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Abstract

The CREMA collaboration is pursuing a measurement of the ground-state hyperfine
splitting (HFS) in muonic hydrogen (up) with 1 ppm accuracy by means of pulsed laser
spectroscopy to determine the two-photon-exchange contribution with 2 x 10~ relative
accuracy. In the proposed experiment, the up atom undergoes a laser excitation from the
singlet hyperfine state to the triplet hyperfine state, then is quenched back to the singlet
state by an inelastic collision with a H, molecule. The resulting increase of kinetic energy
after the collisional deexcitation is used as a signature of a successful laser transition
between hyperfine states. In this paper, we calculate the combined probability that a up
atom initially in the singlet hyperfine state undergoes a laser excitation to the triplet state
followed by a collisional-induced deexcitation back to the singlet state. This combined
probability has been computed using the optical Bloch equations including the inelastic
and elastic collisions. Omitting the decoherence effects caused by the laser bandwidth
and collisions would overestimate the transition probability by more than a factor of
two in the experimental conditions. Moreover, we also account for Doppler effects and
provide the matrix element, the saturation fluence, the elastic and inelastic collision
rates for the singlet and triplet states, and the resonance linewidth. This calculation
thus quantifies one of the key unknowns of the HFS experiment, leading to a precise
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definition of the requirements for the laser system and to an optimization of the hydrogen
gas target where up is formed and the laser spectroscopy will occur.
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1 Introduction

Highly accurate measurements of atomic transitions can be used as precise probes of low-
energy properties of nuclei. As the Bohr radius of hydrogen-like atoms decreases with in-
creasing orbiting particle mass, muonic atoms (atoms formed by a negative muon and a nu-
cleus) have an enhanced sensitivity to nuclear structure effects [1-7]. The Charge Radius
Experiments with Muonic Atoms (CREMA) collaboration in recent years has performed laser
spectroscopy of the 2s — 2p (Lamb shift) transitions in muonic hydrogen (up) [4, 6], muonic
deuterium (ud) [8] and muonic helium (,u4He+) [9] and extracted the corresponding nuclear
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Figure 1: (a) Hyperfine structure of the 1s-state in up divided into the triplet (F = 1)
and the singlet (F = 0) states depending on the total angular momentum of the
muon-proton system. (b) The three-level system used in the Bloch equations to model
the laser excitation followed by collisional deexcitation with an increase of kinetic
energy (Ey;,). Initially all up atoms are thermalized (average of Ey;, ~ 5 meV) to the
singlet state with population p;;. The laser pulse drives the HFS transition, exciting
the up atoms into the triplet state with population p,,. An inelastic collision then
deexcites the triplet state back to the singlet state converting the transition energy
into kinetic energy. This singlet state with additional kinetic energy is the third level
in the optical Bloch equations with population p5; and Ey;, ~ 100 meV.

charge radii with an unprecedented accuracy. The impact of the up measurements on beyond-
standard-model searches, on precision atomic physics, and on the proton structure can be
found in recent reviews [7,10-12]. Along this line of research, the CREMA collaboration is
presently aiming at the measurement of the ground-state hyperfine splitting (HFS) in up with
1 ppm relative accuracy by means of pulsed laser spectroscopy.

From the measurement of the HFS, precise information about the magnetic structure of
the proton can be extracted [13-23]. Specifically, by comparing the measured HFS transition
frequency with the corresponding theoretical prediction based on bound-state QED calcula-
tions [5, 13, 19, 20], the two-photon-exchange contribution can be extracted with approxi-
mately 2 x 10™* relative accuracy. Because the two-photon-exchange contribution can be ex-
pressed as the sum of a finite-size (static, elastic) part proportional to the Zemach radius (R;)
and a polarizability part (dynamic, virtual excitation), its determination can be used to extract
separately the two parts: the Zemach radius when the polarizability contribution is assumed
from theory [13,15, 16, 18,21-25], and the polarizability contribution when taking R, from
electron-proton scattering or hydrogen spectroscopy [19,26-28].

In this paper, we calculate the laser transition probability between singlet and triplet sub-
levels of the ground state hyperfine-splitting in up (see Figure 1), accounting for the actual
detection scheme used in the experiments and considering collisional and Doppler effects.
This transition probability is one of the key quantities needed to evaluate the feasibility of the
CREMA hyperfine-splitting experiment, and to define the requirements for the experimental
setup.

Two other collaborations, the FAMU collaboration at RAL (UK) [20,29-31] and another
one at J-PARC (Japan) [32-34], are also aiming at a precision measurement of the HFS in
up. For all three experimental collaborations, the main challenge is posed by the small laser-
induced transition probability resulting from the small matrix element (magnetic dipole-type
transition, M 1), in conjunction with a transition wavelength at 6.8 um where no adequate
(sufficiently powerful) laser technologies are available, and the large volume where up atoms
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Figure 2: (Color online) Schematic (not to scale) of the setup for measuring the HFS
in up. A negative muon beam is stopped in a H, gas target at cryogenic temperatures,
pressures of about 1 bar, and a thickness of about 1 mm. The formed up atoms are
excited by the laser pulse whose intensity is enhanced in the multi-pass cavity. A
successful laser excitation of the up atoms followed by a collisional deexcitation leads
to a up atom with extra kinetic energy. With this extra kinetic energy, the up atom
diffuses to the target walls where x-rays are produced.

are formed.

Prior to this work there were three other publications addressing the laser-induced exci-
tation probability between the hyperfine states: the FAMU collaboration performed the calcu-
lation assuming the Fermi-golden rule with Doppler convolution while neglecting collisional
effects as well as laser bandwidth [35]. This calculation was revised in Ref. [36] that corrected
a mistake in the matrix element. The J-PARC collaboration calculated the laser-induced tran-
sition probability using the optical Bloch equations [37], also omitting collisional effects given
their low target density [34]. Laser bandwidth was also omitted in this calculation. In con-
trast, decoherence effects due to collisions and laser bandwidth were considered in this work,
as they reduce the transition probability by almost a factor of two at the optimal experimental
conditions. Therefore, collisional rates between up and H, were calculated in this work for
the CREMA experimental conditions following the theory of Ref. [38].

The paper is organized as follows: in Sec. 2 we summarize the CREMA experimental
scheme needed to understand the experimental conditions in which the laser excitation takes
place. Section 3 introduces our theoretical framework based on the optical Bloch equations.
We also summarize there the collisional effects and the transition matrix elements. In Sec. 4,
starting from the Bloch equations we derive well-known analytical expressions valid only in
certain regimes which serve to better understand the dynamics during the laser excitation and
the numerical results of Sec. 5. The latter section presents the results obtained by integrating
numerically the Bloch equations at various experimental conditions and discusses in detail the
impact of collisions, Doppler-effects, and laser parameters.

2 The experimental scheme

In this section we briefly present the experimental scheme for the measurement of the HFS
pursued by the CREMA collaboration, to precisely define the goal and framework of the calcu-
lation. A low-energy muon beam of about 11 MeV/c momentum is stopped in a hydrogen gas
target (~ 1 mm thickness, a pressure ranging from 0.5 to 1 bar, and at a temperature ranging
from 20 to 50 K), wherein a up atom is formed in a highly excited state. The formed muonic
atom quickly deexcites to the singlet (F = 0) state of the ground state (see Figure 1) while
thermalizing within about 1 us to the hydrogen gas temperature. When thermalized, the up
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atom is illuminated by a laser pulse at a wavelength of 6.8 um (equivalent to a frequency of
44 THz, or 0.18 eV energy) to drive the hyperfine transitions. To enhance the laser transi-
tion probability, the laser pulse with a duration of about 20 ns and 5 mJ of energy is coupled
through a 0.5 mm wide slit into a multi-pass cavity. The multiple reflections occurring in this
cavity, whose average number depends mainly on the mirror reflectivity and the losses at the
coupling slit, enhance the laser fluence at the position of the up atom and increase the ef-
fective pulse length. On-resonance laser light thus excites the muonic atom from the singlet
F =0 to the triplet F = 1 sublevels. A subsequent inelastic collision with a hydrogen molecule
deexcites the up atom from the triplet back to the singlet sublevels. In this process the HFS
transition energy of 0.18 eV is converted into kinetic energy: on average 0.1 eV of kinetic en-
ergy is imparted to the up. This kinetic energy, which is much larger than the thermal energy,
causes the up atom to diffuse away from the laser-illuminated volume, reaching one of the
gold-coated target walls in a time window between 100 and 300 ns after the laser excitation.
When the up atom reaches the wall, the muon is transferred to a gold atom forming muonic
gold (uAu*) in highly excited states. The various x-rays of MeV energy produced in the sub-
sequent deexcitation of uAu* are used as signature of a successful laser excitation, so that the
HFS resonance can be determined by counting the number of yAu x-rays as a function of the
laser frequency.

In this paper, we present the calculation of the probability that a up atom initially in the
singlet state and thermalized at the temperature of the hydrogen gas will undergo the above
described sequence of laser excitation and collisional deexcitation, acquiring the extra ~ 0.1 eV
of kinetic energy needed to provide the observable signal.

3 Theoretical framework

3.1 Bloch equations

The laser excitation and the population dynamics between hyperfine states is investigated
in the framework of the density-matrix formalism, using optical Bloch equations expressed
as [39],

d .

PR = —Im(Qp1oe™) + Typas, e
d .
%(f) =  Im(Qpe™®)— (T + Tp)P22 s (2)
dp in* _ T

dtu(t) = 5 (P11 —pP22)e lm—Ecplz, 3)
dps3

) = T,

where the detuning A = w, — w is the departure of the laser angular frequency w from the
atomic resonance angular frequency w,, € is the Rabi frequency, I; is the triplet deexcitation
rate caused by the inelastic collisions with the H, gas leading the up atoms to gain extra kinetic
energy, I, is the spontaneous radiative decay rate from the triplet state (with negligible change
of the kinetic energy), and T, is the decay rate of the coherence, referred as ”decoherence rate”.
All deexcitation and decoherence sources in equations (1)-(4) are in units of Hertz. Within
our experimental conditions, I, < T; so that throughout this paper I, can be neglected. Note
that in equations (1)-(4) we also neglect the muon decay, since at our experimental conditions
the muon decay rate is much smaller than the decoherence rate. The overall decay of all
populations due to muon decay (7, = 2.2 us) can be treated separately simply by multiplying
our results by exp (—t/7 ).


https://scipost.org
https://scipost.org/SciPostPhys.13.2.020

Scil SciPost Phys. 13, 020 (2022)

The diagonal density terms p;; and p4, are the populations of the thermalized singlet and
(excited) triplet states, respectively, while p, is the coherence between these two states.

The third level with population p55 is used to track the fraction of p,, that undergoes
a collisionally-induced deexcitation from the triplet to the singlet states, with consequent in-
crease of the kinetic energy. This third level is modeled as a dark state decoupled from the laser
because the additional 0.1 eV of kinetic energy (corresponding to ~1000 K), acquired by the
up in the inelastic collision, gives rise to such a large Doppler shift that the atomic resonance
becomes detuned from the exciting laser frequency. Actually, within several hundred nanosec-
onds, the up atoms can thermalize again through elastic up-H, collisions. However, up atoms
with the extra kinetic energy are very likely to exit the laser-excitation volume within tens of
nanoseconds. Hence, multiple cycles of laser-excitation followed by collisional-quenching are
negligible at our experimental conditions, and thus modeling the third level as a dark state is
appropriate.

As initial conditions for the time t = 0, we assume p;; = 1 and pyy = p33 = 0 since in
the experiment we choose the arrival time of the laser pulse so that all up atoms are deexcited
to the singlet state and thermalized to the hydrogen gas temperature. As a consequence of
Pa9 = 0, for time t = 0 the coherence p;, = 0 is also zero. In this paper, we assume that the
laser excitation occurs from time t = 0 until t = 7 at constant laser intensity Z, resulting in a
laser fluence of F = Z7 [J/cm?]. The impact of the laser fluence F and exposure time T on the
population dynamics is evaluated throughout this paper. Exposure times of 10 ns and 100 ns
are considered. Note that the actual time (and spatial) distribution of the laser intensity within
the multi-pass cavity is complicated by the superpositions of the folded laser beam spreading
in the cavity, however at late times it follows approximatively an exponential function with
a lifetime ranging from 50 ns to 150 ns depending on the performance and geometry of the
cavity.

In this work, the temporal evolution of the populations in the three levels is computed
by numerically integrating the optical Bloch equations for various target conditions and laser
performances. When combined with simulations of the diffusion process, muon beam and
detection system, this allows optimization of the experimental setup to maximize statistical
significance (signal/+/background). The parameters I; and I, allow a phenomenological
inclusion in the Bloch equations of the laser bandwidth and of the up-H, elastic and inelastic
collisions. The Doppler effect is accounted for in a second step by folding the results from
the optical Bloch equation with a Doppler (Gaussian) profile for the (initial) thermalized up
atoms.

3.2 Collisional rates
The decoherence rate is given by
L=2nA+T 0+ T/ 4+ T+ T, (5)

where A, is the laser (FWHM) bandwidth, which contains a 27 factor to convert a bandwidth
into a "rate” (see [39]). T is the inelastic up—H, collision rate for the excited state, Fle is the
elastic collision rate for the triplet, and FEFZO is the elastic collision rate for the singlet state:

i wp™' +H, > up"’+H;, (6)
L~ wp™ +Hy - ppt +H, )
=0 up™%+H, > up™°+H;. (8)

Here the * indicates possible rotational excitations of the hydrogen molecule after the collision.
Note that these collisional cross-sections do not depend on the magnetic sub-states of the up
atom [40,41].
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Table 1: up-H, collision rates in MHz for various H, target pressures (p) and tem-
peratures (T). Two distributions of ortho- and para-H, are considered: statistical
and Boltzmann.

p =0.5 bar

T=22K T=30K T=50K

Stat. Boltz. Stat. Boltz. Stat. Boltz.

rf=0 20 20 15 15 9 9
rf=t 52 29 41 24 28 18
T, 82 93 59 66 34 37
p =1 bar
=0 40 39 30 30 19 19
rF=t 104 59 83 47 55 37
T, 164 187 118 133 68 74
p =2 bar
rF=0 79 79 61 61 38 37
rF= 208 118 165 94 110 74
I; 328 374 235 265 137 148

L

All the collisional rates (I}, I'=" and I'"=") were obtained using

I'= ’UrO'(Ur)sz, 9

where v, is the up-H, relative velocity and p,,, is the number density of H, molecules, which

was calculated assuming that H, behaves as an ideal gas. The term v,o(v,) represents the
folding of the relative up-H, velocity (v,) distribution for thermalized up atoms and H,
molecules with the velocity-dependent cross sections o (v, ) for the considered scattering pro-
cess [38].

These rates were calculated following Ref. [38], which uses the velocity- and spin-
dependent cross sections between up atoms and hydrogen molecules summed over the final
rotational states of the H, molecules and averaged over the distribution of the initial rota-
tional states. The spin alignment of the two nuclei of the molecule is taken into consideration
when computing the rotational states and their initial populations. Two distributions for the
initial rotational states were considered: statistical and Boltzmann distributions. At room
temperature, the Boltzmann distribution is similar to the statistical distribution given by 75%
ortho-hydrogen (odd rotational number K) and 25% para-hydrogen (even K). For low temper-
atures and at equilibrium, the Boltzmann distribution differs considerably from the statistical
distribution, e.g. at 22 K, basically all molecules have K = 0. However, if the gas is quickly
cooled down, the ratio ortho- to para-hydrogen existing at high temperature is retained so
that 75% of the molecules have K = 1 and 25% have K = 0. The Boltzmann distribution is
only reached after a long time because the conversion from K = 1 to K = 0 rotational states
is a very slow process having a rate of about 2% per week at the normal temperature and
pressure [42]. The actual rotational distribution in the experimental conditions is therefore
bounded between these two extreme cases. For this reason, we give in Table 1 values of the
collision rates for statistical and Boltzmann distributions.
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Table 2: Values of M and Q/+/Z for Lamb shift and HFS transitions in up and u>He™.
The analytical expressions for the 2s —2p matrix elements agree with [43]. q,, is the
muonic Bohr radius.

Atom  Transition M [m] %I [m/+/Js]
up 2sF=1 — 2p§/:22 V5a, =6.367 x 1071 2.65 x10*
w3Het 2sF=1 — 2p§/:22 %gau =2.969x 10713  1.24 x10*
up 1sF=0 — 15F=1 % (gu + z—igp) 5.12 x10! ¢
=1.228 x 1071
et 1P 5 15F0 L (g +2g ) 207 x10!
K 4v/3m,c S Mye Se ’
=4.965 x 10716

@ 1.77x10' m/+/Js according to Ref. [37]

3.3 Rabi frequencies and matrix elements

The Rabi frequency Q = 4/ %M included in the Bloch equations quantifies the coupling
strength between the laser with intensity Z, and the atomic transition. Here, a is the fine
structure constant and # the reduced Planck constant. We evaluated the matrix element M
for the M1 HFS transitions of up and u®He™ in the ground state. To verify the calculations,
we also evaluated the matrix elements for the already measured 2s —2p transitions in up and
ulHe™, where literature values of saturation fluences are available [43].

Because the magnetic substates of the initial state can be assumed to be statistically pop-
ulated, the matrix element is averaged over the initial magnetic sub-states m:

1
M2:2F1+1Z

m,m’

M(m,m’)

2
| (10)

It is also summed over all possible final magnetic sub-states m’ since the final magnetic sub-
states are not detected (resolved) in our experimental scheme. The matrix elements Mmm)
for the 2s —2p (E1-type) and 1s-HFS (M1-type) transitions are given by [35,44]

./\/lgnl’m/)=<2pF’m’|r-é‘|25Fm>, (11)
om)_ 1 I 4 My =
M =—(F'=1m"|(g,8+g,—I)-kx£éF=00), (12)
M1 2my¢ m,
where m,, is the muon mass, m, the proton mass, k the laser wavevector, £ the laser polar-

ization, S the spin operator of the muon, I the spin operator of the proton, and g, and g, the
g-factor of the muon (~ 2.00) and proton (=~ 5.58), respectively. See Appendix A for more
details about the evaluation of these matrix elements.

Table 2 summarizes the numerical values of the (analytical) matrix elements M and 2/ VI
for the HFS and the most intense Lamb shift transitions for up and u®He'. While the matrix
elements for the 2s — 2p transitions are in agreement with published values [43], the Q/vZ
value obtained for the up HFS of 5.12 x 10' m/+/Js is in disagreement with the value of

1.77 x 10' m/+/Js published in Ref. [37]. The difference of @(M) ~ 2.9 is traced

TTlp‘i-l‘IlM
back to a miscalculation of the matrix elements in Ref. [37] (see Appendix A), and by not
considering the proton spin-flip.
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Table 3: Saturation fluences for laser bandwidths of A; = 10 MHz (F, Ai210

sat ) and
A; = 100 MHz (‘FSAE{: 100) for three transitions in muonic atoms, accounting for
collisional effects. For comparison we also give the saturation fluence neglecting
decoherence effects (FSF;;O). The resonance frequencies v, = w, /27 for the three
transitions have been taken from Refs. [5,45,46]. The spontaneous decay rates Iy
of the 2p states were taken from [47] and [48], while for the ground state triplet in
up it is calculated here. The decoherence rates I, have been obtained using equa-
tion (5) with the values from Table 1 assuming a Boltzmann distribution between
ortho- and para-H, (for a statistical distribution see Appendix B). o, is the Doppler

standard deviation (15).

- A;—10 A;—100 I.—0 A;—10 A;—100
Atom Transition T p v, rsp e v op Fh FA 1

sat sat sat
[K] [bar] [THz] [MHz] [MHz]  [MHz] [MHz]  [J/em?] [J/em?] [J/cm?]

up 2sF=1 - 2p§/:22 300 0.001 49.9  1.16x10° 1.16x10° 2.48x10% 0.0165

ulHe™ 2sF=1 — 2p13’/=22 300 0.004 379  2.00x10° 2.00x10° 1.13x10° 1.304

up 15770 — 15751 442  1.23x1071
22 05 205 770 60 23 28 44
22 1 348 913 60 23 32 49
22 2 633 1198 60 23 40 58
30 05 168 733 70 27 31 47
30 1 273 838 70 27 34 50
50 0.5 128 693 90 35 37 53
50 1 192 757 90 35 39 55

3.4 Doppler broadening

While the collisional effects and the laser bandwidth are already accounted for in the Bloch
equations, and eventually give rise to a Lorentzian profile (see Sec. 4.1), the Doppler broad-
ening needs to be treated separately.

We include the Doppler effect by convoluting the population p;3(w) as obtained from the
Bloch equations with a Gaussian distribution describing the Doppler profile:

— 00 / 1 —w')? /
Pa3(w) = f_oo p33(w )mm exp (—%) do’, (13)

with yp being given by

kT
Yp = W, (m+—m)cz ~ 7.98 x 107ﬁ [rad/s], (14)
u p
op = g—i ~ 12.7VT [MHz], (15)

so that the Doppler standard deviation (MHz) is op. k is the Boltzmann constant, ¢ the speed
of light, and T the temperature in Kelvin of the thermalized up atom in the singlet state.

4 Analytical expressions for two limiting regimes
Before integrating numerically the three-level Bloch equations and investigating how colli-
sional and Doppler effects impact the p;5 population, it is interesting to derive analytical

expressions from our formalism to reproduce well-known results valid for low and high Rabi
frequencies, where low and high are relative to the other frequencies involved in the problem.

9
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4.1 Fermi-golden-rule regime

The laser-induced rate of population transfer R(t, w) from p; to p,, is given by the first term
of the second Bloch equation (2),

R(t,w) =Im(Qpze™®t). (16)

In the limit of low transition probability (2 < I), and sufficiently long time (¢t > 1/I,) to
obtain stable p,, population, this rate converts to the Lorentzian form of the Fermi-golden
rule [39],

2 L.

4 Ly, loPn)’
(Az +(3) + T)
This result is obtained using the analytical solutions of p,, and p;, of Refs. [49-51]. Note that

the Fermi-golden-rule approach does not contain population dynamics; it is a static approach.
The Doppler effect can be included by performing a convolution similar to equation (13)

R (w) = (17)

R (@)= foo RY (@)= exp (——(w —). ) de’, (18)
—00 27IYD ZYD

resulting in a combined laser-excitation and collisional deexcitation probability of

T

P33(w) ~ Paz(w) = f RY(w)dt = il

— > (19)
0 fsat(w)

where Fgg¢ is the saturation fluence and p33(w) is the obtained Voigt profile that accounts for
Lorentzian (homogeneous) and Gaussian (inhomogeneous) broadenings. The hat-symbol on
the third level population Q33 is used to denote that it was computed in the Fermi-golden-rule
approximation and including Doppler effects.

Since the Voigt function at resonance has an analytical solution, at resonance we can find
an analytical expression for Fgat(w,):

2 2
hYD we @

Fsat(w,) = n3/2al, M2 Erfe(w)’

(20)

2, . . .
where @ = ﬁ;DC and Erfc is the complementary error function. For I, < o the saturation

fluence becomes

hO'D ﬁ

I[,—0 _ a 2
Fsat (Cl)r) - (27’[)3/2@/\/12 0.2 [J/Cm ] (21)
In this limit, the laser transition probability becomes
JL—o 0.2
S~ —F, (22)
Pss VT

where T and F are values of temperature and fluence in units of K and J/cm?, respectively.
This result is in agreement with the excitation probability given in Ref. [36].

Table 3 summarizes the saturation fluences Fg,¢ calculated from equation (20), for Lamb
shift transitions in up and uHe™, as well as for the HFS transition in up for possible experi-
mental conditions. Obtained values of Fg, for Lamb shift transitions are in agreement with
Ref. [43]. Four orders of magnitude separate the Fgy¢ for the Lamb shift and the HFS tran-
sitions in up, emphasi%igg the laser technology leap needed to accomplish the hyperfine ex-

periment. Values of 7.7~ given by equation (21) are also shown together with fg: 1% and
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A—100
Fsat

comparison of

, which are the saturation fluences for A; = 10 MHz and 100 MHz, respectively. The

A—10 A;—100
Fsar 0 Fgat
. A—10 I.—0 . . ..
parison of F.. " to Fg;. allows to appreciate the impact of the collisional effects.

Table 5 in Appendix B shows that within our experimental conditions, the decoherence
rates and the saturation fluences are only marginally affected by the assumed ortho- to para-

H, distributions. Therefore, throughout this study, we assumed a Boltzmann distribution.

highlights the impact of the laser bandwidth, while com-

4.2 Rabi-oscillation regime: Two-level Bloch equations

For T, < , the approximation of equation (19) is no longer valid. In this limit, the p,,
population saturates and oscillates according to

2P . .7
oo = oy ar o (G VIAF+47). 23
which on resonance simplifies to
) 8naFT
P2o = sin’ ( = ) . (24)

These are the well-known analytical solutions of the two-level Bloch equations valid in the
Rabi-oscillation regime when broadening sources can be neglected [39], i.e., when the Rabi
frequency dominates over the broadening rates 2 > I, and Q> o).

Reference [37] calculates the transition probability between hyperfine states in up using
equation (23), hence without decoherence (collisional or laser bandwidth) effects. Doppler
broadening was included in a second step in their calculations as a not-well-specified numerical
average.

5 Results and discussion

5.1 ps; at the experimental conditions

Simulating the time-evolution of state populations using Bloch equations has improved laser
spectroscopy of molecules [52], muonium [53] and highly charged ions [54]. Similarly, the
findings of population dynamics obtained from Eq. (1)-(4) can be used to optimize the target
conditions (T and p) of the HFS experiment.

We present here the p33 populations for laser parameters and hydrogen target conditions
in the current region of interest for the CREMA HFS experiment. These populations obtained
from the numerical integration of the Bloch equations are shown by the dashed curves in
Figure 3 and compared with the approximations of equation (19), shown as solid lines. Already
for fluences larger than 5 J/cm? the full-numerical calculations need to be used for accurate
predictions. At the prospected optimal conditions of T = 22 K and p = 0.5 bar (based on
preliminary simulations of the diffusion of the up atom in the H, gas target), for A; = 10 MHz,
the analytical prediction overestimate the transition probability by about 30% and 46% for
fluences of 10 J/cm? and 20 J/cm?, respectively. For A; = 100 MHz, this difference is reduced
by 17% and 26% for the same fluences, respectively. Note that fluences up to 20 J/cm? are
achievable locally in our multi-pass cavity. The importance of the dynamics is also highlighted
by the small but non-negligible dependence of o33 on the exposure time 7.
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Figure 3: (Color online) p55 population versus laser fluence F for various H, target
conditions, two laser bandwidths (A; = 10 MHz and A; = 100 MHz), and two expo-
sure times (7 = 10 ns and 7 = 100 ns) in the range of interest for the CREMA HFS
experiment. We use the collision rates of Table 1 assuming Boltzmann distribution
between ortho- and para-H,. The solid lines represent the results from the analyt-
ical expression of equation (19) that neglects population dynamics. The saturation
fluences Fy, are taken from Table 3.

5.2 Resonance profile at the experimental conditions

The HFS resonance has to be searched for in a region of about 40 GHz (£30) given by the un-
certainty of the theoretical predictions arising mainly from the uncertainty of the two-photon
exchange contribution [13-23]. The resonance is scanned by counting the number of x-rays
for a few hours at a given laser frequency. Then the laser frequency is shifted by a fixed amount
and the x-ray counting is performed anew. This is repeated until a statistically significant de-
viation of the number of x-ray counts from the background level has been observed. Given
the large search range, the long time (few hours) per frequency point necessary to observe a
statistically significant deviation above background, and the limited access at the PSI acceler-
ator, it is important to optimize the frequency step used to search for the resonance. For this
reason, the linewidth of the targeted resonance has to be known precisely.

Figure 4 shows some line profiles obtained from numerical integration at conditions rel-
evant for the CREMA experiment. The figure clearly shows that the reduction of the on-
resonance excitation probability due to collisional effects is correlated with a broadening of
the line-shape.

For fluences F < 20 J/cm?, the Rabi frequency is sufficiently small so that this power
broadening can be neglected. In this regime the line shape is thus a Lorentzian profile with a
FWHM of approximately [39]

I? =1"62+2|Q|2%. (25)
When including the Doppler effect, a Voigt profile is obtained with a FWHM:-linewidth {}, given
approximately by [55]:

f, = 0.53T, +4/0.22T2 + 5.54y2 . (26)

The [, calculated using the analytical expressions of Egs. (25) and (26) are compared in Ta-
ble 4 to the FWHM linewidth obtained by numerically integrating the optical Bloch equations.
For completeness, Table 4 also summarizes the p33(w,) and p33(w,) as obtained from the
analytical expression of equation (19) and from the full numerical calculation, respectively.
Here, a Boltzmann distribution between ortho- and para-hydrogen was assumed while the re-
spective values for a statistical distribution are listed in Appendix B. Their comparison shows
a negligible dependence on the type of distribution assumed. Tables 4, 6 and 7 provide the
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Figure 4: (Color online) p5 versus the laser angular frequency w (line-shape) cal-
culated by numerically integrating the Bloch equation for T = 100 ns, at various
target conditions assuming Boltzmann distributions between ortho- and para-Hj:
(@) F = 10 J/em? and A; = 10 MHz; (b) F = 20 J/cm? and A; = 10 MHz; (c)
F =10J/cm? and A; = 100 MHz; (d) F = 20 J/cm? and A; = 100 MHz. Values of
P33 on resonance and FWHM linewidth can be found in Table 4.

complete information needed to quantify the combined probability of laser-excitation followed
by collisional deexcitation for the HFS experiment of the CREMA collaboration.

6 Conclusion

In view of the upcoming HFS experiment of the CREMA collaboration, we calculated the com-
bined probability that a thermalized up atom undergoes laser excitation from the singlet to the
triplet states followed by a collisional deexcitation, where it acquires on average about 0.1 eV
extra kinetic energy. This calculation was performed accounting for collisional and Doppler
effects. The collisional effects together with the laser properties such as bandwidth, exposure
time, and fluence have been accounted for directly in the three-level Bloch equations, while
the Doppler broadening has been accounted for in a second step by convoluting the results
from the Bloch equations with the Doppler profile.

We derived simple analytical expressions valid in limiting regimes (Fermi-golden rule and
Rabi-oscillations). Given the small Rabi frequency relative to the homogeneous broadening,
the proposed HFS experiment lies more closely to the Fermi-golden-rule regime.

The collisional effects play an important role: while the inelastic collisions trigger a suc-
cessful laser transition, the elastic collisions decrease the laser excitation probability to the
triplet state. In the experimental conditions of the CREMA HFS experiment, (around 0.5 bar,
22 K, A; = 100 MHz) the decoherence effects decrease the transition probability for small
flueces by about a factor of two (see Table 3).

For fluences reached in the optical cavity (up to 20 J/cm? locally), the dynamical effects
beyond the Fermi approximation captured by the numerical integration of the Bloch equations
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Table 4: I, from the analytical expression of equation (26), FWHM line-width T}, ex-
tracted from fitting the line-profile obtained from numerical integration of the Bloch
equations for various w, P33(w,) from the analytical expression of equation (19)
and p33(w,) from the numerical integration of the Bloch equations. 7 = 100 ns
and Boltzmann distribution between ortho- and para-H, are assumed (for 7 = 10 ns
and a statistical distribution see Appendix B). The symbol “-“ indicates that p33 > 1,
which is non-physical.

F=10J/cm? F =20J/cm? F =50J/cm?
(Q = 8 MHz) Q=11 MHz) (Q = 18 MHz)
P T AN, I ap fy Iy P33 Paz fy Iy P33 P33 fy Iy P33 P33
[bar] [K] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz]
0.5 22 100 770 60 220 228 0.23 0.19 223 232 045 0.33 231 267 - 0.59
1 22 100 913 60 235 242 0.21 0.18 236 256 0.41 0.32 241 283 - 0.60
0.5 22 10 205 60 161 167 0.36 0.25 163 176 0.71 0.38 169 190 - 0.57
1 22 10 348 60 174 183 0.31 0.25 175 187 0.63 0.40 178 208 - 0.64
0.5 30 100 733 70 239 247 0.21 0.17 243 251 0.43 0.30 254 277 - 0.54
1 30 100 838 70 249 256 0.20 0.17 251 269 0.40 0.31 257 287 - 0.57
0.5 30 10 168 70 182 189 0.32 0.21 185 194 0.65 0.32 191 208 - 0.48
1 30 10 273 70 190 199 0.30 0.22 192 204 0.60 0.36 196 226 - 0.56
0.5 50 100 693 90 283 288 0.19 0.15 290 295 0.38 0.28 308 316 095 0.42
1 50 100 757 90 287 294 0.18 0.15 290 299 0.37 0.27 300 328 0.91 0.49
0.5 50 10 127 90 228 230 0.27 0.16 233 236 0.53 0.23 240 249 - 0.35
1 50 10 192 90 231 236 0.26 0.18 231 240 0.51 0.27 240 256 - 0.43

are significant, as can be seen by comparing the solid and dashed lines in Figure 3 and p3;
and ps3 in Table 4. We also demonstrate that ps5 is not significantly affected by the assumed
distribution of the hydrogen rotational states.

For the a fluence of 10 J/cm?, 100 MHz laser bandwidth and 100 ns laser exposure, 19% of
the up atoms exposed to the laser light acquires the extra 0.1 €V kinetic energy for a hydrogen
gas target at 22 K temperature and 0.5 bar pressure.

This paper is the first in a set of studies dedicated to the up HFS experiment of the CREMA
collaboration. In conjunction with studies of the up diffusion in the target gas, the optical
multi-pass cavity and the detection system which will be published elsewhere, this allows to
optimize the hydrogen target and define the specifications for the laser system.
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A Hyperfine dipole matrix elements

Evaluation of the matrix elements follows similar methods as done in recent works [48,56-58].
The hyperfine matrix elements (11) and (12) are evaluated with standard angular reduction
methods, which start by expanding the electric dipole r - £, and the magnetic dipole S - kxé
operators (similarly with I - kxé&ina spherical basis. After considering the overall atomic
state being the product coupling of the nucleus and electron angular momenta, and using the
Wigner-Eckart theorem, the matrix element for the irreducible rank-one tensor T, (compo-
nents A = +1) of the spherical expansion is given by [44,59]

, o F' 1 F
— F'+I+F+1+J'—
(BF'm'J'|T;| BFmJ) = (—1)f HHFH+/=m \/[F,F’]( A m )

x { o f,}(/ﬁ’J’IITIIﬁJ). 27)

Here, T, = r, and T, = S, are for the 2s — 2p and HFS cases, respectively. Both final and
initial states are defined by |f) = \ B'F'm'J’ > and |i) = |BFmJ), where F is the total angular
momentum , m is its projection, and J is the total angular momentum of u. 3 represents further
quantum numbers, such as £ and n. The notation [ji, jo, ...] stands for (2j; +1)(2j, +1)... The
reduced matrix elements for E1 and M1 are given by

, J 1 1/2 ,
(2pJ’|Irl|2s,0 =1/2) = ,/[1/2,J/]( /2 0 _{/Z)JPZPPZSrdr, (28)

and

V6 : /2 ¢ J
(B1sipa) = “os(e.0) -1y 2] Y m, (29)
2 J 1 1/2
for the r and S operators, respectively. The functions Pép and P, in equation (28) are hydro-
genic radial wavefunctions.
After performing the averaging over initial magnetic substates m and summation over final
substates m’, the matrix element are given by

1 J I F J 1 J ,
ME]_ = ﬁ [F/’J,J/]{ o1 }( 1/2 0 _1/2 )JPszZSrdr, (30)
1 1/2 I F guh  gph
= —.J/[F,F ; —+—, 1
My 75 [F, ]{ o1 1/2}(muc+mc (31)

p

for the Lamb shift and HFS, respectively. While evaluating the matrix elements, the overall
contribution of light polarization is reduced to ||> = 1, thus suppressing any dependence
on the laser polarization (circular or linear) used. This is expected since the initial state is
not polarized, and the final state polarization is not observed. Equation (31) is equivalent to
equation (2) of Ref. [37] with g, = 2, g, = 0 and 1/c — e (different units), however we
obtain a value of efi/(2mc) instead of eli/(2+/6mc) after its evaluation.

B Results for a statistical distribution and 7 = 10 ns

Table 5 compares Fg,, and I for statistical and Boltzmann distributions between ortho- and
para-hydrogen, while Table 6 lists the transition probabilities ps3(w, ) and linewidths, similar
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Table 5: Decoherence rates and saturation fluences for statistical and Boltzmann
distributions between ortho- and para-hydrogen, and for A; = 100 MHz.

T p FBoltz‘ I—-Stat. ]:Boltz. fStat.
c c sat sa
[K] [bar] [MHz] [MHz] [J/cm?] [J/cm?]

22 0.5 771 782 44 45
22 1 913 936 49 49
22 2 1198 1244 58 59
30 0.5 733 743 47 47
30 1 838 859 50 50
50 0.5 693 699 53 53
50 1 757 770 55 55

Table 6: Same as Table 4 but for a statistical ortho- to para-distribution of the initial
rotational states of H, molecules.

F =10J/cm? F =20 J/cm? F =50J/cm?
(2 =8 MHz) (©Q =11 MHz) (2 =18 MHz)
P T 4 I Op fy Iy P33 P33 fy Iy P33 P33 fy Iy P33 P33
[bar] [K] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz]
0.5 22 100 782 60 222 231 0.22 0.18 225 234 0.45 0.32 235 269 - 0.58
1 22 100 936 60 238 246 0.20 0.18 240 259 0.40 0.32 245 287 - 0.59
0.5 22 10 217 60 162 169 035 0.25 165 177 0.71 0.38 171 193 - 0.57
1 22 10 371 60 176 182 0.31 0.24 177 191 0.62 0.40 182 213 - 0.64
05 30 100 744 70 241 249 021 0.17 245 253 043 0.29 258 279 - 0.53
1 30 100 859 70 251 259 020 0.17 254 270 040 0.30 261 290 099 0.56
0.5 30 10 178 70 183 190 0.32 0.21 186 196 0.64 0.32 194 211 - 0.48
1 30 10 293 70 192 197 0.29 0.22 194 208 0.59 0.36 199 226 - 0.56
05 50 100 699 90 285 200 019 0.13 292 205 038 0.23 310 317 095 041
1 50 100 770 90 288 295 0.18 0.15 292 301 0.36 0.26 303 331 091 048
0.5 50 10 134 90 229 233 0.27 0.16 233 234 0.53 0.23 242 251 - 0.35
1 50 10 205 90 233 239 0.25 0.18 235 243 0.51 0.28 242 260 - 0.43

Table 7: Same as Table 4 but for a laser exposure time of T = 10 ns.

F=10J/cm? F=20J/cm? F =50J/cm?
(£2 =26 MHz) (£2 =36 MHz) (£2 =58 MHz)
p T AN I op Iy Iy P33 P33 Iy Iy P33 P33 Iy Iy P33 P33
[bar] [K] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz]

05 22 100 770 60 245 257 0.23 0.14 269 258 0.45 0.24 328 291 - 0.42
1 22 100 913 60 249 271 0.21 0.15 263 282 041 0.27 301 304 - 0.49
05 22 10 205 60 177 189 0.36 0.24 190 190 0.72 0.39 219 208 - 0.56
1 22 10 348 60 184 205 0.31 0.22 194 210 0.63 0.38 218 227 - 0.60
05 30 100 733 70 271 276 021 0.1 301 278 043 0.20 371 312 - 034
1 30 100 838 70 267 285 020 0.14 285 285 0.40 0.25 330 319 - 044
0.5 30 10 168 70 201 207 0.33 0.22 214 208 0.65 0.36 246 226 - 0.49
1 30 10 273 70 203 215 0.30 0.21 214 221 0.60 0.35 240 238 - 0.54
05 50 100 693 90 333 314 019 0.08 374 315 038 0.13 470 351 095 0.22
1 50 100 757 90 315 315 018 0.10 341 327 037 0.19 404 350 091 033
0.5 50 10 127 90 252 246 0.27 0.18 269 253 0.53 0.29 305 272 - 0.38
1 50 10 192 90 249 252 0.26 0.18 263 258 0.51 0.30 293 285 - 0.43

to Table 4 but for a statistical distribution. Differences of less than 5% are observed for both
the saturation fluences and p33(w,) at the listed experimental conditions.

Table 7 contains the transition probabilities p33(w,) and linewidths for 7 = 10 ns. As ob-
served, differences in p33(w,) between 10 ns and 100 ns are more pronounced for
A; =100 MHz, having differences around 26%, while for A; = 10 MHz are negligible.
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