the density matrix and reduced density matrix (RDM) of the
particular states introduced previously. We are going to use the configurational basis result
of section 3.4 and coherent basis formulation to calculate the density matrix and RDM. The
RDM will be presented in both coherent basis and operator form. The operator form of RDM
is useful to calculate the entanglement content of the states, while the coherent basis form of
the RDM can be used to study the formation probabilities. In subsection 5.1, we start with the
pB-broken parity state (38). We calculate the total density matrix and then the RDM in coherent
basis and operator format. In subsections 5.2, 5.3 and 5.4 we present the same calculations
for the states |0),, |#) and |G.), respectively.

5.1 f} parity broken state

We start by calculating the reduced density matrix for the state |f) defined in (38). The total
density matrix of a particular state |v) is defined as p = |¢) (y|. We prefer to calculate the
density matrix for the state |f) explicitly in an exponential form using the definition (28).
With the +1 parity for the state |0),, the density matrix has the form

1
—=R¥.c:ics
2R;jeic

1
—Ri-c;'cf " X "
PP =1B)(BI=1CPPe® " (1+ BMoc])10). (01 (1 + B*0% e .8
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-1
where |CP|? = ((1 + 1812V det[I+R'i'R]) and 99t = h*.R + g*. To proceed, we use the
Fermionic coherent state defined as

|§>:|51€2"’5N>26_22,:1’5”’“0)(: ) (75)

where &, are Grassmann variables. Therefore, we can write (following similar procedure
as [2])

1 1.,
(g] 0P &) = (&, &) =1CP e (1 + pg G My € + e 277 (76)
To obtain the reduced density matrix (RDM), we divide the system into two parts (subsys-
tem) 1 and 2. Here, we denote parts of any matrix that correspond to the subsystem 1 (2)
with the subscript 1 (2)® . We trace out the subsystem 2 to find the RDM for subsystem 1,
p, = tr,p. In order to do so, we use the trace formula for operators in the coherent basis.
Therefore, we have:

= _Z Engn
pE, &) = f [ agidg e & (51 & —Erarnr e =8l PP B+ 8l Brans 1 1)
le2
(77)
where &4, -+, & belong to the subsystem 1 and &;,4, -+, & belong to the subsystem 2. For
the details of calculation, see appendix A. The final result after partial tracing the (76) is:

e 0| €
5(6 3 )ﬂ
B / B 1 7 / 1 z / 5/
pPEeh=c [(3 +L1.E+ Lo )(E +L3.E+L4.E)—PAW] e ., (78)
where the CP and the introduced matrices are given by:
|B|24/det| I+ Ry, "R
b — \/ [ 22 22] , (792)
(1+1B12)4/det[I+R'R]
R 0 R 0 R;,T 0
0= 11 + 12 e 12 ’ (79b)
0 —Rp 0 Ryt 0 Ry
Ly L m;, 0 m 0 R, 0
1o M2 1 + 2 AL 2 e (79¢)
Ly L, 0 M 0 -, 0 R,
m 0 ml o
w=|"" AT (79d)
0o -0 0 -,
R —I
A=| 2 : (79)
I -R;,

3For instance, the A,, stands for the sub-matrix of A that rows and columns belong to subsystem 1 and 2
respectively
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It is useful also to have the RDM in the operator format (for example to calculate the Rényi
entanglement entropy). To derive the operator form for p from equation (78), we rewrite
the exponential term as

Exp %(é 5/)9 o =EXP[%Xijgii:j]EXP[yijgi&:;]EXP[%ZU&:;%], (80)

with properly defined matrices X, J and Z. Using the relations cc; \g > = &;&; \g ) and
clel = (€| €., one can replace £;&; with ¢/c| and &/&’ with c;c; in the left and right
1] J J i7j i2j ]

exponentials. The cross term can be rewritten ), jcf ; E;. - ln(y)ijcjc The final operator

form of RDM (78) is given as:

j-

. c
fo
p . c Qtrln(%nu—%nzﬂ) (8D
pic,cN=CPe e [Pf[W]—ﬁstzﬁz
N 1 " 1
+ (£1T22C' + (ElTZI + ,Cz)C + B)([ngzzC' + (£4 + £3T21)C + E):I 5
where
M=1nT: T= %912 - %ﬂle + 2911(9{2 —051) 7", 2911(9{2 — Q)" ()

2(9{2 — 1) "0y, 2(9{2 —Q5)7"

and the matrix Q and rest of the matrices are defined in (79). Also, 711, T 12, 721 and T,
stand for the sub-matrices (blocks) of matrix 7. In the above expression, to move the expo-
nential with fermionic operators, we have used the following relation, coming from Baker-
Hausdorff formula,

C
TR

c c c c el
F! F=T = F=FT ; F=e . (83)
c c c c

In the expression of RDM, having all the creation and annihilation operators in the argument
of exponential is preferred (some of calculations would be simplified). For this reason, we
present another calculation of pf in the appendix B, where using a trick, we managed to get
the RDM with two exponentials. The above equations are valid for the RDM of | )-state, which
also means, for any given bi partition, one can use (81). However, it should be noted that the
spin and fermion representations for solvable quantum chains lead to different RDMs. For
more details see section 5.5.

We can propose an ansatz to write the RDM for |f) in term of correlation matrix. Although
computationally favorable, the down side of such an ansatz is that we could only use it for a
particular type of bipartition. while we can not apply Wick theorem to |3), one can use the r’
matrix to calculate the RDM of a subsystem which starts from one boundary. One has to make
an adjustment to the Peschel method. Such a procedure for 8 = £1 has been shown in [49];
here we are extending that result.
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Since the I* matrix is a skew symmetric matrix it can be written in a block form using an
orthogonal matrix V as:

0 iy
vr'vT = ) (84)
—iy 0

where v is a diagonal matrix. Then, we can define the following fermionic operators:

1T il v T (5)
al Y2 \z] 2\t —ua) \3
Similar to the results in [49], one can make an ansatz for the RDM of the subsystem 1. To be
precise, we are assuming that the subsystem 1 is a connected bipartite of the system starting
from site O to £. The ansatz should have a form like below with respect to the operators that
diagonalize the I'® matrix.

[/

p1(d,d") =g(do,di,djdo) < | [(
k=1

1—

1+ Vi Vi +
S did]).

ddy +

where g is an arbitrary function to be determined. From correlation matrices (section 4), we
can realize that
Re[f3]

1+

This ansatz satisfies the expectations of the state |3) including one point functions (69). It is
easy to show that ¢" +¢ = \/E(W]l'ldT + WlTld), where W is the unitary transformation which
diagonalizes the matrix I'”. Then, in terms of d and d operators we have:

. . 1
g(co, cg, cgco) = (cg) +co) + EI' (86)

{

T N e 14w o 1=w
pl(d,d')_1+|ﬂ|2(7d0+7d6+51)xg( > d,gdk+Tdkd,;), (87)

The ansatz (87) respects the generalized Wick’s theorem, which means that this RDM produces
all the correlation functions correctly. As an example, one point function is not necessarily zero

for the |B):

(d)p = %% ko> (88)
(di)p = %%51@0- (89)

Based on (72), (73) and (57), the first row and column of matrix r? is zero which evidently
means it has a zero eigenvalue, v, = 0. From the earlier statement it can be inferred that the
matrix which diagonalizes the I'? -called W- has the following form:

1 0 0
Wll W12
W = N Wll = 0 w . (90)
Wll* W12* :
0
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The reason we have defined the W as above is that the d" and d should be related with
a conjugate transpose transformation. From (85), The W and V matrices are related by

I I
W o< ( )V, which means we can write:
I —il

d’ 1 [Wuar+t Wior 1)
d V2 Wi y+ W ¥ .
117 127

We know that (7;)5 = 0 and (y;)g = 0, ¢, then we can write (dZ)ﬁ = (W11)k,0- Making use of
the relation (90), we have (d];r )p ©< &) o. For the (dy) g case, we use the fact that d and d' are
related by a conjugation, which means that (d)s o< 6y ¢ and the proof is complete.

Note that, the above calculation is also valid for states |G, ), |G_) and any state created
from the action of n’s on these states. Consequently, with a proper I' matrix, a similar ansatz
to (87) can be used to study the entanglement for all the states belonging to the four sectors
created with |G, ) as introduced in subsection 3.6.

5.2 Vacuum state

As it was mentioned before the limit § — 0 in the |f), gives the [0),. Equivalently,
/%in}) pP =p0= |0)n n(Ol . Simply, we are going to apply this limit on the results of subsec-
tion 5.1 to find the required quantities in this subsection. For instance, in the limit § — 0, the

only nonzero term in (78) is |CP |2|ﬁ%. Therefore for the RDM of vacuum state in the coherent
basis we have:

(g 2)e ©
v/det [T+ Ry, R, | . g’

p3(8,8) = J (92)
det[I+R'R]
The operator form of RDM reads as
' c
%(CT c)M ©3)
0 N \/det |:I + RZZTRZZ:I C' %trln(%ﬂlzféngl)
p1lc,c') = - e e .
det[I+R'R]

Since one can use Wick theorem for the state |0),,, the RDM can be written in terms of Ma-
jorana fermions and their correlations (introduced in section 4) in subsystem 1. The reduced
density matrix can be written as [53]:

ol Y
1 = 1nﬂ
[0 4(T 7’) rd |

p3(r,7) = [det 2 L] ) (94)

where the (7 f) contains all the Majorana fermions of subsystem 1. The I‘f stands for the

correlation matrix defined in section 4 calculated for the vacuum state and subsystem 1. The
constant in (94) can be simplified as:
_10 7 0 01 ~oT
I-T KO- G2.K9.GY

1 1
det[ 2 ]=det[K(1)]det[ 2

1. (95)
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5.3 ZME state

The ZME state can be obtained by the limit |@) = ﬁlim |8). Therefore, the RDM p? = |0) (@] in

the operator form will be the large 8 limit of the results of the subsection 5.1.

) (¢
%(c" c)/\/l )
c,. ltrnl —l T 6
2R D W] - £y T oL 0

+ (,CszzCT + (£1T21 + Ez)C)(ﬁgTzch + (£4 + £3T21)C)] B

pf(c,cT) =cl

where the definition of M, W, Q, 7 and L can be found in (79) and (82).

The above equation is lengthy and calculation of entanglement seem difficult with the
above RDM. However, since the ZME state has an opposite parity with respect to |0),. One
can use the Tilda transformation introduced in the subsection 3.4 to write the ZME state as:

1 B tat o~
10) = CPe2 2uiRiE 5 |0), 97)
with properly defined R? matrix and constant C?. The above Gaussian form for the ZME state

will simplify some of the calculations exceedingly. For instance, using the (97), it is possible
to write a shorter notation for RDM as:

p?(c, = e , (98)
where C? is the normalization factor and M? =1n 77 which we have:

1 1 T T _ T _
59?2_5921 +2901)1(ﬂ?2 _le) Tngz 29?1(9?2 _ngl) !

7= 0T _of ] 6T _of ’ (99a)
—T —T
2(nlz _921) Q22 2(le _921)
R. o0 R, o0 (R 0o R, -1
Q” — 11 o " 12 . .Aﬂ 1 12 . . A“ — 22 e (99b)
0 -—-Ri; 0 RY, 0 R}, I -R,,

The Wick theorem can also be applied to ZME state. Likewise, it is possible to write the
RDM in terms of correlation matrices and Majorana fermions of subsystem 1. We can write
the RDM as:

1 =\ I+I‘g Y
e\ T (100)
B 1]%6 T

p%(r,7) =[det

In the above expression, the matrix I‘? is defined in subsection 4.2, and the subscript stands
for the correlation matrix for the subsystem.

5.4 Zero parity eigenstates

The zero parity eigenstates |G.) are the cases where 3 = £1. Using the results of (78) and
(81), the RDM matrix in coherent basis and operator form for |G ) are given by setting § = +1.
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Figure 1: The three subsystem block configurations we consider here. (a) a block of
length ¢ starting from the boundary. (b) is a block of length £ at a distance from the
boundary. The case (c) shows a disconnected subsystem which does not start from
any of boundary points.

5.5 Spin versus fermion representation

Although the previous considerations are advantageous numerically to study RDM’s, we have
to point out that the RDM for the spin representation and the fermionic representation (of
the Hamiltonian) are not identical, necessarily. Correspondingly, the entanglement entropies
could end up to be different. Based on the way of selecting the subsystem, RDM’s (of spin
and fermion representations) could be different or equal. This difference can be expected
due to the non-local structure of the Jordan-Wigner transformation [28]. In general, we are
interested in two scenarios for subsystem bipartition as demonstrated in the figure 1.

For start, if our desired state (like |0) and |@)) is an eigenstate of parity operator, then RDM
has equal form in spin and fermion representations for types (a) and (b) of subsystems in figure
1. Since the effect of the Jordan-Wigner strings disappears in these cases. This statement is true
for any boundary as long as boundary terms do not break the parity symmetry. If subsystem
is not connected, then starting from fermionic representation, to obtain a spin correlation
function (like (o 0;.‘ )), one needs information about the string of sites between two blocks of
subsystem in the fermionic picture, while, this is not necessary if one asks only for fermionic
correlations.

In the related case to our study, which we are dealing with an open boundary case and a
state which does not respects the parity (like |3)), then the relation between spin and fermion
version of RDM is more peculiar. Essentially, the string of o*’s from Jordan-Wigner trans-
formation would break off the correspondence between spins and fermions for a subsystem
separated from the boundary, similar to (b) in figure 1. It is an anomaly of parity broken state
that the RDM of any interval starting from the boundary is the same for spins and fermions.
While not starting from one of the boundaries of the chain, other techniques should be used to
find the RDM of spin representation [27]. The arguments that are presented in this part can
be summarized in the table 2.

6 Entanglement Entropy

Given the reduced density matrix p, describing knowledge of the state of a subsystem A, the
Rényi entanglement entropy is given by:

S,(A) = ! " log(trApA”). (101)

1—
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Table 2: A handy representation of the statements in the section 5.5. In the below,
Pon stands for the RDM in the spin representation and p,__ is the RDM in the
fermionic representation of the Hamiltonian. The subsystem types are demonstrated
in figure 1. In addition, we have assumed the restriction on f§ # 0, co.

Subsystem
type (a) type (b) type ()
State
|O>’ |®> pspin = pfermion pspin = pfermion pspin # pfermion
|ﬁ> pspin = pfermion pspin 75 pfermion pspin 75 pfermion

The Rényi entanglement entropy (EE) can be seen as the generalized version of von Neumann
entanglement measure. In the limit n — 1, Rényi EE produces the Von Neumann EE (S, ),

Syn(A) =—tr,[p,logp, ]. (102)

The difficulty of calculation of the entanglement grows exponentially with size of the subsys-
tem. One can find a basis which RDM is diagonal, however, it would still be computationally
disadvantageous.

It is possible to have special structure for the RDM to simplify the entanglement calculation.
For instance having a Gaussian form for RDM simplifies the calculation, or being able to write
the RDM in terms of correlation matrices. In the rest of this section, we first present the
result of entanglement for the vacuum state and the ZME state which are basically the results
in [4-7]. We are going to give the entanglement in terms of the eigenvalues of the correlation
matrices and Gaussian form of the RDM. Next, we will discuss the entanglement calculation
for a general parity broken state such as |) and the limiting cases of |G.) which are new.

6.1 Vacuum and ZME state

Since the Wick theorem can be applied to the vacuum state we were able to write the RDM
as (93). Using the equations (93) and (101), we can trace the RDM and write the Rényi
entanglement for this state as

1 1
S%(4) = —— log(Cdet[1+¢™M]2), (103)
1—n
where the constant C is given by
— det[l-’»RzztRzz] e%trln(%nlz—%ngl) . (104)
det[I+RTR]

The matrices M and  are already defined in in (79) and (82). This relation is computationally
favorable, since all we need to calculate is a determinant.

As it was written in section 5.2, we could have also express the RDM in terms of correlation
matrices of Majorana fermions (94). Therefore, it is possible to find the entanglement in terms
of the correlation matrix I'° (of the vacuum state) for the subsystem A. Therefore, using the
RDM (94) and the trace formula for Gaussian function of fermions, the Rényi EE is given by

1+9° 1—°
J \n
)
(105)

14710 1—T1°

A \n A \n 1 J \n
logdet[ (—)" +(— )]:(1—n);10g[( )+

1
0 —
Su)= 2(1—n)
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where the set of {£v,} are the eigenvalues of I‘g for the subsystem A. The above relation is
favorable because it is straightforward to find the correlation matrix for states that obeys Wick
theorem.

The entanglement for the ZME state can have a similar form. For instance, in subsection
5.3, it was mentioned that through some canonical transformations it is possible to write the
RDM in Gaussian form (98). Similar to previous state, using the Gaussian form of RDM and
tracing that, we can get the Rényi entanglement for subsystem A same as (103) but we have
to use R? instead of R°. On the other hand, the Wick theorem can be applied to the ZME state.
Hence, it is possible to relate the EE to the correlation matrices, similar to (105). We only need
to use the I‘g given in section 4.2.

Based on the form of I‘g and I‘g, one can deduce that for any subsystem A which does not
include the last lattice point L + 1, they have equal set of eigenvalues ({°} = {»*}). It also
means that the entanglement Sg and Sg are equal. It means that the states |0) and |@) have
the same entanglement properties for any given model (A and B matrices which depend on
the model).

6.2 General 3-parity broken state

Unlike the vacuum and ZME states, there are not many computationally easy methods to study
the entanglement entropy for a state such as |3). Namely, we can not use the correlation matrix
blindly for this state. In this subsection, we first focus on a computationally favorable method
to study the EE for such state. Then, we offer a relation for special type of bipartition which
relies on correlation matrix. For start, when n € N we can use Berezin integrations to find the
pfn. The steps of calculation are written in appendix C. The Rényi entanglement entropy for
n = 2 is given by:

tr(p??) =cﬁzpf[zs]{(i +PIW])’ +PW](CB €|, +cB7"CT|, )

152
c8'c’,, cB C"| 1
4 13 T T T T T ~T (106)
B TR +|/5|2(CB c'|,,+CB C'|,,-CB C'|,,
T ~T T T
—cB ¢’ ,)+PfcB T}
Where,
( Q0 -0 1\ [—El 0 L, 0)
0 Q I Q Ly 0 L, O
B= . 2l c=| 7 s . (107)
-, -1 o 0 0 £, 0 L,
\ 1T 2, o0 q \ 0 L3 0 L,

The 2 and £ are given by (79). Also, the notation XIr’S stand for the element of the matrix
X at the position (r,s). The above expression can be used for any bipartition of the system.
However, we are restricted to the n = 2. From section 4.3, we expect to see no 3-dependence in
the entanglement entropy when the subsystem does not contain boundary points [28]. Despite
that, the entanglement content would not be the same from spin perspective to the fermion
one. For the case of general parity broken state, if subsystem is not a connected bipartition
starting from boundary, then spin entanglement and fermion entanglement do not agree.

In section 5.1, we proved that it is possible to have an ansatz to write the RDM in the
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diagonal form of (87). Using this form of RDM one can write the Rényi EE as:

2

Vs 1
)+ T logl(3 +fp)" + (5= )], (108)

l
1 1+ 1
Pa)=——> log((—2)"
S, (4) T—n s og(( 5 ) T

where fg = %, and it is the eigenvalue of the zeroth part of RDM (87). In the above v;’s

are the eigenvalues of correlation matrix I'’. The formula above simplifies the entanglement
studies, however, it is valid for a certain type of the subsystems. The set A should be connected
subsystem of the system containing the site O (first site). Otherwise, we would not be able to
get entanglement from correlations of the system.

It is crucial to mention that form of correlation T'?, in (72) and (73), indicates that the
eigenvalues of I‘ﬁ for any subsystem 0 € A and L + 1 ¢ A are the same as I‘g. This statement

means that there is a relation between entanglements Sg(A), Sg(A) and S,’f (A) (only when
n#1);
21—n

1. (109)
(5 + )+ (53— fp)n

So(A) = sP(a) = sP(A) + - i - log[

6.3 Zero parity eigenstates

The Rényi entanglement for states |G.) can be computed in different ways. One can use the
(106) in the limit B — 1. However, similar to section 5.4, it is possible to have an ansatz to
write the RDM in the diagonal form of (87). Using this form of RDM one can write the Rényi
EE as [49]:

1
1 1+ v, 1—v;
SEA) = ——> log(( Lyt + (——2)") —log2. (110)
1—n;0 2 2

In the above v; are the eigenvalues of correlation matrix I'*. The above formula simplifies
the entanglement studies, however, it is valid for a certain type of the subsystems. The set A
should be connected subsystem of the system containing the site O (first site). Otherwise, we
would not be able to get entanglement from correlations of the system.

It is crucial to mention that form of correlation I'*, in (72) and (73), indicates that the
eigenvalues of I‘j for any subsystem 0 € A and L + 1 ¢ A are the same as I‘g. This statement
means that there is a relation between entanglements Sg (A), SS(A) and S:(A) ;

S%(A) = $P(A) = $*(A) + log 2. (111)

And it is correct for any valid choices of A and B matrices. In fact, one can extend this argument
to any excited state created from |0), |@) and |G..) with excitation of same modes, as in

Wy=[1ng100,  1e)=TTni 0, 1z =]]n}l6s),

k;€E k;€E k;€E

where set E does not contain mode zero. The general form of correlations for states above can
be found in appendix A. Based on the results of that appendix, we conclude that

SY(A) =59 (A) = Sp*(A) +log2. (112)
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7 Physical interpretation of the parity-broken state

In this section, we give a simple interpretation of the |f3) state which helps to understand some
simple cases of the results that we presented so far. This sate can be written as follows:

1
18) = ———=(1+)IG,) +(1-B)IG_) ). (113)
B) 2(1+|/3|2)( B)IG,) BIIG_))

In the spin representation the above state can be written in an interesting form. Consider
0, =1 then we can write

1
B) = z(TW)((l FB) )0 ldss) i + A=) dold—) D)), (114)

where |¢__) and |¢,., ) are normalized states. The above form suggests that the whole system
can be considered as two qubit with one qubit at site O (L + 1) and the other the rest of the
system. Interestingly, the entanglement structure of these three parts is independent of the
size of the system and one can easily calculate for example the entanglement of the site 0
(L + 1) with the rest, i.e. S,(0) (S,(L + 1));

1

Sw(0)=Sy(L +1) = ——

108[(%+f/5)n+(%—f/3)n], (115)

which is consistent with the equation (108). We note that one can generalize the above argu-
ment for all the |) states that can be made out of the eigenstates. The extension to 6, = —1 is
straightforward. Finally, there is one extra piece that one can add to this story by considering
the following mixed state:

B — ; 2 _p2
=5y |/3|2)('1 +BI21G.) (Gl + 11— B2IG_) (G_ ). (116)
One can easily show that the reduced density matrix of the above state is exactly equal to the
reduced density matrix of the |f) state which is guaranteed because of the especial form of
the state. This makes the preparation of states with the desired reduced density matrix very
easy. However, it is clear that in the mixed state scenario the von Neumann entropy does not
have entanglement interpretation anymore.

8 Examples

In this section, we provide a couple of examples to show how the general results that we
derived can be applied in specific cases. The first example which we are able to do the entire
calculation analytically is the Hamiltonian (5) with A = B = 0. There are a few good reasons
to study this Hamiltonian. First of all, for this Hamiltonian one can follow all the calculations
analytically and show the validity of all the presented results. Second, it is a Hamiltonian
that can be used to diagonalize a Hermitian Hamiltonian with linear creation and annihilation
operators which makes it worth studying. Finally interestingly the entanglement structure that
emerges from this Hamiltonian is entirely universal. In other words the general Hamiltonians
with generic parameters end up to have similar entanglement structure. This is shown in the
example of XY chain with arbitrary boundary magnetic fields which is the second example of
this section. The boundary conformal entanglement entropy at the critical point in this case
has been studied already in [49], however, here we are more concentrated on general aspects
of entanglement with respect to the 8 parameter and boundary magnetic fields.
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Figure 2: In this figure the type of interaction among fermions at different sites, for
A =B = 0 is demonstrated. As one can see, there is no particle hoping among sites
1 to L and the only allowed hoping is from sites O or L + 1 with the rest of sites.

81 A=B=0

We are going to focus on the entanglement properties here of the case where the A and B
matrices are zero. The coupling of fermions in the system has been demonstrated in figure 2.
A detailed study is presented in Appendix D for diagonalization and correlations of this special
case.

For the vacuum state and ZME state, which Wick theorem is applicable as it was stated in
section 6.1, we can relate the Rényi entanglement to the eigenvalues of correlation matrix T'
introduced in (57). In a special type of system bipartition, we could also use the I'* to find
entanglement for the |G.) case. For any connected subsystem which contains the site 0 (or
site L + 1), the (positive valued) eigenvalues of correlation matrices o, r? and T* are given
by the set:

i 1 ay12)
O 1 _ j ] 1 “en 1 e < L
=1 \J e o0t 5D

{]_’ ...... ,]_} {=1+1.

117)

The fact that we get the same eigenvalues for each of the states above was explained in section
6. Based on the form of correlation matrices similar (up to a zero eigenvalue) eigenvalues was
expected. Using the eigenvalues above the entanglement will be given by (£ < L)

1 1 1 G 1D o)
0 — 0 — -t = 1Y j=t+1 1% ) \n
$n0) = Sp(0) =1 log ((2 + z\J 1 Sl )
1 1 G 1P a1
S J ") +log2 11
+G 2\J S ) ) +1og2, (118)
S¥() = S°(0)—log2. (119)

In case where all the a;’s are constant, we would get

So(e) =

2_ 2 2 2
- log ((% + % Lt fé“ "+ (% — % Lt f%“ )”) +log2, (120)
In the thermodynamic limit (I — o0), we simply get 52(8) = Sg(ﬂ) =log2 and S:(Z) =0.
For any connected bipartition of system with length £ which does not contain the 0™ and
L + 1™ sites, eigenvalues of I'® and ¥ are given by

(Sl 4y gy <
(v}=4{ Clolau?’ > 270 7= (121)

{0,1,1,---,1}; (=L+1.
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With this type of bipartition for the system, then the correlation matrix can be used to calculate
the entanglement for states |0) and |@#). While for the state |G.) we can not, despite the fact
that the I'* has the same eigenvalues.

In the case of general f-state, and when a; € R, the von Neumann entanglement will be:

sP(A) =—1log| (= —f —fgl
WA =72 Og[(4 p) 4x2 J-fs Og(l—zf,j)

2 2
DT +%] L™ I
_ EEEm AT log[ZL+\/Z Lt ]

2%
: D — /22— 55 + 5P

(122)

Where in the above %, = 22:1 a}z. and fg = % It is particularly interesting to see the

behavior of entanglement with respect to the 8. As it was mentioned previously, parameter
B can be thought as a parameter which breaks the parity continuously. In figure 3, we have
demonstrated a typical behavior of EE for different values of 8 in complex plain when all
a;’s are real constants. As you can see, for real values of 3, the entanglement is maximum for
B =0, 00 and minimum for # = £1, which the first one corresponds to vacuum and ZME state
and second one is the |G.). On the other hand, for the purely imaginary f3, entanglement is
constant and equal to S?(l) for any value of 8 which is not a trivial observation.

Figure 3: Plot of von Neumann entanglement entropy with respect to 3. We already
expected that the entanglement to be minimum for the case of f = 1 which is
apparent in the figure. In the case where 8 is purely imaginary, we notice that the
EE is again maximum and would not change. This figure is valid for a connected
subsystem starting from site O, for a general set of couplings in the Hamiltonian and
size of the full system and subsystem.

8.2 Modified XY chain with boundary magnetic field

In this section, we consider the modified transverse field XY chain with arbitrary direction of
the boundary magnetic field. We are interested in the following XY Hamiltonian [49] with

28


https://scipost.org
https://scipost.org/SciPostPhys.12.6.195

Scil SciPost Phys. 12, 195 (2022)

open boundary conditions

PO~ (s )/ 1—vy h
— Yy LY
H _Jz :[ 4 i H—1+ 4 g; O-1+1]_§: :O-f
i=1 i=1 (123)
1

2

(ble'OO' +b1y0'00' +ble' +be L L+1+bL,}’ I L+1+bLZ )

— —

where b; = (bysinf;cosyp;, b;sinb;sinp;, by cos 9}) and b; = (b;sin6;cosyp;,
Y

b; sin0; sin g, , b; cos 0;) are constant vectors. Form of suggests that we can diagonalize

and find the eigenstates analytically. Using the Jordan-Wigner transformation

-1

~[ o207, (124)

where a: = Ui'(j;—w%, we can map the Hamiltonian (123) to the free fermion Hamiltonian (8),
with properly chosen matrices M (see appendix E for a demonstration of this matrix). The
diagonalization process has been explained in details in section 3.3. The above Hamiltonian
is related to an XY chain with boundary magnetic fields as:

h

—1

L
Xy 1+y 11—y h 1 -5 -
H =J [TU’F f+1+TO' crl+1:|—§.2 Uf+§( bi.o1+ b;.0p). (125)

I
—_

i

In the above expression, we can think of 71 and 7L as magnetic fields at boundaries of our
spin chain. If we add two auxiliary spins at positions 0 and L + 1, if they can only interact
with the x component of spins at position 1 and L, then we get (123). It is apparent that (I
commutes with 0§ and o7 _ ;. Due to this fact it is possible to divide the Hilbert space of H
four distinct sectors, labeled by the eigenvalues of o) and o7, ,. Therefore, the eigenstates of
Hamiltonian (125) would be found in one of these sectors. This procedure has been explained
in section 3.6.

8.2.1 Determination of BMF Hamiltonian eigenstates

The eigenstates of Hamiltonian (125) can be found with a correct projection in the Hilbert
space of (123), which was mentioned in the section 3.6. Here, we focus on the XY-chain case
and present (apparent) patterns to find the ground state of (125). Based on results of (52) and
(53), one can identify the ground state of BMF spin chain in |G, ) or ' o 1G_) by finding the
0. Numerical investigations suggests that the value of 6, does not depend on the parameters
such as v, h (fixing J = —1) and strength of the magnetic field at boundaries. The size of the

full system however changes the value of 6, ; For equal directions of boundary fields (?1 and
ﬁ

b;) we get:
6,=—1 Leven,
(126)

§,=+1 Lodd.

Nonetheless, the change in the directions of BMF’s at ends of the chain can affect the value
of 6,. Figure 4 shows the 6, with respect to the change in the azimuthal and polar angle
of direction of the magnetic field at boundaries. If one eliminates the BMF at one end of the
system (either by putting 8; = 0, 7 or b; = 0), then changing the direction or strength of BMF
at the other end would not affect the 6, outcome.

To be able to use the relation (81), one need to have the unitary transformation U, which
diagonalizes the Hamiltonian, in the form given by (16). Necessary condition is to make sure
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that eigenstates of M corresponding to zero modes are written correctly, they are orthogonal
and satisfy the (14). We have already introduced the zero mode of the system in section 3.2,
which explains the 2-fold degeneracy of the ground state. However, based on some values of
coupling parameters (such as uniform external magnetic field or direction of boundary fields)
there could arise more zero modes in the spectrum of M matrix. For instance, when y = 1

- —

and ¢,,¢; = 5 (and general bulk and boundary magnetic fields h, by, b;), we would have
extra zero mode and more degeneracy. For this values, the extra zero modes eigenvectors of
M would be (besides (12))

_igl\ [—i{l\

1 1

0 0

0 0
3\ _ 1 iC 4\ _ 1 _ig A
{”0>_\/W iCi ’ |”0>_\/W T2l iClL ; (127)

1 1

0 0

0 0

1 -1

h—b. = cos6
_ 1L 1L
where CI,L ~ b, sinf

1L LL
does not have any component in the x-direction. In general, there could be more zero modes

for large sizes. It does not seem easy to identify analytically all the points where we face
degeneracy more than the two mentioned. To study entanglement, one should be careful with
the zero modes. As an example, numerical investigations suggests that for L >> 1, we would
expect one more zero mode for h > 1 and independent from BMF values.

. This is an exact zero mode which comes from the fact that BMF’s

8.2.2 Entanglement studies

Regarding the entanglement, we have looked into the entanglement properties of parity broken
state |3). For instance, the behavior of von Neumann entanglement entropy is plotted with
respect to the parameter f3 in the figure 5 for fixed and equal angles of boundary fields. Looking
to the discussion of section 6.2, the entanglement entropy obeys the relation

21" ] ¢ _ Belp]
G+ +G—fr” " TTIBR

S0(A) = sP(A) = sP(a) + - i ~ log[ (128)

Since the relation above is general and does not depend on parameters of the model, it is
expected to see the same behavior of entanglement entropy with the change in the 8 as in
figure 3.

For most parts of this article, we are interested in case where the boundary magnetic fields
are the same in both edges, i. e., _51 =b .- Another compelling observation would be the effect
of the boundary field direction (same in both ends) on the entanglement of a particular state
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such as |G, ). Results have been demonstrated in figure 6. For specific angles of BMF in the
xy-plane, we observe a huge change in the value of entanglement entropy.

For the small magnetic field (h < J as in figure 6a), there are two degenerate ground states
for BMF Ising model: one can write %(|—>—> -++ —) + | --- «)) as the ground state. When
¢ ~ 0, the first spin prefers |—) over the other possibility, |«), which lowers the boundary
entanglement * . As ¢ — 2, 37", both possible state of x-spin for the first spin would be equally
probable, since the boundary magnetic field aligns the first spin in the (positive or negative)
y direction. This would result in increase in entanglement. As the angle 6 increases, the
intensity of BMF interaction Bl.gl opposes the uniform magnetic field h in the system. So, we
would expect smaller jumps in the entanglement for bigger 6.

In the large magnetic fields (h > J as in figure 6¢ or the paramagnetic state) the ground
state is not degenerate, being all spins almost aligned in the direction of h. When BMF in the
xy-plan is small (6 ~ 0, ), entanglement would not change much by change in ¢. Although
almost constant, entanglement is a bit higher for small 6 ~ 0 rather than 6 ~ 7m. As the
intensity of BMF in xy-plan increases (for example 6 = %), first few spins at the beginning
of the chain would get out of all parallel positioning and the entanglement changes with the
angle of .

)

Ag

o
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o
5
o
N
o
g
.
5

T i

A6 A8
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o
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Figure 4: Different values of &, for difference in the directions of boundary fields
51 = (sin 0; cos 1, sin B; sin ¢, cos H;) and Z;L = (sin 6; cos y;,sin O; sin p;,cos O} ).
We have defined Ay = ¢; —p; and AB = 6; — 6;. The direction of boundary field
at the first site is fixed by 6; = ¢, = 555 and we change the angles at end point of
the chain. On the right, we have L = 9 and left hand side corresponds to L = 10.
Rest of the parameters are: J =—1, vy =1/2 and h = 0.518.

9 Conclusions

In this paper we investigated a generic quantum spin chain Hamiltonian with arbitrary bound-
ary magnetic fields. As far as the bulk Hamiltonian can be mapped to free fermions even though
the boundary terms are not quadratic with respect to free fermions we were able to diagonalize
the Hamiltonian exactly. This was done using two ancillary extra sites and later projection of

“#Size of the subsystem has considered to be small so effect of boundary entanglement be more apparent
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Figure 5: In above, the typical behavior of von Neumann entropy with respect to pa-
rameter f3 is plotted for a subsystem of length ¢ starting from boundary of the chain.
Size of the full system is L = 30 and subsystem is [ = 14. Rest of the parameters are:
J=y=1h=3b =1b =Tlandb;,=0.

the eigenstates. The extended Hamiltonian was studied in depth and many properties of the
Hamiltonian was studied including eigenstates in configuration bases, the correlation func-
tion of eigenstates and the reduced density matrix. The extended Hamiltonian always has at
least one zero mode which guaranties the presence of degeneracy. To get the eigenstates of
the original spin chain one needs to go to the sector in which the parity number symmetry is
broken. We studied comprehensively these eigenstates and found the correlation functions,
reduced density matrix and the entanglement entropy. Interestingly the general features are
independent of the parameters of the Hamiltonian and one can get universal results for the
reduced density matrix and entanglement for generic eigenstates. The procedure used here
can be extended for the other similar situations such as local breaking of the parity number
symmetry in quantum spin chains due to local magnetic field impurity. It can be also useful to
study local quantum quenches in quantum spin chains.

Acknowledgements

MAR thanks CNPq and FAPERJ (grant number 210.354/2018) for partial support. MAR thanks
ICTP for its hospitality during the visit which part of this work is done. The work done by AJ
has been supported by CNPq.

Appendix A Correlations for excited quasiparticle eigenstates

In section 4, we introduced the correlation functions and the method to produce these matrices
for the ground state. In this part, we are going to present the method to calculate the correla-

tions for excited quasiparticles (31) using the unitary transformation U which diagonalize the
Hamiltonian.

32


https://scipost.org
https://scipost.org/SciPostPhys.12.6.195

SciPost Phys. 12, 195 (2022)

"
Sin o6

013

01 o o, e

007} o--0

@Qh=3

Figure 6: In this figure, the von Neumann entropy is plotted with respect to the
angles of BME for three values of magnetic field, h = %, 1, % respectively. We have
put by , = by, =sin(0)cos(y), by, = b, , =sin(0)sin(y) and b, ;, = b; , = cos(0).
Rest of parameters are: L =30,1 =2, f =+1,J =—1 and y = 1. To better manifest
the change in the entanglement entropy, size of the subsystem is selected to be close
to the beginning of the chain. We observe that there is a change in the entanglement
aty =7, 37” As mentioned before, there is (one) more zero mode in the eigenvalues
of M matrix in (9) for h > 1. However, this is not an exact zero mode and for size

L = 30, it is small but not zero. Therefore, observation above is intact.

The quasiparticle excited state such as |v) is defined by

) = ki ko, k) = [ [ 10), (A1)

k;€E

where set E could be any subset of modes. For this state, we start by calculating the (1| c;'c 1)

and (| cfc] 1)

(cleidy = O] T, D i+ gen) D (gkimm +hunD | ] n 100, (A2)

keE Kl n,m k;€E

(elc)y = O] T D im+ gemd D (rymm + gD [ [nl 10} a3)
n,m

k;€E k,l k;€E
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Using the Wick theorem we can simplify these expressions to get:

<c§cj>¢ =(h"h);; + Z(gkj,igzj,j _hzj’ihkj,j);

k;€E

(cZ'c}f)w =(h".g);; + Z(gkj,ih}ij,j _hij,igkj,j)-

k;cE

(A4)

Therefore, using the definitions (58), we can write the K, K and G for the state |1)) in a short
version as

K:/; =(h"+g").(h+ g)ij— ZiS[ Z (h;;.,i + g;;.,i)(gkj,j + hkj,j)] , (A.5)
kjeIE
RY, = (0" —g").(h—g)y;—2i3[ D (hf ;— g} I j—gx,)], (A.6)
kjeIE
P + "
Gy =(h' —g").(h+g);+2%] > (e . —hi Vi j+8gx,))]. A7)
kje]E

The prior expressions are useful for the study of entanglement in excited quasiparticle
states. One can use the T to calculate the RDM for a given subsystem A using the relation

P

A

P (r,7) = [det—"Te , (A.8)
where y and 7 are the Majorana fermions defined in section 4. Equivalently, it is possible to
use the preceding correlations to find the R matrix (as in (32)), R’ = Fw*(l —c' )~!, which
could lead to finding the RDM.

For excited states created from ZME state, we can do the same calculations. These quasi-
particle excited state are created as:

|¢@>:|n1’n2,"':nN): 1_17):5 M)s (A.9)

n;€E

where n; # 0. Having the correlation matrices for the above states allows us to study the
excited state entanglement for these states likewise. To write such matrices, we can use the
result of section 4.2. Correlations for the family of ZME excited states are demonstrated in
35. The matrices K® and K#* have the same form as (A.5) and (A.6), therefore, we have not
included their forms.

As it was explained in subsection 3.6, one could divide the Hilbert space of Hamiltonian
(5) into four different towers which one of the these towers or sectors corresponds to the
eigenstates of boundary magnetic field Hamiltonian (1). We devote this part to find the corre-
lation functions for states in a given tower, given the ground state for the tower (sector), can
be found with |G, ). The base of calculation is similar to the above cases, therefore here we
only hand out the final result. For start, an excited state in one of the sectors has the form

)= 1nhl6) (A.10)

ij]E

In the preceding expression, set E contains excited modes acting on |Gi> and 0 ¢ E. For a
general case of E we can write the correlations as in page 36. Similar to the ZME and the |G..)
case, the matrices K** and K¥* have the same form as K¥ and K¥ in (A.5) and (A.6).
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Appendix B Reduced density matrix calculations

In this appendix, we are presenting the calculations of (81) in details. Starting from (77), we
can write

, R T o
pf(g’g):fl_[dgldgle ne2 (51:“"gk’_§k+1’“'>_€L|pﬁ |§1,"' :gk:€k+1’“"€L>

le2
1 oz 1 _
=(Ry1)::iEE:—=(R*,) . ELEL = _ = -
—|CP2e2Ru)i&ig=5( 11)Jl€;€lfl_[dgld§l eSS FUE I AELAE L D)
le2
1 :z 1 :: 1 :z 1o, 1o / i /
% [e_z(Rlz)inEign_i(Rzl)nigngiei(R22)mn€mgne_E(RZZ)nm€”€m+E(R12)jm§jgm+E(R21)mj£m€j:|’
(B.1)
where in the above Einstein summation convention is used. To clarify the notation above, the

indices i, j belong to subsystem 1 and indices n, m to subsystem 2. Eventually, the function F
is given by

FUENALD AL AERD = 1+ B(D)0;E; — B)omEm + B (O))0;
+B* (5 )onEn + B2 (D)0 (MT)0:E 57 + 1B (991 )0; (D5)0n ;€ n
~1BP(D2)om(9)0iEm&; — 1B1*(M2)om (M5 )onEmén - (8.2)

In (B.1) we have divided R into four submatrices Ry, Ryo, Ry; = —Ry5! and Ry,, according
to the part we are tracing out (or not). Although these submatrices do not need to have same
size, Ry; and Ry, should be square matrices. We write the (B.1) in the compact form:

(g 5/) Ri 0 §

Nl =

p1(E, &) =|CP % A fan(é'ﬁ:gjm)e%"T““"”T”, (B.3)
where Dn = d€d€ and
n' = (g §) ’ AT = (—gRlz —g/Rﬂiz) ’ (B.4)
A= [T T (B.5)
1Ry,

It is much easier to solve the integration in (B.3) with this new variables. In the expression
of F, the first, second, forth and sixth terms do not depend on the variables of integration.
Therefore, for those terms we can write:

i )| 8
21 &' o
1 -
PP, 20 4™ 6 g £") = |CP|(det] A2 (14 B, E)(1+B*DT:E e , (B.6)
where
T
a— | 0 (R O R ) (B.7)
0 —Ry; 0 Ry, 0 Ry’
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For the terms with linear Grassmann variables in the integration we first substitute n — n+.A4714
in (B.3). Using the Berezin integration techniques in presented in [56], we are left with

1 - g
z(i 5’)9
1 1 _ /
pP (3,5t 7% gth & £/ = |CP|(det[ A])2(det| W])2F(E,, & ,)e d , (B.8)
with
) —BM 0 o o
FELE) = |BPPIW]+ 2 A1+ |B[29m, E x A2 B.9)
0o prom 0 M
T A—laxsﬁ’;g’ﬂmz(—% O)A‘llX(o mz*)A_ll,
0 0
m 0 el 0
W = 2 AT 2 |- (B.10)
0o -0 0 -

Putting (B.6) and (B.8) together, after some algebraic manipulations, we get to (78).

We could have used another trick to solve the Berezin integrations to get RDM. This method
ends up in having two exponentials in the final result. The trick is to write the linear Grassmann
variable in the integration as exponentials, like:

(mg)kl ... (mé)kN(m*gl)kl - (m*gl)kN — f l_[ déideiezkf 9kj (img)kj-FQ_kj(im*g)kj . (B.11)

In the above relation, 6 and 6 are Grassmann variables too.
If we start again from density matrix expression in coherent basis (76), and rewrite it as:

! !
RZmEn ‘5m

IR 7 3 "2
pP(E,8) =ICP e (1 + Py + B3 E] + BP0 EE e (B.12)
=pP(1,8,8)+0P(2,€,8) + 0P(3,£,&") + pP(4,8,8),

where the pP(1,&,£’) and pF(4, &, &’) are the density matrices corresponding to the vacuum-
vacuum state and excited-excited state, and the 9/3(2, £,&') and Qﬂ(B, &,&’) are density cross
terms corresponding to the vacuum-excited (and exited-vacuum) state terms. We are going to
partial trace each term separately and then put the results together afterwards. For the first
term in (B.12), we have:

3
e g
h_C ’
P?(ngg )= We : (B.13)
where again
2 /det[1+R,, R R -1
oo _ B! y/det[T+ Ry, "Ry | A= | e , (B.14a)

B (1+|/5|2),/det[1+R'i‘R]’ I -R;,
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R 0 R 0 R, 0
o= " I AP . (B.14b)

0 —Ry* 0 Rp* 0 Ry’

For the last term in (B.12), we can write:
— z A ) 1 = £ l % /oyl
pP(4,8,8) = |c/5/3|2f d0d0ef OO EN  3REiE o2 RySE) (B.15)

For the reduced density matrix we get

_ 1 o T PR A N == S :
pi(4,8,8") =|Cf5/5|2f d0dge2®alitiima Ry &i& 00 )+6(m;.¢ >f [ ] d&idg, e 5
[=k+1
X e_G(SIRZg)J’_é(mZg)I:e_(RIZ)ingi‘L:n'i_%(R22)mnéméne_%(REZ)Hm€n§m+(R9{2)jm£;‘§m:| .
) ) (B.16)
We denote the terms on the left of second integral as 7 (&, &, 8, 8). If we introduce new Grass-

mann variables 7 = (g g) and AT = (—gRu —0(™M), —&'R,+ 9_(9)1*)0), then we can
write the integral as

_ _ _ 1
p(4,8,8") = J d6doF(E, &6, e)J D e2 AT, (B.17)
where A has been defined previously. Solving the first integral we get:
Nt
2(& &' )a
5/ l@T o) /T (=)
pf(4, £,8)=CPe D@e2® @O+ J6 (B.18)
where ©7 = (9_ 9), DO = d6hdo, fn’T = (g g’), and © and CP are given by (79b) and (79a)

respectively. Finally, if we take the last integral in the equation (B.18), we get

%(é 5’)9’ :

/

PP(4,8,8) =CPPilwle : (B.19)
where
V=0+TJ 'JT (B.20a)
0 (M%) 0 —(9x)!
w= 270) g 2o (B.20b)
—(M13)0 0 (fmz)g 0

-R 0 0 o 0o o
J = 2 Al > - . (B.20¢)

0 —Ry* —9, O M, 0

To do the same calculation for cross term p” (2, &,&7) in equation (B.12), we have

1 c £ 1 * p/ oyl
SRijEigj— R

0P (2,88 =cPPpom & e’ (B.21)
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If we use the equation (B.11) and write the & behind the exponential as
(E)ﬁg)o = fd@eg(fmg)o = fd@egmmgl, where 0 is a new Grassmann variables. We can write
the density matrix as

r 1 - £ 1 * rlyl
Qﬁ(2,§,§')=|Cﬁlzf5JdOee(‘mg)OeERffgigie‘iRv‘fi‘Ef. (B.22)

Equivalently, If we introduce new Grassmann variables 7 = (g g) then we can write the

integral as
. 1
e’(2,£,8" = f doF(E. 8, G)J Dy ez 41H, (B.23)
where we have denoted the terms on the left of second integral by F(&,£,6) and
A= (_gRIZ — 0(M2)orr —§/R’{2) : (B.24)

Taking the integration on 1, we have:
YA
5 2 & &)
9’5(2,§,§’)=%e : f dee’, (B.25)

where 0 is the same as (79b) and CP is given by (79a). Then, we can take the integral over
the 6 above and write the final result as

Cﬁ 1 ,r
0P (2,€,8") = E(TA*RT +1 )" ", (B.26)
where ’T = (g g’), and Also we have
R, O
T= [gmz 0} T = [gﬁl 0] R= . (B.27)
1x2L/ 1x2l 0 RTZ

2lx2L/

For the other cross density (third term in equation (B.12)) we have:

Cﬂ %"I’Tﬂﬁ"l/
0P (3,£,8") = F( —TAIRT + 1 )n’e , (B.28)
which
) R, O
T= [0 9)12*] T = [0 9;){1*] R = . (B.29)
1x2L/ 0 R>'1‘2

21x2L/

Putting equations (B.13), (B.19), (B.26) and (B.28) together and moving and reordering some
parts we can write the RDM for the state |3) as

l o ’)jw‘le
B , 1 2(€ : & B g %(nll)ijgi‘gj Vijéi] %(sz)ijifij-
PP(g,E ):Cﬂ[w + P[0, e +KPL le e’ e ,
¢
(B.30)
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where 2)) = Q;, — Q,; | and

Rp,” 0
KP={Lon. Lom.* |+ Lo, —logg,* A 12 . (B.31)
B* 1 B 1 B2 B2 0 R,
12

To write the RDM in operator format, we have to reorder it. Then, the final result is

1 —a.. T —a.T
pﬁ(c CT) —C ei(nll)ijcz‘cjl: 1 e(lnnlz 2"21 )ijc:cl- +(’Cﬁ) C.re(lnﬂlz 29 1 )ijCLTCJ'
16 —LpB |ﬁ|2 17k%k
07 ¢ 1
+ e(ln%)ijci'cj (]Cﬁ) c ]ei(nzz)ijcicj (B.32)
2 1%
T
1201

Lo i Q i1
2@1ije ¢ n 252 5cle; 5 (@))ijcics
e e )

+CPPf[0,]e

The IC? stands for the first block part of vector KP (and the same argument for ICg). To find
a shorter notation for the pf (c,c") we use the relation [57]

' c ' c ' c ' c
%(CT c)/\/ll %(CT c)Mz %(CT C)Mg %(cT c)./\/l
cl c ¢’ c’
= ) (B.33)
where eM = eMi M2 o Ms, Therefore, we can write (B.32) as
. c ' c
%(cT C)M %(cT c)/\/l’
/5 " 1 CT %trlny CT %trln()ﬂ—@)
py(c,c')=Cp [—Ze e + Pf[Qy]e e
18] (B.34)
c c
i(c“ C)M |, z| c)/\/l o
. CT ot InYy CT S ny
+ (IC/f ke e +e e (ICé5 )lcl] .

To move the exponentials to one side (left or right) of the (B.34), we use the relation (83).
Therefore, we can write the (B.34) as

. C
%(cT c)/\/l L1
i L 1 17 c'
[5 N C 2trln(2ﬂ12 2!121) 1
prlec)=Cye ¢ I G ]

¢ (B.35)

Ny (]
z(c' c)/\/l’

gl L 1, 1,7
C 2uin(59,-59;,")

+Cp P, ]e e s

where we have:
%912 - %Qle +20,(0], — Q1) 710y, 20y (0], —0,) 7

M=In ) (B.36a)
2(0l, — 95) 710, 2(0l, -y
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1 1 T T T _
59/12_59/21 +29/11(9/12 _921/) 19/22 29/11(9/12 _9/21) !

M =1In ,  (B.36b)
T — T —
2(0/12 _9/21) 19/22 2(0/12 _ﬂlzl) !
Ri; 0 R, O R, 0 Ry, I
Q= + At ; A= , (B.360)
0 —Ry 0 Ryt 0 Ry, I R,

M (A D), —rr (A7), mT
V=0+T0 7", w= 20 mT 20 AT (B.36d)
— Mty (A1) 19N, m;(A_l)umg

—R 0 0 mk 0o N
g=| " A = ", (B.36e)
5 L [Ri2" 0
2= gan )+ (o o )4 R
0 Ryy'
Pl =orcfl, —a,)t, £l =2kl(Ql, —0,) 70, + KD (B.36g)

IC? stands for the first block part of vector KP. Since, we can think of K as a vector made
from two block vectors (and the same argument for ICg ).

Appendix C Entanglement calculations of general 3 parity broken
state

To calculate the n = 2 Rényi EE, we start by:

2
tr(p} ) =tr(pf1p}). (C.1

We can use the Identity resolution and tracing formula of Grassmann variables to write:

1= f [ [d&idge 55 e)(e] (C.22)
l

trO = J ]_[ d€dge 58 (—¢|o]g). (C.2b)

Therefore, it is possible to calculate the trace of p? in terms of Berezin integrals of Grassmann
variables:

tr(pf2)=fl_[dé_idéil_[d'flzdme‘g'ge""""( g o 1m)mlpf |€) . (C.3)
i l
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We can use the result of (78) to write the integrand in the expression above as:

2 ) _ - _ _
t(ph ) =c? f l_[déidéil_[dﬁzdme_g'ge_"'"[(%—51-€+£2~n)(%—E3-§+£4-n)—Pf[W]]
i 1

: AN (o))
36w’ 30 4(7)

) 1 1 _ 2 f)ﬂ(g
e " [(E + L.+ ﬁz.g)(ﬁ + L3.0+ L£4.8) —PW]]e .

By defining a new Grassmann variable such as:

(2)
]
0= , (C.5)
n
\&)
the integral (C.3) can be written in a simpler form as:
1
tr(p?”) =P’ f DOf(H)e2? B (C.6)
where in the above DO = l_[idéidei, and also
1 1 1 1
f(8) = [(E + C.0|1)(E +C.0|,) +Pf[W]][(B + Cﬂ"”)(ﬁ +C.01,) +PIW]].
The new B and C matrices are defined below
(nu 0o -0, I ) (2, o £, o)
0 Q I 0 —L 0 L 0
B= . 2l o= ° ! . C.7)
-, -1 Q, 0 0 L, 0 L
\ -1 2, 0 q \ 0 L3 0 L,

The rest of matrices are given by (79). Before proceeding to solve the integral above, we have
to clarify couple of points here. First, the notation C.0|, stand for the r row of the ma-
trix product C.0. Second, the f(0) produce terms with product of odd number of Grassmann
variables such as C.0/, or C.0/,.,C.0/,.,C.0/, , the integration on these terms will be zero au-
tomatically. Therefore, The above integral is straightforward to solve, and the final result of
tracing is given by (106).

In some cases B does not have an inverse for odd n. However, it is still possible to take the
Grassmann integrations.

Appendix D Exact diagonalization of A=B=0

In the case where A and B are zero then the Hamiltonian (5) becomes
L
_ 0 i L+1 o*, T F_ T L+1%* LTI
H —Z [aj (cocj —coc) + a; " (cjep g Fejeri) +aj (¢ Co— ¢jco) +a; (cL+1c]f + cL'ch )]
j=1

o
|

(D.1)
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This model can be related to a linear fermionic model such as the model discussed in [45]

—

L
H= Zajcj + a;‘.‘c;. ) (D.2)
=

In fact, with a specific projection, one can find the eigenstates of (D.2) in the Hilbert space of
(D.1). We can write the new form of the M matrix (9)

( 0 —allj —ag oee —ag_l —ag 0 0 —a?* —ag* e —ag_l* —ag* 0 \
—ad" 0 0 0 0 AR I 0 0 0 0 —al+1”
_ 0% g L+1¥ 0% g L+1*
ay 0 0 ay ay 0 0 a
0 x o L+1E 0 * g L+1*
ay 0 0 ay’y ay 0 0 ar’y
0% o L+1% 0% o L+1*
ap 0 0 0 0 ay ay 0 0 0 0 aj
_ oL+l _ L+l . _ L+l  __L+1 L+1% L+1* L+1% L+1%
M _ 0 ay a, ar’y aj 0 0 ay ay ar’y ay 0
0 a(l] ag e a(271 ag 0 0 a[l)* ag* e a(L)—l* ag* 0
—al 0 0 - 0 0 al+t o 0 0 - 0 0 al+?
1 1 1 1
_0 L+1 0 L+1
ay 0 0 a; a; 0 0 a;
_0 L+1 0 L+1
a; 0 0 ai’y ay 4 0 0 ar’y
_ 0 L+1 0 L+1
K a; 0 0 0 0 ajy ap 0 0 0 0 ay
_ Ll L+l e gL+l L+ L+1% L+1% L+1* L+1%
0 ay ay ar’y ay 0 0 ay 5 ai’y ay 0

It can be shown that A has only two nonzero diagonal elements, A; and A, and the rest of
eigenvalues are zero. For nonzero eigenvalues, we have

2
. (D.4)

L L
Mo =v2 | D (a2 + ek )£ || D (0 +ak ) (ad — k1)
j=1 j=1

Then, M would have only four nonzero eigenvalues and the rest are zero independent of
size. The next step is to find the eigenvectors to construct the U matrix. In (12), we have
already introduced two eigenvectors of zero mode. Using the orthogonality condition, and the
condition that if |u) is an eigenvector with eigenvalue A then J|u) is also an eigenvector with
eigenvalue —A, therefore, we can find and present only half of the eigenvectors. For simplicity,

we assume a? = a]“l = aj, then eigenvectors of positive modes. we have:
Upyp =Ug=—Vo=V[11 =1,
u 2af
|u1’> = ; u; = B : 5 (DS)
Do lajl?
)Y ]
else =0,
— — — — A
Up+1 = ~Uo = Vo = V41 = Tg,] >
u, 20, a
+\ . =25 L
|u2 > - ’ Vi L 5 lag]? (D.6)
v 2o lajl
else=0,
For eigenvectors of zero modes, we have:
0 u, Upyp =Ug=Vo=—V[41 =1,
|u1> = ; (D.7)
% else=0,

44


https://scipost.org
https://scipost.org/SciPostPhys.12.6.195

Scil SciPost Phys. 12, 195 (2022)

u;, = ——; i<k#0,
y =P
|up) = ; w=1, (D.8)
v
else =0,

where k = 2,3,---, L. With this expressions for eigenvectors, we can construct the unitary
matrices U. Having the exact U, we can calculate correlation matrices (see section 4). putting
these eigenvectors together, one can construct the U.

Having the U matrix, we can directly calculate the 6, introduced in (42). The calculation
of 6, shows that

(D.9)

_J+1 if L even,
T l=1 if L odd.

D.1 Vacuum state in configuration basis

Another method to calculate the entanglement of subsystem in a particular state is to use a
more direct way. We could use the equation (28) to calculate the entanglement. Using the
results of subsection 3.4 for A,B = 0 we can find the form of R matrix as:.

oa;

0 —" E— 1
|a1|2+"'+|aL|2
=| ———=—— _w
R=| Taremr 0 e | (D.10)
-1 % 0
lay [P+ +ag |2
where,
1 lz Roctel
|0), = ————==€2%"1 |0)

T /det[I+ R'R] <

Numerical investigations suggest that for even sizes we get exactly the same expression, and
for odd sizes we get the minus of the vacuum (a; € R).

D.2 Correlations

For the special case of A,B = 0, the correlation matrices look pretty much simple in terms
of the parameters a;’s. We are going to demonstrate the matrix form of correlations for gen-
eral a; € C. For start, in the vacuum state, correlations looks like below. (In the following
expressions indexes n and m are the number of rows and columns respectively.)

1 Gy _1 \ 0 T 1
2 4 /2k|ak|2 4 4 /Zk|ak|2 4
0 _ ay iy, ay Fo — —a 0 o
4/l | 200 o) | 4/ STl |’ 4/ > Jagl? 4/l |’
_1 iy 1 } _1 — 0
4 4 /zk|ak|2 2 4 4 /Zk|ak|2
1 0 0 \ 1 _i3lan] 0
V2 o
KO — _ m—n 3[aan]| —i3[a,] RO =| _=i3la] _ m=n 3laan]
0 5”"1 [m—nl >} lal? V2l ’ [ o 2 6”’“ [m—n| > |a;[2 01>
0 i3[an] 1
NOATE ] 0 0 1
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0 Rlam] 0
V2 oy ?
G’ = _ Razan]|  Rla,] ’
0 5nm + Zk |ak|2 \/Zk |ak|2
—1 0 0

For the case where the state is ZME state (|@})) then the correlation matrices look like below.

1 _ am 1 o |- | _1

2 4/ o 2 4 4/ a2 4
P _ ay aam, ay §_ —a; 0 ay

4/ Tal? | 2k 1) | 44/57 a2 437 Jag? 4437 a2
1 o 1 1 —%n 0
4 4> oy 2 4 42 oy
0 Ray] 0
VO a2

G’ — B Maganl| _sla] | gI=gK°, R =K.
0] =omm * Sial | I laP

1 0 0

Finally, for this case when the state is |G ) then the correlations look like below.

G E NS NrTE NN
+ _ ay %y o, = _ —a, 0 a,
4Dl | 20 o) |4/ T2 | 4¢/3 lag? 4437 e ?
0 A 1 0 —a;‘n 0
4/ Loy 2 42 Loy
Ra,,]
0 ——n 0
A% Zk |ak|2
Gt = . Rlaranl|  Rla,] ) Kt =K°, K =RO
O 5nm + Zklaklz \/Zklaklz
0 0 0
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Appendix E M matrix for modified XY chain

In this appendix, the exact forms of the matrices A and B for modified XY spin chain is demon-
strated. For |b;| =1 and |b;| = 1, they can be written as:

sin 6, e'?1

0 LU LA
—mOem _hicosh, —L 0
2 1732
0 -7 ~h -4 0
0 0 -4 —h -3 0
A= , (E.1)
in@, e ivL
—h+cosf, —FL—
0 _sineéei‘ﬁl 0
sin 6, e~¥1
0 —=x 0
in 6;e~%1 J
= 0 -% 0
Jy vJ
0 £ o -Z o
: 0 T o0 -Z o .
B— . (E.2)
J in6, e~i¥1
i 0 _sin6e
0 sinGLze’iV”L 0

With the help of (8) and (9), one can construct the actual M matrix.
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