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Abstract

Hamiltonian truncation is a non-perturbative numerical method for calculating observ-

ables of a quantum field theory. The starting point for this method is to truncate the
interacting Hamiltonian to a finite-dimensional space of states spanned by the eigen-
vectors of the free Hamiltonian H, with eigenvalues below some energy cutoff E,,,.
In this work, we show how to treat Hamiltonian truncation systematically using effec-
tive field theory methodology. We define the finite-dimensional effective Hamiltonian by
integrating out the states above E,,,,. The effective Hamiltonian can be computed by
matching a transition amplitude to the full theory, and gives corrections order by order
as an expansion in powers of 1/E,,,. The effective Hamiltonian is non-local, with the
non-locality controlled in an expansion in powers of Hy/E,.x. The effective Hamiltonian
is also non-Hermitian, and we discuss whether this is a necessary feature or an artifact of
our definition. We apply our formalism to 2D A¢* theory, and compute the the leading
1/E2, corrections to the effective Hamiltonian. We show that these corrections non-
trivially satisfy the crucial property of separation of scales. Numerical diagonalization
of the effective Hamiltonian gives residual errors of order 1/E3__, as expected by our
power counting. We also present the power counting for 3D A¢* theory and perform
calculations that demonstrate the separation of scales in this theory.
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1 Introduction

Numerical methods for studying strongly interacting quantum field theories and quantum
many-body systems are an important component of the modern physics toolkit. Two of the
most commonly used methods are lattice Monte Carlo (e.g. lattice gauge theory) and the den-
sity matrix renormalization group (used mainly in condensed matter physics). The focus of
this paper is on a less-frequently used approach known as Hamiltonian truncation, a numerical
method that diagonalizes the Hamiltonian projected onto a finite-dimensional subspace of the
full Hilbert space. The method goes back to the earliest days of quantum mechanics, where it
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is known as the Rayleigh-Ritz variational method. Its first use in quantum field theory appears
to be Ref. [1]. The method was applied to renormalization group flows between 2D conformal
field theories in [2,3], where it was called the ‘truncated conformal space approach.” This work
demonstrated the effectiveness of the method applied to 2D quantum field theories, and led to
many applications both in elementary particle theory and condensed matter theory (see [4] for
a review). More recently, there has been a revival of interest in Hamiltonian truncation in the
quantum field theory literature following the pioneering works Refs. [5-7]. See Refs. [8-24]
for examples of subsequent developments and applications.

In this paper, we study a version of Hamiltonian truncation where the finite-dimensional
Hilbert space is defined using an energy cutoff, since in this case we expect to be able to
apply the ideas and techniques of low-energy effective field theory [25]. Specifically, the full
Hamiltonian is written

H=Hy+V, (D

where H, is a free Hamiltonian that can be diagonalized exactly. The finite-dimensional Hilbert
space H.g is defined to be linear combinations of H eigenstates

Hy|E;) = E{|E;), (2)

with E; < E .« We are interested in theories where the interactions in V are weak in the UV,
for example theories with relevant couplings. For such theories, we will show how to system-
atically construct the effective Hamiltonian as an expansion in 1/E,,,, in perturbation theory.
We expect that physical quantities sensitive to energies well below E, ., can be approximated
by such an effective Hamiltonian.

A fundamental limitation of Hamiltonian truncation is that the number of states in H ¢
grows exponentially with E_ .., while the accuracy is expected to decrease as a power of
1/E ax- Since the computational resources scale with the number of states, the accuracy only
improves logarithmically with computational resources, at least for conventional computa-
tional methods.! Despite this limitation, interesting levels of accuracy have been obtained us-
ing Hamiltonian truncation in low-dimensional systems (reviewed in [4]). Furthermore, this
method has the potential to perform calculations in theories that are not easily treated with
lattice methods, for example theories with chiral fermions [20] or theories with sign prob-
lems [8,10]. This strongly motivates further study of Hamiltonian truncation to determine its
ultimate potential. Our focus in the present paper is improving the convergence of the method
as a function of the cutoff E,,, a problem that has already been studied in [9,13-15,26]. We
will compare our method with these works in §8.

In this paper, we develop a systematic approach to Hamiltonian truncation using the
methodology of effective field theory. We call the resulting formalism Hamiltonian Truncation
Effective Theory (HTET). The essential idea is that the truncation parameter E, ., is treated as
a UV cutoff, and the finite-dimensional effective Hamiltonian is defined by matching to the full
theory. The resulting theory has many of the expected features of more conventional effective
field theories, but also has some unique features that result from the nature of the cutoff:

* We define the effective Hamiltonian by matching a transition amplitude that is well-
defined in finite volume order by order in powers of V. The matching can be carried out
using a systematic diagrammatic expansion similar to time-ordered perturbation theory.

!Quantum computers can efficiently store an exponentially large Hilbert space with linear resources (qubits).
The development of a complete quantum algorithm for Hamiltonian truncation is an interesting problem for future
work.
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* The effective Hamiltonian is non-local. This arises because the cutoff of the effective
theory is non-local: E,,, is the maximum value of the total energy (defined by H,) of
the system, which gets contributions from all excitations regardless of how far apart they
are.

* The effective Hamiltonian is non-Hermitian. Because time evolution with the full Hamil-
tonian mixes states above and below the cutoff, there is no physical reason to expect the
effective Hamiltonian to be Hermitian. We discuss whether the non-Hermiticity is a
necessary feature, or an artifact of our definitions. We give some arguments that non-
Hermiticity is necessary to maintain desirable properties of the effective Hamiltonian,
but we leave a full discussion for future work.

* We propose a power counting to all orders in the 1/E,,, expansion in which the non-
Hermiticity and non-locality are controlled by an expansion in powers of Hy/E, ..

* Our formalism can be applied without modification to theories with non-trivial UV di-
vergences. The renormalized fundamental theory gives predictions that are finite and
independent of E,,, so matching is expected to give an effective Hamiltonian whose
predictions are finite and independent of E ..

The crucial property of any effective theory is that it factorizes physical effects associated
with different scales. This means that the effective Hamiltonian depends on the properties
of states above the cutoff, and parameterizes the effects below the cutoff. In perturbative
matching calculations such as the one developed in this paper, the separation of scales has a
precise meaning: corrections to the effective Hamiltonian are given by sums over states that are
dominated by states near the effective theory cutoff. In particular, this implies that the effective
theory matching corrections are insensitive to IR modifications of the theory, such as masses
and compact spatial dimensions, as long as the mass scale of these modifications is small
compared to the cutoff scale. The calculations performed in this paper for A¢* theory in 2D
and 3D give a nontrivial demonstration of this property, involving 2- and 3- loop diagrams with
overlapping UV/IR dominated regions that cancel only with the correct operator definition and
renormalization scheme.

To check that this formalism actually improves the numerical convergence as expected,
we perform numerical calculations for 2D A¢* theory. We find that the size of the numerical
error is compatible with the theoretically predicted scaling with powers of 1/E,,,,, namely
o(1 /Eﬁlax) for the O(A) effective Hamiltonian and O(1 /Eglax) at O(A?). At this order, the
effective Hamiltonian is local and Hermitian. Going to higher orders is simply a matter of
computing additional diagrams, and we show by explicit computation that there are non-
local and non-Hermitian 1/ Ef;lax corrections to the effective Hamiltonian. In future work, we
plan to extend our calculations in 2D A¢* theory to higher order, and to perform numerical
calculations for 3D A¢* theory. This will check that our formalism works when the effective
Hamiltonian is non-local, and in theories with UV divergences.

The rest of this paper is organized as follows. We derive a general formalism for matching
onto the effective Hamiltonian in §2. In §3 we derive a set of diagrammatic rules to compute
the transition amplitude that is used to perform the matching, using 2D A¢* theory as an
example. The renormalization and matching for 2D A¢* theory are presented in §4 and §5
respectively. We discuss the power counting of the effective theory in §6, and give an explicit
example of non-local and non-Hermitian terms that appear at higher orders in the expansion.
Our numerical results for this theory are presented in §7. In §8, we compare our formalism
and results to previous results in the literature. We conclude in §9 with a discussion of future
directions. In Appendix A, we present some calculations for 3D A¢* theory to illustrate the
application of our methods to theories with non-trivial UV divergences. In Appendix B, we
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consider the possibility of defining a Hermitian effective Hamiltonian by a similarity transfor-
mation.

2 Effective Hamiltonian from Matching

In this section, we define the effective Hamiltonian by matching to the predictions of the
full theory order by order in an expansion in powers of V.2 This definition is the basis for
the systematic computation the effective Hamiltonian in an expansion in 1/E,,, which we
present in §6. We make the separation of the full Hamiltonian into the free and interacting
parts defined in Eq. (1), and assume that the spectrum of H, (and H) is discrete, with

Holi) =Eli), i=0,1,2,.... 3)

We denote the full Hilbert space by H, and the finite-dimensional subspace spanned by the
states |i) with E; < E,, by Heg. Our goal is to define an effective Hamiltonian H g acting on
the effective Hilbert space H.g, so that the low-lying eigenvalues of H.¢ approximate those of
H.

The simplest approximation for the effective Hamiltonian is

(f [Hegli) ~ (f1HIi) , )

for |i),|f) € Heg. That is, Hyg is the restriction of H to the low-energy subspace H.g. The
goal of our formalism is to systematically improve this approximation for theories in which the
interaction V can be treated as a perturbation in the UV, For 2D A¢* theory, Eq. (4) is a good
starting approximation, and we will focus mainly on that case in this paper. For theories with
non-trivial UV divergences, one must go to higher orders in the matching to obtain a good
starting approximation. We will discuss the example of 3D A¢* theory in Appendix A.

The purpose of the effective theory approach is to systematically improve the approxima-
tion Eq. (4) by including the effects of the states above the cutoff E, . In theories that are
weakly coupled in the UV, we expect that the effects of the states above E,,, can be computed
order by order in powers of V. In the matching approach used here, this is done by matching a
physical quantity in the fundamental and effective theory order by order in powers of V. This
means that we choose some observable that can be computed in both the fundamental and
effective theory, and define the effective Hamiltonian by requiring that the physical quantities
agree. An obvious physical quantity to match in Hamiltonian truncation is the spectrum of
energy eigenvalues. However, we will now show that this is not sufficient to completely define
the effective Hamiltonian.

2.1 Matching the Spectrum

For simplicity, we assume that the spectrum of H, is non-degenerate. In perturbation theory,
there is a one-to-one correspondence between eigenvalues of H and Hy:

Hli) = &;li), (5)
where

Si :Ei +81i+82i+”' ) Wlth (c:m' :O(Vn) (6)

2Qur definition differs from the ‘exact effective Hamiltonian’ of Refs. [5,6], which is a function of the energy
eigenvalue that is being computed. See §8.3.
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Here |i) € H.¢ and we have already set &,; = E; from Eq. (3) since we are working in the basis
of the unperturbed Hamiltonian H,. We write

Heg=Ho+H+Hy+---, H,=0(V") 7

and use standard Rayleigh-Schrodinger perturbation theory compute the eigenvalues as an
expansion in powers of V in the effective theory:

€1; = (ilH4i), (8a)
< [(i|Hy|a)|?
€=, “]E;” +{ilHi) (8b)
a;éi i
< . .
(ilHq|a){alH:|B)(BIH:i)
€31 = Z E E.
a,B i iatif
= 1
+ > | (ilH;|a){alH,|i) + (il Hy|a) (alH, |{)
a#iEia

_ <i|Hl|oc><oc]|3111li><i|Hl'i> |+ i, (80

where we write E;, = E; —E, and

i= Z and i= Z . 9)

a Ey <Epax a Ey > Enax

These restricted sums appear because H.g is an operator on H.g, so that the intermediate
states in the effective theory must be restricted to the low-energy subspace.

It is straightforward to see that Egs. (8) do not uniquely define H.¢ order by order in the
expansion in V. We assume that £,; have been computed in the fundamental theory, and
we are using Egs. (8) to determine the corrections H,, in the effective theory. At first order
(see Eq. (8a)), the matching only determines the diagonal elements of H;. At order V" with
n > 1, the matching depends on the off-diagonal components of H,, with m < n, as well as the
diagonal elements of H,,. We therefore need additional relations to fully define the effective
Hamiltonian. In the following section, we show that matching a different quantity, related to
the S-matrix, completely defines H.¢ order by order in perturbation theory.

2.2 The Transition Matrix

We showed above that matching the stationary states does not uniquely define the effective
Hamiltonian. We need a complete definition for the effective Hamiltonian as a starting point
for systematic expansion. In this subsection we will show that the effective Hamiltonian can be
defined order by order in powers of V by matching a transition amplitude. It is natural to guess
that the effective Hamiltonian can be defined in this way. In effective field theories in infinite
volume, the effective Hamiltonian can be defined by matching the S-matrix, the unitary time
evolution operator between asymptotic scattering states. The S-matrix is not well-defined in
finite volume, but we will show that we can define the effective Hamiltonian by matching a
similar observable.

We start with an initial state at t; = 0. We then turn off the interactions adiabatically for
t > 0 by making the replacement

V- Ve, (10)
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where € > 0 is an infinitesimal regulatory parameter with units of energy. We then evolve the
state to t; — +00, and compute its overlap with an eigenstate of Hy:

(e.0)

: —iHgtr 15\ 2 13 . —et .
lim _(fle fff|l)_611_)n})+(f|Texp{ 1J dt (Hy + Ve )}ll), (11)

tf 0

where T is the time ordering operator. This is still not quite what we want, because it involves
an ill-defined infinite phase in the limit t; — co. However, we can factor out this phase by
working in the interaction picture, defined in terms of Schrodinger picture by

() p = et [W(t))sp, Opp(t) = elflot Ogp e Hot | (12)

The interaction picture time evolution operator is
tf
Up(ty, t;) =Texp{—iJ dtVIp(t)} , with  Vpp(t) = eflot yecteiHot (13)
ti

We then define the operator
(fIz(eli) = tfli_r)noo<f|UIP(tf:0)|i>; (14

where we emphasize that € # 0 in the definition of X.
We now work out the perturbative expansion of ¥. To do this, we note that the time
evolution operator written in Eq. (13) obeys

d .
EUIP(tf)ti)=1UIP(tf>ti)VIP(ti): (15)
1

with boundary condition Up(ts, t;) = 1. The solution is

tf
Up(ty, t;) = ﬂ—if dt Up(ts, t)Vip(t). (16)

L

This all-orders relation can be expanded iteratively in powers of V. Applying this to Eq. (14),
the leading terms are

ov?), (17)

(FIZli) =6+ (f1vli) +Z (fIV]a){alV]i)

Efi+i€ (Efi+ie)(Efa+ie)

a

where E¢, = Ef — E,, as before. This expression is not symmetric under the exchange i < f
due to the fundamental time asymmetry built into the definition of X given in Eq. (14). Note
that the right-hand side of Eq. (17) is actually not well-defined because some of the energy
denominators vanish for e = 0.> However, we will see below that these singular terms cancel

3We note that ¥ can be made well-defined in the e — 0 limit if one chooses to define V so that it does not
contain any diagonal terms when expressed in the H, eigenbasis. That is, we make the replacements

Hy — Hy + Vgiag » V =V — Vg » (18)
where

Vaiag = 210GVl (19)

is the diagonal part of V. As in perturbation theory for eigenvectors, this ensures that the perturbation of the states
are perpendicular to the unperturbed states. The result for the effective Hamiltonian (Eq. (25) below) is invariant
under this shift. However, this approach is not convenient for the diagrammatic expansion discussed in §3 below,
and so we will not pursue it further.
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in the matching. We can therefore treat € as an IR regulator, taking the limit ¢ — 0 after
performing the matching calculation. The fact that the matching is insensitive to the IR details
of the theory is an important feature of the effective theory approach that will be discussed
further in §5 below.

It is convenient to remove the Ef; energy denominator that is common to all terms by
defining the T-matrix:

(i)

_—. 20
Efi+i6 ( )

(fIBli) =06p; +

By analogy with the S-matrix, we will refer to T as the ‘transition matrix.” The first few terms
in the perturbative expansion of T are then

(FITI) = (fIV]i )+Z (f Vi) {alV]i) +Z(f|V|a)(a|V|ﬂ)(/3|V|i)

: —-+o(vh, (@D
E +16 @p (Efa +16)(Ef/5 +16)

or in other words, the O(V™) contribution to (f|T|i) is given by

Z (fIV]ag){ay|V]ay) - - {ap—1|VIi) . (22)

(Erq, +i€)- (B +i€)

Note that the sum includes terms where the energy denominators E¢, vanish, and therefore
the transition matrix diverges as € — 0. We can think of € as an IR regulator, so these terms
are IR divergent. However, we will show that these IR divergences cancel in the matching,
and the effective Hamiltonian is completely defined by matching T order by order in powers
of V.

2.3 Matching the Transition Matrix

To match, we must compute the transition matrix T in the effective theory. In terms of

Ve =Hy +Hy+---, (23)
the interaction picture time evolution operator is given by
ty

Uetrp(tf, t;) = Texp(— if
t

Sums over states in the effective theory are restricted to satisfy E < E .. Matching the matrix
elements of the transition matrix to the fundamental theory, we then obtain our matching
conditions:

dtveff,lp(t)), with Vg () = et VygreeteHot . (24)

(fIH 1) egs = (f Vi), (25a)
(f|Hz|i>eff=Za:Wk2w, (25b)
S (fIVIa)(alVIB)(BIVIi) fIVia)(alVIB)(BIVIi)

(f1H3li)e . (250)
W az Efakrp ZZ EapEfp ’

The matrix elements of the effective Hamiltonian are written with a subscript ‘eff’ to remind
us that the matrix elements are evaluated in the finite-dimensional Hilbert space H.g. Note
that for E;, Ef < Ep,y the energy denominators in Eq. (25) are of order E,,, or larger. This

8
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reflects the fact that the matching calculation is insensitive to the IR details of the theory, and
is important for the separation of scales, as we discuss below. It also means that we can take
the limit € — 0 in the matching, so the IR divergences in the transition matrix T do not affect
the matching.

Hg as given in Egs. (25) defines the effective Hamiltonian order by order in powers of V.
We have verified to O(V*) that the eigenvalues computed using H,¢ agree with those obtained
from directly matching the eigenvalues Eq. (8). A peculiar feature of the effective Hamiltonian
defined here is that it is not Hermitian. Note that time evolution with the full Hamiltonian
H mixes states in the low-energy subspace H.g with states that are not in H.g. Therefore,
there is no reason a priori that the effective Hamiltonian must be Hermitian. However, it is
interesting to explore if there exists an alternative definition of the effective Hamiltonian that
is Hermitian. Beyond the conceptual implications, this is motivated by the fact that numerical
algorithms for diagonalizing Hermitian matrices are more efficient than for non-Hermitian
matrices.

It is not obvious that T is the ‘correct’ observable to match. Is it possible to define a
Hermitian effective Hamiltonian that has the desired properties, such as separation of scales?
We do not have a complete answer, but we have considered a few simple possibilities, and
find that they do not work. For example, we can define a Hermitian effective Hamiltonian by
matching T+ T'. At O(V?) this gives an effective Hamiltonian that is related to the Schrieffer-
Wolf effective Hamiltonian [27]), but at O(V?) the effective Hamiltonian defined in this way
diverges in the limit ¢ — 0.* This is an IR divergence, signaling a failure of separation of
scales.

Another possibility is to define a new effective Hamiltonian from our H.g by a similarity
transformation Hé = GH.zG™*. This does not change the spectrum, so Hé ¢ i @ suitable
effective Hamiltonian. If G is not unitary, it may be possible to obtain a Hermitian effective
Hamiltonian in this way. In Appendix B, we present a choice of G that removes some but not
all of the leading non-Hermitian terms in 2D A¢* theory.

It would be be interesting to investigate alternative definitions of the effective Hamiltonian,
but we leave this for future work.

3 Diagrammatic Rules

It is very useful to have a diagrammatic expansion for the transition matrix T to perform the
matching. In this section, we derive such a set of diagrammatic rules. This requires specifying

“At O(V?2), this gives the Hermitian average of our effective Hamiltonian

(i) =5 DU VIaalvi) (Ei e (26)

but at O(V?) we obtain

R . 1 1
(FIH, i) = Eazﬁ:(fWIa)(aIVVj)(mVIl) (EfaEfﬁ + EiaE,-/a)

1w B +EpgEsy+EpoEop
+7 {FIVia)alVIB)(BIVI)—
4 Za:; EiﬁEiaEfaEaﬁ

2
Ef/i +EfEip—EigEqp

27)
EroaErpEipEap

_%Z::Z(ﬂvla)(MVm)(ﬂWﬁ)

We have omitted ie terms for brevity. This contains IR divergent terms where the energy denominators vanish, for
example the terms with @ = f in the last line.
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a model, and we use 2D A¢* theory as an example. This diagrammatic expansion is similar
to ‘old-fashioned perturbation theory’ for the S-matrix.

Not only will these rules serve as a useful calculational tool, but they also provide insight
into the properties of the effective Hamiltonian. For example, the apparent non-locality of
the effective Hamiltonian that appears at subleading order in the 1/E,,,, expansion will have
a simple diagrammatic interpretation. Additionally, the diagrammatic expansion also illumi-
nates the UV divergence structure of the theory, making the interplay between matching and
renormalization completely transparent.

We consider the Lagrangian density

_1 2 1 5.9 A 4
5—2(3125) 2m¢ 4!¢ : (28)

The mass dimension of the fields and couplings in 2D are
[¢1=0, [Al=[m’]=2. (29)

The ¢* coupling is relevant, meaning that this interaction is weak in the UV and strong in the
IR.
We quantize the theory on a spatial circle of radius R:

¢(x+27R, t) = ¢p(x,t). (30)

We can therefore expand the fields in a discrete set of momentum modes:

1 .
B0 =~ > (0. (31)
kez
The fact that ¢ is Hermitian implies
=0, (32)

To simplify the calculations, it is useful to define the vertices to be normal-ordered opera-
tors. This means that we choose a ‘quantization mass’ mg and write the Hamiltonian in terms
of creation and annihilation operators for Fock states with mass m:

Hy = Z wkaZak ) with wi = 4/(k/R)? + mé , (33)
k

where creation and annihilation operators obey the standard canonical commutation relations
[a,d,]=6 (34)
k> ke Kk’ *
The interaction term is then given by
1 A
V= |dx|=m?:9%: +=:¢* 5
Jax] g0 s 2ot G5)
where my, is an ‘interaction mass’ that contributes to V and :O: denotes the normal ordering
of the operator O with respect to the creation and annihilation operators defined above. For

the purpose of deriving the diagrammatic rules, we treat the parameters mg and my, as finite
quantities; the renormalization of the theory is discussed in §4 below. We write

¢, =" +¢), (36)

10
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where

1 51
W=———q O = ——ad. (37)
2(1)](

kK’ k
(Note that Eq. (36) satisfies Eq. (32).)

We then obtain the diagrammatic rules using Wick’s theorem. The products of V that
appear in T are not time-ordered (see Eq. (22)), so the relevant contraction is defined by

P12 = 5¢1¢23+¢|1_,¢2, (38)
where
_ Owe
¢Ik_l¢k’ = Jwp (39)

Because we are writing V in terms of normal-ordered operators, the version of Wick’s theorem
we are using is

(:01:)---(:On:) = :(Ol---On): + contractions, (40)

where contractions between fields in the same operator are omitted. For example,
2 2 242 2
QriiQsl = :+4 : 42 . 41
RS P15 P1¢2: P19 (192) (41)

The normal-ordered operators that appear in Wick’s theorem consist of a sum of terms with
powers of ¢*) acting on initial states to the right, and powers of ¢ acting on final states
to the left. Each monomial in ¢ is represented by a sum of diagrams. As usual, we denote
the powers of V by vertices, and the Wick contractions by lines connecting to other vertices or
external states. The vertices in the diagram are ordered from left to right in the same order
that the insertions of V appear in Eq. (22). The diagrammatic rules for T at order V" can be
summarized as follows:

* Draw all possible diagrams with n ordered vertices. Each line is either connected to a
different vertex, to the initial state on the right, or the final state on the left. Disconnected
diagrams must be included.

* Assign an independent mode number k to each internal and external line. Sum over the
internal momenta.

¢ The rules for the vertices are

ks k1 2 5
k >< 3 - ﬁ5k1+“‘+k4 ’ ky—e—k = mV6k1k2 > (42)
4 2

where the momenta are taken to all flow into the vertex.

¢ FEach internal line is associated with a factor of

— = (43)

* A diagram with n lines going to the initial state and m lines going to the final state
contains the factor

(Floy) o) ¢ o M) (44)

kn+1
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* Each vertex is associated with an energy denominator, given by

1 1
Ef,+ie Ef—E, +ie’

(45)

where Ej is the energy of the final state, and E, is the energy of the state directly to
the right of the vertex. The energy denominator associated with the rightmost vertex
(which would give a factor of 1/E £i) 1s omitted (see Eq. (20)). The initial and final states
in general contain particles that do not participate in the interaction, but these do not
contribute to the energy differences.

1n n
s=(4) (5) ¢ (46)
4! 2
where n, (n,) is the number of qb4 (qbz) vertices, and C is the number of Wick con-
tractions that give the same diagram. To count the contractions, the initial and final
state particles should be treated as identical, but the initial state particles can be dis-
tinguished from final state particles. In terms of operators, C is the coefficient of the

operator that appears in front of the matrix element of the form in Eq. (44) when using
Wick’s theorem.”

* Multiply by the symmetry factor

We give some examples to illustrate these rules:

6

3 5 1 1 A Y ), (- :
4><><2 ) (ﬁ) Z 512,56534,56(f|¢4(1 )¢§ )¢g+)¢§+)|l)
1,..6

1 1 1

—, (48a)
205 2wg w3+ Wy — W5 — Wg T i€
S~ 1 1/ A ¥ - .
— 2 (522 ) 3 Brasedrasetr 19576957010
4 \2 T 1,...,6
1 1 1
—> (48Db)
2ws5 2wg —wq — Wy — W5 — wg + i€
2
i@zkl =1 (L) Z 01,256034 56<f|¢(_)¢(_)¢(_)¢)(+)|i>
° 4 \ 2nR = ’ AR
1 1 1
(48¢)

2ws 2wg W3 + Wy — Ws — Wg +i€

Here the indices 5, 6 label the internal lines, and we use the shorthand 61334 = 61,1k, k;+k, -
Note the difference between the energy denominators in Egs. (48a) and (48b), and the dif-
ference in the symmetry factor in Eq. (48c) compared to the previous two diagrams. We also

>This is the product of the coefficient of the normal-ordered operator in Wick’s theorem and the coefficient of
the operator in Eq. (44) in the normal ordered operator. For example,

1% = (90) +46O(67) +6(p O (¢) +4(pO) 9 + (60)". (47)
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have disconnected diagrams such as

9

5 1 1 A 3 . - . . ]
T = (5 ) 2 BrasBornssBsarsif 1087659060 85098 69l
il R/ 1 o
1 1 1
20)9 2(1)10 g + Weg— W9 — W1 +ie
1

— (48d)
605+C()6+Cl)7+a)8—(1)3—(l)4—(1)9_6010+1€

The diagrammatic rules given above are for the fundamental theory. For the effective
theory, the only difference is that the sums over intermediate states are restricted to the low-
energy subspace. The intermediate states are associated with cuts between the vertices of
the diagram. For each cut, we must include a step function that enforces the constraint that
the total energy is below E, ... Note that unlike the energy differences in the denominators,
this constraint depends on the particles in the initial and final states that do not interact. For
example, the step functions for the diagrams in Eqgs. (48) evaluated for the effective theory are
given by

5
j>®<; : O(Emax — Ef + w3+ wy — w5 — wg), (49a)
6
3 3/1
D O(Epax — Ef — w1 — wy — w5 — wg), (49b)
4 T2
4 5
5 12 O(Emax — Ef + w3+ wp — w5 — wg), (49¢)

S

5 1
6 110 2
7 : : 3
8><4 X @(EmaX—Ef +CL)5+(O6+CO7+O)g—(.l)g—o)4—0)9—0)10). (49d)

D O(Epax — Ef + w5 + wg — wg — wyp)

Recall that E; is the total energy of the final state, including the energy of particles that do
not contract with any vertex (which are not drawn in the diagrams). The fact that diagrams
depend on the energies of particles that do not participate in the interaction is a manifestation
of the non-locality of the effective Hamiltonian.

4 Renormalization of 2D A¢* Theory

In this section, we discuss the renormalization of 2D A¢* theory. In this theory, the coupling A
has dimensions of mass-squared, see Eq. (29). The theory is therefore super-renormalizable,
and in fact all UV divergences can be eliminated by normal-ordering. We will however also
consider more general regulators and renormalization schemes. We do this for several reasons.
First, we will see below that separation of scales is manifest only in a more general renormaliza-
tion scheme for the fundamental theory. Second, we wish to emphasize that renormalization
of the fundamental theory can be carried out independently of the Hamiltonian truncation.
This point will be important for theories with genuine UV divergences, such as the 3D A¢*
theory considered in Appendix A.
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4.1 Regularization

Matching the results of the renormalized fundamental theory onto the effective Hamiltonian
requires considering the theory in finite volume. We compactify the spatial direction on a circle,
which breaks Lorentz invariance and implies that particles carry discrete spatial momenta. We
regularize the theory using a hard momentum cutoff on the spatial momenta:

> > (50)
k

k<AR

where A > E.«; we will eventually take A — 00. We choose this cutoff because makes it
straightforward to compute the quantity T that we use to match to the effective theory. The
fact that this cutoff breaks Lorentz invariance does not cause any significant complication for
the simple 2D A¢* model studied here, as we will see below.®

4.2 UV Divergences

Unlike the energy cutoff E_,,, that we impose on the effective Hamiltonian, the cutoff A on the
fundamental theory is a local Wilsonian cutoff. Therefore, the possible UV divergences can be
classified by writing the possible local counterterms, using dimensional analysis to determine
the dependence on the cutoff A. In 2D A¢* theory, the field ¢ is dimensionless. However,
at O(A™) in perturbation theory, loops can generate counterterms with at most 2n external
¢ lines. Because the cutoff breaks Lorentz invariance, we have to allow for the possibility of
Lorentz violating counterterms. The leading counterterms have the schematic form

2 2 7(’2 2 4 Az 2
AL~Jd x(AlnA+2InAg +E(¢ +é )+F[(af¢) +oe )4 ) 5D

We see that only the vacuum energy and ¢ mass term receive UV divergent contributions.
The divergent vacuum energy in this theory means that only energy differences are physically
meaningful.

We see that renormalizing the theory only requires introducing a bare mass parameter.
Therefore, we write the bare Lagrangian as

1 1 A
L=5(3¢)2—5m3¢2—5¢4- (52)

4.3 Renormalization

The fundamental and the effective theory must be defined on the same Fock space in order
to carry out the matching described in §2.3. The unperturbed Hamiltonian for both theories
is therefore given by Eq. (33), where my, is a finite quantization mass that can be treated as
a variational parameter to improve convergence [8]. The interaction term is then given by
Eq. (35) with the coefficient of : ¢2: given by

A 1
m%,zmg—m2+— Z —_—. (53)

For more complicated models, it may be worthwhile to develop the technology for using Lorentz invariant
cutoffs (such as dimensional regularization) to compute T in finite volume.
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Here m% is a finite, renormalized quantity.” This definition of the renormalized mass is con-

venient for calculations, since m%, is the mass vertex that appears in our diagrammatic rules
(see Egs. (35) and (42)). However, we will see that separation of scales is manifest only in a
different renormalization scheme where the couplings are renormalized at a renormalization
scale u ~ E .-

It is therefore also useful to define a renormalized mass mf{ that depends on an arbitrary
renormalization scale u:

A 1
mf{(,u) = mg +— Z —. (55)
87mR Wi
pR<|k| < AR
This is the standard definition of the renormalized mass parameter, in which the contribution
of modes with k > uR have been absorbed into the renormalized coupling. We will see below
that separation of scales is manifest in terms of mﬁ(u ~ E_.x)- The mass parameter m% is

related to m2 by

+ 2 —. (56)

Previous work on Hamiltonian truncation of this model works directly with the normal-
ordered Hamiltonian in which case there are no UV divergences, and hence no renormalization
is needed. In our approach this corresponds to the choice m% =0, so that V consists only of a
normal-ordered :¢*: term. We then define the ‘normal ordered mass’ by

myo = mg(u =0). (57)

Using Eq. (53) and Eq. (55), we see that this implies mg = myq since m%, = 0. (To eliminate
the k = 0 mode from the sum in Eq. (56), y must actually be taken to be slightly negative.)
The normal ordered mass myq is a convenient renormalization group invariant parameter we
can use to define the theory.

5 Matching in 2D A¢* Theory

Now that we have renormalized the UV theory, we can turn to applying the general formalism
given in Eq. (25) to derive the effective theory matching corrections. In this section, we will
compute the leading terms in the low-energy expansion of the effective Hamiltonian at O(V2)
in 2D A¢* theory. In this approximation, the effective Hamiltonian is local. In §6 we will
explain the power counting in powers of 1/E,,. for this theory, and we will argue that these
calculations give the leading 1/ Efnax corrections to the effective Hamiltonian. The resulting
effective Hamiltonian is therefore expected to have errors of order 1/ Eﬁlax, which is confirmed
by our numerical results in §7.

The calculations are a straightforward application of the diagrammatic rules presented in
83 above, but they illustrate some non-trivial features of the effective theory matching. In
particular, matching at O(V?) involves 2- and 3-loop diagrams with overlapping UV/IR sensi-
tivity. We will show that the IR sensitivity of the corrections is canceled by other contributions

That is, the log UV divergence in the sum
A
1 dk
[Kl=Ar @k @k

is canceled by allowing the bare mass mg to depend on the cutoff.
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as required by separation of scales in the effective theory, but this cancellation requires both
the correct renormalization prescription and definition of the operators in the effective Hamil-
tonian.

5.1 Matching at O(V): Operator Approach
We begin at O(V); the matching condition is simply given by (see Eq. (25a))

(f[Hqli)ege = (fIVIi). (58)

We must be careful in interpreting this expression, since the left-hand side is evaluated in
the effective theory with a truncated Hilbert space. The correct way to match is to equate
the coefficients of normal ordered operators in the fundamental and effective theories. This
approach agrees with Eq. (58), because at this order the states above E,,, only impact the
counterterm and normal ordering constants. The normal-ordered full theory potential is given
by Eq. (35), with m, (the coefficient of : ¢*:) given by Eq. (53).

The O(V) correction to the effective theory has the form®

H, = J‘dx[%mﬁ)z + ﬁ(ﬁ“}

4!
=fdx[1m€1:¢2: +ﬁ:d)4:]+constant, (60)
2 41
with
2 _ 2, M 1
m, =mi+ o |k|szkmax o (61)
where

Kmax = Ry/E2, — mg = EpayR . (62)

Note that the normal-ordering in Eq. (60) is performed on the truncated Hilbert space. We drop
normal-ordering constants proportional to the identity operator, since they do not contribute
to differences of energy eigenvalues. (We will, however, need these contributions when we
discuss the separation of scales for the vacuum diagrams in §5.6.)

Matching the coefficients of : ¢*: and : ¢?: then gives simply

A=A, m‘z,1 = m% . (63)

Note that m%,l is finite, as all couplings in the effective theory must be, since we are matching
onto a renormalized fundamental theory.

We now discuss the separation of scales at this order. Separation of scales should not apply
to the coefficients of the normal ordered operators, since normal ordering depends on the split
of the full Hamiltonian H into ‘free’ and ‘interacting’ terms. Instead, we expect that separation
of scales will hold for the coefficients of non-normal-ordered operators. Furthermore, effec-
tive field theory methodology tells us that separation of scales should be manifest in terms of

8Here we use the expressions
Pr=:¢>:+2Z, Pt =:1¢*: +6Z:9%: +322, (59)

with Z = ;= >, wik for the 2D A¢* theory.
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couplings renormalized at the matching scale, in this case u ~ E,,,. To see that these expec-
tations are satisfied at O(V), note that the coefficient of ¢2 in the effective theory at this order
is given by

mé + m% = mﬁ(,u = kpax/R). (64)

We will see a much more nontrivial check of separation of scales when we consider 2- and
3-loop diagrams in §5.5 and §5.6 below.

5.2 Matching at O(V): Diagrammatic Approach

Although the operator approach to the matching at O(V) is very simple, it becomes more
cumbersome at higher orders. This motivates us to re-derive it in terms of diagrams for illus-
tration, since we will rely on the diagrammatic approach to compute the O(V?) corrections
below. Recall that we defined the diagrammatic expansion so that the vertices are given by
the coefficients of the normal-ordered operators; contractions (as defined using Wick’s theo-
rem) between the same vertex are omitted, see §3. The O(V) contributions to (f|T|i) in the
fundamental theory include the 4-point tree diagrams

><+>—+—<+ >+<=%de(f|:¢4:|i). (65)

For contact interaction diagrams such as these, the different ways of contracting the external
lines to initial and final states add together to build up the full contribution of the local operator.
In addition, there are diagrams given by the 2-point vertex (see Eq. (42)). Recalling that the
2-point vertex is given by the coefficient of : ¢2:, we have for the fundamental theory

—— it e = —mVJdX(fI ¢>:li). (66)

In the effective theory, we have the same diagrams, with A — A;, and m% - m%l. This
reproduces Eq. (63), as it must.

5.3 Matching at O(V?): 4 Legs

We now consider the matching at O(V?2) using the diagrammatic approach. We begin with
diagrams that have 4 external legs, because they are simpler to evaluate than the 2-point
corrections. The diagrams that contribute are given by

<f|T2,4|i>=><><+§+Q
+>9»+‘%+§+§. (67)

Note that there are no diagrams with ¢?2 vertices at this order.
To match, we equate the diagrams in Eq. (67) in the fundamental and effective theories.
This means that the effective Hamiltonian depends on the difference between the diagrams

computed using the two descriptions of the theory. For the first diagram on the right-hand side
of Eq. (67), the difference is given by (see Eq. (48a))

N B [ N s ()1 () () ()
e =l 128n2RZZ61234<f|¢4 857657810

.....

XZ O(ws + we — w3 — w4+ Ef — Epay)
56,34 .
wswe(w3 + wg — W5 — We)

(68)
56
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We are omitting the ie factors, which we showed do not affect the matching in §2. Also,
note that we are no longer explicitly including the UV cutoff A in the sums over momenta.
Effective field theory methodology tells us that the effective Hamiltonian should be determined
by matching low-energy observables and expanding in powers of IR scales [25]. In our case,
the IR scales are given by

mo X w1234 S Ejf < Epax- (69)
The step function in Eq. (68) then implies that
w5,6 Z Emax . (70)

That is, the matching is only sensitive to intermediate states whose energies are above the
cutoff of the truncated theory. This is a manifestation of the separation of scales in effective
field theory. The full theory diagram has a complicated dependence on the external energies
and momenta, but because we are matching matrix elements of low-lying states (E; < Epay),
this dependence can be expanded in a power series. The first term that results from taking
this expansion can be determined by setting all of the external momenta and energies to zero.
In this approximation, we have

B g 22 2,
L[] =g [ 0T T i

6

@(20) _Emax)
x Zk: ';—i[l +O0(Eif/Ena) |, (71)
where we used
D Sasalfli e e 0Pl = 2nRde FILeOT LT 72)
1,..,4

We see that in this approximation, the matrix element of the correction is a local operator. We
therefore refer to this as the ‘local approximation.’

The other diagrams in Eq. (67) differ from the one considered in Eq. (71) by its initial
and final state contractions, and its energy denominators, and (for the effective theory) the
dependence of the © functions that implement the cutoff. But in the leading approximation
discussed above, the latter two effects disappear. The diagrams therefore differ only by the
matrix elements of fields associated with the external lines. Summing over all diagrams with
all possible choices for the external lines builds up the normal-ordered operator, as we found
for the diagrammatic matching at O(V) in §5.2. Putting it all together, we find

A ©(2w; — Epax _
(F1Ts0) = | Taglib >~ 3 S22 )de<f|:¢4:|l>. 73)
k k

This gives a contribution to the effective Hamiltonian
A
Hy 4~ 4—?de:¢4:, (74)
where

AZZ

2 —
32 Z@(Za)k Emax). 75)

_167'ER P wz
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Note that A, depends only on the properties of states above the cutoff, and therefore obeys
the principle of separation of scales. The sum is UV convergent, so it is dominated by the
contribution of states near the cutoff.

For illustration, we compute the sum in Eq. (75) in the large E,, limit by approximating
it as an integral:

32 < dk 312
~— x 2 — =— 1+0(m?/E2_)]|. 76

Note that this has the form we expect from general power counting arguments (see Eq. (101)).
We can systematically correct the approximation Eq. (76) using the Euler-MacLaurin summa-
tion formula Eq. (98) to include higher orders in the IR scales R!/E,,,, and Mo/Emax- To
obtain numerical results in §7, we will directly evaluate sums such as Eq. (75) numerically.

5.4 Matching at O(V?): 2 Legs

Now we consider the matching contribution at O(V?) from diagrams with 2 external legs:

(ITaal) =+ 4+ -+
+_Q+>U+/7 + 0 +Q<+;. 77)

Let us begin with the first 2-loop diagram shown in Eq. (77). As we discussed in the previous
section, matching is determined by the difference between the diagrams in the fundamental
and the effective theory:

3 3

10 A\ () L (#)s
2@—1—[2@71]&=6(ﬁ) 12551,251,345(f|¢2 ¢; i)

1 1 1 O(wy3+ws+ws—E.,)
20)3 20)4 2(1)5 Wy — W3 — Wy — Wg '

(78)

Note that, unlike the 1-loop diagrams analyzed in the previous subsection, the sum over the
intermediate momenta ks 4 5 includes mixed UV/IR regions where some of the momenta are
large, while others are small. Therefore, the separation of UV and IR scales is not manifest
diagram by diagram at this order.” However, we will show in §5.5 that this important prop-
erty manifests when we add all the diagrams together and use the correct renormalization
prescription and definition of operators. This justifies our use of the approximation neglect-
ing the external energies and momenta since they are much smaller than the intermediate
momenta we are integrating out. As above, we refer to this simplifying choice as the ‘local
approximation.’
For the diagram above, the local approximation gives

3 3 2
A ) 4+
- ~—2= |4
24@1 [2‘@1]& 192712R2J x{flos "o 1D

5 @(C‘)S + Wy + W5 — Emax)
x z 345,0 .
w3w4w5(—w3 — Wy — ws)

(79)
3,45

°In the context of renormalization theory, this is the problem of overlapping divergences.
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Note that the dependence on the external momenta factors out, implying that the matrix ele-
ment is local. The first 4 diagrams in Eq. (77) are the same up to the factors that depend on
the initial and final states, and combining them gives

S O oo e O,

A2 O(ws+ ws+ ws—Epay)
S T f (Fl:@p2:li) x D Faps 0> (80)
19272R 578 W3W4ws(—w3 — Wy — ws)

Finally, we compute the remaining 6 diagrams in Eq. (77) in the local approximation:

_Q+>g+..._[_Q+>U+...Lf
Zwk)]

A a2 a2 1 2 O(Emax —
~— o dx (f|:¢ '|l>|:mVZw_2_mV1 Z 3—3

k K| < Knma “k

d (f: 92 li) 3 22k~ Frax). 81)

K Wy

32R

As above, combining the diagrams together yields the matrix element of the :¢?2: operator.
We have used the O(V) matching condition given in Eq. (63) to derive the last line. Combining
this with Eq. (80), we obtain (in the local approximation)

1
Hy o~ Eméz fdx 192, (82)
where

A A O(w3+ wy+ ws—E ¢ 02wy — Epax
mgzz_[—Z@m CERARE a)—m32—( £ ma)]. (83)

16nRL67R 4 7 W3W4w5(—w3 — w4 — ws) - w;

These expressions are quite complicated, so for numerical studies we numerically evaluate the
sums in the matching corrections, making sure that the sums have adequately converged. The
matching correction is dominated by the contribution of states near the E, ., cutoff, so we
believe it is important to treat these states accurately in the matching, as we have done here.

5.5 Separation of Scales at O(V?): 2 Legs

The result Eq. (83) does not appear to satisfy the separation of scales principle in the effective
theory, since both terms contain sums with arbitrarily small momenta (since m%, contains an
IR sum, see Eq. (56)). The expectation based on effective field theory methodology is that the
cancelation of such overlapping UV/IR regions takes place only if all diagrams are included,
and if the renormalization scale is chosen to be near the cutoff of the effective theory [25].
As already discussed in §5.1, the normal ordered operators have a renormalization scale near
the IR, and so separation of scales applies to the coefficients of non-normal ordered operators
defined with a renormalization scale u ~ E,.,. We therefore write

A
szfdx[ ma > + 4fqb4], (84)
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where (see Egs. (74), (82) and (59))

A 1
=M G or (85)
el < K ¢
Our goal is to show that all the contributions to m% that involve products of UV and IR domi-
nated sums cancel when all the contributions are included. For example, the sum in the first

line of Eq. (83) includes a region where one of k; , 5 is much smaller than the other two:

C] + + —E 2w, —E
25345,0 (wB Wy T Wg max) 1 XZG( Wi max)

~ 3
O — (DA — i 2
W3W4ws(—ws3 — w4 — ws +i€) e wi(—2wy)

+---. (86)
3,4,5

The factor of 3 comes from the 3 distinct regions where one of the k; , 5 is small. We see that
all of the mixed UV/IR contributions to m% have the same factorized form:

A2 1 1 3 1 0wy, —E

mgg__(_+___) E: _XE:MJF (87)
32m2R2\ 2 4 4 Wi w3
<~ K| < kmax k k

=0

Here, the first two terms in the parentheses are contributions to m%, and the third comes from
un-normal-ordering ¢* (see Eq. (59)). The fact that the mixed UV/IR terms cancel shows that
the 2-loop correction to the 2-point function does in fact manifest the separation of scales. Not
only is this a critical check that our matching procedure is well defined in the limit that the
IR scales are taken to zero, it also justifies our use of the local approximation in the matching
calculation above.!°

Note that the contribution from states below the cutoff does not cancel exactly in the sums
above. Separation of scales requires only that the dominant contribution to effective couplings
comes from states near the cutoff, and this is what we have demonstrated above.

5.6 Matching and Separation of Scales at O(V?): 0 Legs

In this section, we consider the vacuum diagrams at O(V2). Recall that our diagrammatic rules
are defined so that there are no contractions between lines at the same vertex, so there are

only 2 diagrams:
(fITypli) = @ +©- (88)

In the local approximation, these yield a contribution proportional to the identity operator in
the effective Hamiltonian. We will compute these diagrams to give an additional test of the
separation of scales.

The 3-loop vacuum diagram in the local approximation gives a matching contribution

. 1 A 2 @(601+CO2+603+(1)4_E )
—|: ] = (f|l>ﬂ (2_) Z 512340 S .
ff mRJ —, 16w wyw3w4(—w; — wy — w3 —wy)

(89)

This diagram contains two different kinds of regions with overlapping UV/IR dominated sums:
one where 2 momenta are large and 2 are small (with multiplicity 6) and one where 3 momenta

101t would be very interesting to check the separation of scales beyond the local approximation.
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are large and 1 is small (with multiplicity 4). These are given by

6 A V02wt —Emnay) 1
@_[@] =<f|l>2_4(2 R) 2 Y6220, 2
eff MR G 160 (200) ik, OH K

L4 (A Vo Q2w + W — Emay) !
005 (378) Liewtm s 3
24 27R T 16Q)k0)2k(_2wk - ka) |k/|<<kmax a)kl

T (90)

The first term is ~ (In mQ)Z/ E? . while the second is ~ (In mg)/E 3

max’ max’
The 1-loop vacuum diagram gives a matching contribution

- = (Fl0yE (m2 P S 022k~ Ema)
Q [Q]eff_<f|l>2(m") Zk: 40X (—20y) €29)

We expect separation of scales to be manifest only if we use a renormalization scheme in
the fundamental theory where u ~ E ... In this case, Eq. (91) has an overlapping UV/IR
dominated region because m%, is IR dominated (see Eq. (56)). The overlapping region gives a
contribution ~ (Inmg)?*/E2__.

As we have previously discussed, we also expect separation of scales to be manifest for the
effective Hamiltonian written in terms of operators that are not normal ordered. This effective
Hamiltonian has additional contributions to the identity operator from un-normal-ordering
the matching contributions computed above using Eq. (59). Writing

Hz’o = C2 de ]]_ 5 (92)

the additional contributions to C, from un-normal-ordering are

A )2 1 1 [129(2wk+w2k—Emax) 1

AC2=(— ——=
2R ) 16 4nR| 3

2
k wkak(zwk + ka) k| < Ky Wi
3« 02w, —E 1
+§Z(k—3max) 3 ]+ 93)
K Wy LK< K K O

Combining these contributions, the overlapping UV/IR contributions to C, are given by

c A2 ( 1 1 )Z O2wy + Wor — Emay) 1
2% 1282r2\ 3 3 2 o
12812R2\ 3 3 )42 wlwu(2wi + wy) Wik Ok

=0

+’1—2(§_1_1)§:w E: LI (94)
2R2 3 :
1287m2R 8 8 4 X Cz)k |k|,|k//|<<kmax Wier Wierr

=0

The positive contributions are from Eq. (93), and the negative contributions are from the
diagrams in Egs. (90) and (91). Once again, we see that overlapping UV/IR regions cancel,
leaving a effective coefficient that is dominated by the contributions of states near the cutoff.

6 Power Counting and Locality

The idea of Hamiltonian truncation is that the low-lying states of the system can be well-
approximated by a truncated Hilbert space with maximum energy (measured by Hy) E.x-
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Effective field theory ideas suggest that we should therefore be able to compute low-energy
observables in a systematic expansion in powers of 1/E_,,.. In this section, we present a power-
counting scheme that we believe gives the general form of the effective Hamiltonian defined
above. An important feature of this power counting is that the non-locality of the effective
Hamiltonian is controlled in the 1/E,,,, expansion.

Our discussion will be for 2D A¢* theory, but it is straightforward to generalize to other
theories. When we present numerical results in §7, we will see that the errors are consistent
with the predictions of the power counting presented here.

6.1 Non-locality and Non-Hermiticity at O(V?)

Before presenting the general power counting, we present calculations of non-local (and non-
Hermitian) contributions to the effective Hamiltonian. This will help motivate the general
power counting we present in the following subsection.

We will compute the O(E( ) correction to the matching contribution in Eq. (68). To simplify
the calculation, we assume that

w1234 < Ei,f < Emax > (95)

so the sum over internal momenta in Eq. (68) can be approximated by

®(w5+w6—w3—w4+Ef—E ) @(Zwk+Ef—E )
Z 56,34 — EZ —. (96)

wswg(ws + w4 — W5 — wWg) w?(—2wy)

5,6 k

The approximation Eq. (95) allows us to neglect the masses, so the sum over k can be taken
over the range

(Epax —Ef)R
k| > % 97)
This can be evaluated as a series in 1/E_,,, using the Euler-Maclauren summation formula
Bar £
k)= dk f(k)+ 5f(k ki 8
ka flk) = f £+ 3 (i) = Z(Z 1/ ki), (98)

where B,, are the Bernoulli numbers. Eq. (98) is an asymptotic expansion valid for any suffi-
ciently smooth function f such that f (k) and its derivatives vanish as k — co. Applying this
to the sum in Eq. (96) gives

O(2wr+Ef —Epna) 4R 2E
Z ;‘ max) . |:1 n f +O(1/ER) + O(Ef /ErznaxR) + O(EZ/ErznaX)] . (99
wk E Emax

k max

There are similar contributions from the other diagrams. Including the O(Ey) corrections, the
effective Hamiltonian has a contribution (compare to Eq. (74))

H24—7L— [ ot + 2Ho:qb"':+---], (100)

4| max
where 1, is given by Eq. (75). Note that the E; dependence has been written in terms of Hy,.
The term in H, 4 that depends on Hj, is non-local, because H), is itself given by an integral over
x. From the diagrammatic expansion, we expect that all of the non-locality arises from the
energy dependence in the step functions that define the cutoff of the effective Hamiltonian.
Expanding these in powers of the energies of the external states gives powers of H, as in
this example. Therefore, we expect that all of the non-locality of the effective Hamiltonian
can be parameterized by powers of Hy/E,,.,. Note that the non-local term in Eq. (100) is
also not Hermitian, which is consistent with the fact that H.g is non-Hermitian at O(V?) (see
Eq. (25b)).
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6.2 General Form of the Effective Hamiltonian

We now discuss what we expect for the general form of the effective Hamiltonian. The cutoff
on the effective theory is defined by Hy,, and this is the only source of non-locality in the theory.
We therefore conjecture that all of the non-locality in the effective theory can be parameterized
by the free Hamiltonian H,,. This leads naturally to the following general form for the O(V")
term in the effective Hamiltonian:

Rt m d 2
n EZT‘L ZZJd Cna O Q )Ona( = 5 _t: ¢)1 (101)

> 5
max max Emax Emax Emax Emax

where we have factored out powers of E,,, so that C,, and O, are dimensionless. Here O,
is a local Hermitian operator made of the field ¢ and its derivatives, and the real coefficient
Cnq depends on the free Hamiltonian Hy,, as well as the IR mass scales mg and R!. Expanding
O, in derivatives, and C, in powers of m, R™!, and H, gives the effective Hamiltonian as an
expansion in 1/E,,,. Note that the powers of H, in Eq. (101) are to the left of the operator
O,. There is no loss of generality in writing it this way, since [Hy, ¢ ] = —ig.

In fact, the form of the effective Hamiltonian is a bit more constrained than Eq. (101).
The ¢ — —¢ symmetry implies that only even powers of ¢ can appear in O,,. Second, parity
invariance implies that only even powers of d, can appear in O,. Time reversal allows lin-
ear terms in time derivatives, since time reversal includes complex conjugation, so that id, is
invariant. (Factors of id, in the effective Hamiltonian correspond to factors of single-particle
energies wy in the transition amplitude.) The diagrammatic rules depend on mg, only quadrat-
ically (through wy), so C,, involves only even powers of m,. Finally, the number of powers of
¢ is limited by the fact that the interaction contains only 4 powers of the fields; for example,
at O(V?) we have only ¢? and ¢* terms, as we have already seen above. Taking all this into
account, the power counting rule predicts the parametric form

2

o~ S [ a7+ 90+ 014921 40) 4 (4070 001/, 102

max max max

Eq. (101) gives Hy ~ A3/ Efnax, so the leading corrections to the effective theory beyond the
order computed in §5.3 and §5.4 above comes from 1/ Eﬁlax corrections to H,. These can be
computed by going beyond the local approximation. This calculation is straightforward, but
not trivial. For example, note that Eq. (102) contains a 3-loop contribution (from the diagram
Eq. (89)) that is ~ A2H,/ Emax Computing the full 1/ Emax corrections and checking that they
further reduce the truncation error as indicated by the power counting is well worth doing.
We plan to address this in future work.

7 Numerical Results for 2D A1¢* Theory

In this section, we present numerical results for 2D A¢* theory using the improved effective
Hamiltonian described above. Our main focus is on the convergence of the results as a function
of the cutoff E, ., rather than the determination of physically interesting quantities. We there-
fore choose the dimensionful parameters A, m?, and R so that the theory has a single physical
IR scale M. The only large parameter in the Hamiltonian truncation is then E_,,, / Mz, where
E, . is the cutoff on the Hamiltonian truncation. The dimensionful parameters A, m?2, and
R are related to the physical IR scale Mz by dimensional analysis. However, some of the di-
mensionless constants of proportionality are expected to differ significantly from 1, as we now
explain.
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7.1 Explanation of Dimensionless Factors

First, we consider the coupling A, which has mass dimension 2. This means that it gets strong
at a scale Mjz o< v/A. To estimate the constant of proportionality, we use the idea that the
scale Mg is the IR cutoff scale where perturbative loop corrections are the same size as tree-
level effects (‘naive dimensional analysis’) [28]. In 2D, the perturbative loop corrections are
proportional to

oo

d2
) pf(p2)=4% f dp? £ (p?). (103)
0

(2m)?

(Note that A is defined to be the coefficient of ¢#/4! in the Lagrangian, so the symmetry factors
in loop corrections are order 1.) Therefore we assume that the physical IR scale defined by
the coupling A is given by
A
2
Mg, ~ . (104)
Next, we consider the compactification radius R. In perturbation theory, the effect of this
is to give a series of Kaluza-Klein excitations with energy differences 1/R. We therefore choose

R_l ~ MIR' (105)

Note that the finite-size corrections for particles of mass m in 1 spatial dimension are propor-
tional to e 2™ [29]; so this choice may be sufficient to neglect finite size effects.

Finally we consider the mass parameter m?. At tree-level, it is clear that Mz ~ m, but we
must consider the possibility of large loop effects. However, as shown in §4, the renormalized
coefficient of ¢2 in the effective Hamiltonian is independent of the renormalization scheme
used for the fundamental theory. To present our numerical results, we therefore mostly use
the ‘normal-ordered scheme’ defined in §4.3, and we assume

myo ~ Mg, (106)

where myq is the coefficient of : ¢2: in the fundamental theory.

7.2 Numerical Results

We now present the numerical results. Collecting the results above, the effective Hamiltonian
is given by

1 A+ A
Heff=H0+fdx[i(m‘2/+m€2):¢2:+Tzz¢4:}, (107)
where the corrections are calculated in §5.1 and §5.3:
A A O(ws+ ws+ ws—Ey) 02w — Epay)
m\2/2: T R[6 Z 345.0 3 4 5 max _méz k - max j|, (108a)
TRL67R £ W3Waws(—w3 — w4 — ws) - w?

(108b)

2= 322 Z®(2wk—EmaX).

 167R 3

Wy

k

The frequencies wy are computed using the ‘quantization mass’ mg,, while my is defined in
Eq. (35) and evaluated in Eq. (56). The sums in m%,z and A, are computed numerically by
summing over k up to kyy = 1000, which guarantees the inclusion of single particle states
with E > E, .. According to the power counting discussed in §6, the error without the terms
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A, and mg/z should be O(1/E2_ ), and including the terms A, and m2., should reduce the error
to O(1/E2_).

max
Most of the calculations we perform use the reference values

A 27R
A == 109
4n o 10 (109)

in arbitrary units. The dimensions can always be restored by inserting factors of R (for exam-
ple) using dimensional analysis.

For the numerical truncation, we work in a Fock basis of states defined by creation opera-
tors Eq. (37):

ln}) = (]_[ \/L'(al)nk) 0), (110)
n!

k

where n; is the number of particles with momentum k. The states are labeled by their eigen-
values with respect to the free Hamiltonian H, in Eq. (33) and the spatial momentum P:

Hol{n}) = D npeorl{n}), (111a)
k
Pl{n}) = > mekl{n}). (111b)

k

In addition, the theory has a parity symmetry

d(x,t) = p(—x,t) (112)

and a Z, symmetry
o(x,t) = —p(x,t). (113)
The Z, symmetry acts on our basis states as
z|{n}) = (~1)%"|{n}). (114)

We will present the results for states with P = 0, and quote values of the Z, charge for excited
states. For simplicity, we do not keep track of parity in this work.

The calculations were performed using very modest computing resources, namely a lap-
top computer running Python with matrix diagonalization performed using the package
scipy.sparse.linalg.!! The largest cutoff explored was E,,, = 27, corresponding to
~ 9 x 10° states in the truncated Hilbert space for myg = 1 (see §4.3). The most compu-
tationally intensive step is the construction of the Hamiltonian matrix, which grows in size
exponentially as E,,, is increased, see Fig. 1.

We first present results that show the convergence of our method as a function of E_ .
In Figs. 2 and 3, we present numerical results for the ground state excitation energies
AE, = E, — E,, where E, is the ground state energy, and E, is the energy of the n™ ex-
cited state. When separating states into the Z, even and odd bases, we label the energy levels
as AE:. We compare the ‘raw’ theory, obtained by the approximation H.4 = H 4+ V, and the
improved theory, which includes the O(V?) corrections computed in §5. We fit the results to

C
AEn(Emax) = AE;SOO) + ﬁ P (115)
max
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mnNo = 1, 2R =10

1065—
105
1045—

103

# of States in Basis

1025—

10'f

100

Fig. 1. Number of states in the basis for the H matrix computed on a laptop [inset]
in this work. The highest point in the plot corresponds to E,,, = 27 with ~ 9 x 10°
states.

where a = 2 for the raw calculation, and a = 3 for the improved theory. As predicted from
the general power counting arguments presented above, the error in the raw result scales
as 1 /Erznax, whereas the improved result has an error that scales as 1 /E;ax. This is a very
important test that shows that our method is working as expected.

Figs. 4 and 5 show that the excitation energy AE, computed in the improved theory con-
tinues to scale as 1/ Efmax for excited states. The results are shown for states with Z = +1,
where Z is the Z, charge of the states (see Eq. (114)). This is encouraging for future work on
extracting precision predictions for physical quantities using our method.

In Fig. 6 we present results for the first few excited states as a function of the coupling A.
The results are computed for E,,, = 27, the largest value used in our computations. We see
that the eigenvalues change significantly over the range of A considered, a further indication
that we are exploring strong coupling. It is interesting to compare the results in Fig. 6 with
theoretical expectations. It is known that the theory has a second-order phase transition in
the Ising universality class, where the Z, symmetry is spontaneously broken for A larger than
some critical value. In finite volume, the signal of Z, symmetry breaking is that the states of
the system become degenerate in pairs with Z = £. In Fig. 6 we see that this is happening at
large A for the ground state, but not for the excited states. On the other hand, the convergence
is not good at values of A far above the critical point. We see that the first few eigenvalues
of the spectrum line up with values of the operator dimensions of the 2D Ising model within
the expected range of critical coupling [6, 10, 14,30-35]. It would be interesting to attempt to
extract an accurate value for the critical coupling using our methods taking into account finite
volume corrections, and compare to the results of other methods [30-35]. We leave this for
the future.

"'The code is available at github.com/rahoutz/hamiltonian-truncation.
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Fig. 2. The ground state excitation energy AE; as a function of the (dimensionless)
energy cutoff E .. for both the raw truncated [crosses] and improved [dots] results.
For E ., = 14, the ground state excitation energy of the raw and improved theories
are fit to 1/E2__and 1/E> | respectively.
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Fig. 3. We highlight the power-law scaling by zooming in on the flat E_,, > 14
tail and plotting the ground state excitation energy AE; as a function of 1/ Erznax for
the raw truncated theory [left] and as a function of 1/ Ef;lax for the improved theory
[right]. The asymptotic values of AET® extracted from the fits are in close agreement:
AET® =0.9046 (raw) and AET® = 0.9043 (improved).
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Emax = 27, niNo = 1, 2R =10

------------------------------------------------ *—Improved Z, = — |'
X-Raw Z, = —

—e—Improved Z, = +
-Raw Z, = +

A/drn

Fig. 6. The excitation energy spectra as a function of the ¢* coupling A/47. The
states belonging to the Z,-even (-odd) basis are shown in blue (orange). The raw
truncated theory is plotted in dark blue (dark orange) using cross markers, while the
improved theory is plotted light blue (orange) using dot markers. For clarity, lines are
drawn to connect the data points within each excited state. The dashed horizontal
lines correspond to the known theoretical values for the operator dimensions of the
2D Ising model, and the grey band covers the predicted range of the critical coupling.

In Figs. 7 and 8, we present results on the convergence of AE; for A/4n = 2,4,6,8 in both
the Z,-odd and -even bases. The errors generally continue to scale as 1/ Er?;lax for larger values
of A. Numerical noise spoils the convergence of AE] for A/4m = 8 (Fig. 7), corresponding to
the region where the first Z,-odd excited state and the vacuum are becoming degenerate.'?

Finally, in Fig. 9 we show how our results change as a function of the quantization mass
mg. In our approach, mg is an arbitrary variational parameter that can be used to optimize
the convergence. It is defined by taking the particle energies in the Fock space to be given
by wy = 4/(k/R)?+ mé (see §4.3). To provide a ‘fair’ comparison, we vary mq keeping the
number of states in the truncation fixed, since this is what determines the required compu-
tational resources. Our previous results have been presented with mg = myg, and in Fig. 9
we compare these results with mg = 2myo and mg = myo/2 . We see that the convergence
appears to be best for mg = myq. Physically, we expect that the optimal value of mg is to
take it equal to the physical mass scale of the theory, since then the Fock states are expected to
give the best variational basis for the interacting states. It would be interesting to explore the
optimal choice of mg in more complicated situations with more than one scale, for example
taking the volume to be larger to extrapolate to R — oo. We also leave this for future work.

12The scipy.sparse.linalg matrix diagonalization uses the implicitly restarted Arnoldi method [36,37],
which may not be reliable for systems with nearly degenerate eigenvalues [38].
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Fig. 7. The Z,-odd ground state excitation energy AE] dependence on the energy
cutoff E_ ., for A/4m = 2,4,6,8. In all panels, myo = 1 and 2nR = 10. The high
E . tails of AE; for the raw and improved theories are fit to 1/ Efnax and 1 /Ef;lax,
respectively. The convergence is spoiled by numerical noise for larger values of A.
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Fig. 8. The Z,-even ground state excitation energy AEIL dependence on the energy
cutoff E ., for A/4m = 2,4,6,8. In all panels, myo = 1 and 2nR = 10. The high
Enax tails of AET for the raw and improved theories are fit to 1/ Efnax and 1 /E;ax,
respectively. The agreement between the asymptotic values of the raw and improved
theories degrades for larger couplings. In the bottom panels, we see that the im-

. . 3 . . . .
proved result maintains 1/E; _ scaling to good approximation for strong couplings.
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Fig. 9. The ground state excitation energy AE; of the raw theory [crosses] and the
improved theory [dots] for mg = 2myq, My, Myo/2. Here AE; is plotted against
the size of the basis to better compare the convergence given finite computational re-
sources. The data points are connected by lines to guide the eye. This figure includes
data points for theories with up to 5 x 10* states in the basis. With this upper bound,
we probe theories with Ep,, up to Ep. = {16, 20, 26} for mg = {1/2, 1, 2} x myp.

8 Comparison with Previous Work

In this section, we compare our approach to other approaches to improving the accuracy of
Hamiltonian truncation in quantum field theory.

8.1 Extending the Basis

The first attempt to improve the predictions of Hamiltonian truncation for quantum field the-
ory appears to be Ref. [39]. In this approach, the truncation to the space H.¢ spanned by H,,
eigenstates with eigenvalue E < E_,, is the first step in an iterative procedure that aims to
improve the convergence. At each step, one has a finite-dimensional subspace J—Cg?f) that is up-
dated by adding and removing vectors to improve the convergence. Basis vectors are removed
if their overlap with the (truncated) eigenvectors is smaller than some chosen value, and a
stochastic algorithm is used to identify basis states with larger overlap.

This method is entirely numerical, and does not exploit the fact that the theory is weakly
coupled in the UV, Also, it may be difficult to extend this method to theories with UV diver-
gences. In such theories, the total contribution of modes with high energy grows with the
energy, due to the exponential increase of the number of modes. The contribution of indi-
vidual states above the truncation cutoff is exponentially small, but their total contribution is
infinite.

8.2 Renormalization Group Equation

Another approach to improving Hamiltonian truncation was proposed in the context of 2D
conformal theories perturbed by relevant operators in Refs. [40,41]. The idea is to define
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a renormalization group (RG) equation for the coupling constants of the theory, namely the
coefficients of the relevant operators. (In the case of 2D A¢* theory, these are the coupling
A and the mass m2.) The RG equation is determined by requiring that certain correlation
functions are independent of the truncation cutoff. Because the perturbations are relevant,
the RG equations can be computed in a perturbative expansion in the couplings.

As in our paper, their approach takes advantage of the weak coupling of the theory in
the UV, and computes a correction to the truncated Hamiltonian by a perturbative matching
calculation. Our work can be viewed as an extension of this approach that systematically
includes additional terms in the truncated Hamiltonian.

8.3 Exact Effective Hamiltonian

This approach was introduced in Refs. [5,6], and further developed in Ref. [14]. The starting
point is the observation that one can rewrite the exact eigenvalue equation Eq. (5) in terms of
an ‘exact effective Hamiltonian’ (our terminology) acting on the low-energy subspace H:

Hexact(E)IE)efr = EIE) st (116)
where |€) ¢ € Hog. The exact effective Hamiltonian is given by
Hexaet(€) = Ho +V + AHexace(€), (117)
with
(f|AHexar(E)li) = =(f VP> (Ho + P VP, — €)' P Vi), (118)

where |i), |f) € H.g and P is the projector onto states with E > E,,,.

Note that AH,,(€) depends on the eigenvalue one is trying to compute. In principle, one
can vary € iteratively to converge to the correct eigenvalue, but this is numerically expensive.
Instead Refs. [5,6] diagonalize H.y,(€,), where &, is a reference value chosen to be close to
the low-lying eigenvalues one is computing. Next, these authors evaluate the right-hand side of
Eq. (118) using an approximation that is valid for E, > E ... The resulting leading corrections
to the effective Hamiltonian are local, like the leading O(V?2) corrections we computed in
§5. Numerical diagonalization of this approximation to Hey,.(&,) for 2D A¢* theory shows
significantly improved convergence, but the errors are larger than the O(1/E2_ ) errors we
obtain from our method.

In Ref. [14], an extension of this method was found that does give O(1/ Efﬂax) errors for
2D A¢* theory. This was accomplished by adding judiciously chosen additional states above
the cutoff (called ‘tail states’ by the authors). Our approach obtains O(1/ Eﬁlax) errors without
enlarging the basis.

8.4 Counterterms in Theories with UV Divergences

Refs. [21,23] were the first to ‘break the UV divergence barrier’ and successfully apply Hami-
tonian truncation to a theory with UV divergences, namely A¢* theory in 3D. In such theories,
the ‘raw’ truncation approximation H.4 = Hy + V does not converge as E,,, is increased.

Ref. [21] analyzed perturbation theory for the energy eigenvalues and identified UV diver-
gent contributions arising from sums over states with energy above E_ ... They then defined
a renormalized effective Hamiltonian by subtracting these contributions, and demonstrated
that numerical diagonalization of this Hamiltonian gives sensible results.

Ref. [23] analyzed the theory using a different truncation applied to the lightcone Hamilto-
nian. They identified contributions with unphysical non-local cutoff dependence, which they
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interpreted as artifacts of their truncation and therefore subtracted. Numerical diagonalization
of this Hamiltonian gives also gives sensible results.

As we discussed in §2.1, matching the energy eigenvalues is not sufficient to completely
determine the effective Hamiltonian. Therefore, our work can be viewed as a systematic ex-
tension of the methods of Refs. [21,23] that allows further improvement of the results.

9 Conclusions

In this paper, we have formulated Hamiltonian truncation as an effective field theory (HTET)
with a cutoff on the total energy E,... This allows us to perform matching calculations to com-
pute corrections to the effective Hamiltonian as a systematic expansion in powers of 1/E,,.«
using a diagrammatic approach. We demonstrated this method by applying it to A¢* theory
in 2D. We computed the leading corrections to the ‘raw’ Hamiltonian truncation in this model,
and carried out numerical tests of the improved truncation. The calculation involves 2- and
3-loop diagrams with overlapping UV/IR dominated regions, and we demonstrated that the
results are compatible with the separation of scales, as we expect in effective field theory. We
also performed calculations up to 2 loops in 3D A¢* theory to illustrate the application of our
methods in theories with nontrivial UV divergences. Our numerical studies of the 2D theory
showed that the corrected theory has an error that scales as 1/ Efmax, the theoretically expected
scaling from the power counting of the effective theory. These results are an indication that
our method is working as expected.

There are many directions to explore in future work. We begin by mentioning several
projects that are straightforward applications of the formalism developed in this paper. One
is to compute the next order corrections to 2D A¢* theory, where the effective Hamiltonian
is neither local nor Hermitian. This calculation would give a nontrivial test of the power
counting we proposed for the effective theory. At this order, the truncation error is expected
to scale as 1/ EI‘LaX, and we expect to get predictions accurate to 5 significant digits. Another
project is to finish the calculations for the leading corrections to 3D A¢* theory, together
with a numerical analysis to demonstrate the method in a theory in higher dimensions with
nontrivial UV divergences. A complementary direction is to use Hamiltonian truncation to
extract precision predictions for physical observables, such as the critical coupling, or physical
masses and scattering amplitudes away from criticality. This would require a careful treatment
of finite volume effects and extrapolation errors.

We also suggest some more speculative directions. The ultimate goal of Hamiltonian trun-
cation is to improve on existing numerical methods to study quantum field theories, such as
lattice Monte Carlo. Currently, we are very far from this goal. For example, there is no general
method to treat gauge theories in Hamiltonian truncation, and there has been no successful
Hamiltonian truncation calculation in 4 spacetime dimensions. Hamiltonian truncation suffers
from the fact that the number of states grows exponentially with E_ .., with an exponent that
grows with the spacetime dimension. Nonetheless, we are optimistic. For example, quantum
computers may eventually be able to overcome the exponential growth in computational com-
plexity in Hamiltonian truncation. Until then, there are interesting 2D and 3D models that can
be studied using Hamiltonian truncation, including theories that are not accessible to lattice
techniques, such as theories with chiral fermions or supersymmetry. It is our hope that the
conceptual power of understanding Hamiltonian truncation in the language of effective field
theory will help us make progress on all these outstanding problems.
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Appendices

A Renormalization and Matching in 3D A¢* Theory

In this section, we present some renormalization and matching calculations for 3D A¢* the-
ory. Although this theory is also super-renormalizable, its UV divergence structure is more
complicated than in 2D A¢* theory. The calculations in this section illustrate that separation
of scales continues to work in theories with UV divergences.

A.1 Power Counting

The mass dimensions of the field and couplings in 3D are

[¢]=7 [A]=1. (1)

2 J
The most general parametric form of the effective Hamiltonian allowed by the power counting
presented in §6 is

H2
H2+H3+---~Jd2x{)\2(EmaX-]l+H01nEmaX+—0+---)

max

H
+ Aquz(lnEmaX + E—O +- )

max

+A2(¢4+iq’>q5)( ! +ﬂ+---)

Emax Erznax
H
+A3(lnEmaX-]l+ 0 +)
max
1 H
+A3¢2(_+2_0+...)...}_ (2)
Emax Emax

Note that the power counting suggests that the coefficients of A2H, and A2¢? increase loga-
rithmically with E,,,. We therefore expect that the ‘raw’ truncation H.g ~ H, + H; does not
converge as E,,, is increased as opposed to the 2D theory, but including the leading O(A2)
terms that grow with E_ ., will give a truncation with errors of order 1/E_,.,. Refs. [21,23] suc-
cessfully carried out numerical studies of this theory using a different renormalization method;
we compare our approach with theirs in §8.4.
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A.2 Renormalization of the Fundamental Theory

We write the bare Lagrangian as
_ 1 o 1 o5 Aoy
L—§(3¢) —Emo—z¢’ . 3)
We again regulate the fundamental theory by imposing a momentum space cutoff A:
Z Z > @)

k  |k|<AR

where the sum is over k € Z2. This cutoff breaks Lorentz invariance, and therefore we must
allow counterterms that break Lorentz invariance. However, the cutoff is local, so the coun-
terterms are given by local terms:

5L ~ Ap2A+A%2p2In A + finite, (5)

where we have omitted cosmological constant terms that are independent of ¢p. We see that
there is no need for wavefunction or coupling constant renormalization, as in the 2D theory.
Since we are only interested in differences of energy eigenvalues, we ignore the vacuum energy
divergences and focus on the terms proportional to ¢2.

The Hamiltonian is Hy + V, where

A
H0=Za)ka£ak, wi = 4/ [k[2/R2 +m}, (6a)
k

A
_ 2. 4,
V—f |: (m +5mv) ¢°: 4| o) .], (6b)
where
A
m%,+6mf,=mg—mé+#2i. (7)

1672R2 P Wi

Here 6 m%, is a counterterm that will be used to absorb the A2¢2In A divergence. The diagram-
matic rules for the vertices are then

k'g ]{31 A’
= ——— 0k 4tk > 8a
k><k R ek, (8a)
kg —eo—k; = m€5k1k2, (8b)
ky —e— =5m%,5k1k2. (8(:)

As in the 2D theory, we also define a running renormalized mass by subtracting the con-
tribution of modes with k > u/R:

A
1
mi () + 6m* () = mf + 2R |Z o 9)

36


https://scipost.org
https://scipost.org/SciPostPhys.13.2.011

Scil SciPost Phys. 13, 011 (2022)

where the O(A2) 6m? is allowed to depend on the renormalization scale u. We will see that
separation of scales is manifest in terms of the renormalized coupling mﬁ. Note that if we
choose the O(A?) counterterms to satisfy §m?, = §m*(u = 0), we have

A 1
2 2 2
ms, = mz(u) —mg + Z — (10)
1% R Q 2R2 ’
1672R Kl =ur Wi

just as in the 2D theory.

The O(A?) diagrams that we must compute to renormalize the ¢ term are given in Eq. (77).
The power counting argument above shows that these contributions are independent of the
external momenta and energies, so we can compute them in the local approximation. We

oo O

2 A 5
A szx (fl:2:]i) x D 1230 : (11)

768m4R4 P W1 Wyw3(W1 + Wy + w3)

This diagram contains mixed UV/IR regions where one of the 3 momenta is much smaller than
the others. In this region, we have

A
5123,0 1 1

S e DL S L

Ky gy P1902¢03L01 T @2 @3) |k|>>uR2‘°k K| <ur K

which is finite as A — o0o. Therefore, there are no overlapping UV divergences in this diagram.
The remaining diagrams are given by

O+ 0O+ + \\ +Q<+;

Ay 2x (fl:92:10) e (13)
o — X —_—
64m2R2 ' — W’

which is also finite.

We conclude that the only UV divergent ¢2 term comes from the region where all 3 mo-
menta in Eq. (11) are large. We therefore define the counterterm §m?(u) to cancel the con-
tribution of this region:

A2 & 81230
sm?(u) = ———— - ~1In(A/u). 14
m (‘u) 7687T4R4 Ik Z|>,U,R C()l(l)za)g((l)l + wo + (1)3) n( /M) ( )
1,2,3

Note we use the renormalization scale u to define the counterterm. At O(A?), we also have
contributions to the ¢ vertex of the form (in the local approximation)

SOt S DT O >+ X

2 A
~— mj (Fl:p:1i) xz (15)

k

which is finite.

13The results can be read off from the 2D results for the same diagrams with the replacements A — A/2nR, and

2k~ ke
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A.3 Matching and Separation of Scales at O(V)

We now turn to the matching calculation of the effective Hamiltonian, starting at O(V). Using
the same notation as the 2D theory, we write

1 A Actf
H1=Jd2x[£m%¢2+z¢ ] sz [me P> + 4e! 3¢43]: (16)
where
A 1
2 _ 2 1 _
M =Mt e 2 o a7
|| < ko K

and wy = Ep,,. Matching the coefficients of the normal-ordered operators then gives
Aeff = A, m?, =m2. (18)
As in 2D, m%l is independent of u, and the coefficient of ¢2 in H.g at O(A) is given by
mé + mf = mﬁ(,u = kpax/R). (19)

We see that separation of scales is manifest in terms of mﬁ(u ~ Eax), just as in the 2D theory.

A.4 Matching and Separation of Scales at O(V?)

Using the local approximation, the 2-loop diagrams are given by

%Jr..._[%Jr...Lf

A2 O(wq + wy + w3 —Epay)
z——f (f1:%:i) x 26123 L2 3 e

7687T4R4 6010)26()3(0)1 + Wy + Cl)g)

k123

This has a UV divergence that is canceled by the counterterm Eq. (14) in the fundamental
theory. The 1-loop diagram contributions to ¢2 are given by

_Q+..._[_Q+...]eff

7L2 A _
~— mJ x(flig:ly S 2Bk~ Emad), (21)

64712R2 - wy

Finally the 1-loop contributions to ¢# are given by

><><+..._[><><+...]eff

A2 2 4.0: 2 O(2wj — Epay)
e fd x(fl:¢ .|l>x; o . (22)

The ¢2 term (not normal-ordered) in the effective Hamiltonian is then given by

1
H, = fdzx Emgci)z +ee, (23)
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with

3
2 A2 @(0)1 +w2+w3_Emax)_ni:1 e(lkil_.U'R)
M2 = T 384m4pe Z 1230

123

wywyws(wy + wy + w3)

A 2 % a(zwk_Emax)
P

— m
2R2
32m2R . wy

e(2 )
g ) 3

Ct)
k K’ |<’<max

(24)

The second step function in the first sum comes from the counterterm Eq. (14) and the third
line in the sum is from un-normal-ordering the ¢* correction Eq. (22). This is UV finite,
and can be evaluated numerically. We can also see the separation of scales if we choose the
renormalization scale u ~ E,, in the expression of m% Eq. (10). Focusing on the terms with
mixed UV/IR behavior, we have

AZ
ZN_— — — —
My = 1287‘54R4(2 4 4) )3
—_——

Ik'| < Kinax

Z @(Zwk max) (25)

(6%

and we see exactly the same cancellation as in the 2D case Eq. (87).

B A Hermitian Effective Hamiltonian?

The effective Hamiltonian H. defined in this paper is non-Hermitian. In this appendix, we
look for a similarity transformation
Hy;=GHeG ™, (26)

so that H é ¢ is Hermitian. We will consider this for the 2D A¢* theory, where the leading non-
Hermitian terms in the 1/E, ., expansion involve ¢2H, and ¢*H, (see Eq. (102)). Writing
¢"Ho = 3{¢",Ho} + 5[¢", Hy], we have

2

f dx (cthsz,HoJ +c4[¢4,H01) FOQU/EL ). @)

H.¢ = Hermitian +
max

We therefore define G perturbatively

G=1+X+0(X?), (28)
which gives
Hyge = Hegr + [X, Hege] + O(X?) (29)
Comparing Egs. (27) and (29), we see that a natural choice is
X =€H,. (30)
Since
_ 1 5.2, A 4
V—de[iquﬁ + 24 (31)
this gives
1 A
[X,Het] = € J dx (Em\Z/[Ho, ¢*1+ 21 [Ho, ¢4]) +0(eA?) +0(e?). (32)

Comparing with Eq. (27), we see that we can choose ¢ to cancel one of the two leading non-
Hermitian terms, but not both.
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