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Abstract
We study the small speed of light expansion of general relativity, utilizing the modern
perspective on non-Lorentzian geometry. This is an expansion around the ultra-local Carroll limit, in which light cones close up. To this end, we first rewrite the Einstein–Hilbert
action in pre-ultra-local variables, which is closely related to the 3+1 decomposition of
general relativity. At leading order in the expansion, these pre-ultra-local variables yield
Carroll geometry and the resulting action describes the electric Carroll limit of general
relativity. We also obtain the next-to-leading order action in terms of Carroll geometry
and next-to-leading order geometric fields. The leading order theory yields constraint
and evolution equations, and we can solve the evolution analytically. We furthermore
construct a Carroll version of Bowen–York initial data, which has associated conserved
boundary linear and angular momentum charges. The notion of mass is not present at
leading order and only enters at next-to-leading order. This is illustrated by considering a
particular truncation of the next-to-leading order action, corresponding to the magnetic
Carroll limit, where we find a solution that describes the Carroll limit of a Schwarzschild
black hole. Finally, we comment on how a cosmological constant can be incorporated in
our analysis.
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Introduction

The theory of General Relativity (GR) beautifully describes the dynamics of space and time,
incorporating local Lorentz symmetry through Einstein’s equivalence principle. Lorentz boosts
are transformations that depend on the speed of light c. An obvious and important regime to
study is the one in which c is very large. In concrete physical setups, such a limit results in
non-relativistic systems with Galilean symmetry, where the appropriate characteristic velocity is much less than the speed of light. This familiar and well-studied limit is relevant for
post-Newtonian (PN) approximations of solutions of GR, with many important applications in
astrophysics and cosmology [1–3].
In a recent development, a geometric description of the non-relativistic expansion of GR
in inverse powers of the speed of light c was obtained in Refs. [4–6], building on earlier work
[7]. This progress was spurred on in large part by novel insights [8–10] into Newton–Cartan
geometry, which is the geometry that replaces the Lorentzian geometry of GR at leading order
in the expansion. The resulting action for non-relativistic gravity (which is the next-to-nextto leading order action in the expansion) includes Newtonian gravity, but also goes beyond
it by allowing for strong gravitational fields, which leads for example to gravitational time
dilation. More generally, these expansion methods lay the foundation for a covariant and offshell formulation to any order and are therefore expected to be relevant to PN expansions.
Similar non-relativistic geometries, along with corresponding probe and spacetime actions,
also prominently appear in modern approaches to non-relativistic field theory and string theory
(see for example [11–17]).
It is also interesting to consider the opposite case, namely the regime in which c is very
small. In particular, as first considered in Ref. [18–20], the Poincaré group contracts to the
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Carroll group when the speed of light is taken to zero. This has some unusual consequences
for the kinematics and dynamics in this limit. Contrary to the Galilean case, where light cones
open up, the light cones close up in the Carroll limit. Particles with non-zero energy cannot
move in space anymore, and for these particles there can be no interactions between spatially
separated events.1 Hence this Carroll limit is an ultra-local limit and its study in GR, which
goes back to [23], provides novel insights into its geometry and gravitational dynamics. More
generally, studying the small speed of light expansion of GR [24] allows for a perturbative
expansion around the (singular) Carroll point, analogous to the PN expansion for large c.
In this paper, we will perform a systematic analysis of the ultra-local Carroll expansion of
GR, utilizing the modern perspective on non-Lorentzian geometry, in analogy with the recent
results [4–6] on the non-relativistic expansion. Compared to the latter, the Carroll expansion
of general relativity will encode different aspects of the full Lorentzian theory at each order.
On a technical level, the Carroll expansion may help us to develop novel analytical approaches
which can subsequently be applied in the non-relativistic expansion, whose astrophysical relevance is more obvious. In fact, we will see that the structure of the Carroll expansion clearly
brings out an analogy to the 3+1 formulation of GR and the resulting Hamiltonian and momentum constraints.
Furthermore, the dynamics of GR that are captured by the Carroll expansion may themselves be of physical relevance, too. Contrary to the large speed of light expansion of GR, there
is already non-trivial dynamics at leading order in the Carroll expansion. In particular, while
the ‘kinetic’ term containing extrinsic curvatures appears at next-to-next-to-leading order in
the former case, it already appears at leading order in the latter. The resulting dynamics appears to be closely related to the Beliniski-Khalatnikov-Lifshitz limit [25], which describes the
near-singularity dynamics of general relativity. Although we will not pursue this connection
in the present work, the techniques we develop could allow us to explore subleading orders of
this limit.
In order to perform the expansion, we will first reformulate the Einstein–Hilbert (EH)
action in terms of a ‘pre-ultra-local’ (PUL) variables, which is similar to the 3+1 decomposition. This way of writing the EH action is related to the ‘pre-non-relativistic’ (PNR) formulation [5, 6], though the connection is different and the geometric variables that are used are in
some sense dual to each other. This duality also manifests itself when expanding: the large c
expansion of the PNR variables leads to Newton–Cartan geometry plus higher-order geometric
fields, while the small c expansion of the PUL variables leads to Carroll geometry plus higherorder geometric fields. At leading order, this observation reduces to the well-known duality
between NC and Carroll geometry [26, 27].
More generally, physics with Carroll symmetries has recently appeared in a wide variety
of studies, including various aspects of Carroll gravity and geometry [21, 26–50]. In particular, since null hypersurfaces are examples of Carroll manifolds [26], Carroll symmetries have
been related to black holes [34, 35], while the recent Ref. [21] considers Carroll symmetry in
relation to inflation and cosmology.2 Furthermore, Carroll field theories have been studied for
example in [21,26,47,53–60]. Carroll symmetry also features in 3D flat space holography and
tensionless strings [53, 61–69], while Carroll fluids have been addressed in [70–73].
The approach pursued in the present paper, considering Carroll expansions instead of taking the Carroll limit, was also put forward in [21], where it was motivated by applications
to cosmology, inflation and dark energy. In line with the philosophy advocated earlier for GR
in [24], the idea is that the Carroll symmetry of the limiting point c = 0 of a theory provides
There is a second type of Carroll particle [21], with zero energy, which cannot stand still, and originates from
the Carroll limit of relativistic tachyons. See also [21, 22] for non-trivial dynamics of coupled Carroll particles.
2
See also Ref. [51] for superluminal behavior in relation to cosmology for a brane universe moving in a curved
higher dimensional bulk space and Ref. [52] for connections between the ultra-local limit of gravity and cosmological billiards.
1
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an organizing principle in the study of the perturbative expansion around it. To illustrate
this, the Carroll expansion of the action of a scalar field and Maxwell theory were discussed
in [21]. Furthermore, it was shown that the expansions can be truncated in such a way that
that these relativistic theories admit two inequivalent contractions with Carroll invariance.
This feature follows from the observation [21] that not only is the leading-order (LO) action
manifestly Carroll invariant, but one can also obtain a Carroll-invariant theory if one takes the
next-to-leading (NLO) action and restricts it to the field configurations for which the LO action
vanishes.
The fact that relativistic theories generically admit two inequivalent contractions with Carroll symmetry was shown independently from a Hamiltonian perspective for general p-form
theories in [47], where it was also briefly considered for GR. Following these authors, we will
refer to the two distinct contractions for a given theory as the ‘electric’ and ‘magnetic’ theory,
respectively. These names are derived from the two possible contractions that were already
known for electromagnetism [26], though the magnetic theory was only known at the level
of the equations of motion. As far as GR is concerned, the electric contraction of GR has been
known since many years [23], but the existence of the magnetic contraction has only recently
been realized [47, 48]. In the present work, following the suggestion of [21], we will use the
Lagrangian perspective to obtain for the first time a covariant action for the magnetic Carroll
sector of gravity. However, it is important to stress that both the electric and magnetic Carroll
limits are special cases of the general framework we develop, corresponding to the LO theory
and a truncation of the NLO theory, respectively. While these turn out to be interesting and
tractable subsectors, our general Carroll expansion will be able to describe much more general
dynamics at subleading orders.
As it turns out, the Carroll LO action already contains non-trivial equations of motion.
These can be written in a form that is very similar to the constraint and evolution equations
in the 3+1 decomposition of GR. In the full relativistic theory, solving the evolution equations
even numerically is a formidable problem. In contrast, given initial data satisfying the LO
constraint equations, its evolution can be solved analytically. Building on methods from the
3+1 decomposition of GR, we construct a Carroll version of Bowen–York initial data [74],
which describes black holes parametrized by their mass and angular/linear momentum in
the full relativistic theory. We subsequently show that the parameters in the resulting LO
solution correspond to conserved boundary charges associated to asymptotic translations and
rotations. Although the notion of mass or energy is not yet present in the LO theory [48], it is
interesting that it still contains such a class of physically relevant solutions. To obtain a mass,
one should consider the NLO theory. To illustrate this, we consider for simplicity the subsector
comprised by the magnetic theory described above. (Here, an asymptotic symmetry analysis
was previously carried out in [48].) Focusing on static solutions, we find a Carroll geometry
that describes the ultra-local limit of a Schwarzschild black hole in isotropic coordinates.
We also comment on how a cosmological constant can be incorporated in the Carroll expansion of GR, and we discuss some solutions for the electric (LO) and magnetic (truncated
NLO) theories. The relevance of the cosmological constant at these orders depends on its scaling in terms of powers of c. For the LO theory we find a Carroll solution corresponding to
the ultra-local limit of de Sitter geometry. This Carroll geometry was also considered in [21]
and was earlier found as a homogeneous background in [75], where it was called the ‘light
cone’. Interestingly, while a negative cosmological constant is inconsistent with the equations
of motion of the electric theory, we will show that both signs are allowed in the magnetic
theory.
At this point, a comment is in order on the meaning of expanding GR in terms of a small
(or large) speed of light c, which is after all a dimensionful parameter. In a given physical
problem, we will have a characteristic velocity vc that allows us to expand in c/vc , which is
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dimensionless. Clearly, such an expansion breaks some form of general covariance, since the
characteristic velocity refers to a particular set of frames (or coordinate system). In the following, instead of considering a particular relativistic problem with a particular characteristic
velocity, we will mainly focus on developing the general ultra-local small c expansion of general relativity. Alternatively, this can be interpreted as setting c = ĉ ε, where ε is dimensionless,
and expanding ε around zero.
Finally, it is important to note that the meaning of a ‘small c’ limit depends on how the
dimensionless parameter c/vc behaves in this limit [21]. If we take c/vc → 0, the characteristic
velocity tends to zero slower than the speed of light, and hence all dynamics should freeze out.
For this reason, we refer to the limit c/vc → 0 as the ultra-local limit. On the other hand, if we
take c/vc → 1, the characteristic velocity tends to the speed of light. The latter corresponds to
the more common notion of an ultra-relativistic limit, which we do not consider here.
This paper is organized as follows. In Section 2, we introduce the main concepts of Carroll geometry using a small speed of light expansion of Lorentzian geometry. In particular,
we show how local Carroll boosts are obtained from local Lorentz boosts, and we identify a
suitable connection and show how to relate it and its curvature to the Levi-Civita connection
and its curvature. We also discuss the notion of spatial hypersurfaces and their induced connection and curvature in the context of Carroll geometry. Next, in Section 3, we develop the
small speed of light expansion of Einstein gravity. We identify the resulting leading-order action and a subsector of the subleading Lagrangians with the ‘electric’ and ‘magnetic’ theories
that were recently formulated from a Hamiltonian perspective, we derive their equations of
motion and we separate them into evolution and constraint equations. In particular, we obtain
a manifestly covariant action for the magnetic theory, which was unknown from the Hamiltonian perspective, and we show how it can be obtained from a limit of the Einstein-Hilbert
action. In Section 4 we then show that the evolution equations of the electric theory can
be solved analytically. We find solutions to the constraint equations with angular and linear
momentum, which we verify using boundary charges that we construct the covariant phase
space formalism. In the subleading magnetic theory, we identify Schwarzschild-like solutions
with non-zero mass. Finally, we show how a cosmological constant can be included in both
theories. We conclude this paper in Section 5, where we summarize our results and list future
directions. Appendix A lists our conventions and provides some useful identities involving our
Carroll connection, while Appendix B provides an alternative derivation of this connection
using frame bundles.

2

Carroll geometry from Lorentzian geometry

In this section, we develop the small speed of light expansion of the Lorentzian geometry of
general relativity. To this end, we first introduce a ‘pre-ultra-local’ (PUL) parametrization of the
Lorentzian metric and vielbeine. This parametrization is adapted to the ultra-local structure
that arises in the expansion. To be precise, at leading order, the expansion of the PUL variables
leads to a notion of Carroll geometry. In this geometry, the light cone of Lorentzian geometry
collapses to a line, and we will see that the resulting leading-order theory of gravity exhibits
ultra-local behavior.
Furthermore, the corresponding vielbeine transform under local Carroll boosts instead of
local Lorentz boosts. As a result, in the context of the ultra-local expansion, the usual LeviCivita connection of Lorentzian geometry is no longer a natural choice. Instead, we introduce
a convenient Carroll-compatible connection and show how it can be obtained from a PUL
parametrization of the Levi-Civita connection. Subsequently, we determine the relation between the Levi-Civita curvature that enters in the Einstein–Hilbert action and the curvature of
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our PUL connection.
With this, we obtain a PUL reparametrization of the Lorentzian geometric variables of
general relativity that is adapted to the emergence of Carroll symmetry in the ultra-local
expansion. The results of this section are closely related to the ‘pre-non-relativistic’ (PNR)
parametrization that was used for the non-relativistic expansion of GR in Section 2 of [6],
with the main difference between the two being the choice of connection.

2.1

‘Pre-ultra-local’ parametrization and expansion

In terms of the Lorentzian metric gµν and its inverse g µν , the starting point for the ‘ultra-local’
small speed of light expansion we consider is the PUL parametrization
g µν = −

gµν = −c 2 Tµ Tν + Πµν ,

1 µ ν
V V + Πµν .
c2

(2.1)

In this parametrization, we have introduced a ‘timelike’ one-form and vector Tµ and V µ as
well as the ‘spatial’ symmetric tensors Πµν and Πµν . These PUL variables satisfy the following
orthonormality and completeness relations,
Tµ V µ = −1 ,

Tµ Πµν = 0 ,

Πµν V ν = 0 ,

δνµ = −V µ Tν + Πµρ Πρν .

(2.2)

Roughly speaking, the PUL parametrization corresponds to a split of the tangent bundle in
‘temporal’ and ‘spatial’ components, as we discuss in more detail in Section 2.5. Additionally,
it makes the factors of c 2 that appear in the Lorentzian metric explicit, so that the resulting
variables can be expanded uniformly in the speed of light.
In terms of the (inverse) vielbeine Eµ A and Θν A, which are related to the metric using
gµν = ηAB Eµ A Eν B and g µν = ηAB Θµ AΘν B , this parametrization corresponds to

Eµ A = c Tµ , Eµ a ,



1
Θµ A = − V µ , Θµ a ,
c

(2.3)

so that Πµν = δa b Eµ a Eν b and Πµν = δ ab Θµ a Θν b . Here, A = 0, 1, . . . , d are spacetime frame
indices and a = 1, . . . , d are spatial frame indices.
Next, assuming that the resulting PUL vielbeine (2.3) are analytic in c 2 , we can expand
them as follows,
V µ = v µ + c 2 M µ + O(c 4 ) ,
Θ

µ

Π

a
µν

=θ
=h

µ

a
µν

2

µ

+c π

a
2 µν

+c Φ

Tµ = τµ + O(c 2 ) ,

4

a

+ O(c ) ,

a

(2.4b)

2

(2.4c)

Eµ = eµ + O(c ) ,

4

+ O(c ) ,

(2.4a)

2

Πµν = hµν + O(c ) ,

where hµν = δa b eµ a eν b , hµν = δ a b θ µ a θ ν b and Φµν = δ ab (θ µ a πν b + πµ a θ ν b ).
It is important to stress the limitations and the physical implications of the assumptions
that allow us to write down the expansion (2.4). First, following the Galilean expansion developed in Section 2.1 of [6], we restrict ourselves here to an expansion in even powers. If
the metric/vielbeine are not analytic in c 2 , the corresponding coordinate system/frame is not
suitable for the expansion we describe here, but see [76] for the inclusion of odd powers in
the non-relativistic expansion. More generally, the expansion (2.3) is clearly not preserved by
any coordinate transformations that are not analytic in c 2 , so that for example Schwarzschild
and Kruskal–Szekeres coordinates correspond to inequivalent starting points. In line with the
discussion at the end of the Introduction, the Carroll expansion of a Lorentzian geometry depends on a choice of time coordinate, and different choices will allow us to probe different
aspects of the full relativistic geometry.
6
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Next, note that we can solve the variables appearing at subleading orders in the expansion
of Tµ , Eµ a and Πµν in (2.4) in terms of the variables in the expansion of V µ , Θµ a and Πµν using
the relations (2.2), so we will not introduce separate variables for them. The leading-order
terms then satisfy
τµ v µ = −1 ,

τµ hµν = 0 ,

hµν v ν = 0 ,

δνµ = −v µ τν + hµρ hρν .

(2.5)

As we will show in the following, these leading-order variables define a Carroll geometry. In
particular, we now demonstrate that their local symmetries (corresponding to Carroll transformations) can be obtained from the small c expansion of local Lorentz transformations. Subsequently, we introduce a convenient Carroll-compatible connection.

2.2

Carroll boosts from Lorentz boosts

In general relativity, the Lorentzian vielbeine transform under the local Lorentz transformations ΛAB that preserve the Minkowski metric ηAB on the frame bundle,
δΛ E A = Λ A B E B ,

δΛ ΘA = −ΛB AΘB ,

ΛAB = −ΛBA .

(2.6)

Indices are raised and lowered using ηAB and its inverse. These Lorentz transformations correspond to the following transformations of the PUL vielbeine (2.3),
δΛ Tµ = Λa Eµ a ,

δΛ Eµ a = c 2 Λa Tµ + Λa b Eµ b ,

(2.7a)

δΛ V µ = c 2 Λ a Θ µ a ,

δΛ Θ µ a = Λ a V µ − Λ b a Θ µ b .

(2.7b)

Here, we have introduced the rescaled generators Λa = cΛ0 a , which we take to be finite in the
c → 0 limit. Next, we expand the rotation and boost parameters using
Λa b = λa b + O(c 2 ) ,

Λa = λa + O(c 2 ) .

(2.8)

The leading-order Carroll vielbeine coming from the expansion (2.4) then transform as
δλ τµ = λa eµ a ,

δλ eµ a = λa b eµ b ,

δλ v µ = 0 ,

δλ θ µ a = λ a v µ − λ b a θ µ b .

(2.9)

The parameters λa b correspond to spatial rotations, while λa generate Carroll boosts, and
their indices are raised and lowered using the Kronecker delta. We see that only the timelike
vector v µ and the spatial metric hµν = δab eµ a eν b are invariant under boosts, while τµ and
hµν = δ a b θ µ a θ ν b transform under boosts. In particular, we have
δλ hµν = 2λ(µ v ν) ,

λµ = hµν λν = θ µ a λa .

(2.10)

Note that the fact that τµ transforms under boosts while v µ does not is compatible with the
fact that τµ v µ = −1, since the variation of the latter is λa eµ a v µ = 0.
These local Carroll transformations arise from the c → 0 limit of the local Lorentz transformations, and they are a fundamental part of the resulting Carroll geometry. Note that, while
individual tensors such as hµν may transform under Carroll boosts, the combinations that arise
from limits of Lorentz-boost invariant quantities will be Carroll-boost invariant. Finally, we remark that the Carroll vielbeine and their transformations can also be obtained by gauging the
Carroll algebra [27].
At higher orders in c 2 , additional vielbein variables and additional local symmetry transformations arise. In the non-relativistic expansion, the leading-order fields describe Newton–
Cartan geometry with local Galilean symmetry. Including the fields at next-to-leading order
defines what is known as type II torsional Newton–Cartan geometry (see Section 2 of [6]).
Likewise, the additional variables and transformations that arise at higher orders in the ultralocal expansion can be interpreted as additional fields. In the following, we will mainly be
concerned with the leading-order Carroll geometry, and we also explore parts of its next-toleading-order corrections. However, the systematics of our ultra-local expansion can in principle be extended to any order.
7
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2.3

Carroll-compatible connection

As we have seen in the above, Carroll metric variables arise from the leading order of the
ultra-local expansion of a Lorentzian metric. We now introduce a convenient connection that
is compatible with the Carroll variables.
In Equation (2.9), we saw that the timelike vector v µ and the spatial metric hµν are invariant under local Carroll boosts, but their inverses τµ and hµν are not. For this reason,
the requirement that the covariant derivative of τµ and hµν vanishes would not be a boostinvariant statement in general Carroll backgrounds. It is therefore more appropriate to work
ρ
with a connection Γ̃µν such that only v µ and hµν are covariantly constant with respect to the
associated covariant derivative,
˜ µ vν = 0 ,
∇

˜ ρ hµν = 0 .
∇

(2.11)

As we will see shortly, such a connection typically has non-zero torsion, and therefore it cannot
arise out of an expansion of the Levi-Civita connection that is commonly used in Lorentzian
geometry. One way to obtain a connection satisfying (2.11) at leading order is to introduce
ρ
a different connection C̃µν which satisfies similar requirements in terms of the PUL variables
already before the ultra-local expansion,
(C̃)

(C̃)

∇µ V ν = 0 ,

∇ρ Πµν = 0 .

(2.12)

Such a connection is not particularly natural from the point of view of Lorentzian geometry,
since the PUL vielbeine still transform under the usual Lorentz boosts (2.6). Instead, it serves
to accommodate the Carroll structure that arises as a result of the expansion. This mirrors the
Galilean-compatible PNR connection that was considered for the non-relativistic expansion
in Section 2.1 of [6], see also [77] for a discussion from the perspective of the first-order
formulation of gravity.
The conditions (2.12) do not fully determine the connection. As we discuss in Appendix B,
a convenient choice is given by


1
ρ
= −V ρ ∂(µ Tν) − V ρ T(µ LV Tν) + Πρλ ∂µ Πνλ + ∂ν Πλµ − ∂λ Πµν − Πρλ Tν Kµλ .
C̃µν
2

(2.13)

Here, Kµν = − 12 LV Πµν is the extrinsic curvature. Note that this is a symmetric and purely
spatial tensor, since V µ Kµν = 0. At leading order, it leads to a Carroll-compatible connection
satisfying (2.11),
ρ
ρ
Γ̃µν
= C̃µν



1
= −v ρ ∂(µ τν) − v ρ τ(µ L v τν) + hρλ ∂µ hνλ + ∂ν hλµ − ∂λ hµν − hρλ τν Kµλ ,
c=0
2
(2.14)

where Kµν = − 12 L v hµν is the extrinsic curvature at leading order, which is also purely spatial,
since it satisfies v µ Kµν = 0. This connection, which previously appeared in [29], is our preferred connection to describe the Carroll geometry that arises at leading order in the ultra-local
expansion of general relativity. It is a special case of the general class of Carroll connections
satisfying the compatibility requirements (2.11), which was determined in [27, 29].
ρ
In the next section, we will relate the PUL connection C̃µν and its curvature to the LeviCivita connection and its curvature. For that, it is convenient to list some properties of the PUL
connection. The equivalent expressions for the Carroll connection Γ̃ ρ µν can be easily obtained
by expanding to leading order using (2.4). The torsion of the PUL connection is
ρ

2C̃[µν] = 2Πρλ T[µ Kν]λ ,
8
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which is generically nonzero. The non-zero PUL metric covariant derivatives are
1
1
Tµν − T(µ LV Tν) = Tµν − V ρ Tρ(µ Tν) ,
2
2


µν
(µ ν)σ
λ
∇ρ Π = −V Π Tσλ δρ − V λ Tρ ,
(C̃)

∇µ Tν =

(C̃)

(2.16a)
(2.16b)

where we have defined Tµν = 2∂[µ Tν] . Note that the trace of the PUL connection is
1
1
ρ
C̃ρν
= −V ρ ∂ν Tρ + Πρλ ∂ν Πρλ − Tν K = ∂ν E − Tν K ,
2
E

(2.17)

where E = det(Tµ , Eµ a ) is the vielbein determinant and K = Πµν Kµν is the trace of the extrinsic
curvature. This means that we can write a divergence containing this covariant derivative as
a total derivative plus a term proportional to the extrinsic curvature,
(C̃)

ρ
∇µ X µ = ∂µ X µ + C̃ρν
Xν =

1
∂µ (EX µ ) − K Tµ X µ .
E

(2.18)

This allows us to simplify such divergences inside a spacetime integral,
Z
Z
(C̃)

K Tµ X µ E d d+1 x ,

∇µ X µ E d d+1 x ≈ −

(2.19)

M

M

which holds up to boundary terms (denoted using ≈). We will return to a careful study of
such boundary terms and use them to define conserved charges in Section 4.2.

2.4

Decomposition of Levi-Civita connection and curvature
ρ

Our next goal is to show how our Carroll-compatible connection Γ̃µν defined in Equation (2.14)
arises from the Levi-Civita connection of general relativity. First, using the PUL decomposiρ
tion (2.1), the Levi-Civita connection Γµν can be written as

1 ρλ 
g
∂µ gνλ + ∂ν gλµ − ∂λ gµν
2
(2)
1 (−2)
ρ
ρ
+ c 2 C ρµν .
+ Sµν
= 2 C ρµν + C̃µν
c

ρ
=
Γµν

(2.20)
(2.21)

Note that we have not yet performed an expansion in c 2 yet. We have merely collected all
(−2)

(2)

ρ

ρ

terms that scale as 1/c 2 or c 2 into the tensors C µν and C µν , respectively. Additionally, we have
ρ
ρ
introduced a ‘shift’ tensor Sµν that is tuned to produce our PUL connection C̃µν at level zero.
These terms are given by
(−2)

C ρµν = −V ρ Kµν ,

(2.22a)

ρ
Sµν
= Πρλ Tν Kµλ ,

(2.22b)

(2)

C ρµν = −T(µ Πρλ (d T )ν)λ .

(2.22c)

Using this decomposition, any term involving the Levi-Civita covariant derivative can be rewritten into an expression involving the PUL covariant derivative.
In the following section, we will study the expansion of the action and the equations of
motion of general relativity. To prepare for this, we now show how the Ricci tensor of the
Levi-Civita connection can be decomposed in terms of PUL variables following (2.21),
ρ

ρ

ρ
ρ
λ
λ
Rµν = −∂µ Γρν
+ ∂ρ Γµν
− Γµλ Γρν
+ Γρλ Γµν

=

(0)
(2)
(4)
1 (−2)
1 (−4)
Rµν + 2 Rµν + Rµν + c 2 Rµν + c 4 Rµν .
4
c
c

9
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Again, we have only collected terms that scale equally in c 2 , without expanding the individual
tensors. The terms in this decomposition are given by
(−4)

Rµν = 0 ,

(−2)

(2.25a)
(−2)

(C̃)

(−2)

ρ

ρ

(−2)

ρ

(−2)

λ
Rµν = ∇ρ C ρµν − 2C̃[µρ]
C λν − Sµλ C λρν + Sρλ C λµν ,
(0)

(C̃)

(C̃)

(C̃)

ρ

(−2)

ρ

(2.25b)
(2)

(2)

ρ

(−2)

ρ
ρ
λ
Sλν − C µλ C λρν − C µλ C λρν ,
Rµν = Rµν + ∇ρ Sµν
− ∇µ Sρν
− 2C̃[µρ]
(2)

(2)

(C̃)

(2)

ρ

(2)

(2.25c)

ρ

λ
λ
Rµν = ∇ρ C ρµν − 2C̃[µρ]
C λν − C µλ Sρν
,
(2)

(4)

ρ

(2.25d)

(2)

Rµν = −C µλ C λρν .
ρ

(2.25e)
(C̃)

ρ

λ
λ
Note that the terms Sµλ Sρν
and Sρλ Sµν
at order c 0 vanish identically. Here, ∇ denotes the
(C̃)

PUL covariant derivative and Rµν denotes its Ricci tensor. We can decompose the Levi-Civita
Ricci scalar in a similar way,


1 µ ν
µν
Rµν
(2.26)
R= − 2V V +Π
c


(−2)
(0)
(−2)
1
1
= − 4 V µ V ν Rµν + 2 −V µ V ν Rµν + Πµν Rµν
c
c


(2)
(0)
(4)
(2)
− V µ V ν Rµν + Πµν Rµν + c 2 −V µ V ν Rµν + Πµν Rµν .
(2.27)
Several of these terms simplify significantly once the expressions (2.25) are inserted. In partic(C̃)

ρ

ular, the V µ V ν projection of the Ricci tensor Rµν associated to C̃µν vanishes due to its metriccompatibility, see Equation (A.12a).

2.5

Spatial hypersurfaces and projected connection

When constructing concrete solutions to the theories we will obtain in the following section, it
will often be useful to specialize to a spatial hypersurface. However, as it stands, this concept
is not well-defined in a Carroll manifold. The reason for this is that we can currently only
define spatial covectors but not spatial vectors,
vµ X µ = 0 ,

(2.28)

since τµ Y µ is generically not boost-invariant. For this reason, Carroll geometry naturally induces a fiber bundle structure on the spacetime manifold, where the worldlines of v µ are the
one-dimensional fibers, as emphasized in [39]. The horizontal sections of this fiber bundle
then correspond to spatial submanifolds, which is equivalent to choosing an integrable Ehresmann connection. The freedom of choice in the Ehresmann corresponds to the transformation
of τµ under local Carroll boosts.
To define a spatial hypersurface, we must therefore specialize to a particular boost frame.
This is in contrast to Newton–Cartan geometry, where the Galilei boosts leave τµ invariant and
the natural spacetime fibration is one of spatial hypersurfaces instead of time lines. As we will
see, in Carroll geometry, we can frequently perform our spatial hypersurface computations in
one such boost frame and subsequently extrapolate to frame-independent quantities on the
entire spacetime.
For this, we choose coordinates x µ = (t, x i ) such that the Carroll boost-invariant vector
field v µ is parallel to a coordinate vector, where i = 1, . . . , d. It will be useful to allow for a
‘lapse’ function α, so that we have
v µ ∂µ = α−1 ∂ t .
(2.29)
10
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In these coordinates the one-form τµ can be decomposed as
τµ d x µ = −αd t + bi d x i ,

(2.30)

where bi corresponds to the Ehresmann connection in [39]. In this coordinate frame, the local
Carroll boost transformations (2.9) act by shifting bi → bi + λi , corresponding to a different
choice of Ehresmann connection. Using the gauge freedom afforded by the boost transformations, we can therefore always at least locally go to an equivalent frame where bi = 0. In
this boost frame, the tangent subspace defined by the kernel of τµ can be integrated to a spatial foliation given by constant t-slices. The integrability of the spatial slices is also reflected
by the fact that its defining one-form τµ then satisfies the Frobenius condition τ ∧ dτ = 0.
Consequently, in this frame, the Carroll metric data is given by
v µ ∂µ = α−1 ∂ t ,

τµ d x µ = −αd t ,

hµν d x µ d x ν = hi j d x i d x j ,

hµν ∂µ ∂ν = hi j ∂i ∂ j ,

(2.31a)
(2.31b)

so that hi j is a Riemannian metric on the spatial hypersurfaces, with hi j as its inverse.
Additionally, we can define the spatial and temporal projectors as
hµν = hµρ hρν ,

−v µ τν .

(2.32)

Using these, we can define a projected covariant derivative on the spatial slices,
˜ γ X α ...α β1 ...βk .
ˆ ρ X µ ...µ ν1 ...νk = hγ hα1 . . . hαl hν1 . . . hνk ∇
∇
µ β
ρ µ
1
l
1
l
β
1

l

1

k

(2.33)

This projected covariant derivative acts on spatial tensors and can therefore be understood as
an intrinsic operator on the spatial slices. A small calculation shows that it is compatible with
the spatial projector,




˜ γ hαλ hλβ = hµ hνλ hγ −v (α hλ)σ τσκ δκ − v κ τγ = 0 ,
ˆ ρ hµ = hµ hβ hγ ∇
(2.34)
∇
γ
α
α ν ρ
ν
β
so that we can consistently contract spatial indices inside the derivative. Here, we have defined τµν = 2∂[µ τν] and we have used the fact that hµρ hνσ τρσ = 0, which follows from the
Frobenius condition. Next, one can show that the projected covariant derivative is torsionless
and compatible with the spatial metric and its inverse,
ˆ µ, ∇
ˆ ν] f = 0 ,
[∇

ˆ ρ hµν = ∇
ˆ ρ hµν = 0 ,
∇

(2.35)

where f is a scalar function. This implies that the projected connection is the Levi-Civita
connection constructed from the spatial metric.
The equivalent of the Gauss equation then allows us to write its curvature in terms of the
spacetime curvature,
δ
R̂µνρ σ = hαµ hβν hγρ hσ
(2.36)
δ R̃ αβγ .
Finally, one can show that the Ricci tensor of the projected connection is related to the spacetime Ricci tensor by
ˆ µ aν + aµ aν ,
R̂µν = hαµ hβν R̃αβ + ∇
(2.37)
where aµ = L v τµ = v ν τνµ is the acceleration one-form. Using these equations, the curvature
tensors that enter in our actions for Carroll gravity below can be related to the induced curvature tensors on spatial slices. Although such spatial slices are not a boost-invariant notion in
Carroll geometry, we will see in Section 4 below that the resulting equations can be a useful
tool for constructing solutions from which we can subsequently reconstruct a boost-invariant
Carroll geometry.
11
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3

Carroll gravity from expanding general relativity

We now have all the ingredients needed to develop a systematic and covariant ultra-local expansion of general relativity. First, using the results from the previous section, we rewrite the
Einstein–Hilbert action in terms of the pre-ultra-local (PUL) variables. Next, we can expand
the resulting PUL action to a particular order in c 2 in terms of the leading-order Carroll variables and their subleading corrections. In the following, we mainly focus on the leading-order
theory, but we also consider a subsector of the next-to-leading order theory. Next, we show
that these theories are equivalent to the ‘electric’ and ‘magnetic’ limits discussed in [21, 47],
providing for the first time a covariant description of the latter using our Lagrangian perspective. Finally, we note a useful analogy between the resulting equations of motion and the
constraint and evolution equations appearing in the 3+1 decomposition of general relativity.

3.1

‘Pre-ultra-local’ Einstein–Hilbert action

Using the expression (2.27) for the Levi-Civita Ricci scalar, we can rewrite the Einstein–Hilbert
action in terms of the PUL variables as follows,
Z
p
c3
SEH =
(3.1)
R −g d d+1 x
16πG M
Z 


c2
c 4 µν ρσ
µν
2
2 µν
≈
K Kµν − K + c Π Rµν + Π Π (d T )µρ (d T )νσ E d d+1 x , (3.2)
16πG M
4
(C̃)

which holds up to boundary terms. The PUL parametrization (3.2) puts the Einstein–Hilbert
action in a form that prepares it for the ultra-local expansion. Performing this expansion, we
obtain a series of actions describing covariant theories of dynamical Carroll geometry plus
subleading corrections,
(2)

(4)

SEH = c 2 S LO + c 4 S NLO + O(c 6 ) .

(3.3)

At leading order (LO), we find a theory with local Carroll symmetry. Each subsequent step
in the expansion adds additional fields and interpolates further between the Carroll-invariant
theory at LO and the full relativistic Einstein–Hilbert theory.

3.2

Leading-order and next-to-leading-order theory

Using the expansion of the PUL variables in (2.4), we see that the LO term coming from the
PUL Einstein–Hilbert action is given by
Z
 µν

(2)
1
S LO =
K Kµν − K 2 e d d+1 x ,
(3.4)
16πG M
where e = det(τµ , eµ a ) is the Carroll-invariant vielbein determinant. Note that this action
depends only on the extrinsic curvature Kµν = − 12 L v hµν and not on the curvature R̃ρ µνσ asρ
sociated to the LO Carroll connection Γ̃µν . This action was previously obtained from a ‘zero
signature’ limit in the Hamiltonian formulation of GR [23], which has recently been revisited
as an ‘electric’ Carroll limit of general relativity [47]. We will return to the corresponding
‘magnetic’ limit and its relation to our expansion below. Additionally, a class of actions including (3.4) have been obtained from gauging the Carroll algebra [27]. Here, we see that the
action (3.4) is the natural starting point in an ultra-local expansion of general relativity.
To study its dynamics, we can vary the LO action (3.4) with respect to v µ and hµν ,
Z 

(2)
(2)
1
1 (2)
G µv δv µ + G hµν δhµν e d d+1 x ,
(3.5)
δS LO ≈
8πG M
2
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(2)

(2)

which leads to the LO equations of motion G µv = 0 and G hµν = 0. They are given by


(2)
1
˜ ρ Kµν − Khµν ,
G µv = − τµ K ρσ Kρσ − K 2 + hνρ ∇
2



(2)
1
h
˜ ρ Kµν − Khµν .
G µν = − hµν K ρσ Kρσ − K 2 + K Kµν − Khµν − v ρ ∇
2

(3.6a)
(3.6b)

Note that we have varied with respect to hµν , which transforms under boosts, but the resulting
(2)

Ward identity v µ G hµν = 0 guarantees that this is not a problem. Using the variables (v µ , hµν )
has the advantage that it fully specifies the inverse pair (τµ , hµν ) at the price of boost transformations, whereas the pair (τµ , hµν ) cannot be solved from (v µ , hµν ) since the latter two
are boost-invariant. We have chosen the above since we want to keep boost transformations
explicit in most of the following.
In contrast to the LO action in the non-relativistic expansion (see Equation (3.9) of [6]),
which only serves to impose a foliation-preserving condition on the leading-order Newton–
Cartan variables, this action already contains non-trivial physical solutions, which we will
study in more detail in Section 4. Indeed, looking at the PUL parametrization (3.2) of the
Einstein–Hilbert action, we see that these solutions probe the ‘kinetic’ terms of the relativistic
Lagrangian at order c 2 , rather than the ‘foliation’ terms at order c 6 . One of the virtues of
studying the ultra-local expansion is that it allows us to explore different parts of the full
relativistic theory in a more controlled setting.
Interpretation as constraint and evolution equations
Before proceeding to the NLO theory, it is instructive to rewrite the LO equations (3.6) using
the natural split between time and space that appears in the Carroll geometry. Projecting
out the time and space components of each equation using v µ and hµν , we see that the time
(2)

component of G hµν vanishes. The remaining three sets of equations can then be written as
K µν Kµν − K 2 = 0 ,
˜ ρ (Kσµ − Khσµ ) = 0 ,
hρσ ∇

(3.7b)

L v Kµν = −2Kµ Kρν + K Kµν .

(3.7c)

ρ

(3.7a)

˜ ρ for a Lie
To get to the third equation, we used (3.7a) and exchanged the time derivative v ρ ∇
derivative using the formula (A.6) applied to our connection (2.14).
In the form (3.7), the LO equations of motion are strongly reminiscent of the 3+1 decomposition of the Einstein equation. The first two equations (3.7a) and (3.7b) can be interpreted
as constraint equations, meaning that they can be checked on a single ‘equal-time slice’ in the
sense of Section 2.5, and they restrict what kind of initial data (hµν , Kµν ) on such a slice is
valid. Given such initial data, Equation (3.7c) and the definition Kµν = − 12 L v hµν of the extrinsic curvature then dictate its evolution along the ‘time’ direction defined by the vector field
vµ.
Remarkably, in contrast to the 3+1 decomposition of the Einstein equations, the right-hand
side of (3.7c) contains no spatial derivatives. Thus, starting from a point on an equal-time slice,
the evolution of the initial data along v µ depends only on the value of the extrinsic curvature
and spatial metric at that particular point. This reflects the intuition that, in the ultra-local
Carroll limit, the light cone collapses to a line, and causal evolution proceeds independently
on distinct integral lines of v µ . As a result, using adapted coordinates, the initial-value problem
is simplified from a highly non-trivial PDE in general relativity to an integrable ODE. (A similar
observation was made by Dautcourt in [24].) We discuss this in more detail in Section 4.1,
where we analytically solve for the time evolution of arbitrary initial data. Additionally, in
13
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(2)

(2)

G hµν

G µv

=

=

(4)

G Φµν

(4)

(4)

G hµν

G µv

(4)

G µM

Figure 1: The ultra-local c 2 expansion of the Einstein–Hilbert action leads to two new
equations of motion for each order in the expansion. Every order also contains the
equations of the preceding order, which is illustrated up to NLO above [6, 78, 79].
Section 4.3, we adapt well-known methods for constructing relativistic initial data from the
3+1 formalism to construct non-trivial solutions for our LO Carroll theory.
Next-to-leading-order theory
Following the general procedure developed for the non-relativistic Galilei 1/c 2 expansion in [6,
78], the NLO action in the ultra-local Carroll c 2 expansion (3.3) of GR is
Z 

(4)
(2)
1 (2) h µν
1
µ
µν
v
e d d+1 x .
(3.8)
S NLO =
h R̃µν + 2G µ M + G µν Φ
16πG M
2
Here, M µ and Φµν are the NLO variables appearing in the expansion (2.4) of the PUL variables
V µ and Πµν . The equations of these subleading variables are equal to the equations of motion (3.6) of the corresponding LO variables v µ and hµν in the LO action (3.4). For this reason,
the NLO action (3.8) contains all dynamics associated to the LO action. This is illustrated in
Figure 1.
In addition, the NLO action leads to a more complicated set of equations of motion for
the LO variables v µ and hµν . In particular, these equations now involve variations of the Ricci
curvature R̃µν that was missing from the LO action (3.4), which allow the theory to support
massive solutions, as we will show in Section 4.4. For this, we only need a subsector of the
NLO equations of motion, and we leave the study of the full NLO theory to future work.

3.3

Truncation and relation to ‘magnetic’ Carroll gravity

As a first step in studying the dynamics of the NLO action (3.8), we can consider a truncation
of the theory where the NLO fields M µ and Φµν are set to zero by hand:
Z
(4)
1
S NLO
=
hµν R̃µν e d d+1 x .
(3.9)
M µ =Φµν =0
16πG M
This truncation no longer reproduces the equations of motion of the LO theory. However, the
resulting equations of motion for the remaining variables v µ and hµν are significantly simpler
than those of the full NLO action. Up to boundary terms, we get
Z 

(4)
(4)
1
1 (4) h
v
µ
µν
δS NLO
≈
G µ δv + G µν δh
e d d+1 x ,
(3.10)
M µ =Φµν =0
8πG M
2
M µ =Φµν =0
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where the truncated NLO equations of motion are given by
(4)

G µv
(4)

G hµν


1
˜ ν hνσ τµσ ,
= τµ hρσ R̃ρσ + hνσ hλµ τνλ v κ τκσ − ∇
M µ =Φµν =0
2


1
ρ
= R̃(µν) − hµν hσρ R̃σρ + 2K v κ τκ(µ τν) + τσρ K(µ σ v ρ τν) − δν)
M µ =Φµν =0
2


1
λ
λ
λγ κ
˜
− ∇λ Kh(µ τν) − K (µ τν) − hµν h v τκγ .
2

(3.11a)
(3.11b)

Note that solutions of these equations are only solutions of the full NLO equations if they also
satisfy the LO equations of motion, which are not contained in the truncated action (3.9).
As we show in Section 4.4, the presence of the curvature terms in (3.11) allows us to obtain
massive solutions. Such terms are absent from the LO theory and first appear at NLO. Next,
we consider a further simplification of the NLO theory.
Relation to ‘magnetic’ Carroll limit of general relativity
In recent work, ‘electric’ and ‘magnetic’ Carroll limits of field theories and gravity were studied
from a Hamiltonian perspective in [47] and also for field theories from a Lagrangian perspective in [21]. This terminology is motivated by the two distinct Carroll limits of electromagnetism that retain the electric and magnetic sectors, respectively [26]. We can now complete
this picture by proposing a Lagrangian approach to both the electric and the magnetic limit of
limits gravity in terms of our general c 2 expansion, following the suggestion of [21].
As we have already remarked above, our LO theory (3.4) agrees with the electric limit of
gravity that was obtained in [47] and also earlier in [23]. This theory describes the dominant
dynamics of gravity in the c → 0 ultra-local Carroll limit.
Next, to connect to the magnetic limit, we rewrite the PUL form of the Einstein–Hilbert
action (3.2) as follows,
Z  2
c4
c
S=
(3.12)
− G µνρσ χµν χρσ + G µνρσ χµν Kρσ
16πG M
4

c 2 µν ρσ
µν
+Π Rµν + Π Π (d T )µρ (d T )νσ E d d+1 x .
4
(C̃)

Here, we have introduced an auxiliary symmetric spatial tensor χµν , i.e. V µ χµν = 0. In addition, we introduced the DeWitt metric and its inverse,
1 µρ νσ
(Π Π + Πµσ Πνρ − 2Πµν Πρσ ) ,
2

1
2
Gµνρσ =
Πµρ Πνσ + Πµσ Πνρ −
Πµν Πρσ .
2
d −1

G µνρσ =

ρ

µ

(3.13a)
(3.13b)

µ

Note that these tensors satisfy Gµνκλ G κλρσ = Π(µ Πσ
, where Πν = δν + V µ Tν . Integrating
ν)
out χµν , we see that this action is equivalent to the PUL Einstein–Hilbert action (3.2). On the
other hand, taking c → 0 in (3.12) leads to the action
Z
 µν

(4)
1
S mag =
φ Kµν + hµν R̃µν e d d+1 x ,
(3.14)
16πG M
where we have introduced φ µν = G µνρσ χρσ . This action is invariant under Carroll boosts
provided φ µν transforms as


˜ ρ λν) + hµν hρ σ ∇
˜ ρ λσ .
δλ φ µν = 2 −hµν λρ τρσ v σ + hρ(µ λν) τρσ v σ − hρ(µ ∇
(3.15)
15
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Note that a similar Carroll-invariant theory of gravity was previously introduced from a firstorder perspective in [30]. As we will now show, the action (3.14) is equivalent to the magnetic
limit of general relativity proposed in [47]. On the one hand, the field φ µν plays the role of
a Lagrange multiplier imposing the constraint Kµν = 0. On the other hand, in a Hamiltonian
analysis, it can be interpreted as the momentum dual to hµν , since only the first term of our
magnetic action contains time derivatives. The remaining equations of motion, coming from
v µ and hµν , are given by

1
˜ ρ φ ρ µ − v ρ τρν φ ν µ + τµ hρσ R̃ρσ + hνσ hλ τνλ v κ τκσ − ∇
˜ ν hνσ τµσ ,
0=∇
µ
2
1
1 ρ
1
σρ
˜ ρ φµν + R̃µν − hµν h R̃σρ + hµν ∇
˜ λ (hλγ v κ τκγ ) .
0=− v ∇
2
2
2

(3.16a)
(3.16b)

Note that the Ricci tensor R̃µν is symmetric once we impose the constraint Kµν , see Equation (A.14). Later on, we will see that these equations allow for solutions with a non-zero
mass, in contrast to the leading-order electric theory. A similar observation was recently made
in an asymptotic symmetry analysis of the magnetic theory [48].
Next, following the discussion in Section 2.5, we can go to a boost frame that allows for a
spatial foliation. In terms of the curvature of the projected derivative (2.33), the spatial and
temporal projections of the equations of motion (3.16) are then given by
0 = hµν R̂µν ,

(3.17a)

ˆ νφνµ ,
0=∇

(3.17b)

1
ˆ (µ aν) − aµ aν + hµν hρσ ∇
ˆ (ρ aσ) + aρ aσ .
L v φµν = R̂µν − ∇
2


(3.17c)

The temporal projection of (3.16b) vanishes. In addition, Kµν = − 21 L v hµν = 0 must hold on
all slices. Equation (3.17c) is an evolution equation for φµν , whereas the first two equations
precisely reproduce the two constraint of the Hamiltonian definition of the magnetic theory
that was put forward in [47]. Therefore, following similar constructions in field theory [21],
we can now identify the magnetic limit of general relativity as a truncated sector of the NLO
theory in the ultra-local Carroll expansion.

4

Solutions of LO and NLO theories

Having constructed the LO theory and a subsector of the NLO theory in the ultra-local Carroll expansion of general relativity, which we subsequently identified with the electric and
magnetic contractions, we now study solutions of these theories.
As we saw previously, we can split the equations of motion of the LO theory into constraint
and evolution equations. First, starting from arbitrary initial data, we show that we can solve
the evolution analytically, since it reduces to an ODE in suitable coordinates. Next, we adapt
methods from the 3+1 formulation of general relativity and construct a Carroll version of the
Bowen–York initial data. In general relativity, this describes black hole solutions of the constraint equations that are parametrized by their mass and their angular and linear momentum.
We construct the analogue of these solutions in the LO Carroll theory and subsequently show
that their momentum parameters correspond to conserved boundary charges.
Finally, we construct solutions with non-zero mass, corresponding to a Carroll limit of the
Schwarzschild metric. Such solutions are absent in the LO theory, as was remarked in [48],
but they can be obtained in the magnetic truncation of the NLO theory. We also incorporate a
cosmological constant in the LO and magnetic theory.
16

SciPost Phys. 13, 055 (2022)

4.1

Exact evolution of general initial data at LO

We now rewrite the LO evolution equation using the adapted coordinates that were introduced
B
in Section 2.5. For this, it is convenient to reparametrize the lapse function as α = e− 2 . In
these coordinates, the extrinsic curvature and its Lie derivative along v µ then take the following
form,
B

1
e− 2
Ki j = − L v hi j = −
ḣi j ,
2 
2 
e−B
Ḃ
L v Ki j = −
ḧi j − ḣi j ,
2
2

(4.1a)
(4.1b)

where dots denotes differentiation with respect to the t coordinate. The LO evolution equation (3.7c) then corresponds to the following ODE,
1
ḧi j + ḣi j (hkl ḣkl − Ḃ) − ḣik hkl ḣk j = 0 .
2

(4.2)

We can simplify this equation by setting Ḃ = hi j ḣi j , which fixes the gauge freedom in the
lapse function up to an overall shift. Finally, given the initial data hi j (t = 0) = h(0)i j and
Ki j (t = 0) = K(0)i j , the solution to the evolution equation (4.2) is given by
kl
hi j (t) = h(0)ik exp[−2t h(0)
K(0)l j ] .

(4.3)

In this form, the fact that hi j (t) is symmetric is perhaps not obvious, but it follows easily from
−1

−1

the matrix identity AeA B = e BA A for square matrices A, B.
Remarkably, we see that the time evolution of arbitrary initial data can be solved analytically in the LO theory. This corresponds to the intuition that, in the ultra-local Carroll limit,
the domain of dependence shrinks to a line, which trivializes the possible time-dependence
of the theory. Similar results have been obtained in the context of the ‘strong coupling’ limit
of general relativity [80]. Furthermore, this result (as well as the solutions obtained in Section 4.3 below) is strongly reminiscent of the Belinski-Khalatnikov-Lifshitz limit of general
relativity [25]. It would be very interesting to further investigate these relations and to see
how subleading corrections modify the possible dynamics that can arise.

4.2

Conserved boundary charges

An important way to characterize solutions in general relativity is by computing their conserved
boundary charges. We can develop a corresponding notion of boundary charges for the Carroll
LO theory governed by the action (3.4). A related asymptotic symmetry analysis was done for
the equivalent electric theory in the Hamiltonian formalism in [48]. Killing vector fields ξµ of
the LO Carroll geometry can be defined as

Lξ v µ = 0 ,

Lξ hµν = 0 .

(4.4)

The boundary charge associated to such a Carroll Killing vector field ξ can be computed using
the covariant phase space formalism [81, 82] (see also [83]). This formalism allows one to
[µν]
compute a charge integrand kξ corresponding to ξ and a variation of the metric data. This
charge integrand can be computed using
[µν]

kξ

ν]

= −δhQµν + 2ξ[µ Θh ,
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where δ indicates an on-shell variation of the metric data, Qµν is the Noether-Wald charge and
Θµ is the presymplectic potential. For the LO theory, these are given by


e
1
µ
µ
µ
ν
µ
σρ
Θ =
(Khν − K ν )δv − (Khσρ − Kσρ )v δh
,
(4.6)
8πG
2
e
Q[µν] =
(v [µ K ν] σ ξσ − v [µ ξν] K) .
(4.7)
4πG
Integrated over a codimension two surface S at infinity, it computes the change in the conserved
charge associated to ξ under the variation of the metric data,
Z
/ Hξ =
δ
kµν (d d−1 x)µν .
(4.8)
S

/ indicates that the charge is not necessarily integrable. If it is, we can integrate
The notation δ
along a path in phase space from a reference metric to obtain a finite charge.
In the LO theory, it follows from the charge integrand (4.5) that there can be no nonzero charge associated to Killing vectors that are proportional to the Carroll vector v µ , which
generates time translations. As a result, there seems to be no notion of mass or energy at the
LO level of the ultra-local expansion of general relativity.

4.3

Bowen–York-type solutions

In the previous section we saw that any initial data can be analytically evolved forward in
time. Hence, we can easily get a complete solution of the LO equations of motion after solving
the constraint equations (3.7a)-(3.7b) to obtain allowed initial data. In the 3+1 formulation
of general relativity, creating initial data is a well-studied subject. Due to the similarities of
the LO constraint equations and the full relativistic constraints, the relativistic methods can be
adapted to the Carroll limit, as we will now demonstrate.
As a first non-trivial set of solutions of the LO constraint equations, we consider a set of
initial data that is similar to the so-called Bowen–York solutions [74] (see also [84]). In general
relativity, this initial data corresponds to a black hole, which is parameterized by its mass and
its linear and angular momenta Pi and Ji . As we will see, only the momenta are retained in
the LO solution we construct.
First, we start from a conformally flat ansatz for the spatial metric data. In general relativity, the conformal factor is ultimately solved from a non-linear Poisson equation to obtain
the full Bowen–York initial data, which generically has to be done numerically. In contrast,
the simplified form of the constraints that arises from the LO theory can be solved analytically. Specializing to d = 3, the Carroll LO Bowen–York-type initial data depends on the 7
parameters (K(0) , Pi , Ji ) and can be written as
h(0)i j = ψ4 δi j ,

(4.9a)

1
K(0)i j = ψ−2 L̄X i j + K(0) ψ4 δi j ,
3

(4.9b)

where the conformal factor ψ and the conformal Killing derivative L̄X i j are given by

1/12
3
ij
ψ=
L̄X i j L̄X
,
(4.10a)
2(K(0) )2




3
xi x j
ij
i j
j i
ij
k
L̄X = 3 x P + x P − δ − 2
Pk x
(4.10b)
2r
r

3 
+ 5 εik l Jk x l x j + ε jk l Jk x l x i .
r
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Here, indices are raised and lowered using δi j , and εi jk is the totally anti-symmetric symbol
in 3 dimensions defined by ε123 = 1. These solutions can be analytically evolved in time
using the general prescription (4.3). We can check that the parameters Pi and Ji are equal to
the charges associated to (asymptotic) translation and rotation symmetry using the boundary
charges (4.8).

4.4

Massive Schwarzschild solutions at NLO

In Section 4.2, we found that there appear to be no massive solutions at LO in the ultralocal expansion of general relativity. This is rectified at NLO, as we will now show using the
subsector corresponding to the magnetic theory (3.14). For this, we focus on static solutions
with φ µν = 0 (and recall that Kµν = 0 in the magnetic theory). Following the discussion in
Section 2.5, we can go to an equal-time slice in a boost frame where the Frobenius condition
ˆ and its curvature from (2.33)
τ ∧ dτ = 0 holds. Using the projected covariant derivative ∇
and (2.36), the NLO constraint and evolution equations (3.17) can then be written as
hµν R̂µν = 0 ,

(4.11a)

ˆ µ aν + aµ aν ,
R̂µν = ∇

(4.11b)

where aµ = L v τµ is the acceleration one-form. Sxince there is no evolution, we are left
with constraint equations only. In terms of the parametrization (2.31) with time and space
coordinates x µ = (t, x i ), we can relate this acceleration to the lapse α using
ˆ µα ,
aµ = α−1 ∇

ˆ µ aν = α−1 ∇
ˆ µ∇
ˆ να .
aµ aν + ∇

(4.12)

As a result, the constraints (4.11) can be written as
ˆ 2α = 0 ,
∇

(4.13a)

−1 ˆ

(4.13b)

ˆ jα .
R̂ i j = α ∇i ∇

To obtain a massive solution, we can specialize to d = 3 and consider a conformally flat metric
hi j = ψ4 δi j . Then (4.13a) implies ∂ 2 ψ = 0, where ∂ 2 is the flat space Laplacian. From this,
we can obtain the solution
ψ=1+

M
,
2r

α=

M − 2r
,
M + 2r

(4.14)

which results in the following static solution of the NLO theory,
v µ ∂µ =

M + 2r
∂t ,
M − 2r



M 4
hµν d x µ d x ν = 1 +
δi j d x i d x j .
2r

(4.15)

This corresponds to the Carroll limit of the Schwarzschild solution in isotropic coordinates.
Using the spatial curvature terms in (4.11), we see that we can construct massive solutions at
NLO, in accordance with the observations for the magnetic theory in [48].

4.5

Cosmological constant solutions

Finally, we can add a cosmological constant Λ to the PUL Einstein–Hilbert action (3.2),
Z
c4
SΛ =
d d+1 x E(−2Λ) .
(4.16)
16πG
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By considering different scalings of Λ in c 2 , we can introduce a cosmological constant term at
different levels in the expansion. For example, if we consider
Λ=

1 (−2) (0)
Λ + Λ + ··· ,
c2

(−2)

(4.17)

(0)

we see that Λ appears in the LO theory, while Λ appears in the NLO theory, and so on. With
(−2)

these scalings, we will see that the LO theory requires Λ to be non-negative, while in the
(0)

magnetic theory Λ can be anything.
Positive cosmological constant solutions of the LO theory
The LO equations of motion (3.7) are modified by the cosmological constant as follows,
(−2)

K µν Kµν − K 2 = −2Λ ,
˜ ρ (Kσµ − Khσµ ) = 0 ,
hρσ ∇

L v Kµν = −2Kµ ρ Kρν + K Kµν −

2 (−2)
Λhµν .
d −1

(4.18a)
(4.18b)
(4.18c)

Following our discussion in Section 4.1, the evolution equation (4.18c) also admits a general
analytic solution. Here, we focus on constructing a particular class of solutions characterized
by uniform expansion. Using the adapted time and space coordinates x µ = (t, x i ) from (2.31),
we can consider the initial data
h(0)i j ,

K(0)i j = −Hh(0)i j ,

(4.19)

where h(0)i j is an arbitrary d-dimensional Riemannian metric and H is a constant. For this class
of initial data, the constraint (4.18b) is satisfied automatically due to metric-compatibility. The
(−2)

constraint (4.18a) implies that Λ = d(d−1)H 2 /2, which is always positive. Finally, with v = ∂ t ,
we find that the evolution equation (4.18c) gives
hµν (t) = e2H t h(0)µν ,

Kµν (t) = −Hhµν (t) .

(4.20)

Remarkably, we see that we can find a class of solutions with arbitrary initial metric data h(0)µν
in the presence of a positive cosmological constant at LO. Clearly, not all of these solutions to
the vacuum LO theory can descend from a Carroll limit of vacuum solutions to the Einstein
equation. For the solution (4.20) to be interpreted in the context of an ultra-local expansion,
one would have to add appropriate matter at subleading orders, and the resulting energymomentum tensor would have to satisfy the corresponding energy conditions.
As a simple physical example, we can choose the initial spatial metric h(0)i j to be the standard flat metric δi j in Cartesian coordinates. The LO solution (4.20) can then be interpreted
as a Carroll limit of the de Sitter metric in planar coordinates
ds2 = −c 2 d t 2 + e2H t δi j d x i d x j ,

(4.21)

with the cosmological constant Λ = d(d −1)H 2 /2c 2 . For this reason, the positive cosmological
constant solution (4.20) of the LO theory is a natural starting point for exploring the ultra-local
expansion of general relativity in the context of cosmology [21].
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Cosmological constant solutions of the NLO theory
In the presence of a cosmological constant (4.17), the equations of motion (4.11) of the magnetic subsector of the NLO theory are modified as follows,
(0)

µν

ˆ µ aν + aµ aν ) = −
h (∇

2Λ
,
d −1

(4.22a)

(0)

ˆ µ aν − aµ aν =
R̂µν − ∇

2Λ
hµν .
d −1

(4.22b)

Unlike the LO theory, the magnetic theory can have both positive and negative cosmological
constant. To see this, we consider the (anti-)de Sitter metric in static coordinates,
ds2 = −c 2 (1 − kr 2 )d t 2 + (1 − kr 2 )−1 d r 2 + r 2 dΩ2d−1 ,

(4.23)

where k = 2Λ/d(d − 1) and dΩ2d−1 is the round metric on the (d − 1)-sphere. First, note that
the extrinsic curvature of equal t surfaces vanishes, so that we can easily construct a magnetic
limit of the metric in these coordinates. In terms of the adapted coordinates defined in (2.31),
the corresponding Carroll data is parametrized by
p
α = 1 − kr 2 ,
hi j d x i d x j = (1 − kr 2 )−1 d r 2 + r 2 dΩ2d−1 ,
(4.24)
which can be checked to satisfy the equations of motion (4.22).

5

Discussion and outlook

In this paper, we have initiated the ultra-local expansion of general relativity (GR). In particular, we obtained the leading-order (LO) and next-to-leading-order NLO actions in terms of
Carroll geometry and its subleading corrections. We have analyzed the equations of motion
of the LO theory, corresponding to the ‘electric’ Carroll limit of GR, and demonstrated that it
has non-trivial solutions, for which we computed the conserved boundary charges. Furthermore, we have obtained the equations of motion for a subsector of the NLO theory, which
we subsequently identified with the magnetic Carroll limit of GR. In the latter theory, we also
constructed non-trivial solutions related to black holes and (anti-)de Sitter spacetimes.
We conclude by mentioning a number of further directions. First, it would be interesting to
work out the relation between our pre-ultra-local parametrization (as well as the earlier prenon-relativistic parametrization) to the 3+1 decomposition of GR in more detail. In particular,
it seems likely that similar methods to the ones we have adapted can be used both to simplify
the non-relativistic expansion and to construct further non-trivial solutions. While we have
obtained the full NLO action, we have only written down its equations of motion for the truncated case where the additional NLO fields are set to zero, which includes the aforementioned
magnetic theory as a subsector. We leave the computation of the NLO equations of motion and
a study of its evolution equation as well as more general solutions to future work. These techniques may also help to clarify the precise connection between the Galilean Newton–Cartan
expansion of GR and the post-Newtonian expansion, which is a subject of ongoing work.
Next, as we briefly mentioned earlier, there appears to be a close connection to work on
the strong coupling or gradient expansion of general relativity. The leading-order notion of
geometry that arises in this approach was related to Carroll symmetry in [42]. Additionally,
the exact evolution and the solutions to the constraint equations of our LO theory appear to
be similar to results that have been obtained in [80]. Finally, there also appears to be a strong
connection between our results for the LO theory and the Belinski-Khalatnikov-Lifshitz (BKL)
21

SciPost Phys. 13, 055 (2022)

near-singularity limit of general relativity [25]. It would be very interesting to explore these
connections further. Using our systematic covariant Carroll expansion it would for example be
feasible to explore subleading corrections to the BKL limit coming from the full NLO theory.
Another important direction will be to examine the coupling of matter to the Carroll expansion of GR, mimicking the corresponding study for non-relativistic gravity in [77], by analyzing the small c expansion of matter actions on general backgrounds. One can then apply
this expansion to specific cases, such as probe particles and different types of matter. It would
be interesting to use our results to study cosmological perturbations, following the relation
between Carroll symmetry and cosmology identified in [21].
Carroll geometry is also relevant to flat-space holography, as well the membrane paradigm
of black hole horizons. One could wonder whether the Carroll expansion examined in this
work can provide further insights into these connections. Finally, in view of the relevance of
different types of Newton–Cartan geometries in non-relativistic string theory (see for example
Refs. [15–17, 85]), a further investigation into how strings probe a target spacetime Carroll
geometry, and more generally the geometry obtained from Carroll expansions, could teach us
more about novel corners of string theory.3
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A

Conventions and useful identities

Our spacetime dimension is d + 1 and we use the following sets of indices:
• µ, ν, ρ, . . . for spacetime coordinate indices, µ = 0, 1, . . . , d.
• i, j, k, . . . for spatial coordinate indices, i = 1, . . . , d.
• A, B, C, . . . for spacetime frame indices, A = 0, 1, . . . d.
• a, b, c, . . . for spatial frame indices, a = 1, . . . d.

A.1

Curvatures of general connections
ρ

For a general covariant derivative ∇µ with connection coefficients Γµν , we define the corresponding Riemann curvature tensor Rµνρ σ and torsion tensor T ρ µν through its action on a
generic vector X µ and a co-vector ωµ ,
σ
[∇µ , ∇ν ]X ρ = −Rµνσ ρ X σ − Tµν
∇σ X ρ ,
σ

[∇µ , ∇ν ]ωρ = Rµνρ ωσ − T
3

σ

µν ∇σ ωσ .

See [53, 68, 69] for recent work on Carroll symmetry in string theory.
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This corresponds to the conventions
ρ

ρ

ρ
ρ
λ
λ
Rµνσ ρ = −∂µ Γνσ
+ ∂ν Γµσ
− Γµλ Γνσ
+ Γνλ Γµσ
,

T

ρ

µν

=

(A.2)

ρ
2Γ[µν] .

(A.3)

The Riemann tensor satisfies the Bianchi identity,
R[µνσ] ρ = T λ [µν T ρ σ]λ − ∇[µ T ρ νσ] .

(A.4)

We define the Ricci tensor as the contraction Rµν = Rµρν ρ . For connections where the trace of
σ
the connection coefficients is a total derivative Γµσ
= ∂µ f , one can show that the antisymmetric
part of the Ricci tensor is given by
σ
2R[µν] = −2T λ σ[µ T σ ν]λ + T λ µν T σ λσ + ∇µ T σ νσ − ∇ν Tµσ
+ ∇σ T σ µν .

(A.5)

Lie derivatives can be written in terms of a general torsionful connections using

Lξ X µ1 ...µk ν1 ...ν` = ξλ ∇λ X µ1 ...µk ν1 ...ν`

(A.6)

− ∇λ ξµ1 X λµ2 ...µk ν1 ...ν` − . . . − ξσ T µ1 σλ X λµ2 ...µk ν1 ...ν` − . . .
+ ∇ν1 ξλ X µ1 ...µk λν2 ...ν` + . . . + ξσ T λ σν1 X µ1 ...µk λν2 ...ν` + . . . ,
which reduces to the familiar expression for vanishing torsion.

A.2

Properties of the Γ̃ connection

Following the discussion in Appendix B, we consider the Carroll-compatible connection
ρ
= −v ρ ∂(µ τν) − v ρ τ(µ L v τν)
Γ̃µν


1
+ hρλ ∂µ hνλ + ∂ν hλµ − ∂λ hµν − hρλ τν Kµλ .
2

(A.7)

The corresponding covariant derivative of the Carroll metric variables gives
˜ ρ vµ = 0 ,
∇
1
˜ µ τν = τµν − v ρ τρ(µ τν) ,
∇
2
˜ ρ hµν = 0 ,
∇

(A.8b)

˜ ρ hµν = v (µ hν)σ (δγ − τρ v γ )τγσ ,
∇
ρ

(A.8d)

(A.8a)

(A.8c)

where τµν = 2∂[µ τν] . This connection satisfies the following total derivative identities,
˜ µ X µ + τµ X µ K) ,
∂µ (eX µ ) = e(∇
∂ν (eQ

[µν]

˜ νQ
) = e(∇

[µν]

+ τσ K

µ

ρQ

(A.9a)
[σρ]

+ KτνQ

where the measure e is defined as
q
e = det(τµ τν + hµν ) = det(τµ , eµ a ) .

[µν]

),

(A.9b)

(A.10)

The torsion of this connection is
ρ

T̃ ρ µν = 2Γ̃[µν] = 2hρλ τ[µ Kν]λ .
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From the Carroll metric-compatibility (A.8a) and (A.8c), one can derive the following identities
for the associated Riemann tensor,
R̃µνσ ρ v σ = 0 ,
λ

(A.12a)

λ

R̃µνσ hλρ + R̃µνρ hλσ = 0 .

(A.12b)

Finally, it can be shown that the trace of the connection is a total derivative
ρ
Γ̃µρ
= ∂µ log e ,

(A.13)

which enables one to determine the antisymmetric part of the Ricci tensor,
˜ [µ (τν] K) + ∇
˜ ρ (τ[µ K ρ ν] ) .
R̃[µν] = ∇

(A.14)

This implies in particular that the Ricci tensor is symmetric if the extrinsic curvature Kµν vanishes, which is relevant in the ‘magnetic’ theory considered in the main text.

B

Frame derivation of Carroll-compatible connection
ρ

We now give a detailed derivation of the Carroll-compatible connection Γ̃µν that was introduced in Section 2.3. For this, we first translate the consequences of the ‘pre-ultra-local’ (PUL)
parametrization of the metric to frames, following the analogous Galilean discussion in [77].
This frame perspective then gives us a concise approach to Carroll-compatibility, which can
subsequently be translated back to the tangent bundle.

B.1

Pre-ultra-local decomposition in frames

Recall that the Lorentzian metric gµν and its inverse can be described using a set of vielbeine
and their inverses. These are one-forms and vector fields in the tangent bundle respectively,
which can be written as
E A = Eµ A d x µ ,
(B.1)
ΘA = Θµ A∂µ .
Here, the frame indices are A = 0, 1, · · · , d, where (d + 1) is the spacetime dimension. The
vielbeine can be chosen such that the metric and its inverse are given by
g µν = ηAB Θµ AΘν B .

gµν = ηAB Eµ A Eν B ,

(B.2)

In our conventions, the frame bundle metric ηAB = diag(−1, 1, · · · , 1) and its inverse do not
contain any explicit factors of c. The pre-ultra-local (PUL) decomposition (2.1) of the tangent
bundle metric, which we repeat here for convenience,
g µν = −

gµν = −c 2 Tµ Tν + Πµν ,

1 µ ν
V V + Πµν ,
c2

(B.3)

then corresponds to the following decomposition of the frame metric,
ηAB = −t A t B + sAB .

ηAB = −t A t B + sAB ,

(B.4)

Here, t A t B is a rank 1 matrix corresponding to the timelike direction, while the rank d matrix
sAB singles out the spacelike directions. Mirroring Equations (2.2) and (2.5), these tensors
satisfy the following orthonormality and completeness relations,
t A t A = −1 ,

t AsAB = 0 ,

sAB t B = 0 ,
24

δAB = −t A t B + sAC sC B .

(B.5)
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It is convenient to choose an orthonormal basis in the frame bundle such that
t A = δA0 ,

t A = −δ0A ,

sAB = δAa δBb δab ,

sAB = δAaδ Bb δ ab ,

(B.6)

which splits the indices A = (0, a) in a time index 0 and d space indices a. We can then use
the Kronecker deltas δa b and δ a b to raise and lower spacelike indices.
Next, we use these adapted coordinates to split the vielbeine (B.1) into spatial and temporal
components, which allows us to define the PUL vielbeine as
t A Eµ A = c Tµ ,

δBa Eµ B = Eµ a ,

1
t AΘ µ A = − V µ ,
c

δaB Θµ B = Θµ a .

(B.7)

As a result, following the decomposition (B.4) of the frame bundle metric, the tangent bundle
metric and its inverse can be written as
gµν = (−t A t B + sAB )Eµ A Eν B = −c 2 Tµ Tν + δab Eµ a Eν b ,
1
g µν = (−t A t B + sAB )Θµ AΘBν = − 2 V µ V ν + δ ab Θµ a Θν b .
c

(B.8a)
(B.8b)

With Πµν = δa b Eµ a Eν b and Πµν = δ a b Θµ a Θν b , this reproduces the decomposition (B.3).
On a Lorentzian manifold, the vielbeine transform under local Lorentz transformations,
corresponding to the local Lorentz symmetry algebra of spacetime. Typically, such Lorentz
transformations will not preserve the decompositions (B.3) or (B.4) of the tangent or frame
bundle metric. Instead, these decompositions are adapted to the local Carroll transformations
that appear at leading order in the small c expansion, as we discussed in Section 2.2.

B.2

Carroll-compatible connection
ρ

Recall that a tangent bundle connection Γµν can be related to a frame bundle (or ‘spin’) connection Ωµ AB and vice versa using the relation
ρ
0 = ∂µ Eν A − Γµν
Eρ A + Ωµ AB Eν B ,

(B.9)

which is also known as the vielbein postulate. We will now give a derivation of the Carroll
connection introduced in Section 2 using frame language, which is more convenient for some
of the manipulations.
Using the PUL decomposition of the frame bundle metric (B.4) and the vielbeine (B.7), we
see that the Carroll metric compatibility from Equation (2.11) corresponds to
Dt A = ΩAB t B = 0 ,

DsAB = −ΩAC sC B − ΩB C sAC ,

(B.10)

which implies, using the decomposition A = (0, a), that the following one-form connection
components vanish,
Ω̃0 a = 0 ,
Ω̃0 0 = 0 ,
Ω̃ab + Ω̃ ba = 0 .
(B.11)
In the last equation, we have lowered the spatial index using the Kronecker delta corresponding to sAB in the orthonormal basis (B.6). As a result, we find that the components
T̃ A(ΘB , ΘC ) = T̃µν AΘµ B Θν C of the torsion two-form T̃ A = d E A + Ω̃AB ∧ E B are
T̃ 0 (Θa , Θ b ) = c d T̃ (Θa , Θ b ) + Ω̃0 b (Θa ) − Ω̃0 a (Θ b ) ,

(B.12a)

T̃ 0 (Θa , V ) = c d T̃ (Θa , V ) − Ω̃0 a (V ) ,

(B.12b)

T̃a (Θ b , Θc ) = d Ea (Θ b , Θc ) + Ω̃ac (Θ b ) − Ω̃ab (Θc ) ,

(B.12c)

T̃a (Θ b , V ) = d Ea (Θ b , V ) − Ω̃ab (V ) .
25
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By symmetrizing Equation (B.12d), we see that part of the torsion is independent of our choice
of connection,
T̃(a (Θ b) , V ) = d E(a (Θ b) , V ) .
(B.13)
In other words, these components of the torsion are intrinsic to any Carroll-compatible connection satisfying the requirement (B.11), in agreement with the recent classification in [86].
No choice of Carroll-compatible connection can set them to zero, and manually setting them to
zero would impose a constraint on the spacetime geometry. Therefore, for an arbitrary Carroll
manifold, the constraints
T 0 (Θa , Θ b ) = 0 ,

T 0 (Θa , V ) = 0 ,

Ta (Θ b , Θc ) = 0 ,

T[a (Θ b] , V ) = 0 ,

(B.14)

are the strongest torsion constraints we can impose on our Carroll-compatible connection.
Note that the constraints (B.14) and the compatibility conditions (B.11) do not determine
the connection uniquely, since they do not allow us to solve for the symmetrized components
Ω̃0 (a (Θ b) ). These components of the connection would enter in the covariant derivative of
the tensor t A, which is also not invariant under Carroll boosts. To simplify this covariant
derivative as much as possible in a given boost frame, we set these symmetrized components
to zero. Solving Equation (B.12) then gives us
c
d T (Θa , Θ b ) ,
2
Ω̃0 a (V ) = c d T (Θa , V ) ,
1
Ω̃a b (Θc ) = [d Ea (Θ b , Θc ) + d E b (Θc , Θa ) − d Ec (Θa , Θ b )] ,
2
Ω̃a b (V ) = d Ea (Θ b , V ) .

Ω̃0 a (Θ b ) =

(B.15a)
(B.15b)
(B.15c)
(B.15d)

This fixes our preferred connection in the frame bundle. We can then use the vielbein postulate (B.9) to transform this connection to the tangent bundle,

ρ
= Θρ A ∂µ Eν A + Ω̃µ AB Eν B
C̃µν
(B.16)



1
= −V ρ ∂µ Tν + Ω̃µ 0 a Eν a + Θρ a ∂µ Eν a + Ω̃µ a b Eν b
(B.17)
c
= −V ρ ∂(µ Tν) − V ρ T(µ LV Tν)
(B.18)


1
+ Πρλ ∂µ Πνλ + ∂ν Πλµ − ∂λ Πµν − Πρλ Tν Kµλ ,
2
which corresponds to the Carroll-compatible PUL connection in Equation (2.13). The torsion of
this connection, which is constructed to be have only intrinsic torsion corresponding to (B.13),
is given by
ρ
(B.19)
2C̃[µν] = 2Πρλ T[µ Kν]λ .
This reflects the result that the intrinsic torsion of a Carroll-compatible connection is determined by the extrinsic curvature Kµν [86]. Following Theorem 10 in [86], such connections
can be classified in i) vanishing Kµν , ii) traceless Kµν , iii) Kµν = f hµν , or iv) none of the above.
This mirrors the similar classification of Newton–Cartan connections in torsionless (dτ = 0),
twistless-torsional (τ ∧ dτ = 0) or general torsion.
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