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Abstract

Single parameter estimation is known to benefit from extreme sensitivity to parameter
changes in quantum critical systems. However, the simultaneous estimation of multiple
parameters is generally limited due to the incompatibility arising from the quantum na-
ture of the underlying system. A key question is whether quantum criticality may also
play a positive role in reducing the incompatibility in the simultaneous estimation of
multiple parameters. We argue that this is generally the case and verify this prediction
in paradigmatic quantum many-body systems close to first and second order phase tran-
sitions. The antiferromagnetic and ferromagnetic 1-D Ising chain with both transverse
and longitudinal fields are analysed across different regimes and close to criticality.
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1 Introduction

The main purpose of metrology is gaining the best accuracy possible in the estimation of phys-
ical parameters, both in classical [1] and quantum systems [2]. Quantum metrology exploits
quantum effects to enhance the sensitivity in the estimation, providing advantages in a va-
riety of applications which ranges from gravitational wave detection [3], measuring stan-
dards, magnetometry [4], thermometry, imaging [5, 6], navigation, remote sensing, super-
resolution [7-10] and many more [11]. Most of these applications intrinsically involve the
estimation of multiple parameters at the same time, which explains the growing interest
in multiparameter quantum metrology [12-14], both theoretically [15-41] and experimen-
tally [42—46].
The extreme sensitivity to small parameter changes is one of the defining characteristic of quan-
tum many-body systems near criticality [47,48]. The possibility of exploiting this sensitivity
in single parameter metrology has attracted a growing interest in the last few years [49-60].
Therefore, a question naturally arises: can the advantages of using interacting many-body sys-
tems near criticality be extended to the simultaneous estimation of multiple parameters?
Answering this question is not straightforward, both on a conceptual and computational level.
With respect to single parameter quantum metrology, the multiparameter case poses an extra
challenge, arising from the very foundation of quantum mechanics: the incompatibility of mul-
tiple variables [61,62]. This results in a trade-off between uncertainties, which complicates
in a non-trivial way the quest for the optimal simultaneous measurements already in finite
dimensional systems [37,45,63]. Extending this problem to a many-body setup in presence
of incompatibility is certainly a daunting task.
One way around this task is evaluating the extent to which this incompatibility affects the es-
timation problem. This can be done efficiently by resorting to a recently introduced quantity
called quantumness [36,64]. The quantumness measures the asymptotic incompatibility of a
multiparameter metrological problem in the limit of an infinite number of copies. The novelty
and importance of this approach resides in its simplicity. Indeed, it allows the straightforward
evaluation of the estimation’s incompatibility from easy-to-compute quantities of the system
of interest.
The standard bounds in the accuracy of a quantum multiparameter protocol are given in the
form of a matrix inequality for the mean square error matrix by the quantum Cramer-Rao
bound (QCRB) [2,65,66]. The QCRB is not always tight, due to the aforementioned incom-
patibility. Instead, the Holevo-Cramer-Rao bound (HCRB) stands out as the ultimate (scalar)
bound of multiparameter quantum estimation problems [65], in that it is always achievable
in collective measurements on asymptotically large number of copies [67-71]. However, the
HCRB, except for few simple cases [72-75], is far from straightforward to compute, even nu-
merically [37].
By contrast, the quantumness, denoted by R, !, is a scalar quantity that can be easily eval-
uated through the quantum Fisher information matrix (QFIM) F, and the mean Uhlmann
curvature (MUC) matrix U [76] and quantifies the discrepancy between the HCRB and the
QCRB. Its values range in R € [0, 1], with R, = 0 if and only if the two bounds coincide, in
which case the multiparameter estimation problem is asymptotically compatible. Its maximum
value, R, = 1, marks the maximal discrepancy between the QCRB and the HCRB, which in
turn signals the maximal incompatibility between the parameters to be estimated, even in the
asymptotic limit [77,78].

In this work, we analyze the compatibility of multiparameter quantum metrology near
continuous quantum phase transitions (QPTs) and first order QPTs, using as a main figure of
merit the quantumness along with the scaling properties of the QFIM. To this end, we consider

!The pedix A denotes the set of parameters to be estimated in the metrological protocol
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two paradigmatic models: a ferromagnetic and antiferromagnetic Ising chain, both interacting
with transverse and longitudinal fields. Moreover, a third model, a spin-1/2 XY chain with
transverse field, is also considered in appendix B.

Each multiparameter protocol displays peculiar features related to details of the model,
however, when it comes to QPT, the quantumness tipically vanishes as criticality is approached.
This can be understood using standard scaling arguments [47]. Close to a continuous phase
transition physical quantities are characterised by power-law scalings in the system size L,
hence one may assume that the quantumness scales as R;, ~ L% where dy is a suitable expo-
nent. However, the upper bound R; < 1 [79] is only compatible with non-positive exponents,
i.e. dg < 0. Analogous arguments applied to first order phase transitions lead to similar con-
clusions, with scalings which are however dependent on the boundary conditions (see scaling
analysis section). A further insight is also provided by the definition of the quantumness which
reads [79]

R, = HziFaluH , (1)
o0

where ||X||, denotes the largest eigenvalue of X. The inverse dependence of R on F,, which
generally diverges at criticality, together with the fact that the MUC may at most diverge with
the same rate as F, [79], explains the vanishing behaviour of R;. Hence, one may argue
that the divergence of F,, which is the feature that makes critical systems highly attractive
for single parameter quantum estimation, is also behind the mechanism responsible for the
mitigation of the incompatibility.

2 Brief summary of the theoretical background

A system involved in a quantum estimation problem can be described by a family of quan-
tum states p, labelled by a set of parameters A, defined in a p-dimensional manifold M. A
multi-parameter quantum estimation problem is a quest for the best accuracy possible in the
simultaneous estimation of A [40,62,64,79]. The quantum Cramer-Rao bound (QCRB) pro-
vides a lower bound for the mean square errors of the parameters A, which can be formally
written as [40],

n>F,, (2)

where T = cov(4) is the covariance matrix of any locally unbiased estimators A of the param-
eters A and F, is the Fisher information matrix, whose components

1
Fq,, = ETr (Pl {Lu’Lv}) > (3)

are defined in terms of {L H}Z=1’ a set of self adjoint operators known as symmetric logarithmic
derivatives (SLD), each satisfying the equation

Lypj+pal
%zaupl’ 4)

where J, =9/ EBAM. As mentioned in the introduction, the bound in Eq. (2) is not always tight,
unless the following compatibility condition is met [40, 62]

1
UMV:_ZTr{pl [LM:Lv]} :O: V,U,,V, (5)

where U,,, is known as mean Uhlmann curvature [64,76], a quantity which reduces to the Berry
curvature when p; is a family of pure states. The compatibility condition (5) ensures that the
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discrepancy between the QCRB and the Holevo-Cramer-Rao bound (HCRB) is zero [40]. The
discrepancy between the two bounds can be expressed as

D(W) = Cy(W)—tr(WF'), (6)
where W is a positive definite weight matrix and Cy (W) is the HCRB [40]

w[ws]> r{r)lfiir}l{tr[Wﬂi(V)] o
+[[VW3VW]|, | =y (),

with ||-||; being the operator trace norm (||| = tr(|-])), V;; = tr (Xinpg), and the minimiza-
tion is being performed over the Hermitian matrices X;, which satisfy % tr ({X i L j} pg) =0 ;-
This last constraint plays the role of the local unbiasedness condition. It should be pointed
out that the minimization performed in Eq. (7) makes really difficult to evaluate the HCRB for
systems of interest. The discrepancy in Eq. (6) satisfies [79]

0<DW) <tr(WF; )Ry, (8)
where R, is a scalar index, known as quantumness, defined as
R, = 2iF51UH , 9
oo

with ||X ||, denoting the largest eigenvalue of X, and the pedix A specifying the set of param-
eters to be estimated in the metrological protocol. As already noted, the value of R; ranges in
[0,1]: the limit Ry = 0 is equivalent to Eq. (5), and therefore denotes compatibility, whereas
R; = 1 marks the maximal incompatibility of the metrological problem. The quantumness
obeys a monotonic behaviour with respect to quantum estimation sub-model [77] that could
be formalized as follows. If R(f) is the quantumness of an estimation model defined by a set of

p parameters A, and R(;_l) is the quantumness of the possible sub-model defined by a subset

of (possibly reparameterised) p — 1 parameters A, then the following bound holds
(r-1) (r)
Ry “<R;". (10)

In other words, any multi-parameter estimation protocol is incompatible at least as much
as any of its sub-models. This also means that evaluating the quantumness of a full multi-
parameter estimation protocol may hide possible compatibilities between some of its param-
eters. In this sense, it may be more informative to analyse the quantumness of some of its
sub-models separately.

In particular, for a two-parameter estimation problem the expression for the quantumness
acquires a particularly simple form [36]

2) det(2U)
RP =, | /=2 11
=\ Gee(y) ()

In this section we provide a scaling analysis of the quantumness close to QCP This analysis
shows that R, cannot increase close to QCP and generally decreases with a critical exponent
which depends both on the property of the critical system and on the chosen parameters. We
follow closely the method reported in Ref. [80,81] that can be applied to study the finite size
scaling (FSS) of both continuous and first order quantum phase transition (QPT). We first focus
on a continuous QPT.

3 Scaling analysis
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3.1 Continuous phase transition

Let us suppose to have a d-dimensional lattice model with linear size L, whose Hamiltonian
H(A) depends on the set of parameters {4,,}. The critical point of a continuous QPT is char-
acterized by scale invariance, and by power-law behaviours of physical quantities which have
universal character. Such a universal behaviour emerges between microscopic Hamiltonians
which differ by terms, known as irrelevant operators, that become vanishingly small under
coarse-graining transformation of the lattice. In such a situation, one can extract information
on the universal properties of the system by performing scaling transformations that mod-
ify the lattice spacing a — aa. As a consequence, lengths and time rescale as x — xa and
t — ta® [47], where z is the dynamical critical exponent. Around the critical point, each local
operator can be decomposed in a set of operators, called relevant operators, which dominates
the physical property of the system and obey a power-law scaling, ©; — a~%©;, where d; is
the operator scaling dimension. If one of the parameter, e.g. A, drives the system close to
the criticality, the correlation length of the system is given by £, = (|4, — A, [/A7)™", where
AL is the critical value of the parameter and v, is the correlation length critical exponent.

One can use the scaling behaviours with respect to a in conditions in which the system
nearly obeys scale invariance. The most relevant perturbation which breaks the scale invari-
ance dominates the scaling behaviour. For example, if L > £ ,, the most relevant perturbation
is given by a ~ 5;1 = (14, — )\;I/ JLL)”H. On the other hand, close to criticality in a finite
system with size L < &, the system is dominated by system size effect and a ~ L7! is the
most relevant perturbation. The latter is the regime on which we focus.

As for any other physical quantity, one may assume that the quantumness obeys a scaling
law Ry, ~ a~ 9%, which in a finite size regime, with L < §,,, implies

R, ~ L&, (12)

As mentioned in the introduction, the upper bound R; < 1 [79] is only compatible with a
non-positive exponent, i.e. dg < 0.

Although this argument is quite general, one can make a more detailed analysis on the
scaling behaviour of the quantumness, based on the scaling properties of F, and U and on the
universal properties of the underlying model. To this end, we will assume that the operators
0,H can be expressed as the sum of local operatorsi.e. 3,H =0, = Zx O,(x), where x labels a
spatial position on the lattice, and that O,s are relevant operators with scaling dimension d,’s.
For the system in its ground state, FQIW and U, can be expressed in a compact form [79,82,83]

2 (" dw n
Fou, = g ESMV(CO)’ (13)
. +00
i dw
U,,=— 95 (w), 14
uv y J_Oo (1)2 AU“V( ) ( )
here S* (w) 1= 225 e ic and anti i f the dynamical
where I»“’(w) = are the Symmetrlc an ant1-sy‘mmetr1c parts of the ynamica

structure factor S,,,(w) := f_oo dte'®*(0,(t)0,), and O,(t) := eH*0,e "
The scaling of F(, close to a critical point can be derived from the symmetric structure

—Z

factors, which scale as f_ozo dcoSJv ~ ({0,,0,}) ~ a4 and w — wa Thus, from

Egs. (13) we get

—d,—d,+2
FQ,uv - Fqua . . (15)

. . oo — .
On the other hand, the anti-symmetric structure factor scales as f_oo do)SM , ~ ({[0,,0,]), with
a dependence on the commutator which scales with an exponent d;v <d, +d,. Accordingly,

5
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from Eq. (14) we obtain the following scaling for U, ,:

U,y = Uy 0t (16)

According to Eq. (9) or its two parameter version (Eq. (11)), and in the hypothesis in which
the scaling of F and U is dominated by their universal behaviours, we obtain

Ry —Rpa®,  with dy=d ,—d,—d,<0. (17)
For a system with finite size at the critical point the scale invariance is broken by the system
size, which scales as L ~ a™ !, yielding
R, ~ L%, with dg<O0. (18)
Alternatively, by exploiting the relation (34) (see Appendix A), one can compute the scaling
of F, from that of the fidelity, as

F(A,62,L)=1-}> 64,64,F,,+0(62°), (19)
u,v

where F(4,64,L) denotes the fidelity between infinitely close ground states 1(A) and
Y(A + 8A) of a system of size LY. By following standard scaling argument [47] any physi-
cal observable O close to a QCP can be expressed in terms of a scaling function f(x) as

O~ L7 fo(k), (20)

where Yy is the scaling dimension of O and k = {x,} is a collection of suitable combinations
of parameters A and L as

Ky = A, L7w. (21)

Generalising the arguments in Ref. [80] to multiparameter scenarios we can express the
fidelity close to QPT in terms of the rescaled parameterisation as

F(A,0A,L)~ F(Kx,0K), (22)

where the dependence on L is implicit in x, and dk are variations due to 6A. Now expanding
F in power of 6k as

F(K,65)=1— > 5K,5K,f,,(x)+0(5x%), (23)
u,v
and combining Eq.(19) and Eq.(23), it is possible to obtain the QFIM as
Fo,,, & 8L £, (k). (24)

Again, the scaling of the quantumness for a two parameter model can be inferred from Eq. (11)
and from the scaling of F, and U. As argued already, the scaling of the determinant of MUC is
always bounded above by the scaling of the determinant of QFIM. This can be deduced from
the Schrodinger-Robertson uncertainty inequality applied to the SLD [84]

det[%Trp{LM,Lv}] > det[—%Trp[LM,Lv]} , (25)
which, compared to Egs. (3) and (5), yields
detFy > det2U. (26)

If, for simplicity, we assume F, in diagonal form, then detF, = £20utyy) fuufvv, and
detU ~ L?f, with u < y, + y,. We find again the scaling of the quantumness as

R,y ~ Lu—(yﬁyo)fR = LR fp, (27)

where yp <0.
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3.2 First order phase transition

It is possible to apply a similar procedure to study first order QPT scaling. The scaling behavior
of this kind of QPT is crucially dependent on the boundary conditions [80]. As before, let us
assume to have a Hamiltonian H(A) dependent of a set of parameters 4 = {4, } and let’s study
the FSS in proximity of a first order QPT. First order QPT generally arises from level crossing,
which only occurs in the infinity-volume limit. For finite size systems, the QPT is characterised
instead by avoiding level crossings, whose energy gap rules the FSS behaviour. Following
Ref. [81] we define the avoiding level crossing energy gap

Ao(L)=A(A=25L), (28)

where A° are critical values of the parameters, and we introduce a set of rescaled parameters

which characterize the FSS
5 E, (A,L)

u

Ao
where E,, (4, L) is the energy gap variation due to a change in A, from its critical value Az. By
following a similar argument as in [80] one can derive the following scaling

(@) (B,E,)
AN 15

> (29)

(30)

Notice that the divergence of the QFIM with the system size is strongly influenced by the
dependence of the energy gap Ay(L). Depending on the type of boundary condition, the
gap may vanish exponentially with the system size, i.e. Ay(L) ~ e~ or with a power-law
behaviour, Ay(L) ~ L7P [81]. In either case, using the same argument as in the previous
section, one can show that the scaling of U is bounded by that of F,, and the quantumness
must scale as 20,

PR LO() <1. (31)

(0.E,)(0,E,)

Notice that the dependence of Ay(L) in Eq. (31), is compatible with an either exponential or
power-law scaling to zero, depending on the boundary conditions Ref. [81].

4 Ising model with transverse and longitudinal fields

We analyse the metrological properties of a 1-D quantum Ising chain with a transverse mag-
netic field in x and y directions, and a longitudinal magnetic field in z direction. The pa-
rameters to be estimated are the coupling constants of the magnetic field, appearing in the
Hamiltonian .
H:_ZO?G?+1 +h, o} +hy0"l¥ +h,o?%, (32)
i=1
where o; are the Pauli matrices and n is the number of spins. This kind of estimation pro-
tocol cannot be interpreted as a canonical interferometric metrological scheme [85]. Rather,
this coincides with the standard picture used in single-parameter quantum critical metrology,
whereby the Hamiltonian parameters are estimated through the effects they have on corre-
sponding equilibrium state [49, 50, 53,57]. Therefore, we can find an estimate of the param-
eters of interest by studying how the properties of the probe states change as the Hamiltonian
parameters vary. To analyse in details the compatibility of this model we will consider the quan-
tumness associated to pairs of magnetic field amplitude, which we will denote asR,,,, = Rip, b}
with u, v € {x, y,2}.
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Figure 1: Panel (a): phase diagram of the ferromagnetic 1-D Ising chain with lon-
gitudinal and transverse magnetic fields. Panel (b): phase diagram of the antiferro-
magnetic 1-D Ising chain with longitudinal and transverse magnetic fields.

Ath,=0,h, =0(h, =0)and h, =1 (hy = 1) the model undergoes a continuous QPT be-
longing to the two-dimensional Ising universality class, separating a disordered phase (h, > 1)
from an ordered one (h, < 1). For any point in |h, —h,| < 1, the longitudinal field drives a
first order QPT along the h, = 0 plane (see panel (a) of Fig. 1). We will limit our study to
the zero temperature case, hence we can choose the ground state of Eq. (32) as input probe,
which on the one hand allows capturing the features of the QPT, and on the other simpli-
fies the evaluation of QFIM and MUC. Note that the presence of a longitudinal field term in
Eq. (32) breaks the integrability of the Hamiltonian and the estimation problem requires a nu-
merical approach. Despite the further complication due to the non-analyticity of the problem,
the presence of a longitudinal term h, allows us to add in the estimation problem a parame-
ter that couples with the order parameter of the second order QPT ((S,)). This provides the
opportunity to test the role of the order parameter in the estimation problem.

The Hamiltonian in Eq. (32) is numerically diagonalized through the application of the
implicitly restarted Lanczos method. Due to the lacking of an analytic expression for the ground
state of Eq. (32), we will resort to the fidelity approach to calculate the QFIM susceptibility (See
appendix A). This approach is a multiparameter generalization of the method used in Ref. [80,
86]. After computing the ground states for two relatively close values of the parameters, the
fidelity can be calculated as the overlap between these two states. This procedure is repeated
with different pairs of states which are taken progressively away from each other along the
A; direction in the parameter space. Eventually, the fidelity susceptibility is found through a
parabolic fitting of the fidelity against A; [80]. On the other hand, the MUC can be evaluated
with a numerical approach similar to that of Ref. [87]. Exploiting the relation with the Berry
curvature for pure states, the MUC can be computed through the Bargmann phase [88, 89],
which is a version of the Berry phase evaluated on a discretized circuit in the parameter space
(see appendix A). The results of these calculations are used to evaluate R, through its analytic
expression (9) across the phase diagram, as displayed in panel (a) of Fig. 2.

A detailed numerical analysis of the quantumness displays an apparent insensitivity across
the QPT in (hx =1,h, =0,h, = 0). Specifically, we find that for h, = h, = 0 and h, € (0, 2]
the quantumness is constantly equal toR,, =R,, =0 and R, = 1.

This trivial behaviour, not shown here, of the quantumness is due to the overwhelming
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Figure 2: Behaviour of the quantumness and Fisher information in the ordered phase
(panels (a-d)) and in the disordered phase (panels (e-h)). In panels (a) and (e) the
quantumness is plotted as a function of h, for h, = 0.2 and h, = 1.2, respectively,
with n = 11. Panel (b) displays the scaling behaviour of the quantumness for h, = 0.3
as a function of h,. Panel (c) plots in a semi-log scale the quantumness as a function
of n, very close to the first order QPT (h,, = 0.3 and h, ~ 10719): this shows that
R, decreases abruptly to zero in h, = 0, with a rate which scales exponentially with
n. Analogously, panel (f) displays the dependence of R, on h, and panel (g) its
dependence on n close to h, = 0 and for h, = 1.2 (log-log scale): the quantumness
decreases to zero, but in absence of a first order QPT it vanishes with a rate which
scales as a power-law in n. In the log-log plots in panel (d) and (h) the scaling
behaviour of the components of the QFI is shown with respect to the number of spins
n. In panel (d) it is shown that for h, = 0.95 both the components are very close to
a Heisenberg scaling. Otherwise, in panel (h) in absence of QPT (h, = 1.2) both the
components are far from a Heisenberg scaling and closer to a normal one. Notice
that the fitting parameter m is the slope of the linear fitting, while A and A are the
amplitude and the coefficient of the exponential fitting, respectively. In panel (d)
and (h), the blue dashed lines are guides for the eye corresponding to Heisenberg
and standard scalings, respectively.

effects of the first order phase transition, which hides the dependence of R,,, on the continuous
QPT.

On the other hand, panels (a) and (e) of Fig. 2 display the behaviour of (ny,sz,Ryz
versus the longitudinal field h,, for h, = 0 and h, fixed. Also in this case R,, and R,, are
insensitive to the field, both in the ordered phase (panel (a), h, = 0.2) and in the disordered
one (panel (e), h,, = 1.2). Panel (a) shows that the only component sensitive to the first order
QPT isR,,, with a sharp reduction to zero across h, = 0, for h, <1 (ordered phase). However,
panel (e) of Fig. 2 shows that R,., goes to zero also for h, > 1 (region in which no first order
phase transition is present). Despite the apparent similarity in the behaviours of R, for h, > 1
and h, < 1, their behaviour is qualitatively different in the two regions, due to the presence
(in the ordered phase) and absence (in the disordered phase) of a first order QPT. In order
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to show that R,y is actually sensitive to the first order QPT, we show in panels (b) and (f) of
Fig. 2 the scaling behaviour with the system size of R, in the two different regions.

In panel (b), when the system crosses h, = 0 with h, < 1, the first order QPT occurs and
Ry, goes abruptly to zero with a rate which grows exponentially with the number of spins,
as shown explicitly in panel (c). On the contrary, panel (f) displays the behaviour of R,,,
across h, = 0 in the disordered region (h, > 1), where no first order QPT occurs: here the
quantumness goes smoothly to zero with a rate which is power-law dependent on the system
size (see also panel (g) for a power-law fitting).

From a metrological point of view it is also meaningful to study closely the behaviour of the
QFI and its scaling near the phase transition. Panels (d) and (h) in Fig. 2 show that the QFI has
different scaling behaviours in the two regions of the phase diagram. In panel (d) it is shown
that in the ferromagnetic region, with h, near 1, both the x and y components of the QFI
have a scaling very close to the Heisenberg limit, which allows to perform precise estimation
in each direction. Otherwise, in the paramagnetic region (panel (h)) both the components of
the QFI have a less enhanced scaling, closer to the standard quantum limit.

The behaviour of the two components of the inverse QFI is not far from that of the recip-
rocal QFI since, despite their presence, the off-diagonal elements in the QFI matrix are order
of magnitude smaller than the diagonal elements.

It is worth mentioning that analyzing the quantumness associated with all the components
of the magnetic field does not provide useful information for this system. Panel (a) and panel
(e) of figure 2 show that the quantumness associated with at least one pair of components of
magnetic fields is always maximal. In fact, from Eq. (10) it is straightforward to deduce that
the quantumness of the complete set of parameters is always maximal, i.e. R,,, = 1.

5 Antiferromagnetic Ising chain

Due to the presence of a longitudinal magnetic field, the antiferromagnetic Ising chain has
different properties from those of the ferromagnetic one. In fact, the Hamiltonian

H= Zofcfﬂ —h,of —hyol?' —h,of (33)
i

is characterized by a completely different phase diagram, as we can see from panel (b) of
Fig. 1 [90]. The main difference, in the region of interest, lies in a stable antiferromagnetic
phase for values of the longitudinal magnetic field different from zero with a consequent line
of continuous QPTs in which h, # 0. This shifts our focus to a region of the parameter space
in which more than one component of the magnetic field is non-vanishing.

To map the Hamiltonian in Eq. (33) into a ferromagnetic model we need a staggered mag-
netic field [91], which justifies the differences between the models. We notice that the phase
diagram in panel (b) of Fig. 1 can be derived through the fidelity approach [90]. In Ref. [90]
it is shown that at the phase transition from an antiferromagnetic to a paramagnetic order,
the x component of the QFI matrix exhibits a maximum. Here we study closely the scaling
behaviour of the QFI at the transition point and how it affects the compatibility index. We also
use only even numbers of spins, to avoid frustration due to the antiferromagnetic nature of the
chain, and periodic boundary conditions. As for the ferromagnetic scenario, R, is, again, the
only component of the quantumness sensitive to the phase transition. However, the different
properties of the model affects profoundly the behaviour of the quantumness, leading to a
completely different dependence on the parameters. Fig. 3 shows that R,, <1 in all the range
of the parameters evaluated and that at the phase transition the critical behaviour of the QFI
makes the quantumness vanish as the size of the chain increases. In panel (a) of Fig. 4 it is
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Figure 3: The compatibility index R, for different values of the chain size and
h, = 0.2 as a function of the longitudinal field h,. The inset shows the behaviour of
the compatibility index near the critical point.

shown the scaling behaviour of the QFI for h, = 0.5. The x component exhibits a maximum
and it reaches a Heisenberg scaling (QFI~ N2), whereas the y component at the critical point
has a standard quantum scaling (QFI~ N). So, at criticality, the system reaches the highest
precision in one of the two components while displaying asymptotic compatibility with the
other component. Panel (b) of Fig. 4 shows the dependence on the system size of the deter-
minants of QFI and MUC, which both display a power-law scaling. Since the QFI has a scaling
higher than the MUC, from Eq. (9) we can extrapolate that the quantumness asymptotically
vanishes at the criticality.

6 Conclusion

In this work we have analyzed the performance of multiparameter quantum critical estimation
protocols focusing on the role of QPT in mitiganting the incompatibility among parameters.
From the prototypical models analyzed, in both first and second order QPT, a common feature
emerging is the strong dependence of R, on criticality, and a general influence of QPT in
reducing the incompatibility. In a two-parameter magnetometry model with a 1D Ising chain,
the sensitivity of the quantumness to a first order QPT is numerically demonstrated. Indeed,
the exponential scaling of R, represents a signature of the first order QPT. A similar setup,
in an antiferromagnetic scenario, displays an asymptotic compatibility at the critical point,
demonstrated by a vanishing behaviour of R;.

Our work strongly suggests that quantum critical metrology provides a promising frame-
work for multi-parameter estimation. One of the desirable features of critical metrology,
i.e. the divergence of the Fisher information, comes with an extra advantage in the multi-
parameter scenario: criticality may help in mitigating the incompatibility. The latter is one of
the main drawback in quantum multi-parameter metrology, which makes the estimation chal-
lenging both on a computational and a conceptual level. Our approach opens up the possibility
to explore multi-parameter metrology in many-body setups using easy-to-compute figures of
merit, thereby paving the way to fundamental theoretical advances and technological appli-
cations.
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Figure 4: In panel (a) the log-log plot of the diagonal components of the quantum
Fisher information whit h,, = 0.5 at the critical point. In blue the scaling of the y
component, with a slope m = 0.98, and in black that of the x component, with a slope
m = 2.01, as a function of the number of spins n. In the log-log plot in panel (b)
it is shown in blue the scaling behaviour of the quantum Fisher information matrix
determinant at the critical point for h,, = 0.5 as a function of the number of spins n,
with a slope m = 3.09; in black the scaling behaviour of twice the mean Uhlmann
curvature determinant at the critical point for h, = 0.5, with a slope m = 2.784. In
panel (a), the blue and orange dashed lines are guides for the eye corresponding to
Heisenberg and standard scalings, respectively.
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A Numerical procedure

In the case of non-integrable system, the lacking of closed form expressions for the ground
states prevents the calculation of the QFIM and MUC through the SLD. Instead, one can evalu-
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ate the QFIM through the fidelity susceptibility, by exploiting the following relation [66,79,86]

Fq,,=—40,0,F1px,P2+s]5 (34)

where 6 is a small variation of the parameters along the directions A, and A,, and F[p,0]=
Tr(\/ VP O"/ﬁ) is the quantum Uhlmann fidelity [92] beetween p and o, which for pure
states reduces to the state overlap F[vy,y’] = | (Y |y} |.

Similarly, when only pure states are involved, the MUC coincides with the Berry curvature [79],
ie.

qu:i<au¢|av¢)_i<av¢|a,u ) . (35)

In turns the Berry curvature can be thought of as the geometric phase per unit area on an
infinitesimal loop in the parameter space [79], and it can be evaluated with numerical meth-
ods specifically designed for geometric phases [87]. This numerical methods consists in the
evaluation of a discretised version of the Berry phase, namely the Bargmann phase [87-89],
which is defined as

N-1

o =arg{] | (Wilvi)}, (36)

=0

where {d)i}?’: _01 (with ¢y = 1) is a set of states lying on the vertices of a discrete close loop
in the parameter space. The calculation of the MUC in a given point A of the parameter space
is obtained via the Bargmann phase per unit area evaluated on an infinitesimal loop, i.e.

®,, (1)
i oY
Unr2) = Jim =53~

(37)

where U,,,(4) is the matrix element of the MUC, &,,(A) is the Bargmann phase calculated
in an infinitesimal loop centred on A and lying on the plane identified by the parameters A,
and A,, and 6A is the area of the loop. An example is shown in Fig. 5, where the states
picked for the computation are on the vertices of the infinitesimal rectangle of sides 54, and
6A,. Moreover, to improve the numerical stability of the value of U,,, we exploit the linear
dependence of ®,,,(A) on 5A and evaluate U,,, through a linear fitting of ®,,,(1) against 0A.

B Ground state rotation of the XY spin chain

We report here on a model that, unlike the two discussed in sections 4 and 5, can be interpreted
as a canonical interferometric model, in which the parameters to be estimated are introduced
through a unitary operator. We show that even in this scenario the quantmuness is strongly
affected by criticality. The model analyzed is a XY spin chain, whose Hamiltonian is

M
H=-— Z (Mo?‘ax +(1;Y)a?'ay +Aof), (38)

i i+l i i+l
i=—M 2
where the sigmas are the Pauli matrices, v is the anisotropic parameter, and A is the strength

of the external field. We limit our analysis to a region of the phase diagram with y € (0,1], in
which the criticality is at A, = 1 and belongs to the Ising universality class [48,93]. Moreover,
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Figure 5: Rectangular circuit in the parameter space.

we only consider the case T = 0, in order to capture the essential behaviour of quantum phase
transitions. Finally, we assume that the input probe of the estimation is

po =) (Wl (39)

where [v,) is the ground state of Eq. (38). The set of parameters to be estimated is
¢ ={¥x 9y, ¥} with

Pp=UlpoU, and U, =el(¢:SrtosSpes.), (40)

where ¢, with u = {x,y,x} are the angles by which the probe state is rotated and
S, = D af /2 are the corresponding global spin operators. This unitary transformation can
be thought of as the result of adiabatic variation of the parameter ¢ in the system Hamiltonian
U;H U,. This coincides with the standard picture used in single-parameter quantum critical
metrology, whereby the Hamiltonian parameters are estimated through the effects they have
on the corresponding equilibrium state [49, 50, 53, 57]. Alternatively, this unitary transfor-
mation can be the result of a dynamical evolution applied to the initial probe state py. In
this sense the protocol bears close similarity with the standard interferometric paradigm of
quantum metrology [85]. We exploit the unitary symmetry of the problem, thus confining
ourselves to the estimation around the point where ¢, = ¢, = ¢, = 0. For a pure state probe
the SLD [62,94] is easily calculated, yielding in our case

L“=23¢up=2i|:8wp], u=1{x,y,z}, (41)
which in turn leads to the following expressions for the matrix elements of QFIM and MUC

Fuy=4C(S,,5,) (42)
U, =—iTr(p[S,.S,]), (43)

where C (Sw S v) is the covariance between the two spin operators.
By exploiting the analytical expressions for the correlation and the expectation values of the
S,’s for the XY model (see Refs. [93,95,96]), the quantumness in Eq. (9) is readily evaluated.
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Figure 6: The compatibility index R (n, A) for the XY Ising chain at different values
of n, up to n = 256, with y = 0.2 as a function of A. Inset: the compatibility index
R(y,A) for the XY Ising chain, for different values of y € (0,1] and n = 64, as a
function of A. The behaviour of R in the parametric regions appears to sharpen as
y gets closer to 0. This effect can be seen in the inset of Fig. 6, that displays the
different behaviour of R as y varies in (0, 1], with n fixed.

In Figure 6 the behaviour of the quantumness R, is shown for different sets of the Hamiltonian
parameters and for different numbers of spins. In all the configurations the values of Ry, close
to zero in the ferromagnetic region, increase gradually for A < A-(= 1). When the critical
point A = A is reached the quantumness abruptly saturate to its maximum value R, = 1.
Hence, the system goes from maximal incompatibility in the paramagnetic phase to a relatively
compatible situation in the ferromagnetic phase, with a more pronounced transition as the
number of spins increases. Intuitively, the high compatibility in the ferromagnetic region can
be ascribed to the multipartite entanglement of p,. Indeed, the form of p in the ferromagnetic
phase bears close similarity to the density matrix of the GHZ states [48], which are optimal
probes for multi-parameter quantum magnetometry [3].
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