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Abstract

Pure three-dimensional gravity is a renormalizable theory with two free parameters la-
belled by G and A. As a consequence, correlation functions of the boundary stress tensor
in AdS; are uniquely fixed in terms of one dimensionless parameter, which is the cen-
tral charge of the Virasoro algebra. The same argument implies that AdS; gravity at a
finite radial cutoff is a renormalizable theory, but now with one additional parameter
corresponding to the cutoff location. This theory is conjecturally dual to a T T-deformed
CFT, assuming that such theories actually exist. To elucidate this, we study the quantum
theory of boundary gravitons living on a cutoff planar boundary and the associated cor-
relation functions of the boundary stress tensor. We compute stress tensor correlation
functions to two-loop order (G being the loop counting parameter), extending existing
tree level results. This is made feasible by the fact that the boundary graviton action sim-
plifies greatly upon making a judicious field redefinition, turning into the Nambu-Goto
action. After imposing Lorentz invariance, the correlators at this order are found to be
unambiguous up to a single undetermined renormalization parameter.
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1 Introduction

Three-dimensional gravity in the presence of a negative cosmological constant, as described
by the Euclidean Einstein-Hilbert action supplemented with boundary terms

1
I=—2o Mdgxﬁ(R— 2A) + Spady (1)
is a perturbatively renormalizable theory since all candidate counterterms can be removed
by field redefinitions [1]. The perturbative expansion around an AdS; background is well
understood: one obtains a theory of boundary gravitons governed by Virasoro symmetry [2,3].
The quantum theory of these boundary gravitons is perfectly sensible and self-contained, with
a well defined Hilbert space and spectrum of local operators. Indeed it is an extremely simple
theory, as the action and stress tensor are rendered quadratic in appropriate field variables
[4-6]. In CFT parlance, this theory describes the Virasoro vacuum block of some putative CFT
with some spectrum of primary operators. A much studied problem is how to reconcile the
desired modular invariance of such a spectrum with a sum over geometries interpretation in
gravity, e.g. [1,3,7].

Besides introducing new states, another route to enriching and extending the theory of
boundary gravitons is to radially move the AdS; boundary inwards, and there are several
motivations for doing so. One is as a way to gain access to observables that are “more local"
than the usual asymptotically defined quantities, namely the S-matrix in Minkowski space and
boundary correlators in AdS. The need to develop such observables has long been appreciated,
particularly in a cosmological context where there may not exist any “far away spatial region"
that an observer at fixed time can appeal to. In general dimensions, the complications of
defining quantum gravity in a finite spatial region is hard to disentangle from the usual UV
problems,® but the situation is better in AdS; since the renormalizability argument applied to
(1) applies also to the case of a finite boundary.? The problem is also interesting due to its
proposed description [9] as a T T-deformed CFT [10,11].% These are theories described in the
IR as CFTs perturbed by irrelevant operators; their UV description is not well understood, but
they conceivably represent a new type of quantum theory in which locality breaks down in
a controlled manner. We take the perspective that these two descriptions — cutoff AdS; and
T T-deformed CFT — are mutually illuminating.

In this work, we develop the quantum theory of boundary gravitons on a cutoff planar sur-
face, focusing on obtaining the optimal form of the action and using it to compute correlation
functions of boundary operators. We now briefly summarize our findings. We work in the
framework of the covariant phase space formalism [15,16], and in both the metric and Chern-
Simons formulation [17,18] of 3D gravity, since they offer useful complementary perspectives.
Our phase space is constructed by starting from an AdS5 background and performing all coordi-
nate/gauge transformations that preserve a Dirichlet boundary condition. Coordinates on this
phase space can be taken to consist of two functions defined at some initial time on the bound-
ary; these can be thought of as the coordinate transformations (x, t)—>(x +A(x,t), t+B(x, t))
evaluated at t = 0. To construct the canonical formulation, we need a symplectic form and
a Hamiltonian on this phase space, and we develop efficient methods for computing these.
In the asymptotically AdS; case, this procedure is simple to carry out exactly, and we readily
arrive at the Alekseev-Shatashvili action [4,5], as was obtained via the Chern-Simons formu-
lation in [6]. At finite cutoff, life is more complicated; we work order-by-order in the (A, B)

1See [8] for a review of the boundary value problem in D > 3 Euclidean gravity.

2At least if the boundary is flat, as will be the main case of interest in this work. More generally, we might
need boundary counterterms involving boundary curvature.

3At the classical level, this relation was substantiated in [12] using the perspective of mixed boundary condi-
tions at infinity. See [13,14] for reviews of the TT deformation, its applications, and its relation to holography.
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variables, but the resulting expressions quickly become complicated, in particular because the
phase space action contains an ever growing number of higher derivatives acting on these
fields.

A pleasant surprise (at least to us) is that a field redefinition (A, B)—(f ,]T) can be used to
remove all higher derivatives from the action, at least to the order we have checked (eighth
order in the fields). The resulting (imaginary time) action is none other than the Nambu-Goto
action written in Hamiltonian form,*

—/2 —/2
N I T T o e
I=—— | d°x |if'f—if f—4 >
327G e

(2)

where r, labels the radial location of the boundary such that r. — 0 is the asymptotic boundary.
We obtain further evidence for this action by deriving it to all orders in the special case of
linearly varying (f, f). However, the stress tensor is not the canonical stress tensor of the
Nambu-Goto theory due to the non-linear action of the Poincaré group on the fields. Rather,
it includes a series of higher derivative correction terms reflecting the nonlocal nature of the
theory, e.g.’

1

4GT,, = Ef”_%flz'i_%rcfﬁlfl_%rc(flz_zflfl)/ ]T/+ir2(f””72+(f'2)”]7”)+... L (3)

16 ¢

Having obtained expressions for the action and stress tensor, we seek to quantize the theory.
Our main interest here is in computing two-point functions of the stress tensor order-by-order
in the loop counting parameter G.® There is some tension coming from two perspectives on
this problem: on the one hand, the Nambu-Goto action with its square root is usually viewed
as being problematic to quantize directly without ambiguity; on the other hand, the underlying
theory is pure 3D gravity, which is expected to be renormalizable.

The subtlety in reconciling these perspectives has to do with the complicated (nonlinear
and nonlocal) manner in which the symmetries of the gravitational description are realized
once we pass to the reduced phase space description, and in particular with preserving these
symmetries in the quantum theory. What we do concretely is compute the stress tensor cor-
relators to two-loop order using dimensional regularization. At tree level and one-loop, the
results are finite and unambiguous. At two-loops, we find that a single renormalization of the
stress tensor is required and the divergent part comes as usual with an associated undeter-
mined finite part parametrized here by u. For example, we find the T,,T,, correlator at the
two-loop order to be”
rC

(T,,(x)T,,(0)) = 214 [% +10(3 +4G) (;—;)2 +96G (8 + 60 In(u?sz)) (zg)g +25206G (;—%)4} )

Herec =cy+1= Sg’g‘s +1 is the 1-loop corrected Brown-Henneaux central charge [2,6] of the

r. = 0 theory. Regarding renormalizability, our result is therefore inconclusive: we suspect that
the free parameter reflects that dimensional regularization is not preserving all symmetries,
but further work is required to substantiate this, for example by imposing the relevant Ward
identities.

Although we primarily focus on a flat planar boundary, it is also worthwhile to develop
the curved boundary case. As preparation for this, we carefully work out the Chern-Simons

*Writing this in terms of ¢ = f +? and 7, = f ’—j_f/ puts this in the more standard canonical form with kinetic
term 7 é.

>See (87) for all three components.

®Previous work [19, 20] on this problem in the gravitational formulation stopped at tree level.

7The full set of two-point functions is written in (179).
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formulation for general boundary metric. As an application, we show how to compute the
action for Euclidean AdS; with finite S? boundary, including the large radius divergence as-
sociated with the Weyl anomaly of the boundary theory. This result is elementary to obtain
in the metric description, but is somewhat subtle in the Chern-Simons formulation due to the
need to introduce two overlapping patches for the gauge potentials.

We now mention some earlier related work. In previous work [19], a subset of us studied
AdS; gravity with a finite cylinder boundary. One result was that the asymptotic Virasoro x
Virasoro algebra was deformed in a precise and specific way by the breaking of conformal
invariance associated with the finite boundary. Another result was that the free boundary
graviton spectrum was deformed in the manner compatible with TT considerations. In the
present paper, our main focus is on a planar boundary; this is simpler and we make other
technical advances that allow us to go further than before. Stability and causality for gravity
with cutoff boundary conditions is discussed in [21-23]. Covariant phase space in the presence
of boundaries is reviewed in [24]. Jackiw-Teitelboim gravity [25, 26] at a finite boundary
cutoff was studied in [27-29], with results relating to the spectrum of T T-deformed quantum
mechanics obtained in [30-32]. An important subtlety that arises, discussed in [27], is the
distinction between microscopic versus effective theories of the JT gravity path integral, and
the resulting nontrivial relations among the parameters and couplings; presumably these issues
are also present in our context. Correlation functions in the 2D field theory or 3D bulk were
studied in [20, 33-43]. Results in those papers were obtained either at low order in the TT
coupling A,z ~ r./c, or lowest order in the 1/c expansion (tree level in our language). An
exception is [34] which proposed some all-orders results in A;7. In the present work, our
results hold to all orders in r, but are perturbative in 1/c (we go to two-loop order, extending
the previous tree-level results). In the context of a massive scalar [36] and Dirac fermion [44],
integrability was used to fix renormalization ambiguities. In [45-48], the T T-deformed CS
formulation of 3D gravity was discussed.

Outline

In section 2, we lay out some general principles involved in computing the action for boundary
gravitons common to the metric and Chern-Simons formulations. In section 3 we discuss the
metric formulation, developing a streamlined approach to computing the boundary action for
a flat cutoff boundary. It is shown how to very easily obtain the Alekseev-Shatashvili action in
the r, = 0 limit. We also obtain the all orders action at finite r. in the special case of constant

(f’ ,7): the Nambu-Goto action. In section 4, we turn to the Chern-Simons formulation.
Since it is of interest beyond the immediate concerns of this work, we carefully develop the
variational principle for CS gravity with a general curved cutoff boundary. We carry out a
perturbative computation of the action for gravitons on a cutoff planar boundary, obtaining
results to eight order in (f, f); the results turn out to match the expansion of the Nambu-Goto
action to this order, leading us to conjecture that this extends to all orders. In section 5, we
turn to correlation functions. We compute correlators of both elementary fields and the stress
tensor. The 1-loop four-point function of elementary fields is found to require one counterterm
in the action, and the 2-loop stress tensor correlators require a single renormalization of the
stress tensor. We conclude with a brief discussion in section 6. Appendices give further details
on the Chern-Simons formulation, including the comparison to the metric formulation, and a
discussion of how to compute the action in the case of a spherical boundary. Another appendix
gives details regarding the evaluation of Feynman diagrams.
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2 Generalities on the phase space formulation of boundary gravi-
ton theories

In the next two sections, we obtain the action and stress tensor for boundary gravitons localized
on a finite cutoff surface by working in the metric and Chern-Simons formulations respectively.
These offer useful complementary perspectives and technical advantages, but the results of
course agree. Here we discuss some general aspects of the problem to set the stage for the
detailed analysis that follows.

The action (1), or its Chern-Simons equivalent, contains a mixture of “physical modes"
and “pure gauge modes", and our goal is to arrive at a reduced action that omits the latter
as much as possible. In general, one pays a price by reducing the degrees in the form of a
loss of manifest symmetry, as for example in the light cone gauge treatment of Yang-Mills
theory or string theory. In Yang-Mills perturbation theory, this price is typically too high and
so a Lorentz invariant formulation with unphysical modes is usually adopted. However, in
a topological theory, like pure 3D gravity, the reduction of degrees of freedom is so dramatic
(removing all but the boundary modes) that the cost of losing some manifest symmetry is more
than repaid.

We will construct a reduced action living on a flat boundary surface with coordinates (x, t).
The action is of the phase space variety, built out of a Hamiltonian H and a “canonical 1-form"
T.% The phase space action in takes the form

I=—Jdt(iVnT—H), 5)

where t is Euclidean time and iVn denotes contraction with the phase space vector field V,
that implements (Lorentzian) time translation. For example, for a particle moving in 1-

dimension we might take T = p6q and H(p,q) = % + V(q). We have iy, T = —ipq so that
I= fdt(ipq +H(p, q)).

The symplectic form Q is given by Q = §T. On the true phase space of the theory, £ should
be nondegenerate, meaning that i, Q2 = 0 if and only if V = 0. In the context of gauge theory
or gravity, it’s natural to start with a larger “pre-phase space" with a degenerate, closed 2-form
Q. The null directions of Q on pre-phase space correspond to small gauge transformations.
Part of our task here will be to remove the pure gauge modes corresponding to these null
directions.

In the case of 3D gravity, the dynamical variables appearing in the phase space action will
be fields ( flx,t), f(x, t)) on the boundary which therefore comprise the physical degrees of
freedom.” The route to obtaining the action for these fields is a bit different in the metric
versus Chern-Simons descriptions.

In metric formulation, the idea is to start with some reference solution and then apply
boundary-condition-preserving coordinate transformations to construct a space of solutions.
The symplectic form for gravity on pre-phase space was written down in [15], and implies
that coordinate transformations that vanish at the boundary correspond to degenerate modes.
All that matters is therefore the form of the coordinate transformation near the boundary, and
this information is specified by the fields (f, f). The coordinate transformations preserve the
metric on the boundary, but change the value of the boundary stress tensor T;;. As we discuss
in detail in the next section, the phase space action follows immediately from the expressions
for the boundary momentum density p = ﬁTtX and energy density H = %T”.

8Note that T is a 1-form on phase space, not on spacetime. Also, we will use & to denote the exterior derivative
on phase space, reserving d for the exterior derivative on spacetime.
“More precisely, these fields are subject to residual gauge equivalences associated with isometries of AdS,.
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Turning to the Chern-Simons version, in this approach one can pass rather directly from the
Chern-Simons action to the reduced phase space action once one has been sufficiently careful
in defining boundary conditions and adding the associated boundary terms in the action. In
the case of an asymptotic AdS; boundary, previous work on this problem includes [6,49-51].
Our general approach follows [6], but since we work with a cutoff spacetime we first need to
formulate a well defined variational principle and add the associated boundary terms to the
action, since these differ from the ones used in most of the literature. We do this for a general
curved boundary geometry, although our primary focus here is the case of a flat boundary. As
usual in gauge theory, the time components of the gauge fields A, act as Lagrange multipliers
imposing constraints [49]. Essentially, all one needs to do is to solve these constraint equations
in a manner compatible with the boundary conditions, and then plug back into the action. The
Lagrangian density is observed to be a total derivative, and the resulting boundary term is the
desired phase space action. In this approach, the fields (f, f) appear as free functions that
parameterize solutions to the constraint equations and boundary conditions.

In either approach, obtaining the action (using perturbation theory if necessary) is rather
mechanical, but the resulting expression may be unwieldy due to a suboptimal choice of coor-
dinates on phase space. Especially for performing quantum mechanical perturbation theory; it
is very convenient to choose coordinates such that the kinetic term in the action (the terms in-
volving time derivatives) are purely quadratic in fields. This corresponds to choosing “Darboux
coordinates" such that the components of the symplectic form are constant, which is always
possible locally.!° The ( f, f) are such Darboux coordinates, and part of our analysis will be
to identify them. We will also find that it is possible!! to choose these coordinates such that
the Hamiltonian takes a simple form, namely that of the Nambu-Goto action (2). The Nambu-
Goto action is well known to be the T T-deformed action of a free scalar with canonical stress
tensor [52]; the new features here are that the stress tensor derived from the gravity theory is
not the canonical stress tensor, and the existence of a highly nontrivial field redefinition that
relates the natural gravitational variables to those appearing in the Nambu-Goto action.

3 Metric formulation of boundary graviton action on the plane

3.1 Preliminaries

We start from the Euclidean signature action of 3D gravity with cosmological constant A,

— 1 3
I __ﬁ Md xﬁ(R—2A)+Ibndy, (6)

where the boundary terms are written below. Einstein’s equations are then
1
R, — ERguv +Agu,=0. )

For A < 0, we define the AdS; radius as A = —1 /Kids, and henceforth choose units such
that {545 = 1. We impose Dirichlet boundary conditions on the metric of a two-dimensional
boundary surface, and we choose coordinates (r, x!) such that this surface is located at r = r,.
The interior of the surface is taken to be the region r > r,, so that the vector &, is inward

pointing. Itis convenient to choose Gaussian normal coordinates in the vicinity of the boundary

%In general coordinates, the complication is that the path integral measure is proportional to the nontrivial
Pfaffian of the symplectic form.
1o at least eighth order in fields — we do not yet have a general proof.
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so that the metric reads

ds? — dr? ig.j

= P + gij(r,x)dx'dx’ . (8)
These coordinates may or may not break down away from the boundary, but this is largely
immaterial for the purposes of studying the boundary graviton theory. The Dirichlet boundary
condition means fixing gij(rc,xi) as well as the form (8) (we could in principle fix only the
induced metric on the boundary, but it is convenient to also put “gauge" conditions on the
radial coordinate). The appropriate boundary action appearing in (6) is then

1 logr
Ibndy:_% aMdzxvdetgij(K—l)—m de\/detgin(gij), ©)

where the extrinsic curvature and its trace are
Kjj=-r0.gj, K=g"K;. (10)

The terms in I;,4y not involving K depend only on the Dirichlet boundary data and so are not
needed for a proper variational principle; however, they are added in order to ensure finiteness
of the action in the asymptotic AdS; limit r.—0.

The boundary stress tensor T;; is defined in terms of the on-shell variation of the action
[53,54],

_ 1 2, / ij
ol = 4_7'[ aMd X detgijT 5gl] , 1D
and works out to be
1
T;; = 4_G(Ki'_Kgij +&ij) - (12)

In order to compare to a dual (deformed) CFT, we think of the latter as living on a rescaled
metric v;;, defined as y;; = rcgij(rc,xi), which is in particular finite in the asymptotically
AdS; case. The Einstein equations can be used to show that the stress tensor obeys the trace
relation [33] 12

N . 1
YITy = nhp7det(y'* Ty,;) — @R(Y) , (13)
with [9]
4Gr,
A= (14)

On a flat surface, the TT deformation of the action is defined as

1 ik
hD-= 2 JdZXﬁdet(yl Ty;j) - (15)
Using the definition of the stress tensor, this relation is implied by the trace relation (13). For
our purposes, it will be more convenient to take the trace relation as the definition of the TT
deformation.

12We emphasize (13) holds only for AdS,;. When A > 0, the trace relation, for example in dS, differs from (13)
by an additional term o< A% See [55-58] for discussions.

8
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We now specialize to the case of a flat boundary metric,

gl-]-(rc)dxidxj = l(dt2 +dx?), (16)
rC

where t lives on the real line and at this stage x is allowed to live on either the line or the circle.
Now, let £¥3,, generate a diffeomorphism vector field that preserves the boundary conditions;
namely, (V,&, +V,& H)|rc = 0. At this stage we should emphasize that we do not restrict to
vector fields £ that are tangent to the boundary; we allow for £ with a nonzero normal com-
ponent £", which in an active sense corresponds to moving the location of the boundary. To
clarify this, note that a more geometrical characterization of our setup consists of finding flat
surfaces embedded in an ambient AdS; background. To translate this picture into the one we
actually use, we note that near each such surface we can construct a Gaussian normal coor-
dinate system, with the surface at r = r, in these coordinates. The coordinate transformation
needed to relate two such surfaces then clearly requires diffeomorphisms that are not tangent
to the surfaces. Alternatively one could take the more algebraic view that the vector field
¢ is a computationally efficient way of representing a transformation on field space. Since
the canonical formalism only cares that our transformations preserve the boundary conditions
there is no difficulty posed by non-zero £". Associated to each boundary condition preserving
vector field is a (not necessarily conserved) boundary charge [19,53]"

QlE]= zijni&idx, (17)
T

where the integral is evaluated on a constant t slice of the boundary, and where the appearance
of the i is due to our choice of Euclidean signature. Translation invariance of the boundary
metric implies the existence of conserved energy and momentum charges,

. 1
H=Q[-id,]= %J T.dx,

P=Q[a,]= if T,.dx . (18)

3.2 Phase space

Adopting the framework of covariant phase space [15, 16], we think of phase space as the
space of classical solutions that obey the boundary conditions (16) where we identify solutions
related by “small gauge transformations," in a sense to be made precise momentarily. By
definition, a phase space is equipped with a symplectic form Q, which is a non-degenerate,
closed 2-form. For pure gravity in arbitrary dimension, a closed (and conserved) 2-form was
written down in [15] as an integral over a Cauchy surface of an expression involving the metric
and its derivatives. This object is degenerate on the space of all classical solutions, since it gives
zero when contracted against an infinitesimal displacement in solution space corresponding
to a coordinate transformation that vanishes at the boundary. To obtain the symplectic form
we must therefore mod out by such coordinate transformations so that the 2-form becomes
non-degenerate on the quotient space. In the context of AdS; gravity, this procedure can be
made straightforward and concrete as follows.

We denote 6¢g,,, as the change of the metric under an infinitesimal coordinate transfor-
mation, 6¢g,,, =V &, + V,§,. We let V; denote the corresponding vector field on the space

13These charges are only conserved, and only generate symmetries, if & is tangent to the boundary. It is then
also a boundary Killing vector. We should also note that the notation Q[£] is not to be confused with Wald’s Q, [59]
as explained in footnote 20 of [24].
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of solutions; in terms of the Lie derivative, this corresponds to the statement 6¢g,,, = ﬁvg Euv-

A key relation, verified by direct computation in [19], is'*

iv.Q=—6Q[E], (19)

where i denotes the contraction operation and Q[&] is given by (17). Since Q[&] takes the
form of a boundary integral, this makes explicit the statement that diffeomorphisms which
vanish at the boundary correspond to null directions of 2.

In order to give an explicit expression for the symplectic form, we need a correspondingly
explicit description for the phase space (with small diffeomorphisms properly quotiented out).
Since (19) states that diffeomorphisms that do not vanish at the boundary correspond to non-
degenerate directions, it is natural to use such diffeomorphisms as our coordinates on phase
space. So we start from some chosen reference solution and then perform all possible dif-
feomorphisms that preserve the boundary conditions. What this construction gives us is the
“boundary graviton phase space" associated to the chosen reference solution. This is not nec-
essarily the same as the full phase space, if in the latter one includes distinct solutions that
cannot be related by a finite diffeomorphism. In the context of pure AdS; gravity we will take
as our reference solution pure AdS; in either global or Poincaré coordinates, while candidates
for distinct solutions are BTZ black holes and conical defects with different masses and angular
momenta. However, BTZ black holes obey different boundary conditions than vacuum AdS,
—i.e the BTZ black hole has two asymptotic boundaries in Lorentzian signature and a periodic
time direction in Euclidean signature — while conical defects have singular metrics. In any
event, what we are interested in studying here is the phase space of boundary gravitons living
on the boundary of vacuum AdSs;.

We therefore start by writing down the reference metric which in the vicinity of the bound-
ary takes the form (8). We then change coordinates, r = r(r’, x’"), x! = x!(’, x"/) and demand
that the metric at the boundary is unchanged,

dr/2

ds?|,._, = o +gii(re, x)dx" dx" (20)
C

That is, we demand that the metric components at the boundary takes the same form in the
primed coordinates as they do in the original coordinates. Note, in particular, that in the new
coordinates the location of the boundary is taken to be at r’ = r.; since this in general differs
from r = r. we can think of the coordinate transformation as actively changing the location of
the boundary. Imposing the boundary conditions in the new coordinates amounts to solving a
system of PDEs for r(r’, x"') and x(r’,x"/). Given the nature of the problem, it is natural to
expand the coordinates transformation near the boundary, and so we write

x=x"+A )+ —r)U ) +...,
t=t'+B(x, t)+ (" —r)V(x,t)+...,
r=r'+r'clx,t)+r*wx, t)+.... (21)

Note that this result is valid even when & has a component normal to the boundary, unlike what is often
assumed, e.g. in [24]. This holds in pure gravity, where one can choose a gauge so that the quantity C defined
in [24] vanishes.
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We then further expand around an initial time surface (taken to be t = 0) on the boundary,

oo o
x=x"+AX)+ D AN+ = 1) D Up(x ) L

n=1 n=0
o oo
t=t'+B(x)+ ZBn(x’)t’" +(r' — rc)z V,(xt™m+...,
n=1 n=0
oo o0
r=r'+ r’Z C,(x )™+ r’zz W,(r' )" +... . (22)
n=0 n=0

The reason for writing things in this way is that an inspection of the PDEs reveals that one
can take as “initial data" any freely chosen functions (A(x"), B(x")) (which respect periodicity
conditions, if any, on x) and then determine the remaining functions in terms of these. In
practice, at finite r, it seems difficult to solve this problem in closed form and so we will
work perturbatively, treating the amplitudes of (A, B) as small; this is equivalent to a small
G expansion. Perturbation theory is easy to carry out, since the functions (U,,,V,, C,, W,) are
determined algebraically in terms of (A, B) — no differential equations need to be solved —
and one only needs a finite number of these functions at any given order.

The functions (A(x”), B(x’)) will, (modulo the gauge invariances to be discussed below)
serve as coordinates on phase space. These functions determine the location of the bound-
ary in the original reference spacetime. That is, the new boundary at r’ = r, is located at
r=r.+r.C(x,t')+r*W(x’,t')+..., where (C,W,...) are functions of (A, B).

3.3 Boundary stress tensor

Going forward, the output of this analysis that we will need is an expression for the boundary
stress tensor Tj;, evaluated at t’ = 0, in terms of (A, B). For this, we need the radial derivatives
of the metric components evaluated at the boundary. It is straightforward to work this out
to any desired order. Here we focus on the case that the reference solution is Poincaré AdS;
given by (16) with x noncompact. At quadratic order, the stress tensor works out to be

1 1 1
4GTM — + E((A/Z)// +A//2) _ E((B/Z)// +B//2) _ E(A//Z)//rc ...,
4GTy, =—B" +(A'B")' +A'B" + (A"B"Yr.+...,
1 1
4GTxx =A/// _ E((A/Z)// +A//2) + 5((B/Z)// +B//2) + (A//A//// _B//2)rC 4. (23)

At higher orders, the expressions get more complicated but, as we discuss below, are greatly
simplified after making an appropriate field redefinition.

The general structure of the stress tensor is fixed by gauge invariance (see section 3.6 for
more detail). Consider the 4 parameter subgroup of the full 6 dimensional isometry group cor-
responding to translations, rotations, and dilatations of (x, t) (with the dilatation accompanied
by a rescaling of r). Since the stress tensor vanishes for the vacuum solution at A= B = 0,
this means it must also vanish for any (A = a + bx,B = ¢ + dx) since any such coordinate
transformation can be expressed as some combination of these isometries. Such choices of
(A, B) are therefore “pure gauge". From this we deduce that (A, B) can only appear with a least
one derivative, and that every term in the stress tensor must have at least one factor with at
least two derivatives.

3.4 Symplectic form

We now discuss how to compute the symplectic form Q. We can use the relation ivxﬂ =—0P,
where y acts as an x-translation on the boundary, to efficiently deduce Q given P. We first
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note that the gauge invariance of the preceding paragraph implies that P can always be put in
the form, possibly after integrating by parts,

p= f dx(Pa(A, B)A' + Py(A,B)B') , (24)

where P, 5(A, B) are local functions of (4, B) and their derivatives (regular as A,B — 0), and
are furthermore total derivatives of such local functions. The latter statement follows from
the fact that each term in P contains at least one factor with at least two derivatives. We now
argue that the symplectic form is then given by Q = 6T with

T = fdx(PA(A,B)5A+ Py(A,B)5B) . (25)

To compute iy and verify equality with —6P we need expressions for ivx5A and
iVx 6B. To this end, we start from (21) and perform a subsequent infinitesimal transla-
tion (x’ = x” + y*,t = t”) and evaluate the effect at t” = 0. For an x-translation, take

¥ = x'6;, = d,. This acts as
ALx)=AX) + 2 +A ()™, B(x)—B(x)+B'(x)r* , (26)
so that
iy A= y* +A'(x)x*, iy, 6B=B'(x)x*. (27)

Using this to evaluate iVx Q, the first term in iVx OA gives zero since P, is a total derivative. The
remaining terms give

iy Q= —de(PASA’ + Pz6B’ + 6PA' + 5PBB’) =-6P, (28)

as desired.
We also need to establish that 2 defined above is the unique object obeying all require-
ments. Consider replacing Q—Q + AQ. We can always write AQ in the form

AQ = de(5XA(A,B) A A+ 5X5(A,B)AGB), (29)

with X, 5(A, B) being local functions with a perturbative expansion by the following argument.
First, AQ is closed. Second, by gauge invariance each A or B in X, 5 appears with at least one
derivative, and X, z must be total derivatives of local functions. Using these facts, we contract
with the x-translation vector field and find

iy, AQ = 6de(XAA/ +X;B') = —5fdx(XAA+X§B). (30)
We now argue that this must vanish in order not to disturb the equality iVlQ = —0P. Using
that X, 5 admit a perturbative expansion and do not involve undifferentiated A or B, it’s easy

to see that iVx AQ = 0 requires X, = X, = 0. Since X, and Xp are constants, they obey
06X, = 6Xp = 0, which then implies AQ = 0.
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3.5 Action and equations of motion

From (21), the canonical equations of motion are
A=A, B=B, (31)

where we recall that (A;, B;) are functions of (A, B) and their derivatives. Related to this, if
we consider a diffeomorphism by the time translation vector field n'9; = n'3,, we have

ivn5A=A1nt , iVﬂ5B e 'f)t +B1nt . (32)

The equations of motion (31) are equivalent to the statement that V, is the Hamiltonian vector
field corresponding to Q[7n], i.e. iy, 2= —56Q[n], as this is a special case of (19). In particular,
taking n' = —i gives Q[n] = H.

We now seek an action whose Euler-Lagrange equations coincide with these equations of
motion, iVnQ = —0H. The answer is

I :—Jdt(iVnT—H) = szx(iPAA+iPBB+H), (33)

where H = %T” so that H = fdx?-{. The equality between the two lines uses the fact that
P, p are total derivatives so that the n‘ term in iy, 0B does not contribute. To see that this is
the correct action, we evaluate ivnQ as we did in (28) in the case of an x-translation. We now
get

iy, Q= —i de(PA(SA— SPyA+Pz6B—6PzB) =i de5(PAA+ PgB), (34)
which implies

It follows that the vanishing of ivnQ + OH is equivalent to the Euler-Lagrange equations for
(33). Using (23) the action at quadratic order is found to be

— 1 2 1115 / 110 A / .
= d2x(A"(B—A')+B"(A+B') +cubic+... ). (36)
The cubic and higher order terms are quite complicated when expressed in terms of (A, B), but
we will later find a field redefinition which greatly simplifies the action.

3.6 Symmetries

Our action (33) is invariant under certain gauge and global symmetries. We begin with the
former, which originate due to isometries of the reference solution. AdSs; has a six parame-
ter group of coordinate transformations that leave the metric invariant, which in Lorentzian
signature is SL(2, R)x SL(2,R). Applying one of these followed by a general coordinate trans-
formation clearly has the same effect as applying only the latter, and this statement implies an
equivalence relation between distinct (A, B).

We’ll adopt more compact notation, with x! = (x, t), writing (21) as

xt=x"H A+ = r U + ...,
r=r' +r'CxN+r?w(x?)+... . (37)
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Let £¥ obey vgg » v‘;g u = 0, where the derivatives are defined with respect to the reference
solution gg ,- Writing the coordinate transformation x* = x"*+&#(x’) in the form (37) defines

(Aig, Ué, Cg, Fr). We compose this with the subsequent transformation

X =x" A XY + (" = r U (D + .
r=r" 4+ C(xX")+ "W (") + .. (38)

and evaluate at (t” = 0,r” =r,). This defines a transformation between x* and x”"* labelled
by some modified A" functions. This is equivalent to the transformation (37) in which (x',r)
appear on the left hand side. Explicitly, the gauge equivalence is

A(x) 2 A () + [ AL (o + A (x9)) + (reCd) + r2W () UE (a7 + 41 (xH)) | ’t .o B9
Recalling that C and W are nonlinear functions of A’ and their derivatives, we see that gauge
transformations act in a complicated nonlinear way. The stress tensor is invariant under these
transformations. The symplectic form is also invariant; this is not entirely obvious from our
somewhat indirect method for extracting the symplectic form, but it is manifest when one
expresses (as in [15]) the symplectic form as an integral over a spacelike surface, since that
expression is expressed in terms of the metric, which is by definition invariant under the isome-
tries. Furthermore, both the stress tensor and the symplectic form do not depend on time
derivatives of (A, B), so the invariance extends to transformations in which the parameters are
allowed to have arbitrary dependence on time. This type of gauge symmetry was referred to
as “quasi-local" in [6]. The phase space action is determined from the symplectic form and
Hamiltonian, which implies that the action is also gauge invariant. As noted, the SL(2,R)x
SL(2,R) gauge transformations act on (A, B) in a complicated nonlinear fashion. The formulas
of course simplify markedly for r, = 0, and we write out the corresponding transformations
explicitly in the next section.

Global symmetries correspond to isometries of the metric on the boundary, which are sim-
ply translations and rotations (i.e. Poincaré transformations in real time). In this case, we first
apply (37) followed by the infinitesimal transformation

x/i — x//i + ei + Qijx//j , e g— , (40)
with 8 = —07/', Composing these transformations, we find

A(x)=Ax) + (1 +A)e* +Ae" + A x0™
B(x)—B(x)+ (1+B;)e' +B'€* + B;x0"", (41)
where we used A|,_, = A; and B|,_, = B;. These transformations are again highly nonlinear

due to the appearance of (A;,B;). The stress tensor transforms as a symmetric tensor under
these translations and rotations.

3.7 Asymptotic AdS; case: Alekseev-Shatashvili action

For illustration, we consider the case of r. = 0 where it is simple to carry out our general
procedure in closed form. Starting from

2
1
i = Lasaz (42)
4r2 r
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the coordinate transformation [60]

2r'F2F"
=F N -
2=FE) 4F'F +r'F"F’
—r2
— 2r'F °F”
PEFE) 4F'F +r'F"F’
16r'F3F"
r= —/ —. (43)
(4F'F +r'F'F )2
gives
dr? 1 1 1=y, 1 = _ _
ds? = 4:/2 + ;dz/dz/ — E{F,z’}dz’2 — E{F,z/}dz/2 + Zr’{F,z’}{F,z/}dz'dz/ . (44)

Here F = F(z’), F = F(z'), primes on (F, F) denote derivatives, and the Schwarzian derivative
is
F/// 3 F//Z
/ —_— e — —
{F,Z}— F/ 2F/2 .
Writing 2 = x + it, and comparing (43) to (21) we read off

(45)

A+iB=F—2,
A—iB=F—-%

>

1FF’
UtiV=—=z
2

—/

F

Uiy LFF
2 F/

C=FF,

1 _
W = —ZF”F// . (46)

b

The stress tensor is

C — _
T, = %{F,z’} , Tsz=—{F,7}, Tz=0, (47)

where ¢y = % is the Brown-Henneaux central charge. In this case, we of course could have
written down (47) directly from knowledge of the asymptotic Virasoro symmetry of AdS; with
r. = 0, but here we are emulating the procedure we carry out for the general cutoff case.
Expressing T;; in terms of (A, B) gives the all orders version of the expressions (23) at r, = 0.

From here, it is simple to work out the Alekseev-Shatashvili action for (F, F). It’s useful to
generalize a bit by taking the stress tensor to be

Co a Co a—2 - _
T, = D (EF’Z + {F,z’}) , Tmz= D (EF + {F,z’}) , T,=0, (48)

where a is a parameter that can be thought of as the stress tensor of a more general reference
solution with T,, = Tz = ‘;—i{’. For example, a = 1 corresponds to global AdS; provided
x = x + 27, while values 0 < a < 1 correspond to conical defect solutions. The energy and

momentum from (18) are

1 c a a— - _
H= —5- de(TZZ +Tz)=——2 | dx (—F’Z +{F,2'} + 5F’2 + {F,z'}) ,
T

2471 2
1 Co a a=r2 = _
P=—— |dx(T,—Tz)=——> | d (—F’2+ Fz'}—=F —{F, )
an x( )= | X (GFT B =g F —{FE (49)
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We now apply our general procedure to compute the symplectic form. This was previously
stated in terms of (A, B), but applies equally in terms of (F, F). We are instructed to write P in
the form

P= de (PeF'+P:F ), (50)
where Pp and Py are total derivatives. This is easily achieved using

1 1 1/
{F,z} = = (F) F’ + total derivative (51)

yielding

1\ _ 1 "
PF :_C_O aF/_(_/) s Pf: C—O ClF/— = . (52)
481 F 481 F

The value of T (25) in this case gives

r=_ "0 dx[(aF'—(l) )SF—(af/—(_l/) )5?] . (53)
481 F’ F

The general formula (33) then yields the Alekseev-Shatashvili action [4]
c 1Y)’ 1Y’
[=——2 | d*x|aF'&.F — (—) oF+aF o,F—| = | 3F|, (54)
2471 F’ F

with
1 . 1 .
8.=5(8,=i8), &=, +id). (55)

The theory (54) describes a single (left and right moving) boson with variable central charge.
As such, one expects it to be equivalent to the standard action for a free boson with a linear
dilaton (or background charge) contribution to its stress tensor. Indeed, as noted in [4,5] the
field redefinition

(ei‘/aF)/ = Jae' (e_i‘/ﬁ)/ = \/Ee)T (56)
yields

Co 1 72 //)
T, =—o| =f?—
w=—e (321

co ((1=2 —n
T =——| = — s
et

Y= 468—071 dx(f'sf —f6F)

C , - —
Iz%—onjdzx(f &f+Faf). (57)

As a—0, the field redefinition reads
F=ef, F=eé (58)

and relations (57) continue to hold. Each chiral half of the action I in (57) is the Floreanini-
Jackiw action [61]; the two halves combined give a standard free scalar action in Hamiltonian
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form. On the other hand, the stress tensor in (57) coming from gravity includes an improve-
ment term (unlike what was considered in [46]). The improvement term is of course crucial,
since without it the central charge would be fixed at ¢ = 1.

Restricting now to a = 0, gauge transformations act as

2 2
5F=» exOF", 6 F = &(0)F . (59)
n=0 n=0

To compute the gauge variation of the stress tensor, symplectic form, and action we only need
—
the transformations of (f/, f ) which are

5.f =2ey()ef , 6.f =26,(t)e . (60)

Gauge invariance of the stress tensor fixes the relative coefficient of the two terms in T,, and in
Tg. Using standard formulas from free boson CFT, it follows that correlators of stress tensors
are those of a CFT with central charge ¢ = ¢y + 1; we elaborate on this more in the course of
our r, # 0 discussion below.

It is also instructive to see how the stress tensor in (57) arises from Noether’s theorem
applied to the quadratic action in (57). An infinitesimal rigid translation of the boundary
coordinates, x!—x! + €' acts on (F, F) as

5.F =0Fe¢ , &.F=0aFe', (61)

arrived at by the same logic as led to (41). Actually, what we want is a transformation on phase
space, and so we use the equations of motion &;F = J,F = 0 to trade away time derivatives
and obtain

5.F=F'¢*, 5.=F¢€". (62)

As usual in the derivation of Noether’s theorem, we now consider the transformation (_62) in
the case that €' depends arbitrarily on x'. We then work out the transformation of (f, f) as
5.f=f'e+(e), 5 f=F€+(E). (63)

We finally compute the variation of the action and write it in the form
1 2 i.j
oI =—2— d*xT;;0'¢’ (64)
yielding the stress tensor in (57).

—
3.8 Exact action for constant (f', f )

Besides the asymptotic r, = 0 limit, there is another special case in which we can derive the
action to all orders. This is a consequence of the fact that we can find exact solutions of the
boundary value problem in the case that second and higher derivatives of f and JT vanish. This
leads to a result for the action which captures all dependence on (f’ ,)7/), but not on higher
derivatives of these fields.
We start from
2
ds2= 1P | L awaw, (65)
42 p

17


https://scipost.org
https://scipost.org/SciPostPhys.13.2.038

Scil SciPost Phys. 13, 038 (2022)

and first perform the coordinate change

_1;re2( X +it)

w= I+rc 1-r¢ 5
1+r
w — 1 — rez(lfrc_litrc) .
1+r
4r 4x
Pt ©o

which gives the line element

dr? 1] 1—r)? 1+r)?
ds*=—+= ( ) dt2+(—) dx?| . (67)
4r2  r|\1—r, 1+r,
We now perform a further two-parameter coordinate redefinition that preserves the form of
the metric at r = r,.. This corresponds to a rescaling by a parameter a,

\/a(]-_rc) \/E(]-'i_rc)
—->—t X—=>————X

r—ar, t s (68)
1—ar, 1+ar,
followed by a rotation by angle 6,
t—tcosO +xsinf, x—xcosO—tsinb . (69)

Writing the combined transformation in the form w = A(r)ef ) and w = Z(r)ef(x’t), we
compute

2va g —i0
fl=———(e'" —ar.e™),
1—a?r?
— Zﬁ _io 0
f =" —are”). (70)
1—a?r?

On the other hand, it is straightforward to compute the stress tensor in terms of (a, 8) and
) .
reexpress the results in terms of (f’, f ). Writing P = fdxp = 5= thxdx, we find

i 1 -
=—T,=—I(f"— , 1
P=o 32nG(f f) 71

as in (79). Further, writing H = f dxh = % f T,,dx we find that h obeys
h—4nGr.(h?—p?)=h,, (72)
where
1 —72
ho=—=——=("+f"). 73
0= 55U +F) 73)

Solving (72) for h gives,

1
h= ~Smor. (v/1—16nGrhy+(8nGrp)?—1)
1 1 — 1 —72
__ 1—=r(f"2 —re(f=f )P -1
8nGr, (\J ZrC(f AR 16'¢ Ue=r) ) ’ 7o

where we chose the root which obeys lim, _,oh = hy.
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This results implies that the full action takes the form

—/2
L, 1__ /2 2 — 2_1
1 2 if,f_iff_4\/ r(f2+F )+166(f —f)

~ 321G r. (75)

+ higher derivs ,

where the higher derivative terms vanish when f”” = 0 and/or ]7// = 0. In the next section, we
will find strong evidence that in fact the higher derivative terms are absent in general provided
we define (f, f) appropriately.

In this context, we can address the fact that the square root can become imaginary in some
region of the (f’ ,7) plane. From (70), we have

1= 2r (47 +

1—2ar,cos(260) + a*r? 2
(76)

—a2p2
1arc

2 _F%2
27T —(

Therefore, the square root is real for any real value of (a, 8). It is natural to expect that in
general (i.e. dropping the linearity assumption) the domain of (f, f) is bounded such that the
integrand in (75) is real, but this remains to be shown.

3.9 Boundary gravity action on planar cutoff

We now consider the general case, a planar boundary at r = r, with arbitrary functions f and
f. As explained, the strategy is to start from the reference solution

dr? + dx? + dt?

ds® = — , 77
s 4r2 r 77
and look for coordinate transformations, expressed in the form (21)-(22), such that
P P S DL 78)
&rirtlri=r, = 4r62 > &ritlyr=r, =Y &itjrlri=r, = r. >

where i and j run over (x,t). This problem can be solved order-by-order as an expansion
in the freely specifiable functions (A(x’),B(x’)). Only algebraic equations need to be solved
at each order, and the procedure is easily automated on the computer. What we need from
this procedure are expressions for the components of the boundary stress tensor evaluated at
t’ = 0, which in turn depend on J,.g;|,—, . The resulting expressions to quadratic order
were written in (23).

At r, = 0, we saw that the expressions for the stress tensor simplify dramatically under the
field redefinition (58), and so we seek a version of this at nonzero r.. As a criterion for what
constitutes an optimal field redefinition, we note that in general the symplectic form Q = 67T
will have a complicated expansion in (A, B). Quantization of the phase space action uses the
natural measure Pf(2). A nontrivial measure is incorporated by expressing the Pfaffian as a
fermionic path integral, but life is much simpler if the Pfaffian is constant, which is indeed the
case at r, = 0 after making the field redefinition. We therefore try to generalize this feature to
nonzero r.. Recall that the symplectic form is obtained from the momentum P via the formulas
(24)-(25).'° We look to define new fields (f, f) such that

i ! o7
P—szTtxdx G dx(f“—f ), (79)

15We argued for this using the (A, B) fields, but we will see below that the argument also holds after the field
redefinition to new fields (f, f).
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which implies

d o s 80
= 39mC x(f'8f —f ). (80)
In particular, we want
T,, = ———( " —j_‘/z) + (total derivative) (81)
166G .
By explicit computation we find that this achieved by taking
. 1 =2 1 o= — 1
A'+lB'=exp[f—ZrCf —grff(f/f ) — 16 sz(f )+ ]
- 1 1 — 1
A =B =exp|F = 5rf 2= L2 G FY = S G2y -1 @

Actually, T,, takes the form (81) if we replace the 1/16 coefficient by anything; the value
of 1/16 is chosen to simplify the form of the Hamiltonian, as noted below. This redefinition
involves the spatial derivatives of (4, B), so (A, B) are nonlocally related to (f, 17). However, no
undifferentiated (A, B) will ever appear in the stress tensor, and so the stress tensor and action
will be local in terms of (f, )7). The terms written in (82) are sufficient to work out the stress
tensor and action up to quartic order in the new fields, which is sufficient for the two-loop
computations we do in this work. For T,,, we have

46T, = =22 =T+ - r22f ' F =57 2 T T+ 5T

+ quartic tot. deriv. (83)

T, is found to be

4GT,; = %(flz f )— — (f”f +f2f ) %rcf’zflz + quartic tot. deriv. (84)

The Hamiltonian to quartic order is thus

1 1 1 1—2 1 —r2
=1\|d = — | dxT,,=—— | d —f24 - 2 ) 5
Jx% ZTJ xT,, mcf X(zf F T ) @)

leading to the simple action

I= —fdt(iVnT—H) - ﬁ dx(f'of +F o.f + %rrcf’zf/z +...), (86

where as usual z = x +it and 2 = x —it. This agrees with the expansion of (75) to this order,
with no higher derivative terms present.'® Coming back to our choice of the 1/16 in (82), for

—/ —//
any other choice of coefficient the Hamiltonian includes a term proportional to rc2 f'ff'f .
The full expressions for the stress tensor components to cubic order are

46T, = 1f” el Lo FY
16 c(f E2 L (F2Y'F) + quartic,

%7 AR L G T

+Erc 2(F" £+ (F7Y'£") + quartic,

46T == ref T+ Srel TP fF = 52T T+ 55T ) + quartic. (87)

161n the next section, we use the Chern-Simons formulation to verify (75) to eighth order.
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It is easy to verify that stress tensor conservation follows from the Euler-Lagrange equations
derived from (86), which is a good consistency check on our computations.

The action and stress tensor are invariant under the gauge transformation discussed in
section 3.6. The complicated form of these transformations, along with the need to reexpress
them in terms of (£, f ), make these symmetries difficult to use in practice. However, we expect
that the full expressions for the stress tensor are fixed by gauge invariance in terms of their
leading terms. Let us also comment that the stress tensor in principle can be derived via
Noether’s theorem using the transformations (41), as was done at r. = 0 at the end of section
3.7.

Finally, we justify why we can pass from the momentum (79) to the canonical 1-
form T in (80). As before, the question is whether the equation iVXQ = —OP fixes the
symplectic form Q according to our rule, or whether there is an ambiguity of the form
AQ = f dx(0X¢ NG f +XFA 51). To this end, we note that we can invert (82) order-by-order to

obtain local expressions for (f, f) in terms of (4, B). Obviously, (4, B) will always appear with
a least one derivative. Given this, it follows that any candidate AQ of the form just noted will,
under the field redefinition to (A, B) turn into a A2 of the sort that we previously excluded.
This justifies the procedure in the (f, f) frame.

4 Chern-Simons formulation of boundary graviton action

Classically or in quantum perturbation theory, 2 + 1-dimensional Einstein gravity can be for-
mulated as a gauge theory, namely a Chern-Simons theory whose connections are constructed
from the spin connection and vielbein of the first order formulation of general relativity. The
relation between Chern-Simons theory and Einstein gravity at the non-perturbative level is
unclear. One of the main ingredients in a non-perturbative theory of gravity is a sum over
topologies, while such a sum is not natural from the perspective of gauge theory. These issues
are however beyond the scope of this work. In this section, we are interested in understanding
the perturbative theory of boundary gravitons from the Chern-Simons perspective.

The general strategy will be similar to section 3: in order to identify the boundary phase
space, we consider all gauge transformations of a chosen solution that preserve the boundary
conditions, and then quotient out small gauge transformations. Having identified the phase
space, we evaluate the action. This will be done for the case of boundary conditions imposed
at the asymptotic boundary of AdSs, as well as the case of a finite cut-off boundary.

We start with a quick review of Chern-Simons gravity in three dimensions. In this section,
we work in Lorentzian signature and only Wick rotate to Euclidean signature at the end of the
computation to connect to the results of section 3.”

4.1 Action and boundary conditions

As mentioned above, Einstein gravity in 2+1 dimensions is classically equivalent to a gauge the-
ory. For negative cosmological constant, the gauge group is SO(2,2) = SL(2,R) x SL(2,R)/Z,.
We denote the generators of sl(2,R) by L .; and take them to obey

(L, Lyl=(m—n)L, 4y - (88)

An explicit representation is

(12 0 (0 o0 (01
LO_( 0 _1/2)5 Ll_(—l 0)’ L—l_(o 0)’ (89)

7To be precise, we will relate Lorentzian to Euclidean time by t; = it, and Lorentzian actions S to Euclidean
actions I through I =iS|,, ;.
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which obey

1
Tr(Lg) =5, Tr(liLg)=-1, (90)

with other traces vanishing.
The Chern-Simons connections are related to the dreibein and the spin connection of the
first order formulation of gravity as follows

A=1, (wZ—I—ez)dx“, A=1L, (wZ—ez)dx“. (91)

The base manifold M is equipped with coordinates x* = {r, t, x}, where r is the holographic
coordinate for which r — 0 at the conformal boundary. Greek indices will be reserved for
the boundary .M, which is equipped with coordinates x! = {t, x}. The metric tensor can be
extracted from the Chern-Simons connections as

1 _ _
guv=2Tr (e e,) = 3 Tr[(A—A),(A-A4),]. (92)

The gravitational action can be written in terms of the connections as

Sgrav =Scs [A] —Scs [A] + Sbndy ) (93)

where the Chern-Simons action at level k reads
k 2
Scs[A]l=— | Tr|AANdA+ -ANANA]. (94)
4m 3
Here k is related to Newton’s constant G and the AdS; length scale as'®

_ Lags
k= 4G (95)

The equations of motion imply flatness of the Chern-Simons connections, which correspond
to the Einstein equations and the vanishing of torsion.
We now turn to the choice of boundary conditions and the associated boundary term in
the action. In complete generality, we write the connections as
A=E"Li+QLy+f L4,
A= fTLi+QLy+E L, (96)

where at this stage all functions depend arbitrarily on all three coordinates. The corresponding
metric is

as* = (- 0P+ (B = FHE - ). ©97)

We choose boundary conditions that mimic our construction in the metric formulation, where
we choose to fix all metric components at r = r,. We therefore write

_ 1 .
(@-9)l, =—dr, (E—f)*l, =+2¢7dx’, 98)
C rc C
so that
ds2| =97 getedxidy 99
Src_4_r62_ e/ e dx'dx’. 99)

18We are again working with £,45 = 1 in this section.
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Here, eii is the fixed boundary zweibein. A boundary term compatible with these boundary
conditions is *°

k - k - -
Sbndy:4—nJaMTrA/\A—4—ﬂ aMTr[LO(A—A)/\(A—A)]. (100)

In particular, a straightforward computation yields the following on-shell variation of the ac-
tion

k _ -
5Sbulk+5sbndy: %J‘ (f /\5€++f+/\5€ ) . (101)
oM

Since only variations of the fixed quantities e* appear, our variational principle is consistent.

In practice, it is convenient to impose additional boundary conditions which are compatible
with the variational principle and incorporate all solutions of interest. The boundary spin
connection w, given by

1 —
§(Q+Q)|rc =w, (102)
is so far unfixed. However, vanishing of the Chern-Simons field strength implies
det —wAet =de +wAe =0, (103)

which are the usual torsion-less conditions that uniquely fix the boundary spin connection w in
terms of the vielbein e*. We therefore impose (103) as a boundary condition. The remaining
flatness conditions evaluated at the boundary impose conservation of the stress tensor (defined
below) and also fix its trace.

4.2 Stress tensor

The boundary stress tensor is defined in terms of the on-shell variation of the action as?°

58 = %fdzxﬁTij5gij = %szxdeteTé&f. (104)
Comparing to (101), we read off
T! =kelf~, T/ =kelf*, (105)
where our boundary orientation is defined by

e =—et=—— (106)

4.3 Relation to metric formulation

It is helpful to write the relation between the bulk and boundary terms in the metric versus
Chern-Simons descriptions. For the bulk Einstein-Hilbert action, we have

1
167G

J JE(R+2)=SCS[A]—SCS[A]—LJ dTr(AAA) . (107)
M 41 )y

19This boundary term appears in a different form in [45].
20In this formula ,/g and dete refer to boundary quantities, related by /g = 2 dete according to our convention
91).
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For the Gibbons-Hawking terms, where h,,,, is the boundary metric, we explain in appendix D
how it can be rewritten as

1 dzx\/EKzﬁJ Tr(AAA), (108)
8nG oM 21 aM

under the condition d,n® = 0, which is satisfied given our choice of gauge (98). We finally
have the boundary area counterterm,

1 k _ _
~ar aM\/_——4—TCJ5MTr[LO(A—A)/\(A—A)]. (109)

The relationship between the complete actions is therefore?!

_ 1 2 _ b

167G JM ER+ D+ oG LMd VK= g6 aMﬁ

:SCS[A]—SCS[Z]+£J Tr(AAA) —if Tr[Lo(A—A)A(A—A)].  (110)
A7 ) oum 41T Jom

So our Chern-Simons action agrees with the standard gravity action.

4.4 Boundary action

We now reduce the bulk theory to the boundary by solving the constraints of the theory and
plugging back in. The Chern-Simons connections can be written in a space-time split as

A=A dt+A, A=Adt+A, (111)
and we similarly write the exterior derivative on spacetime as d = dt 8, + d. The components

A, and A, appear in the action as Lagrange multipliers,

k . L
SCS[A]=4—RJ Tr[2A,dt AF+AANdt A A—d(ANAdL)], (112)
M

where the spatial field strength is F = dA+AAA. The A, equation imposes the constraint that
the spatial components of the field strength (and its barred counterpart) must vanish,

]-'=.7;'—=0. (113)

These constraints are solved by writing

A=g¢ldg, A=7% ldg. (114)

We write the group elements in a Gauss parametrization
_ 1 0 A0 1 v
= —F 1 JLo a2 ){o 1)
= —1
— (1 F A 0 1 0
g_(o 1)(0 z)(-@ 1)‘ (115)

2INote that we are defining the action with an overall sign flip compared (6); this has to do with the fact that
(6) was defined in Euclidean signature.

24


https://scipost.org
https://scipost.org/SciPostPhys.13.2.038

Scil SciPost Phys. 13, 038 (2022)

It is a straightforward exercise to rewrite the boundary conditions (98) in terms of the functions
appearing in (115). The (¥, ¥) are determined as

X L 9x
ASF’ ~ 2A2F’”°
—
— A w
U= =, (116)
AF 20'F

where w, is the space component of the boundary spin connection, fixed in terms of the
boundary vielbein. The remaining boundary conditions amount to the following differential
equations

— 22— 2W—
2ef = \2F —0 — A OF — =7,
—2— 2¥
—2e_ =A F — W — A2W2F — = (117)

The equations (116) and (117) are to be imposed at the boundary surface r =r..

Having chosen the Gauss parametrization, one finds that the bulk Lagrangian becomes a
total derivative, and so the complete action takes the form of a boundary term. After some
algebra (see appendix B), this can be written as

k 2 (MNOA o k 2 (272 20
Serav =5 | d x(T—A F’at\If)—E d2x( 22w F’+\IJ’+T)e;L
- - .
X oA —2—s — o
Ll szx (—_Zf = AZFlat\I/) _k szx(f\yzF’ +7+ 2 g
2r A T 2

The boundary conditions (116)-(117) imply four equations for the six Gauss functions,
leaving two free functions, which we can take to be (F,F). So, in principle, we should use
(116) and (117) to obtain (¥, T, A,X) in terms of (F,F) and plug into (118) to obtain the
reduced action. However, in practice it is not possible to carry this out analytically??. To
obtain explicit results we either need to consider the asymptotic AdS5 case of r,—0, or use
perturbation theory. We discuss these in turn below.

One feature to keep in mind is that we only need to solve for the Gauss functions on the
cutoff surface. These functions determine the connections restricted to that surface, which we
call (a, ). The full connections (A,A) may then be determined away from the boundary by the
construction

A=blab+b7'db, A=bab '+bdb !, (119)
where
b=e 2m(E)o (120)

and with a and a functions of only the boundary coordinates. This is the Chern-Simons equiv-
alent of radial gauge, which we can always choose at least in a neighborhood of the boundary.
Flat boundary connections (a, a) are thereby promoted to flat bulk connections (A, A).

22Even though it is not possible to solve the boundary conditions analytically, they do have a beautiful physical
interpretation. They correspond to the definition of the stress tensor in a T T-deformed theory, understood as a
theory coupled to topological gravity. See appendix C for more details.
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4.5 Asymptotic boundary (r, — 0)

In this subsection, we consider imposing boundary conditions at the asymptotic boundary of
AdS;. The results obtained here can be found in [6].

Asymptotically AdS; boundary conditions correspond to taking r,.—0 with boundary viel-
bein ez ~ rc_l/ 2. The boundary conditions (116) and (117) imply (U, 0) ~ rcl/ 2 and

(A, 2A) ~ rc_l/ 4 while (F, F) stay finite. The solution for (117) reads

- —2e;
A=\ =, A=\ —=~, (121)
F F

while the boundary action evaluates to

k A/DA k ADA -2
Sgrav = T szx (T —AZF/D\I’) +— szx( = —AF D\Il)

n A
k ete- —e el
—— | P02, (122)
81 efe;
with
1 et —_ 1 e
D=-(3,—-+08.|, and D==|0,—-+-3, . (123)
2 ejg 2 er

The term in the second line of (122) is a constant determined by the boundary conditions. For
a flat planar boundary, we arrive at the Alekseev-Shatashvili action

Serav = Sas[F1+Sas[F], (124)
with
k 1 1/
SpslFl=— | d? —) &F
sl F] MJ x(7) @
k F F/// F//2 F/// 3 F//2
= — —=- +—-= . (125)
4 JoLF'\ F"  2F?) F' 2F”?

As noted previously by (58), the field redefinition
F=e, F=e, (126)

yields the free boson action
3 k 2 / AT
Sgalff1=—o— | @x[f'af+Faf]. (127)

4.6 Perturbation theory for planar cutoff boundary

We now consider the case of a boundary at a finite cut-off r = r,, with the simplifying assump-
tion of a flat boundary geometry. We will be able to solve the boundary conditions (117) by
perturbing around a reference solution. Explicitly, we keep r, finite and fixed, and take the
boundary vielbein corresponding to a flat plane

1 _ 1
(dx+dt), e =-— (dx —dt). (128)

/T 27,

+:

e
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The corresponding solution to (103) is w, = 0. We will perturb around the solution

FO=F9 =y, (129)
— —(0
which implies ¥(© = 7 — 0 and 2@ = 7 = r-1/4. This solution corresponds to the
background metric ds? = i—:z + 2(—dt? +dx?), i.e. Poincaré AdS;.
Having identified a background field configuration, we expand around it order-by-order.
We adapt the following notation for the perturbations:

2 1 @, @ ...

A_m(1+f+f +fP+..),

-2 1 - =@ =3

A= rc(1+f+f +7 +) (130)

F/:1+g(1)+g(2)+g(3)+...,
F=1+g"+g®+g¥+....

We will regard f and ]7 as the fundamental fields of our perturbative action, while f @, ¢ and
their barred counter-parts will be chosen so that the boundary conditions (117) are satisfied
perturbatively. The boundary conditions fully determine g(* while the functions f® can be
chosen freely. This freedom amounts to a field redefinition of (f, f) which will be used to
obtain the simplest action possible.

Solving the boundary conditions perturbatively, which means working order-by-order in
the amplitudes of (f, f), we find the following expressions for the first few functions g(:

W _Tez”
g f 2f,

re (—72 B —y . 1 /.,~ = ., (131)
g == O+ 3 (74207 + 287 —2p )= S (7 45 1"),

and similarly for E(i). The formulas for higher order terms are easily found since the boundary
conditions amount to linear equations for g©). However, their expressions are not illuminating
and get messy at higher orders, so we do not write them explicitly.

As mentioned above, we are free to choose the functions f @ which amounts to a choice
of field redefinition. Just as we found in the metric formulation, a judicious choice simplifies
the expression for the action greatly. We first of all demand

1 =2
4GT,, = 2 (f/ —f’z) + total derivatives, (132)
which implies a simple expression for the part of the action involving time derivatives, agreeing
with (127), and essentially corresponds to choosing Darboux coordinates. The field redefini-
tion that achieves this reads

fO=tp ey
i f — r2 1—2 —1 (133)
FO =25 ST+ [ ST

and similarly for the barred functions. The second condition that can be satisfied is that all
higher derivatives of f and f can be canceled in the action, i.e. only powers of first derivatives
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appear. This condition first appears at fourth order, where the appropriate choice of field
redefinition reads

2
FO = =2 T T — TR 2 =2
r3 —/—1 1 —/3 /11
— s T 3 5. (134)

Perturbation theory subject to these conditions can be automated using computer algebra soft-
ware (we used Mathematica) and performed to higher orders. One useful observation is that

the terms needed in the choice of £ and f(n) to satisfy the two aforementioned conditions
already appear (with different coefficients) in the Hamiltonian density at order n — 1. More
specifically, the Hamiltonian density has a simple expression up to a total double derivative
contribution, and the terms that appear in this double derivative are exactly the ones that

make up our choice of ™ and f(n).

We carried out this perturbation theory to the 8th order (i.e. computing all terms of the
schematic form f mfm with n +m < 8). The result coincides with the expansion to this order
of the Nambu-Goto action (2). We naturally conjecture that this result extends to all orders,
but we do not have a proof.

This analysis also yields expressions for the boundary stress tensor T;; to 8th order. These
agree with the expressions found in the metric formulation (up to 4th order, which is as far as
we pushed the computation in the metric formulation). Since our computations below only
use the stress tensor up to cubic order, written in (87), we refrain from writing the higher
order expressions, which rapidly become complicated.

5 Correlation functions

In this section, we discuss the computation of correlation functions of the fundamental fields
(f, )7) and the stress tensor T;;. We will work up to two-loop order where, as seen from (86),
G acts as a loop counting parameter.

There are some subtleties having to do with the realization of symmetries in this theory.
For example, the action is not manifestly Lorentz invariant, even though the underlying theory
is Lorentz invariant since it was obtained by expanding around a Lorentz invariant background
(the flat plane). We expect that the stress tensor should behave in correlators like a Lorentz
tensor. As was discussed above, Lorentz symmetry is realized nonlinearly on the (f, f) fields.
A general phenomenon that can occur when doing perturbation theory in a QFT with a non-
linearly realized symmetry is that one encounters divergent terms that are not invariant under
the symmetry. One then needs to perform a field redefinition to restore the symmetry (or
equivalently, to modify the symmetry transformation), e.g. [62]. Another approach is to mod-
ify the theory off-shell so as to preserve the symmetry, e.g. [63]. Our approach is to modify
perturbation theory in a way that maintains Lorentz invariance while only changing contact
terms in correlators. In particular, correlation functions of stress tensors at non-coincident
points will respect Lorentz invariance.

5.1 Action

We found that the action to quartic order is

Y (e(prag oLl o
= dx(f85f+fazf+4rcf Fr+.). (135)
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Recall that 2 = x + it and 2 = x — it so that

1 1
g, = E(ax —id,), o= E(E/’x +i0,) . (136)

Here G is the loop counting parameter. In particular, since the stress tensor also has a 1/G
prefactor, it follows that an L loop contribution to a stress tensor correlator has dependence
GL—l

5.2 Propagator

Let’s first discuss the propagators in momentum space using the Fourier transform convention

d?p o
Pix,0) = f ERAOR (137)
or in complex coordinates
d?p L
P(2,2) = JWTP(P)CIPZZJHP?Z, (138)
with
Px=P:+pPz, P:=1i(p,—pz)- (139)
Note also that
p® =p;+p2=4p,ps . (140)

The free 2-point functions are then

UG (0 = 320G Y5 (0 +p), (F (0IF (0 = 320G 2E 5o +p) - (141)

We wrote the results for the fields with an x-derivative since (f, f ) always appear in the action
and stress tensor with at least one x-derivative.

We will be using dimensional regularization to compute loop diagrams. Our convention for
going from 2 to d dimensions is that we introduce d —2 new spatial dimensions. We continue
to refer to momenta in the original two dimensions by (p,, p,) or (p,,ps), but p? is taken to
run over all dimensions: p? = pf + p)zc + Z?:z pl.z. In particular, the relation (140) only holds
ind =2.

Coming back to the propagators, after stripping off delta functions and using (139), we
have

T S 2 opn
<f’(p)f/(—p)>o=32nG(%+p;§Z), F (o) (—p)>o=32nc(;%+p;§Z). (142)

We now argue that we can drop the 222 terms. First, note that in d = 2 this term is constant
in momentum space, and so corresponds to a delta function contribution to the propagator in
position space. Including such delta functions in propagators is equivalent to a redefinition
of couplings and operators, since they contract lines down to points, thereby inducing new
vertices. The situation in dimensional regularization with d = 2+ ¢ is a bit more subtle. While
the violation of p? = 4p,p; is morally proportional to &, this can of course be compensated
by factors of 1/¢ arising from divergent loop integrals. Nonetheless, as shown by explicit
computation (see appendix E.4) the effect of including or excluding the p;—lz)? terms in the
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propagator is the same as changing the coupling in front of some local operator. In general,
this local operator will be non-Lorentz invariant. We will allow ourselves to add local operators
in order to maintain Lorentz invariance, and what we see from the present discussion is that
the simplest way to do this is to simply drop the P;—g’f terms from the propagators. This should
be thought of as part of our renormalization scheme. We therefore take the propagators to be

2
= 327TGp—Z
p

\ A~

(f'(=p)f'(p)ho =

-

2
F p)f Go= - b = 327TG;% . (143)

Arrows indicate momentum flow. With this propagator rule, f’ is effectively the same as 9, f,

and 7/ is effectively the same as 8517 We then see from (87) that the stress tensor components
have indices that match the J, and &; derivatives that appear. This implies that stress tensor
correlators will be Lorentz covariant.

It will also be useful to Fourier transform back to position space. To perform the d-
dimensional Fourier transform of the propagators (143) is a straightforward application of
the integral (240), the result of which produces the position space propagators

(G O =86 (G 1) —=—,

(x . x)§+1

—/ —/ d 2

G F ) =-sGm-4r (5 +1) (Zﬁ : (144)
X+X)2

where x - x =2z + Zfzz(xi)z. In d = 2, (144) becomes

(O (0 =2,
4
F OF ()0 = —Z—f . (145)

In what follows, we take (f’f’), and (]7/]7/)0 as the propagators. When we refer to an “ampu-
tated" diagram, we mean that we have divided by these propagators.
5.3 Interaction vertex

To the order we work at, there is a single quartic interaction vertex whose Feynman rule reads

P1 P2 re

= — . 146
b3 - ~_ D4 64nG (146)
< A

7 N\

N
’ N
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5.4 Structure of stress tensor two-point function

The general stress tensor two-point function can be reconstructed from (T,;T,z), as in [33].
To see this, note that Lorentz invariance and parity implies

<Tzz(x)Tzz(0)> = Z%fl(y) B
(T (OT0) = =00,
(T, () T5(0)) = Zz%fg(y) ,
1
2272

(T () T52(0)) = Z%fl o),

(TZE(X)TZE(O» = f4(.y) >

(Ton()T,2(0)) = Z%fzm , (147)

where the dimensionless variable y is

y=—. (148)
rC
Stress tensor conservation implies
f/ + y3 (f_z)/ = 0
1 y3 4
/ /
(£)+(5)-o
y y
/ /
(£ (L) =o. (149
y y

As r.—0, we should recover the usual CFT correlators, which implies that we are looking for
solutions with f; —5 as y — 00, and with the other functions vanishing in this limit. The central
charge ¢ will be computed in terms of G momentarily. Note that f; = f,, which implies that
(T, () Tz(y)—T,z(x)T,z(y)) = 0. This is compatible with the trace relation T,z = mA = det T
given that (T,z) = 0.

We find the central charge ¢ by computing correlators at r. = 0, where the stress tensor
reads

1 1 1 (= 1-=22
Tzzlrczo = E (f// - Eflz) > T§|r5=0 = E (f - Ef ) > Tz§|rczo =0. (150)
Using (145), we have
c/2 c/2
<Tzz(x)Tzz(0)>|rC=0 = 2_4 s (TE(X)TE(O)HQ:O = > (151)
Z
with
c—i+1—c +1 (152)
26 0 T

This 1-loop correction to the Brown-Henneaux formula is the same as in [6]. We display the
contributing diagrams as

(Tzz(X)Tzz(O»rC:O: o——o0 + @ (153)

where the unfilled circles are used to denote stress tensor insertions.
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5.5 Correlators of elementary fields

In order to determine any needed counterterms in the action we now consider the 1-loop
4-point and 2-loop 2-point correlators of (f, f).

5.5.1 ({f'(p1)f ' (p2)f'(p3)f'(p4))

The basic diagram is

P1 {)1 f.ﬁ%?\q
//’/ \\\ P3
G4(P1, P2, P3:P4) = \ ‘
P2 \\\ q //
T P4

The full correlator is then

(154)

(f/(Pl)f/(Pz)f/(Ps)f/(P4)) = G4(P1,P2,P3,P4) + G4(P1, P35 P2, P4) + G4(P1, P4, P35 P2) -

(155)
The amputated diagram is
ddq (P1z+D2z—a2)’q
GI™(py, Pa, P3, Pa) = 212 . . -
s PrP2PaP) =200 | G S e
2 4, o)
_ c (pl,z p2,zz) (156)
127 (p1+p2)
This diagram is in particular finite, hence requires no (f’)* counterterm.
—/ —/
5.5.2 (f'(p1)f ' (p2)f (P3)f (pa))
The correlator has an (amputated) tree level contribution
/ / v v e
FPIf (2)f (3)f (Pa))iwee =—7¢ - (157)
The 1-loop diagram is
(158)
p1 P1tps—q
b2
Go,2(P1,P2,P3,P4) = ) .
ps .o PN
So q -
// T p4‘\\
which we need to evaluate to compute the one-loop contribution to the correlator
— —
(F'(p)f ' (p)f (P3)f (P4))1-100p = G2,2(P15 P2, P35 P4) + G2 2(P1, P2, P4» P3) - (159)
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Employing the shorthand p;; = p; + pj, the result computed using dimensional regularization
and setting d = 2 + € reads

, [ diq (Prz+psz—q:.)q2
¢ ) @2m) (p;+p3—q)3¢>

p3, +6y—11—61n(47‘c)p2 p3, I
32me 384m 13" 641

Gg,nzlp(Plapz,P:a,Pd =4r

— 4.2
=4r:

pfg] . (160)

The amputated correlator works out to be

r2(d+2)(d+4) (p2,)?+ (p2,)/?

/ / -/ -/ amp
(P (P2)f (P3)f (Pa))ioop = - : (161)
(f'(p1)f (p2)f (P3)f (P4 )1 loop 4d+5/27'cd73 sin(%d)l“(d/2+3/2)
This has a pole at € =0,
— — m 1
(f'(p1)f (p2)f (P3)f (P4)>?_1€,0p ~ %Tf[l?fg +pf4:| . (162)
This divergence is cancelled by the counterterm
_ r_cz 2 i Y
lo= 25 | e FHaUF). (163)
e

The original action has no term of the form (163). One interpretation is that this implies
the existence of a new parameter in our theory corresponding to including an undetermined
finite term along with (163). On the other hand, as discussed in the introduction the 3D
gravity origin of this theory indicates that no such new parameters should be needed. We thus
suspect that the appearance of the undetermined parameter may just reflect the fact that our
renormalization scheme has not incorporated all symmetries of the 3D gravity theory.

5.6 (f'(x)f’(0)) at 2-loops

We will first compute the correlator in momentum space. The relevant Feynman diagram to
compute (f'(p)f’(—p)) is

S S G e S S (164)

The two-loop contribution to the amputated correlator is then

/ /e _y\amp re 2 3 d%k d2k’ kékéz(p—k—k’)g
(f'()F( p)>2_100p—8( 647[G) (327G) J (2n)2J Grp i ey (69

where the over-all normalization involves two vertex factors as in (146), the normalization of
the three internal propagators as in formulas (143), and a symmetry factor of 8. The integrals
over the internal momenta k and k’ are computed in dimensional regularization in appendix
E.3. The result reads

A% [ d2k KkZ(p—k-K); 1
2n)2 | @rn)?kk2(p—k—k)2 273n

3 2 :
5 P.p; log p” + polynomial. (166)
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Attaching the external legs and Fourier transforming back to position space using formulas
(244), we conclude

1
(£'()f"(0))2-100p =_64r3G324?' (167)

This diagram is in particular finite (up to contact terms at x = 0), so no wavefunction renor-
malization is required.??

5.7 (Tsf'F)

To identify the need for a counterterm for T,z, we consider the correlator of the stress tensor
with two elementary fields

q
P1
—
(Tz(R)f'(p1)f (p2)) = ‘. (168)
N . S\ P2
S v
k—q

The amputated diagram is

— ks —qz)°
(Tz()f ' (p1)f (P2))amp = 471 (273(1 qzz((k 3)2 3; r2(k*)* +finite . (169)

To cancel this divergence we need to redefine this stress tensor component as
1 o 1
TZE_>TZE_ Zrcf f . (170)

Here we have adopted a minimal subtraction scheme. Of course we are free to also add a
finite contribution, which will show up below as an undetermined constant in the stress tensor
correlator.

5.8 (TZ,E TZE>

To compute (T,;T,z) to 2-loop order, we recall

1 —n 1 —2 —1 1 —r—n — .
4GTz = —Zrcf”f + grc(f”f +f2f)— grcz(f”/f f+ff"f )+quartic. (171)

The contributing diagrams to 2-loop order are

(T()T,5(0) = m ¥ ¢—o LN oam

7
e PRI _

The first three diagrams are trivially computed by Wick contraction in position space. The

1-loop diagram is
9rc2
=2 (173)

N / 24

2As can be seen in (E.3), the integral (166) does have a divergence in dimensional regularization. However,
the divergence is a polynomial in the momentum, which only leads to delta function contact terms in position
space.
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and the two simple 2-loop diagrams sum to

<777 12Gr2 0 192Gr? 1200Gr .
X g+ w B Z4z* B 25%° - 267° a7
We next turn to the 2-loop diagram in (172). Working in momentum space, the contribution
to (TZE(_k)TzE(k» is

p q
2
dip pl(ks+pz)®
Tz(—k)T,z(k)) oo = =281%Grd z . (175
(LR Tz (k) m o U @y prpy | - 7
S o ’,’ ‘\_>__//
—k—p —k—q

This diagram has double and single pole divergences in £. The double pole is polynomial in k,
hence can be ignored as it won’t contribute to the 2-point function at finite spatial separation.
The simple pole is cancelled, by design, via the stress tensor counterterm (170); i.e. by the
two 1-loop diagrams in which one of the stress tensor insertions is given by the counterterm
in (170). The resulting finite part is

(Tz(—k)T5(k)) oo = 2_7an3G (a Ink? + (In k2)2) (k2)* + polynomial . (176)

The constant a has been left unspecified since it can be shifted arbitrarily due to the freedom
in including a finite counterterm in (170). Fourier transforming back to position space, we
obtain

In(u?zz)

_ B _08_.92.3
(Tl () oo =2°-37r2G = 5

Q77
where we now traded the arbitrary constant a for a renormalization scale u. 2*

5.9 Summary

Combining results, to 2-loop order we have found

(T,5(x)T,5(0)) = (z;)z [(3 +4G) (;—%)2 —64G (1—121n(y27)) (Zr—;)g +400G (;—;)4] . (178)

Using the Ward identities (147) and (149), we read off the other 2-point functions

(T, (x)T,.(0)) = 214 [% +10(3 +4G) (;—;)2 +96G (8 + 601In(u?sz)) (;—%)3 +25206G (;—;)4] ,

(T,,()T.2(0)) = é [—(3 +4G) (Zr_%)z +24G (1—301n(u?22)) (;—;)3 — 360G (;—%)4] ,
(T, (x)T(0)) = EE [(3 +4G) (Zr_%)z —64G (1—121In(u*z7)) (g—;_)g + 400G (5;_)4] , (179)

Wherec=c0+1=%+1.

24Logarithms also appear in the TT deformed correlation functions of [33,34].
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6 Discussion

The main results of this paper are twofold. We first of all gave evidence for the Nambu-
Goto action (in Hamiltonian form) as the all orders action for 3D gravity with a cutoff planar
boundary. Second, we used the action to compute correlators of the stress tensor operator to
two-loop order. Our proposal for the action was based on finding a suitable field redefinition
yielding Nambu-Goto up eighth order in fields. It would of course be desirable to prove this
conjecture and determine the explicit form of the field redefinition to all orders. Although the
action takes the familiar Nambu-Goto form, the stress tensor is not the canonical one, which
is due to the way that the original translation symmetries of the AdS; background act on
the redefined fields. Our computation of stress tensor correlators to two-loop order revealed
the need for one stress tensor counterterm, with an associated undetermined finite part. As
discussed in the introduction, given the general arguments for the renormalizability of pure
3D gravity, including the case of a finite planar cutoff boundary, we expect that all parameters
should be fixed by symmetries. The implementation of these symmetries is complicated by
the non-Lorentz invariant form of the action and by the nonlocal field redefinition that puts
the action in Nambu-Goto form. A task for the future is to systematically implement the Ward
identities corresponding to these symmetries and check if these yield unique results for stress
tensor correlators. The ultimate goal here is to get sufficient control over the stress tensor
correlators to say something about their short distance structure, since this gets to the heart
of the nature of this theory, including its anticipated nonlocal character; e.g [64,65].

It would also be worthwhile to further develop cases with curved cutoff boundaries. We
considered the Chern-Simons computation of the action for a finite S? boundary, and it should
be possible to extend this to 1-loop and compare with results in [66]; see also [67, 68] for
related results. The technical complication here is the two patches needed to properly define
the gauge connections on the sphere.

We close by commenting on the appearance of the Nambu-Goto action in our analysis.
By construction, solutions of our Nambu-Goto equations of motion yield flat two-dimensional
surfaces embedded in AdS;. On the other hand, the precise Nambu-Goto action that arises is
that of a string worldsheet embedded in flat R®, with o’ controlled by r.. We usually think of
the solutions as describing extremal area surfaces embedded in this flat spacetime. Apparently,
there is a correspondence between flat surfaces embedded in AdS; and extremal area surfaces
embedded in R3.
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A CS action with cutoff sphere boundary, and appearance of Weyl
anomaly

The maximally symmetric solution to the 3D Einstein equations with a negative cosmological
constant in Euclidean signature has the topology of a solid sphere. Its metric can be written
as

ds? = dn? +sinh? ndQ? , (180)
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where n > 0 and dQ3 = d6? + sin® 6 dp? is the metric of the 2-sphere conformal boundary.
In this section, we calculate the classical action of this geometry using both the metric and
Chern-Simons language, and show how the Weyl anomaly emerges. Our analysis differs from
the one in [6], where the Weyl anomaly appeared as a logarithmic divergence of the boundary
action near the poles. Instead, we work with two coordinate patches and see the Weyl anomaly
appear from the nontrivial relation between the gauge connections on each patch.

A.1 Metric calculation

The on-shell value of the Einstein—-Hilbert action (6) can be calculated using R = 6A = —6

1 (" . 1 :
Iey iy . dmn (—4sinh?n) :—4—G(2nc—smh2nc) . (181)
To calculate the boundary action in (9), we first relate ) to the Fefferman—-Graham coordinate
r defined in (8) by 2n = —Inr. Observing that K = %g”&ngij, and ,/detg;;R(g;;) = 2sin6,
we obtain

1.
Tynay = 3¢ |:smh2 N.(2cothn, — 1)] + ;’—é . (182)

As expected, both the exponential and the linear divergences in 71, cancel with Iy
1
[ =1Igy+ Eppay = ———(1—e ") . 183
EH 1 Epndy 4 G( ) (183)

The term linear in 7, is logarithmic in r. and cannot be cancelled by adding to the action a
covariant local boundary term. Instead, we used the second term in (9), which is proportional
to 7). times the Ricci curvature of the boundary. Such a term is not covariant since it depends
explicitly on the coordinate value 7),. Indeed, this term signals the presence of a Weyl anomaly
in the CFT, and manifests itself on the gravity side as the absence of diffeomorphism invariance.

A.2 Chern-Simons calculation

In the previous section, it was not necessary to chose explicit coordinates on the boundary
two-sphere to do this calculation. Indeed the action only depended on its overall area. The
fact that S? cannot be covered in a single coordinate patch did not pose any problems. We will
need to face this issue in now to do the analogous Chern-Simons calculation.

A.2.1 Stereographic projection

It is possible to cover all of the sphere except for one point using the stereographic projection.
We will define the complex coordinate

zg = cot(6/2)e'? | (184)

which is regular everywhere but the north pole at 6 = 0 and in terms of which two-sphere
metric is

4dzgdz.
dn2 = —28CESs (185)
(1 +2525)?
Similarly, we can cover all but the south pole using
N = zs_1 =tan(0/2)e"¥ , (186)

which gives the same metric as before and is related to zg by a rotation of the sphere that maps
the north to the south pole: (6, ¢) — (m—60,—p). We can choose a local Lorentz frame for
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which the associated zweibein and spin connection, which has only a single component in two

dimensions, are®®
+ —idz _ —idz zdz —zdz (188)
e = -, e =, w =,
SN 14232 SN 14232 SN 1+22

where z is either zg or zy. In terms of the original variables, this gives

1 . 1 .
es = Ee“f’(idé? +sin6dy), e = —Ee_“"(ide +sinfdy),
1 _. 1 .
es_zﬁe_“"(ide—sinedcp), egz—ie“"(ide—sinedcp),
wg = 2icosz(%)d<,0 , Wy = —2isin2(%)dap . (189)

Using these coordinates, the 3-dimensional Chern-Simons gauge connections on each
patch are

A=(w+dn)Ly+ee L —e e L4,
A=(w—dn)Ly+e "e"Ly—e"e L4 . (190)

A.2.2 Action

We are now ready to calculate the on-shell action in the Chern-Simons language. It consists
of two terms, the bulk Einstein—Hilbert action (6) and the boundary contribution (9).

Starting with the Einstein-Hilbert action, we can rewrite it in terms of Chern-Simons gauge
connections as follows2®

1
Iey=——-— | d3 R—2A 191
EH 16nC JM x4/8( ) (191)

ik ik
== Tr(A/\dA+§A3)+l—
41 )y 4

_ _ _ 14 _
TrHAANdA+2A°) + I—J A(TrAAA)
M 4m

M
where k = 1/4G. We will split up the integral over the manifold M into a contribution from
AdSy and AdSg as depicted in Figure 1. To evaluate the first term, we can use the explicit form
of the gauge potentials (190)

ik ™ k
Icg[A] =~an dn (J de+J dwN) :—Enc . (192)
T Jo AdSs AdSy

One can check that the result does not depend on the location of the disk D which separates
the two patches, as long as it does not cross either of the poles. The second term in (191) yields
the same contribution, —Is[A] = —kn./2. The total derivative in the third term of (191) will
contribute not only on the cutoff boundary S? = S g LJSI%I at 1, but also on the internal boundary

D that separates northern from the southern hemisphere,

ik - ik - ik — _
— d(TrANA) = — TrANA—— | Tr(Ay ANAy —Ag ANAg) . (193)
41 )y 4 2 4 ),

25In Euclidean signature, the flatness condition (103) contains additional minus signs,
det+wAnet =de —wAe =0. (187)

This can be traced back to the minus sign in the Lorentzian identity €
absent in Euclidean signature.

Z6There is an additional factor of i in the relation between these actions because we now work in Euclidean
signature. We will not change the gauge group with respect to the main text, but rather include explicit factors of
i in the gauge connections.

UuoT —_ __SOT : : :
unp €7 =—6 e whereas that minus sign is
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AdSy

AdSg
S Me

Figure 1: Global Euclidean AdS; and its different components and boundaries. The
bulk of AdS; is composed of two patches, AdSg and AdSy, whose boundaries at 7,
are the southern and a northern hemisphere Sg and 51%1’ respectively. The bulk com-
ponents are separated by an equatorial disk D, whereas the boundary hemispheres
touch at the equator E.

The signs are fixed by comparing the volume form in the bulk, which we took o< dnAdO Adp,
with the one on S that we choose o< d0 Ad ¢ and on the disk D which we fix to be o< dnAd .
There is an additional sign for Ag AAs coming from the outward pointing normal n;dx’ = —d#.
Calculate from (190) that TrAAA = dn A w + 2sinh(2n)e™ A e~ and pulling this back to each
of the boundaries, we find

" B " . "
| d(trAnA) = S sinh(2n,) | —sin@dO Ad¢ + — | 2idnady
41 )y 21 g2 2 4 ),
= ksinh(2n,.)—kn, . (194)
Altogether, we find
Igy = —k(2n, —sinh(2n.)) , (195)

which agrees with the metric calculation (181).

What remains to be calculated is the boundary action I;,q, (9) on the S? boundary of M.
We explain in appendix D how to express the extrinsic curvature in terms of the Chern—-Simons
gauge connections. In Euclidean signature, the result reads

k ik -
Tpnay = o LZ dzx,/det gij(n" —1)— o Lz Tr(AAA) . (196)

In the case of interest, J,n® vanishes and we choose a gauge for which the L, component of
the gauge connections is normal to the boundary and the other components are parallel. The
action the simplifies to

Tondy =—i—'; L Tr[2ANA—Ly(A—A) A (A—A)] . (197)

The first term was already calculated in (193) (indeed it adds up with (197) to give the bound-
ary contribution given in (93)). The second one only depends on the boundary frame field,

Tynay = —2k[sinh(2n,) —sinh®(n,)], (198)

which agrees with (182).
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B Chern-Simons action as a boundary term

In order to reduce the action to a boundary term, we start by implementing the space-time
split (111) and making use of the constraints F = F = 0. Here

S[A,A] =4£7J Te[Andt AQA-ANdEAGA]

kM ) (199)
to JM Tr[—d (AnAdt) +d (ANAdt) ]+ Ty -
The second line of (199) involves boundary terms that can easily be evaluated in terms of g

and g. The first line is a bulk term, which when evaluated on the flat connections (114) reads

K X =~ 4P g (o 15 }
4nfMTr[AAth8tA]—4nJMTr[ 3(g dg) d(g ogNg dg) . (200)

and similarly for the barred connections. The second term on the right hand side of (200)
is already a boundary term. The first term is a Wess-Zumino term, which becomes a bound-
ary term once an explicit parametrization for the group element g is chosen. For the Gauss
parametrization (115), one finds

k 1 3 k
— | Tr|—=(g7%d =—— A2 AdU AdF. 201
r[ 3(g g) ] i Ad¥ A (201)

47 J pq oM

Combining equations (201), (200), and (199) yields an expression for the full action written
as a boundary term. Its expression as a functional of the Gauss parameters (A, A, ¥, ¥, F, F)
has been written in the main text in equation (118).

C Relation between Chern-Simons theory at finite cut-off and cou-
pling to topological gravity

The objective of this appendix is to connect the ideas of AdS3 gravity with a finite cut-off and
the TT deformation of a conformal field theory as described by coupling to topological gravity;

see [69-72] for relevant background. In this appendix, we follow the conventions in [72], with
a,b

8ij = Oape; €;-
The topological gravity formulation is based on the observation that the T T flow equation
for the deformed action

A o [ J/gdetT! (202)

= —_—— X e .
itz 4 §

can be solved by defining an action with auxiliary fields that will be integrated out. In partic-

ular, we define

Il = Igrav[eNaia e?] + IO[e?a '(/)]: (203)

TT

where v and & are the original matter fields and veilbein in the undeformed theory, and
el is the vielbein of the deformed theory. The action I is the undeformed action, while the
topological gravity action reads

1

grav = mfdzx eijeab(e—é)f(e—é)?. (204)
TT
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In this appendix we take |e'/| = |e,,| = 1 and also write e = det ei'. In order to obtain the action
for the fields v coupled to the background vielbein e, the prescription is to path integrate over
ei', which in the classical limit can be performed by extremizing (203) with respect to &.

An important ingredient is the stress tensor of the deformed theory,

. 2T oIy - 1 ii ~
T ChLa @0s)
i TT

As we will see momentarily, this formula will be recovered from the boundary conditions im-
posed on Chern-Simons connections at a finite radial cut-off.

In section 4.4, we reduced the Chern-Simons action to a boundary action depending on
Gauss parameters (A, Z, U, W, F,F). Boundary conditions (117) and (116) can be thought of as
providing solutions for (A, A, ¥, ¥) in terms of F and F. The resulting action is then a functional
of F and F. However, in practice, this procedure cannot be carried out analytically. Having
noted this limitation, the boundary conditions equations have a beautiful interpretation: they
coincide with (205).

In order to see this, we compute the boundary stress tensor

. 2m oI
t= 206
¢ e def (206)
in terms of the Gauss parameters. The time components read

—

k A k (= —2—2— —A
T{=—— (\p’+/12\1/2F’+2\1/—), T = —(\P/+A \IIZF/+2\I/:). (207)

r.e A r.e A

Using these formulas, the differential equations imposed by the boundary conditions (117)
can be written as
+ 207, Tc +aqi _
el —A°F' + ~ Exi€ ‘T, =0,
—2— T . (208)
- c —ai
e, —AF + zexie T, =0.
These are precisely the spatial components of equation (205) upon making the identification

+ ~—

é — &
2= A== (209)
F
and - -
f = A, Or r.= glﬁc. (210)

Formulas (208) only capture the definition of the time components of the deformed stress
tensor. The space components in terms of the connections (96) read explicitly

1k-—+ 1k
Tf:_gr_Al’lrc :_gr_ft+’
c c
e 1k 1k i
+_érctrc_érct'

The time components of the connections must obey the boundary condition (98), which we
repeat here
£ o+
(E—f); |, ==*e;. (212)

We can think of this boundary condition as fixing E* in terms of the fixed boundary vielbein e
and the one-forms f*, which remain unfixed. Even though the time components of f* remain
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unfixed, they do not appear explicitly in the reduced action, given that the time components
of the connection are Lagrange multipliers. However, a physical meaning can be attributed to
ff. For this, we introduce the time components of an undeformed vielbein éf, and relabel as
follows

fE=8—ef. (213)

The holographic stress tensor formula can then be recast in terms of éf instead of fti. The
result is

r o
+_ gzt e 4afi_
e, —e/ + kene T, =0,
e_—é_+ie € 9Tl =0
t k ti a” 7"

(214)

t

These are precisely the time components of the definition of the deformed stress tensorina TT
deformed theory. In summary, we conclude that the Dirichlet boundary conditions imposed at
r = r. together with the definition of the holographic stress tensor have a nice interpretation
in the context of a theory deformed by a coupling to topological gravity. This is achieved
by identifying our Gauss parameters A and A with the space components of an undeformed
zweibein é* as written in (209), as well as identifying the time components of f* with the
time components of such zweibein as written in (213). The fixed zweibein e at r = r, plays
the role of the deformed zweibein.

The connection between Chern-Simons theory with finite cutoff and TT deformed CFT is
even more apparent at the level of the action. Evaluating the action in terms of F, F, and the
zweibein é* introduced here as a relabeling of A, 1, and fti, we find

I[F,F,&;e] = Io[F, F; & 1+ Iy + Lextra - (215)

The first term is simply the Wick rotated action (118) we found in the main text when studying
the reduced action of AdS; gravity with a curved background at r = 0. The second term is a
coupling between e and é. Explicitly,

1

Tgray = WGTCJdZXEUGab (e—é)? (e—é);‘%J . (216)

This matches the topological coupling (203) introduced above as a mechanism to deform the
original theory by the TT operator. The last term in (215) reads

- 2
L szxdet(e) (@x(e) = (&) . (217)

Ly = ——
X 161G e

We now show that this term vanishes on-shell and so does not affect the value of the deformed
stress tensor. We do so by computing the flatness equations of the Chern-Simons theory at the
cutoff boundary r = r,. We relabel the parameters A, 2 by introducing the space components
of an undeformed zweibein é,., as explained in formulas (209). We also relabel fti in terms
of &, as written in (213). We therefore expect the on-shell conditions at r = r, to involve the
zweibeins & and e, the functions F and F, and the spin connection at the Dirichlet boundary
w.

Interestingly, when using the boundary conditions (117), the field strength components
do not depend on F and F explicitly. They involve exclusively &, e, and w. Explicitly, the
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components of the field strength evaluate to the following:

Tr[(F—Feel ] = (e* Aw£de®),
—Tr[Frli]=(E Aw—dE™),_,
Tr[Folg]=(E" A +dE"), (218)
2r, Tr[F Lol = (287 A (e —&)—dw),

2, Tr[ FrLo| = (267 A(et —E")—dw), .
An important feature of the first three lines in formulas (218) is that on-shell, the zweibein é
obeys the relation
1 .. 1 ..
wy(e) = —€Y0e; el = €7 €; &1 = w,(€). (219)
e ’ é ’

This implies (217) vanishing.

To summarize, in this appendix, we showed that Chern-Simons theory with curved cutoff
boundary can be understood on-shell as coupling the theory at an asymptotic boundaryatr =0
to topological gravity. While conceptually satisfying, the action (203) is not very practical for
direct computation because the boundary conditions (117) cannot be solved analytically.

D Gibbons-Hawking-York Term in Chern-Simons

Here we will show how the Gibbons-Hawking-York (GHY) term can be written in terms of the
Chern-Simons variables A, and A. As an intermediate step, we will first write this term in terms
of the vielbein and spin connection. Though the Chern-Simons description only applies in 3 di-
mensions, translating from the metric to vielbein description is not simplified in 3 dimensions,
so we perform that portion of the calculation in arbitrary dimension.?”

On a D =d + 1 dimensional spacetime M, the GHY term is given by

1
Spoqo=——— | 2vhdixK, 220
bndy 167G JaM X ( )

where h is the induced metric on the boundary and K is the trace of the extrinsic curvature. If
n is the outward-pointing normal to d M normalized so n*n, = o = +1, then K, = hﬁvlnv
so by writing the projection down to dM as h', = 5% — on*n, we obtain the identity

K =g"K,, =V¥n,—on"n"V n,. (221)

The final term here is equal to %Unvvv(n“n“), which is zero so long as we choose an extension
of n,, off d M which is everywhere normalized. We will assume here that we have chosen such
an extension.

Using lower-case Latin letters for flat Lorentz indices we may write V,n" = VvV, n® =
el Vv,n so

K = et (529, +w?, )n® = 8,n% + el ey nl. (222)

?’Throughout this appendix we work in Euclidean signature, but to obtain the Lorentzian result it is sufficient
to negate the overall sign of (220) which propagates to negating the overall sign of the final results, (223), (227),
and (230).
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The second term admits a nice coordinate-independent representation in terms of the vielbein
and spin connection, leading us to

1 d b
bndy = —@ JaM 2\/Ed X (efl‘wzbn + aan“)

1 1
~ 167G J [_meab%--%w“b NeZA.. Ae+ 2‘/Eddxaa”a]- (223)
oM - t)

To show this final equality, it is sufficient to note that w?? = e wzbec and the identity

J e“Ne2A. ... NeYd = J nded“Z'"cd Vhd%x ) (224)
oM oM

which follows by antisymmetry of the wedge and the observation that e Ae2 A...Ae pulled
back to the boundary should annihilate the normal to the boundary.

The €gpc,.., w® Ae2 A ... Ae term in Spndy has a relatively simple form, but to obtain
this in the way we have here is non-trivial. Instead, we could have motivated it by starting
from the first-order vielbein formulation of gravity, see for example [73], in which we write
the bulk portion of the action as

1 €abe,...cq ( b 2A b)
— R — ———¢% A Ae2A.. . Ne 225
167G J,, (d—1)! dd+1n° "¢ )ne ¢ (225)

Shulk =

where R = dw® + w?, A w°. This is identically equal to the usual Einstein-Hilbert action.
This form makes it clear that the only derivative appears in the curvature, so upon variation
the boundary term is given by

€

6= —ﬁ (;bizl; Sw Ae2 ... e, (226)
which is evidently compatible with Dirichlet boundary conditions on the spin connection, not
the metric/vielbein. To make the variational principle compatible with Dirichlet boundary con-
dition on the vielbein, it would be sufficient to add a term like ~ €, c, WP Ae2 AL Ne,
which is precisely the coordinate-independent term we found in our calculation of the GHY
boundary term. The remaining term ~ d,n“ is also compatible with Dirichlet boundary con-
ditions on the vielbein because its variation can be shown to be independent of the normal
derivatives of 6n,, which could in principle have state dependence through the flat index.

Specializing now to D = 3, the boundary action (223) becomes

Sbndy = —ﬁ J [—€abew® A€t +2Vhd2xa,n% ], (227)
oM
SO upon writing w, = %ea bcwbc and converting to the Chern-Simons connections
A= witel, A'=wi—el, (228)
we find
—€ape @ A ef = 2tr(AAA). (229)

Hence, the GHY term in the Chern-Simons variables may be written
_ 1 A 2 a
Sondy =72 — LM [2t(AnA) +2vhd?xa,n%] . (230)

It should also be noted that when transforming the bulk action into Chern-Simons variables,
another factor of tr(A A A) appears from a total derivative in the bulk action. The boundary
action presented here is only equal to the GHY part, and does not include this additional
contribution.
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E Integrals

In this appendix, we review how to perform the integrals which appear in our loop computa-
tions. Starting in section E.1, we review how to perform a slight generalization of the entire
class of integrals which appear in our 1-loop calculations. In section E.2, we demonstrate
how to perform a class of Fourier transform within dimensionally-regularized integrals which
we found useful while preparing this paper. Section E.3 displays the details of the 2-loop
self-energy calculation, since this integral cannot be reduced to the integrals that appear in
the 1-loop calculations. Finally, in section E.4 we perform an example calculation showing
how a perturbative calculation using the propagator (142) relates to the calculation using the
covariant rule (143).

E.1 1-Loop Integrals

Here we review how to perform some of the integrals which appear in 1-loop calculations,

which take the generic form
d%k (k)" (k)™
I ;A)= . 231
n,m(r) ) J (zﬂ)d [k2+A]r ( )

In the process we will also review how to perform some other standard integrals in dimensional
regularization.

We understand the numerator of the integrand in (231) as a particular tensor product of
momenta components, much like

dik  kuk, =<5
(2m)d [k2 + AT wye

or its generalization to an arbitrary product of components in the numerator. With this in mind,
we will think of the d-dimensional domain of integration as containing a 2-dimensional sub-
space on which we choose the complex coordinates k, and kz. As a result, the d-dimensional
inner product will be given by p - ¢ = 2(p,qz + pzq.) + P, - q, where p, and q, are the com-
ponents of p and g orthogonal to the 2-dimensional subspace we have singled out.

This setup allows us to produce a generating function for the integrals I,, ,, by first noting
the identity

(232)

('™ Ta-1) ¢ 2 )( 18 )m 1 (233)
[k2+2p-k+A) T(n+m—r+1)\43dp;) \43p,) [k2+2p-k+A]—nm’
and writing
r(1—r) 13 Y\ (13 \"[ d 1
Lyn(r; A) = - = - — —
In+m—r+1)\49p; 4 dp, (2m)d [k2+2p-k+ A]" ”mppfzo
r(1—r) (1 G, )”(1 0 )’” 9
= -— (= Io(r—n—m;A—
'(n+m—r+1)\43p; 40p, o0(r —n—m; P )pp—zo’
(234)
so we can generate all the I, ,, in terms of I, and its derivatives.
To perform the integral I, , we write
dk 1 dk 1 (% 2
I cA)= — - - - d r—1 —x(k*+A)
oA = | Bitaray — ) ol JO e
1 Ad/Z—r
I'(r—d/2), (235)

COEENG)

45


https://scipost.org
https://scipost.org/SciPostPhys.13.2.038

Scil SciPost Phys. 13, 038 (2022)

where in the second line we have used the identity

11 (7
—=—_ dxx*le™ox (236)
az  T(z) ),

and then finally performed the remaining Gaussian integral in k, identifying the remaining
integral over x as being a Gamma function.
Putting everything together, we find

I'(r—2n—d/2) (1 0
(4m)d/20(r) \49pz

n 1 a m
Lun(rs A) = )(— )(A—4png)d/2—r+2“ @3

40p, Pz-pz=0

From this generating function we can also note that only rotationally invariant integrands will
be non-zero. That is, I, ,, < &, .

Since many of our diagrams have two propagators carrying momenta, the special case
I, 2(2; A) will be particularly important. These integrals can always be put into the form

r(2—d/2)A%/2+n=2 (238)

In,n(z; A) = (4 )d/Z

where the coefficients Z, , depend only on d and n. The first few of these coefficients are given
by

I S SR
22—d)’ "7 2d(2—d) T 4d2-d)E2+d)’

ZZ,O == 1, ZZ,]. == (239)

The above integral allows us to perform all 1-loop integrations.

E.2 Some Fourier Transforms

We have also found it useful to compute the Fourier transform in d dimensions of functions
with the form k[*k2(k?)*, which we find to be

d
Rin,n(x)Ef (;1 I;d lkX(kZ)skmkn
_( )m+n

4 T(s+d/2)

oMma (27 2\—s—d/2
22 T(=s) 9,2 (zz + x7) . (240)

To show this we will take the same approach as we did for the 1-loop integrals and obtain a
generating function for them. To this end, we first perform the Fourier transform

dk dik . 1 (7 2
RS — ik-x k2 s ik-x d —s—1 _—ak
0’O(x) f—(Zn)de (k) J(Zn)de F(—S)Jo aa e
o0

e 1—d /o —xx 45 T(s+d/2) 1
(47r)d/2F(—s)JO *a ¢ T an I(—s) (x-x)y+d/2’ (241)

where we have performed the Gaussian integral over k and reidentified the result as a Gamma
function after rescaling the integration variable to 8 = %.
With this, we complete our calculation by writing

ma0=(1a)" (Fa) [ Ehewwr=(1a)" (3a) moem D

4 T(s+d/2)
mi2 " T(=)

= (—)" N =233 (2 + %7 ) Y2 (242)
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where we have assumed x to have raised index and introduced a shorthand in which the two
complex coordinates of x are denoted by z and z so x - x = 2z + xi. This establishes the
claimed form result of the Fourier transform.

By expanding R‘jn’ , on both sides in a power series in s and matching terms, the expansion

sy =3 %(m K2t (243)

=0

allows us to also generate the Fourier transform of functions with the form k]'kZ(In k%)t as
well. Of particular note in this paper are the special cases

2 o\
f Pk eepmpmy e - CDF T+ DM +1)

n e
A " e (244)
d?k - 2(-1)"7" T(n+ DI(m +1) _

(2n)? lkxknk (nk*)*= i gnt+izm+l (2r —Hp—H, +1n(z2)*) ,

where y is the Euler-Mascheroni constant and H,, is the n™ harmonic number. In particular,
these two integrals appear when writing the stress tensor correlator (176) in position space.

E.3 (f'(p)f'(—p)) propagator at two-loop order

In this appendix, we compute the following integral which appears in the calculation of the
propagator at two-loop order

L[4 (K k2k2(p, —k, — k.)? (245)
2n)? | @rn)? K2k2(p—k—FK)2

We start by using Feynman parameters to write

d?k d2k’

ey | Grp!e T

1—u (246)
r(3) 1
X du dv .
0 0 (13 (uk2+vk2+(1—u—v)(p—k—k’)2)3
We then change momentum variables, noting that
uk> +vk?+ (1 —u—v)(p—k—k')? = aq®>+ a'q* + yp?, (247)
. (u+ V(A —v)—i? (1—u-v)
u+v)(l—v)—u uv(l—u—v
=1-v, o= , = , 248
= 1—v w+v)(A—v)—u2 (248)
and ) .
g=k+—""Y(k'—p), ¢ =k u@ —u—v) (249)

1—v _(u+v)(1—v)—u2p

The change of momenta variables from k,k’ to g,q’ has a trivial Jacobian. To continue, we
convert the denominator to an exponential using a Schwinger parameter as in formula (236).
Explicitly,
1 J—
(ag®+a’q? +yp2p®  T(3)

oo
f dU U2e~Ulaa’+a'q?+yp?) (250)
0
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We now have

dzq dzq/ 1 1—u oo
_ 2 ’ 12 2
= | Gy (zn)zkzgkg(p—k—k’)ﬁfo du fo vaO dU U2e VT +aa™407) | (251)

where in the first line k and k’ are understood to be functions of q and q’ using (249). The
momentum integrals are all Gaussian of the form

d? _
e (252)

We perform these integrals via dimensional regularization. We start with the generating func-
tion

. dK 1
Glp,Cl= — e CK*2Kp) - eCr” (253)
(2m)t (47C)2
Noting that
K'p:2K2p5+2Kng+KL'ﬁl, (254)
we conclude
—1_\'(-1,\"~ diK K
[(4—Capz) (4—Capz) Glp, C]L:0 = | Gk (255)

This allows us to compute the integrals (252) explicitly as a function of the dimension d. Note
in particular that this integral vanishes unless m = n, so really the only formula we need is
dK

1 nAn A _ - \n ,—CK?
[ (4c)r %, 9. CLp; C]L=0 | @i (K:Kz)"e . (256)

After performing the Gaussian integrals, we find

1 1—u oo 2,2.209 _ o 232
I:f duf dvf du e V¥’ pru vl Zuy) :
0 0 0 4(4m)d((w+v)A—v)—u2)*2

uw(l—u—v)
(u+v)(1—=v)—u

(257)

v2ul(1—u—v)? )

—d_ \pyi—d
x (3U 8(p.p)U (w1 —v)—w2)?

5 +4p.pe)* U

The integral over the Schwinger parameter U can now be performed trivially using the formula

%S}
—Uyp?® _ F(l +X)
JO dU Uxe P = W . (258)

Before performing the Feynman integrals, we expand around d = 2 + €. We obtain

1 1—u 3..3 3
5 uvi(l—u—v) 3 9 .
I=| d d | + pol 1. 259

L uJo "T6r2 (u+v)(1—v)— 2y Pz 08P T pomomE 9

Integration over Feynman parameters in Mathematica yields

1 .
I =732 png log p? + polynomial , (260)

which is the formula (166) used in the main text.
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E.4 Diagram with generalized propagator

Here we provide further explanation regarding our choice of propagator, discussed below
(142). Consider the following family of propagators labelled by the parameter 7,

2

2
(f'(P)f"(=p))o = 32mG (% + n%) . (F'(p)f (=p))o = 321G (% + n%) . (261)

Direct inversion of the quadratic terms in the action gives ) = 1, while in our computations
we took 1) = 0, claiming that this amounted to a particular Lorentz invariant renormalization
scheme. To further illustrate this, we consider a typical diagram computed with general 7.

In particular, consider the 1-loop contribution to (f’f’ ]7/17/) in diagram (158). Using the
generalized propagator, the diagram is proportional to the following integral

= [ 4% ke(nks +ks) (ks = p)(k; + nkz — p: —nps) 262)
! (2m)d k2 (k—p)? ’
which, using the integral (238), we compute as
2 2 2
P:Pz , P:Pz p Py tP; PPz
I, = + 6y—11+6In{ — | |+ + +0(¢g). 263
" 8ne | 96m ( ’ n(4n)) a8r 7T oen TOE) (263)

The relevant observation is that the divergent and log parts of the integral are independent of
7. Furthermore, the 1n-dependent terms are purely polynomial in the momenta and all terms
which do not respect Lorentz invariance vanish if we take 1) to zero. So using a general value
for n corresponds to using a different (non-Lorentz invariant) renormalization scheme. That
is, if we chose a nonzero value of 11 we should also include additional non-Lorentz invariant
counterterms to cancel off the non-Lorentz invariant polynomial terms in (263). A simpler
way to obtain the same final result is to set = O at the outset. This feature applies to all
diagrams considered in this work.
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